r\ ‘-—w -~ v‘:';' )

U Nﬂfi{iflTATIS BA BE§ BOLYAI

M ATHEMATICA
| 2
1981

oo
Py
|
\

\



KENACOOR Q0 mve b FRY

NEVACIUS N g s Sy N
. N TR AT TN D B Y RO el L ROVEES sref. L A 3US

'
WONINCT T TS DT X, NV 0 Bl KUK poele L NARUSCIAG ;’
PO AN rove & R VSTV e L PR e e moacibil, prud D D STV
(S P “;\ k 1M 4 t-‘\‘ X i A S XN R o2 d



ANUL XXVj

STUDIA

UNIVERSITATIS BABES-BOLYAI

MATHEMATICA

2

1981

Redactia: 3400 CLUJ-NAPOCA, str. M. Kogllniceanu, 1 @ Telefon 134 50

SUMAR — CONTENTS — SOMMAIRE

Profesorul Dumitru V. Ionescu la a 80-a aniversare ® Le professeur D. V. Ionescu —
pour son 80 annmiversaire . . . . . . . . 4 4 . e e e e e e e e e e e e e e

¥ G. MICULA, The ,,D. V. Tonescu” method of constructing approximation formulas @ Me-
' toda D. V. Ionescu de construire a formulelor de aproximare a analizei . . e

P. BLAGA, GH. COMAN, Multivariate interpolation formulas of Birkhoff type ® For-
mule de interpolare de tip Birkhoff pentru functii de mai multe variabile .

P. BRADEANU, Asupra unei metode variationale cu potential local pentru migearea unui
fluid viscos incompresibil in conducte circulare ® Sur une gxétllode variationnelle
A potentiel local pour 1'écoulement d’un fluide incompressible visqueux dans les tubes
cylindriques . . . . . . . . . . . .. ... . e e e e e e e

A. COTIU, Noi procedee de integrare numerici a ecuatiilor diferentiale de ordinul intii ®
Nouveaux procédés d’ mtegratlon numérique des équations differéntielles du premier

ordre . . . . ... e e e e e e e e e e e e e e e e e e e e e
%D. D. STANCU, A generalization of the Schoenberg approximating spline operator ® O
generalizare a operatorului spline de aproximare al lui Schoenberg . . . . . ..

I. A. RUS, On a problem of Darboux-lIonescu ® Asupra unei probleme a lui Darboux-
Iomescu . . . . . ... oL Lo e e

P. PAVEL, Une relation entre les différences divisées et quelques formules' de dérivati.on
numérique ® O relatie intre diferentele divizate i unele formule de derivare numerica

D. RADULESCU, Sur un probleme de D. V. Ionescu @ Despre o problemﬁ. alui D. V.
Tomescu . . . . . . ... L e .

M. MICULA, The Runge -Kutta- I‘ehlberg procedures for the numerical solution of Volterra
integral equations ® Procedee de tip Runge-Kutta-Fehlberg pentru rezolvarea numeric
a ecuatiilor integrale Volterra . . . . . . . . . . ¢ ¢ . o o 0 00 e e e e e

P. T MOCANU, On a differential inequality for analytic functions in the l_mit disc @ Asupra
unei inegalitd{i diferentiale pentru functiile analitice in discul unitate . . . . . . .

14

23

32

37

43

46

51

56

62



I. MARUSCIAC, Generalized Chebyshev polynomials and reversed geometric p

. . N ! TO! H
® Polinoamele lui Cebigev generalizate si programarea geometrici re\'ersg :tm.m Tng
S. GROZE, A method analogous to the Chebyshev method for the solving of the operator
equations ® O metodd analoagd cu metoda lui Cebis

operatoriale . . . . . .

ev pentru rezolvarea ecuatiilor

A. PAL, T. OPROIU, On the determination of circular orbits of artificial satellites from
optical visual observations @ Asupra determinirii orbitelor circulare ale satelitilor ar-
tificiali din observatii optice vizuale .
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PROFESORUL DUMITRU V. IONESCU LA A 80-A ANIVERSARE

Publicind acest volum, ne indeplinim o plicu-
ta indatorire, accea de a adresa profesorului doctor
docent D.V. Ionescu un cuvint de omagiu la cea
de-a 80-a sa aniversare.

Cadrele didactice si studentii facultitii noas-
tre, tofi cercetitorii Imstitutului de matematici
Cluj-Napoca, isi exprimi cu aceasti ocazie senti-
mentele lor de admirafie gi recunostin{i pentru
remarcabila activitate pe care profesorul D.V. Io-
nescu a desfigurat-o §i continud si o desfisoare,
neobosit, de mai bine de cinci decenii in cadrul fa-
cultidfii noastre. .

Este greu, fie chiar si rezumim prodigioasa
activitate a profesorului D.V. Ionescu. Ne vom
mirgini, deci, numai la citeva dintre aspectele ac-
tivitdtii sarbétoritului.

Personalitatea profesorului D.V. Ionescu pu-
ne in evidentd, in primul rind, tripla sa vocatie:
accea de dascdl, carec a contribuit in mod hotaritor la formarea a nume-
roase generajii de absolventi; accea de cercetitor stiingific, situat printre
primele rinduri ale creatorilor unor metode noi in matematici, creator de scoald
in domeniul analizei numerice ; si aceea de activist obgtesc, indrumitor de catgdr{t,
sectie de cercetare si facultate — la a ciror organizare §i dezvoltare a contribuit
temeinic,

S& urmirim schematic aceste diverse aspecte. . .

Nascut la Bucuresti, la 14 mai 1901, D. V. Jonescu si-a ficut studiile la
Liceul ,,Sfintul Sava”. Inci in cursul inferior al liceului, a inceput si rezolve
probleme la ,,Gazeta Matematicad” (infiinfatd in 1895), al cérei colaborator $t
sustiuitor a rdmas pentru totdeauna. o

Dupid examenul de bicalaureat, in septembrie 1919, D. V. Ionescu s-a
inscris la Facultatea de stiinte a Universitdjii din Bucuregti, Secjia de matema-
ticd, unde a avut ca profesori pe Georghe Tifeica, Anton Davidoglu, David Em-
manuel, Nicolac Coculescu, L'raian Lalescu, Theodor Anghelufa. A 'a'tbsolvxt facul-
tatea cu rezultate strilucite, obginind ca student premiul , Hillel’.

