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STUDIA UNIV. BABES—BOLYAI, MATHEMATICA, XXVI, 4, 1981

O FORMULA DE DERIVARE NUMERICA SI APLICAREA EI
LA INTEGRAREA NUMERICA A UNEI ECUATII DIFERENTIALE
DE ORDINUL TREI

PARASCHIVA PAVEL

1. Ne propunem si determinim o formuli de derivare numerici de forma:

A=) = 33 Auf () + R )
unde ,
A7) = f(7,) = Cooaf(nas) + - v + (= 1)"CITEf(m) 2)

%, %s, ..., %, fiind noduri in progresie aritmeticd cu ratia h, f e C*+3([x,, x,],
iar R{f] estc nul cind functia f este inlocuitd cu un polinom oarecare de gradul

n+ 2.

Urmirind ,,metoda functiei ¢’

’

ca in lucririle [3], [4], [5] atasam inter-

valelor [x;, %], [%3, %3], ..., [%a~1, %,] functiile ¢, @z ..., @s—1 solufii ale
ecuatiilor diferentiale
¢ty = (1) i=1,2 ..., n—1 3)

ce satisfac conditiilor la limite

?(x)=0,r=0,1, ..., n—2 n n+ L

<p.'(')(x,-) = qaﬁ'l, (), 7=0,1, ..., n—2, n, n+ 1;1=2,3, ....n—1 (4)
(Pf.i?fl(x") =0,7=0,1, ..., n—2,n n+1

in aceste .conditii, aplicind integralelor

41
S ) f()dx = 0; 1=1, 2, ...,n—1 ()

%

izata i in pari, i indu-le §i tinind seama de
f 1 alizatid de integrare prin parfi, insumin .
ecc):flr:;i?e gdeilf]:rren;iale (3) si conditiile la limite (4), obtinem formula de derivare
numericd (1), in care
Ay = (=1 (%)
4, = (=) el ) — o w) ] =2 8 n = L (6)

1—1

4, = (=1yedm’(x)
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RIT = e(afen ()

functia o coinciz; 1ecs infery ¥,
1¢ Cizind pe fiecare g erval [ g ]
f1a « d pe fiecare subinferval (% 2:41] cu Qi1 ==1 9

2. S()‘lu,tin problemci la Hinite (3) + (4) este |

o ";1 i (¥ — 1‘,-)'_"_+2 (v — a)h
W0 =Ll (—y e e L e
=] [ (n + 2)1 (n — 11

unde

( # dacd u> 0
u,,_ = -
[0 daci # <0

My t=1,2, ... n—1 sint constantc

ey ’1\1

§)

- Cerind ca functia ¢ si satisfaca si conditiile (4) din punctul X, si finind seama de

formulcle
Odacd r =1,2, ..., n—2
(n —1)! dacdr =n — 1
. 37— ll('i__‘) daci »r = n
"—2 (n 1)! 5

(—=1)'Choi(n — 1 — 17)';—-{

-,
i
[~}

(n — 24

\ 48

)

1) | 11(11 — l)(n. + l)(Sﬂ - 2) , dacﬁ Yy =N + 1,

(1; —1)! (n — 1*2(n + 1)(n + 2) , daci r=n+ 2

. v 3 . Cew . , . oscl tel )i' 1=

=1,2,...,n——1. .
rO, daci r=1,2, ..., n—395

—(n —4)! dacd r =n —4

n—2 .
. 2 Nga(n — 1 — 1)F=)
. .' 5-‘0. . ‘L. n

24

48

. . te
drui determninant es
o A-—-(n——l)!V(n—-—l,n—Z,...,

2, 1) #0

-1 N3 = - 3
_.(7], — 3) ' e 2 ha, daca 7 n
. (n — 1! (8n— 2) hs‘ ‘dacd r =12 _‘ 2

(=1L =1 jy qack r=n—1

(10)
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(V fiind determinautul lui Vandermonde al numerelor 1 — Ln—-2 ...,21)
Sistemul de ecuatii (10) are solutia .

et BE—=1)(n— 28 4+ 1) p— — k-1 an—2k+1 k-
l ( l) 2(n — 2)(n — 3) C_z ( 1) I"(n—k C 4':\'

pentru k = 2, 3, ey n—1 (11)
)\l =0 :

Cocficientii formulei au expresiile

Ay= (=1 22— 2% 4+ 1), =23, ..., 0 —1 (12)

2(n — 3)
A, =0, 4, =0
deoarece A4, = (—1)" 2 A= —ZlA =0
[ fe
iar .
i’" . [k PO St By | ek NI (13)
= 2(k — 2)!

Coeficientii 4, se mai bucurd de proprieta'téa 4, = (~ l)";/i,.'_',.g. In cazurile
w=4,35 6 7, 8 formula (1) devine
Nf(r) = 5 I a) + /7] + { o007 (s

5

M(r) = 3L () = F ()] o+ (o) () (14

£

M) = LU () = S ) =17 + S ] Sq»(x)f"’ (x)dx

*

A (1) = I8 = 1S S ) = S ) f"’(x)] »‘ AP e

N f) = 2 () = () + /) ) = Y+ 5 AL

%

Obscrvatie : Integrind ecuatiile diferentiale (3) cu conditiile (4) in ordine inversa,

se obfine , o _
; 1 ¢ - )it (Fymigr =AY
pitend i—1 (xn-i-f-l .

(P(x) =.2[(—'l)‘-1 n-l (n + 2t - + v (n —~ n! ]

f=1

(15)
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3. Semnalim urmitoarele proprietiti ale functiei ¢

Proprictatea 1. Functia ¢ este simetricy fatd de dreapta %
X =

1+ s,
Intr-adevir, in formula (8) punind ' T
’ X = . 1
@ p « — ¥, unde a=;(x1 + x,) obfiae
mn
! . iy (@ =z — gn+2
ol —y) =2 (=D Iy, ooyt
= ( +2)1 T
iar in formula (15), punind x = « 4 ¥ avem
n—1 n-2
(e + ) = E[(—l)‘“‘cf.:‘l S it N L L
f=] (n + 2)! ¢ =11

$i deoarece o — xk = Xp—p41 — & rezulti ci (p(ac —_— y) = <p(a + y)

ConsecINTA 1. ¢'(x) = 0, adicd functia ¢ arc un extremum in punctul
=«

Proprictatea 2. Are loc relafia ¢ (a — y) = ( —~1)0 ) x + 9); s=

] ¥ s=01,
( ) 51; + 2. Acest rezultat se obfine usor daci se finc seama de formulele (8)
si . ‘

ConsrcinNta 2. ¢®-U(a) =0, s=1, 2, ..., [? +1

Proprietatea 3. Functiile ¢, §i ¢, sint pozitive pe intervalele (%, %), res-
pectiv (x,_;, x,). Tinind seama de expresiile acestor func}ii date de formulcle
(8) si respectiv (15) ,proprietatea este imediati.

Propricialca 4. Functia ¢ este pozitivd pe intcrvalul (x,, z,) Vom arifa
cd functia ¢ are un singur extremum in intervalul (x,, x,). S-a vazut ca fugict:lal
¢ este continud in intervalul (x,, x,), impreund cu derivatele sale pind la ordin
n — 2 si satisface conditiilor ‘

n—2

¢(])(xl) = O; (P(J)(x”) = O’ ] = O' l, « e ey .

- . . - o o P R x) si am
functia o ar avea trei zerouri in intervalul (%5, %) § *~
Daca am presupune cid ctia ¢ L e Toter

aplica succesiv teorema lui Rolle, ar rezulta cd ¢®~? ar avea 7 z oo
valul considerat, dar printr-un calcul simplu se vede cd @~ ) are nu tn fiecare
zerouri in intervalul (x;, x,) si anume pentru # par are cite un ZS'roumijloc ate
subinterval (x,, %41), 1 =2, 3, ..., n —2, iar in intervalul din s

Y
. . N : - nsecintad
doud zerouri. Pentru » impar, are un zerou in nodul din mijloc (co  a—l
si cite un zerou in fiecare din intervalele (x;, %it+1), t = % %

ia problemei llli
(16)

ynl(x) = g(x, y) (17}

9(%0) = Yo ¥'(%e) = Yo ¥ (%a) = e

. o . . ‘otd i iciini
in ipoteza ca solutla acestet probleme existd i este unical

4. Vom aplica acum formula (1) la rezolvarea numeric
Cauchy

ntervalul [%o %0
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Pentru integrarea numerici a problemei (16) + (17) considerim in inter-
valul [xy, %y 4 @] nodurile %, x, ..., %p = %, 4 @ in progresie aritmetici
cu ratia A. Presupunem ci solufia a fost in prealabil calculats (folosind, de exem-
plu, o metoda de tip Runge-Kutta) pe nodurile Xy Xz ..., Xyop; n < P, adicd
numerele y(x,), ..., ¥(%,-;) sint cunoscute,.

Pentru a obfine pe y(x,) aplicim formula (1) si objinem

(%) = Caci9(%acs) + - oo 4 (= 1)"Choyy(xy) +

n—1
+ R T ()R O gl 3] + R (18)
unde
R, =S p(x)g")(x, y(x)dx (19)

¥y

Notind cu G, o margine superioard a lui [g"(x, y)| pe domeniul sdu de defini-
tic, objinem

|R,| € G,A,mt+? (20)
unde
4= o(x)dx =

*y

= n—2%+1 p—s[(x—2)x— %) ... (+ —s)]"
==k¥_ h3(—1)»+* 20— 3) C""[ 90

X=X,

Notind cu y, valorile calculate ale lui y(%,), k=0,1, ..., #— 15l prin

n—1 _
3, = dr-ly, — Y (1)L Ol ) (22)
" k=2 -

inzi itd pe salculul lui y,, =0, 1, ..., n—1
8 depinzind de metoda folositd pentru ca
jar cupr,, = y(x,) — Y k=n, 0+ 1, ... avem evaluarea

n-—1 n ’l—2k+l Ck-2 ‘x' (x )) _g(xh, yh)']=R.— 8”
An=lp, — I3 AZ; (-—-1) +h —é'(-”—:-;)— u-—3[§( 3 Y\Xy
sau
n—1
Av=ly, — L2 Y, (—1)H-'Cl, = 8, — R,
k=2

. % iul si finitie.
unde L este o margine superioard a lui |g(x, y)| in domeniul siu de defini}
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S. Punindu-nc problema convergentei acestei metode de integrare
. N . N ] . ., 1 -
in seusul lwt Dalhgq uist si H enrici [2] si (3] se obsery calm-mnca
dintre for}nulele de derivare numerici (1) care ne furnizeazi o metods Slngura
gentd de integrare numericid este cea obtinutid in cazul # = 4 4 conver.

(Inlrat tn redactie In 17 octombrie 197
)
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UNE FORMULE DE DERIVATION NUMERIQUE ET SON API'LICATION A L'INTEGRATION
NUMERIQUE D'UNE BQUATION DIFFLERENTIELLE DE TROISIEME ORDRE

(R ésumé)

L’auteur du présent travail étudie la formule de dérivation nun:érique (1) & I'aide de la méthode
de l1a ,fonction o” [3]. . .

Les coefficients sont donnés par les formules (12) et le restc R[f] se met sous la forme (7),
ce qui démontre que la fonction g, dounde par les formules (8), est positive en (¥, ) 18

La formule de dérivation mumnérique (1) conduit A la méthade d'intégration numérique (18}
pour le calcule de la solution du probléme de Cauchy (16) + (17). . .
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OBSERVATII ASUPRA ECUATIEI DE TIP
FUCHS IN ALGEBRE BANACH (I)

M. FRENKEL

11‘1 lucrarea p_rof‘esorului D. V. Ionescu, intitulatd Le théoreme de Fuchs
(3] se face un studiu in legiturd cu teorema lui Fuchs asupra ecuatiei diferentiale :

2w 4 Pl(z)z"-lw(”—l) + ...+, (z) =0, N

scotind in evidentd ideca o proprietifile esentiale ale solutiilor in vecinitatea
punctului singular sint acelea care apar si in cazul ecuagiei lui Euler corespun-
zitoare ' ' ‘

2"y Pp(Q)zn=tpln=1 L4 p”(O)v =0 (2)

Asupra acestei idei, dupd cum sc aratd in lucrarea amintits, a insistat i prof.
Th. Anghelugi.

Prezenta notd are ca scop de a ardta cd proprietifile amintite sint adevi-
rate si in cazul unci algebre Banach oarecare si cd datoritd acestui fapt se pot
face anumite observatii asupra solutiilor, cu ajutorul ecuatiei lui Euler corespun-
ziitoare. In continuarc se deduc din cazul general proprietitile corespunzitoare
in cazul algebrei matricilor patratice precum §i cazul ecuatiei diferengiale (1).

§1. Sc considerd eccuatia diferenfiald ' '

2w’ (2) = P(2)w(z) (3)

in algebra Banach B3, cu clementul unitate ¢, adicd P(z) & B si P(z) este olo-
morfa in z = 0. : : :

La accastd ecuafie se asociazd ccuafia
2v'(z) = P(0)v(z), 4)

care generalizeazi ecuafia lui Euler (2). . ] 5
Pentru a compara solutiile celor doud ecuatit (3) si (4) este necesar sd enun-

$im urmitoarele doud teoreme cunoscute in teoria ecuatiilor diferentiale din
domeniul complex [2].

Trormma 1. Dacd a, = P(0) salisface una din condifiile
() a, apartine centrului algebrei o ‘ .
(#1) oricare doud valori ale spactr«ulm’ a(a,), nu diferd printr-un intreg, atunc
ecuatia diferentiald (3) admile solufie de forma

o0
W(Z) = E szm.“': m € B,

menl

A . , — *
intr-o vecindtate a punctului z = 0*.
mta, _, gm0

alogt 4, < B, lar 3

* Prin definitie P =
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TrorReEMA 2. Dacd a, = P(0) satisfucc conditiile

(1) numere intregi pozitive, in mulfimea difereniclor a doud valori

: . e : ! Spectrale
puncle izolate ale acester mulfims, si pentru orice numdr intreg pozitiv cc'us;m
liq

xa—B=mn
are cel mult un numdr finit de solutii «, B din spectrul o(a,)
(#1) oricare asemenea o 51 B este pol pentru R(N; ag)**
-atunct ecuatia -diferentiald (3) admile solutic de forma

[v o]
D cmi 2" ™ i = B

m=0

4
w(z) = 2 (Log 2)

7
intr-o vecindtate a punctului z = 0 ; p fiind un nwmdr intreg pozitiv
Se observa ci in ambele cazuri solufia congine pe 2%,
Sa consideram ecuatia lui Euler asociata, adica ecuatia (4). Aceasta admite
solutia
v(z) = z%

Intr-adevir, din v(z) = 2%, rezulti v'(z) = 1 ay exp (¢, Log 2) = 1 dyz%. Dedu-
z z

cem de aici cd singularitdtile solutiei ecuiagiei lui Euler (4) vor fi singularitati si
pentru ecuagia (3); anume acelca care provin din termenul z%. Funcfia 2=
= exp(a,Log z) poate fi in z = 0, olomor{a, poatc avea pe z = 0 punct singular
pol, singularitate de natura 22, « e C (deci puunct critic), singularitate logarit-
mica etc.

§ 2. In cazul matricial se poate obfine cu mai multe aminunte, decit in cazul
general, legitura dintre natura singularitifii funcfiei 2% si spectrul @, ccea
conduce la stabilirea legiturii dintre ecuatiile (3) si (4) in cazul matricial. '

Fie deci 9N, algebra matricilor patratice §i ¢,  9K,. Se stic [1] cé matriced
2% are in general termeni de forma

Mag + oy Log z + ... + «,(Log 2)")
unde A e o(a,), sau combinatii liniare de termeni de accasta forma.

Putem ' deosebi urmitoarele situatii:
a) Matricea a, este scalari, adicd

«a O ... O
0 « 0.. O
a, =
0... 0a
1 0 0

In acest caz putem scrie s =22 T eI =|. . . .

0 .. 01

** R(X: ag) = (Re — ag)!
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0 ia 2% cst ii = ite 1 3 i i '
I‘uncz -'t.‘ (stg olpmorfa inz=0, advnutﬁc n acest punct singularitate pol, sau
punct crtic, dupa cum a este numar intreg pozitiv, intreg negativ sau numér
complex oarecare. Nu contine singularitate logaritmici.

b) Matricea «, are n valori proprii distincte A, A, ..., A, -atunci ele-
mentcle matricii 2% vor fi formate din combinafii liniare de termeni de forma

s .
24, 1= 1, n,

. In consecinti, functia 2% va fi olomorfs in z = 0, va admite pe z = 0 punct
singular pol sau punct critic de natura z2(« e C), dupi cum toate valorile proprii
sint numecre intregi pozitive, numere intregi, sau numere complexe oarecare.
z% in acest caz nu confine termen logaritmic.

¢) Matricea a, are cel putin o valoare proprie multipld. Fie deci valoarca
proprie 2; de ordinul de multiplicitate &, i = I, . p <m, atundi se stie [1]
cd dacd pentru ¢ =1, p avem :

A.' —)\ill' = e,.

unde 9 este clementul nul din spatiu E;, unde E; = Ker (¢, — A)% si 4, =
= ao[E;, atunci z% nu confine singularitate logaritmici. . :

' d) Matricea a, are cel pujin o valoare proprie multipld }; de ordinul de
multiplicitate k;, ¢ = I, p, p < # si pentru un i avem

A, — NI # 0

in acest caz [1] z% are termen logaritmic.
Diu aceste observagii deducem legitura dintre forma solutiilor ecuatiilor

zw'(z) = P(z)w(z) (S)
2v'(z) = PO)(2) (6)

unde P(z) e 8N, este o funcfie olomorfa in z =0, §i 4, = P(0).
fn cele ce urmeazi vom fine seama de teoremele 1 5i 2 din §1 §i de obser-
vafiile a)—d) din acest §.
«0 ... O . )
(1) Dacid a, = ( . .. . .|sau daci oricare doud valonlpropru ale spectru-

\0 ... O0u o .
lui 6(a,) nu diferd printr-un intreg, atunci soluiile ecuatiilor (5) si (6) au accleasi

singularititi §i nu au singularitate logaritmica. o ) |

(ii) Daci toate valorile proprii ale matricel &, sint d.lstm]cte't“sa_u dacz(: n?tree d(i)ﬁ

situatia c), atunci solufia ecuatiei lui Eulert(_G% alrei tsmi%g a%oﬁlﬁgrg’ua;iei )
i nici i i itati este logaritmica.

