STUDIA

UNIVERSITATIS BABES-BOLYAI

MATHEMATICA

3
1981

CLUJ-NAPOCA

F e T b )
PR “.4'74‘,‘ ,“ \,C. I . z; // / ( i (
3 T“)_/v"/ R {,,.: A 3 b .



REDACTOR $EF: Prof. I. VLAD

REDA g v,
EDACTORI SEFI ADJUNCTI: Prof. I HAIDUC prot. I KOVACS prof. I A. RUS

.COMITETUL DE REDACTIE MATEMATICA: Prol. C. KALIK prof. I. MARUSCIAC. prol.
P. MOCANU, prof. L. MUNTEAN, proi. A. PAL (redactor resposabil), prof, D. D. STANCL,

™~ conf. M. RADULESCU (secretar deo redactle)



\NUL‘XXV'I"‘”"I LR [V T U S L Ty QT T TN QEN T oot S ar = 111981

- . s foead
TR s I L I P T I .uu i "’l" T i iy TR I A TRRNTLR I I S A
' oty S I
R L I L I O N TT ST TYR S EFTPpS Pl Lo
: pag o
. RN
) ot :3 PAREY . .f.,nuS I l I DI RIPay 51 “th7zir
jor i i RS v o
v U I ERSIT. TS f
o NIVERSITA BABES L\AI SR
’ v - e . g 1, l. otetes
L Y T T I fvve s

t DA T TR T B TR INHITHE

MA’!‘HEMA’I‘ICA

ABsTics pazir)
WDE 540, T{'._A
‘ CLUJNAPG . A p

Redactia: 3100 CLUJ-NAPOCA, str. M. Kogilniceanu, 1 @ Telefon 134 50

SUMAR—-CONTENTS-SOMMAIRE

T, PETRILA, The uniquencss of the classical solution of the Navier-Stokes system for an
incompressible nunstationary flow © Unicitatea solujiei clasice a sistemnlui Navier-
Stokes pentru o migeare flnida incompresibild nestagicnard . . . . . .. L L L L. 3

D ACU, Formule combinate de cuadraturd — optimale ® Formules combinées de quadra-
ture — optimales ..

M. FRENKEL, Sur un théoréme de D. Jackson @ Asupra uneci teoreme a lui Jacksom . . 13

"‘;‘:V. URECHE, N. LUNGU, T. OPROIU, On some numerical methods in the study of rela-
: tivistic polytropic models © Asupra unor metode numerice in studini modelelor poli-

tropice relativiste . . . . . . . . . .. . . .. 19
S. GROZE, Rezolvarea ecuatiilor opcratonale neliniare in sputii l‘ruhet printr-o metodi

.m'\logﬁ cu a paraholelor tangente ® Solving operatorial nonlinear equations defined Y

in Vréchet spaces by using an analogous to the tangential paraholae method 24
C. DUMITRESCU, Théorémes de point fix en cspaces probabilistes de proximité ® Teoreumic

de punct fix in spatii probabiliste de proximitate 30
KIS L., O clash de ecuatii diofantiene @ Une classe d’'¢quations diophantiennes . 34
T. BULBOACA, Asupra unor noi clase de functii analitice ® On certain new classes of

analytic funetions . . . . . . . .. 42
D. MARCU, On the even elementar) circuits of a finite dxgmph e Despre circuitele ele- 7

mentare pare ale unui graf finit e e e e e e

G. DEZSO, V. MURESAN, Puncte fixe pentru aplicatii definite pe spatu 2-mictrice @ Fixed
points for applications defined on 2-metric spaces . R S0



2

N. BOTH, Some remarks concerning boolean functions ® Citey
booleene . .

e " observafi privin ity
R. MUNTEANU, Ou an algorithm for finding the set of equilibrinm P T

- o g | oints for bimatriy
® Un algoritm pentru gisirea muliimii punctelor de echilibr oatrix
ciale e e

A dine!
u pentru jocuri bimutﬁs.
S S Y ey

g [ S
P. ENGHIS, Asupra T — recurentei unor

e .
b e .

urey spatii W, si A g-cu conexiune afing ¢ Sur
T — récurrence de certains-espaces A, et A4;-avec connexion affine . ., - 2

D.I. DUCA, Linear optimality. criferia in! nonlinear: programritg’in comuplex space @ 1y
criteriu de liniar optimalitate in programarea neliniard in spafinl complex

.
Recenzii— Books - T/ivres parus

Advances in fuzzy set ihcory and applicattons (D. DUMITRLESCU)

oo fr. A% T TE N e
AT A IS R T
.-
(.
" eoth - s
1 . oy itk - -
siviide b Lo
) 5
R DY o4
Vo - | i st
a3 .
; 3
R \ )
5 ’ Sy
. Ve o 4
.
. '
' 1eii Y e
n
HE
. o !
.
t
T v 1
PN
1 o
it
: .
: . \ '
i i
RS
' i
1
. { v
.
.
PRl



STUDIA UNIV. BABES-BOLYA], MATHEMATICA, XXVI,.3, 1981

T T N R 1 ey " REINEr PRI :{;s,_‘- . w;s,f-l:;w NATIE T
s e . R R I "7')-"""" '):"; ﬂ' v .',"-."‘ /';.'To, Professor lD V. Ionescu
e SR a P SE st Y on his 801k birthday'
PR AL S SR L AT LA A I Ut A A AT A NP, NSRRI N |

THE, UNIQUENESS OF THE CLASSICAL SOLUTION OF THE.NAVIER-
STOKES- SYSTEM FOR AN INCOMPRESSIBLE NONSTATIONARY FLOW

LRI AN At s

RS S MO LI S PR S I T

i TITUS PETRILA .- R

il R FYRPa ! Wby o R

: . In the present note, by using a simple technique -which has been already
applied in the study of the Euler system of equations [1], one establishes the
uniqueness of the classical solution for the Navier-Stokes system. More precisely,
one considers the case of a plane' incompressible nonstationary flow in the pre-
sence of given external 111assforc,es;;f7( f10-f2), the wviscid fluid being in :contact
with a fixed obstacle (C) and with,an unlimited. wall (¥). Supposing-that the fluid
behaviour at great distances (where'an’ uniform translation takes place), as.well
as the flow spectrum. at- the initial.moment /=0, is known, the flow equa-
tions are

b
u w o 1., e 1ap . v ,
—=—t%— —v—4+—fi(x, 9, ) — — = + = Au; S
Py Pyt ay+pf1( y,) Pax+p !
oy T LG F
dy v ov., 1 "y 1 ap v
LZ=—= —p—F=folx, 9ty — — = 4 — Av; 1
by o ay+pf2( 1) L (1)
TN WA Lo Lo LN ' 1
— 4 == = const/, -
dx 9y /p /
' it for (Piif '€ S % [0, + oo ¥ )
with the initial boundary conditions e
%(%,9,0) = #, (= const), P e S,
#lg =0; #]c =0, ;- 2
i ] ,:
and the condition at infinity 3 j

{' limu = u, (=const) " ‘.
'+ y'—o0

We also admit, under the assumption of the unboundness of the domain S
that |grad #|, |grad v| < M < +oo, for (P, ) & Sx [0, +oo [

1 The argument can be extended unchanged to the tridimensional case. .

* Obviously these assumptions would not be necessary for a bounded flow d.oma‘\m S. On the
other side, from the mechanical point of viw, it is quite normal to consider t}ne fluid in an uniform
translation outside a circonference whose radius R is large enough, Hence, in the neighborhood of
infinity, the gradients of the unkunown functions vanish or, more completely, all the unknown functi-
ons and their gradiends are bounded. ... .



4 T. PETRILA T

0Couceruing the unknown functions #,v and p, they are
to C--fl and Cu° respectively, while the given functions Jilz, 2,0 are cones
and bounded over S: v — the viscosity coeficient is also a positive const(;ulmous
., Let (w,p) and (i 4 u*, v 4 v*, p + p*) be now two different solngicr. . |
the’ problem ( 1) + (2), ''solutiofis  suppdsed’ “to' ‘exist.! “The” Y per'tﬁrblo?s”o.f
(u¥; v*, p¥*) will 'satisfy a system of the’'samie form as in the casé of Eu]ér}ia't o
ons [1], precisely cquati-

SUpposed 1o gy,

Sut - S N AR S 1 ope
= — u*. — (u* . * 4 v
- w* . grad uw — (u* 4+ u) - gradu — LA
P ox o
C gv*. T i T .1, ape
I S e T uy Y1, JeN grad'.vix_;-(y.g*:'_rlx1,() s gra‘d R T éfl l__'li'A'*!< it
L o at ., e { St i e e Feeaiete el 0 Y- T - 'U ] (3)
v e e ARt (ISP T IR B Tl N R P TR ORI FERTY
O R T YO 13 S AP P g %t =0 L T I
Gorse s e inienG - 0% ey AT o - T IETRRI

with homogenous initial-boundary conditions as' wel as at infinitys = i -
-ii., Following then the same techniqueiwe have afready uscd in [11 with regard
to Euler’'s cquations, after-multiplying ‘the: first: two equations of (1) by u* and
v* respectively and-then-adding the results, we get, by integrating over S
R

'
P

de

-~ =493
.- a y

where Y AR " .
- i \ B
: . :
g = — S (u*? 4- v*2) ds, ,

i g : 2 Joo e\ .

Yo . - -, S

F = S(—— v* ux . grad v — v* % - grad v* — v* u* . grad v*—u u* - gradw
Ve fTeL h “7 '
s

oy e " " .
— w* gy - grad w* — w* u* - grad.u* — " grad p* ds*

and ORI . P A TR
D = S—v—u* Au*,
N O P AL IS e
AS i . " \
RPN O] PO\ S0 B (a”“ a’“'”ds = ‘
2 —.g p[u 2 + oyt + o1 + oy? T e
N
rv[o ou* w0 0 ( 5 Ou* *’@:”d -
=\ == [u*— T — | ~(y*— + v S
5 P lax( ox T ax’+ay o -
s
v [ w2,  dvege a;_,‘-)z+ (@_‘leds, < I
—Splfax}+'ax,+(ay ay
S
ot duv*
< S o [(u ax> + ax 1 . ay . ay o AN B T
cve ’ ’ "

lgrad ot | are als‘q_fulfiledv.‘

ounduess ition ' d v*| and
s Evidently the bounduess conditions of . |grad u.‘ |, “lgra .
A g:‘.h theyboundaty couditions and the flux — divergence formula are used.



THE UNIQUENESS OF THE 'CLASSICAL SOLUTION 5

where both the flux — divergence formuia and the vanishing of #* and v* on

C |J:Z have bheen taken into account, #(#n,, 7,) becing the unit vector of the out-
ward normal.~

With regard ito ¥, under;the assumptionsiof/ bouhdness ‘6f fhe' functions
gradients which intervene, it is bounded by the integral over S from a bilinear
form in «* and v*, precisely® ), guqivong

F< ( (Au*t + Bo*2 2 C_u.* v*) ds, (A, B, C constants)

Shriio i e o ol Oor s Liegu o i locarasebeaaid

‘ : Vg e NN oot sl b ganiden s ol T
. . C . o e eie s iy o N |
i.e., in fact, - <'we where @ is-a‘ipositive ‘constatit. Hence we get e < ¢, e

R R A B S AN S S PR TS K "5‘.)’f.?‘.:_,'..- ST o
and, since- g, = e(x, 2,0) = _O.Ao“_'mg‘to‘.the homogenous: initial conditions, this’
nnplics ¢(f) = 0, V¢, which proves the uniqueness.ofthe, (classical)- solutions. : 4.

i Lt o Soemgnibnao e ceidnne dpenol g o6
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UNICITATEA SOLUTIEI CLASICE A SISTEMULUI NAVIER-STOKES PENTRU
O_MISCARL FLUIDX INCOMPRESIBILA NESTATIONARA

)
- (Rezumat)

Utilizind o tehnici sinpli, care a fost deja aplicatd de autor si pentru s“cabilirea'unidtitii -
soluici sistemului Euler (1], se stabileste unicitatea solutiei clasice a sistemului If{awer-St‘okes
in conditiile unei miscir flnide “ifcompresibile nestationare.  Pentru fikarea '}dexlo’r se consxdel:i )
problema (mai generald) ‘a, ataciirii, e citreun curent de! fluid viscos, a unui profil oarecare fix -
in prezenya wnui perete arbitrar neclimitat.

N S : . 2 i ;
s with regard to thc'term S P ut, grad p* )’d's. it will not play any part as it becomes
T2 _

S y : q Jdoet
(fi. .6 ) et A8 epE o [apr Vbt TiC Bu ap* - du* apty, t
pJl ox ox . plox\ 0%, ax\ oy !}, P 3 ox ox dy oy
ol N S . . . . . .

The first integral is obviosly zero according to the _.adhgrence andiﬁpns on C Uz and to ﬁhe po§sxbt«

lity of using the flux-divergence formula ; the same result holdls fo; the Seconc'l' integral t?:o g.-;

Moyt e i e Saey i O Ale ARy i ,__,l__, VR TR

|l -s {‘81:: d—p—' 3}'__‘ éifJ ds {<.A—l,-5“ ( ‘aﬁ"-i-{-ég- ds'b!;-::ﬁ;g :1&1»11(10( ='0"; o q.e d. e
I'p‘ a"f 'a-zv ay Xay H lll PI §r anx.f.nlay . SERE T L :

e

I
R F L

P ISR
s/ . il C,U = (
. . : . N O T IO S A N R g * —_ y* — H
" /11 $Copeerning p*, once proved that the systeni (3) has only the trivial solution u* = v 0, it
results that grad p* = 0,s0 p* = constant, constant which could be fixed in zero.

3



STUDIA UNIV. BABES-BOLYAI, MATHEMATICA, XXV1,3, 1081

A S
M Ny, .o e . X
S ) _:”[4 .

T T : B S T |
ot (SIS R TR G Ve et dred
. it & (-Ptofesorului D-.

A la a 80.q gy Totesy

arort - FORMULE -€COMBINATE DE CUADRATUREA — o iversare

TR 0 N D TR T T B R NI TY R ,lq.l{A'-l:OIq’T];MALE"
DUMITRU ACU

o
T T R S T TR Lo R L ~‘l
1. ‘Introducere. il.l aceastd lucrare se obtin formule de cuadra'tmg~
pentru formulele combinate de cuadraturd. In§ 2 se prezinty ¥
,metodei functiei @'’ da construirea formulelor de cuadratury elementary

gradul algebric de exactitate » — 1; in paragraful 3 se definesc formlel?t]ara, Cu
binate de cuadraturd; in § 4 se di evaluarea exacti ‘a restulyj formulelo‘ie o
nate de cuadraturd pe clasa de functii W"(M ; a, b) (Teorema 1); in par;0 oy
5 se obtin formulele combinate de cuadraturd optimale pe clasa W»(Mg.r:f';]
(Teorema 2); ultimul paragraf estc consacrat construirii unui excmply de f'or!
nuld combinatd optimald, pornind de la formula lui Simpson si formula luj Ney.

tou.

Plimal
Pe scurt “tilizarc:

2. Metoda Funciei ¢. Fie C"[a, b], » =0, 1,2, ... clasa functiilor definite
peé“intervalul [a, b], de » ori derivabile pe acest interval si cu f continui p

[a,:b].; i o TR
Mai consideram date punctele x4, ay, ..., &, (noduri situate in intervalul
[a,b]) astfel Tncit y '

X =aS % <2%<...<x,<b=2%,n (1)

sl integrala N '
EESE AN I A SR
. v (e o o
unde. f .« C"~4[a, b].- S AN

o R o A s RS Y ! ‘ Lo x Ctitatc
* Numiin. formuld de cuadralur@ elementard, cu gradul algebric dg et\i‘tul
n — 1, pentru integrala (2), relativd la nodurile (1), onccformp}a c i}

S@de =5 55 4, f0(x) + RU), . ®

=1

Q L™ o

. - conditiile
e e . o . satisface condif!
unde coeficienyii «4,,; sint independenti de fiar functionala R(f );bafls ,

. * . ' (4)
Y R(a¥) =0, * k=012 "...,%— L ; ajg(;,bric
" Pentru obfijierea formulelor. de cuadraturd clementara; cu gra.dl toda

: -, me
de exactitatc # — 1, prof. D. V. Ionescu [5]a .utihza’c.51stc'lilat;icr;C i,;i fost
funcfiei ¢’. Ea are la baza formula generalizatd de integrar¢ Pf)“ \p qo Ghi¥
dati de J. Radon in [7]. Aceeasi metodi este utilizata S}_ﬁ“ ial tiniar oafe’
zettisi A, Ossicini (4], dar in cazul unui operator. difereit =T
care, P

. ee R, e, ; Cae
S R s oo STl '
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Descriem pe scurt ,,metoda funciiei ¢’ pentru obtmcrea formule1 de Luadra-
turd (3—4). Se considera ecuatla dxferentlalé llmara si.neomogen3

TARE ] "’ -

pI(x) = (1), He )
se fixeazd m — 1 solutii arbitrare

p i e el it by T ﬁ“““@f

a ccuatiei (o) si se mai jau inca doud, solufii @, (%), () ale acelelasl ecuatii (3),.
care sint insi determinate astfel ca si satisfacid conditiile initiale o®(a) =0,

“"(b) =0,h=0n—1. Utlhzmd formula gencrahzati de mtegra,re prin
parti, se ‘aratd'ca (v. [5], [1]):

5. —

Ay = (—1)"“"“‘[??'“"“”(".-) - <P‘2'_‘1"’” (x.-)]. M
he0n—1, i=1,m - A LA ';( (i
iar '
R Y an ..‘- [ EE
) R e Dl FEVIY b D fube i E1Y o]
‘RU) Efﬁﬁwﬂw@uww\mﬂ'f~,c@
IR ST
ot L TR IR HE “;'. gy o R N AR R AN

Reuproc se poate demonstra ca orice formiuli de' cuadratura (3—4) poate
fi obtinuta prm ,,m(.toda functlel q) avmd coeflmentu si testul datl de (7) §1

respectiv (8). : el o i Sladion L
Daci notim cu @ functia " I LRI SV AT N
S (9) Drla, 6] = R O(x) = g;(%) pe-fx, %) T=0,m, " (9)

numita si functic de influentd, atunci restul dat de:(8) se mai scrie:, i i i

Tt o i :' o P ‘U,{"‘_:'Z(‘-,- . i)

RTRUE R(f) S (D(x)f(n)( x)dx TR O A ST (10)"

“ ' B E - ‘(1‘ !lu . " /‘ .
“ 3. Formule combinate de euadraturd. Si impirtim intervalul [a, d] in r
intervale parjiale [u, v %], 7 =1, definite prin punctele

N

ii C . 5 .'\ : (l = u° < B ;fhu< 1‘, l.1<' u" T" b N - .': .(11)
si 53 ‘consideran ‘familia de r formule de cuadiatufa elementaré cu gradul algebnc
de exactitate # — 1, de tipul (3 — 4): e

el . ‘b".;: STRL A -m.:\"-. .;_"-- -.'S‘-"E . IR

S flw)dx =3 S AR, + Ry(f), (12)
h~0 1=0 ., B
a i ! t
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EREATAR SN SRS P I FILEE-Jo

“““ A .(')l.§ . 1) S SO B SR A B A5 F S 5% 17 PR

------

i-;,': .-,.;)1 e :’ﬁb et Aleir S e il ;4_',35.,."3
o v 2,
waﬂx= { 7(max gt
% R fo1 N i
Y a ¥i—1
i shthiern corpgioe ! Vo
i
n dx u 1hlmd formula dm fanuha 12
§1 ﬂalcuh d S t, ] . ( ) de formule de cuadra
i -‘T— ."; R D P P S
! obtmcm formula dc cuadratura ’ O i,
: PN 1 DRI B DT S I»'
; RN o

e

TERTE I ..'v"‘;‘"i Ve "'“" -y it m o :
Sf(z)dx ?: ’2 2 (b—-a‘ hl (u] A + d”(“")"‘ P(f) (]3)1

14

olf) = 32 -4
=1 b—a
unde d; = w; — uj_,, j=1,7

Formula (13) cu restul dat de (14) o numim formula combinalé de cuadra-
turd corespunzdtoare familici de. formule (}2) sau, simplu, formuld combinali de
cuadratlurd. -

Observatia 1. Ficcdrei permutdri a formulelor de cuadraturi din familia

2).d co;espunde o formuld combinati de cuadraturd.

}. )]i}v;dqnt‘,‘ cind | toatg icele; » formule din :familia (12) sint repru,cutatc‘-
flecarL prin aceeasi formula de cuardaturd elementard, atunci formulele combi--
nate de cuadraturd sc reduc la formulele generalizate de cuadraturd studiate jn
r4].