In anul 1923, D. V. Tonescu pleaci la Paris, ca bursier, intrind ’1'3 celebra
,»Ecole: Normale Supérieure”. La ,,Sorbonne” si la ,,Collége de France” a urmat
cursurile marilor matematicieni E. Picard, P. Montel, E. Goursgt, E. Vessiot
etc. La 7 junie 1927 si-a susfinut cu mare succes teza de doctorat in matematica
intitulata ,,Sur une classe d’équations fonctionelles”, in care face o generalizare
a unor rezultate ale lui G. Darboux, E. Picard §i E. Goursat pentru anumite
ecuatii cu derivate partiale. ) .

Intors in tar3, in toamna anului 1928, D. V. Tonescu este numit confer_entlgi‘
la Universitatea din Cluj, de care s-a legat pentru toatd viaja. La 15 mai 19
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PROFE |
OFESORUL D. v, IONEScu |

devine profesor a i ;4 .
de-al doilea rézbc%irer%%g 31 apoi titularizat la 1 julie 1934, Ty per:
Timisoara, D.V Topoe & 1al, cind Facultatea de stiinfe din Pc(’irlpada 8rea g o
tudinile vremii. In sou: 12;) igst decanul acestei facultati, T€U§iné1 ! va.f“ncﬁonatlu.
si la Politehnica din Clas 3‘1955, D.V.'IOnescu a fost PTOfessa Invingy Vicig
din cadrul facultati no i,s 'clraer n }955 dev§ne seful catedrej de ec; sef de categ,
continui activites ,» Pind la pensionarea sa, in 197 gtn dlfmﬂtia(
> 1V_1_tatea ca profesor consultant 1, dati ge la ¢ y
) De la infiintarea Filialei din Cluj a Aca.d iei o
tivat ca sef de sectie la Institutul de Calcul emic RPR, D. v, Tonescu
Continuator al inaintas;,i]or sal1 N Abra;nes A o
Gheorghe Bratu si P. Sergescu, la Universitatea (g‘ - Angelescu, Th. Anghely
a con;nbé{itdtemeinic la forma,rea a peste 50 de plx}(])(:ﬁg;i,i Izircofego?l D‘Vf'IOHes;
_+fIedind numeroase cursuri de matematici si -¢ absolventi. .
publicat totodati val i si @ § mecanica, D-sa a claborat
studelligﬁg doctoranzi $‘? rg?;fisglrlil:surl s manuale, care sint folosite si ?istézailtdz
rin lectiile sale magistral dezvoltate, pri - ii
ages‘ce lectii, D. V. Ionescugla fost intotdcaux,aapfra]llslcifll:ugl;tl “s-yiadedelflonsuamor dn
sa formeze in jurul si iad3 i juti | 5y O nemntrecut. Areug
a in j sau o pleiadd de elevi — ajutindu-i si se descoper i
s151 — mul{i dintre ei devenind cadre didactice universitare ceréetéi)orie It)e el'fl'uT
sau specialisti in .a}lte institutii sau intreprinderi productive,diu tard sHiniihe
_ Omul de stiintd D.V. Ionescu constituie pentru noi un exen']p]u de clar
stiintific, creator §i mobilizator. Obfinind rezultate remarcabile in domenid
ecuatiilor functionale, ecuatiilor diferenfiale si cu derivate pariale, ecuatiilor
lntegra}e, algebrei, geometriei, mecanicii rafionale, dar mai cu seami in domenit
analizei numerice, numele lui a devenit cunoscut in cercuri stiintifice largi din-
tara si strdinatate.
Ocupindu-se, timp de peste
mare ale analizei matematice, D. V. Ionescu a creat o metodi g
struire efectivi a acestor formule, metodd numitd de autorulei,,

@’’, dar care astizi ii poarta numele. _

Prin metoda sa, D.V. Ionescu obfine rezultate remarcabile in c?nstruﬂfl‘:T
formulelor de aproximare ale analizei, cum ar fi: formule de quadratqra, g:;f::“
de interpolare, formule de derivare numerica, reprezentarea mtegralg ?n roastk
elor divizate, aproximarea solufiilor ecuatiilor diferentiale etc}: j)lle] 5 meno-
sale rezultate matematice sint materializate in cele peste 250 de ar écrafiile |, Cua-
rii, si intr-o serie de tratate si manuale, printre care Bse dlrset]tl:]ig %051; g§i _ Diferente
draturi numerice”’, publicatd in Editura te}l;ﬁxccuar,estit’w;lg’]g 3 ltima’ Zimd distioss

30 de ani, de cercetarea formulelor de aprox-
enerald de cor
metoda funche

divizate’’, publicata in Editura Academiei, 25t
igi i zar”’ demiei R.S.R. J
restigiosul premiu ,,Gh. Lazar al Aca . . jecan

o r y : atedra, sef de sectie de cercetare 51 °" ", m

4 activitate PS din

jvist obstesc, ca sef de ¢ I
Co act ; : nescu a desfisurat o bogat Fematici

=411 . Jo A
facultatii noastre, profesorul . ¥ arii stiintifice in domeniul ma

~ oatamintului si cerceta . .
dezvoltarea jnvatamintu’l ) iversitar. e
deosebire din centrul nostru ux e i om de §mn;ad

ara noastrd, i cu ¢ | v o
} Toate aceste aspecte I{Oarta_tn;arcaleuggéséi&stza Jhiigate in i;zdelulr:g?‘feﬁi_
igi tatile si meritele sale GEOSEX S i
s Pfentrrltlzhcl?lll) \tf Iosnescu i s-a conferit titlul suprem de p

iera o V.
carierd, protes To
tar emerit al R.S. Romamnia.



PROFESORUL D. V. IONESCU 5

Noi, cadrele didactice, cercetitorii i studentii Facultatii dev matematica,
toti matematicienii Institutului de matematicd Cluj-Napoca, profitim de.aceasvta
fericita imprejurare pentru a adresa profesgrghu D.V. L.Io_nesc_u, vgneratulul dascil,
uririle noastre cele maj cilduroase de sanatate, fericire si noi succese pentru
continua inflorire a invatamintului §i cercetirii matematice din fara noastri.
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THE,,D.V. IONESCU” METHOD OF CON
APPROXIMATION FORMUT,

G. MICULA

A 1?1.1 more than 50 years of intense rescarch in a
nalysis, D.V. anescu created a new general method
mulas called by its author wile method

Our aim 1 i o : R I
DYV, I m here is to pr'etscn@ this method in its main lines. The method o

-V. lonescu distinguishes itself through its general character being applicable
to al& .h near approximating formulas of Analysis in one or more variables, such as:'
Q.ua. rature _formu.las, Interpolatmn- formulas, Formulas of numerical differen-
1t:}a‘1c10n, D1'V1ded differences, Numerical solution of ordinary and partial differco.
-tial equations, etc.