2% si nici una din aceste smgu.]anta];t. nu e 1

arestoate singularitdfile solufiei ecuafiel lui Euler, dar la acestea se pot adauga

si singularititi logaritmice. o . . . )
(iii) Daci are loc situatia d), atunci atit so}utla'ecuaapel Euler (6) cit cea a ecua
fiei (5) au singularitaji logaritmice proveuite din 2.
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§ 3. Ecuatia diferentiald liniard de ordinul #

20 + 21 Py N L 4 p (2 = 0

@
se poate obtine in cazul cind avem

[ 0 1 0 0... 0 0 0 \

0 1 1 0... 0 0 0

2 1. .
Pe=| o O _

e e n—2 1

l-f),,(Z) e e e e . ——]53(2) —152(2) ;1_1__751(2)‘

si considerind ecuafia vectoriald asociati celei matriciale
' (z) = P(z)w(z)

«0 ... 0

In acest caz matricea @y, nu poate fi de forma 0 SRR $i nu poate
0 0 a
avea loc situatia c).
In consecingid deducem :

(i) Daci oricare doui valori proprii ale matricii ay = P(U) nu diferd printr-un
Intreg, atunci toate solutiile ecuatiei Jui Euler

Mol 4 =1 pi(Q)vir=0 L PO =0 (8)

$i ale ecuatiei (7) au aceleasi singularitafi si nu au singularitate logaritmica.
(ii) Daci valorile proprii ale matricii ¢, sint doui cite doud distinctf, atuncl
ecuafia lui Euler (8) are singularitdfi provenite din 2% de forma 2. Toatt:
aceste singularitdfi apar si in solufia ecuatiei (7), care pe lingd- acestea pod

avea st singularititi logaritmice. ;

ves w o . .o . 31 3 g a
(1~11) Pac_a matricea a, are valori proprii multiple, avem solutii atit pentru ccuaf!
(7) cit si pentru ccuatia (8) cu singularitate logaritmica. —
. [33&111 regasit in felul acesta proprictédtile solugiilor ecuagiei (7) menfiond

in [3].

ic 1979)
(Infrat in redactic la 10 decembric
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REMARQUES SUR L'EQUATION DE TYPE FUCHS DANS
LES ALGEBRES BANACH (I)

(Résumé)

Dans le présent travail on considére l'équation différentielle
2w'(z) = P(z)w(z)

olt P(z) est une fonction de variable z holomorphe dans le voisinage de z = 0, avec les valeurs dans
une algébre Banach. On fait des remarques concernant la linison entre cette équation et I'équation
correspondante de Euler,
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ON PERFECT NUMBERS

MIHALY BENCZE

Perfect numbers are called those natural numbers which are equal oty

sum of all their natural divisors being smaller than the number itself, they were
studied. as far back as in antiquity. - Rl

Even Euclide indicated the following method for finding all eveyp’ perfect
numbers : we calculate successively all partial sums of the following geometrica|
series: 1 42+ 224 234 ... If such a sum is a prime number then myl;.
plying it by the next term of the series we obtain a perfect number. Euler proved
that this method allows us to find all even perfect numbers.

In other words, this shows us that all even perfect numbers are like:
2¢-1 M, where M, = 2¢-! is a prime number. The numbers of the following from
M, = 2" — 1 are called Mersenne’s numbers. From this follows that there are
as much even perfect numbers as Mersenne’s prime numbers. Odd perfect num-
bers are not known yet. It is known, if they exist then they should be very great
(greater than 10%, see also [3])

Throughont this paper we generalize on perfect numbers and we prove some
characteristics relating to these numbecrs.

DerINITION : Natural number N is called -perfect-k if o(N) =4 N
where o(N) is the sum of all positive divisors of natural number N, and & is 3
natural number, greater than or equal to the unit.

For k = 2 we have the “classic”” definition of perfect numbers. An interes:
ting problem should be that of finding out the greater valuc, that may take 4
when N is chosen feom the sets of natural numbers.

Further on, we suppose N > 3.

THEOREM. If matural number N = pmym ... pon written in canonit
Jorm is a perfect-k then : "
n(\/-s——l) tf N-even ln(l—\/—e—) if N-cvet
2 o1 ket
o < 2 s < "
n(*VE —1) if Nogda ' ]n (1 _— \/—8— f N-odd

17
An?
Proof
n a;+1 a. +1
b AT ol p "
P R e A M B
i=1 Pi— 1 =l o . +1 J 1
(P‘ - 1)?," i=1 ;! -1 i=1 1 ——2737
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E ) <)
il jz:{) p?i .I—I; ,;01,?;
[
k E—l; if N-even Ll if N-even M
<} =i ~) 8

kx?
J- — if N-odd
m=0 (Zm + 1)2 i N-odd 8

Using Cauchy’s incquality of harmonious and geometrical means it follows :

n bi S »n " n "
e ’(gm_—l) "(,,_g_l_) @)
i ?; i=1 p;

i=1

Taking into consideration (1) and (2) we obtain the following inequalities :

n(l — \/—f—J if N-even
kr?

n(l — \/k—s-) if N-odd

Now can we prove the inequalities which give an inferior delimitation If N is
even then it follows:

Lo <

1

Epi+l 3
KT 2 -(3)
.1._.1. ?i 2
If x >3 then
z+1 >V i (4)
x ¥ @1y

(see also [5])
If N is odd then according to inequality (4) we have

Pt + 1 > kg (5)
u-l V"'l (pl - 1)' \/
because of
: " & ;1 .
S I >k
a,+l_ 1

et P11 =1 9
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: - i 1 { ) + 110 .
Using Cauchy’s incquality of arithmetical and geomctrical means we

] 'EP;+1.) n+_'>jl)

]la\.'c. :

pit1 =1 Pi i=1 pj

(6)

From the incqualities (3), (3) and (6) there follows:

"3
2o n(\/— — 1) if N-cven
2o — > 2

i=1 Pi — .
nYk — 1) if N-odd
Q.LE.D.
LeMMA. If m is a nonnegative real number and x a positive real nwumber they

1

1
(x + )m*T' — xm”

<1

Proff. For m =1 we have the equality.
1

Let 0 < m < 1. Since function f(x¥) = xm” is continous and derivable we can
apply Lagrange’s theorem and we obtain:

1 1
(x + Dm ! — am® _ f(x + 1) — flx) — f'(z) where x <z <zx+ 1
(F+ 1)~ = (*+1) — = )

1

hence we have the incquality mT(l —lm m) <lorl—Yinm<m
. z 4

ml

&
_1
1

. N . . 1 1 =~
Developingm * into Mc Lauren’s series it results: 1 — =Inm <1 — F;lﬂ’" +

2

It —
1 . (=Dklnkm ~  om tis

Intm— ——Idm3- ... or {=Dklnbm Oorz,————>0tha
31g + ]‘22 hlzk = has? ket

+

21z

obvions because of In —- >0 and due to - > 1
. ”m

m .
' Lo : : (gt — 1
Let m > 1. Then it is enough to show that function g(x) = ¥(™ )
. L 1 Co - 1 .
s decreasing, gx)=m" —m* . 1 mm—1 = — Inkm [1 ,_..;,‘{0 :
% k=2 (k- D!

: . . : 'S
Since g is decreasing we may say that g(x + 1) < g(#) hence and from it follow

the inequality of the enunciation.

- QED.
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COROLLARY 1. If N = p® P2 P is ome perfect-k number then

3 , 1
In 5 ¥ N-ewen . In k—:~ if N-even

< i,
% Inkif N-odd =Up m P N

Proof. Using the preceding Lemma it is proved that the following series

” 3
are decreasing; (n(\/; - 1)) " and ( 3\/ k? — 1))pen and the followmg se-

" 7
ries are growing: {n(l — \/—6—-)) and {n;l— \\-/i)) . It means that
kn? neyN . ' kx? neN
the minimum and maximum are eached only when # — 0. Since # — 0 we

have O - co. That is why I’Hopital’s rule and so we find again the results of the

enunciation.
Q.E.D.
Remark 1. For k = 2 we have M. Perisastri’s inequality (see [2]) namely
E L <omZ.
v=1 Pi 2
COROLLARY 2. Let N = p1 p5* ... pin perfect-k number and
Pmax = max {Py, Do ..., Du} a4
P Pmm = min {pl’ Pz, ey Pﬂ} then s
——L——— if N-cven
3 .
Pain < \/ and
——— if N-odd
3{'/17!‘ -1
—— if N-cven
, L
- krt
>
Prse L_ if N-odd
Yy |
1= ket
1
L tive ), — < n - —
Proof. Considering that # - -;:—u—< '_Zl Py Tespect ‘_21 % P

and from the theorem it follows the inequality of the enunciation.

2 — Mathematica 4/1981
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Remark 2. Let N=p5 - p2' - .. pi» perfect-k  number and Pain <

2n
= min {py, pe -+ Pa} then pan < 5 F 2 (see the method of M. Perigy,

tri’s proof).
(Received  Decembey 16, 1979)
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ASUPRA NUMERELOR PERTFECTE

(Rezumat) *
In lucrare se generalizeazX nofiunea de mumir perfect §i se stabiles inegalitili pentru suma
. n
2 1/p; unde N = p'i" . p;’ p:” este un numir k-perfect, obtinind astfel si o finisare si o gene-
.
ralizare a unei teoreme dati de M, Perisastri.
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ON HEAT TRANSFER IN UNSTEADY BOUNDARY LAYER IN A
ROTATING FLOW WITH VARIABLE SUCTION

L. POP, \. M. SOUNDALGEKAR®, §.5. SANTPUR®**

1. Introduetion. _Rotating flows (or Ekman layer) arc of importance -in
cosmical and geophysical fluid dynamics. An analysis of steady Ekman layer
in rotating fluids has been made by Prandt! (1] and Batchelor [2]
for a non-porous plate whereas the cffects of suction and injection on Ekman
layer were discussed by Gupta [3]. The unsteady flow in an Ekman layer
due to the oscillations of the plate was studied by Pop and Soundal ge-
kar [4]. Purushothaman [5] resolved the problem of Ref. [4] by
modifying the method of solution. In both Refs. [4,5] the energy equation
for a rotating fluid was not solved. In spite of our earlier work it is of special
interest to study the heat transfer problem in a rotating fluid past an infinite
porous plate rotating with the fluid as a solid body rotation.

2. Mathematieal analysis, We consider a Cartesian co-ordinate system
(x*, y*, z*) rotating uniformly with the fluid with an angular velocity Q*
about the z* — axis normal to the plate. x* — and y* — axes lie in the plane
of the plate at z* = 0. The infinite porous plate is assumed to oscillate in
its own plane. The unsteady motion of the fluid is governed by the following

equations : .
= o 2
L 4 . 2
ou +w*%—29*v* =y 3':: (2)
o . 0% :
P P _ pN)
-a—;— +o*—+ 2Q%u* =v—— (3)

The mathematical expression for the oscillation of the plate is given by
w* + fv* = U1 + .eco)

ity in the (x*, y*, z*) directions,
wh * p* *) are the components of velocity 1n
tr' gxfe (?ixile v th)e' kinematic viscosity of the fluid, w* the frequency of the

oscillation, U# a reference velocity, 1 = J—1, cU¥ the amplitude of the oscil-

. : iti onstant.
lation of the plate with e a positive and small ¢ unction of {* then equa-

If the suction velocity w* is assumed to be a f
tion (1) on integration gives | Y
' oA e 4 g—iet®
wr = —wp [1+ 5 (" + e )] C
i i A<l
where w¥ is the constant suction velocity and 4 1s a constant such that ed <

dia.
# Indian Institute of Technology, Bomhal)f :?g (Zg. }z d;:.
#e Walchand College of Engineenag, Sangli ,
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The initial and boundary conditions of (2,3) are
< 0: wu*4dv*=0 for -all z*
> 0:  o* 4 ¥ = UF(l+ eev) at 2* =0
u* 4 v* —0 as z* — 0.
These equations are solved in [5] and the solution in non-dimensional form
is given by
po=e~™, py=Se™™ + (1 — S)e=™, Py = (1 — S)(e~" — e—m)
where
Blad) = bole) + ccips(e) + cepy(2) 5
and the non-dimensional quantities are defined as
2= z%|w,|fv, t=w*t*[4v, E = vQ*fwi?
b =1*U8 o= dv*|wir

(6)

We have also noted

=11+ TFHE=u), m=(1+ JT+8E)
n=l(l4 [TTHOE o), S=1-24"

) We now solve the energy equation. If the dissipative terms aré take
into account it is given by

aT* aT* k DT u* \2 gv* \8 7
c wt —_ ( )
’(at' + az-) o o +v[(az~} +(ax')]

where ¢, is the specific heat at comstant pressure, T* is the temperature
ﬁe boundary layer, k the thermal conductivity and p is the fluid density-
In terms of the non-dimensional variables (6) and in view of (4), the equatio”
(7) reduces to the following form

P 30 A, . P @
——-p[1 ot g gt 38 _ 20 22 (
5 + e a'_a‘.-]-PEc[az)(a‘)
where
P = pcy/k (Prandt! number), 0 = (T* — T%)/T>
. Ec = U#3/c, T3 (Eckert number)
ulated

- and the bar denotes the com 3 : i an iDS
lex conju y. Assuming an
Plate the boundary cqnditiong of (8) Jargeate quantit °

a6 19)
E='0 at 2=0and 0—-0 as z — 0.
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To solve the linear equation ’(8) we take
0(z,8) = 04(2) + e*0,(z) + ee=ivf,(z). (10)

Substituting (5) and (10) in (8), equating harmonic and non-harmonic terms,

neglecting the coefficients of £, we obtain the following ordinary differential
equations:

O + P8 = — PEc[piF; + (piF + pii) — “22(6; + 9] ay

r ’ i P > ] Iy 4] 7
O + PO — == 0 = — PEc(piFi + pipi — T-8)) (12)
0 + P8} — 2276, = — PEo (pif + pifs — = %) (13)

where the prime denotes the derivation with respect to z. These are still cou-
pled equations and not easily solvable. So we again assume

Bo(z) = 040(2) + 400:(2), 0, = 0.0(2) + 4 05,2
0, = 050(2) + A405(2).

Substituting (14) in the equations (11) to (13), comparing the coefficients of
different powers of A, neglecting those of A% we get

(14)

0 + PO = — PEc[piF + (1B} + 1i0)] (15)
04 + Py = — 2= (8 + B (16)
6s + PO, — 222 0,y = — PEG(pifi + i) (17
0 + POy — F 0y = — 2, (18)
ia + POl + 27 800 = — PEHPL + 470 (19)

+ P ’ 20
B + POy + 2= 0 = — 7 8o 20)

From (9) and (14) it follows that the boundary conditions of the above equa-

tions are

0], = 04y = 8o = B = O30

eooo eop 010, 011: 950. 9,, -0 as 2=+,
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The solutions of the equa@ions (14) to (20). subject to the bound;lry
ditions (21) have been analytically derived. Since they arc too °°nlpliccon'
we shall give here only the expression of 0, as follows: ateg

- 2 M. |2 M, |2 20
6, _ PEciml* [ + e2Am)2 [ [M, |2 + |, )] re=Ps _ p—aptys +
M, 4 |My 2|3y 2 P
= 2 2 N
T DY (AN B L N TR S R T
N, 2 \M, M, 4 M*]\ P

L AN (M A mp ).(’” tN P p(mt Ny +
20, \7, 2 mpfl P

-+

AmN ( mn A |m|*)(m +'K'
P

—_ e—Ps (—(;-I-N)x
M, 2 (M, ' )+

Za’

2 9 Yl TS
+ 3;_%_'_(_:%5—?: — e-zt.'z) - E’;’i (iﬂ c-Pr_ c—(L+E).) _
1 % p

_M(_L-F_me-l’l — e—(z+m)x) +

4o, P
. A { Pg [A(Z + 1;z)f|;1t|’ _ (m + NYymN _ Am +
2H(H — P) iwP | - inl” 2M
22— ——| M, &y — —4 '

AM L] M
Al (o ) (B gy )
Mo M, M, P

- PBA(E + m)f]ml'-( 2 + m

—P1 _ ,—(L
4 ioP\_— P e * e~ +m)z)+
oy Gc—T M,

PR(m + NymN 7
+\__(l Am](:m'.,..N _
- - e—Ps __ p—(m+N)s
2a, (¢.~_"'£) M)\ P ¢ ) +
4

+ LBl 4 Mol

m —

T (e

: —————Ps _ p—(m+N3| —
2..(¢.+L°;£)( T —tm ))

R e

: ‘ o —(L+w +
" _ e —_ e +’")‘)
4a,(a, +-L; )A!, P
PBAM, imnp :
[ : rim} [1 (m m) 1 - m 2M M
——————— —— ‘+—— +~ \—,—\ -*.' - ‘ -
M, My \ M, M, M, (“—’11 M J]( P emhrm e J
2
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- Pg {m + NymN | _ A7
2R(R — P) ioP ( o, |
g + T—

_ A(L+ﬁ')[_|m|3 + Af‘ilml’ 2-,-1’ £e-P:_e—Rx
2( iwpPY U w, A\, T F

@, - T s !

where

L =2(1+ JT¥8E —a))), L,= Real part of L

Ly =4L} -~ 2PL,, M, = Real part of m
My=m? —m — i{(2F + w[4), My =m* — m — {(2E — w/4)

V.= .\Il.\_fl -+ A\_'I.,_,BQ
’ M M MM,

Me= 4M} — 2PM, + iwP/4

» My = d4M} — 2PM,, My = 4M? — 2PM, — i P/4

N =2(14 JT¥BE Fw)), N, = Real part of N

H =2 (P+ P FioP), R=1(P+ /FT=iaP)

oy = n? 4+ N2 + 2mN — Pm — PN

#y = m? + N* + 2mN — Pm — PN

4y = L2 + m? + 2Lim — PL — P, ag = L? 4+ md + 20m — PL - Pm
ay =t 4+ N*+ 2mN — Pm — PN

og = m? + N2 4 2mN — Pm — PN

o f?
B — PECSz, Bl = #;P- PEcezAz.

ituti i 3 i f 0, 0, and 6, in

ssults. Substituting the obtained expressions of 9, '
. uati?) nlh(all(l)l)isansdu taking geal part we can obtain the teu.lpera’turte pr%ﬁég;.
I-%owcver it is more interesting to study the mean plate temperature 0,(0),

the amplitude |Q,| + |Q.| and the phase tgy of the fluctuating part of the
plate temperature which are given by

8(0) = 04(0) + {1Q:l + [Qul} cos (wf + 1)
Q=01 + 0u = 0,(0), tgy = Q1@

A1 4 in the accom-
The numerical values of 84(0), 1Q:| 4|1 dnd tgy are entered in

panying Table
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_ Tabh;
Values of 84(0), Q] + IQ:] and tgy

— \

A Ec P E (0] R On(o) lQl‘ + |Qll tg Y
5 0.0053 000249 | o

0.3 0.01 0.71 0.2 .005 100249 —03

0.3 0.01 0.71 0.2 10 0.0033 0.00185 _O'Sgg

0.3 0.01 0.71 0.4 5 0.0055 0.00268 —07%

0.3 0.01 7.00 0.2 5 0.0053 0.00376 iy

0.3 0.02 0.71 0.2 5 0.0105 0.00499 —0707

0,6 0.01 0.71 0.2 5 0.0052 0.00243 ~0.639

We observe from this table that an increase in Ekman number E or greater
viscous dissipative heat causes an increase in the mean plate temperature
But the mean plate temperature decreases with increasing A. The effect of
Prandt] number P and the frequency @ on the mican plate temperature are
not very significant. Also the amplitude of the plate temperature increase
with increasing Ec, P, E or « whereas it decreascs with increasing A. The
values of the phase tgy of the fluctuating parts of the plate temperature being
always negative we conclude that there is always a phase-lag.