(@) 3. Formuylq gpmhinatd de ¢uadraturd (13) are gradul algcbric de exactitate
n— 1. I b

4. Studiul restubuitformiddi toinbitiate:' Dacd @;(x) " cste functia de influ-
entd (9), corespunzitoarc formulei de cuadratura j, J == 1, 7 din familia dc for-
nm\(.) (12), atunci restul formulej gpp}blp,atq(lia sc scgpe sub forma

R,(f(u, 1+ od; 3‘..‘;“_)) 14) ‘|

’ b
_ d , ~
i ld ] lnle;('/fn):mi,g;{ﬁf;m) ‘S((I),S 1)1{;(1.)1(»11’141 +b 48.;&1&‘!“” stuaned 13

. ]
slovuig uig Miniob ) I SN OO P S TR ol

L Fie W7 (M; a,b),7=0,1,2, ..., clasa func;u]or de definite pe [a, b] cu
fethkx) =Cla, 1)1 si f")CBc cofitinud pé porfiuni si ‘satisficind’conditia | f)(%) | £ M.

L s FEOREMA Lo Dachif,-e Wr M, 1,80 A Ahtengi, ety . sestash farmudei-doquedriic

tura (13) are loc cvaluarea exacti - (b 8 i) ob 1w edibazn 00
p(W"(M; 0, 8),ddy, ..., d) =, sup o (f)l= (1)
&) A i" “!)m\‘\ I "(GW’)(M a0 s )\ /

—WZ()MMWMU.“

",’ \ “'\ vl w

.ﬂ, v a .n_“.’ u!



FORMULE COMBINATE DE, EUADRATURA — OPTIMALE ]

" Demonstratie, Pentry f.a WM ;g,b), din, (1), avem:, .t b 51

t P : b NN

. - ‘ !d' "+l . i
o sy, !P(-f)' <,1L"f,j.21( -;c-l :;fas l(bf(x) I/d"'g Hhn oA s

l O IR HR } ‘
Vom arita cd existd o functie f, € W*(M, a, b) pentru care inegalitatea devine
egalitate. ‘

Fie f; o functie definitd pe intervatul fu;_,, «;) astfel mcnt derivata de or-
dinul » si fie contmua pe portmn ;S s'x satxsfaci condltna S e

v L

(n) - e
f" (u,  + d # a) M sign @4(x), j=1,7. .
Defmnn f*(x) bAC x) pe mterva]ul l'un. 1, 'l T)aca /f, a fost deflmta, pc l’u,,, u,_,]
si ea’ are in ettrcimltatea Hj-1 dcnvatg egale cu

v

PERTE Y NN AT TR \ !h nti " W RTINS
falnuim1) = Cioyo, f*(“;—n) = Cj-.,;, .. "' 1)(1‘] ) = ;1' i PRI LSS IR TRTIL B
atunci definim / ; ,
Ry RSN / ;.: PR S P U Rl I A
: f*(x) ff(x) + Pn—l 1(7) ) (19)

pe interyalul T2t yit4i 1, unde, P, ,(x) este uq,'nohpo‘n} de zgftdul 2.1 ;) ales
astfel cp membryl, al, d01lea. dm (19).s3 alba in punctul Misa, derwatele pini, la,
ordmuf "= 1 mclusw,, respectw egale cu“numprele C:,,l_,,o,“(,‘,f. s C,_,.;\
7. ';2xr«13‘ ,,r Coptniagiod v shPaeio (05 il ol e b oo s, ek

,..Astfel fo)osmd 1nduct1a,;funct1a S este. bine definiti. pe. mtervalul la. bY:
Usor sc verifici faptul ci f, « W*(M ; a, b) si ci pentru f, in (17) are:loc egalita-: -
tea.

Observatia 4. Teorema 1 -generalizcazd rezultatele lui S, M. Ni kp Iski

[6], date in cazul formulelor compuse de cuadraturd. L o

I5. Formule eombinate de euadraturd optimale. Am vizut la teorema 1
ci pentru f « W*(M; a, b) restul formulei combinate (13) are evaluarea -exactd
datd de (16). Acum, ne _punem problema determinirii mirinilor dy; do, . . i d,
(prin urmare, implicit, si determinim diviziunea mtervalulul [a, b)), astfel in-
cit evaluarea exacti (16) a restului si fie minima. ., . .

Rezolvarea acestei”probleme revine la determinarea punctelor de minim

conditionat ale functiei B
Y ' 4 \Z ) A /_./
[ Y - AL nis o L
S d; n+) A
Ky dy .0 d) =3 —’7) [ 1®0(2) ] dx
Ll Ui 0T . 4 e, -/
(£) ‘(\)-'. ‘./'.‘,f; g . ; »‘_\._ c e )-, - '\__;_..

cu condifia

wloaor o okt Eabim w2 dy : l’

N S S TTTR T 1) b unl;-] ‘b rrla, ln. PR
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UtiliZind metOda mUItipliéatérllor’ I'UI thTalig'C,Sé gésc-?tc foecd _'yv“‘;p-;\:u..;'(. .\‘
b i . '; NP » ,b'.:{ } ‘ -
{1 om) F o g
d; = )Sl(bs(x)}dlel 'fSI_q’j(x)ldx, .
3 j=1 : (20)
: a
iat’;.:: f.; ! .:f;;;;!]:‘ ”: RISV TRAE N ¢ {l,i R} ,‘-‘" VOO ‘ Yo b > R NI
L '1"',;‘/;"' o v‘ [ S "\' R ” ;‘;‘ ,b—'ﬁ, —? taon -r‘.
Inln I((dll do; R .)' y)': 2 l[ \/S I (Dj(x) 'dx‘ o e (2]
d,d,,.. ,d’ ~ | )
. , a
' ’," (E) 3‘7,;:’ v‘~f ;

Xééaar are loc:
- _TEOREMA 2. Dintre toate formulele combinale de. cuadraturd (13), cea opti.
mald in sensul minimizdrii evaludrii’ exaclc a restului, /)c clasa de func;u We (M, ‘
a, b), sc obtine penirn dj, + = 1 7, dale de (20). Estimafia 0/)/1mala a resiului este

datd de mdrimea, . ;. . £
” E——— e 4

o(W"(M ; a, V) AIZ:U\/ wolax | . @

. " 6. hxcmp]u de formul:'l combm.l(.l de cuadraturii optimala. Daci considerim
ci flecare din primele %,.0 < k' 7, formule ale familici de formule de cuadraturi
(12) coincide cu formula lui Simpson {v. [5], Cap. II, §1) si ca fiecare formuld
din celelalte » —% formule ale familiei (12) coincide cu formula lui Newton (v.
[57, Cap 1T §2) Atunci formula combmata (13) conduce la formula de cuadra-
turﬁ (V [2]) »\ ., e T I R \

b
I I Y S G ¥ "d‘ . R
[ /1) ax' = 2 fro ;;".’..”'“f( CEd )+
P I SR IUSIE L !
+ 2 By Ty e A
. Sl : L A T LR (2 )
G5 L len Ly '_,"1.' Gl ) _'~,". ::_ I S A S DU Lo YRR
dj + dj,., ST S L T i
e wh .T*-,,:,;“ R 128(“ Sla + d + . -:’ +d,)+-§f(b) ':l' e tem 8

+Z':3d) ((l+d1+ +d;1+ "I‘

.i=h+1 8 7

1 o ! 4 r\/
\ 3 ' ! 23)
+j=l¢+1 ij(a +', + + d: 1+ ) + Psh, (f)' ‘,':.-;!-!:L .

wla
ne indica faptul c@ forn

unde Ps,.x, (f) este restul formulei ; S, si M, x
p=0r

lui Snnpson s-a aplicat de £ ori si formulaslui \Nr.\\ ton de (r — &) ori,



FORMULE COMBINATE DE' CUADRATURA — OPTIMALE

Formula (23) are gradul algebric de exactitate cgal cu trei.
.Pentru restul £ormule1 (23) dm.( 16) se gase§te cvaluarea e\acta, s
RN N SN

4
e N Ps (W (M a, b) dl’dz"--, ')—'
LD M T H TR RO AR S P 1 Neh, ‘ l- watethnip oh Lt }ljv RN .,J ol =t a0y
vt or st TRiegen T T Janae A o "‘*,x‘,\‘;" [ u\d '. :\\ REANY r', olf: =:‘ 2 U! T e "‘) ;(24)
[ CRY IRENE TRV IR7Y LSO S PP A A T ‘k ply eyt iy sbige by bl Y g3 e 1Oy
= E. b E‘d‘ + 1 ‘::2 d‘ = ekt o sl
Tt ol WED gyt Tan ST £ Ll B VA LT ST I
61 \4 j=1 9 j=kr S . .

R f'!'m .’ ot ',.f; I TRT TR DTS I TYTYSR O

Peutru & =7 dm (23) rezu]ta formula geuerahzata a ]m Sxmpson studxata de.
Gh. Coman [3],:ar pentru -= 0 se.obfine formula,generalizati a lui Newton

dati in [1].
Utilizind teorema 2 gisim : dintre toate formulele combinate de cuadra-
turd (23), formula definitd de mdrimile

_ 2 —a —
G- LA
V3 — a) i=Fk+¥ 17, k=07

C kT4 —m 3
este formula optimald in sensul minimizarii evaludrii exacte a restului, pe clasa
W4(M ; a, b). Estimagia optimald a restului este

O s 0, B) = M= o _ o7
p(W4(M ; a, b)) I R WAL k=07 (26)
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FORMULES COMBINEES DE QUADRATURE — OPTIMALES
(Résum é) '

Dans le présent travail on ohtient des formules optimales de quadrature pour les formulis_

combinées de quadrature. On partage l'intervalle (a, b] en r intervalles partiaux [uj_,, 1;], 1 = L
définis par les points (11) et on considére une famille (12) de o formules de quadrature élémen taire
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B O O FEITEEE L B § TS SRR wioor b gy

BT EEN
oo A

sy ','?:fifg,‘l'/') et L !(’f' e ‘ R :,”-‘”'I y
au degré algébrique d’exactitude » — 1. On calcule’ /- findx ‘emplovant 1a 'fom’]ﬁi d“{
.. - < e $oglictt
c— = 08 " .|t.": S ,!,j:“i. o . g e]afamm!
(12), f = 1,7 et on obtient la formule de quadrature (13) au reste donné pzﬁ- (14). 1
le'reste donné par (14) s’appelle la formule combinée de quadrature corvespondant 3 ;a f°m_1ule (13) 4y,
(12) ou, tout simplement, la formule combinée de quadratire. On donune I'évaluation ea famille g, fo'mulz
formule combinée (13) pour, 1a classe de fonctions - W"*(M; a, by” On démontre Xacte de reste de |y
1. Si f & W*(M; a,b), pour le reste de-la formule comnbinée. de quixdratu

optimale dans le sens de la minimisation de (16). ' re (13) 1a forinyje
.. 2..De toutes les formulesi combinées de quadrature (13) la formule optimale ¢
minimisation de 1'évaludtion e¥acte du reste, pour la classe de fonctions Wn(if ,'b) :;solgtsens dely

' T T oblenue poyy

d;, i £ i, données par (20). L’éstimation optimale du reste est donnée par (22). *

: ”
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.y R P . - . R e . . - i . ‘
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gy
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. o d
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Le théoreme de D. :Jacksonzfl] sur ,le probléeme du minimum d’une
intégrale a ¢té utilisé par ’Acad. P. Turdn. Le Prof. D. V, Ionescu a remarqué
ddns son' cours, ‘que-la” déinonistration “de Jackson’ peut"etre ‘simplifie pour lcs
besoiis de I'analyse numniériqiie, ct- nous‘anprop05é ‘de’ fhire cette 'demonstratxom

Dans le présent travail, nous reprenon$ [& thésréimie de'’ Jackbofi ‘et ‘hous
présentons la démonstration suivante. [ ., o, i oox

Dans le théoréme de Jackson que nous con51dérons daus ce travail il s’agit
de minimiser l'intégrale définier - B :

: R ST RS AT AN L0 P P ,5\ ,,\: AETEYO S I 50
e HITRRNEY | PRI VLS TR M DS oy T tioe
R 825(}‘1' )‘2' ol "'?‘”).-.t [)(x)(ﬁv," '?‘,1 ‘"x-* s ,+ 17"')2 dx i AL
a

D SURIGI WD

ot p est une fonction intégrable sur Kintervalle.[a, b]iet positive sur l'intervalle
a, b) s est un nombrc naturel et A, Mg onn )\,, sont des coefficients réels.
B . Yy ‘ll‘ )
On~ demontre” qit ‘on /n ' dEteyminert le§ j)ammelrcs 11, %2, A 5‘ d'une
manicre wnique, pour que Uintégrale considérée sott mmmmm el que ces param éres

,

sont donnds par la solulion du )sysl,qf;se, d’équations. PR

b RN P R
S PR + Mh e ?‘9)2’,.-.,1\"".‘?;’51;:;;9 v b=0n—1 (2)
. a , . . .. . . -
TS S S A S A I AT eyt et sy dames S wd
Pour cela nous cousidérons la fonction ..+ @D (Wb .. s i el ol
b o
T VT W S PR (AA I Mt =2 NP (3)
P :
ot PR PP TON R A T

et nous constatons qu'élle’ a'le§ propriétés suivanites '

1° On a srimriobe sy B oe Tl

(L, Ny v eei Ae) =8 () A il N

no 2% (g, Ayoran M) estoum polynéme. homogéne de degré 2s; ce qui’ veut
dire, qu'on peut écrire B

W(hg, Ay o ver ) = DWi ) N N LD Np aved iy 6 + L. i =2s
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Ty,
3°0n a w(h, Ay, ---» M) 20t
woiet i (Mg Mgy oo ons A) = 0 83, ef seulement si
et M 4 a8 4 ..+ A2 = 0. Ces propriétés sont évidentes
4° On peut déterminer deux nombres posilifs « et B,'de man; ére que

« A< @ (N, Miyae s a M) S B y
ou

. :: IR TH ITR AL I)\I —47‘0 + )\2 : + xq 5 Ao;yv,.;',,.-g, .

et \‘ ‘.

En' eifef con51derons leusemble d(_s systemcs de’ nombres (y.o lln‘,;.“"" )
pour lesquels’ |p.|,— 1. La-fonction w()\o b+ 5. ) considérée ‘sur. cet ensembie
étant continue,, 11 emste les nombres . SRS

a«=inf @ (A, My, ..o, A) 5 [A) = 1o P
spzate Bl e " e
g ' BEsupw (A, Ay L ), I =1 :

ol a > 0 la fonction w(X;, A, ..., A,) étant positive pour |A} =

. Soit (X, Ay +.., A) un systéme que]conquL de nombres reels on peut
déterminer un systéme de nombres (o> 1y «'+» tp) OU [@] et i nombre positif
! de maniére que .

Shicaahs e - ';!."‘J"; )\‘ lll'. 1,_0 n -l)\l-—l §oaien
IR ARSIt . g
La_ fonctxon w (A,,, )\1, Y 7\,.) etant un polynome homoguxc dL dcgrc Aw nous

aVOIlS ’)l‘:“'\. I .\ "; A : "\ L , .
W()\o, )\1, .o '..', A”) = lst(lJ.o, (-“-p ..\- oy p-")

et par suite

=) i ARNS) “fllﬂzsik w(xo, j‘u ”'..’ )\”) < 517\12' '

— 1. Cette intégrale devient

TS P

Cela étant, remplagons dans 'intégrale (3) A,

alors une fontion (1, A, ..., &) de Ay, ..., Ay C el e
b
£ L R N O S ST Vi
utte.,

qui est fondamentale pour cette démonstration ct sera étudiée par Ia s
Les inégalités (4) deviennent .
2
a1+ M+ .+ R <ol . h) <BI+NF - +%

,de:ﬁm' por

Nous allons associer. & la Jonction w (1,.~Al, cea M) e nombre v
Véquation

a(l +v8) =B, ont =+ M+ ...+ M 5

[
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e It

On aura

I BN "\l"‘.‘."‘.\"-\ o " e s .ly(\," et N .;a;.-‘\"‘\ﬂ\" Xt V7
Coeawn o {3'1‘ A TReL ROLETVGG e S
atep e oA Y Cyneoiny T D \‘-2=i=.;('.—),ls',.*?:-1.).fif;:'= Lty s w0 )
S T IR LA LA N O a8 FORY ot antioe gl sh bR 1

La fonction ie)(l',' .7;1, e i,;) a p)usieurs propriétés : R
- lZe:‘r:iére propriété. On a w(l‘, A, oo M) > B, pour Wil 4., +
L4 ‘ P o G i P P .

En-effet-on'a o(ly Ny oo W) 2 oa(l 4 A3 4 w3 4 22 '6F pour 'a2 +
4+ ...+ A2 > v* on aura CEE

. il 2ol 2o i5ic ‘!l.)'J
w(l, Xy ..., M > (4wl T
PRI RFEEOA U "

. LAV {0

v
‘e

q.Secondc propriété, La,fonction w(l,:x, i M) considénéé pour X341 -4
+ M < V2 est une fonclion continue définic sur un emsemble boyné.et fermé. Elle
alleinl alors son infimum en un point (23, e ) et nous pouvons écrire

1 =infw(l, 3, ..., ?\,,) =w(l, A, ..., A9
i U - Vs
PHE SR 1 PG S AL }
Troisteme propriété. On a I = inf w(l, A,, tres M)
itig - v LN PR - . . .

‘A

p PR CY IR E RIS SO PO

N+ ...+ <y .

. . . ;o . N
t . ny) [ S R s " !
'

Remarquons d’abord que le ‘point '(0, 0, ..., 0) appartient A4 I’ensemble
(A, «.., Ay) pour lequel 25 4 ... + )\?,s v2 et‘w(l, 0, ..., 0) <B.
Quatriéme propricté.- La fonclion “w(l, A, )..,\,) considérée pour (A,
ceer M) @ R a un infimum atteint au moins dans un point de R*.
+ . Nous remarquons que; si mous considérons;la.fonction w(l,: Ay, .-i,. .Ay)
pour A+ ... 4 A > v, nous avons d'aprés la, premiére, propriété; w(l,. A,
eeey A) > PB. Mais' [ = in{ w(l, Ay 0, A < {3.‘_”1‘)911'(:! I e‘st', l’i_nfin}lun de 'l,a,‘
el R L £ 38 SO VTR RS OU R £ PR RS FEERR AT HRF Y SPR e Tt

M

A+ o + A2 sV .

v

. .
.

fonction w(l, 2y, ..., 2,) 'pou’r (A, <i., A) € R¥7et il cest! atteint au point
(2}, ..., X)) R”.

Cinguiéme propriété. Si I= 'illf‘w(i,")\l,c cen M) =w(1, A, ..., ) alors
(A +oes M) @R o2 i

PR ..

on a les formules TR ax e

]

1t
), 2, ..., W) =0,

L dw
e, — (1,2, ..., =0
N 01,( 1 )

En effet, le point (A3, ..., 23) ot la fonction w(l, -2, ..., A) atteint
son infimum est un point intéricur, -donc un point de minimum.
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Sixieme propriété. Le point (N, ..., 2)) o la Jonction
atteint son infimum pour (A, ..., )\) e R est unigue, w(l, l,,
Cette propriété était démontrée phr le prof. D. V. Tonescy,
qu'il existe deux points différents | P ) I ;\”) 0u ln?f‘llmupm

. ; u

.\‘)

atteint. PR ATE LV I S TR L HY S P T et
_ . ) RO
.On ajalors, 1oy 0 X Lo v e B \"‘.«\\r- Yoy, .\
. : N B AR TN
= i == 29 0 :
,‘\I“M, inf . -w(l, X, .3 M= w(l, AL oL W)= w1, i ))
: (ot - 2 R i

[PS IR & € ¥ T
. A
Considérons les poly116111es }

W(x) = 2 R L 00 o(n) = 2 N L g

Ils pcuvent voincider:-en un certain- uombre de pomts cl, c‘,, .Y, ¢ de Tinter

Valle ftl,\ b]\ Ou q < ‘n' W L o end Yo i vy el
“Tenant cotiipté"dé Pinégalite '~ % ot e
(1IN HR g . R \

P 1A g ,
utv)2s [—v"
( 2")’<( 2 ) B

b ‘\‘ .. : RN ! \ S
valable pour s =1,"2, ... et ‘u # v nous pouvons écrire

o - " sNas ¢ - o \
( ng Mt ’n)' +2 -4+ 1")) < % (2" —i- )\‘,’x"‘,' oo 00+
ey T o0 ! ' o e A

R T T Y L
O . > (x -} )\'x"“—l— ) A
M), TR MM A N T TR SR TN L v ’

valable. pour. i¢haque “intervalle (; 5 GF1)s 1= 0, q, oi1 ¢, = @, iy =D En)mul
en

t1phant’ les-“den\l membresA d(: cctte inégalité par' p(x), ol X e (0.' G
ihtégrant "eten aJoutant "toutes ces megahtes membre a membre, on trouve:

[} ’
w(lv,"":" .., +x,.)< w(l A LR

YT S TR T by 2 : ,

it

1 N
Vool oot + ;w(l, M, Yivy A R '

L2 WL R O S W

Mais nous avons supposé que;; . .

oty

w(l, 2, ..., 20) =w(l, A, ..., ) = inf w(l, Ay, .~ < An)
(Al' PPN )\") e. R” Y- ‘.’ Ly

e N RN

Il résulte que

..;;, R N . : .. ‘A.
EA R SIS P . xo )‘ {1s.0, 0 Leerperit B
w‘.(l,l + —, wig )‘”+l" ) 1nf (1 7\1, vaee D) i

2 2 (Gay -y 2} & "
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ce qui est en contradiction avec la définition de I'infimum. De cette contradic-
tion résulte V'unicité du point (A3, ..., A3) ou la fonction w(l, 2, ..., M)
atteint son infimum. .