The D.V. Ionescu mecthod consists mainly in associating to any approxima-
ting formula, of a boundary-value problem on an ordinary or partial diffcrential
equation, the boundary conditions being suitable chosen according to the formula
to be established. . L.

The D.V. Ionescu mecthod is prescnt?d m.dctaﬂ mainly in the monographs
13, 2] which are unique in mathcmatxca} .lltcrat.u_{e. . _
o 1. The D.V. lonescu method and the divided dilferences. Let fe C[% %

be a given function and

pPproximation formulas of

of constructin
y SUCh .
offunclwn o', g for

1.1
Ry < My < ... < X, (L.1)

v,]. One denotes usually by [t

~ . : i x , ;
a system of simple knots of the interval [% L O o] on the Knots (1

x v, ; f] the divided difference of order » of t
1y > = " 2"Vn

. associates the polynoms
X1, X, | ONC assocxat(:s | g
To the interva® [Afo, -1"51], [ixlée22ce ' < [71 l—-l 1,' ]i.c. the solutions of the di
respectively, O <
cPlr (‘P2’ LR ] CPu., :
ferential equations: .

ot =0, ¢f? =00 =0

i i sarts onc gets
By the formula of integrating by I .
" (n—-l)f]x'. , 1 = 1,% ( :
(— 1)" @ *i1

X.
13

ael) — ol fo=D At
g o; f ds = [ f" 9i f e
e by 2(/f] “:;1: knots

i i left-hand sid 0y S
the equalities (1.3) and de?}?(?n\gaﬁllfs of ff - fi-v o
Adding :onal depellds on
this functio
that oy

Xq s 2 U



THE ,.D. V. IONESCU* METHOD

To the equations (1.2) we attach the following boundary conditions :
oW(2) =0, oM(x) =0 £=0,1,..7—2
q:;."’(x;)‘:f?,@,(xi)’ J=23 ..,0-11i=12 ..., n—1, k=0, L..,n—=2 (14)
a[x"] =1
By a through computation one deduces that the boundary value problem (1.2),

(1.4) has a unique solution ¢ such that Plixi_y 53 = @i 1 = 1,m.

THEOREM 1. If fe C"(x,, x,], then the divided difference of order n of the
function [ on the knols xy, %y, ..., x, can be cxpressed by formula :

[Xar %1y« v vs %03 f] =S 9(s) fo(s) ds (1.5)
where the function ¢ coincides on ecach subinterval [xi_y, x;] with the functions

9:(t = 1,n) whick are the solutions of the boundary value problem (1.2), (1.4).
The function ¢ from (1.5) can be effectively written as:

n—1,
(x — 27! ('~ z)4"! (x ~ %)y 16
#(s) = (n—l): +a (n — 1)1 Tt (o — 1)1 (1.6)
where
; V(T s Fiy, Figgs e )
e ), (e

i=0,1,...n, and Vis the usual Vandermonde determinant. ' -

It is clear from (1.6) that the function ¢ is a polynomial spline fu.;lzcgo?z
of degree #—1 and of class C*2. So it follows that the D.V. Tonescu method is
also a constructing method of spline functions.

THEOREM 2. The splinc function from (1.6) is positive on the interval [xy, %,]
and

in

{ o) ds =

n!
X

COROLLARY. The divided difference from (1.5) can be writlen by a meon
theorem as

1
[%o) X1, ovs Xn; ] = ”—‘!. ¢ e )%, %
Remark. The D.V. Ionescu method can be used in a similar way to fx;:rfﬁf
the divided difference of the function f on the multiple kxiotsl; t:;oi,n :;1. ceer X
the orders of multiplicity respectively, u,, #,, ..., #,. One 0

x
&
]l = (s)ds (1.7
(%0, Xg, -0y Koy Xay Xgy o v vy Xy« v - %y, %y, ...,x,,f]-—\ o(s) S (s) (1.7)

ne ", "y Xeo
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i
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I

functio .
T ey ﬂk respectively, an: ;fi(iegll-ee :
’ digg

where n, + n, 4 + 7, = n and o is her ;

. . = e .

# with the multiple kno::s of orderq; My, 7 @ polynomial spline

positive on [x,, x,]. ’
2. The D. V. Ioneseu method

application of D.V. Ionescu metho

shall present here only the case of

and quadrature formulas, To
d to conmstruct any quadratur
the quadrature formula of Ga

th
e formula, “.:

Let # = N be fixed and f e C[ab,] a given funatin >2uss:
the unknown knots inside of the interval [a],b]. given function and et (L) e
The quadrature formula of Gauss is the following formula
b
V/0dx = cf(m) + Cof (e) + ... + Cuftm) + RUY oy

a

where the coefficient C,, C,,..., C, and the knots x,, x,, ..., x, are to be deter.

mined such that the formula (2.1) has the degree of exactness 2n-1 i.e. R{f]=0

for f(x) = #%, j =01, ..., 2n — 1. 4
The D.V. Ionescu method leads to the determination of the coefficients

of the Gauss quadrature formula and also its remainder.
One considers the divided difference

[(4,%),%,, %5, %0, -+ oy XXy, b 8] (22

of the function g e C?*+! [a, b] on the simple knots a,b and the duble knots 1,
%o, . . .,%, which are the roots of Legendre polynom on the interval (a,b]. From (L7)
follows that this divided difference can be written as

b
[a, Xy %1 - - Xns X b:g] = Szﬁ(s)g

a

) ds X

or

b ('.’n+)l) i (2'4)

2og(@) +3° [ig(m) + A% ()] + Anig0) =\ 3l ()

a

- T O. ‘ RN - S5
that 4; =0, 1 = 1,n, Ao + A1 # ula of Gav
:ﬁ: svaénvz?t:hic:lw&fll)lag'(x) = f(x) one obtains the quadrature form

(2.1) with the coefficients ) (25)
A, L .