(Received Juns 10, 1980)
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ASUPRA TRANSFERULUI DE CALDURA IN STRATUL LIMITA NESTATIONAR INTRO
SCURGERE IN ROTATIE CU SUCTIUNE VARIABILA
(Rezuma t)

. . YR} ‘“n
fuid vSi;ecggegmté 0 solutie analitic aproximativi pentru problema transferului de Céld.ura sigtzon‘
g o8 :;iqmgresxbﬂ ln rotatie rigid4 impreund cu o placi plani poroasd infinith B et

1 viteze de suctiune variabile in timp. Analiva rezultatelor obtinute Puli:jleimﬂn 2
ui

dentd o crestere a tem ¥
i MRS peraturii plicii . : .
§i a disipatiei energie_i_ (numirul& I;cﬁfr:tiEc(;‘.l cresterea rotagiel fluidulul (nus
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SUR L’ALLURE DE QUELQUES COURBES D'APPROXIMATION
STATISTIQUE

E. OANCEA, M. RADULESCU

) On sait que les procédés statistiques d’approximation suivent la détermina-
tion analytique de la courbe de dépendance des deux caractéristiques statistiques
mais ils ne donnent aucune indication relativement A Vallure de cette courbe.

On revient maintenant sur un procédé considéré par nous dans [2], en
le complétant avec certaines indications sur I'allure de la courbe d’approxima-
tion, obtenues de données d’observation. ’

Le procédé donné dans [2] se rapporte au cas od la dépendance de deux
caractéristiques statistiques est décrite par I'équation:

y = ayx¥ 4 ay 12V + ...+ ax + a,,
qui a été présentée pour N =2, 3, les cas les plus fréquents dans la pratique.
1. Soit X et Y deux caractéristiques statistiques pour lesquelles on connait
les donnees d’observation -
(%0 30 i=1k (1)

"

Yi = Yii

2|~

)
!

On suppose que par la recherche statistique on a &tabli que la dépendance entre

X et Y est de forme
y=ax’+bx+c (2)

ot les coefficients a, b, ¢ ont été déterminés par une méthode d’approximation

[2], comme il suit:

1% 3)

ol

et 1

(Fs —5)— 2a%* (4)
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des (1) on détermine un certain intervalle qui gy -
t a la variation de la tangente a la courbe d’appr:ny
mation dans un point d’abscisse x < .]{', en tenant compt du mode dexﬁ.
distribution des valeurs de y dans le voisinage de x.

Dans ce but, on associe a la dérivée de la fonction (.2) une variable .
toire convenablement choisie a l'aide de laquelle on obtient un intervayj, d;‘
confiance.

Dans l'expression de la dérivée interv‘ienuent les coeflicients 2a ct §, Oy
associe 4 ces coefficients des variables alétoires d’échantillon, pour 2q:

En utilisant les donn
des indications relativemen

k=1
i ]
g=—_Yu, ,
k—-1=1 ¢ (.))
ol
Yitr - ¥y -¥) -7,
k=1
U,=
i

dans I'hypothése que Y, ¢ = 1, k sont des variables aléatoires indépendantes
normales N(¥;, ¢;). Alors U est une variable aléatoire normale N(Mp, op) ave
la valeur moyenne

k=1 Figr — ¥ — Fx — 7)
7 ! k1
A’IU = y\ - %
E—1 i1 'y
et la variance
k-l 2, 2
PR L R
U 3

(k - l)' f=] k-_}
)

Tenant compte que

'=2ax+b=2a(x—£'*)+—l—(5’k'—5’1)

d(k — 1)
on considére la. variable aléatoire d’échantiilon
T Y,—Y)
qui est aussi normale NV (My, o)
M. o—_ 1 S
v 2k =) (¥ — 3)
1
02 =
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Alors 4 " correspond la statistique
Z=Ux—2% 4V

qui ist normale N(M,, q,), avec la valeur moyenne et la variance, respcctive-
ment

M; = My(x — %) + M,
2

oz =(x =2 el + o2,

% — i* est une constante.
Par conséquent, en utilisant la statistique
7 = Z — My
9z

qui est normale N(0, 1) et une probabilité de risque ¢, de la rélation

P(Z e(~2,2)=1—¢g
on obtient pour un «x fixe (* « R) un intervalle de confiance pour y':

JWZ - ngq <y’ < Mz + Cz24 (7)

ou

Ma(x — 2% + My — Jls — PP + &% 2,<y' < My(x — 2) +

+4/(x = 24 o5 + o 2, ®)

Remargues

1) On observe que l'intervalle de confiance (7) de y" dépend de la valeur
x¥ — %*. Quand x parcourt I’ensemble des nombres réels on obtient de fait une

région de confiance associée a y'. . .

2) Dans le cas o1 62 est inconnue, c’est-a-dire 4:1;1', i= 1, k’ so-nt inconnues,
on peut utiliser une statistique de type Stt}dent, qui .f:outleut lestnnz}teur' de la
variance théorique ¢2. Cette variance peut étre calculée avec les données d'obser-
vation analogue au procédé de [2]. , . , . _

3) Un intervalle de confiance pour ¥ dfms un point d’abscisse x = .1;;,,
donne une indication sur le mode de la vanatlou. de la ’ta'nglente a lef c'ot-r e
d’approximation obtenue dans le voi?illage du point c.onsltqere. 2()2@(;225\» ?::olizil:
indique le mode de croissance ou de décroissance de la fonction (

e 4‘;";;22: q)iloe la courbe d’approximation est llllle llzazbcéléet e(f:l::1 i;lzt;;;:nll:
degré, le probléme de la concavité ne se pose pas, ccla cta

valeur de 2a.
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5) Pour établir la forme de la régionde confiance associée 3 y, °n°btientv
de (8) les courbes frontieére de cette region:

y = Mg(x — %) + My £ 2,7 (8 — 2P o5 + o}

ou dans la forme rationale :

(1 — BPP{oL 2t — M — 3¢ + (% — £*) My — 2(x — #*)MgM, +

On observe que I’équation (9) représente une hyperbole parce que
2 .2 2 —
ogi— My Mo|_ _ 220
Mg —1

Par conséquent, les deux branches de I'hyperbole (9) constituent les cou-
bes frontiere de la région de confiance (7).

6) L'intervalle de confiance pour chaque x < R, est symétrique relative

ment aux points de la droite correspondante a y’, ayant les extrémités sur les
branches de I'hyperbole (9).

7) L'intervalle de confiance qui donne la meillcure information relative
ment & la variation de la tangente correspond a4 x = x*.

8) Pour x — 00, les iutervalles de confiance corrcspondants deviennent
infinis. Mais pratiquement, intéresse sculement la variation dec la tangent?

a la courbe d’approximation pour x appartenant a lintervalle fini dans Jeque
varient les.données d’observation.

2. Dans le cas ot la dépendance entre X et Y est:
0)
y=ox® 4 Bt 4+ yx 4 § w

pour obtenir des indications relativement 3 I’allure de la courbe d’approxiﬂ1€mon
(10) on utilise les dérivées de y:

(1)
(12

¥ = 3ax? + 28x + y
¥y’ = 6ax 4 28.

. . Ode
» LeS.COeff‘ICIents 3a, 2p et y ont été déterminés conformément & UD€ méth
d’approximation [3] comme il suit:
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ou
w; = 5 = DFig, — 7)) — T = 71) — 53 — I —Fa+ ) Ky
(k3 — 77, — Md(k ~ J)
e e e

2 =7k"7k—1—7a+71_ -
p 26 1) 6az,

[y,. — 51— Bally(k — 1) —

- (s — Fa-1~— F2 + F1) + Ga(k — l):i”]

L’expression de la dérivée

y; = 3ax? 4 (fk—it(;l:li;’i + 5 _GMJ %+ \

+‘ - 1 1 [_')";. — 5, — Baly(k — 1) — ;1._ (Fx — Fr—1 — 52 + F1)x + 6a(k — 1);’3]

avec les variabiles d’echantillon U, V, W, devient

Y =Ulxr— 2%+ 208 — M) + v-2=% 4 1

(13
ark — 1) lc—lW (13)

ol

. A=1
=——> U
e

ke )Fipr — V) = @a—Y) — @ = Yoy — Va + ¥i)ly
(b2 - M, — #d(k — 1)

Les variables aléatoires ?,, i = 1, k sont des variabiles aléatoires indé-
pendantes, normales N(¥;, o).
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On obsérve que U est une variable aléatoire normale N (JWU, o), o

k—1 k-1
1 2 1 2
My=——> M, o= 5,
v MJQ A S

i=1

k= DFig1 — 7) — Fi — ) — e — Fu—1 — o + )My
(4 — M, — #)d(k — 1)

My, =

(h — DX(a?, + 0D + 24+t +(ol+ap_, +or+ o)A’

[+ —
U; . (h? — M, — )k — 1)?

Et la variable aléatoire V est:
VT, Ty~ Vit T
qui est normale N(M,, oy):
My =3, — Fr1 — P2+
oy = o4+ o;_, + o3 + of
et la variable aléatoire W est
W=Y,—Y,
qui est normale N(My, oy):
M, = 5, — 5
ow = o4+ o}

De la rélation (13) il suit que Y’ est une variabile aléatoire normale
N(My., oy:), avec

My = (2 — 222 + 22 — MM, + —=%_ M, + —L- My

ak — 1) k-1
2 X7 — 3 2
Oy = (22 — 2x% 4+ 242 — M.Vo2 4 ¥ =2 2 o
Y ( +x 2)0'(1",“1‘(13__1)a 0'V+(k_1): w
Alors la statistique .
PRt %

Gy

est normale N(0, 1). En choisissant une probabilité de risque g, on obtie
un x fixé, x e R, un intervalle de confiance pour Y':

]VIY' — Zpoy < Y < My, + z,0y

nt pof |
(14)

ol

P(lzl<zq)=1—q.
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Remarques

1. On observe que l'interv ¥ d
2 Gms q 1:cer\ alle de confiance (14) de y' dépend de la valeur
x — % v parcourt ensemble des nombres réels, on obtient en fait unc
région de confiance associée a y'.

2. Un.lni.:erv.alle de confiance pour, ¥’ dans un point d’abscisse x = %g
donne une indication sur le mode de la variation de la tangente & la courbe
fi aPpI‘OkllnailOl_l‘ obtenue,'dans le voisinage du point considéré. Cette variation
indique la maniére de croissance ou de décroissance de la fonction (10) dans le
voisinage du point x,.

Pour établir la région de confiance associée a Y’, de (14) on obtient les
courbes frontiére de cette région, c’est-a-dire:

y=xrizt (15)

=\ =0 Vi —~ z 1 4
Y= = 8+ # = MMy + = My o My

" 7 12 -2 (x—3) 2 1 2
y2=zq\/[(x—2)2+x — M,] ?U‘f‘mﬁf‘f‘(k’_l)’ S .

On obsérve que tant y, que y, sont dcf courbes,réelles et que ¥, réprgsen‘te
unc parabole, et y, est une courbe de quatneme degre’d'e types “hyperbolique”.
La courbe associée 4 ¥’ est contenue en fait, dans la région de contiance.

En tenant compte de 'expression de la deuxiéme dérivée (12) de Y, on
lui associe la variable aléatoire d’echantillon

1

"o __ —_ ____V
Y'=2(x—2U+ =)

qui est normale N(My~, oy-), avec

1
My, = 2(x — 5)My + TR My

o2, = 4(x — 2 o+ S O

uent, en utilisant la statistique

Par conséq
Y — My
Z* =
Gyu
qui est normale N(0, 1) eten choisissant une probabilité de risque ¢, de la réla-
tion )
P(|1Z*| <z)=1—4
i i la variabile aléatoire Y'':
on obtient 'intervalle de confiance pour "

*
lMY» —_— Z; Gy < Y” < My” + 27 Oy~
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On observe qiie pour x & R, les inégalités (16) déterminent une y

i égio
confiance associée 2 Y"/, dont les courbes frontiere sont: glon de%

2 i
: My 4 e \/4 2 (y — £)8 oy -
y =2 =AM+ Ty E5 WA Ty

ou en forme rationale:

MyMy o M
A3 — o § — 8+ 9t — WMl — By + 4 I (v ) 2l
M3 — g% o
¢V
-}f ask — 1) 0 (17)
Cette courbe (17) est une hyperbole. On voit que la droite
y = 6ax 4 28

est contenue dans la région de confiance donnée par (16).

Les intervalles (14) et (16) correspondant & une valeur x fixée (x appar-
tenant A lintervalle des données d’observation) donnent des indications sur la
maniére de croissance ou décroissance de la courbe d’approximation dans le
voisinage du point considéré, et aussi sur la variation de la valeur de la convexité
(concavité) de la courbe dans le voisinage de ce point.
~ Ces indications obtenues avec les données d’observation représentent un
supplément qualitatif de 1'étude de la courbe d’approximation considérée.

(Manuscrit regu le 20 septemdrs 1980)
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ASUPRA ALUREI UNOR CURBE DE AJUSTARE STATISTICA
(Rezumat)

; [1ra curbel de ajustare obfinutd prin datele de ob: i cazul cind depes
g‘:}ﬁf;?"t];’j ;“gi; eJi dseln:; 3:;:: deXfonln;a (2), se construie:t: us;rz:tt::;ra}n deaincrec:e;t‘el (ﬁgzdtﬂ
7 e X 51 Y este de forma (10 i interval de
pentru ¥, (14) gl de asemenee un interval de incredere (l)e:ltiic;)gftalg)e? te s ;
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SUR LE THEOREME ¥ APPROXIMATION' DE STONE-WEIERSTRASS

SORIN GI. GAL el

[

Le théoréme de Weierstrass est bien connu qui nous dit que chaque

fonction continue f: (@, 8] —~R, [a, b] CR, est la limite uniforme sur [a, 5]
d’une suite de polyndémes (P,),en. - '

Le but de cette note est de montrer que la suite (P,) ey, peut étre
choisie monotone, c’est-d-dire P,(x) < Py(x), Vx e [0, b], V& « N dans
le cas croissant, respectivement P,.;(x) < P,(x), Vx « [a, b], ¥» « N dans
le cas décroissant. D’ailleurs, on démontre ce résultat dans le cadre plus
général du théoréme de Stonc-Weierstrass, pour les cas réel et complexe,

Dans le cas d’approximation par des polyndmes, on donne une démons-
tration simple, en. utilisant les-polynémes de Berustein. -

§1. Soient K un cspace topologique compacte et I'algébre réelle, C(K ;-
R) = {f: K =R, f— continue}. Notons avec 4 C C(K; R), une sous-algébre
de C(K; R) ayant les propriétés: ,
‘ I si fe C (I ; M) est constante sur K, alors f 4,
) II. Vx,, 2, € K, %, # %, 3 F e A, F(x,) # F(x).
Avec ces notations, on sait que le théoréme de Weierstrass-Stone (le cas rjégl)‘
peut s’exprimer ainsi:

VS eCK; R), Ve>0, 3P e A (qui dépend de f et ¢),
tel gite |f(x) — P(x)| <e, Vx e K"

On a: '
TurorEME 1.1. Si f, ge C(K; M) ont la propriété f(x) —g(x) 2.0>.0,.
Vx e K, alors il existe une fonction P e 4, tel que
g(x) < P(x) <flx), Vx e K. S
Démonsiration. En appliquant le théoréme .de Stone-Weierstrass pour

_ S + e =L il exi foncti
la fonction heC(K; R), h('x)zf—LT et € n il existe une fonction

Ped. en vérifiant (%) — P(x!) |‘ < “:". Vx & K, donc

P~ LM< PR HE, ViR O

s ",

_fw - STe S, vz e K, donc h(z) 2 f.,+ g(x), ¥» « K.
- 2

Mais h(x) — g(%) 2

3 — Mathematica 4/1981
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Alors de (1) il résulte
? L
Y + glz) € h(x) < P(x) + . vz e K, "

S L ere t
d'oul évidemmen o) < P(x), Vi < K.

De méme, en tenant compte que

f(x)—h(x)-=—jl)'%5(ﬁ'?§>0: Vx e K,

il est facile de voir que (1) devient

P(x) — -;i < h(x) € f(x) — - Vr e K, 1

d'ot P(x) < f(x), ¥z e K, cq.ed.
CorOLLAIRE 1.2. Pour chaque fonction [ « C(K; R), il existe les suity
de fonctions

(PYeers (Qu)sen, Po, Que 4, Vn &N,

convergeant uniformément vers f (sur K), monotone décroissante, respectivemen
monotone croissante.

Démonstration. Soient ¢, N0, g, h,e C(K; R), g(x) =f(x) + ey
hx) = f(x) + ¢, Yn e N, V2 e K. En appliquant le théoréme 1.1. pour g,k
il existe les fonctions P, e 4, tel que

J(%) + eap1 < Po(2) < f(%) + ¢, V% « K, Vn e N. o

Evidemment P,(x) > f(x), Vx e K, V7 < N et (P,),«y converge uniformément
vers f, sur K. Puis, en écrivant la relation (2) pour ,,» 4 17, il résulte

f(2) + euy2 < Paga(2) <f(%) + €n41, V2 € K, V1 e N, g
et en tenant compte de (2), il résulte

P,(x) < P,(x), Vx e K, ¥n e N.
En appliquant le théoréme 1.1. pour les fonctions

Dal#) =F() = €40 Gu(8) = f(#) = enps, V£ < K, V1 < N, X O
on obtient sans difficulté la suite croissante (@a)nen c.q.e.d.
§2. Considérons maintenant le cas complexe,

Soit l'algébre complexe C(K ; CO={K-C; f — continue}, € étant

des nomb )
tés:n mbres complexes, et S C C(K; C) une sous-algébre ayant les P

Je coff
ropn®

a) i feC(K; C), est constante sur K, alors f « S

b) Vz3, 2, e K, 2, #2, 3 F e S
. ! e ’ ’ F
) 5 f &S, alors 7 e S." € (%1) # F(x,),
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Considérons dans C les relations,

pour u, reC u=v4w. 1= x4 ¢
v, %, w, y «R: ' ”

#<Zev <y, w<_).:, 3)
#<gZevy y<uw, (4)
U<ger<y, w<y, (8)
$<georx<y, y<w, (6)

A lieu:

THEOREME 2.1. Powr chaque fonction f et chaque relation ,,<,” (k=1,4),
il existe une suite de fonctions (F,)pey, F, « S, V# <N, convergeant wumifor-
mément vers f (sur K), ,,<,“ monotone décroissante, c’est-a-dire
(%) <pFara(%) <, Fofx), Vx e K, Vn e N (f e C(K; ().