Septieme propriété. La fonction w(l, A, ‘.., N) ne peut avoir aucun
minimum relatif, a part le minimum correspondant au point (3, ..., A) o
elle atteint som infimum. "o

Supposons qu'il existe un point (i, ..., A;) différent de (A3, ..., A?)
on la fonction w(l, X, ..., A,) ait un minimum relatif. Cela veut dire qu’il
existe un nombre y > 0, tel que pour tout point (A, ..., A,) de y-voisinage
du point (3], ..., A;) on ait :

w(l, A, .., M) <w(l, A, ..., A)
Considérons les polynémes:
Pro(®) = 2" 4+ Nam=t 4 .+ 20, gu(x) = 2" 4+ Nl L.+ A,
et ¢(%) = Agro(x) + Box(x)

ot A et B sont deux nombres positifs, 4 + B = 1.

Tenant compte de l'inégalité
(Au + Bv)* < Au* + Bv*

valable pour s =1, 2, ... et u %v, A, B étant deux nombres réels positifs
A + B =1, nous pouvrons écrire :

(p(%))* < Alpa(x))* + Blon(x))*

valable pour les valeurs x pour lesquelles ¢,0(x) # @)-(x). Par des raisonne-
ments analogues on obtient que pour 4 < 1,

AN — N <eg t=1m e>yona
w(l,LAN + Ba;, ..., AN + BN) <w(lLA, ..., A)
qui est contraire 4 I'hypothése que la fonction w(l,},, ..., A,) ait un mini-
mum en (A, ..., Ay)-

Huitiéme propriété. La fonction w(l, A,, ..., ) #w'a pas de maximum,
On démontre cette propriété par des raisonnements analogues aux précédents.

Par les propriétés de la fonction

b
w(l, Ay ..., A =5 PR + Mt L+ A dx

on a démontré qu'elle a un minimum unique égal & son infimum atteint au
point A, ..., A} et que ces nombres sont donnés par le systéme (2).

2 — Mathematica 3/1981 R

’
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ASUPRA UNEI TEOREME A LUI JACKSON
(Rezumat)

tn prezenta lucrare se face o demnonstratie a teoremei lui Jackson asupra minimuluj jnt e
Cgraki

b
Bys (has Jav o0 D) = j- PR + Mam 1 4 ) dx
a

Se demonstreazi ci coeficientii 2y, 25, . . ., A, ai polinomului minimizant, al integralei consideny
sint determinati de ecuatiile

b
Sp(zj(x" 40t L+ ) T dr =0 he=0n -1
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To Professor D. V. Ionescu
on his 80¢h birthday
ON SOME NUMERICAIL, METHODS IN THE STUDY OF
RELATIVISTIC PQLYTROPIC MODELS

VASILE URECHUE, NICOLAE LUNGU, TIBERIU OPROIU

1. Introduction. The great spreading known in the last decades by the
mathematical modelling in the theory of. the internal structure of stars is fact
of common knowledge. The extension of this theory to the relativistic case points
out new aspects of the spacetime geometry in the neighbourhood of bodles with
strong gravitational fields.

This paper deals with somnc aspects of the theory of polytropic models by
using numerical investigations. The polytropic models are more and more used
in the study of stellar structure, both in the newtonian approximation of the
gravitation, and in the relativistic case, because Cauchy problems appearing
here can easily be solved numerically. : )

In this manner, numerical values for the critical radii:

Rete = Re[f(1,)Jp, 113 Rerie = Re[f (1) Ip 1,
and critical masses:
My = p'Mo for p, = 1/3 and p, = 1, respectively,

are deduced Also, the behaviour of the space -time metric in the neighbourhood
of such bodies is pomted out.

The relativistic polytropes are used to the study of internal stellar structure
both in the static case, and in the dynamic one 1], [2], [3].

The differential equations are written in the non-dimensional variables
introduced by V. Ureche [2]. The models which we described depend on

the parameters »# and p,.

2. Basie Equations. fn order to study the structure and stability of the
relativistic polytropes we use the non- dnnensmnal variables introduced by
the transformation [2]:

r=uan p= ch»‘: P = p‘czp, 1‘_{(7’) = M"‘m,. (1)
where the notations are the usual ones. If: 4
= /(4nGp,), M* = 4 &%, )

then cquilibrium equations become :
dmfdn = v,
dpldn = — (b + p)(m + w*p)/[n*(1 — 2m/x)]. (3)
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The polytropic equation P = Kp'*!/", with the change to Emdep’ .
p = ECB", and the notation p, = Kpl/"/c?, becomes : S Variap, 1

p = port.
Then the hydrostatic equilibrum equation can be written in the forpy . 4
(@0/dnp,(n + D)L — 2m/n)[(1 + $.0) + wm + gt0r+15 i
With these transformations, the system (3) becomes :
7*(d8/dn)(1 — 2m/?fz)/(l‘ + 2:8) + mip(n + 1) + (dmfdn)nbi(n + 1)<, §

dm[dn = 7?0,

The system (6) replaces the system (2.25) — (2.26) from [1]. Its integratio ca
be performed with the boundary conditions: 6(0) = 1, m (0) = 0.

3. Critical Radii. By using the transformation % = C,&;, m = C,v, whe

Ci=+lp(n + 1), Co = /p3(n + 1)°, a reclation between the systems (6) a
(2.25) — (2.26) can be established. So, it results =, = \/p,(# + 1) &,. Ths
method allows to simplify. both the calculations and the expressions of pan
meters. For instance:

| @ = ¢[(4nGe,) = e + 1)92p3%0(E,)[(4n G2 [3), 0
Form the expression of 42, [1], we obtain :
A = 1/(n + 1) p,. ]
As n, = Rfa and &, ="n;/~/(n+—l)pc, we can write :
| a = (2GM [¢?)] [20(E;)(n + 1)%2p22], 4

which leads to:

R = R,&,[[20(&)(» + 1)p.], ,
M* = M(Ry/RPE[8%(Ex)(n + 19291, L

We introduce the notation f(£,) = £,/[2v(E,)(» + 1)p.]. From Ph{)‘s’ﬁ
considerations we -have two possibilities [2]: p, « [0,1/3] and 2 e ' e
In the first case f(&;) reaches a minimum value for p, = 1/3, while '11; '
second case — for p, = 1. So, we find the critical values of - the radit
equal to:

Rerit =‘ R, [f(&) ]p¢=113 or Reie= R, [f(glj)]ﬁlf'l' (11)

With the new variables, f (§,) becomes : 9
(
f(ns) = 71:/2’":. mg = m(ns)

and the critical radii can be computed with the formulae :

. 19
Reit = Rg[ f(n,) ]ﬁcaxls: Rent = Re[f(n,)1o,=1- (
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The configuration is stable for R > R,y and unstable in the opposite case. The
central density to mean den51ty ratio can be computed by using the formula:

pefo= m/3m (14)

4. Critical Masses. If we denote « = f(v,) = n,/2m, m, = m(n,) then
the crltlcal masses, e\pressed in solar masses, result from [4]: .

M< Mc..t = 13. 58«“312(1017/‘”2)Mo -t (15)

Asp = p,/B, B = n3/3m,, and the values of Bcan be known by integrating
the system (6), then, by considering p, = 1018 kg/m3, we can calculate p and then
M . The values of 8 depend on # and p,.

5. Characteristies of the Space-Time Metric in the Neighbourhood of Rela-
tivistic Polytropic Models. The hydrostatic equilibrium equations for the relati-
vistic case werce deduced in the case of spherical symmetry. Tolman’s metric has
the form:

ds? = e*c2dl? — rdrt — r2(d6® 4 sin?6 d9?),

where v and X are functions of ». In the case of central symmetry, the metric ds
is the same for all the points for which 7 = const.

As the hydrostatic equilibrium equation, the functions A (»), v(r) and €,
¢¥, respectively, can be obtained from Emstem s equations. Wlth the non-di-
mensional variables, they have the form:

(1— 2mfn, for 7 < =,
= 16
) { 1 — 2m,[n, for n 2 x,, (16)
& =ecr=1 -—2m,/-q,~' for n 2 ¥, (17) .
(b + #) (dv/d)/2 + dpldy = 0, for n <, (18)

with the boundary condition ;

lim v(np) =v(n) = v (19)

nn
where (17) gives the value v, = v(3,).
Making ¢ = 6%, p = p 071 in (18), we obtain:

(6" + p,6" %) (dv/dn)[2 + d(p.0"+) [dn =0,
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or, after elementary calculations :;
dvjdn + [2p.(n + 1) (1 + £.0)]d0/dn = 0,9 <,
lim y(n) = v () = v

n/mg

The function v = v(n) can be easily computed with the formula (
N =7, OLDbY integrating the equation (20) for m < 7,. As equation (20) CE)?) fon
the functions 6 and d0/dx, we determine them from the system (6). After atllltallls
have the system of differential equations: »

UL — 2mf)](L + £.0)] d8/dn + miplr + 1)+ [n/ln + 1)] 0 dmdn =
dmldn = 79", (2
dvjin + [2pn + DI(1+ 4.0)1d0) dyg =0,
with the voundary conditions :
00) =1, m (0) = 0, v, = v(n) = In (1 — 2m,[n,) @

. 6. Applications. The system (21), with the boundary conditions (22), v
integrated by Runge-Kutta method (Gill’s variant), by using a computer FELIX
C-256 and a program written in FGRTRAN 1IV. The functions 0 and mae
determined and listed for different values n and p, (Table 1).

Table )
n=2 p.=1 n=25 p =13
n 0 m 7 ] m
I
0.0000 1.00000 0.00000 0.0000 1.00000 0.00000
0.1780 0.98607 0.00185 0.2180 0.98206 0.00336
0.3780 0.93948 0.01671 0.3180 0.96222 0.01012
0.6980 0.81466 0.08882 0.4980 090095 0.035%0
1.2580 0.54878 0.32894 1.0180 0.67949 0.202%
2.7580 0.15765 0.83255 2.1580 0.25534 05919
3.5580 0.09015 0.94590 3.1580 0.11125 0'6184?
5.1180 0.31776 1.03669 4.4580 0.03301 ot
7.1780 0.00096 1.05463 5.5380 0.00028 062"
7.2780 0.00001 1.05463 5' 0.642%
. 5510 0.00001
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The critical radii are determined by f (»,), f (n,) e [1.6, 35. 5] for n =1
p.=1and n =3, p, = 1, respectively, while the critical masses are deter.
mined by M, =[28,74]forn=1,p, =1/3 and n =2, p, = 1, respectively-

The behaviour of the quantity e~ as function of v is represented in Figure 1.
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ASUPRA UNOR METODE NUMERICE IN STUDIUL MODELELOR POLITROPICE
RELATIVISTE

Rezumat)

In lucrarea de fata se abordeazi unele aspecte ale teoriei modelelor prin investigafii numerice.
Sint deduse razele eritice Rerit = Ry[ f(ﬂs)]p 13, - masele critice i se studiazi comportarea

metricei spatiu-timp in vecinitatea \inor corpuri po]itropice relativiste.
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REZOLVAREA ECUATIILOR OPERATORIALE NELINIARE N sp "
1

FRECHET PRINTR-O METODA ANALOGA CU A PARABOLE]
TANGENTE | R

SEVER GROZE

Fie ecuatia operatoriald
P(x) =0 0

unde P:X — X aplici continuu spafiul Fréchet X in el insusi, 0 fiind ¢
mentul nul al spatiului. '
Pentru rezolvarea ecuatiei (1) utilizidm algoritmul

Xnpt = Xy — A,,P(x,,) - Aan An—lp(x"—l)xnp(x): m

e Fi—1r Fn—2
n=20,1,...
unde A, = [P, . )73 A, = [Py, s,_p] % Py, o 1eprezentind diferente divizate
generalizate [1] a operatorului P, metodd cunoscuti sub denumirea de ,au
loga parabolelor tangente” [2].
Ecuatia (1) presupunem ci este majorati [3] de citre ecuafia reald
Q) =0 A

. r . .
unde Q: I —R este o functie monotoni definitd in I C R si care ia valori d
semne contrarii la capetele lui. Acestei ecuatii ii asociem algoritmul

Znt1 = 2y —

Q(z,) (1 + Q"""n—l -2 Q(Z,.-l) ) . m

fnin—t Ty g " Q’n—l"n—'l

"Privitor lg existenta si unicitatea ecuatiei (1) demonstrdm

TeOREMA 1. Dacié pentru aproximatiile inifiale x, %-1, %-v
Zo 2oy, Z-, Simb salisfdcute comditiile :

(i) Existé operatorul A = — [Py ]2 astfel ca

pespedf

pxix(A) € = =2 < B Vi, 2@ <SS
2,0, 2

definitd de
Cexlr—x) <2 — 2o C 1, iar ox(X, — %g) & 7o — % .

s=—1, -2
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(i) ox(P(x)) <Q(z) i=0, —1, —2
(ii) e, x(Pny L ) S Q.(;)) A2, 43

2 eSS, Mel =13 ;

(iv) P, x (P, 0 40) < Q0,0
MeS, Ml i=14

atunci ecuafia (1) are o solufie x*, solutic care este limita sirului obfinut c a]u-
tortl lus ( 1) avind loc evaluarca

px(x* — x,) € 2* — 2,

z* fiind solufia unicd a ecuatici (2), imita sirului (2,) generat de (27).

Demonstrafie. Se arati pentru inceput e¢i sirul (z,) gencrat de algoritmul
(2) converge citre z*, solutia ecuatiei (2).

Din presupunerea ci z_, < z2_; € 2, §i $inind seama.de algoritmul (2°),
in baza conditiilor teoremei, deducem z, » 2z, Utilizind inductia, se deduce ca
sirul (z,) estc monoton crescitor. El va avea o hmlta daci este mairginit supe-
rior.

Considerim functia auxiliari

F(z) = z — 2Q(2) — pQ*z) RG]

unde 2 si p urmeazi si fie determinati in mod convenabil, se observd cd daca
z* este o solutle a ecuatiei majorante (2), vom avea F(z*) = 0.

=0siF. . _,i_,=0, se objine

3
!

Punind conditiile F

Zpr 3 —

p=— Q‘n—l"w‘n—-z (4)
Q‘m L Q‘n- 2" Q’n—l"n-—z
A = | + Qz,,, 1 z"__z(Q(zn) + Q(zln—l)) )
Q’n In—-1 Q‘n' -1 Q‘n'.‘n—Z ‘ Q‘»—l"n-—Z

in conditiile teoremei Fopty gty 2 tg_g 2 0.
Intr-adevir acest lucru se observi analizind semnul expresiei

Qx s, S0, 2,
ne 5 — 10 St —2: "n—3
— +

Flm L =2 ty—3 0
Snr Sm—1 0

an *n—1%n
% FUSTE Sy
-+ (Q:m £y 2,343 Qz,,_l. 2y _b +

g’m gy * Q«'m g ° Ql‘n—l"n—Z

+' le -3 ) an—li Sn—2/ 311—3). (5)
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Tiinind seama de expresiile lui X §i p, se aratd usor ci

F(Z”) = Zpy+1-

Considerind atunci relafia
F(Z) = F(Z”) + Fx,', ‘n—l(z e Zn) + Fz”, ,”_1,,"_2(3 — z")(z — z"—l) +

+ F‘m'n—l"n—2' ,(Z - z") (2’ — Z,,_I)(Z - zn—2);

finind seama de (5) si de faptul ci F(z*) = z*, vom avea
2% = zpp1 + Fapny 1y _go(8* — Zn) (2% — 2a_1) (2% — 2,_,).

Deoarece avem Fy . . .. > 0, se deduce

' 2% — 2y 41 Z 0
deci sirul (z,) dat de (2') este mirginit de citre z*.

 Aritim ci limita lui este chiar z*. Pentru aceasta, trecind la limitiis
(2'), vom avea z = lim z, §i deci Q(z) = 0. Deoarecc ecuatia (2) are ca ridian

7n—-00

pe 2%, rezulti z = z¥*.

.. Algoritmul (2') este deci convergent si are ca limitd pe z*, solujia ccuae
(2).

Demonstrim in continuare ci elementul x,, calculat cu ajutorul algorit
mului (1°) aparfine sferei S.
Avem
Xy = %9 — AgP(%y) — AgPy, ooy, s—2A -1 P(x) 2A P(x,)

iar in baza ipotezelor

pA’(xl J— xo) S Q(:,,) Q:O"—lr i_9 * Q(Z—I)Q(zo) —

Qlo.l_l Q:o, _y Q'—l' g Qto. 3_9

06 (1 4 Qoroney Q(z)_,) ez

<z — 2

=

Q'O"—l Q=_|,:_2 .QZO"*I

ceea ce dovedeste afirmatia.
Consideram in continuare formula

P(xl) = P("o) + P’o-x—l(xl - xo) + P‘O' 1 ,_2(2:1 —_ xo)(x1 - x'l) +

P ()
+ g % (x1 —_

-1 *_9, Xy xo)(xl - ,‘C..l)(xl - x-—z)'



REZOLVAREA ECUATIILOR OPERATORIALE NELINIARE 27

Deoarece avem prin ipotezd py(x; — %) € 2z, — z;, 1 = —2, —1, rezulti
ex(¥ — %)) < Px(xx — %o) + px(%9 — %-y) < 2, — 2_
pxlxy — x-y) < Px(xl — %) + Px(xo — %) <
si atunci din (7) deducem
ox(P(x1)) < Q(zo) + Qsgue_y(21 — 20) + Qe s_ys_y(21 — 2o)(2y — 2_)) +
+Q, 1,2 ,‘(zl — zo)(2y — 2_3) (2, — 2-,) = Q(z))
fapt ce dovedeste cd este indeplinitd si condifia 2° din teoremai.

Conditiile 1°, 3° si 4° rezultd din faptul ci %, S
Folosind inductia, se deduce

px(P(%4)) < Qlzn) 8)

Z, — 2,

v, & S, iar
Px(%n — %o) < 2s — 2o < 2" — 2,
Tinind scama ci
ex(Fnsp — X)) < pxlnip — Fnap—t) + oo + px(Fns1 — %) < Zusp— 24 (9)

n baza presupunerilor ficute asupra sirului (z,), deducem ci (x,) este un sir
undamental i admite o limitd x*, care verificd relatia

px(z* — x,) € 2* — 2,

»btinutd prin operagia de trecere la limitd in (9).

Rimine si aritdm cd x* este o solutic a ecuatiei operatoriale considerate.
>entru aceasta, din (8), in baza continuitdgii lui P(x) si Q(z), se deduce

px(P(x¥)) < Q(¥) =0

i deci P(x*) = 0.

in cadrul teoreinei urmitoare cvitim conditia de mirginire a operatorului
avers A, presupunind doar existenga lui.

TEOREMA 2. Pentru clementele inijiale %, x_;, %¥_, respectiv z,, z_,,
-2, avind verificate conditiile

1° Existd A = — [Py, 0]t V2, xm eS deflmta de relatia
px(x — %) < 2" —2,C 1, iar
oxl® — %0) < 2o~z i=—1, =2

° ex(AP(x;)) < BQ(z), i =0, —1, —2, unde
' 1

B> —
Q. 2
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3° < oy x (AP L2 @) < B ) o)
M eS el i=12 3

4° o, x(AP 0, 5@, 0) S BQ,u) L) ) .0
S MNMel,i=1,2 3, 4

rezulti afirmatia teoremei 1
Demonstratie. Considerim ecuajia operatoriald

Bx) = AP(x) =9

echivalent cu (1), iar ca majoranti echivalenta ecuatiei Q(z) = 0,

Q) = BQ() =
Se verifici usor relattile
1° A=—[By ol =—[AP 4 o)t = -1
ox,xA) =1= B,
2° ex(P(1) = ox(AP(x))) < BQ(z) = (()
i1=0, —1, -2
3 e x(P s o) = Py, x(AP, 0 o ) < BQun @), 50

=Qan, ) o
Wes, el i=1, 2 3

40
P, X P20 1, 0,00) < oy (AP o) 0, ) €

< _ -
= BQI(I), 1(2), ;(3), g“) - Q:(l), ;(2)‘ ;(3), 3(4)
x0) éS, el i=1 2 3 4

i atunci, . .
§ in baza teoremei 1, rezulta existenta solutiei ecuatiel P(%)

si pentru P(x) = 0.