Cl = An:—l, ' C” - Antr R
and with t’hé__rehiainder : “..'-(2.6)

(2m) D= L og(x)

b
R = {4l Jlx) a2 4= 10

a

So, the following theorem is proved :
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THEOREM 3. The coefficients and the remainder of the quadrature formula
of Gauss (2.1) are given in (2.5) and (2.6) where the fzmction?p 1s definet{ n the
integral representation of divided difference (2.3) and the knots Xy, Xoy o v, Xy ATE
the roots of the Legendre poliynom of degree n on the interval [e, b1

Remark. Similarly, can be used the D.V. Jonescu method in order to-obtain
the more general quadrature formulas of Gauss and Turan type and also to
determine any kind of quadrature formulas.

DV.Ionescu ([3], [4], [5] extended his method for the several
variables and he constructs also many kind of practical cubature formulas of
the form:

(/05 9) dxdy = 3335 diflm ) + RIf 23]

=0 ==
D

where the remainder is represented by a double definite integral on the domain D.
3. The D. V. lonescu method and numerieal differentiation. V.A. Fa d e-
eva gave the following numerical differentiation formula:

A2 f(x) = = [f'(x) = f(=)] + RIf]

where the knots x,,x,, x, are equidistant with the step-size .
Here, we shall apply the D.V. Ionescu method for the obtaining of the

following numerical differentiation formula :
A" f(x) = Aif (1) + Aof' (%) + ... + Auf(%) + R[] (3.1)

where the knots x,,%,, ..., %, are equidistant with the step-size %, and the coef-
ficients A,, A,, ... A, will be determined such that the remainder R[f] vanishes
for f(x) = x/, j = 0,1,... n. By A"} f(x,) we denote the finite difference of order
n — 1 of a given function f e C"[a,b] in the point x, on the equidistant knots

xl,xz, . e ey x". .
We attach to the intervals [%,,%,], [%2%], ..., [%s-1, #,] the functions
91, 92, - .., 9, Which are solutions of the following differential equations :

P+ = 0, p*") =0, ..., it =0 (3.2)

Supposing f e C*+![x,, %,], on each subinterval [x;, Xi41] integrating by
parts it {ollows
%541 . fie1
[ @) foren(a) dz = [ o) = @i/ ook (= DO ST 39)

Adding these equalities (3.3) for 1 =12, ..., 7 —1 and denoting the left-hand
side by 2[f] one gets

a[f] = S o(x) f () dx (3.4)

X,
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where the kernel function ¢ coincides on each subinterval [x;, %ig1) With

function ¢; (¢ = 1,2, ..., # — 1) and [ f] depends on the values of f.f
on the knots x;, %, ..., X4 . ' * v, f
Now one formulates the following boundary value problem : To 'det.ér
' mj

the functions @, @3, .- -, q:,,,.vyhich are the solution§ of the differentja] uat:
(3.2) and so that all the coefficients of f”, f*’,...,f® in [ f] vanish anq inegdgt“?"‘
the coefficients of f(x,), f(%,),. .., f(%s) to be exactly the coefficients of Ahltxon
from (3.1). (x)
This problem needs the boundary conditions on the functions P1 9
similar with the conditions (1.4). It can be proved that this bouudar;.‘.,‘;i?.
problem has a unique solution @, @s, ..., ¢ Which are all the special Polynoml;e
Thus, inserting in (3.3) the polynomials ¢,, @, ..., ¢, which are the colutie.
of the above boundary value problem, we get the numerical differentiatjoq f(,':s
mula (3.1) with the coefficients : )

A, = (—1)r+rt t2—1 ck-t, k=12 ....n (35

2(n — 1) n-t —
and with the remainder

R 1= o0/ () 5. 0l sy = o 89

*y

It can be shown that the function ¢ is a spline function which is negative oo
the [x,, x,], and also that

et

Iy -
S o(s) ds = —"1—2 and R[f] = —
Remark. The D.V. Ionescu method can be used in order to obtain.any o
hers numerical differentiation formulas. -
4. The extension of the D.V. Ionescu method to several variable functior
In more detail, these extensions are presented in [2], [3], [4]- - the
Shortly, we insert here some of the most important results concermng
divided differences of the functions in two, and p variables. 4 the kot

One considers the rectongle D: x, < x < %,; Yo < ¥n< Yu 80
M (%;, y,) where

pX02 (n+1) :
o fe), celr xl

-

1)
x0<x1<"' <x“_]<x”;yo<y1<.-.<yh—l<y” (

Let f e C*D) be a given function and # e N, fixed.

DEFINITION . The divided difference of order n of the functiot
MuyG, k=0,1, ..., 1) is difined by

Xo» X1y « vy Xy ] L.
fli= Canf (%0 1)
YorVu oo Y | .'=Zok§o ' '

fon the 0¥

4
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where the cocfficients Cy are defined by :

V(I,. Xy oo Xigs Xigpy oo vy Xp) X V(y.,, Yir coos Yot Yht1s <=, Vp)
Vizg, 2y, ..oy 2) L V(6. %10 - -1 V)

Car = (— 1)+

THEOREM 4. The divided difference of order n of the function f on the knots
My, kh=0,1,...,n) is rcpresented by the formula :
x,x,.-.,x” . é"' . S,
v :fJ = |{o(x 3 ZLED axay
Yor Y1 ooer Yn g 9" Oy -

where the Rernel function ¢: D — Ris a spline function of two variables, which
coincides on each rectangle D;,: {(x,y)[%; € 2 € %ig1; y,< Yy < Yrr1} with the
Sunction @i which is the unique solution of the following boundary value problem :

a’.’n )
TR_0, ik=01,...n
ax" oy"
32("—')(% . ) JHn—=1-1 (9'* - P k)
: “ : (x' yk) = 0 ”—"—,; H=—7 l‘ x'y) = O
3.1'"_' ay'l—'-l ox 3)’
32‘"—'_”(?.7, +Pi_1a T Pk T P a1 (%, ) = IIC""' r=0
i SR T 0, r#0

ax»-q—l 3yn-—r—l

r=01,..., n—1; 4k=0,1,... n

The proof of this theorem is in [2] where it is written effectivly the funtion
¢ and it is shown that this function is positive in the rectagle D.