Démonstration. Notons Sg C S, Se={f<S; f: K—R}. Si f S, f=
=¢+1¢+¢, ot ¢, ¢ sont des fonctions réelles, et évidemment o = i—(f +

+HeSety==(/-Nes

Il résulte 9= Sy et ¢ e Sp. Puis, de la propriété b), il résulte que si
X, %K, %, %%, If =@ + 1) S, avec f(x,) # f(x,), d’ol resulte, evidem-
ment, au moins une des inégalités: ¢(x;,) # @(xy) ou $(x,) # P(x,), donc Sg
sépare les points de K. Aussi, Spx contient les fonctions constant?s réelles,
Soit alors f e C(K; €) quelconque, f(x) = ¢(x) 4 i(x). Il est évident que
@ et ¢ sont des fonctions réelles, continues. Supposons, par ex'emple, C(]il)le la
relation a lieu <,. Il existe (d'aprés le corollaire 1.2.) les suites: (P,. )»-m
convergeant uniformément vers ¢ (sur K), (Pf’),..", convergeant, uniformé-
ment vers ¢ (sur K), monotones décroissantes, donc

o(x) < PU(x) < PY(x), v2ae K, ¥neN,
$(#) < POy(x) < PP(z), Vxe K, VneN,
et P PP cSe, Vn eN. Alqrs la suite
(F)wens Falz) = PY(%) + iPP(x), vz « K, Vn e N,
converge uniformément vers ¢ + i =f (sur K),
f(%) <1 Fasa(®) <, F (), Vx e K, \n N

et F, S, ¥»n eN cqged

D ) s des relations <s <s <o les démonstrations sont analogues.
ans les ca : !
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Notous avec M C C(K; C),
M= {f e ClK: € fi0) = 9lx) + i4(2), @ & = CUCG ), () 5
(ou o(x) < 0) Vx < K et ¢(x) 2 0 (ou b(x) < 0) Vx < K}.

Alors, a lieu:

COROLLAIRE 2.2. Pour chaque fonction” f'e M, il existe la suile (Fuey
F,eS, Vn eN convergeant . .uniformément vers [ (sur K), ainsi que Ig szu‘te,
de fonctzons réelles (|F, |)wax, converge uniformément, monotone décroissante, vers 1.
1/ 1(x) = 1f(x)], V= eK ot |f(x )]re/)resrnte le modulc du nombre complexe
go -

Demonstmtwn Supposons par. exemple .
f0) = olx) + ib(a), on olx), Y(x) 30, V¥ < K.
En appliquant le théoréme 2.1, il existe une suite de fonctions
B (F Jnen» F, eS, Vn eN,

RN P |
convergeant uniformément’ vers f (sur K),

F.(x) = P'(x) + iPP(x), Vx « K, ¥ne N,

0 <o) < P () < PR, 0)
S 0 < Y(x). < PP \(x) < PP(x), Vx « K, ¥n e N
I est-claire que.. .- . B
SFEINRRER A (IMF Daen, Fp = /[PPT 4 PO,
converge umformemcnt vers Vo + qﬂ = |f|. Puis, de (7), il résulte

0 < ¢ <[[P‘n‘i, 01 < EPP()] . -
0 € ¢*#) <[P0 < [PPW)], V2 « K, V1 <N,

donc
1=+ F < NPT F TPELF < V0T (55T
c.q.e.d. ST LT LT

Si, par exemple ¢(x) 20, V% K, et Y(x) <0, Vx< K ‘alors on choisit 12

suite (P),. o
N monotone décroi : 2 , te,’
Cest-a-dire . ssante et la suite (P{), <y monotone croissant
f.

0 < g(x )< p‘”’i,( ) < PP(x), ¥ < K Vn eN,
Vs.y s - PO ‘ N
Bt Pl PRly(x) < (2) <0, Vg « K, Vn-eN;

'H-l
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douc -
0 < ¢*x) <[Py <IPP vx e K, ¥n e N,
et . o
< $a) < [BEL (1)) < [P.(-z)(x)]z, Vi e K, ¥ N,
d’ot éVidQ"““.“'“t /1< |Fasrl < |F,], ¥n &N cqeed.
" §3. Soit f & Cy,y, et notons avec: - s
"1 Do , ,.-‘"-
nf(‘)_;‘ ’x"(l-—x "‘, mel\' )
1cs polynémes de Bernstein. et ' o~
On sait que nous avons - N
i ; SRR SO U v
2y = (Bal)(a) ] < B ST W}. K

4306 4 837 /&
5832
est lc module d’oscillation de la fouLtmn /-

ou K, = est la coustante de Sikkeina et w(/; 8 = max If(x f(x )|
o Al M

Aussi, on sait que lm m(f ) 0. E,
’

m— 0

Alors, le resultat suivant est év1dent R R IR
Liymsmg 3.1, 1L existe une smte (m,‘),,q, "y < N m,, — oo, (dépendant de f),

ainsi que

1 1
. < —, Vk N' ;»5.9
m(f' \/E)< 8 € ®)

Considérons maintenant la- suite de polyndmes (B,f)ran (Byf)w =
(B j)(x) + a,,, kN, x €[0,1], ol (m,,);,.h est Ia sulte du lemme 31

et «, = 2K, - E—
=% j*
A lieu: |
Prioriys 3:2. La sutte (B, f)ran converge uniformément vers f (sur [0,1))
monolone décroissante. y
Démonstration. En tenant compte de (8) et (9), nous avons:

| (Bu Pl — By N <1 (B,-,.f)(;{—'"/( 2]+ 1(2) = (Buyu /)2 <

: 2K,
< Ko-[co' (f‘; ?/'7;-)+ w_(f «/mm ] <Ko [+ s 1),) e
vz e [0,1], V& EN.
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Mais
(E"f)(’) - (ﬁ“"f)(‘) = (B )iy — (Bmgyr Sl + o — thyr = (Bmkf)(x) -

2K, o
- (B"'k.q.;f)l*')'l' I > O: Vz e [Oxl:': Yk e N.
=~ 1
Comme a, est le reste de la série convergeante 2K, Z._?j.;, il résulte

@, 0, et le théoréme est démontr.é..

CoroLLAIRE 3.3. La suite de polynomes (B, flrex, (By /)iny = (Bu, f)iy — o
Vz e [0,1], Yk e N, converge uniformément vers f (sur [0,11), monotone croj;.

sante.

Remarque. L’ordre d’approximation pour B, S et B,f esto -ﬁ].}.
+o(-:-’J, k=23, ...,
En effet, notons

:,=1+;';+...+ + L k=23 ...,

Evidemment que

-
lim S = — (carzi - 1’)
J=1 8 6
Mais
- M—(h—1) -k -1 1
$ $ - —
A 241 "o 1) T >0,k=23, ,

done s, %',- quand k— o,

D'ici, il résulte

1 n? 1
“>——(1+—- IR S
ho1os =t +(Ic—1)’)—2K.'k—2’ 3, ween

1By iy — fia| = 1(Bm, )y + &, — £(x) | <
S NBuyf)ioy = () | +| ] < %.{_&, E=2 3 ...
S Y T
175 0“0‘"’"”’”;

( Manuscrit regw
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ASUPRA THEOREMElI DE APROXIMARE A LUI STONE-WEIERSTRASS

(Rezumat)

in lucrare sc arati ci sirul polinoamelor de aproximare (Py)yey al unei functii ce intervine
in teorema lui Stone-Weicrstrass poate fi ales monoton crescator respectiv descrescitor.
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INTERPOLATION D’HERMITE-FEJER SUR DES NOEUDSg
QUADRUPLES - "RACINES DES POLYNOMES D'HERMITg

FLORICA—ELENA CHISALITA

Soit f une fonction continue, définie sur Ret xy, x5, ..., 2, 2 ‘Hombres
réels. Le polyndme (unique) de degré <4n — 1 qui vérifie les conditiopns

) Pyaa(fs %) = f(x), k=T1Tn
&-;—'(ﬁﬁ—)—:O k=1 netl=1, 2 3
xt

est défini par

Pacilf 3) = 3 fta)pal) 0
olt
Prlx) = UNEININES
—o o

lL(x) =
(1) = 2

(polyndmes fondamentaux de Lagrange)

’ 2‘0” , 3 . trs
hy(z) = {1 — 2070 (x — x,) + % [S(M)’_ R ﬂ_(_’/ij (x—x) +

w’(xg) @’(xy)

. 3 w'(xg) a
+ - [10 e (M) (o (a 3 ey . .
Sl @lmulan) 13[ W' () ) 7(.{*)'] )
o1 :
0)(1}) = kn (x — xh)
et =
" _ .‘)
2 palx) = 1. (
D N
ndéme dinfl‘é;é%aysc}?euvfdee f’;ﬁ*l' et x, 1, -+, %, sont les racines du Pog:
tion [3] €spece, le prof. D. D, Sta ncu a établi la ¢

@) = Poa(f; )] < 20 (\/M)

3n3
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Dans ce méme cas nous avons obteny 4]
12) = Pl f3 2)| < O(1)a [2£2)
b 2

Da‘ns le présent travail nous alions étudier le polyndéme Py, _(f; x) dans
le cas o ¥y, &y, ...., x, sont les racines du polyndme d'Hermite H, (x), défini

par
e~ H, (%) = (= 1)" £ (c~7)
dx
On sait que H (x) satisfait I'équation
H/(x) — 2xH(x) + 2vH,(x) =0 )

et que ses racines ont les propriétés suivantes :

—_—n < x—m,n < x-—m+l,»~< e <.x—l,u < 0 < x1,’n < xz;n <...< Xms<+o
pour n = 2m,

(6)
—0 < Xem,n < J'\E_nu+l,n < Lo < x'—l.n <rn=0< B < Xgn < oo < Xmyn
pour # 2=m + 1,

De (1), (2), (3), (3), (6) on dééluit que Py i(f; ) a la formé suivante

, P«--:(}, ) X) = ..Z_: S0 a5}, . (7)
” Pin(¥) = Ian(%)lan( %), .(8)
Lin(%) =‘—_H_i4ﬂ_" (%)

_H:.(x/m)(x — )

’ Ce 2
hkn(x) =1 41'1;»(2? —_ x‘ku) + -:l;— [szin + 4(” - l)](x - x’“') +

(10)
4 L 12453 + 2ua(2n — 3) = 20(n — DIE — )
3
E=(0), £1, 2 - i[?] .
: . - G (11)
" =1 (ﬂ=1,z"")ﬁxe( @, +o0) -
Bt

évaleur la d.jfférence Pinilf; %) — f(2). Désiguons par

Notre but est d sur lintervalle [—A —¢, A + ¢] et par

wa(f; ¢) le module de continuité de f
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alle (v. {2]), A étant g
o0 n module de continute oo e suivent .D Bt g
TutoriME 1. Soit une fonction f  C[—A, A]. Si
waf; 1) = 0[walt)]
alors, pour tout nombre x de Uintervalle [—A, A] a liew la relation
| @
| f(x) — Pana(f; x) | = 0(1) Z wy {-;/”:) r

ot 0 dépend uniquement de A et f, | z,,| < A

Pour la démonstration, donnons d’abord quelques relations ¢
(v. Szegé [1])

Ha(s) = (=172 m | LT (5)
Homir (%) = (—1)"2"  yn | fo:m(y)

ot y=1?et LY(y) est le polynéme de Laguerre défini par

TILI) = o €Y, (@~ 1,y 3 0)

Les racines 9%, k=1, m de L)
0<HI<H< ... <y <e
sont lides aux x4, par les relations '
{xku=4’y(h;1/2), X_pp= — \/y£;112) pour . =2m, k=12, ..., m

Xiw = Vy(klpf‘z)» Koy = — ysz!»I;Z) pour 1= 2m + 1; k= 1. 2! cen tB
On sait qu'on a aussi:

« 1
Li‘-"(y)=0("f7'7). « < —é, 0<y<Q

a 1
&)’ s (a 2 t7
L~ m® % << m=1, 2 ..)
« 1 « 1
2.7 57 1
ILD(y) | ={¥ * ‘O(m‘ ‘),a>—~

Oms) 0<y<Q
5 Aro(
.yﬁ.’.*"Tﬁ(l (9.<y£°,‘,’, SQm=12 ...)

™ ~ . . pe a b
ou a, ~ b, signifie que ¢ <2 <o, (n>N), 0<c, <ca<o

e et arbitraire,

”

et Q est une constante positiv
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Evaluons la différence

, T | — 24, ]. Soit x; :
cest-a-dite |xp — x| = |1, wl. Soit x;, la racine la plus proche de z,

. tw» = %|=>h=4 L'on a [2]:
=11 =0(1) pour x=0

[700)| = O(yfn), || = O(fn)  pour |2z| < Q 18
et
[ %] < Q = Q entraine | k| = 0(,/n) (19)

De (13) et (17) on a
| hx—gm 40

| X — x| —[—2\/;—]=0(1)J%, ot si k #4: k=j+i pour (20)
k>jet h=j—qipour k<j; I'on a aussi:
[ 2 — x| <|Xjp1n— x;:—l,n|=0 L— » —A < x, 1, <A (21)
n

Compte tenu des hypotheses, il s’ensuit que
/(%) = fln) | = 0o (=) (k #), h=ji —A<x m<t) ()

1f(x) — f(xm) | = O(1)wa (J—'_-) :

Nous allons maintenant évaluer les polyndmes fondamentaux de Lagrange
Ln(%) pour 0 < [%], |%i| < Q. Soit # = 2m, y = a2, alors de (9), (12), (13)—
—(17), (19) l'on a

4

Lo (%) | = Hyl#) _ L") -
Hran(2) | = H, ()5 = %) | | 250 LT P 0r (7 — 51
w12 ‘ 1 .
— o o=}, R#40< Ixl (%] < Q
o) Tt (3) ##1 AR

Pour n =2m 4 1, Yon a:
*L3y)

Hypyy () = =
|22, L0 () (# = %a0) |

H;m-l-l (xk") (= xk!l)

[ Znzmes(%) | =

—o(1) sy~ =o(l,), 0< Izl Inl<Q k#]
3

(kzn—l) (‘-”—1/2) ”',2

. 2
Pour £ =0 (v. [2]), # ~‘i"'-, y~T donc

v

Lims1(%) =

ng/ 2(y)

) H2M+l (x) e —
@m + 1) L 10)#

Hym11(0%
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I on a dong,

) | =O[2), K #5: 0 < lx] ml € Qo w =L 2

Pour k = j, (voir [2])
()] =01), O <lxl l2ml € Qu #=12 ..,
Pour le polynéme k(%) tenant compte de (17), (19), (21) I'on obtien

13

()| = O(1) 4 0(1) 2= - = 4 o — 1) i O S

B (@2n— 3 (=D _ gy 2 .
+0(1)-‘/T‘—TJ;7—+0(1) W < 0(1) 2, {t

De (11), (18), (19), (22)—(25) Von a finalement

|f(1) - 1)01 l ; ")l = E lf Ahn lf)kn(i)

= 00) 5% o -] &

3. Dans le cas ot la fonction f remplit la condition
|f(x)] = 0(**), ¥ & (— o0, 4+ ) on peut énoncer le

THEOREME 2. Si | f(x)| = O(x¥), £20 étant un entier fixé, alors dars

conditions du Théoreme 1, Iévaluation
& i1 a
) = Pa-il 3 5)1 = 0(1) 25 0a (5=}
. =

a lieuw pour tout x < [—A, A} et pour towt n. (si grand que soit Xin)-

Pour proutver ce théoréme, on fera d’abord I'estimation suivante:

I6) = Paf3 )1 = 35 1f(3) — f (i) [pan( ) =
= 3 0 S 12nl®) £ 1) — flan) el

%an @ [-4,4) e (-4, A)
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Ensuite, compte tenu de
1f(x) J(xm)] = 0(«,‘,,) pour # > N et x,, suffisamment €loigné de A
et de
i 2 eppre . vy—2 __ D2 4 1)
Xxn H,,:\-,,I =\—"~]
R {Ha(xa))} . P RIS E (2r <2n— 1)
i T - . _
(voir [2]), en utilisant aussi (25), (16') et (13), 'on obtient o
Z; L() =/ (xma) | pan(x) < (0(1) ;t, :\:i,*"" ”J/" O(M‘) ! {H, "(Ean)} 2 =
A, E[-A.4)
- T2t 4 3) nt
= 0(1) - . =0
+1 n :
STy 2 n — o
D’oli, eu égard au Théoréme 1 il s’ensuit
W,
3) = Puncsf3 )1 = 0(1) 2 s (=
; . =1 Jn
ce qni achéve la démonstration.
’ N (Manuscrit recu ls. 10 novembre 1980).
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INTERPOLAREA I.UI HERMITE—FEJER PE NODURI CVADRUPLE — RADACINI ALE
POLINOMULUI LUI HERMITE
(Rezumat)

. ului de mterpolare
de aptoximarea uuxformu a functiilor cu ajutorul pohnom

‘IermltI;uc;‘:ee: s::nn cr:lop({lun cxpadruplc—, ridicinile. polmomullu ortogonal al lui Hermite de un grad
;gal cu numdrul nodurilor folosite. In lucrare se extinde un rezultat al lui P.O. H Vértesi [2]
le la cazul nodurilor duble la cazul nodun.lor cvadruple. .
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LOCATING THE BUDDIES IN THE GENERAL BUDDY SYSTEMg

Z. KASA r

) . » allocation methog 5

er we deal with a class of computer memory allo ods:}
the gIeIixglﬁ li)?ddy systems. We give an algorithm for locating the budds.
(which are adjacent memory blocks obtained by splitting a larger block).