=05

ed
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'SOLVING OPERATORIAL NONLINEAR EQUATIONS DEFINED IN FRECHET SPACES
BY USING AN ANALOGOUS TO THE TANGENTIAL PARABOLAE METHOD

(Summary) Ce i
vy . .
The majorant principle [3] is applied for the proving of the convergence of an ltemtwe method
for the solving of the operator equatwn P(x) = 0. In this paper an nnalogncal method with the
method of tangent parabolas [2] is considered in Fréchet spaces.
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THEOREMES DE POINT FIX EN ESPACES "PROBABI gy
DE PROXIMITE ES

CONSTANTIN DUMITRESCU

Dans les espaces de proximité classiques, on mne saurait ingroqy;
notion de point fix, puisque, par les .caracténsthues mémes de l_esre|
il manque la possibilité d’avoir plusieurs degrés de proximité e"trgat
points (si deux points sont ,,éloignés”, on ne peut pas avoir une mesure ¢
degré d’éloignement et s’ils sont ,,proches”, ils coincident). II en est autremg
pour les espaces probabilistes de proximité, ou I'application P (voir la dg
tion 1.1) décrit le degré de proximité entre deux ensembles, de méme ¢y
entre deux points. Dans un tel espace, si deux points p et g, sont siremy
»proches” (c’est-a-dire P(p, g) = 1), ils coincident, mais si le degré de pus
mité est plus petit que 1, les points sont différents.

Alors, étant donné une séquence de points (p,)sen, On peut demank
qu'ils soient de plus en plus proches (3 mesure que » croit).

Cette observation permet d’introduire la notion de contraction dansk

espaces probabilistes de proximité, aussi bien que d’énoncer un theéorémed
point fix correspondante.

1. Espaces probabilistes de proximité. Pour V'cspace probabiliste de pn
ximité (e.p.p.), nous considérons la définition donnde en [1]. ‘
1.1. DErINITION. La paire (X, P) este un e.p.p. si X este un enseub
quelconque et P est une application de &£(X) X €(X) a valeurs en 0,1
qui satisfait :
(A, B) = P(B, A) pour chaque 4, B « 2(X), .
(P2) P(p, q) =1 exactement quand p = ¢, pour tout p, ¢ € A,
(Ps) P(4, BU C) = max(P(4, B), P(4, C)), )
(24 Si P(4, B) < 1, il existe C « &(X) de fagon que P(d, () <t
P(B, C) < ) ou C représente la complémentaire de C,
(p.) P(A, @) =0, pour tout 4 < 2(X).
On peut démontrer que I’axiome (ps) est équivalente & 'axiome:
(ps) Si P(4, BUC) > , alors P(4, B » », P(d, C) > r ¢t récip™

ment.

1.2, DizriNtrion Dans Ve.p.p. (X, P), une séquence (py)ne¥ coril;tf%’e
€ X (nous écrivons p — p) si pour n’importe quel u de (0,1), il ex
N de f.aqon que si m > u, on a P(p,, p) > .

A lieu la propriété suivante :

D
. 1.3. ProPoSITION Si p, — p, alors P converge & P(P: )
proposition 1.3. on déduit que' st ;‘tl;):, —et q, (—?i"é aqu)rs 3

lim P(p,, gu) = P(p, 9).

?
e
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. 1.4. DEriNrrion. Dans lep.p. (X, P), la séquence (p,),en est Cauchy,
st pour nimporte quel y de (0,1) il existe n, de fagon que P(p,, p,) > p, si
n, m = n,. '

L’espace (X, P) est complet si toute séquence Cauchy este convergente,

2. Contractions dans les espaces probabilistes de proximité. Nous donnons
d’abord la notion de contraction.

2.1. DerixrrioN. Une application T': (X, P) — (X, P), est une ¢-contrac-
tion si

P(Tp, T).2 o(P(p, 9) » )

ott ¢:[0, 17— [0, 1] est inférieurement semicontinue et o(t) >.£, pour n'im-
porte quel ¢ # 1, (Nous avons noté T(p) = T,).

Pour un point p, arbitraire de X, soit (p,)ien la séquence des itérées
de p,, défini par: ' .

Pi=Tp, ... Par1 =T, ... (2)

Le théoréme suivant en a lieu:

2.2. THiOREME. Si (X, P) est complet et T est une @-contraction, alors il
exisle un point fix unique s et, pour n'importe quel py de X, la séquence définie
a (2) converge a s.

Démonstration. Soit p, un point arbitraire de'X_. Si on note
@y = Pps pa-i) = P(T}, T3),
puisque T este une ¢-contraction, on a
a, = P(T}, T37') 2 o(P(T3", T3, > P(T37, T3) = aaes

donc la séquence (a,),ey est croissante. Soit ¢ = lim a,. Montrons que a = 1.
Si a < 1, dans la relation @, > ¢(as—;) en passant i la limite inférieure on
déduit
a = lim iof @(t) > @(a) > a.
t/a

ce qui constitue une contradiction.

La séquence (p,)nen est Cauchy, parce que si, par absurde, il yap dans
(0, 1) de fagon que pour n'importe quel nombre £ e N il existe m,, 7, > k ainsi
que

bk'=P(1)’"h' ank) <p (3)

en notant par m, le plus petit nombre qui est plus grand que 7, et pour lequel
a lieu la relation (3), on obtenait '

PPmyts Pay) > B (4)
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De (3) on déduit qu'il existe un ensemble C dans X, ainsi que
P(pm, C) < u et P(pn, 0) < u '
et de (4) il résulte que pm, -1 C. En effet, si pm,—1 = C, nous avon
P(pn; C) = Plpmy tm-1 U {C — pm—1}) =
;.= max {p(pn, Pm-1)s P(Pnp C — pmp-1)} > .

Il en résulte une contradiction. Mais alors, aw, = P(pm,, Pm,—1) <p, ce iy
aussi une contradiction (lim 4, = 1). Donc la séquence (p,)nen est une Séquey
Cauchy. Alors il existe un point s ainsi que
lim Tp=s.
»

c’est-a-dire, pour n’importe quel € de (0, 1) il existe », de fagon quesiny,
nous ayons

P(T3, s)> «. f

Démontronsque T, = s - S’ il n’en était pas ainsi, nous aurions P(T,, s) <<l
donc il existe D (C X .avec

P(T,, D) <u et P(s, D) < u.

En prenant en (5) ¢ = #, nous avons P(T}, s) > u, pour n > n, Il résulte®
T;, e D, donc P(Tp, T,)< u. Alors

u> P(T;, T)>e(P(T3 ", 5) > P(T3 ),

. . . . 4 '
pour n’importe quel # > %,, ce qui est une contradiction. Démontrons 1
cité du point s. S'il existait encore un point ¢, avec T, = ¢, alors

P(s, t) = P(T,, T,) > o(P(s, t)) < P(s, ¥),
. donc le point fix s este unique.

. - ite &

2.3. Observation. Soit la séquence A = (p,)sey. Dire que s2 fime
P, veut dire p = A® pour n'importe quel ¢ (0,” l),' ou At = {x/P(» z/;) 3
et alors il résulte que p < A!, parce que si A < p il résulte ArC 4

o}
, . 15
, . Nous appelerons un ensemble A fermé si A' = A. On obtient 4°
résultat suivant: o '

' .Poﬁ
2.4. COROLLAIRE. Si A est une partie fermée de l'e.p.p. (X, P), s

complet, alors tous g-contraction T:A — A, a un point fix.
.. La réciproque est également vraie, c’est-a-dire: : ,‘ssa""“
2.5. ProrosIT i n's : - ée €105
4. SITION. Si n’imporie - suppos A
defimic sy oy CoaTIC wporte quel eq-contraction (@ SUPP ot (X

est compler, ensemble fermé 'de (X, P), a un point [i%



THEOREMES DE POINT FIX EN ESPACES PROBABILISTES

33

. Démonstration. Supposons “par 'absurde” qu’il existe une séquence (Pa)nans
qui est Cauchy et ne contient pas de sous-séquences convergeantes. Alo;s, en
notant u(p) = sup P(p, p,), pour un p arbitraire de X, il résulte u(p) < 1 et

toute sous-séquence (p, )rey est un ensemble fermé. Soit alors les nombres

ke définis par récurrence: ky =0 et pour # > 1, %, est V'entier qui dépasse
ky—1 et pour lequel

P(pi, pi) > o(u(ps, ), pour i, j > &,

En définissant T: {p,} — ps }, par T(ps) = ps,,,, nous avons (en supposant
ky > k)

P(Ty, , Ty, ) = Plbryr Prayd) > 9(4(23,)) > 9(P(p, 14,))

(la derniére inégalité est due a la supposition que ¢ est croissante), donc
T est une contraction définie sur un ensemble fermé et n’a pas de point fix.

(Manuscril regu le 10 février 1979)
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1.
)

TEOREML DI PUNCT ¥1X IN SPATII PROBABILISTE DE PROXIMITATE

(Rezumat)

Se introduce nofiunea de g-contractie pentru spafii probabiliste de proximitate §i se dii o
teoremid corespunziitoare de punct fix.
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0 CLASA DE ECUATII DIOFANTIENE
KIS ERNO

fn cele ce urmeazd ne vom ocupd de diferite cazuri ale clasei ge -

diofantiene a Jui A. Hurwitz,
yt = x* — dax(x — 1)

13
4

care admite solugiile triviale (0, 0), (l, 1) si (1, -.—1). ) )
Pentru diferite valori de « sintem condusi la citeva ecuatii cunoseue

De exemplu pentru a= 11—2, a=— ]E' = — _‘17 gasim respectiv
| 3yt = x(«? + x + 1) ()
2yt = x(x* 4 1) 0
= x(x? — x + 1) o

care ecuafii au fost tratate respectiv de B. Segre, B. Levi si A. Hurwitz, §
s-a aritat cu diferite metode ca, afari de solugiile triviale de mai sus, nid
una din ele nu au solujii rajionale.

1. Forme discordante. Vom numi dupd L. Euler formele

at + mb?
ad 4 nb?
(m si n intregi diferifi de zero) discordante daci pentru nici o pereche de valon
intregi, diferite de zero, ale Jui « §i b nu pot fi ambele forme patrate perfecte.

In caz contrar vom spune ca formele sint concordante.
L. Euler demonstreazi ci urmitoarele perechi de forme sint discordantt:

U

{ a® + b? a® + b a? 4 b . q? — b? (5)
a® 4 3bt at — b2 { a? 4- 242 at + 3
si aratd ci perechea
[ at + bt
a’ + 7b2

sint forme concordante,

(n + (1: i Il::egen demonstreazi ¢4 formele (4) sint concordante, dacd (™ +
I\% o sau dacd m 4+ 4 = Qp2 fe

- Collins arati c3 '- i o

Tata cd pentru m = | sl < n < 20 formele (4) sint Conciord o

pentru # =7, 11, 17 i . ¢
cordante pentru n = lj{}peitm m=—1si —13 <n< —1 formele st

C. H. Brooks si S. Watson day

. m="
1 <n <100 pentru care formele (4) e lorl numere naturle pent

sint concordante.
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2. Legdtura dintre ecuaia lui A. Hurwitz 51 formele discordante. Vom arita
ca ecuafla
=t — dax(x — 1P, (6)
X 1 1 L e e ..
in cazula = — T nu are solufii rafionale, cici gisirea acestor solutii con-

duce la rezolvarea unor ecuafii de gradul II, care au discriminantul egal cu
produsul a doud forme discordante relativ prime, si astfel discriminantul nu
poate fi patrat perfect.

Intersectdm curba (6) cu dreapta
y= %‘:&; «, B intregi (a, B) =1

care, trecind printr-un punct ordinar ragional al curbei, ne va da toate pere-
chile de solutii rationale a ecuatiei diofantiene (6).

Avem
L=z —da(x — 18
B o
adica
4ax2.+(;—: —8a — l)x + 4a=0
care ecuagie va avea soluii rafionale dacd
la—’ — 8a — 1)2— 64q2
g :
adica .
(a2 — 8BaB? — BY)* — Gda*Bt = (o — B¥)(od — 16aB* — B
este patrat perfect.
a) In cazul a= —% (A. Hurwitz) trebuie si avem
(a8 + BU — 4p* = (o8 + 3p)(a? — B = 2
Se observi ci putem avea numai cazul

of 4 3pF = mt

ot — [E=nt
ceea ce este imposibil cici formele sint discordante (I. Euler).
b) In cazul ¢ = — % (B. Levi) trebuie si avem

wt — B =&t
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oy s ile
este imposibil cact avem cazur
ceea ce 2 o
a2 + ﬁz = m
o — P = n? sau a? — B2 = 22

.o i intem condusi 1 .
=1siin cazul al doilea sinte 1 la formeje dlSCOrda,g
me + ne = o2

mt — nt = Pt

§i fund (m: ’"—)

cu (a: B) = l'
« a=— 1 din ecuatia generald al lui Hurwit, obii
¢) Dacid punem G ‘ w
ecuajia
' 492 = x(a® + 2x + 1) (
Formele corespunzitoare devin
al —_— ﬂl
i

care sint evident concordante §i gasim pentru ecuafia (7) o infinitate desg
lugii :
' x=4m?; y = m(dm? 4 1)

< | R .
d) Daci punem a =  gasim ecuafia

492 = —x(a® — 6x + 1) ¢
i avem formele relativ prime
a! —_ 62
at — 232

despre care M. Collins a aritat ci sint discordante si astfel ecuatia (8) a¢f
lutii rationale numai solutiile triviale.

x | .
e) Dacd punem g4 = 3 8asim ecuatia

2 = —x(x? — 4z + 1)
iar formele vor fi

a? — @2 .
[ a? — 333 (d, B) = 1, (d, 31) = 1.
Putem avey cazurile

‘az__'sgzkl . of — @t = 2%
o —3p2—pn. H ot — 3pr = 202



O CLASA DE ECUATII DIOFANTIENE 37

i’rimele sint discordante (M. Collins), iar ultimele ne conduc la sistemul
‘ { B2 — ]2 = pe
3k2 —_ ll — aﬁ
inde. ultima ecuatie este imposibild, deci §i ecuatia (9) are numai solutii ra-
ionale triviale.

3. Daci inversim problema si plecam de la forme discordante si stu-
liem posibilitatea factorilor comuni putem ajunge la ccuatii diofantiene care

1 au solutii rationale.
Formele

[ o? 4 P2
a2 4 2p2
sint discordante si dacd («, B) =1 nu.avem factori comuni. Fie discriminantul

A= (o + B+ 26) = [+ 2 o) - (2

lar ccuatia dorespunzitoare va fi

2 _of 4 3 1_

¥ 2(3’—{—2125-{-4—0
adic3

2u Wt l

e x =X 3x-|—4

Punem in partea stingd
y=='%
B

si obtinem ecuatia

2y = x( —3x + ) adici 8yt = x(da? — 12z + 1)
y=

si punind x =§ % gisim ecuatla

¥yt = z(x® — 62 + 1)
care nu are solufii rafionale, afari de cele triviale.
De la formele discordante
«* + B2
{ ot + 3p2
obtinem ecuatia
2y = (2t — 4x 4 1).
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De la formelé discordante
| o + B
of 4 4B
obtinem ecuafia y* = x(x* — 10x 4 9) cu solugiile rationale (0, 0): (1, o) 5
De la formele discordante 0
«? + 3p?
ot — 3p2

gisim ecuatia y* = 6x(x* + 1). .
fn general, plecind de la formele d;\scordante
{w+mm
a’ + ”,Bl

P %, .
si examinind cazul -divizorilor comum punind

A= (4 @) (et + ngt) = (o + 20 — (200

-

13

ajungem la ccuatia !

s I L

si punind y = -;ix, obtinem ecuatia de gr. III

m — n)2
2" =x (x - ———o—) — 2nat

~

care in cazul

(2? 4 mB?, o 4 #p?) = 1 nu are solufii ragionale. -
Daci plec5131 Qin_f(?rlne concordante atunci ajungem la ecuatii diofantlef
;:a{e au un numdr infinit de solutii rafionale, care se pot gisi cu ajutorul ¥
orilor « si vaentru care formele au dat patrate perfecte.
Stim c& pentru m =7, # = 1 formele gisite, adici
a? 4 7p2
@ + g

si ne dau patrate, de exemplu pentru « = 3, =
obfinem ecuajia

2yt = x(x? — 8x + 9)

sint concordante (Euler)
Cu metoda de maj sus

Intersectam cu dreapta

y‘ax
4
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si observind cd dacd (x,, y,) e solutie atunci e solufie §i (x,, —y,), prin ecua-

];1a

gisim solutiile :

x = 8; »n==6 % = 8; ¥, = —6
9 27 9 27
378 Vs = 32 ‘T 8 N= "%

Intersectind curba cu drepte care trec prm doui puncte ratlonale gasim incd un
punct rational.

Exemplu: ludm dreapta
27

-~ _6
32 219

y—6= (x — 8) adlcay—6——(x-8)

— -8
8
obfinem ecuatia

24 200x® — 241-56122 4 407 016x — 186624 =0

si gasim solutia .

v = 2592 . __ 184788
’ 3025 ' " 166375

Observatic. Afari de aceste solutii, mai pot exista i solu}ii care provin
din ' '

A= (e + 7{3’(:1’ + B3 = &t

unde formele nu sint relativ prime.
Fie
a=18=1 avem A =16 = 42
Intersectind curba cu dreapta o
) y—6=x2—8

gasim ecuatia

22— 1022 4+ 17x — 8 =0
care ne di rddicina dubld -

X, =1, =1 .

Intersectind acum cu dreapta

y—-1=x—l
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glisim solutia
Xo = 9, yz = 9.
Daci plecim de Ja o solutie de exemplu :
2 592 184788
¥ =305’ ° 166375
adicd
142 560 184788
¥ = egars’ © 166375

putem gisi valori de « si B pentru care cele doud forme sint patrate perfec,
n cazul considerat dreapta este
4788 —_ 1711
y= 178 o adicd y=—
’ 142 560 1320

si pentru « si B astfel gisit cele doud forme sint patrate perfecte
Intr-adevir
17112 4+ 7 - 1320* = 3 889
17112 4 1320 = 2 1612
Cele de mai sus tratate se mai pot inversa si in felul cum urmeazd
Precum am amintit, B. Segre demonstreazi ci ecuatia
3yr=x(24 x4+ 1)

n-are solutii numere rationale in afarid de cele triviale: {0, 0), {I, 1, (1, =1
Este evident cd o transformare rationald asupra ecuatiei nu schimbi aceastd
proprietate a ecuatiei.

Fie x inlocuit cu 3x. Este clar ci ecuatia
¥ = x(92% + 3x + 1)

afard de solutiile triviale (0, 0), ( -'1;, l), (% —1) n-are alte solufii rationale

<

Dact intersectdm curba cu dreapta y = % x care trece prin punctul ( 0
b

cu ((Z b) = 1’ a $i b a . . cte
N0 numere intre unctele i ie nu pot fi pu
rationale urmeazi ci ecuatia g P de intersectie P

T F =92+ 3x 4 1

adicd ecuatia

9622 — (a% — 3p2)x +62=0
u poate avea rddécini rationale,
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‘Discriminantnl ne conduce la o ecuatie in numere intregi
(a* — 3b%)2 — 360 = (a? + 3b%)(a* — OB%) = At
care nu poate fi satisficutd, adicd sistemul
a + 3h = ma?
(o lomm

nu poate fi satisficut in numere intregi pentru nici un m intreg, prin urmare
formele :
{ a? + 3b2 ]
a® — 9b?
sint discordante.
Ar mai fi de studiat caracterul de invarian{i a formelor legate de o ecua-
tie datd in cazul unor transformiri rationale, precum si adincirea posibilititii

de a arita discordanta, respectiv concordanta, unor forme, plecind de la e:ua-
tii diotantiene date, la care cunoastem rezolvabilitatea in numere rationale.