For the first time was defined by D.V. Ionescu [2] the divided fiif—
Jerence of order n of a given function f' of p variables x,,%,, . . ., x, on the prescribed

ll,h,...,”'

It is proved, in a convenient assumption on the function f that the following

integral representation of the divided difference holds :

0) 4() '
AR

2O 4 gm PE(%e v e es %p)
2 %2 % f (P(xl"_"xp)_o_&_'__ﬂdxldxz...dx,.

> ‘ ax” axﬂ

. @ . H } P

). (1 (n} i ?

' 1 ” i

X ED, L b

where the domain D is defined by:29< x, < 2i,..., )< % < 2 One pro-

ves that the function ¢ is also the unique sqlution of a bouqdary valqe prO!)llem

and it is the splinc_function of p variable, positive on the domain D and it vanishes

on the boundary of D. . s
The divided difference theory for the function of several variables is In

detail studied in [2).
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5. The D. V. Ionescu method and the numerical solution of difieren;
equations. The D.V. Ionescu method is also applicable to obtain new jm l'(;ltlual
methods of numerical solution of differential equations with given COngl?t' ant

Let consider an initial value problem 10ns,

¥ =flxy), ¥(%) = ¥, AT

where the function f: D — R, DC R?satisfies the conditions of existenée'and
unicity of a solution y: I — R of the problem (5.1)

Any numerical method to solve the problem (5.1) has the starting point
the partition of the interval I: = [a,b] by the knots

a=xo<x1<---<xn—-l<xn=b o (52)
and the seeking an algoritm in order to find the solution of problem (5.1) if the

points %, %,, ..., %, when it is known this solution in the point x,, (or even in
another points). o )
Supposing the knots (5.2) to be equidistants with the stepsize A, the problem
(5.1) can be written as:
x4k
y(x 4+ h) =y(x) + \ fsx(s)ds, xefa,l], 1=12... _ (53

Let &,p,g be three integers numbers. If the argument x takes a fixed value %_,,
from (5.3) it follows that the algorithm to find y,4, it is

Th+p :
s = =g+ | S52)(5)) ds - (54)
g
If we denote f(s,y (s)) : = g(s), then any quadrature formula approximating the

Xk+’
definite integral S g(s) ds furnishes a numerical method for the problem (5.1),

xk__q .
a method depending of the chosen quadrature formula. 5
The D.V. Ionescu method is useful to get general procedures for the num:he
cal solution of differential equations as: the Adams-Bashforth algorithm,
Nystrom method, the Milne-Simpson procedure, etc. erd
It is very important to underline here that, D.V. Ionescu gavea gen.c
procedure to obtain the Runge-Kutta methods of any order for the numert
solution of differential equations.
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METODA D. V. IONESCU DE CONSTRUIRE A FORMULELOR DE APROXIMARE
A ANALIZEI

(Rezumat)

fn aceasta lucrare se prezinti metodn ,D. V. Ionescu” de construire a formulelor generale
de aproximare ale analizei. Pentru a ilustra generalitatea §i avantajele metodei D. V. Jonescu,
in lucrare se prezinti construirea formulelor de cuadraturd, de derivare numerici, reprezentarea
integrald a diferenfelor divizate a functiilor de una §i mai multe variabile, precum gi rezolvarea
numericd a ecuatiilor diferentiale §i integrale.
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MULTIVARIATE INTERPOLATION FORMULAS OF BIRKHOFE
TYPE

P. BLAGA and GII. COMAN

0. Introduction. Taking into account its practical utility, in the last time
the punctual and blending interpolation problem for functions of several variales
defined on variaous domains, usually for bivariate functions defined on 2 rec.

tangle or a triangle, was largely studied.

To this end, there were used, {irst of all, interpolation operators of Taylor,
Lagrange and Hermite type [1,3,5,7]. More recently [4], some interpolation
formules on triangle using Birkhof{’ s type operators were constructed.

In this paper new interpolation formulas of Birkhoff type for rectangular

and triangular domains are constructed.
For simplicity, let us consider the standard domains

D, = 10,A)X[0,h] and T, = {(xy)|(xy) e R, 20, ¥y 20, x+ 3y <h,

h > 0, any other rectangle and triangle can be obtained by D, respectively T,
by an affine transformation.

I. Interpolation formulas on reclangle. First, the necessary unidimensional
operators will be constructed.

Let f: [0,4] - R be given.
LumMa 1. 1) If there exists f'(h) then the operator B, defined by

(Bof) (%) = f(0) + =f* (k) (1.1

satisfies the condilions

1) (Bif) (0) = f(0); (B.f) (B) = 1" (h).
i) Bif =f, VfeP, (the polynomials of the degree at most 1).
2) if f e C2[0,k] then the remainder of the inlerpolation formula

f= B, f+ R/
has the expression
Ruf)z) = #(Z = b)/"(&). & < (0]
and )

H(Rf)(2)| < ;—'M,f, Va e [0,h] with M,f = sup |f"(%)]

0ga<h
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The proof of the first part is a simple verification.
By Peano’s theorem, using ii), one obtaines
5

(Ruf)(x)'= g o) f7(t) dt (1.4)

0

where
pi(xf) =R [(x — ), ] =(x—¥), —x <0,z  [0,4].

Applying to (1.4) the mean value theorem one obtaines (1.2) and iaking

into account that

max x(i —'—h} =—I—Iz‘3

0K €h

2 2

it follows (1.3).
tLessa 2. 1) If there exist f'(0) and f* (h), then the operalor B, defined by

(Bof) (2) = & (3 ©) + £ ] + B2 (8 (15)

wilh

2% — R)(3h — 2x) 40 — R
afz) = AR gy = 222

possesses the properties
) (Bfy0) =/'0), (Bf) (3] = /5] (BaY0) = F'0h
i) Buf =/, ¥ < P,
2) If f eC® [0,h), then the remainder term of the interpolation formula
f= B[+ R.f

has the representation

(Rof)(x) = ZEZHEZ B (), €, < (04 (1.6)

and
(R )(%)] < ;’4 M f. VYx e [0h]. (1.7)

The proof is a straightforward computation. It is more difficult to study
the sign of the function ¢, in the integral representation of the remainder term

]
(Rof)(2) =\ @u(x, ) S (1) dt

0
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obtained by using Peano’s theorem. We have ¢u(x,/) >0, xe[O h

B
py(1:8)<0, 2 IE:/L] for any ¢  [0,]. Such, (1.6) follows by the meq, Valye

theorem. Because )
max |{(2x — h) (222 — 2hx — ?)| = I3
0<agh

we also have (1.7). .
Using these operators, interpolation formulas on D, are gencrated
Let be f: D, - R. One denotes by P* the operator which is appli.ed tof

with regard to the variable x and by R* the corresponding remainder Operatg

. r'

THEOREM 1. A. If there exist f00 (h,0), foN (0,4), fu.n (MR), then
operator P, = B{Bj, ie.