. Buddy systems. The buddy system 1s a dynamic storage_allocation
rnethc}d, c:rigi%alfy proposed by Know lton 4] aI}d Knut h' [3]. In thi
method, if a free block of a particular size is not available to satisly a requegt,
a larger free block is split into smaller blocks (originally into two smaller block
only), called buddies. The split continues until an appropiate block is foung
which is allocated, and the other buddies are plaged on the avgulable (free) spac
list. Two or more free blocks (the number of which is determined by the parti.
cular system) may be merged together in one if and only if they are buddies,

Let us consider the buddy system propose'd by Russel [6], in whic
block sizes satisfy the following recurrence equation :

Uy = Ay Um—1 + AolUm—2 + oo + AUy, ¥ > 0 (l)

where the first » values u,, %;, ..., %,_ are given, a; are nonnegative integers,
and for large enough m, the sequence #, is monotonically increasing. A Dblock d
size u,, is split into a, buddies of size %,,,, a, blocks of size ,,_,, etc. This buddy
system is called simple buddy system. For ay =1, a,= ... = ¢,y =0, 4, =]
we obtain the class of the buddy systems defined by Hirschberg [3)

My = Up—, + Up—1, 7> 0 (2)

In this class for » = 1 we obtain the bina

ry buddy system [4, 5], and for 7 =1
the Fibonacci buddy system [3). ' '

Not all well-known buddy systems are simple buddy systems. For instaucfn‘;
the weighted buddy method, proposed by Shen and Peterson [7], is mot s
simple buddy system, because the block sizes instead of a recurrence equatiod

satisfy a system of two recurrence equations :
‘u,,, = vm + ‘U,,,_l

with the initial conditions v, = 1, v,
culated). The general solution of this

¢

=2 (u, of no inportance, , may be cal
system of equations is:

Uy, =3 . 2m=1 U, = 2" \

Blocks of size 3 . 27—t gre §

o , . o
_ ; plit into buddies of s; i m—1 blocks ¢
size 2" are split into buddies of sizes 3 . Om—2 andzezsu.%z_ and 2 and
A general buddy system may be defined i i i ste?
of recurrence equations. » 1n which block sizes satisfy a sY
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Let us consider a i i
matrix 4 = (ay), =T1%, j =& With a; nonnegative int
and the sets: TR ’ e

== [, 1) (2 )
U,...., = {u,,._,-, u,,.)_,-, e, u(,:’_j j =0, 1, .

with % natural, m nonnegative integer.

In the general buddy system X sizes- sati : i
recurrence. eomtinms y sy block sizes satisfy the following system of

A 4

[ 4

uP ] .

Uy = ,Zoaijvs;)-j' 1= 1: 2; ey k
J=0 .

with the initial conditions on W, ... ), where

W, e Upj forj=1, ...

vff,’ e U, ~ {uf:,)}
110 . ,
For r =2 and A = (O ) 1) the weighted buddy system results:

(1)

2] 2] ;
Um = uf,,) + ui,.)_l !

2
WPl

with the initial conditions on #{?, u‘,” (maybe on uwh, u‘,’)), which is identical
to (3).

2. Locating the buddies. In order to recombine a block from its buddies,
which are all available, it is necessary to locate all buddies (to find their address),
starting from one. We give a method to locate the buddies in the general buddy
system, which method is a generalization of the one given in [1] for Fibonacei
buddy system. ]

2.1. (Simple buddy systems) First, let us consider the case of the simple .
buddy system, satisfying the equation (1). Let us denote by s, =a, + ... + 4,
and by B,, B,, ..., B, the s, buddies. In order to locate the buddies, we define
a buddy count, denoted by BC(B;) for every buddy B;. We denote by b,(B)
the 4th bit in the binary representation of the BC(B). A BC for any buddy has
N bits. Then BC(B) = b,(B)by(B) ... by(B) (concatenation), or in a short form
BC(B) = bb, ... by(B). . i

When we split- a parent block B into s, buddies B,, B,,, ..., Bs, we define

_the BC of the buddies in the following way :

by(B,) = by(B) ' for i < N
by(B;) =0 for ¢ > N -
biby ... by-1(By) = (B — 1)y for k=1,2, ..., 5

where (k — 1), is the binary representation of the number (¢ — 1), (see fig. 1
and 2). |
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1
by b b) '
parent
1) Pjouady $¢
- {tuody N Y
...| [ouoy? | jpusay 2
Nv‘ Sr !
2 N
1 -
Fig. 1
o} GGI
<pfit T A - —
ololol olol1s ofof o' 'l° T
[y ’//' ///I
PrE s -'/' ’/
,.// - e ’
) /,— ’/ E
- -
spint — g
ololol oloji}s oj{o|r o} | 1
/ , ’
recombingt.on ‘

Fig. 2

When we recombine a block B from its buddies B, ..., B, we find the
BC of the parent block B by the following formulas :: '

b(B) = by(B,) fori=1,2 ..., N

(see fig. 2). N |
The buddy count BC needs N extrabits, N = flog, s,] + 1, where [#1
is the smallest natural number not less than «. Of ‘course, besides the BC, evefy

buddy needs a field to indicate- the available/allocated status, and one to stor®”
the size index (i.e. m for u,). :
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algori'flc:nllozcate all, buddies, starting from the ith buddy, we give the following
Step 0. B, is the ith buddy. We denote by sy =a,+ ... 4a,, s, =0 and b
a(B) the address of the block B. Let & be so that " ’
Si-1 <1 s,
Step 1. If 4 =5, then go to step 5.
Step 2. =1
Step 3. s, — 4 4 1 times repeat :
31, 7:=74+1
3.2. il j<s, then a(B)): = a(B;_y) + sy .
Step 4. For I =}, 2, v, ¥ —k do:
4.1. ayy; times repeat :
417 j: =441
4.1.2. 1f § <'s, then a(By): = a(B;_,) + thm-s—;
Step 5. j: =1
Step 6.+ — sy y — 1 times repeat :
6.1.j:=7—1
6.2, a(By): = a(B; 1) — o4y 4
Step 7. Forl=1,2, ..., k=1 do:
7.7. ax-; times repeat :
710, j:=7—1
7.1.2. a(By): = a(Bj+1) — ttm-rpi
In the steps 4 and 7 the test is made before execution, as in Algol 60 for

statement. ) ) ) . )
In particular cases this algorithm may be essentially simplified. Thus, in

the case of ¢, = ay = ... = a, = | our algorithm becomes :

Step 7. For j=1+1, ..., 7 do:

a(By) : = a(Bj-1) + #nj-1

Step 2. For j=14¢—1, ..., 1 dot’

(l(Bj) = a(Bj-H) — Um-j
= 1 then this is the locating algorithmbgi\.r(ein i;lh [11]\}
2.2, eral buddy systems) In the gencral buddy systems besides the .
extrabifs tfoGe;;:i)rr{:z the B?IC,ydefine)d in section 2.1, we need additional bits tt(; fix
the cquation which is used to split a block at a moment. If t = ?lzllf{ ¢, is

i ) v of the matrix A} a BC for a buddy in
the number of a; # 0 in the 7th row Oq extrabits. In}the case of the weighted

%+ [log, n the ¢ .
%uggctll)e'rilys?elglcl };e nge?nci](;eif 2, Th[usgany BC has 3 bits as in {7 Corrigendum].

Ifr=2and q =1, a,

4 — Mathematica 4/1981
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3. Another approach to locate the buddies in the geu]?ral buddy SYsten |
may be a generalization of Hinds’ method [2]. In the ?alsfcc 0 t}}e buddy Systen
defined by the equation (2) Hin ds assigns a count L (Lle t-Bugldy_ COum) ‘
to each -buddy. The LBC of entire storage pool is zero at the beg“mlng, th
proper LBC of a buddy is-zero for _thc block on the Ilgl]t, and LBC 0f parey
+ 7 for the block on the leit. T.ocatinga buddy is a test for an LBC = ( ¢ £0
We may define the BC of cach buddy in the general system as follgys.

BC(B;): = BC(B) 4+ 1

BC(B)=1for1=2,3, ..., s — 1

BC(B.) =0
But, this method provides a more complicated algorithmn than the one given
in scction 2, and needs more extrabits to store the buddy count.

( Received October 18, 19%)
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LOCALIZAREA ZONELOR LIBERE INTR-UN SISTEM GENERAL DE ALOCARE DINAMICA
A MEMORIEI CALCULATOAREILOR

Rezumat

Se defineste un sistem general de alocare dinamici a memoriei, care cuprinde toate metodele

de tip "buddy system”. Se di un algoritm pentru calculul adresei ne li . je (buddy)
care pot fi comasate intr-una singura.. P ulul adresel acelor zone libere de-memorie (
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TOPOLOGICAL FUNCTORS AND INVARIANT OBJECTS

CSABA NEMETHI

In this paper we establish some rel
and (co)rcflcpt@ons, and make a unified
A nunber of situations encountered in general topology and functional analysis
can be treated more advantageously with this categorical apparatus.

Tl}e author is .much indebted to Professor H. Herr lich for his valuable
suggestions and kind encouragement,

1. Preliminaries. If @ is a category and 4, A4’ < ob @, we shall denote by
[4, A'] the set of all morphisms from A to A’. For basic notions and results
ot catcgory theory we refer to [11].

In what follows let U: & — <% be a functor. If 4, A’ eob @, U[4, A’]
will stand for the set {U(a): a e [4, A’]]]. We shall say that A is finer than
A’ and write A’ € 4 if 140 e U[4, A']. The equivalence relation generated
in ob @ by the quasiordering < will be denoted by ~. If U is faithful, then
between any two equivalent objects in & there is an isomorphism which is sent
by U to an identity in %.

The following dcfinitions are taken from (4], [5], [10], [20]. A source
(A, a,: A = A); in @ is called U-tnitial if for each source (4', af: A’—=A4),
in & and cach morphism f: U(A’) — U(4) such that Ul(a, )of = U(a;) for all
i e I, there exists a unique a: A" — A with U(a) = f and 4,0 @ = g/ for each
i = I. A morphism a: 4 = A’ in & is called U-initial if (4, a) is a U-initial
source. A U-initiality problem consists of a family (4,); of objects in & together
with a source (X, f‘ X — U(A'))I in ‘3:;' 1t \Vll!. be denoted by (X, f,: X -
—U(4,), A);. A solution to this problem is a U-initial source (4, a,: A — A,),
such that U(d) = X and Ua) =f for all i e I.U is_ called: topological if
each U-initiality problem has a solutipn, and transportable if for each X K Obb%
each A e ob d, and each isomoprhism f: X — U(A) there exists 4’ <0
and an isomorphism a:4’ — 4 with U(a) = f. Any topological functor is trans-
portable. _ . L. . Lution

ions: U-final sink and morphism, U-finality problem, so
to a ]()]l-lfﬂu:l]i?c;loll)roblen{ The notions of topological functor and tramsportable

functor are self-dual. Any isomorphism in d is both a U-initial and U-final mor-
phism. -

In the rest of this
and functors

ations among initial sources, final sinks,
study of invariant objects in categories.

section we consider a comutative diagram of categories
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TuporeM 1.1. For the following three statements we have (1) & 2) - r
and if U is topological, then they are equivalent. !

(1) For cach B = ob & there exists an F-universal map (bg, Ag) such thay

V(b ) = 1;/(3); o . 3
B (2) F has a left adjoint ((bg), (a4)):G — F such that ]U (?1 G =V, V(b,)
= 1y for all B « ob &, and Uay) = lu(,{) for all A =ob a;
(3) F sends U-initial sources to V-initial sources.

The equivalence (1) < (2) follows by a routinc \'c-rification,'\\-'hile the refa.
tion Dbetween (2) and (3) is a particular case of O. Wyler’s theorem g
taut lifts [4], [22], [23], [24]. . o .

‘The proof of the following result is straightforward, hence omitted.

ProrositioN 1.2. Let B eob &, A eob &, and b: B — IF(A) satisfy
V(b) = lym. Then for the following three statements we have (1) = (2) e (3),
and if U and V are faithful, then all the Lhree are equavalent.

(1) The couple (b, A) is an F-universal map for I3 ;
(2) For cach A’ e ob &, V[B, F(4')]1 € U[4, 4A'];
(3) For each A' e ob &, V[B, F(A')] = U[4, A'].

-2, Topological Funetors and (Co)rellective Subeategories. Throughout this
section U: & —<¥ will be a functor and & will be a subcatcegory of &, with
inclusion functor J.

The next theorm shows thac the construction of U o J-final sinks in many
cases reduces to composing special A-reflections with U-final sinks.

TaporeM 2.1. Assuming that & is full, let (b: A, — B, B), be a solution
lo the U-finality problem (A,, f: U(A) = X, X),, where 4, < ob & for each
1 & I. Then a sink (a,: Ay —~ A, A); in & is a solulion to the U o J-finality pro-
blem (A, fo. X); iff there exists b: B — 4 with U(b) = 1y such that (b, 4) 1
an d-reflection for B and bob, = a, for all 1 < I.

Proof. Suppose (a, A4); is a solution to the U o J-finality problem (4w
fo X); Having ly o U(b) = U(a,) for each i « I and (5,,, B), bzinpg a U-final
§1nk, there exists'a unique b: B — 4 with Up) = 1y and bo b, = aq, for all
i e 1. We claim that (b, 4) is an G-reflection for B. f

Let b': B — A’ be a morphism in & with 4’ < ob a. S ’ =

| { _ . . Since U(¥') o U(a)
= U 0?7‘) for each 1 « I and (a,, 4); is a U o J-final sink, tl(lel?e exisés a
"il‘]f;cglleU‘za. fb)—v AU(s;;:h tgat( U@) = U(b') and a0 a,="bob, for all + € L
= U(}') and (aob)ob, =b"0b, f ; " which implies

aob =10 because (b, B);is a U-)ﬁna‘l sink. for each i < I, which inP
If a": 4 - A’ is another morphism with a’ 0 b ! )=

_ - : 1 4 = b’, then U(a’) = U(V)
b— U(a) and a o0a; = (a objob =1b'0 i =aoa, for all{ e | (he)nce o=
ecause (a, A); is a U o J-final sink. ,
Conversely, let (b, 4) be an a-

flecti : =
= a, for cach i e I. Then, obvioure ection for B with U(p) = 1,, and bob

sly, U(4) = X and U(a) = f,tor all i €
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To prove that (a,, A);is a Uo J-final sink, consider a sink (@4, —A', A');in
'71‘ and a morphism f: U(4) — U(4") such that fo Ula) = U(«)) for cach i < I.
I'hen fo U(b,) = Ula;) forall i e 1. Since (b, B);is a U-final sink, there exists
a unique b': B — A’ with U(p) =fand ¥’ 0b, =
an d-reflection for B, there exists a uuique a: A — A’ such that aob — b,
Then Ufa) = U(p') =/ and aoa,=(aob)ob =bo b, =ai lor all i 1.
If a’: 4 — A’ is another morphism with U(a’) = f and o’ 0 «¢, = aj for
cach 7 e« I, then U@’ ob) = f = Ut') and (@' ob)ob, =a'oa,=a =b'o b,
for all 7 e I, which implies a’ 0 b = ¥’, because (b, B);isa U-final §ink. Having

aob=>0=a0b and (b, 4) being an d-reflection for B, we conclude that
a’ = a. .

a; for each i « I. (b, A) being

Trrorey 2.2. Forthe Jollowing two statements we have (1) = (2) if A is closed
wnder the cquivalence ~ |, and (2) = (1) provided U is topological and & is full.

(1) For cach B = ob & there exists an Q-reflection (by, Ap) suchthat U(bg) =

=1 Uiy »

(2) o is closed under the formation of U-initial sources in 8, i.c., the domain
I of each U-initial source (B, b,: B— A); with A,  ob & Sor all s e I, belongs
fo ob a. .

Proof. (1) = (2). Let (B, b,: B—A,); be a U-initial source with A, e
= ob d lor all 7 e 1, and consider an d-reflection (bg, 4p) for B such that
U(bg) = lyw). Then for cach i e I there exists a unique «,: dg — 4, in a
with a,0bg == b, Since U(b) o lyy = Ula,) for all i « I and (B, b,); is a
U-initial source, there exists a unique b: Ay — B such that U(b) = 1y and
hyob == a, for cach i & I. This implics that B ~ Ap, hence B e ob &.

(2) = (1). In view of Theorem 1.1 it suffices to show that if (2) holds, then
Uo J is topological and J sends U o J-initial sources to U-initial sources. The
first condition is trivial, while the second is an easy consequence of the fact that
the solution of an initiality problem is dctgrmlqed up to an isomorphism of sour-
ces whose underlying ¥-morphism is an identity fi E?'O], .Prop?sxtlon '1)..fo .

‘or example, the existence of the uniform modification of a semiuniformity
[6] ist(ﬁs’E );1 pirticular case of this result. The dual of Theoremn 2f2 ntx}phes, ffor
instance, the cxistence of the barrelled and q1_1a51barrelled modifica 101115 o g
Jocally convex vector topology as well as the existence of the ultrabarrelled an
quasiultrabarrelled modifications of a linear topolog¥ [13]. Bt

Ler &7 be the full subcategory of & whose ob]ectsnarp tl}e ('11‘0li1claflt[1lfl sulc;-
U-initial sources (B, b: B —~ 4,); with A4, eob a for la ttcl'e' is isomorphisii-
category A~ of & is defined dually. It is esay to see t&a the 12 jivale IE)CQ ~
closed, hence if U s faithflulf’ thin . arlt.s g;:hfilf)s%ihegge;r 2.2 an%l the generai
5 , ical functors are v AU N e .
::slgsia]ii)vit[}lzo]1at\?p?cl>?ginitial sources ([20, Proposition 5) immediately imply

) ) ; A is the least of all full and equi-
; 3. If U is topological, then & 1s »
valc;ic%oc?(glg}ilA;::{)cziiiorifc:s a’ ofpﬁ that contzm f’ ;r.nd.tizag]e( bth)e _j)r{)perty that for
- ists an A'-reflection (b, Ap) with U0p) = lu)- .
ot I;? . OI;B ‘?Zheg fZ;mlss s1:ranspor'cable and sends bimorphisius to isomorphisins,
cmark 2.4.

then any full and isomorphism-closed coreflective subcategory of & whose object
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; the dual of Property (1) i
ins a separating class for &, possesses ( re in th
S’lczizgl(;ﬁza:)?sTheoIr)em 2.2, Thus the preceding corollary implics

) ] d sends bimorphisms Lo isomorpp;
LARY 2.5. If U is topological and send, . ‘ s,
and ol():gch%};tains a separating class for &, then a’is the least fl_l;ll and isomorphisy,
closed coreflective subcategory of that contains @, i.c., 7 1S the corcfieyy,
hull of 4.

TuEoreM 2.6. If U is topological, for cach X = ob ¥ U—YX) 1S a i,
@ has coproducts, and ob & contains a separating set for &, then the objects of
a~ are preciscly the codomains of U-final morphisms b u_;/zvocs'e domains are 8-copro.
ducts of A-objects and for which U(b) is an ejnmorplnfm i k. . '

. Proof. Let B eob &~. Then B is the.codomz.nn of a U'-fmal sink (b,: A,
— B, B); with 4, e ob @ for all i e I. Since U is topological and U‘T(Q(B))
is a set, we may assume that I is a set, taking into jaccount the associativity
of final sinks. Let & < ob @ be a separating sct for &, and consider the sit
H =\JI[S, B]. We may suppose that HN I =@. Tet J =H U I, and con-

Seg
sider the U-final sink (b;: A;—B, B);, where for j: S — B with S € §, 4;=§
and b; = j.

Let (kj, K); be a coproduct of the family (U(4,));, and consider the U-fina-
lity problem (4;, k: U(4;) = K, K);. If (bj: A; — B’, B’) is a solution to this
problem, it is also a coproduct of the family (4;); ([201]), Proposition 3). Now,
(by, B)yis an epi-sink, hence so is (U(b;), U(B));, because U, being topological,
preserves colimits [10], By [20], Proposition 6 we conclude that B is the codo-
main of a U-final morphism b whose domain is B’ and for which U(b) is an epi-
morphism in X.