I(Intrat In redactic la 22 decembrie 1979)
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UNE CLASSE D'EQUATIONS DIOPHANTIENNES
(Résumé)

L'article analyse plusieurs cas d'équations diophantiennes
y? - x? — dax(x — I
dues 3 A. Hurwitz, et démontre que les formes concordantes d'Euler
a® + mbt

at 4 nb?

sont liées 4 ces équationms. :
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ASUPRA UNOR NOI CLASE DE 'FUNCTII ANALITICE

TEODOR BULBOACX
»

1. Introducere. Fie K, clasa functiilor olomorfe in discul upitate U, m
mate cu condifiile f(0) = £(0) — 1 =0, ce satisfac conditia

n+1
e D f2) >

1 3
-, VzeU #eN,=N 0
D*(3) 2 < € Mo U {0}

unde

Df(2) = - 2= f).

Clasele K, au fost introduse de S. Ruschewevh in [4] In [l]', I
S. Al-Amiri introduce o nou# clasi de functii C (o), « > 0, iar P. N,
Chichra defineste in 2] clasa de functii C.. & > 0. Demonstrind teoremel
referitoare la aceste noi clase de functii folosind metoda dati in [3] se observ
cd in anumite cazuri rezultatele pot fi imbunititite, ceca ce este prezentat i
§ 2 al acestei lucriri.

Tot in [31, autorii au obtinut o teoremi referitoare la derivata lui Schwar
si la stelaritatea unei functii olomorfe si normate uzual in discul unitate. (
legiturdl similara intre functiile din C,(2) si C, si anumite expresii diferentia
este ficuti in § 3.
it Ca si in [3] vom nota cu W[1], clasa functiilor ¢ : C* — C cu propriett
ile :

(A) ¢ este continui pe domeniul D CcCC

(B) {1, 00 eD, Re ¢ {1, 0) >0

(C) Red (iro, 5;) <Ocinds, < — % (1473 unde s,, 7, R si (ir2 5) b

Pentru demonstrarea teoremelor vom folosi urmitoarea teoremd datd in 3!

TroREMA A. Fie ¥ < W11 cu domeniul corespunzitor D. Dacd p(2)

§=- Vb +pat+ .. este o funcie olomorfd in discul wnitate U, p(t) %
1

(l) (/’(Z): Zi)l(z)) eD, ¥z eU
(i) Re $(p(2), 26'(2)) > 0, vz e U
atunci Re p(2) >0, Vz « U
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2. TrormMA 1. Dacd a > 0 si f este o functie olomorfd tn discul. unitate
U, normatd cu conditiile f(0) f (0) — 1 =0, pentru care existd o Junctie g & Koo
n e N, astfel incit

LN P ""u+2z',_
Refit — o B0 4 o BHONS i 2 ) vicw

D* gz D "Hlg() 2 d(n + M
unde .
f : 3
U | D™g(e) :
atunct

.41
Re2_ SO 1 v,eU.
wam 2

t caml in care M = oo, obtmem teorema 1 din [1].

Demonstrafie. Fle p(z) o funct.le astfel incit

v
n+ R h
D, =l(7s(z) +1), zeU
) X _ Dl 2
Folosind identitatea .
2DYf(z)' = (n + 1)D**+'f(z) — nD"f(2)
obfinem ci relatia din enunt este echivalentd cu relatia
D'l
Refpt) + )+ e EURERL
Fie deci
i _ «  D"*e(n) =
Y, ) =r+ 2 Dr i 4n + M

cu, domeniul D = C2. Se verificd ¢d ¢ & ¥ [1] si folosind teorema A din [3]

obtinem rezultatul dorit. .
Deoarece functia identici g(z) = z « K, pentru orice # & N, iar M =1

pentru cazul # = 0 obfinem urmitoarea consecintd:
CONSECINTA 1. Dacd o« > 0 si f este o funcfie olomorfd in discul umtate
U, normaté cu- conditiile f(0) = f(0) — 1 =0 atunci

Re[f'() + oaf"(2)] > 7 (1 - 7) z e U implici Re f'(z) > % zeU

adicd fumctia f este umivalentd.
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TrorEMA 2. Dacd o 2 0 si f este o functie olomorfd in discy] unitay,

7o itiile f10) = £(0) — 1 =0 sid(lf:(’i (1')(:2):,2-}-,,.“(”j .
;;(;r'gzgt% 02 ;ozd 11”(ilas(a)f1mcﬁilor stelate de ordinul B), cu Partine g,

me = sup' A P \

' - sey! O2) A
atunct .
:.f'(z\ r-,-f"(z\'l’ } _ L4

Re{(l —_ d) m"' ® —0,(‘4) > 2w » VzeU
implicd
Re-:-f—{zl>0, VzeU.
®(:) _
tn cazul in care m ='00 si B = 0 objinem teorema 1 din [2].

. Y A n a ; f(2) .
Demonstratie. Alegind functia p(z) astfel incit p(z) = {Eﬁ z = U obtinem

ci relatia din enun{ este echivalentd cu relatia

Re'{ﬁ'(z) + a mp’(z) + Ll } > 0, Yz> U.

®'(2) 2m?

Fie deci dfr, ) =7+ « .:;f(ﬂ\ s+ ;9’ cu domeniul D = C*. "Se 'verifici di

¢ e W17 si folosind teorema A din [3] obtinem rezultatul dorit.

Teorema rdmine adevirati si in cazul in care ®(z) =2z sau O(z) T’

[A] < 1 obfinem astfel urmitoarele criterii de univalenti:
Yo
TEOREMA 3. Dacd a'> 0 si f este o functie olomorfd tn discul unitate U
normatd cu conditisle f(0) = f'(0)'— 1 =0 atunci
Re[f'e) + arf"(e)]>— =, VzeU=Ref(s) >0, Vze Y

adicd functia f este univalentd. .

normatd cu conditiile f(0) = f(0) — 1 =0 si dacd pentru un numdr e

<

unde “A" < C ‘<1
14 <G A
avem relafia

Re(l + 2)[(1 + ada)f'(2) + az(l + a)f"()] > — <21 — I, V7€l

2
alunci

N | Re(l 4+ X)f'(2) >0, Vz e U,
adicd functia f este aproape comvexd (deci univalentd).
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TeoreMA 5. Dacd o« 2 O §i f este o functie olomorfd in discul unitate U,
normatd cu condifiile f(0) f 0 —~1=0 g Junctia g € Kpyg, 1 < N, atunci

n+1 n .
Re l[(l — 2 L, DY
D™+lg(3) D"*2%(q)
« D'l+lg(..) D"+lf(.‘,') ’ D’l+l E Dn+l
— [z( — )—2(‘*11()) DS > , VzeU
n+2 priig D"tlg(z) D () D"Flg(z)
implica -
D"'Hv
ReZ_/0 S 1 v, v
D"tlg(2) 2 o
N .
Demonstrafie. Notind p(z) = Z(D—M L , 2 € U obfinem cid rela-
D"tlgn) 2

pa din enunf este echivalentd cu relafia

Re[f»(z)+—i——"( 2p'(z) — ;zﬂ(z)+1)]>0. VieUl.

n+ 2 pnt2 (2)

Fic deci

by s) = @ D) o e
s = T gy B 7Y
cu domeniul D = C2 Se verifici cd ¢ e« W[1] si folosind teorema 4 din [3]
obtinem ceea ce trebuia de demonstrat.
In cazul cind g(z) = z si #» = 0 obfinem urmitoarea consecinfi: .

CONSECINTA 2. Dacd « > 0 st f este o functie olomorfd in discul unitate
U, normatd cu f(0) = f'(0) — 1 =0, atunct

Re{f'(z) ¥ wzf"(2) + af'(2)[1 —f' (z)]}>';,"sz e U= Ref’(z) >0, VzeU

TrorREMA 6. Dacd o > 0 §i [ este o funcfie olomorfd in discul unitate U,
normatd cu conditiile f(0) = f(0) — 1 =0 i dacd ® e S* (clasa functiilor sle-
late}, alunci .

Sl 4 o LOT o(z) (2 |’ (zf G 1]} >0, VzeU
%) ®(z ) ®'(2) +e 20'(2) z( ®(z) ®(2)

Re{(l

implicd
ReZ® S0 vz el
Q(2)
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I () - relatia din enunt este echjv
Demonstratie. Fie p(z) = o0’ z e U; rela ¥ echiy alenty

cu relaia

Refple) + « g [=#0) + 260+ 1}>0, Yiev

. i =(?, (2) = o O
Fie deci §(7, 5) = r+a(z)(—7*+2s+1) cu domeniul D=C?, unde o(s) = GT'Z)'

Se verifica ci ¢ e ¥[1] si din téotema A4 din [3] obfinem ceea ce trebuia .
monstrat.
fn cazul in care @(z
univalen}a : B
TrorREMA 7. Dacd « > 0 si f este 0 func;lie olomorfd in di‘scul”unitale U,
normatd cu f(0) = f(0) — 1 =0, atunci R'e{f (z) —.a[f (2) P + 2‘12/ (> —c
Vz e U implicd Ref'(z) >0, Vz e U, adica funcfia [ este univalentd.

(Intrat én redactie la 28 februarie 1980)

) = z, teorema 6 ne furnizeaza urmitorul criteriy ¢
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ON CERTAIN NEW CLASSES OF ANALYTIC FUNCTIONS

(Summary)

In this paper we improve some results j i : lytic
functions by using the metll:od given in [";I.ts fa {1] and [?] concerning new classes of ansly
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ON THE EVEN ELEMENTARY CIRCUITS OF A FINITE DIGRAPH

DANUT MARCU |

Let D = (&, J.) be an omentcd fzmte graph (digra])h (1 ]) with . N'= {m,,
g, ..., Np} the set of nodes and & = {a,, a,, ..., a;} the set of arcs. Denoting by
e[D] the set of elementary circuits [1] of D and by C[D] the set of elementary
cycles 1], we attach, arbltrary, to every arc a,, a—l 2, .. ,q, a number

=1 o —1

For an elementary cycle (a), circuit (), patlz (y) or cham (L), we denote by
a(s), Yw), Ay), ML) their set of arcs.

For an arbitrary set 8 < & we denote sgn (8). = [] eu

0,8

, Leaa 1. If o is a circuit with sgn [d(w)] <O, then, it exists an jelemen-
tary circuit &, (@) € Mw)), so that, sgn (A(®)] <0

Proof. Evidently, w contains au elementary circuit w*, If sgn [d(w*)] <
< 0, lemma is proved, else, we consider the circuit w** for which we have
do**) = d(w) — d(w*) and sgn [d(m**)j < 0.

cht.atmg this process (putting o : = w**) we obtam finally an elementary
circuit @ with sgn (el(®)) < 0. (Q. E. D.)

Lemma 2. (F. Harary [2]). Le D=, d) bea dtagraph s0 that
sgn [, (6)] >0 for all 6 « C[D]. If n and m are two distinct nodes of N,
then, for cvery two distinct clementary chains Ll, L, betwcm n and m, we have

sgn [ct(L,) Jesgn [YL,) | > 0.
Let G, Gy, ..., Gy be thc stroug counected compom.nts of D. [4], [5], [6].
Leaya_3. Sgn [dA(co)] > 0 for al o e D], if and only tf, sgn [A(e)] >0
jorallceC[LJ,;—lz , M.

~ Proof. Suppose that exist 7 e {J, 2,...., M} and ¢ € C [(;,] so that,
sgu [cl(oy) | < U, and consider o, as the form o, = [4,, a5, ..., 4, ].

Choosing an arbitrary semse for the- orientation of tlie arcs of g, we
attach to every arc a, , k=12, ..., N, the label m, , so that:

m +, if the arc a, is oriented in the choosen sense,

¢ — .
—, otherwise.

Let a,, be an arbitrary arc of ‘A(a,). Because C;, is a strong connected com-

ponent of D), there exists an elementary path y,,[A7(a, ) A+(at )] (if an arc
a has the form a = (n, m), we denote A*(a) =# and A"(a) = "‘)

Evidently, (e Ua,) e e[}, "and from the hypothesis, we have
sgn(a(yy,)] - &, > 0. (1)
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¢ circuit g, replacmg in o, every arc @, for .
From (1) we obtain iy

sgn [(w'e)] <0

ng in view lemma ], w, contains an elementary cireyjy -

But, havi v . ] o : 3,
(o) € 8(ay), for which sgn (B < 0: contradiction with the hypy !

Hence, sgn [(s)] > 0,forallo e C[C;] and 7 = 1-' 2.' e M. (QE.D)
1'{eciproca11y, because every elementary circuit is ‘contaiued in a sy,
connected compouent, we have Sgn [d(w)] >0, for all = &D;. (Q-E.I?
TueorEM 1. Every elemeniary circuit of a diugraph D = (X, 3y congy,

un cven number of arcs, if and only if, every elementary cycle in every gy
connected component of D contains an evem number of arcs.

We construct th

th v,
m,= by the path Y

Proaf. The proof is evidently putting e, = —1, 2 =1, 2, .. qandh
ving in wiew lemma 3.

Cororrary 1. Lt D = (&, d) be a strumg cumnected digraph. We ha
sgn [dw)] >0 for sl e €D, if and omly if, sgr Stz >, for alic e (D

Proaf. If D is strong connected we have W = I, sod Zavingm WEW lemy
3, the corollary is proved.

TEEOREX 2 In @ strony comnected digrafh every Ziaminidry corimi comitin
an. coen Aumber of arcs, if and omiy if, fUery QLSMUMTLZN Dicie U nidiRS 3% (B
numuoer af arcs.

_ FEroof. The theorem is proved pottizg g, = —f. 2 =1 2 P APt 3 P
ar vew corciizzy L b

Temnnew ® 1T o e e . e e
_ lemoamw S D Kénig [0 Evwrw somomosr oimd o7 kb&ass -
:';:"& f":;‘ uumm-mmm”' of @S, B amd owin L Tims s nE & SwmE e F =t
RNy’ ! Wl . s = P -~ Tt ) - N

2 0N R LG Gt an of & RnRS & mode o7 Ny wok & wikel 0 Tg M4 "
O Xy wkid; @ mpbs qif M. <o .

'n“~ O s fF - .~ ;3 et
:éiﬂ))&ﬂ;ﬁ.u{!.\{' ﬂ‘” 4)) =W, QAN is 4 spoms omaiusad LoLpreih, ¥ Gy Jd
N T TNt ;“"m:”"* QB LW Muyhey o7 L1, o7 4md pmin 1 AR ““:’i'
B[ S ) - ! N, 3 ( ¢ N
O gtz gom Py 0 U g - v r bt
Wik u owdr i 8, -,f(;’ ‘?f;‘: o A, 80 that wiwrw wrc 7 R £k 4 nodt
Fownf Les o mode of My witk a4 wode of My ,
I 0[;_‘5-‘§-b\‘lbl\ . ~ ) 3]".3
T e myed e 2 be Tor al = D ST T haT 18C ‘
T3 2o amie In wis o Na=1,2 .., 0 Scppose el e g,

& g N g - N c . ’=JJ'\|
S0 thes o ase there eXists another pattidon £ 5 U7

. ~ s QY A} : 208
0 f with 2 node of ;1} ;\3 ;lr,]“ﬂ\‘S anode of & with & node o1 g or ® !
MWy 3 @, Let i b: BN A = @, evidentiy P IS mrigue e
’ILL‘ = x,) d "‘{A) an al"h‘ltrar}v li(ykil‘ (\1‘ 57'1 SO that ,z(l) ; grq _(ln thb
Rs and Gm{ﬁ&l 1 y Ny
tleted 10 th R ;
- e - +z hecat
D i Strong conne. tpaml,i()n P 0\-er elk‘\“(‘htﬂ[\' chain L, (1},(_1-& exasts b;ij‘
a16s, and relateq tc ¢d) between ny! and my® contains an €veR num ]
and p0? Containso the partition P, every clementary chain Ls petwee? ;
=S a0 0dd numbe ' TUAIR
ber of ares, Hence, we have sgn [Alhs
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[A(L,)] < O0; contradiction with lemma 2, and.the theorem is proved having
in view thorem 3.

TuroreM 5. If D = (&, d) is a sirong connected diagraph, then, every ele-
mentary circuil qf D contains an even number of arcs, if and only if, it exists
an unique partition P = {8, &y} of K, so that, every arc of & links a node of
&, with a node of Sy or a node of S, wilh a node of N,

Proof. The proof is evidently having in view theorem 2 and theorem 4.

" (Received Aprit 28, 1980)
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DESPRE CIRCUITELE ELEMENTARE PARE ALE UNUI GRAF FINIT

(Rezumat)

-

In lucrare se di o conditie necesard gi suficientd ca fiecare circuit elementar al unui graf
finit si contind un numir par de arce. Se dau de asemenea doud conditii necesare §i suficiente
ca ficcare circuit clementar al unui graf strict si confind un numdir par de arce.

4 — Mathematica 3/1981 -
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XE PENTRU APLICATII DEFINITE pg SPATIY
3 . X 2-MET
GAVRILYX DEZSO sk VIORICA MURES:\N RICE

Ef?lrce%aztug ]desspa;t_iui %-metric st de spatiu 2-normat 4 fost
a h | 0 <4 obatiul 2-metric este o cneralizar i
nuit, in _Sensul ca In locul distangei dintreg doui purfct:e -
»distan{i’” a trej puncte. %o

In prezenta lucrare ne p
Sa generalizdm unele rezultate

il']tl'OduS de $
UL metric ofy.
nsideri a5 zisg

ropunem si dim
referitoare la apli
Spatii 2-metriee si spatii 2-normate. DrriNipra 1. Se numeste spafiy

2-metric un cuplu (X, p)., unde X este o mulfime, iar P o aplicatie, p: X'y
X X X X — R, care satisface urmatoarele axiome :

unele exemple de 9.

] ¢ metricj §
cafil contractive,

la) oricare ar fi a, b & X exists ¢ = X astfel incit p(a, b, ¢) >0
Ib) p(a, b, ¢) = 0, daci cel putin doud din punctele 4, b, ¢ coincid
2) ela, b, ¢) = pfa, ¢, b) = p(b, ¢, a)
3) ela, b, ¢) < pla, b, d) + p(a, 4, ¢) + p(d, b, ¢

Aplicajia p se numeste 2-metrici. |
Obscrvagia 1. Spatiul metric obignuit il vom numi spajiu l-metric.

DeriNipia 2. Un sir {x,,}', Xy X, se numegte_cgnv;gg:;t ;?Ee:st;l f

metricii, daca existd ¥ e X astfel incit 11_11010 e(x, x,, a) =0, -

Derinitia 3. Un sir {x,}, », = X, se numeste X§ir Cauchy in sensul Z-m

tricii, dacd lim p(x,, %, @) =0 oricare ar f1 ¢ & 4.
23, 1m—+ 00

i ; t, dacd o
DrriNiTiA 4. Un spatiu 2-metric se numegte comple
este convergent.

rice sir Chauchy

« setq ull
o P ca e}‘JSta u
o mirginitd, dacd € | se
. , - numegte mal ; inf.
PINITIA 5. O mulfime Y C X se nul §arf1x,',z€’Y
DEVPINITIA O M, oricare

pumar M finit, astfel incit p)(/x, ¥, 2) €
numeste diametrul mulfimii X -
spINITIA 6. Se numegte spaplil _;nlg Y |
i 'DLI I)2-11101'111.'21, 1, L X , © S sopendenti
e b|| = 0 daca si pumai dacd a §i b sint
1) |la, = o
2) |la, b1l =f“bé aeHR rvem ca |1 B-bH:—aiﬁfli a{lb' ot
% olrllcaze_*_arCl |1 < |la, bl + Ila c|| oricare
4) |la, <

Jua si 4)
tia 2. In loc de proprietatea 4) se poate 1u
yvatia 2.
< naObzetrl-JL lla, il + li6 ¢l

L, in care 5

ju liniar e 53
;rmétoarc?le propriet J
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fntr-un spatiu 2-normat se poate defini o 2-metrici astfel:
p(a, b, ¢) = ||b —a, c = a]|

Observatia 3. Un sir {x,} este convergent in spatiul liniar 2-normat L, daci

existd x < L, astfel incit lim||x, — x, a|| = 0, oricare ar fi a e L.
n—e0
Observatia 4. Un sir {x,} este sir Cauchy in spatiul liniar 2-normat L, daci
existd a, b « L §i a, b liniar independengi, astfel incit lim ||x, — x,,a}| =0
9%, M—+C0
si im ||x, — %, b]| =0.
7,m—s

Derixtyia 7. Un spagiu liniar 2-normat in care orice §ir Cauchy este
convergent sc numeste spatin 2-Banach,

Fie (X, p) un spatiu 2-metric.