(Puf)(2y) = f(0,0) + 2/*94,0) + »/°(0,k) +

+ 2y (B, 1)
has the propertics

i) (Puf)(0,0) = f(0,0), (Puf)to(h,0) = f19(4,0),
(Puf)OR(0,5) = fO(0,h), (Pyyf)0n (k) = fo-(h,}),

ii) Puf=/, VieP,.
iii) 1f, futhermore f < C*(D,), then the remainder operator Ry, = Ri @ R
of the formula
(18)

f=Puf+ Ruf

has the representation
(Rll f)(x._')’) — x‘ ; . k)f(?,o)(g,y) + y !2— —_ lz)f(o,'-')(x, 7}) —_
i x ' 290
—_ ly(; - hJ(% - ]I‘Jf(z'.')(iltnl)
where 0,8, m < [0,k) and

h3 2 4
(Ruf)(xy) | < ry Myf + % Mosf + :L Moof, V(%) € Ds-

B. I - . 2B, 1
f there exist the necessary derivatives then the operator Pop = By By, 1%

(Paaf)(2,y) = a(x) [a(y)fu.l)(o,o) + fu.0 (0, .;LJ + g(y)f(l.l)(o,h)] +
O )1 2] o)

=+ B(x) [a(y)f(l,l)(],,,()) + fu.0 (h, _:'_) + B(y)fun(a, I;)]

possesses the properties
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i) 4t interpolates the corresponding derivatives of the functi 1
of D, an the value of f on the center of D,. / the function f on. the vertices

i) Pof =f, VfeP,.

iii) +f fe C>3(D,), then the remainder of the mterpolatwn Sformula

J = Puf+ Ryf (1.9)
has 1lhe represemtalion
(Raof) (%.5) = W(2)fPNEy) + ¢ (y) fONz,9) —
= $(%) ¢ (9O, M),

where £, m, By, m <[0h] and (x) = 214 (2% — h)(22% — 2hx — A).

We also have

(Ref) (29)] < Maof+ Moaf+ M f.

The proof is based on the following decompositions of the identic operator
I=RB,By+R®R), pg=12 p=¢g
and on the results of lemmas 1.2,
Remark 1. Analogous formulas can be obtained using the operators

P,, = B{B} or P, = B;Bj.

THEOREM 2. A. If there exist f09 (h,y), fOY (x, k), ¥ x,y [0, k], then the
operalor S, = By @ B, i. e. (Suf)(x y) = f(x 0) + f(0, )—fO 0) +
+ 2[f0(R, 5) — J09 (B, 0)] + y[fOx, h) — FON)(O, h)] — xyf"N(k, )
has the propertics

i) (Suf) (%0) =f(%0), (Suf) (0,5 =/(0, ).
(Su )k, y) = fONR, ),
(S f)ON(x, k) = fO) (%, k), Yx, 5 [0, A].

ii) Syf=f VfeP,.

iii) if f « C2*(D,), then for the remainder term of the blending inlerpolation
Jormula

f=Suf+ Ruf, (1.10)

where R,, = RiR}, we have

(Ruf) (5, 9) = (5 = B)(5 = B foE ) B < (0, 4]

2 — Mathematica 2/1981
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and ‘
(Ru)) 5 3)| < XMyt i,y D,

LS00, ), fo "9 (), fon
B. If there exist foo, ¥), fON (x, 0), f ), B, Vxy
then the ojprerator See = B @ By possesses the Properties s A

1) Sy f interpolates the Junction f on

{(x,y)[(x,y) e Re, x=l;~. 0 <y < /z}U{(x.y)I(x.y)eW.y=f§.0<x<;,}

and the corresponding normal derivatives on (e D, edges,

1i) Sz2f=f» /e P, ,
§

i) if f « C33(D,), the remuainder teyy, of the blending tnierpolation Jormuy
f= Szef ‘l‘ljézef (l-”)

has the representation

(Resf) (3,9) = V(5 ¢ (y) foog, ), M &[0, k)

and

I(Reef) (2) ] « 5’56

The proof follows from tpe above lemmas ang the identity decompositions

Remarg 9, Analogoyg results are obtained taking other combinations of
the operators B, and B, :

My f, v (2y) « D,.

is the minjmgy Of these orders For ex Ry f)(x))=
— . ample, (R ¥,3)=0 (h?) and(R,, P ot
= O(hs), 0 the other hang, 5 punctua%)intgrﬁg;él{iog)formula uses a fxfmrtg1 S;Ea
1o Jnction f while. blending interpolation fo ol

s he informatiopg To0Ut fon a infinite seq o points, i.e. it is not a nimeri

» M a-
2Pproximatiog fo Mmula. Thig de_ficxency €an be eliminateq by applying new Oper:

roXi-
Ontain functions of a variable, such that the app:

. : mation
order iss4a1; €Xample, ope Considers the formula (1.10), whose approxm:zond
- 10 Order tg o, Serve the approximation order, let us use in the S

Preserve
level of 5 imatj ) ) des 0.
B3, 243 }fpro:umatlon Lagranges Operator 1, corresponding to the 10
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One obtains

J=Pf+Ff

where

P = BjL} + L;B] — BB}
and

R = Bi{R} + BiR; + Ry,
1.e.

(Pf) (x3) = 3 1h3) [£0.5) + 0900 3)] + L(3) (30 0) + 5700z B} —
— /(0.0) = £{09(3,0) — 3fOD(0,) — a3 AN (hh)

where /; are the fundamental Lagrange interpolation polynomials.
It is ecasily seen that

(Rf) (%, y) = O(W), ¥(x, ) & D,.