Converscly, if B < ob & is the codomain of a U-final morphism whose
domain is a &-coproduct of @-objects, then one can casily sce that B e obd’

This theorem shows that @™ often coincides with the monocoreflective

hull of &@. Thus Theorems 2.2 and 3.1 in [21] are just particular cases of ouf
Theorem 2.6.

3. Invariant Objeets. In this section we consider a commutative diagram
of categories and functors

F
3

G
U 4
. %
with the property that 4 <

for all B < ob &. (GoF)(4) for all 4 «ob @ and (F 0 G)(B) € B

Remark 3.1. 1t is obviou

s that the maps 4 B) are the
components of a Galoi aps A = F(A4) and B — G( ) aré ¢
and (ob &, >). Mor(()a_ svic;fr&s%)ziegce between the quasiordered classes (ob & ug

. are faithful and f§ ob
ghifu?:) ﬁ,’chbzf/-(i)‘;(fy;)czgg) U?[I:% a4 (G o F)(4) _n. AfogreeactlileB uﬁique ui({)r':
. . . . . A — r . :
1s an adjoint situation. We do not assumefj(}f:())\-vees\Ir)eerc txilty’utzilé (I(/bﬁ)r’e((flg%{hful-

a
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J

. ITROPOSITION 32. (1) If B «ob &, then G(B) ~
is a finest clement of the class {d eoba:F(4) < B}.
(2) I/ B =ob&and A <obd, then UG(B), 4] = VB, T(4)].

3 = 3 ! y ! )
¥ OG()()BI")[]B’ B cob &, then U[G(B), G(B')1=V|[B, (FoG)(B'))= V|’:(..I'OG)(B),

G o F o G)(B), .and G(B)

(1:')'0?{' (}) is (;‘ general property of Galois correspondences.

o) et J e UIG(B), A]. Theu f=Ula) with «:G(B) -, hence f
VFE@) < VI oG)B), F(d) e VB, FA)] Thas UlGih 4 s s
A . . = s A . G(B), .

F(A)]. The reverse inclusion foliows s[imilargr.):| Hws. ULe(B). 4] < V[B'-.
(3) By (2) we have U[G(B), G(B")] = V[B (F o G)(B")]. On ti

d . . 1 = W5 . On the 9ther

Vo) n), Foamyy VOV GBI = UIEE o CYB). C(8)) =

An object B of & will be called snvariant if B ~ (F 0 G)(B). A dual notion
can be de[incq for a We §hall denote by &;,, the full subcategory of & deter-
}nnl‘ojd by all invariant objects. &;,, is both isomorphism-and equivalence-closed
in .

Some examples of invariant objects are the following: topologicai closure
spaces [G], principal and topological convergence spaces [9], sequential topologi-
cal and closure spaces [8], [6], principal uniform convergence spaces [9], uni-
formizable and semiuniformizable closure spaces [6], uniformizable proximity
spaces [6], proximally coarse semiuniform spaces [6], bornological and C-sequen-
tial locally convex spaces [12], [7], ultrabornological aud Sc-sequential topolo-
gical vector spaces [13], [14]. .

ProrosirioNn 3.3. (1) An object B of & is invariant iff there exists A
e ob & such that B ~ F(A). _ , 4

(2) If B =ob &, then (FoG)(B) is a finest element of the class {B' e
e ob ®,.: B’ € B}.

(3) If B, B'  ob &,then V{(F oG)(B), B'] < V[B, B'] = U[G(B), G(B)]
and if B’ is invariant, then both inclusions turn to equalities.

Proof. (1) and (2) arc general properties of Galois correspondences.

(3) Both inclusions are obvious, and if B’ ~ (F o G)(B’), then by Proposi-
tion 3.2. (3) they become equalities. '

THEOREM 3.4. For a B « ob & the following three statcments arc equiva-
lent :

(1) B is invariant: ,

(2) For cach B’ ob®, V[(FoG)(B), Bl=VIB, Bl

(3) For cach B’ e ob &, VB, B] = _U[G(B)' G(B)]-

Proof. In view of the preceding proposition we havel(l) —_-.V([.‘z;ang) ((B ; :B (]3)-

9) = (1). Choosing B’ = B, by the hypothesis we have ° » 21
- V[(B), B](, 2“ particullbar lyg < V[(FoG)(B)._ B}, ie., B < (FQG)(B). which
means that B is invariant. ) .

: g "= 3 thesis and Proposition 3.2.(1)

X 1). Choosing B’ = (F 0 G)(B), the hypo . !
implv(\S)V?IvggG)(B), 5] = UG o T 0G)(B), 6B = TLe(B). CB)). i par
ticular lV(B) = IU(G(B)) (= V[(FOG)(B), B]; 1.e., 1 . .

l
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‘ .is faithful, then for cach B < ob &, takiy, , °

ProposITIoN 3.5. 1f Vs faithy = L cowble etnng g,
uinique morphism bg f B E (F 0 G)(B) with V(bg) = lvw), the couple (bg, ([05)(3» ‘i
is a Sue-reflection for L. - . \

oo By Droposition 33. (2), (F 0 G)(B) < 0b &y T addition, for gy
B’ < on @, VIB, B =VIFoG)(B), B'] (Propositior 3.3 (3)). V' beiny
faithful, ‘0 view of Proposition 1.2 we infer that (b5 (I70 G)(B3)) IS a &ipy-refleg
tion for B. v

TagoreM 3.6. If U and V arc faithful, then for a B =ob & the following
three statements are equivalent:

(1) B is invariant; ) ‘

2 If B eob & and b: B — B’ are such thal (I oG)(b) is a V-initig
morphism, then b is a V-initial morphism ;

(3) If B cob® and b: B — B’ arc such that G(b) is a U-initial morphism,
then b is a V-initial morphisn.

Proof. (1) = (2). If B ~ (F 0oG){B), then, since 17 is faithful, there exists
an isomorphism b;: B — (F 0 G)(B) such that V(b)) = Ly Tt bp B =
— (F 0 G)(B') be the unique morphism with V(by) <= lyas. Then V(bg ob) =
= V({F 0 G){(b) o by), hence by 0 b = (F 0 G)(D) 0 by, which is a V-initial morphism
if (FoG)(b) is supposed to be V-initial. This implics that 5 is a V-initial mor- .
phism. '

(2) = (3). 1f G(b) is U-initial, then in view of Remark 3.1 and Theorem 1.1,
(F o G)(b) is V-initial. By the hypothesis this implies that b is a F-iuitial mor-
phism. _

~(3) = (1). Choose B' = (I 0 G)(B) and b = the wnique by B — (FF o G)(B)
with V(bg) = lyg. Since by Proposition 3.2.(1) G(B) ~ (G o F o G)(B), and
since U is faithful, there exists an is_omorphism a:G(B)y-(GoF o G)(B) :sgch
that U(a) = lym). Then U(G(b)) = Ula), hence G(b) == «, which is U-nitial
From the hypothesis it follows that b is a V-initial morphism. Having V(0o

o ly(B) = V(l([:,(;)(g)), the V—imtmhty of b il“]’)liQS the existence of a u“lq_uc
by: (FoG)(B) = B with V(b)) = 1y and byob, = 1y ooy In conclusiot
B ~ (FoG)(B), ie., B is invariant.

From the propositions and theorems proved in this scction one can rcobtain
a number of known results and deduce new ones for various categories of gcneral
topology and functional analysis. The works [11—-31, [6]1—[9], [12]— [19%,

c[124]1 are just a few of those containing particular cases of our results or theif
nals.

(Received October 31 1980)
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FUNCTORI TOPOLOGICL $I OBIECTE INVARIANTE
(Rezumat)

Lucrarea confine upele rezultate privind legitura familiilor initiale si finale cu subcategoriile

(co)reflective. De asemenea, se face un studiu categorial al obiectelor invariante, intilnite frecvent
co)refle . ) se | §
in topologia generalii si in analiza functionald.
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TUDIA UNIV. BABES—BOLYAIL MATHEMATICA, XXVI1, 4,198

LUNAR PERTURBATIONS IN ARTIFICIAL SATELLITES MOTION

VASILE MIOC and EUGENIA RADU

: : ist o i ificial satellite wi
_ Motion Equations. The disturbed motion of an arti : with
respcclt ofoawgcoc(elntric frame is described by the following equations:
dpldu = 2Zr°T [y,
dQ)du = Zr3(BID)W [up,
di/du = Zr3BW [up, )]
dqldu = ZrkB(CID)W [up + Z1* r(A + q)fp + A1T|u + Zr*BS|u,
dkjdu = —ZrigB(C[D)W [up + Zr*[r(B + k)|p + BT [w — Zr2AS]y,
" didu = Z}'Z/‘/@,. '
where ¢ =ccosw, k=c¢sinw, Z={1— (;"Cd!)/dt)/\/@_f;]“l. We also uscd

the notations: A = cos #, B = sin u, C = cos 1, D) = sin 4, the other notations
being usual.

" “The variations of the orbital clements in the interval [ug, 7], i.c. between
the initial and current positions, can be determined from the relations:

%

Ay = S (dy/du)du, @

Uy

where y e {15,. Q, 4, ¢, k}. The integrals can be estimated from Equations ()
by the successive approximations method, with Z .1 (Chebotarey, 1965),
neglecting the superior order approximations.

2. Disturbing Aeceeleration. We shall neglect the lunar motion during 2
revolution of the satellite. Also, we shall consider the radii vectors Moou-satellite
and Moon-Farth to be identical. The disturbing acceleration undergone by th¢
satellite under the influence of the lunar attraction has the components (E1y 2%

berg, 1965):
S = (w/73)r[3 cos®  cos?(v — A) — 1],
T = —3(uL/r})r cos? ¢ cos(v — 1) sin (v — ), @
W = 3(ur/r3)r cos ¢ sin ¢ cos (v — 1),

where (g, 3, 77) are the spherical coordinates of the Moon in a geocentric right
handed frame Oxyz (Ox-axis directed towards the satellite perigee, Oxy-plallc

being the satellite orbit plane), v is the truc anomaly and pe = GM, (“,h(-rc
M, = lunar mass, G = gravitation constant) - -
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Passing from ti IM¢
1c frame Oxyz to another ic rig
N g fro : nother ‘ge -
ST (Ofacis Gmcirs frame . geocentric right-handed frame

the ascendi : olli i
= Oxy), by the transition relations nding node of the satellite orbit, Oty=

L, = cos ¢ cos (A + w),
L, = cos ¢'sin (A 4 w), (4)
L; = sin ®, '

where L,, L,, L; (the cosines of the lunar radius vector

. 4 can
from the expressions : J be calculated

L, = (cos Q cos a;, + sin Q sin «;) cos 8,
- Ly = (cos Q sin a, — sin Q cos ,)C cos 8, + D sin 3, (5)
Ly = (sin Q cos o, — cos Q sin o;)D cos 8, — C sin 3L,

l()a[" ) being the geocentric equatorial coordinates of the Moon, Equations (3)
ceome '

S = 3y rr(LiA® + LB 4 2L,L,AB — 1/3),
[ = =3 [LiLy(B* — A%) + (L} — L34 B], (6)
W = 3ur3r(L,L,A + L,L,B).

3. Results. \We shall determine the perturbations caused by the lunar
attraction in the orbital elements of the satellite during a nodal period of this
one; so, the limits of integration in KEquations (2) will be 0 and 2x=. As
for the geocentric radius vector of the satellite, we shall expand its ex-
pression : 7 = p/(1 4+ ¢ cos v) = p[(1 + Ag + Bk) in series of powers. of ¢ and &,
neglecting the-terms in ¢”&* for m + n > 3 (i.e. up to the third power of eccen-
tricity) : ‘ o

r = p(l — Ag — Bk + A*¢* + 24 Bgk + B** — A3¢ —
—342Bg*k — 34 B4qk* — BF). (7)

bstituting Equations (6) and (7) in Equations (1) and integrating these
ones IS):t)\frelerl; Ong.nqun with(Z =~ 1, we obtain the variations of the Qr.bltal ele-

ments due to the lunar attraction:
Ap = 4X opo(Y109s + Yodoko — Y10kd),
AQ = X Do(2Y30/5 + Yioqt + 2Y2090k0 + 3Y 30k3),
Al = Xo(2Y20/5 + 3Y2efs + 2Y 300 oko + Y2oko), (8)

Ag = Xo[—2Y1090 + (2/5)Y goR0 — 5Y 1098 + Yeofoko +
+ Yeodokt + (Yoo + 2Ys0) 0],

Ak = —X[(2/5)Y 2080 — 2 0ko + Yaodo + Ygofiho +
4+ (Yoo + 2Y50)q0ks — 5Y1045],
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i 7o” fix > values of the respective ..
‘here the supplementary index o’ fixes thg va _ quantig,
:tl‘ilhee bcciulnjxli)ng of the considered revolution, namcly in the 3asccndmg m)é:
i =ty 1 = t,). In Equations (8), Xo = (15/2)%(Me/M)(olrsol’. M = Faryy
mass, while Y, 7 = 1, 8, have the following expressions:

Yo = Lyolao; Yo = Liolao; Y30 = Laolso;
Yeo=Lio— Lio; Yso= (Co/Do)L2oLao;
Yoo = (Co/Do)LzoLao + L, — 4L3, + 1

Yoo = (Co/Do)LsoLs0 — 4L}, + Lo+ 1;

Yoo = Z(Co/Do)LloLao — 5L oL 10

)

(Received November 8, 1950,
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PERTURBATII LUNARE IN MISCAREA SATELITILOR ARTIFICIALI
(Rezumat)
Prin integrarea ‘ecuatiilor miscirii unui satelit artificial al Pamintului, folosind dezvoltari in

serie pini la puterca a treia a excentricititii, se stabilesc-expresii peutra variatiile elementelor orbitale,
datorate atracfiei Lunii, pe durata unei perioade nodale a satelitului.
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UNELE PROPRIETATI ALE TOPOLOGIEI INDUSE DE O G-2-METRICA

D. BORSAN

Notiunca de 2-metrici a fost introdusi de S. Gahler in 1963 [2]. In
lucrarea [1] se generalizeazi aceast} nofiune in modul urmitor :

Fie (9, <) o mulfime parfial ordonati oarecare si ,, " relatia de ordo-

nare parfiald definitd in mod natural in 9 x SR x M prin:

(a: b: c) < (ap bll Cl) <> S (lh b s bll c s Cl!
def

Fic : M X M X M — M o operatie ternari care satisface conditiile :
(®1) 9(a, b, ¢) =o¢(a, ¢, b)) =o(b, ¢, a), Va, b, c e 9N
(%) (a, b, ¢c) < (ay, by, ;) = 9(a, b, ) < p(ay, by, &)
In sfirsit, fie 8 < 9.
DeriNiTIA (1.1) [1). Prin g-2-metricd pe o mulfime X intelegem o apli-
rafie p: X X X X X — I, satisfacind urmdtoarele axiome
(pre) 2, ye X, 2#y=>ecX 3eecb:p(x,y 2)<Le;
(ps) Ve @B:p(%, 9, 2) <ewx=y sau x =1z san y =2z,
(pe) ol 3, 2) = p(% 2, 3) = p(9, 2, %)
(pa) p(%, 3, 2) < olo(x, 3. 8), (= 4 2), ot y, 2)]
unde x, y, 2, t € X.

Cuplul (X, p) se numeste spafin g-2-metric. Pentru 2, y e X §i ¢ @-§,
facem notatia V,(x, y) = {z = X|e(%, ¥, z) < ¢}

DermNipIa (2.1). (1] Topologia care admile ca subbazd familia
§={V/(xy) xyecX ¢cc8

se numeste topologia gencratd de g-2-metrica o §t s noteazd cu §,. ]
' oarele notafii. Pentru o mulfime oarecare A, notdm cu

Introducem uImatj:imi]or finite ale lui A. Impunind muljimii 8 condifia

€,(4) multimea submul
(E,) e c8 aedl a<e = g eble, =8ig(a o ¢s) <.
1/ 0 ©, 7]

este valabild [1]:
TrorEMa (1.1). Dacd (

{W(x) =U'Q_2V,'(x,- $)|E e 8(X x &)}

{)uuctul x.

X, p) este un spaliu g-2-melric §8. x & X, famslia

este 0 bazd de vecindtdfi peniri



D. BORSAN
62
. . i GO et i )
¢4 caracterizam, 111 termenii g-2-metricii, Notiuney

2. N e . ) . ]
2. Ne¢ prof alizat (Moore-Smith) de puncte din spatiul t°P010gic

limita a unui $ir gener
(X, 55)-

satisfacind ipoleza (Ey). Condifia necesard §i suficient@ peniru ca un sir generglyy,

(xy, Y € T) sd tindd citre x e X, in spatiul topologic (X, §o) este ca pentry Orige
%y, .

TroriMa (2.1) Fie p: X' X X X X =9 o g-2-melrici pe X i g TS

¢-a & gi fiecare mullime finita M < X sd existe Yo € T astfel incit, pentry 2y,

si avem p(x, ¥, %) < ¢, oricare ar fiy M.
Demonstratic. Avem de aritat cd
x?i‘: xo Ve edYVM e8y(X)Iyoel: [y 2rYey € M =o((x, y, x,) <e]
§ . . - . , .
Necesitatea. Presupunem cd x, S sifiee e 85 M & 2,(X). Considerin
S={0y odly e M} =M X {¢ 5i vecinitatea Wy(x) = ﬂ" V(% %), a punct
) . ya/

5o . v - > . .
tului ¥ Cum %, — %, urmeazd cd pentru I & &,(X X &) considerat, existd un

vo e I' depinzind evident de E (deci de e i de M) astfel ca, vy & Wg(x) pentru
sy 2rpYe adicd p(x, ¥, %) <epentuy 2py, §iy € M. '
Suficienta. Presupunem ci

Ve e 8YM e 8(X)Iyo e iy 2pve ¥y € M = p(x, ¥, 1)) <]

s . S . C
Vom arita cd x, — x. Tinind seama de teorema (1.1), va {i suficient s&

ardtdm ci oricare ar fi X e €,(X X 8) existd y, e I' astfcl ca pentru y 2p¥, .

si avem #x, e Wg(x). Fie deci T ={(y; e)li =1, n} e &,(X X §). Notind

cu M={y|i=T, n} «8yX), pentru M si e existi prin ipotezd y, el

astfel ca y 2y, si implice p(x, y;, x,) <e. Cum multimea (I, >[) este dirijatd

(superior filtrantd), urmeazd ci existi y,eT, cu yo 2y, pentru i =1 1%
Deducem cd pentruy >py,avem p(x, v, %y) < e, oricarearfiz e {1, 2, .. )

deci x, e V,,(x, ) pentru 7 =1, n adicd %, e (| V, (%, y,) = Wg(x), pentrt
: iml !

Y 2rYo Cu aceasta teorema este demonstrati.
3. S4 studiem acum proprietiti de separafie ale spatiului (X, ).