DerixNiTIA 8. Aplicatia f: X — X se numeste 2-metric contractivd (sau
prescurtat 2-MC), dacd existd « = ]0, 1[ astfel incit:

o(fx, fy, fz) < ap(x, y, 2), orice ar fi x, ¥, z € X.
in continuare vom da citeva exemple de 2-metrici, iar in final un exemplu
de aplicatie 2-MC.
Exemplul 1. Fie X = R? si
NETE 1
p(x, 3 2) =S |3 » 1
z; 2z, 1
oricarc ar fi x, y, z « Z. Accastd 2-mctricd este de fapt aria triunghiului cu vir-
furile in #x, y, 2.
Exemplul 2. Fie x = R" si

1 x" x, l z %
p(x, B Z) = ; 2 Ye Vi 1
<1 Z.- Z" l

unde x = (%5, ..., %,) ¥ = (Y1, -+-»¥,) 2= (21, ..., 2,) sint elemente din R"
Exemplul 3. Fie X = R® iar
0 dacd x, y, zsint coliniare

o(%, ¥, 2) = 7r? in rest.

unde 7 este raza cercului circumscris celor trei puncte.
Exemplul 4. Fie X = R? iar
0 dacid x, y, 2 sint coliniare

z - 2 A
p(% 3, 2) f—:—a in rest

unde 7 este de asemenea raza cercului circumscris celor trei puncte.
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Observajia 3. La exemplele 3 si 4 coliniaritatea include si cazy cind g

. . dwrd ouj -

puncte coincid, iar in loc de mr?, Tespectiv 5 se poate lua o functie Pozitivy |
tvi

f(r), care sa verifice inegalitatea 3) din definitia 2-metricei.

Exemplul 5. Fie (X, d) un spatiu l-metric. Considerind
o(x, ¥, 2) = min{d(x, y), d(x, 2), d(y, 2)},
atundi (X, p) va fi un spatiu 2-metric.

Exemplul 6. Fie f:R* — R? astfel :
(%, 3) = (@x + by + &1, @x + by + cy)

unde a,, b", ¢ e R, 1 = l, 2.
Aceastd aplicatie va fi 2-M C relativ la 2-metrica din exemplul 1, daci:

|aby — asb, | <1

Aplieatii 2-metric contractive in plan. In accastd sectiune vom generaliza
teoremele date de T. Zamf{ irescu in lucrarca [7], cind in locul ariei tri-
unghiului considerdm o 2-metricd oarecare in IR2

Fie X C R*si f: X — X o aplicagie 2-)C.

Drrmvipia 9. Sirul aproximatiilor succesive {f*(x)}%_, se numeste orbita
elementului x e X, iar mulimea punctelor sale limitd o notim cu L(x), adici
{/a(#)} = L(x). Notdim € = |J L(x).

xeX

Devivipia 10. O mulfime M C R? se numegte liniard, dacd ca cste in-

clusd intr-o linie dreapta.

TeoREMA 1. Daci X C R este o multime mdrginitd, iar f: X —~X el
0 aplicafic 2-MC, atunci € = | L(x) este o multime liniard.
x€X
. Demonstratic : Presupunem, ci € nu este liniari. In acest caz existd ce?
El?lln'o submulfime {¥, 3, 2} C £ care nu e liniara. Fie I’,, Vo Vs vecindtafl
W%y, zastielcal >0, unde I = inf p(a, b, c). Notam J = sup ¢(abd

ael, abes X

bel’y
. . celV
§t considerim N = '

log, 2| + 1
[og 4|+ 1.

Presupunem o3 y < L(u)
trei numere natur
Urmeazy Ca:

: existd
¥ € Lv), z e« L(w) unde u, v, w e X. Atund exts

ale , ¢, # > N, astfel incit fru eV, fve Vo fO €7

P( ﬁu’ q Y,
fru, fio, Jw) < °LNP(fP—Nu, fi-¥y, S ~%w) < oF - sup e(a, b, c)<I'

abcs K
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din alegerea ficutd pentru N. Aceastd inegalitate contrazice faptul ci
I =inf p(a, b, ¢) si prin urmare teorema este demonstrati.
ey
cel, )
T'EORF,.\IA 2. Dacd f este 2-MC si dacd doud puncte u, v « X au orbite
mdrginite s L(uw) M L(v) = @, atunci £ este liniard.
Demonstrafie: Din teorema 1, deoarece {u, v} este mirginitd, rezulti ca
L(u#) U L(v) cste o mulfime liniard. Fie & linia ce congine pe L(x) {J L(v). Pre-
supunem ci existd w e £ 5i w & §. Atunci p(w, x, y) > 0, oricare ar fi x < L() si
» e L(v). Produsul {w} X L() X L(v) fiind compact, infimumul v = inf p(w, z, )
o | =
cste atins si v > 0. Considerdm mulfimile deschise W, V,, V, incluzind res-

pectiv w, L(u), L(v) astfel ca p(a, b, ¢) > —;L, oricare ar fi aeW, b eV,
¢ e V.. Pentru ceva numere naturale N,, N; avem cd f*u e V, si ffve V, daci
n > N, respectiv dacd » > N, Prin urmare p(a, f*x, f'v) >-;l, oricare ar fi
ae . )

Fie acum w < L(z). Se poate determina un numir natural N, astfel ca
pentru # > N, si avem w e W. Deci p(f"w, f'u, f™) >% pentru

n > max{N,, N,, N;}. Dar aplicatia f fiind 2-MC se poate determina un numir
natural N, astfel ca pentru # > N, si avem:

olfw, fro, frw) < <

Considerind # > max {N,, N,, N,, N,}, cele doudl inegaliti}i precedente rela-
tive la p se contrazic, deci £ este liniara. ;

TrorREMA 3. Dacd f este 2-MC, iar £ este o multime liniard, x, y fiind
puncte distincte din &€, iar u, v e X sint astfcl cd x e L(u), y e L(v) siorbitele
lui w §i v sint mdarginite (u §i v pot coincide), atunci limia ce include pe £ este
o linie fixd a aplicatiei f.

Demonstratie : Fie linia 8§ D £. Presupunem ci § nu e linie fix3, adice“}
f(XC 8) 23 Deci existd cel putin un punct z astfel ca fz & 3. Fie V, si
V, vecinititi pentru x si y respectiv si numirul v > 0, astfel ca p(a, b, fz) >
> v, oricarearfia e V;5ib < V,. Fie A o mulfime deschisd ce include L(x) U
U L(v) U {2}, astfel ca p(a, b, c) < v oricare ar fi @, b, ¢ « A.

Existi un numir natural N astfel ca pentru #>N avem f*, fveX N A.

Fie doud numere naturale p, ¢ > N + 1 astfel ca ffu = Vi, flv eV,

Avem inegalitatea :
o(ftu, flv, fz) > v.
Dar, deoarece feste 2=MC,iarp — 1 > N si ¢ —1 > N avem:
e(fru, ff, f2) < ap(ft=t u, f17' v, 2) Sav <V

Cele doud inegalititi relative la p se contrazic, deci tcorema este demonstrata.
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CorOLAR. Dacd £ # {a} si X irging,
. AR. LDac § est i
fixd pentru aplicatia f = ¢ mirgimita,
Aplicafii 2-MC fn spaii 2-n i
. Aplic: -] a | ormate. Fie X un iu lini
siderind 2-metrica p definitd cu ajutorul acestei ZS-Iilagrlgmlnzsatrf ]2‘n0rmat. Con
el: X

= ||y — x, 2z — x||, oricare ar fi x (
: g 1 oLcare Y 2 e X, se PI% 9, 2 <
ritor la punctele fixe si liniile fixe ale unei ap]icag?tz.da Cl‘mele Tezultate r)efe.

atunci § e este o Jiy;,

DErINITIA 11. Se numeste linie dusi pri 5
. S prin douji el
timea L(y, z) = {x/x = ay + By, unde a, BeRsi :_T_leélti’ 1-3” ? e X, mul
Observatia 6. Dacd y = z atunci L(y, z) = {7}. Daci x, x L
' e e 2} o

¥y # X,, atunci L(x,, x,) = L(y, z). Doud linii distinct i B, 2 si
mult un punct. C se intersecteazy iy cq

Fie aplicatia f: X —+ X

DeFmITIA 12. Un punct p e X este punct fix pentru Jo daci fp <

DerinNiTIA 13. O linie L este o linie fixd pentru f, daca fLCL .

LEMA 1. Dacd [ este 2-MC §i p, q, v sint puncte fixe distincte ale i |
alunct ele sint coliniare. '

Demonstragic: Dcoarece o(p, g, 7) = o(fp, fq. fr) < ap(p, ¢, 7) si cum
0 < « < 1, relatia precedentd are loc numai dacid p(p, ¢, #) = 0, adica |jg—

— p, v —p|| =0. Prin urmare ¢ — p si » — p sint liniar dependente, adici
(g — p) +co(r —p) =0 cuc, #0sauc, # 0. Rezultd cid avem p =%q+
aTéh
C2

r, adicd p < L(g, ») si deci p, g, 7 sint coliniare.

6+ &

LeMA 2. Daci f este 2-MC si dacd doud puncte x, y au imagini diferite,
atunci din p(x, ¥y, z) = 0 rezultd@ cd fL(x, y) C L(fx, fy).

Demonstragic : Deoarece p(x, ¥, 2) =0 si x # 9, rezultd cd z e L (% l};)a
De asemenea f fiind 2-MC se obfine ci p(fx, fy, fz) = 0 §i cum fx # [y ren
ci fz e L(fx, fy) oricare ar fi z e L(x, y) si deci fL(x, ¥) C L{fx Jy)- 1

LeMA 3. Daci f este 2-MC i dacd L este o linie cu %, Y € L asifel ct
fx, fv e L, fx # fy, atunci L este o linic fixd a aplicatiei f.

Demonstratie : Lema 3 este corolar al Lemei 2.

Lrva 4. Dacd f este 2-MC si p, q sint punctc fixe dist
= L(p, q) este o linic fixd pentru f.

Demonstrafic : Lema 4 este corolar al Lemei 3. o fhe

Lisia 5. Dacd f este 2-MC §i p,  sint puncte distincte ale bt
=g si fy = p, alunci L = L(p, q) este o linic fixd pentru f. st

Demonstrafic © Presupunem, ca L nu ar fivo ]jnie f:xa.ﬁa:)tl;nco', Da / c}tqe
= Lip, ¢), dar fw = L(p, g). Cum p # g rczulta ca o(p, )‘1’ 0 rezultd p[f q):

b,
9 M S deci g(fp, fq, fo) < ap(p, ¢, w@). Cam p(p, 4 @) = o fi W € (P
) 3, de-ci 9(,1'//,, Jw) = 0. Prin urmare fw < L(p, g) oricarc ar 1

adica L(f, g) este o linie fixd pentru f.

incle, atunci L=
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- TEOREMA 4. Fie f o aplicatie 2-MC. (i) Dacd doud linii fixe diferite ale
lui [ trec printr-un punct p atunci p este un punct fix. (ii) Dacd f are doud
san mai mulle puncte fixe atunci acesica se gdscsc toate pe o linie fixd L.

Demonstratie: (i) Fie L si M doud linii fixe i p=L N M. Cum fp C L
si fp C M rezultd cékfp C LN M i dedi fp = p. (i1) Din Lema 1 rezultd ci
toate punctele fixe sint coliniare, iar din l:ma 4 rezulti ci linia determinati
dc aceste puncte este o linie fixa. '

' (Inirat in redactie 1a 15 mai 7980)
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APPLICATIONS DEPFINED ON 2-METRIC SPACES

(Summary)

FIXED POINTS I'OR

In this paper are generalized certain results referring to the fixed points and the fixed
line. of applications defined on 2-metric spaces.
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SOME REMARKS CONCERNING BOOLEAN FUNCTIO\
NS

N. BOTH

a. Let P, Q: V">V ={0, 1} be two bivalent hool
variables (P, ¢ e &,). One knows that each (nonzero) biv:?e[:ufl;za
variables may be expressed by the perfect disjunctive norma) forn

ions of

ction of
m:

P(pp veny j)n) = \.P/]baj

i=1

where 7, = |Ap|(dp = {of = (af, ey &) e V": P(of) = 1} = Py1))

is the rank of P and p* = /f;{ ... P are the minterms of P. Here
= (/J if a =1
pif «a=0

Observe that each minterm of P is determined by the af e V* so that Pis
determined by the (0, 1)-matrice M(P) = (ap) j =1, rp ¢ =1, n, where q;=
= 4
I3 h n .
In [1] there is defined the distance between j)"" and p* as _Elaf@ of
(@ is the binary addition). Here it is also defined the distance between P and
Q as the minimum of distances between the minterms of P and Q. More sugges-
tive seems to be the following definitino of the moment (P, Q) of the paif
(P, Q):
(1) - w(P, Q) = 4

Yo (@B, of = Ap, B* < Ap-

1=

70 r

=5
k=1 j

In the case # =3, u(P, Q) is the num-
ber of the edges of the unitcube, which
join the points representing the min-
terms of P, with the same for Q.

Example. P = p,pops \V Preps V : ,
V Pipeps V Prbeba, L ——
Q = p1peBs V Pibats V Pabeps ° :
Ap=1{(1,1,0),(1,0,0,),(0,1,1),(0,0,1)}; )
Ao={(1, 1, 0), (1, 0, 1), (0, 1, 0)}. P
WP, Q) =0+14+2+3)+
+@+1+24+)+(142+142) =18

-

™

—_
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The elements of A, and AQ are points of the unit-cube in R? (designated by
e and O respectively). These points can also given by a number < 23 (written
in the base 2). So, it can be used a simplified notation : ‘

A =1{6,4,8 1}, Ag=1{6,52 and P=p' \/ 3 \/p4 \/p%;Q = p2 \/ p5 \/ pt.
h. Concerning the function P we define the sum-vector :

'p

(v). v(P) = (3, ..., @) where a; = Y of
=1

Observation. In fact, v(P) is the ,column sum-vector” of M(P) ([2])..
THEOREM 1. If v(P) = (a;, ..., «,) and v(Q) = (By, ..., Ba), then

w(P, Q)=’PEB;+'Q§“6—2éasﬁa-

i=l i=1

Proof. Aplying (u) we obtain:

'O rp " 'o rp

WP, Q=3 32 Do) =5 3 @b+ ... +a0p),

where «; from of and B, from B} are 1 and {rp — «;), (ro — B;) respectively are 0.
According to the definition of @, the following cases must be considered only:
ol =1, B! =0 (with «;(rg — B;) entries) and ol =0, B} =1 (with (rp — «;)B;
entries). So,

w(P, Q)= ?:_} Ta{ro — B:) + Bilrp — a)] = 'Pg Bi + 7o ; @ — 2 Z: o;P; A
CoOROLLARY. (ker v) X (ker v) < ker p, that is
o(P) = v(P’) and v(Q) = v(Q") = u(P, Q) = u(P', @)

Example. For the functions from the preceding example we have:
o(P) = (2, 2, 2),v(Q) = (2, 2, 1), 7p = 4 and 7y = 3. With Theorem 1 we obtain

WP, 0) =45+3.6—2(4+4+2) =18 |
¢. In the general case P = P($), Q = Qg), p = (P1, -.-, Pa) 0= g0 ..
g) we define (as in [3]) the p-spectrum of Q:

Sp(Q) = {Q(s(p)) : s = S.} where s(p) = (bsy, - +» Pstm)-
Let Q; = Q(s(p)). We define the gencralized moment of (P, Q):
w(P, Q) = {fellgl {w(P, O}

We call s, « S, an ideal permutation if
w(P, Q%) < p(P, Q) for each s & S,.
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Therefore, for finding u(P, Q) one has to determine an ideal permutation. For
this, we will give a criterion (Theorem 2).

In N* we define the relation e ("’equiordering”) by:
(0). 70y < VIV (5 — BB — > 0 &= (B - %) ¥ = (1 ., ;) NP

It is obvious that Vs e S,: s(x)es(y) = xey.

Lemya. Let x, y e N*. If there cxist k, I so that k <1l and y,< A
then x 1+ ... + o+ .. F 0%+ - Xadn 2 Y1+ o+ 2y,

Proof. We may suppose that z, < ... < %, and y, <y, that is y, =
=1y, + d, d >0, The lemma will follow from: %y, + %y, > 2,5, + x,y,. This
is equivalent to:

oy + %y +d) 2 x4+ 4d) + %y, xd 2 xd e x,< %,
which is obvious (according to assumption).

THEOREM 2. The permutation s e S, is ideal iff v(P)ev(Q®).

Proof. With Theorem 1 we have: 1

w(P, Q) =r,,z; B: + 7o Z\,a,- — 2 a;B;. Because 7p, ro(=rps), Za; and Zp; are
. i= . f=5 =1

independent from s, it results that p(P, Q°) is minimal iff Za«,B; is maximal.
On the other hand, v(P) and v(Q*) may be "equiordercd” step by step. With
each.step of equiordering, the sum X«B; can not decrease (see Lemma), so
that if v(P)ev(Q*) this sum is maximal and therefore p(P, @*) is minimal.

d. It remains to find s S, so that v(P)ey(Q®). At first we get the following
PROPOSITION. Ayp) = s71(A,).
Proof.
i) ) of L4 5 J
P=\/p'...p" NP pn =
jo1 Pl P,, =>S(P)—J_\=/lps(l)"'p$(")_

r

o - o
= $T1(1 —
heg e 2T = Aypy =

. 1
- {(as—"(l)) ey “:'—'(n)), c ey (a:flm, ey a:f;(,,))} =

={s(a), ..., s a'P)} = S o«'P} = s71(4p)
pllrpozgr\":ang-x' Y .E }f" it will be determined s < S, so that zes(y). In this
me S:N" 5 S, by x » S(x) such that x = S(x). In the case ¥; =

= %, the order of 4, % is decisive. It j i
, e. It is obv <
= St = sy 8 AN obvious that xes(y) <> S(x)es(S(¥)
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Example. Let P = p7 \/ p¢ Vi, dp={(1,1,1), (1,1, 0), (1, 0 0
Q=g V@ Ve dg={0 1, 1), (0,0, 1), (0, 0, 0)). o(P) — (3,)'2,( 1), J(Q))=}
= (0, 1, 2); S(v(P)) = (321) = s,, S(»(Q)) = (123) =5, We determine s —
= §;8577T = (321) - (123)1 = (321) - (123) = (321). Because s = s, the mini-

mal moment will be realized by Q= Pupopy V P by V BB, = 8

3 2?1 —p VP‘ Vﬁo
and A()s = S(Ao) = {(1, 1, 0), (1, O, O), (0’ O, 0)}' 'U(Q‘) — (2, 1, 0)’ so that
w(P, @) =3 -6+3-3—2(6+ 2) = 11. In fact, the other moments w(P, Q°),
s S, are:

w(P, Q) = 19; u(P, QU3) = 17 = w(P, QE13); u(P, Q) = 13 =
= u(P, Quiz).
e. In [3] we have defined the distance d between P(p) and Q(g) : a(P, Q) =
= :Eisn {d(P, 0*)} where d(P, Q) = 2L |45 N Fos UFp N Agsl, Fp= V* — A4,

So arises the question whether there exists or not a connection between
d(P, Q) and u(P, Q). If we calculate d(P, Q) for P, Q in the preceding exam-

ple, we obtain : (P, Q) = -:1 = d(P, Q) = d(P, QW), (P, Q) = % =
= d(P, Q¥?) and d(P, Q¥") = %. Observe that min d(P, ()is realized for

the same s = (321) as min p(P, ¢*). But this is not a rule. So, for
P=pIVPVPVPEVE Q=P VPV VE Ve up, 00 =38=

= u(P, Q) are both minimals while 4(P, Q®?) =% is minimal and
d(P, Q@19 = % is not. Therefore it is not true that each permutation s < S,

which realitzes the minimum for g, also realizes it for d. In this context it re-

mains open the following.
Problem. Characterize the class €, ©
same s e S, realizes the minimum both for d and p.

&, of the functions for which the

(Received June 4, 1980)
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CITEVA OBSERVATII PRIVIND FUNCTIILE BOOLELNE
(Rezumat)

Fiind date dou? funcfii booleene P §i @ de n variabile (p,, ..., p,), se defin
de , moment” al perechii (P, Q). Aceastd notiune este un analog ,,mai sugestiy" al notjunjj
distanta din {1]. Theorema 1 di o formuld practicd de caleul. Tn cazul variabilelor diferite ( o de
eees Pl (@10 -0 Gn) se defineste ,,momentul generalizat” ca fiind minimul momentelor pcfe:]:‘“
(P, 0%), s € Sy, unde @° se obtine din @ inlocuind ¢; cu py(;). ilor

Cu ajutorul relatiei de ,,echiordine’’, Teorema 2 caracterizeazii perutirile s
momentul perechii (£, Q%) este minim. Legat de distan{a in logica propozitiilor, defj
se formuleazd o problemd deschisi,

e5te notiune,

pentm care
nita in {3y
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ON AN ALGORITHM FOR FINDING THE SET OF EQUILIBRIUM POINTS
FOR BIMATRIX GAMES

RADU MUNTEANU

The purpose of this paper is to analyse the algorithm for finding the sct
of cquilibrium points for bimatrix games, given in the papers [1], [2].