2. Interpolation formulas on trmngle THEOREM 3. If f: T, - R and there
exist fOOR, 0), fON(0, k), f0.0 {_Z. =], ron ( ) then the operator defined by

(Pf) () = -2=2=2 110,0) 4 =2 =R 0) 4 FE=2 =N (0, 4y —
— 222 pog,0) - 282D fonon) + 2 (fo0 4 fon)(2, 2] (21)

Dbossesses the properties
i) (P) (Vi) =/(Vi), i =02; (PO (V) = fUIV)),

(ppenvy) = ponv, 2L (5 5] =l 3)

where Vo = (0,0), V,= (4 0), V,= (0, %) (mdg;is the normal derivative.

i) Pf =/, Vf &P,
iii) if feC3 (T,), then for the remainder term of the formula
| f=PFf+Ff
we have

i 35 + 13413 1
RS (x.9) ] < [2_7%%& (Manf + Maof) + SEBIR 0 1 4 < Mof | 1o
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The first two assertions follow by a direct verification. Ry, the re.
maindI:’r'ogg'rm, using Peano theorem, one obtains

(Rf)x3) = Kuoly /00100 ds + S Kos(%.9 ; 0f9(0,1) dt

0
h

+ S Kyo(z,y ;1)/09(0,8) dt + SS Ko (x,y ; s,6)f®N(s,t) ds dt
0 Th
where

(= 9% ; ) [(2h — x — y)(h — s) — 2h(h — %)] -
2 21

_Q[i_s)
2k | 2 +

Ky(zy;s) =

Kog(%,y; 8) = Koy, x; 1)

xyh —1t) (h 10
Ki(xy;t) = x{y — 1)y — t__h__(_z_ — ¢J+

h 0/ h 0
Kn(xy; st) = (x — s)(y — 1)° — ih’i (; - sU; — t)+.

The functions K4, and K,, do not change the sign on T, X [0,h]. Hence,
by mean value theorem, one obtaines :

(Rf)(x.y) = o(x.)f*(E,0) + (y,2)f*3(0,9) +

h

+ ( Kuoxy ;0)f02(0,0) at + SS Ko (%,y; 5,8) fe(s,2) dsat,

0 T,

&n e [0,k],

where
= 45 = Bt 4 by 27 + 7421
Y = ——___ TV =
?(%9) 24 and m?f lcp('?c.y )Ji,,ﬁ 1721

It follows that

— h
WBA)(%)| < %h’(M”f + Mosf) + Mauf ( |Kualziy )14+
0

+ My f Sg (Ko (% ;s,t)| ds dt.

T
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Taking into account that
]
: S Koy 5 t) | dL <
0
the proof follows.

THEOREM 4. Let be f: T, - R and P,, P, operators defined by
) = £(0,0 1,0 (A% (01)( M
(Paf)(x3) =1(0.0) + af 00 (2, 2] 4o )

x+y x4y
(PofNz.y) = f(%,0) + f(0.9) — £(0,0).

If there exist: fu.0), fON on the hypotenuse of Ty, f09(x,0), x < [0, 4] and
JSoN0,y), y e [0,4], then the operator P = P; @ P,, i.e.
I+

(Pf)(%, 9) = f(x,0) +£(0, ») —f(0.0) + = [fu °>(

35+ 13413

e (| ey isnasa <
Ts

fuo [

»+y x+y)

oo 5]

4y [

possesses the properties :
1) (Pf)(x.0) = f(2,0), x e [0,A]
(P)0.y) =/(0), y = [0,k]

an( hx hy J af( hx hy ) xye[O,h]
o \zx+y’ x+y)] olsty x4yl

x+y’ x+y]

hx hy )

where v is the direction of the position vector of M (x+y ' ety

i) Pf=f, Vf P,
iti) if f & CV(T,), then Rf = f — Pf has the expression

(Rf)(%,y) = xyfan(Em), (Ex) €T, (2.2)
and
(R | < ¢ Muf, ¥(#3) « T (23)
The proof follows easily. For the remainder we have
(RA(zy) = (| Knlny; sofen(st) dsdt
where T

Ku(zy;st) = (x — )3y — 2)°%-

B .
By the mean value theorem, it follows (2.2), and n}ax (2y) = e implies (2.3).
A
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PORMULE DE INTERPOLARE DE TIP BIRKHOFF PENTRU FUNCTII DE
MAI MULTE VARJABILL

(Rezumat)

In aceasti lucrare sint co
functii de mai multe variabile
de interpolare de tip Birkhoff,
vedere al aplicatiilor.

nstruite formule de interpolare punctuald, respectiv blending pentrd
pe @onlenii rectangulare §i pe simplexe, folosind indeosebi opem“g'
Se insistd, in primul rind, asupra unor formule simple din punct ¢
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ASUPRA UNEI METODE VARIATIONALE CU POTENTIAL LOCAL
PENTRU MISCAREA UNUI FLUID VISCOS INCOMPRESIBIL:
IN CONDUCTE CIRCULARE '

PETRE BRADEANU

1. Copstruirea unui potential local pentru misearea stationari in conducte
circulare. Se considerd un fluid incompresibil cu viscozitatea p §i conductibili-
tatea termicd A variabile (dcpendente de temperatura fluidului) in miscare axial-
simetricd pe traiectorii rectilinii in conducte cilindrice circulare (miscare Poise-
uille). Ecuatiile migcirii, considerati nestationar3 si cu gradient longitudinal de
temperaturd, sint scrise in forma (misciri lente)

ou op 2 ou .
— = —r—=— 4+ —[|rp—]), inQ 1
e ot 3z+3r(“ar) ' <)
or aT ou 2 /] T .
— = — — — —(rx=—], iInQ 2
PrC Preptt 5 T m(arj +3r( 87) ! @)

(Q, = QX([0,NcuQ={(r2)|0 SR, <7 <R, 0 <2z <2)
(#>20,T>0,p>02>0in Q)

unde (r,z, p) sint coordonatele cilindrice, #%(r,2,f) — vitega flqidu]ui in direc}ia‘
axei conductei (0z), T(r,2,t) — temperatura absolutd ‘a.flvmdulul, p(z8) — presiu-
nea, p( = const.) — densitatea, ¢, — cildura specifici (pentru fluidul viscos
incompresibil).

Functiile principale necunoscute sint viteza #(r,z,f) si temperatura T'(r,2,t) ;
cclelalte mirimi se considerd cunoscute.