. TeorEMa (3.1)
spativ T,.

Demonstratic. Vom arita ci ni ‘W ind
ix conti pentru x,'y & X, x # y, existd o vecinita!t
a,i hzn x (;_.re m; conjine punctul y. Fie x # y, Conform axio}l,ﬁei (p1a) cxistd ¢ €%
Eopdl:gief ;5tc2r: acoFl)l(txl;l o siutla Mulgimea V(x, z), ca clement al subbe eé
° ’ e punctul x, este ing : 1
punctul y (pentru ci. p(x, z, y) < ¢). © vecindtate a lui x. Ea nu ot}
Observatie (3.1) ' :

spatiu T, n absenta axiomei (g,,) spatiul (X, &,) nu este nic miacal :

. Daci p este 0 g-2-metricd pe X spatiul (X, §,) st u

'
i
H

i
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In adevir, dacd (pio) nu este satisficuti, existd x, y e X cu x # y, astfel
ca p(%, ¥, z) <e, oricare ar fi ¢ < 8, sl pentru orice z & X. Atunci in baza

axiomei (pu,)X_ = {x, y}, iar punctele x si y au cite o singura vecindtate, spatiul
intreg X. Axioma Ty nu este satisfacuti.

Pentru a asigura mai multi finefe topologiei §

2 asigu; o introducem o noui ipotezi
asupra mul{imi §, ipoteza (E’).

(E') Ve e¢83e" €8, ¢ <e.

TEovREMA (3.2). Fie P X XX XX 8 o g-2-metrici pe X $i presu-
punem ca & < SN se bucurd de proprietitile (E,) si- (E’). Spatinl (X, §,) este
regular.

Demonstrafte. Vom arita ci x € G e 9‘, = jG*.'e §,: % «G* = G* < G.

Fie deci x € X §i G o multime deschisi care congite punctul .. Cum familia

We(x) = () V,(x 9)|Z e 2(X X 8)} este o bazi de vecindtati pentru x,
(e X

¥,
urmeazi ci existd X « £,(X X 8) astfel ca U= Wyg(x) £G. Fie £ ={(y,.¢) li=1, n}.
Considerim X' = {('y,, ei)li =1, n} cu ¢ <e¢, pentru fiecare i {1, ..., n}.
Lixisten{a acestor elemente e in & este asiguratd prin ipoteza (E’). Mulfimea

Welx) = ﬂ Vi(x, y) este o vgcinétate deschisi (element al subbazei topoto-
gici §,) a punctului x §i avem Wy/(x) € Wx(x) (deoarece ¢ < e,, pentru i= 1, n).
Notind cu G* = Wy (%), vom arita cd G* £ G.

Avem
n

G* = Wz,(,Y_) = ﬂ V,;(x, AN ﬂl V,;(x, V).
i=1 f=

Ardatam ci V/(x, y) € V,(x, »), pentru i =1, n. Din ¢; < e, deducem, in

baza ipotezei (E,), ci existi elementele [, g < & astfel ca o(é, fi,, &) < e,

). Urmeazi ci, oricare ar fi o vecinitate V a punctului z,

e reer

Fie acum z e V.(%, ¥ pua
avem V() Vilx, y,) # . Alegem V=V, Y)Y Vlz, 2) si fie 2* e
e VN Vil }:,) Avem atunci (folosind axiomele g-2-metricii §i $inind seama cd
O(X' Y z*) < €&, P(x' z*, z) < 8. P(yu Z, z*) <f:)
x5 : Am aritat
, 2%), e(%, z*, z)- P(yu z, z*)] < (e, fu g() s'el' 1 2
(F:Sx' (i"“ yZ) j) Cf,<[pe(;\¢'dzéi cé)z Pe( V.(%, ¥)- fn definitiv, pentru un ¢ arbitrar din
a ’ ’ g4 3 . ' .
mu;)timea‘ {1, 2, ..., n} am stabilit incluziunea V.(x, y) < V.(x y), adicd
N e e () Vel 20 =U S G.
Q Vci(xl yl) = Q ;( y‘
Tinind seama de cele
teorema.

.

ecedente avem x eG* S G* < G, ceca ce demonstreazd
pr
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Observatie (3.2). Dacd (X, §,) este un spatiu cu bazd numdrabily, atuge;
in ipotezele (E) si (E’) asupra mulfimii 8, este chiar spatiu complet “0fm§11
conform unei cunoscute teoreme a lui Tychonoff [4].

(Intrat in redactic la 2§ ROiembyis

1930)
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SOME PROPERTIES OF THE TOPOLOGY INDUCED BY A G-2-METRIC
(Summary)

The paper is devoted to some properties of the topology induced by a g-2-metric  (de.
fined in [1]).

It contains a characterization in terms of the g-2-metric of the concept of the limit of s net.
Separation properties in a g-2-metric space are also discussed.
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A COINCIDENCE THEOREM FOR MULTIVALUED MAPPINGS
IN METRIC SPACES

OLGA MADZIC

e In [1]) Brian Fisher proved the following common fixed point theo-
em. ' )

THrorEM 1. Let S and T be continuous mappin ]

3 ! ) , ngs of a complete metric space
(X, d) into itself. Then S and T have a common fixed point 'i-ni.)X if and on{; if
there exists a_continuous mapping A of X into SX N TX which commutes with
S and T and satisfies the inequality

a(Ax, Ay) < qd(Sx, Ty), for all %, y e X,

where 0 < q < 1. Indeed, S, T, and A then have a unique common fixed point.

Now, we shall prove a similar coincidence theorem for multivalued mappings.
If (X, d) is a metric space by CB(X) we shall denote the family of all closed and
bounded subsets of X and if M, and M, arc {from CB(X) then:

D(M,, M,) = inf {d(m,, my)}
M

m,a M, me®MM,

and T(M, M,) =max {sup {D(m, M.}, 51:1;’ {D(M,, my)}}.

m, &M,

v 2. Let (X, d) be a complete metric space, S and T continuous
1napj)};glsi?fl:£rzl X into ,§( , A )a closed ma’})ping from X into CB(SX N TX) such
that ATx = TAx, ASx = SAx, for every x € X and:

H(Ax, Ay) < q - d(Sx, Ty), for every x, y e X where q & (0, 1). Then
there exists a sequence {X,}nen such that:
1. For everv n € N, Sxaay1 € Axosn, T2p € AXzu-1.

Q. There exists z = lim Txg, = lim S%gnt1-

n-® 00

3. Tz e Az, S5z « Az .
Proof : Let x, be an arbitrary clement from X. Since Az, & SX there

exists %, « X so that Sx, Ax,. Further:
H(Ax, Axy) € qd(Sx1, Tx,)
there exists #) e 4% such that:

d(u, Sz,) < gd(Sxm, Txa) + ¢ )
e X such that s = Tz,

and since Sx; € A%,

c TX and so there exists %

On the other hand 4% S
which implies that: 2

d(Txg, le) < qd(sxp Txo) + q.

§ — Mathematica 4/1981



Since T, e Ax, we can obtain, similarly as above, that there exists 4@ 4,

such th'\t i
d(u?, Tx,) € 9d(Txs, Svi) + ¢

Further from Ax, € SX and #® e Ax, we conclude that there cxists x; X
so that #® = Sx, and so we have that:

d(sxsv T*e) qd(le, S"l) + ¢ = q[qd(Sx,, Ixo) + 9]+ ¢ =
= q2 d(Sx,, Tx[,) -+ 2q2 (3)
Smularly it is easx ‘to prove by ‘induction that there exists a scquence {x ofnexS
c X w1th lhe fo]]owmg properties :

(i) Sxn41 © AX2y, They = Axgy_y, for cvery n & N
(1) For every # e N : |
T (Sxe, xw) £ g d(Thw, Sxa) g “
BT d(Tme Sxa,21): §q » d(Sxan—v, Txop_2) + g2} (5)
Let us prove that (ii) lmphgs |
A(Sx2p41, sz,.) q-"d(S’m,, Tx,) +F 2n - ¢, for cvery n e N (6)
A(Tx2n, Sxan—1) < ¢™—'d(Sx,, Tx,) + (212 — 1)¢>*—1, for every # e N (7)

Ind'eed,:-‘l.et-us prove (6). For n =1, (6) is proved. Suppose that d(Sxas i), Tx2m) €
< g d(Sxy, Txo) + 21 - g2, Then : :

USH2a43; Txg..+2) < q - dA(Txonp9, Stongr) + ¢g2+2 <
STy Tomp) + o] g
=% - d(Sxamp1, Titanyy) + 202742 <
o < @*lg* - d(Sxy, Txg) + 21 - g2] + 2g2n+2 =
T e (S ) 4 @0 4 Qg

tS}:;:ltﬂ:arly, from d(T %2, Sxn_,) < Gan1d(Sxy, Txg) + (21 — 1)g2*-1 it follows
Ul Sins) < QS anis, To) + g1 <

' q[q2nd(5xl, T;\.o) + 211 q2n] + q2»+1 —
_ q2n+ld(5x1, T'\:o) + 271, q2n+] + q2"+1 —_
= g?=1d(Sx,, Txo)-+ (2n 4 1)g2n+1
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and so, using, (2), we conclude that (7) is valid, for every # « N .. Now from

(6) and (7) we obtain:
A(Sx2y.1, Sxam-1) € d(Sxzupy, T %) + d(T %, S¥a_y) <
< ¢*d(Sx,, Txy) + 20 . g + q2n-ld(5x;, Txo) + (2n— 1) . g1 =
= (¢> + qz"")d(le, Tix,) +'2n92" - (27 — 1)gen-t

and s.o it is ObVlO!.lS that {sz,.H},.e,v is a Cauchy sequence and so there exists
z = lim Sx,,,,. Since:
n—-m

lim d(sx2"+1, sz,,) = O

n—wo

it follows that z = lim Tx,,.
” -0
Let us prove that Tz eAz and Sz e Az We shall prove only that Tz < A4z.
The proof that Sz e Az is similar. Since T is continuous it follows that : ’

Tz = T(lim Sx,4)) = lin TSx3,4,

n— n-x

Further, Sx,4; € A%, and so we have TSxs,., € TAx,, = A(Tx,,). The
sequence 7 x,, is convergent and so from the fact that 4 is closed it follows that

Tz e Az which completes the proof.
(Received December 18, 7980)
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E COINCIDENTA PENTRU APLICATII MULTIVOCE IN SPATII METRICE

® TEOREMA D .
(Rezumat)

1n lucrare se stabileste o teoremi de puncte fixe comune pegtrf;_ ?‘}ica;:"i( mt:it'i‘;ci cz g?g .,nc
o relatie de forma H(4#, 4y) < gd(Sx, Ty), ?t< g<1 unde S, T:X =X, :
0 TX) iar (X, d) este un spajiu metric complet.
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ON THE ISOMETRIES OF A MINKOWSKI PLANE OVER A FIELD OF
" CHARACTERISTIC 2

JOANA GROZE-—CHIOREAN

Let K be any field with characteristic 2. We consider the following Minkows;
planc over K: on the set K? the distance of any two points P = (x, y) apq
Q= (s %) is defined byv

PQ = (v — x)(v — ).

DerinITION. A bijective map 7: K? — K* is called an affinc iSOmctry
if 1) P_’Q—’z PQ for every P, Q « K* and 2) f 1S an ftl"fin map. In the case
of char K # 2 condition 2) is a conscquence of condition 1).

If f1is an.automorphism of the field K, then the semilinear map (x, y) -
—.(f(x), f(y)) is denoted by fA: K2 — K2

Generalizing a result of W. Benz [1], F. Radd [2] had proved the
following. thecorem : if K is a field, char K # 2 and ¢: K® — K? a hijection such
that PQ = 1 < P°Q° = 1, then there is a unique- alfine isometry : K? — K2
and a unique f e Aut K such that 6 = <o j"\.

We shall establish a corresponding result for a filed KX with char K = 2.

Tugorust. Let K be a field, char K=2, 0 « K~ {0, 1} and « = 011 -+ 1.
Let o: K2 — K* be a bijection such that 75(_2 =1e P"T =1 and 1—)—0 =@ <
< I—"’—Q—" = o)._fl".hen-_;lwrc 1S a unigue affine isomelry ©: K2 — K2 and a unique ani-
omorphism f, such that ¢ = o f

First we prove:

Lemma 1. Let be A, BeK:, A # B, AB=a and a, b, c = K. Then
the following condilions are equivalent : ' ' ’
1) there is a uniquc point P e K2, such that AP = b and BP = ¢,
.. 2)(@a=0and b #c) or (@ #0 and a = b 4 ¢). -
" Proof : We may ‘take 4 = (0, 0), B = = dition
1) means that the system of equagcions) (¢ B) and P = (x, Y ). Cond
lxy =b

| (x—a)(y —p) =c
has a unique solution. We distinguish two cases :
Case 7: @ #0. Then of =

«

(1

a # 0 and the system (1) becomes:
{xy=b o |BX - ay=ab
X —ay—Bx4+a=c¢ Bx + ay =a+b—¢
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Thus, .Bx and «y are the roots of the equation.

22_(q+b_c)z+ab=0; (2)

It is known (and easily seen) that an e uation of f ique soluti
: X ) orm (2) I @
in a field of characterist 2 if and onlc)l( ifaddb—o '(=.)O l?c?r aa 1_1'1-11211; :;Iutlon

Case 2: for a =0 and b # ¢, the system (1) will have a unique. solution

becausc @ =0 < af =0 o a =0 or 0 ¢ ve ique, solut
(since 4 # B) and f =0, thus for « =0, we havep #0

b—o¢ : Cp_et

,'\’= X =

-2

yfor =0, a#0
b ‘

). m— ba.
b—¢ =

b—c¢c

If @ =0, b= ¢ the second equation (1) implies x=0o0ry=0 cont:adit:'tii_l.g
the first cquation (1). Thus lemma 1 is proved.

LeMMa 2. AB=14 0 °B° =1 + o,

y=

Proof : Let AB =1 + w. Since 1 + o = 0, we see by lemina 1 that there
is a unique point P e K2, such that AP = 1 and BP = . It follows that there
is a unique point Q such.that 4°Q = 1 and B°Q = w. This implies by lemma ,1
that @ = 4°B° =0 or A°B° = 1 + w. We shall show that A°B%# 0. For this
purpose we have to sce first if there iss M = (x; y) such that AM = BM = 1.
This mcans ’ ' ) e e e e

xy =1 ¢{3x-0y='!+‘0”.
(F—a)y—B=1 Ipr+tay=1+o
i.e: Bx, ay are the solutions of 22— (1+w)z+1+0=0. Substituting z=
= u(l 4 o), we get .

T =0 (3)

efiniti i w = tion (3). Since-
From the definition of « it follows that » = 6 verifies the equatior

an equation of from (3) over a field of characteristic 2 has t\\'o'so]ptlon or none,
in our casc there will exist two distinct points M and M’ with AM ,_,-=.B_M =
— 431" = B = 1. From the hipotesis of theorem we know that the distance
1 is preserved by the map o it follows that

AT = B = 1. @

Setting A° = {ay, «,),. B° = (2, + Bu @« + B,) and M? = (%, y), we have by
A°B® =0

5152 = 0 (5)

by (x — a)(y — a) =1, (x — o — ‘31)(}' - az. —f =1 ©
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=0; = ields x —a, =0 (since g, 4
. (y — ) =03 @1.0}'16 ; B %0,
tcgzira%i(cxtingatll)letililt{quation (6). Similary, B, = 0 also y 1C|d§ a contradictig,,
Hence A°B° # 0 and thus by what have seen A°B® =14+ o, le.

AB=1+4w = A4°B°=1+ o

Applying this result to the map ¢™* we obtain the converse implication. Lemmg 9
is proved. '

LEMMA 3. AB=0 <« A°B° = 0.

Proof : AB =0 implies that there is a unique point P « K2, such that
AP =1 and BP = w. So, there is a unique P;fgr which A°P° = l_fl_nd Bops
=o. Then A°B°=0 or A°B° =1+ ow. If A°B° =1+ o, then AB =14,
which contradicts the hipotesis AB = 0. Hence AB = 0 = A°B° = 0. Applying
this to ¢—! we get the converse implication too.

We proved that the map o preserves the zero distance. From this point
of the proof of theorem is identical with the proof of the theorem given by
F. Radé in [2].

( Recesved December 19, 198)
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ASUPRA IZOMETRIILOR UNUI PLAN MINKOWSKI PESTE
UN CIMP DE CARACTERISTICA 2

(Rezumat)

. _Se extinde un rezultat al lui F._ R adé [2] privind caracterizarea izometriilor unui plan Min-
kowski peste un cimp K de caracteristics diferiti de doi, pentru cazul cark — 2.
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SUR I:'f}’IfPROXIMATION DES SOLUTIONS DES EQUATIONS
_ DIFFER]LB' IELLES PAR DES FONCTIONS SPLINE A DEFICIENCE

D. SOCEA

1. Introduetion. On considére I'équation différentielie.

, ¥ =f(x y) (1)
ayant la condition initiale .

_ _ ) =y 12)
ol f : [a, bl X R - R est une fonction suffisamment lisse, c'est-a-dire continue
¢t dérivable continucliement, toutes les fois qu'il est nécessaire, et qui, en
plus, satisfait, en rapport avec la variabile y, une condition Lipschitz a constante
L. L point x, satisfait la condition ¢« < %, < b. '

Dans ces conditions le probleme (1)—(2) a une solution unique y: I — R.
Le probleme de Papproximation  de cette solution par une fonction spline s de
degre m et classe C»-! a été étudié par Loscalzo — Tolbot.[2].-

Si le degré de la fonction spline d’approximation est grand (m > 5), alors
les approximautes spline de classe C"-! ne convergent pas. Pour obtenir une
méthode convergente poui un spline s°de degré m(m >2), les conditions de counti-
nuité doivent étre relachées. On obticndra de la sorte une solution approximative
(ui sera unc lonction spline avee déficience [1].

Dans cct ouvrage on donne une méthode d’approximation de la solution
du probleme (1)—(2) par une fonction spline polynoiniale de déficience deux.
Pour démontrer Iexistence de P'unicité de la solution approximative on emploie
le théoréme de point fixe qui suit: ’ '

TutoriMe 1. [9] Soit (X, d)), (Y, ds) deux espaces mdtriques complets
et f: X};OYL—»X X [Y,Jf=' (f(l, Jo) si: (i) I existe, o, B e R, 0<a<1,B>0,
de sorte que: dy(fi(%y 31), Nil*e 32) € adi(%, %) + Bdo(yr ), powr (%1, Y1),
(%2, y2) e X XY : - o o

(i) 10 exisle, v, 8 R, v, 8> 0,—F— 4+ 5 < 1, de sorte que;:

1—a
dy(fa(x1, ¥1)s folxas ¥a)) < ¥dy (%1, %g) + 'S‘Zz(yi{yz); pour (%, yx)» ('7‘2: ¥y:) e X xXY.