As we shall see, the given algorithm does not generate the entire sct of

equilibrium points, but only a subset of them, onc of this algorithm’s steps being
not correct.

In this note we prove a thcorem wich permits to eliminate this mistake.
1. Let I'=(4, B) be a bimatrix game given by the payoff matrices 4 =

= (a;), B = (b;), where 4, B € M™*"(R) (the set of matrices of type m X n
with real clements), and let

X=‘xeR"‘|2x‘=l,x20}

1=

. (1)
Y=‘yeR"|2y,~=1,y>0}
1=1

be the mixed strategies for the two players.

DeriNITION 1. A pair of strategies (x° y°) is an equilibrium point of I’
iff
xAy® < x°4y°, for all x € X
x'°'By € x°By°, forally eY @) -
We denote the set of all equilibrium points of the game I' by EP(I).

DerINiTION 2. If I'= (4, B) is a bimatrix game anq k s {1, ..., m}
he{l, ..., n}, we definc the game D'y = (4,,B,) as a bimatrix game for
wich A, is obtained from A by subtracting its & — the row from each row of
A and B, is obtained from B subtracting its & — th column from each co.lumn
of B, i.e. the entries of 4, = (aj), B, = (b%) are obtained from the entries of
A = (a5), B = (bs) by

a¥ = a; — ay, for all i @)

bl = by — ba, for all iy

respectively.
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Let us consider the sets XY, b= n, k=1
X X128, < 0 't M, defineq by
YV,={ < Yidy, <0} X

;HEOREM L ([17), g 84) ([2]), pg 374)
or any k < {1, ..., mland h < {1, ... n} we have

EP(A4,,B,) = EP(A,B).
THEOREM 2. ([1]), 2g. 107)
For a bimatrix game T —= (A, B) we have

Xx=x,
b

Y = OY,‘
k=1

THROREM 2. ([1]), pg 108)
If (x° y% « EP(T) and 2° < Xyt Y, then

] [
a) xozjgl )\‘.x"f' )\j>0 E)‘J':l x"feX’,,,j=l, 2, P /

=1
b) y°=21u.-y’“} >0 w=1Lyie?, i=1,2 ..., u
t= 1=1
c) (x¥, y9) e EP(I), j=1,2, ..., ¢
(2% Y « EP(I'), 1=1,2, ..., u
where A is the set of extreme points of the convex sel A.

DeriNiTiON 3. Let
Xl: = {xhl, o) X"P,,}
Yy={" o 0™
be the sets of extreme points of the sets X,, Y, respectively.
Ith e {1, ..., n} and j e{l, ..., p,} we define the set
Yo = {y* | x¥(B, + 4,) y?*=0 k=12 ..., m p= 2 .o S

Lemya 1. (w4, y%) e EP(T) = ¥(B, + 4,)y% =0 .
ation ¢

" -
X w i pivalence rel
DEFINITION 4. On the set hL=Jl X, we define the eq
follows : .
x"f'px" QY:) = Yl.'

. o
and we denote by X3 the equivalence class of ¥
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Let p = card (UX ,,). Then, after a rearangement of the indexes, if necessary,
h=1

we can write

OX,={x1,...., x’}

A=
Now we define the sets Y by
Yt = {y#| (+, y¥) e EP(I)}
wich, from lemma 1, are equals to the sets define in definition 3.
THEOREM 4.
EP(T) =U {Comv (X5 UXLU ... UX}) X Comv (YENYEN ... Y2)]
i o ne{l, ..o, 0L kefl, ..., p}}
Proof. Let (x° ¥°) e EP(I). From theorems 2 and 3 it folows
¢ “
2= 304, 0= 3 oM and
1=1 1=1
(2%, %) e EP(T") =1, 2, ..., ¢,
(x° y%) e EP(I') =12, ..., u
Let je{l, 2 ..., 8, ie{l,2 ..., u}. We consider the game
Fw = (4p By)

for wich we hawe
EP(I') = EP(I'w)

Hence (x%, y°) e EP(I'y), and therefore,

x¥B, < 2By’ =0 = 2 @, XM B, y*.
s=1
Taking into account that yu, > 0 and #¥B,y* < 0 we have;
M B, yh =
Similarly we deduce
2MAyH =0

and so we have o
(V)5 ef{l, ..., t} (V)1 e {n ... u}(xV, ) < EP(T)

or, cquivalently
Y20 ... (Wijie{l ... %

and finally we conclude that:
YanYeN .. -NYe 2" .0 M
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Taking into account that
xM = X;j,
it follows
(B, ..., M eXnU... UXs

and we deduce that (x9, °) is an element of the set occuring in the right hang
side of the equality in theorem 4. Conversly, consider y e Y1 ... nvs.
for an arbitrary selection 4, %5, ..., % Then for any x = XruU...uJ X:‘t we
have (x, ¥) e EP(T') and consequentely:

Conv (X4 U ..: UX3) X {y} € EP()
But the clement y being arbitrary from Yi Y ... N Y?, we have: Conv (X3 U

Uu...U X:-'k) xCouv(Yt N ... N Y:-'k) cEP(T) for any set of indexes {i,,... i}
and therefore, the theorem is proved.

2. Synthetizing the teoretical results deduced above it follows that the algori-

thm for finding all equilibrium points for a bimatrix game can be described
as follows:

Step 1. Consider the matrices A4,, B, (k=1 m, k=1, n) and deter-
mine the sets X, Y,. Assumec that we have

X* = {x’", .eey x”"}
V,=0m, ..., y™
Step 2. For ak, h=1,n, j=1, Pu construct the set

Vii= {0l 2By + A)y» =0, k=T, m p =1, s,}
Step 3. Find the sets X5 h=1,nj=T1, Da-

Step 4. Construct the set EP(T) from the equality given in theorem 4.°
) _’Remark. Theo‘r'e\m 4 is not given in the papers mentioned above, where
1s given, proof, at STEP 4 of the algorithm, the equality

n P 5
EP(I) = ;.Ux Ul conv (X3) X Conv (Y3), ©)
=1 j=
wich i i i
side olfsttlllgtagél\fé é\ S We can see, using theorem 4, the set from the right hand

¢ ; equality, is generally a subset of EP(T), as it follows from the
bimatrix game given by the payoff matrices - o

=1 e
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We solve this game with the algorithm given above ; we have :

sl el Y menp

2l = 421 (1, 0) =y = ym
22 = 2 = (0, 1) = y22

and denoting:

it- follows .
o=, Y, —{y*‘ )
X, = {a", 2}, X = {22, x2}
We easily check the equalities

Yii={" ) = {(1, 0)}

Yiz = {5 », 2{ = {(1, 0), (0, 1)}

Yi = {m, y-‘} = {(1, 0)} -

Ya = {34, 5, ya{ = ((1, 0), (0, 1}
and from the equality (5) we have EP(T) equal to:

(1, 0), (1, 0} U ({0, 1} x Conv {(0, 1), (1, 0)}) (6)

Considerind the points x° = (%, %, e X, y°=(l, 0) €Y we have obviou-
sly

(Vr e X  2dy® < x04yo =1
(V)y eY x°By < 2°By° =1

hence (x°, y°) e EP(T'), but the palr of strategies (x° y° is not occuring in
the set (6).
Usmg theorem 4, proved above we have EP(T') = ({(0, 1){ X conv {(1, 0),

)} U (Conv {(1, 0), (0, 1)} x {1 0)}) and obvioulsly the inclusion is
strlct

(Received July 11, 1980)
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UN ALGORITM PENTRU GASIREA MULTIMII PUNCTELOR DE ECHILIBRU PENTRU
JOCURI BIMATRICIALE

“i(Rezumat)

tn lucrare se construieste un algoritm care permnte determinarea intregii mul{imi a punctelor
pe echilibru pentru jocurile bimatriciale.

5§ — Mathematica 3/1981
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<

ASUPRA T-RECURENTEI UNOR SPATII A4, SI A, cU ¢ _
= ' AFINA ! ONEX1yyg

P, ENGIIS

Fie A, un spajiu cu conexiune afind nesimetric, definit intr-un sigt
de coordonate ! ... x" de »3 functii I'j, componentele conexiunii afine, Not;m
Tix = Tj — Tk componentele tensorului de torsiune a conexiunii I in si:
temul de coordonate considerat si cu F'(x) = Tjda’8x", cele » forme alternate
asociate lui Tj. Din tensorul de torsiune prin contractie in i §i j se obine
vectorul de torsiune 7', = T, cu forma Pfaff asociatd ¢ = T,dx* Prip produs
tensorial contractat, din tensorul de torsiune se obfine tensorul patratic de
torsiune Tj = TjTi cu forma pitraticd asociatdi =y = Tjda’da’.

Spatiul A, spunem cid este I-recurent dacid existd un vector covariant

¥, astfel ca
Tie =¥, Ti (1)

unde prin virguld s-a notat derivarea covariantd in raport cu conexiunea I

1. In Lectii de gecometrie diferenfiald, vol. 1. p. 191, acad. G. Vrinceanu
studiazd torsiunea spatiilor A, in care formele o si = sint identic nule. fn

aceste conditii, rangul matricei
y 1
T, Tis Tk
2 2 2
T12 T13 T‘23
3 3 3
T12 T13 T23

2)

ek . ) Ciebd caz

asociatd formelor de torsiune F are rangul egal cu unu si existd in act:st.;l
. . . icd,

un sistein de coordonate astfel ca reducind formele de torsiune la forma canot

singura componenti ne nuli a tensorului de torsiune si fie T3 = L.

Sd studiem acum problema T-recurenfci acestor spatii.
Avem :

. aT, )

jhy =

— DL.T5h + D5Tin + TaTs

F34
care in cazul de fatd ne di
Tier =T\ Th, Thy = T4 Th, Th, = (—Th + T+ T Th The =0 0

1
z 2 2 1 3 3. 3 3T
Tio, =0, Ty, = —T4TL, TS, =0, T, =0, Ta, = I'n
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Punind in (

4) conditiil % . .
conditii : ) ;1'(: (1) rezulta asupra congxmnu spatiului urmitoarele

2

n=IL=Th=T\=0 =1} rh=r4

[%=T% Th= —Ty=! 6)
. 2

restul componentelor conexiunii fiind functii arbitrare de

. 2!, 2%, %3 Pentru
vectorul de torsiune W avem

‘P‘lz——l—':h \F2=P§2+I‘32—P:g,“F3=P§3+F33—F;3 (6)
Deci
Prorozrypia 1. Spatiile Ay cu vecior de torsiune si tensor patratic de torsiune

nuli sint T-recurenle, dacd intr-un sistem de coordonate componentele conexiunii
salisfac conditiile (5). Vectorul de T-rccurentd ¥ are componentele date de (6).

2. Intr-o lucrare anterioarid [3] am considerat spatii A, pentru care I‘,Z=
i .y .
= I'y; spatii notate cu A,.
v oA . * . ~ . . .
Dacd intr-un spagiu 4, formele o §i = sint identic nule, atunci rangul
matricei T : :
-l 1 1 1 1 1
[ Ty Tz Tw Tn Ty T:u‘
2 2 2 2 2 2
Tl'_' Tl3 TH T23 T‘.’A T3-l
3 3 3 3' 3 3
Tl2 T13 Tl'l TZ(! T24 T:N
. 4 4 4 4 4 .
trh, Th Ti T Tu Ti)
asociati formelor de torsiune F' are rangul cel mult doi, deci existd un sis-
tem de coordonate astfel ca singurcle componente nenule ale tensorulut de

7

torsiune si fie Tas=1,. Tis. :
Daci in sistemul de coordonate considerat T}y este arbitrar din (3) pentru
acest caz rezultd
Th, = LTl + TaTh, Th,=TaTs
Th,.=0, Toae = (_Flll +Th+ %) Tas
T'lu,' = P:» T':»:;. 'T:Iu =T E4T:lszn T?z,r = —T ?4 tz

T%,=0, Ti, =0, Thar = ~T4T5, Tau,=0

T§4 =0 T?z' = »—Fi‘tT:m T:l’3,r =0, T:,’4, =0 (8)
TZSI =" P?l ]‘;& T:‘,r = 0; Tg«i,l =0
¢, = 2T _(rd — o — Th) Th

ox’
i 2 et ‘“ 0
T4y, = P4 Th, Th, = TaTin Tos

1 4
4 1 1 ré 4o 4T21
Ty, = —ThT2s+ LTz Tz, "
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Daci impunem acum spatiului A{ cu formele ¢ $1 = nule condifia de T-r

. ” - e v
(1), din (8) rezulta pentru conexiunea 1in sistemul de coordonate @ Curenty
?

e nsi
urmitoarele conditii: 1era,
FL = F:, = F:s = F.}i: = Fgl = F-l," = F;)-S = ng = Pf‘ =
=0 =T3=T, =Ty =Th=Ca=T},=0 ©)
F:‘yz — _1' F:l = F;l: ng = ng, F;:) = F;Z: F;A! = F:Z, F;.; = F:S (9/)
“h o Th=0, S~ (DL~ 2Tn + Tk =0
oxt a?
. o14 . 9")
e (Pl 4 TSI =0, £ — il =0
x! ‘X

: 1 2 3 4 . .
unde 7 = 1, 3, 4 iar [y, [3p, '2s, T'zp functii arbitrare de af, 2%, x3, 24, Pentry
vectorul de 7I-recuren{d avem:

\Fl = -—P:l,. \Fz = —Fél + ng + Fg{l: IFS = Fgf’: \Fl = 0 (10)
Deci

ProrozitTia 2. Spatitle Ay cu formele o st = identic nule sint T-recurcnle,
dacd intr-un sistem de coordonate componentcle comexiunii satisfac condifiile (9),
(9, (9”) vectorul de T-recurenfd fiind dat de (10).

Daci in sistemul de coordonate considerat avem insa T, = constant #0,

Iéute;m considera Ti,= 1 i condifiile (9) si (9') ramin neschimbate, iar (9")
evin

h=Tl=0, 2I% =T} + ', Ti= Tk L
‘Pentru vectorul de T-recuren{i avem in acest caz

¥,=0 ¥, = —Th+ T+ T Y=+ s ¥i=0 (12
Deci:

d _POPOZITAIA 3_. Daca componentele conexiunii spatiilor Aj cu for meleg'd $(1”'5
wentic nule, in sistemul de coordomate comsiderat satisfac relajule 9), 9)
aunci spatiile A3 sint T-recurente cu vectorul de T-recurentd dat de (1)

- A 3 1 1
mat Daci in sistemul de cooreonate considerat avem T1, =0, atund rang?
nicel (7) este unu si conditiile (9), (9), (9) devin:
2 _ e ’ (13)
D= =Th=TL=T4=T%=r%=T%=Th=Th=0
1 1 1 T
Pa=—Th=2, Ma=Th Tlh=T}, Th=Th Tu=le 4

Pl = 2 __ 2 3 3 4 4 _ Tt
u= D4, Ty ="T%, Py =I5, I = Iy, Tu=Ta To=To
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In acest caz vectorul de T-recurenti este

¥y = —Th, ¥, = —Th+ Th+ T ¥ = — T} + TG4 TS 14
\'1’_4 = —F}n
Deci: - :

Proroz171a 4. Dacd intr-un sisiem de’ coordonate componentele conexiumii
unui spativ Aj cu formele o si © identic nule satisfac relatiile (13) st (13') atunci
spafiul A3 este T-recurent cu vectorul de T-recurentd dat de (14).

3. Printre spatiile 4,, am considerat [4] spatiile pentru care intr-un
sistem de coordonate avem ‘

T4, =0 (15)

unde a=1,2, 3, 4; i=1,2; « =3, 4 spajii notate cu A" Pentru aceste
spatii matricea (7) devine

(T, 0 0 0 0 TL)\
T% 0 03-0 0 Ti, (16)
T 0 0 0 0 T3,

{7 0 0 0°0 T&)
si are rangul cel mult doi. Vectorul de torsiune are componentele:
T, =Th, To=Ti, Ty= T, T,=Ts
iar tensorul patratic de torsiune:
Ty= —(T%), Ty =Th- Th Tiy=Th- Th Ty=Th- Tk
Ty = —(T4), To = Th - Tl Tav= Th « Th (17)
Ty = —(T5)" Tau= Ta - T;‘,' Ty= ._(Tg‘)’ ,

a1’

Dac'i vectorul §i‘tensoru1 patratic de torsiune nu sint nuli §i rangul 'ronatri-
cei (16) este efectiv doi putem alege sistemul de coordonate astfel ca Ty, ='1
si T5. arbitrar restul componentelor tensoyului de torsiune fiind nule. Din
(3) avem: ’

Tl = —T4Th Tis,=0, Ti, =0, Ty, =0

Th, =0, Tsy,= —TT3

T%, = W TS, Th,=ThTh Tie= 4T

T%, = DT3, Th, = DaTh. Tay = —T&T3, (18)
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T?r_;", = — F Tl", TlBr = F T?Sr T:lll,r = P?x Tg4

3 3 0T3¢ -
Tos, = FﬂTm, T24 r= F 1 a4 Lagr = 6‘:" P:4Tg4

T:’lv:_r‘ﬂ 12> 13"—0 [147—-'0

3

Tés r = 0, T;A(,r =0, T;‘,f = P T34

Dacid impunem spatiului A$* conditia (1) de T-recurentd, rezulti cj si
in-
gurele componente ale conexiunii care pot fi diferite de zero in sistemy d
e
coordonate considerat sint

Pn, Fu, sz, F"‘h F'?Z, F'Kh F.H. Fn, Fu, F:4 (19)
si trebuie sd verifice conditiile :
= T8 =2L, &8 _pips = _p
12 n= o o g = —-" — 1l
ar3, . i 3 i
T8 TS = = 4 PTG, (20)
cxt cxt
oy, _ e T &l
oxt ot | oxt axd

fn acest caz vectorul de T-recurentd are componentele
Y, =T, ¥,=0,¥,=0 ¥,=0 (21
Avem deci

_Pl{()r’ozrl‘l A 3. Spatrile AY* cu veclor de torsiune si tensor patratic de forsinne
nenuli, sint T-recurente dacd intr-um sistem de coordonate compouentele nenule
ale conexiunii sint date de (19) si verifica relatiile (20). Vectorul de T-recurcrf
are componentele date de (21).

Daca in sistemul de coordonate considerat avem T — constant # 0,
¢
;pa;lul Al* cu vector de torsiune si tensor patratlc de torsiune nenuli v poat
i T-recurent cici din (18) si (19) rezulta T}, = i =0 §i deci
o . @
jhy = 0
§1 spatiul este cu torsiunc convariant constanta.
Avem deci: '

Provpos: n . . e de lorsiit
ROPOZITIA 6. Spatiile AL cu vector de torsiune i tensor patratic de

nenuli, PP e ] donalé
” ld nu pot fi T-recurente, dacd T3y = const # O in sistemul d¢ 60‘;’ dect

cons [

e teral. Dacd aven insd Ty = 1y = 0 spatinl A3* worificd pelatiite. @)
coru dorsiune covariant constanld.

Y
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Dacd in sistemul de i H i
adica coordonaf:g consxdgrat avem Ty, =13 T3,=0

2 1
I =T% = rk I‘§4‘=‘Pi’3 (23)

atunci rangul matricei (16) cste egal cu unu, relatiile (20) devin identitati si
spatiul este T-recurent cu vector de T -recurenfa dat tot de (21). Dedi;

1.’1«)1’07,1';‘.1;\ 7. Dacd pentru un spafiu A3* cu vector de torsiune $i tensor
patratic de torsiume nenuli rangul matrice (16) este unu, spatinl este T-recurente
cu veclor de T-recurenfd dat de (21).: Componentele nenule ale conexiunii sint
date de (19) 5i verificd relafiile (23). .

Pentru spatiile A3* si considerim acum forma o identic nuli, deci T | =
=T, = Ty = T, =0. Matricea asociati formelor de torsiune devine

{0 o0 o0 T
0 0 0 T2
. * (24)
7% 0 0 0
{1, 0 0 0 }

Dacd matricca (24) are rangul doi, deci temsorul patratic de torsiune nenul
punind conditia de T-recurentd rezultd

:3 = :4 = P'r-,:l = F34 = P?l = P?z = I‘:l = F:z (25)

$i spatiul este fard torsiune. Analog daci forma o este identic nuld §i de
ascmenca forma = identic nuld, deci rangul matricei (24) egal cu unu, condifii
analoge cu (23) ne aratd cd spafiul A,* este fard torsiune. Dacd forma = este
identic nuld ca atrage §i forma o identic nuld, deci alt caz nu mai exista.
Avem deci:

Prorozipia 8. Spatiile A$* cu forma o identic nuld sau cu forma =

identic nuld nu pot fi T-recurente.
(Intrat in’ redactic la 30 saptembrie 1980)
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ERTAINS ESPACES 4, ET A, AVEC CONNEXION 4
‘ FFINE.