Alors f a un point fixe unique. ' .
2. .Description de la méthode. Considérons 'équation d1ffereut1elle~de pre-

mier ordre . Coe AR
y =[5 3)

avec la condition initiale " . . s
Y(%o) = Yor %o el, (4)

ot I < Roest ﬁn intervalle compact.



On fait les hypotheéses suivantes :
@) f: I X R—-R, feC¥I xXR)
(i) il existe une constante Lipschitz L pour la fonction f, de sorte que:

Ifix, y) —fle, V)I < Lly =YL

quel que soit (v, y), (x, Y) e I xR . |

Ces hypothéses assurent I'existence et Punicité de la solution v [a, b) o
—R du probléeme (3)—(4).

Soit Ata=2,< 5, < ... <ay<Ayy1=0b, ¥ =0d+ kh, 0 < k <N 4}
une division uniforme de lintervalle [a, b].

Dans le premier sous-intervalle [x,, %] la fonction de spline s sera définje
ainsi : ' : '
= ~

; : ¥ (%) i L) m—1 by ™ -
—_ oy — x ¥ —2  _(x—2x 2 (x — x 5
S(Z) ; I ( 0) + (m — 1)! ( n) + m! ( o) ( )

ol ¥y (x,), 0 < 7 < m — 2 sont connus de (3)—(4).
Les paramétres a,, by sc déterminent de sortc que dans le point x = x,,

la fonction s satisfasse ’équation (3) et ’équation obtcnue par la dérivation de
celle-ci :

¥ =iz y) + (% y) flx, ¥) (6)
Clest-a-dire
$(x) = flx, s(x,) |
s"(%) = fa(x1, s(xy)) + fo(x1, s(x))f (x4, s(x,))

Dans le sous-intervalle suivant [x,, x,], la fouction spline s cst définie ainsi:

LORRE )
‘ (%) .
= LT ) R )t ()

ol sW(x,), 0 < 7 < 1m — 2, sont les limites de gauche, quand x — x, des déri-

vées de s définte en (5), dans lintervalle [x,, x,], et les parametres a,, by s
déterminent des conditions : ’ '

s'(x) = flxa, s(z,))
"8 (%) = fi(x, 5(%,)) + f'(%,, $(%2))f (%2, s(x,))

Généralement, sur 1%

. ntervalle - ) ‘oxi jon
spline s sera définie par: Ui 2eril O <k <N, ]appro§1mat1

m—2
S(J')(xh)

s(x) = =4 T(" - xk)j + (m“—hl)! (x — X" 4 _,?:_I_ (x — xk)m =
=4,(x) + (ma_km (?'6—~x;)"'—1 + % (x — x,)", - (7
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ol s“’éaf,,), 0<jx< m — 2 sont les limites de gauche quand x — x; des dérivées
de s définies dans Vintervalle [x;_y, x,] et les paramétres a,, b, s¢ déterminecut
des conditions:

' (%ae1) = f(%as1, 2(xr44))
$"(2n41) = fel®agr, $(ns1)) + fo(2ags, $(%a+1) f(%r 41, $(2h41))
Il résulte de la construction que s e Cm-2{q, b].

THEOREME 2. Il existe une constante hy de sorte que pour h<hy la fonction
spline s: [a, b] — R, dc degré m et dc classe C™=2, qui donne I'approximation de

la solution du probleme (3)—(4) existe ct il est uniquement délerminé par la constric-
tion ci-dessus.

Démonstration. Le théoréme est démontré en montrant que les constantes
@y, by, 0 <k < N sont uniquement déterminées par (8). Pour la mise en évidence
de tout ccla, il faut supposer que: f a une dérivée partielle de premier ordre
en rapport avec y bordée sur [a, b] X R et elle a aussi la dérivée partielle
mixte de deuxieme ordre sur [a, ] X R et soit M le bord supéricur de celle-1a.
Remplagant s de (7). en (8) on obtient lc systeme

(m — 1! . : . N— Y 2 m) -
a, = _;;:.2_ [f[.‘\k+h A;.(MH) + (m — 1)1 L + mli g

h o . y . a m— _Eh_ ™
— Ai(xas1) — (fx(lux» A(xng1) + -(;T:_-"T)'- Jm=1 4 — h )+

. b -
+f§(xx+l. Aforgr) + ——— "1+ Sy ) X

)
(m—1)! .oml

Qg ”— _b_k_ mi 1 :
X f(x.H. A,,(x;,+1).+ (m:l)l hm—t 4 mllh ) Aj (x,,H))]

b Ll
by = AmzWiem =B [ fi e dyfen) + 52 et i) +
) =

1 m— 2 (m — 1)1 m!

ay m— _b_ﬁ__ ” ,A 2 + +
+ 341, Ap(Faer) + Y b=t =2 W )_f(xlm NEY

A mot g 2 gm) — AY ()| — e Ay(a) +
+(m_1)lh +ml ) ) {

a, m— _b_k_]'” Ax(x )
+ (m_kl)gh 1_{._’”' z)—}- H h+l)]

ou bien, en résumé:
a, = &lo by)

b, = gz(“» by)

. )
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Nous définissons l'opérateur:
g RxR—=RX R, (a,, b)) — (&(ap b,), g(a,, b,))

’ p > 7 . v — — L = .
et cmployous le premier théoreme avec X =Y R, d=d,=4d

2 M L2 U,
el B, ek, 1) < (ML 4y 5 | dlah @) +
Lh? Mp L3 )(l (b;, bi)
7 m(m — 1) mim — 1)

d(galab, bY), gxlai, 3) < (Mh + L*h + (m — 2)L)d(a, ap) +

+ (hzﬂ[ + hiLd + hL(m — 2) ) (l(bi, bi)
] m m
Si nous notons:
Mh2 Lp2 _ H_t_’_ MB3 L3p?
a=hL + ;T:_i- + m—1 B T om + m(m — 1) m(m — 1) (10)
A h3L? hL(m —'_'Ll)_
y=Mh+ L%+ (m —2)L &= -~ + - + -

alors pour k, suffisamment petit, les conditions du premier théorcime sont satis-
faites. IL'opérateur g a un point fixe unique, done le systéme (9) a la solution
uuique a,, b,, pour 0 < k < N, ce qui signiflic que la fonction spline s existe
uniquement.

Relativement a la convergence de la méthode décrite, on peut donner le:

THEOREME 3..Si /-« Ci([a, b] X R) et s est la fonction splinc de qualrif‘_mc.
degré donne I'approximation de la solution du probléme (3)—(4), alors i (";1.,'51.1’
une constante K, indépendante de h, de sorte -que, powr w'importc quels o, ¥, défims

en (10) qui satisfont les conditions du premicr théoreme et x < [«, b, on licwles:
délimitations :

[$9(x) — ()| < KIS, j =0, 1, 2, 3, 4

a condition que s\3(x,), s9(x,) soient calculés a Uaide de la moyenne arithmdelique (3
La démonstration de ce théoréme se trouve en [7].

0t :
(Manuscrit rege le 25 decembrs 1950°
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ASUPRA APROXIMARII SOLUTIILOR ECUATIILOR DIFERENTIALE PRIN FUNCTU
: SPLINE CU DEFICIENTA
(Rezumat)

tn aceastdi notd se di o metodi de aproximare a solufiei problemei lui Cauchy pentru ecuatia
diferentiall nelinjard de ordinul intii, prin o functie spline polinomiald de deficien{d doi.
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PHE INFLUENCE OF THE ASYMMETRICAL DIURNAL EFFECT
ON AN EQUATORIAL CIRCULAR ORBIT

LUCIAN BURS

. 1. Asymmetries of the Diurnal Effect. The diurnal effect in the distributie,
of the atmospheric density for a given height and a given moment presents tyyg
main asymmetries {41, [3]: .

— the curves characterizing the density Eastward the maximum of the
diurnal effect show a more marked slope than those which characterize the den-
sity Westward the maximumn;

— the minimum ol the diurnal effect is deviated from the axis bulge —
Farth’s cetiter with an angle © (according to the model CIRA 1965, < = 30°),

In order to point out these asymmetries, we have proposed two empirical
formulac [1], [2], [3]. The first formula has the forin:

B 4 Jcos™ [(6/5)(®/[2)]
p= Pman<1 + 4 {Cosm.[(6/7)(<b/2)]\>' "

where : p = density at the geocentric angular distance @ from the maximum
of the diurnal effect, g, = nighttime minimum density, A = diurnal cffect
amplitude, m,, m, = real numbers characterizing the asymmetry of the diur-
nal effect with respect to the axis bulge— Karth’s center, while the factors
6/5 and 6/7 characterize the deviation of the minimum of the density [rom the
above mentioned axis (6/5 for 0 € ® < 5=/6 and 6/7 for 5z/6 < ® < 27)>
Generally, these factors have the form 6/p, 6/g with p + ¢ = 12,

By ‘comparing the graph of the density diurnal variantion (5 — gwin)/¢min
with the graph of the density calculated by using the gamma distribution, @
good agreement was remarked. Consequently, we have considered that the asyii-

:Illjetrlical diurnal effect, for a revolution of the satellite, can be described by
e law:

(p — puin) [Pmin = S, 0% exp (S, D), *
which leads to the second empirical formula considered bv us:
P = painll + 5,05 exp (5;)). ®

.H'cre S,, =1, 3, are constant parameters characterizing the asymmetriCal
diurnal cffect (S, >0, S, > 1, S;3<0), and ¢ [0, 2x)

Table 1 contains the values of the paramete of g
for different heights. They were calculated on t
1965, for a mean solar activity.

The degree <—>f. approximation for Equations (1) and (3) with respect to the
model CIRA 1965 is shown in Table 2, which contains tl i oty o
and the mean relative errors 3y, & C i i soatwennes Cu 5

» 9@, corresponding to the two equatio?

1s of Equations (1) and (3):
he basis of the model CIRA
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Table 1
A (km) A Pmin (glcm3) ' m, . ", In S, S, S,
200 0.2366 | 2.557 x 10-1 1| 2| —1oses | 25001 —1.0706
400 2.3313 | 2.249 x 10-1 3 3 08350 .| 55912 | —2.0510
600 6.9182 | 0.807 x 10-1¢ 3 5 25719 | 7.0423 | —2.8237
800 10.4005 | 0.7069 x 10-12 35 | 7 31795 | 84348 | —3.4207
Table 2
b (km) %) S o 3
200 4.800 x 10— 0.62% | 0312 x 10-% 1.27%
" 400 3.482 x 10~ 3.459% . 1.027 x 10-% 6.90% -
600 1.479 x 10-% 4.76% 0851 x 10-® |  10.96%
800 1.633 x 10~ 5.50% 1837 x 10-% 12.45%

The values containcd in Tables 1 and 2 were calculated by using a com-
puter program; some improved values with respect to the corresponding ones
given in [2] and [3] have resulted. ,

2. Orbital Effects. The influence of the asymmetrical diurnal effect on a
satellite orbit will be studied in the following hypotheses.:

(i) the orbit is circular (¢ = 0) and cquatorial (1 = 0°) ;

(i) the declination of the maximum density point is zero;

(iii) for a given solar and geomagnetic activity, both the asymmetry of the
diurnal effect with respect to the axis bulge —Earth’s center (m, # m,) and the
deviation of the minimum from this axis (p # q) are considered ;

(iv) m,, m,, S, are natural numbers. '

Then in Equations (1) and (3) P =v(v= the true anomal_y). The argumcn‘ts
of the cosines in Equation (1) will be (6/p)(v/2) for'0 <2 < 57/6 and (6/g)(v/2)
for 0 < v < 7x/6, while in Equation 3) v e [0, 2=].

With our hypotheses, the equaﬁon Jor the orbital

dajdv = —a*3Fp, (4)

radius will be [1]:
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. L Ay - ter, F = a factor to allow for

‘here : @ = orbital radius, § = drag parameter, ) - 10T atmgg. !

“}?g:ii rotation, By integrating Equation (4) with p given by Equation (1)
gbtain the variation of the orbital radius for a revolution of the satellite:

s We

5%[6 7=/6
Aa = —a?8F pmin [2-;; + A[ S cos™ (n,v)dv + S cos™ (nzv)dv]l, (5)
: p ;
where for the model CIRA 1972 #, = 6/2p = 0.6 and n, = 6/2¢ = 3/7. s m,,

m. are natural numbers and #,, #, # 0, the integrals of Fquation (5) can pe
calculated by using the recurrence formula :

Scos”'(nv)d’u = sin (nv) cos™=}(nw)/mn + [(m — 1)/m] S cos™~2(nv)dv. (6)

Now, replacing the expression of p given by Equation (3) in Equation (4)
and integrating this one for a revolution, we obtain the variation A« in a first
approximation :

27

Aa= —a*dF Pmiu[Z'lT + S S V5 exp(S,‘u)d’u] , (7)

0

where, taking into account the fact that S, is a natural number, the integral
can be calculated by using the recurrence formula:

S vh exp (sv)dv = v* exp (sv)/s — (k/s) Sv"-l exp (sv)dv =
= exp(sv) [vhfs — koh=1/s2 4 R(k — 1)ob=2St — ... 4 (— 1)\ k lojsh +
+ (=1 R sh+1], (8)

.. 3. Numerical Example. We shall cousider a satellite moving on an equato-
rial circular orbit with a height of 600 km, and a mean solar activity of 150 X
X 10"_22Wm—2Hz‘1. In these conditions, the model CIRA 1965 gives: My = 3,
My =9, A =609182, ouny=0807 x 1072 gjem?, S, = 13.09, S, =7, Ss="

= —2.82. With these data we have calculated, except a constant factor, the
gration, using trapezia method), Aag and

variatiops: Aay; (by numerical inte

Aay, (with Equations (5) and (7) respectively), and Aay,,, (by considering # =
= My ,=,4’ te. the symmetrical diurnal effect, for which we took: Asm =
= 6.3575, min sym = 0.8685 X 1071 g/cm?). The results are the following Ones:

Aay; = —18.3036 x 1018 q23F,
Aags) = —18.2216 x 10— g23F,
'A_a(,) = —18.3346 x 10~1¢ g25F,
Aluym = ~18.4667 X 1010 g23F,

The relative errors of Aags, Aapm and Aa. wi ; : 46%3
0:16% and 0.88%, respec(tsi)vely.m nd Aayy, with respect to Aay, are: 0-
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As it can be casily seen, the analyti i 5 i
a , ytical solutions (5) and (7) arc in a
enpugh agreement with the numerical integration and with the ca(ls)e of the sy n%?x?c({
trical diurnal effect. So, the use of Equations (1) and (3) is justified.

(Received March 27, 1981)
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INFLUENTA EFECTULUI DIURN ASIMETRIC ASUPRA UNléIVORBITE. ECUATORIALE
CIRCULARE " : NS
(Rezumat)

)

Sint considerate doui formule pentru densitatea atmosferei, inindu-se cont de asimetriﬂe
efectului diurn pentru o indlfime dati i un moment dat. Se studiazi influenta acestor asiwetrii asupra
unei orbite ecuatoriale circulare prin determinarea variafiilor corespunzitoare ale razei orbitei pe
durata unei revolutii a satelitului.
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IN MEMORIAM

| Profesorul GHEORGHE CHIS$

In ziua de 19 mai 1981 s-a stins din viaty -
profesorul universitar .doctor docent Gheorghe
Chis, eminent dascal §i om de stiinta clujean..

Nascut la 8 august 1913 in comuna San-
tau, judepul Satu-Mare, urmeazd scoala pri-
mari in comuna natald si liceul in orasul Carej,
Intre anii 1931—1935 a urmat studiile univer-
sitare la Facultatea de stiinte a Universitatij
din Cluj, Sectia matematica.

Incepind cu numirea in postul de prepa-
rator la Observatorul astronomic din Cluj, in
anul 1936, profesorul Gheorghe Chig trece prin
toatd ierarhia didactica: asistent (din 1943), sef
de lucrari (din acelasi an), conferentiar (din
1950) si profesor (din 1962) pina la pensiona-
rea sa (in 1977), dupa care isi continua acti-
vitatea in cadrul facultatii ca profesor con-
sultant.

In calitate de profesor la Facultatea de matematicd a indeplinit
diferite functii de raspundere, ca: sef de catedrd, decan si director al
Observatorului astronomic. A predat §i publicat numeroase cursuri de
matematici, geodezie, topografie si astronomie. Fiind in  permanent
contact cu tinerele generatii, profesorul Gheorghe Chis a reugit si for-
meze o pleiada de elevi, mul{i dintre ei desfasurindu-si activitatea in
invatdmintul superior sau institute de cercetare din tara noastra.

Omul de stiinta Gheorghe Chis constituie un exemplu de spirit
creator si mobilizator. Obtinind rezultate fundamentale in domeniul
astronomiei si astrofizicii, numele lui a devenit cunoscut in cercurilé
stiintifice din tara si strainatate. Acest fapt este confirmat prin alege-
rea sa in functiile de vicepresedinte al Comitetului National Roman de
Astronomie, membru al Comisiei pentru Activitati Sba—tiale, membru
al Uniunii Astronomice Internationale §i membru al Comitetului pen-
tru Cercetéri Spatiale (COSPAR).

Ca activist obstesc, ca director al Observatorului astronomic din
Cl‘ur%-ltla‘poc:ahca‘sef de catedrd §i decan al Facultatii de matematicd,
profesorul Gheoxghe Chis'a desibyurat o bogat acivitaie penir
ticii .;necanicii %irzslzrgnltl)lmisé' gg}'ceta‘l:xl -$t11ntlflce in _domeniul ma.ter:{lt
care'a tinerej géheratii De a;e e nogstra, pentru formarea § (lje
eficient, atit in cadrul Univer?gnga' o a(.i.us.lgn aport dgoseblt‘ a
fost, cit 5i in  calitate de membre a1 Doy imtifice al carei rectl .
tematice in R. . Romania 1 eumiar oLl Societatii de Stiinte T %

e » la educarea stiintifica a oamenilor muncl

Pentru meritele sale deosebite. pr i t
, ofesor a fos
decorat cu ordine si medalii ale R, S. I-{)omér?ioe: ul Gheorghe Chis @

amml:pagjmeal ctl)as‘célu}ui $i omului de stiintd va ramine vesnic vie i
Irea colaboratorilor, elevilor, tuturor celor care l-au cunoscut.
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physique (2 fascicules)
chimie (2 fascicules)
géologie-géographie (2 fascicules)
biologie (2 fascicules)
philosophie (2 fascicules)
sciences économiques (2 fascicules)
sciences juridiques (2 fascicules)
histoire (2 fascicules)

philologie (2 fascicules)



Abopamentele ‘se Inc la oﬂcnle postale, prin factorii postali §i prin

difuzorii de ‘presid, iar pentru. striinitate prin ILEXIM, Departa-
mentul export import presi,  P. O. Box 136—137, telex 11226,
Bucuresti, str. 13 Decembrie nr. 3.