ECURRENCE DE €
(Résum ¢é)

SUR LA T-R

on ¢tudie le probl'emc de la T-récurrence d
A} avec le vecteur € padratique de torsion nuls, et de V'espace A“es espaces 4, o
A, on donne¢ les conditions de 7T-récurrence (5) et le vecteur de T-récurrence (.6 . 11";0111' les espaces
A® on domne les conditions (9). ©), 9 respectivement ©), (99, (11) de T—xé)‘ our les espaces
ice (7) est deux ct (13), (13 si le rang est ¢gal & un. Le vecteur 3:“;:;?, si le ran,
-récurrence est

donnée par (10} respectivement (12), respectivement (14). Pour les espaces A** avee |
4 ec le vecteur

et le tenseur qudratique

Dans le présent travail,

de torsion nou nuls on doune les conditions (19

si 13, 7 const. et si T, = const. 7" 0 l'espace ne peut pas étre T-réc(\x;r)g:n'(czoéieg':le vecteur (21)

t {19), (23) avec le méme vecteur de T-réccurrence. Si le \'ec'teur d:;{= 0' les coa-
orsion ou le

ditions son
lepseur quadratique de torsion ost pul dans un ¢SP& *r P T
y < 3 space 4§ ’espace ne peut
! as étre T-réc
ur-

1exnt.
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LINEAR OPTIMALITY CRITERIA IN NONLINEAR PROGRAMMING
IN COMPLEX SPACE E

A

DOREL I. DUCA

1. Introduetion. Consider the problem.

Minimize Re f(z,z) subjecttoz e X,g(2,2) € S, P
where_ X is a nonempty set in C", S is a nonempty set in C”, f:
XXX—>Candg: X xX=>C =~ -~ :

In this paper we give some linearization properties of Problem (P). Theo-
rem 2 may be considered as a linear test of optimality-for problem with linear
constraints, Theorems 4 and 5 — a linear. optimality test for a problem with
linear objective function, while Theorems 6 and 7 — a linear test of optimality
for a nonlinear problem. The paper is concluded with an application to qua-
dratic programming, reobtaining results given.in [3], [6] and [7].

2. Notations and Preliminaries. Denote by C*(R*) n-dimensional complex
(real) space, and by C”*» the set of m X » complex matrices. If 4 is a matrix
or vector, then AT, A, A% denote its transpose, complex conjugate, and con-
jugate transpose respectively. R, denotes the half line [0, 4-oof. For z, w e C*;
{z,w) = wHz denotes the inner product of z and w. '

The nonempty set S in C™ is a polyhedral cone if it is an intersection
of closed half-spaces in.C™, eachAcontaiyning 01n its boundary, i.e.

S= (!’\ H"x' where’ H“p ={v e C’"/Re('v, uy 20}, k= 1,_15
F L ' Vi r

9 - :
If v eS=()H,, then S(v) is defined to be the intersection of those
=1 :

closed half-spaces H,, which include % in their boundaries, i.e.
’ S(v) = n H“k ' "
ke E

where E = {k e {1, ..., p}/Re(v, u,> =0}. .,

If X cC® then X = {z « C"[z « X}.

Let X be a nonempty and open set in C* and let 2° & X. Then.

a) the function g: X x X —C™ differentiable at (z°, 2°) is quasiconcave
at (z9, z%) with respect to the closed convex cone S in C™ if, for any z e X

gz, 2) — g, ) < S = [V,gle, 2)]7e — #) + [Vigle®, )]z — 2) & .

b) the function f: X x X — C™ differentiable at (2% 2z°) has quasiconvex
real part at (29, 29) with respect to the closed convex cone T in R™if f is
quasiconcave at (2, z°) with respcct to the closed convex cone — CT =
= {w e« C"/Rew « —T}. ;

. For other notations and definitions see [5].
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3. Results. LEMMA. I_,gt.X be a monempty open sct in C» Jo § _ ﬁ H

be a polyhedral cone in c”, and let 2* < X. b
If g: X x X —C™is differentiable at (2°, 2°) and quasiconcave g (20, 3
wilh respect to S[g(z°, z°)], then , B)

Y={eXglz, )eS} Y, =
— r = XITV.8e, )T — ) + [V, M)17E — 2)  S[gen, 71,
Proof. Let z e Y. Then

gz, 2) — g% 2°) e Slglx*, )] = N H., ()
kel

where E = {k {1, ..., p}/Re{g(z®, 2°), u,) = O}, because: if E =@, they
S[g(z°, )] = C™, and if E # ®, then for all k = E

Redg(z, z) — g(2% 2°), u) = Reglz, 2), 1) — Redg(a®, 20), u,) =
‘ = Re{g(z, z), u,y = 0.
“The function g being quasiconcave at (29, 2% with respect to S[g(z°, 2],
from (1) it follows that
[V.glet, 2)17z— 2°) + [Vigle® 2)17(z — 2) < Sle(, #)],
hence z e Y;. |

: . »
THROREM 1. Let X be a nonempty convex set in C», let S = (\ H, bea
1

p— A= .
polyhedral cone in C", and let 22 < X. Let f: X x X —C be a function with
convex real part at (29, 2°) with respect to R, and lct g: X X X =~ C"be a Junc-
tion concave at (2° 2°) with respect to S.

If 20 is a solution of Problem (P), then z° is a solution of the problem.
Minimize Re f(z, z) subject to z e X, g(z, 2) = S[g(z°, 2°)] (Y

Proof. Assume 2° fails to be a solution of Problem (P1). Then there exists
2! e X such that

g, ) e S[g®, )] = N H, ' (2)
and . . . \ AeE .
o | Ref(, ) < Re (2", 9), G

where E ={k & {1, .., P} Re(g(2°, 2°), u) = 0}.
-The set X being convex it follows that

z(N) = ' + (1 — N2 e X, for all A e [0, 1]

On the other hand, th i i » o 30
to S, we have - » the function g being concave at (2% 2°)

(4)

with sespect

Rlz(2), 2(—)‘)] — M, ) — (1 = Ng(z°, *) « S, for all l e [0, 1], el
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hence

Redglz(0), 2(N] — 2glet, 29 — (1 — Ng@s, ), 4,3 2 0, 6)
for all X [0, 1] and & < {1, ..., 9}

_ Since gz, ) < S[g(z° 29, g(z°, %) < S S, 2 i
z°)] is a convex cone, from (5) it)f]o]ﬁfws :h)ate, =SBl 7)), sud since St

glz(n); z(Mle Slg, 2], for all A'= [0, 15, °
hence ' ;

Redgfz(d), 2(N)], »,) 2 0, for all A « [0, 1] al_ld"k e E. 7)
Let E={ke{l,.. i+ P} N\ E[Reg(at, ) — g(2% 29), u,) <0}, let :

i Re {g(=*, 2°), i) e o~
- min E E ,
A= { Re (g(2%, 29) — g(e*, 2%, 1p). [k < }‘hlf Ex®

1, if E =,

and let A, = minv{l, i} NP

Evidently Ay e [0, 1]. Then, by (6) and by the defini_tion of Ay we have’
Reelz(N), 5N, wp 2.

2 A Redg(zl, z') — g(2°, 2°), ) + Re(g(2°, ‘2'?0), ) 20,

®)

for all A « {0, M) and k e {1, ..., p} \ E. . A
From (7) and (8) it follows that RS

glz(2), z(0)] S, for all A < [0, A,

which, together with (4) shows that z(2), for dll A € [0, X,], is a feasible solu-
tion of Problem (P). - ‘ i

Now, by (3) and the fact that the function f has convex real part at
(z°, 2°) with ‘respect to K., it follows that. :

Re f(2(2), z(3)) £ |
< ARe[f(dh, 2) — f(z% 29)] + Re/f(z%, #) < Re f(z°, ), for all X e J0, %),
which contradicts the optimélity of z° for Problem (P). ' ..
Remark. If 2% is a solution of Problem (P1) and g(z¢, 2°) € S, then 2%is
a solution of Problem (P).
TurorEM 2. Let X be a noncmpty
set in C™, let 2° e X, let f:X X X—C
and let g: X x X —C"™.

a) Let f be with quasiconvex rcal part at
29 is a solution of Problem (P), then z°is a sol

open set in C* let S be a nonempty
be a function differentiable at (z° 2°),

(2%, 7%) with respect to R,. If
ution of the problem
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Minimize
re (V. f2° 2) + Vif(z° 2%, 2 -
' )
subject to
zeX and gz, 2) € S

b) Let f be with pseudoconvex real part at (2° 2°) with respect i
isa )solutioj;l of Problem (P2), then 2° is a solution of Problem (P). o R,

Proof. Let Y = {z e X/g(z, z) e S} the feasible set.
a) If 20 e Y is a solution of Problem (P), then

Re(f(z0, 2°) —flz, 2)] £0, for all z €Y. 9

From (9) and the fact that the function f has quasiconvex real part 5
(20, 2%) with respect to R, it follows that

Re (Y, f(z°, 2°) + Vif(2% 2°), 2) 2
< Re(V,f(% 2) + Vif(®, 2°), ), forallz e Y,
ie 2" is a solution of Problem (P2).
b) If 22 €Y is a solution of Problem (P2), then
o Re(TSE ) + Vifle, 1), 2 S
‘the(Tf(z",—z“) + V:if(z°, 20), 2D, for all ze Y.

The function f having pseudoconvex real part at (z°, z°) with respect to
R;, from (10) we have that

(10}

Re f(z, z) 2 Re f(2°, 2°), for all z e Y,
ie. 2% is a solution of Problem (P).

In what follows we shall need the following result, given in {5}

?
THEOREM 3. Let X be a nonempty open set in C", let S =,O. By e
polyhedral cone in C™
—C™ let 20 = Y
2°) and let E =

with nonepty interior, let f: X x X —C and &: X X tX (;
_— {z = X/g(Z,Z) . S}, and let f and g be d,,',fftrentzablc ak @
s = {k < (L, ..., p}/Redg(x*, ), 1) = O},
(i1)4ppose i 'add1t1}on that one of following conditions holds: £ ation
(CCQ} atg (zsﬂ‘fth{)ws the Arrow-Hurwicz-Uzawa complex constraint. ‘I“ahf w

(1) g satisfies the Kuln-Tucker CCQ at (29, 29);

(m),g satisfies the revers concave CCQ at (20, 2°);

?‘;) & salisfies the weak CCQ at (20 2) ; -
\Y tisfs , . ’ N ) ,
with ’“Pfds{llotsézfs Slater's CCQ with respect to Y and g is concavé at (7

)



LINEAR OPTIMALITY CRITERIA m
(vi) g satisfics the strict CCQ with respect to Y and g is concave at (z¢
2°%) with respect to S; F - ¢ o

(vii) g satisfies Karlin’s CCQ _with respect to Y.,,k_i»s convex and g is
concave on X X X with respect to S. s o o

[

If 20 is a local minimum point of Problem (P), then there exists
T e (QH= (SEE, 2] = s
such that . A .

V(2% 2°) + Vif(2°. 2°) — V,g(2% )y — V2%, )8 =0,  (11)
Re(g(e®, 2)0) =0. ()
THEOREM 4. Let X, S, 2°, f and g be as in Theorem 3. Suppose tn ad-

dition, that f has pseudoconvex real part at (2°, 2°) with respect to R,. If 20
is a solution of Problem (P), then 20 ts a solution of the problem.
Minimize )

Re‘f(z, z)
subject to . (P3)
z e X,

[V, g0, 20)17(z — 2°) + [V;8(z°, 20)]7(z — 2°) e S[g(«*, 2%)].

Proof. In view of Theorem 3, there exists v « (S[g(z°, 2°)])* such that
(11) and (12) hold.

Since 0 e S{g(z°, 2°)], 2° is a feasible solution of Problem (P3). Let z
be a feasible solution of Problem (P3). Since v e (S[g(z°, 2°)])* < S* it follows
that : .

"

0 £ Re([V,g(®, #)]T(z — ) + [Vig(®, 2)]7G — 2),v) =

= Re (V,8(z°, 2°)v + V;8(2° 2°)9, z — 2%,
hence

Re (Vg2 2 + Vig(e*, 29, 2°) S
< Re (V,g(2°, 2)v +'V;g(2*, )9, 2.
From (11), (13) and from the properties of the inner product we deduce

L Re{[V,f(20, 2172 + [Vif(2, 2)])72%)=

= R( T, 7 B) + Vif(@, 2), 2% =

= Re(Tg@®, P)v + Vigle®, )3, 2> =

< Re(V (@, D) + Vigle®, )0, B =

= Re(V, /& 2) + Vifle® ), D =.

= Re{[ V,f(z, 2)1z + [Vif(e", 29))73}.

t'£3)
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el e[ M — 2 + (VS )] (2 — ) 2

B : | part at (5 20 i
‘hce the function f has Pseudoconvex_rea. p : . 2 with
to R+S“;: follows that Re f(z, z) 2 Re f(z° 2°), ie. 20 is s

Oluti()n of r(‘Sp(.q
(P3).

PfOlen
TuEoREM 5. Let X be a nonempty open set in C* let S = a

H, y

Y k=) t

dral cone in C™ and let 2° « X. Let g: X X X —C™ be a function 4y,

fgflz{gfblzaat‘: (z¢, 2%) and quasiconcave at (2°, %) with respect to Sig(0 zo)]tjl:
g(z%, ) < S and let f: X X X—C.

If 20 is a solution of Problem (P3), then 2° is a solution of Probiey ()
Proof. In view of Lemma Y < Y,, hence

iuf (Re f(z, )z e Y} 2 inf {Ref(z, 2)]z e Y,} = Ref(z, )
Since 20 ‘e Y, it follows that 20 is a solujion of Problem (P).

THiEoreEM 6. Let X, S, 29, f, and g be as in Theorem 3. Suppose in addi

tion that f has pseudoconvex real part al (z° 2z°) with respect to Ry, If 2 isu

solution of Problem (P), them 2° is a solution of the problem
Minimize

re (V,f(z% 2°) + V;if(2° 2°), 2
.subject to
- 2 e X, (P4)
[V.8(0, 2)17(z — 2° + [V;g(2%, 29)] (¢ — 2°) < S[e(z® 2°)).

Proof. In view of Theorem 4, 2% is a solution of Problem (}’3). B_\;) a};)};l‘m
i(ng Theorem 2, a) to Problem (P3), it follows that z° is a solution of Pro
P4).

T

Turorem 7. Let X, S, 2°, f, and g be as in thcorem 5. Supposé, 1"(;.:‘“-
tion that f is differentiable at (2% 2% and has pseudoconvex real part af i
with respect to R,. If 2° is a solution of Problem (P4), then z° is @ SO
Problem (P). - C

. Proof. In view of Theore
2% is a solution of Problem (P2)

. : ﬂlal
m 5, applicd to Problem (P4), 1t folon
-that 2° is a solution of P

A deduct
. Now, with the aid of Theorem 2, b), We
roblem (P). ' "
4. Example. Tet D < Crxn» be positive semi-definite Hernmit1ah
AeC peC,becC

" and let S = C™ S # .
Let us consider the problem

der | ob (QP)
Minimize Re (z2#Dz + pHz) subject to Az — be S: functio?
. o ‘netive TW

(P The matrix D being positive semi-definite Hermitian, the Ob]?c?;: part ?
o robl_em (QP) h_as convex (hence pseudoconvex and quasiconve)h) plemn (QP) *
any (2, z) « C with respect to R,. The objective funcgion of Pro
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differentiable at any (z, z) e C?. Then, in view

of The 2, 20
of Problem (QP) if and only if orem 2, 29 is a solution

z® is a solution of the linear problem
Minimize Re [2(z9)#Dz + pHz] subject to Az — b < S. . .~ . .

Appropriate choices of the matrices 4 and D, of the vectors b and p and
of the set S, lead to the problems studied i in, [3] [6]

and [7].
¢ (Received, Oc-ober 2, 1980)
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UN CRITERIU DE LINIAR OPTIMALITATE IN PROGRAMAREA NELINIARA IN SPATIUL
COMPLEX

(Rezumat)

tn lucrare se di o liniarizare a proprictitilor problemei (P). Tcorema 2 poate fi consideratd
ca un test liniar de optimalitate pentru problema cu restricii liniare. Teoremele 4 si § reprezintd
teste de liniar optimalitate pentru o problemid cu functia de scop liniard, in timp ce teoremele
6 si 7 sint teste liniare a optimalititii pentru o problemi neliniard.
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RECENZII )

Advances In fuzzy sel theory and applica-
tlons, M. M. Gupta, R. K. Ragad e,
R.R. Yager, editori, North-Holland Publi-
shing Company, Amstderdam—New York, 1979,
XV 4 7583 p.

Cartea reprezintd o culegere de 35 de
lucrdri din cele mai reprezentative domenii ale
teoriei mulfimilor nuangate (fuzzy) si aplicatiilor
acesteia, scrise de autori care sint specialisti
consacrati in domeniile respective.

fn carte se dau conceptele de bazi ale
teoriei §i se prezintid principalele directii de cer-
cetare, Cartea, conceputd ca o colectie de lucriri
reprezentative, oferd o imagine coerenti a rapor-
tului actual dintre teorie §i aplicatii.

Cartea confine trei par{i si o vasti biblio-
grafie cuprinzind 1 799 referinte. Partea I contine
articole introductive §i de sintezd. Articolele
de siutezd sint consacrate unor subiecte ca: sis-
teme nuantate, reprezentarea couceptelor nuan-
tate, logicd nuangati. Lucrdrile din Partea a IL-a

DE
CLUL-NAFOCA

p———

P B I0TECA FACULT,
icinAaTlCA

AI, MATHEMATICA, XXVI, 3, 1981

sint conscacrate aspectelor ge f,
Principalele domenii abordate ol ale ty
variabile nuantate, statisticy f“zs;ut: ey
posibilitate, mecanisme (e comyi e
nuantate informatie i decizie ;;re'.
entropie pentru mulfimi nuant;:te o de
tate, concepte si relatii nuantate }-’al;):un P
este dedicati modelelor nuantat-e i ea? l!
acestora in domenii ca: (liagnosti;cu]apma.
procese de decizie, sisteme om-masing :ned.
control, clasificare automats analiz’aP -
stiinte sociale. ' e
Cartea poate servi pentru familiarizares
torului en notiunile si tehnicile de bazi ale teg
multimilor nuantate si aplicatiile acestei
De asemenea, cartea reprezintd un materig
referintd pentru cercetiitori interesai de asy
teoretice sau de sisteme socio-economice, §i
conducerii, cercetidri operationale, medicioj,
gvisticl, inteligen{d artificiala.

D. DUMITRES

1‘) 1. P. Cluj, Municipiul Cluj-Napoca cda. nr. 3063



Ih cel de al XXVIlea an (1981) Studia Un.ivcrsitatis Babes-Bolyai apare in specialitatile :
matematicd (4 fascicule)

fizick (2 fascicule)

chimie (2 fascicule)

geologie-geografie (2 fascicule)

biologie (2 fascicule)

filozofie (2 fascicule)

stiinfe economice (2 fascicule)

stiinte juridice (2 fascicule)

istorie (2 fascicule)

filologie (2 fascicule)

Ha XXVI rogy uanauus (1981) Studia Universitatis Dabes-Bolyai, BHXOAHT NO CJle AYIOLIHM
crelHaJbROCTSM ¢

MaTeMaTHka (4 Boinycka)

¢du3anka (2 Bunycxa)

XHMHA (2 BLiycKa)
reosnorusi-reorpadus (2 Bbinmycka)
Gronorns (2 BbinmycKa)
dunocopus (2 seimycka)
IKOHOMHYECKHe HAYKH (2 Buinycka)
IOpHANYECKHe HAYKH (2 BblllycKu)
HeTOpHA (2 BHINYCKa)

¢dunonorua (2 Buinycxa)

Dans sa XXVI-e aunée (1981) Studia Universitatis Babes-Bolyai parait dans les spécialités :
mathématiques (4 fascicules)

physique (2 fascicules)

chimie (2 fascicules)
géologie-géographie (2 fascfcules)
biologie (2 fascicules)

philosophie (2 fascicules)

sciences économiques (2 fascicnties)
sciences juridiques (2 fascicules)
histoir;a (2 fascicules)

philologie (2 fascicules)
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