Pentru a deduce potentialul local — o functiqnalé variationalad de Uminim
care se asociazi acestor ecuajii — se procedeazd, in mod formal, dupi cum
urmeazi, ) )

Se inmulteste (1) cu — 2 du/dt si (2) cu — (1/T) dT/ot si se construieste
functia nepozitivd (locala)

T 1QaoT) ,
4}:—2—9—’ éﬁz_Prcp £2=_i 2*1_722 ._ai‘._’_)\r_a___:_:’._)_r
T \ ot T a o ar ot ar Tyt

2 () 4y, T2 (L D) o 0 2
+2W§75(;}+M or ar(r 7] T 7w a

ﬁ’ﬁﬁﬁl_ﬂ(;’z’ﬂgo 3)
T o0z ot T \or] o
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fn expresia functiei ¢ sd facem urmitoarele modificiri :

a(laT)_ 1 9T T _1__‘9_("2)=i(L3T’

o \T o T o o T o\ or a\lT &
T 4 l?z)=)\T._l_£i(:1—?I =l)\Ti(L¢LT2‘
o ¥\ T & T or &#\T o0r 2 alrT 61" (4)
o o (00) g (BT 8] L (2
2“5:;;(8') T(ar ot ® al T ay’J'
Si considerim, acum, functia (dv = rdr do dz)
R; 2,
E@) = SSE iq;(r, z, t)dr = 2~n S S $(r,2,t) dr dz < 0. 6’
1 4
0 R0

Se substituie functia (3), $inind seama de identitdtile (4), in (5), se presupune ci
migcarea are condifii la limitd independente de timp pe suprafata conductei
{unde, potrivit aderentei fluidului viscos la suprafaja rigida, viteza fluidului cste
nuld) si, aplicind formula lui Green, se obfine

3,

ro-af Q3 BT+ 3T 8 (5 5T

ot
0

0z T 9: ot

Sta presupunem ci starea nestafionari este foarte aproape de o stare de miscare
Stationara cu parametrit %y, T, pty, Ay astfel ci pot avea loc urmitoarele aprox-
matii ale coeficienfilor derivate o¢:

2 o
+ 2% %’t‘__I_ oC) — or aJ—}ﬂlNlZ <0

AT % MTy, pT 2 g Ty, 2 » %etc. (@
oz Z

Atunci i . .
la fgf:l'l:“nct‘a F {t), deoarece u,, T, etc. nu depind de timpul #, se poate reduct

Fiy=2= %](u, T; uy, Ty) <0

unde J :C! [Q] »R1 data prin formula

R, 3,

](u T-uo T)— [1.,T oT \2 woT o [ Ot \2 ap
’ » » o] = Pt ARy Bdall e o0 | &7 2—-—M+
RS§ "’(af)+ T(ar)+ oz

u, T (8
+ 06 =2 =2 Tl rdrdz
este o functionajy care d To o “ peuff“
: ] e de % . . inima
miscarea stationarz adic'scre§te. In raport cu timpul devenind MMBITE G go-
» adicd atunci cind w = 4,, T = T, ; functionala J
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tentialul local asociat ecuatiilor (1) — (2) corespunzitoare regimului stationar

de ‘migcare.
Prin urmare, avem

8. J(w, Ti ug, Tg) =0, 8. J(u, T; 145, Ty) =0

cu conditiile complem ntate # = u,, T = T,, unde variatia are loc numai in
raport cu # i, respectiv, 15 u, si T, se considerd functii fixate (variational),
date de ecuatiile stationare (1) — (2) cu d/a¢ = 0.

Obscrvafic. Sce poate ardta cid ecualiile extremalelor # si T pentru functio-
nala J sint chiar ccuatile (1) — (2) cu g/éd ¢ = 0. In acest scop se folosesc ecuatiile
lui Euler-Lagrange

R I L R R R ¥ ®)
ér 2

cay L o=

unde @ este functia de sub semnul integralei in (8) iar indicii 7 §i 2z noteazi derivate
partiale. Dupd ce se calculeaza derivatele partiale respective st se fac substitutiile
in (8') sc aplicd conditiile u = u,, T = T,, u =y, etc. .

Calculcle cfcctuate mai sus $i potentialul local (8) corespund la mai multe
tipuri de migciri stagionare ale unui fluid viscos cu conductibilitate termici in
condudte circulare : . _

— Migcare stajionard in regiunea de intrare intre doi cilindri coaxiali de
raze R, si R, cu ccuatiile §i conditiile

(1) —(2) cu 9lat=0
u(r,0) = u(r), u(R,z2) = u (Ry2) =0, u(rz) =u, (7);
T(r,0) = T (n), T(Ry,2) = T4y, T(R,, 2) = T, (sau flux termic dat).
Potentialul local este functionala (8).

— Migcare stationard complet dezvoltatd (2 — co) intre doi cilindri coaxali
de raze R, si R cu ecuatiile si conditiile

(M) —@) cu 2=0 L=0

u(R) =u(Ry) =0; T(R,) = Ty, T(Ry) = Ty

(conditiile pentru temperatura pot fi specificate si in raport cu fluxul termic
pe suprafetele cilindrilor). Potentialul local va fi funcfionala (8) in care se elimind
derivarea in raport cu z (ultimul termen) si de asemenea integrarea in raport cu z.

. — Miscarea stationar3 in regiunea de intrare a unei conducte circulare s
Inigcare stationari complet dezvoltati intr-o conductd circulara (fard gradient
de temperatura in directia conductei). Studiem ultima migcare considerind ca
cocficientii psi A sint liniar dependenti de temperatura fluidului.
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9. Miscare Poiseuille eu viscozitate si eonductivitate ftermiey varig),;
Aceastd mi'§care este descrisd, dupd (1) — (2), de ecuatiile diferentiale Ordinll"
. e

peliniare de forma (miscare Poiseuille) :

d du) _ dap d (., dT) __ ﬂ)z
_d—r.(‘";)—rdz’dr )\rdr y'ndr 'O<r<R
14(0) _— um! u (R) = O, T (O) = T,,,, T(R) = Tw (9)

(_‘91 0) = 9T (0) — conditie de simetrie)
& o

cn
W) =p* [1+a(T =T, M) =2*[1+B(T—T%];

‘;—P=const = —-Alﬁ <0, (Ap = p* — p,> 0),
Z

T, si u, — const. (valori nccunoscute), T, = const (valoarc dati) (R=
= raza conductei), unde % (r) — viteza longitudinald in conductd si T(r) -
temperatura absolutd a fluidului sint functiile necunoscute, continue §i pozitive
pe [OR], cu w(R)=0s1 1T >0.

Potentialul local al acestei migciri stationare este dat de functionala (8) in
care se elimind variabila z (adici, integrala dupi z si d/dz) .

Se trece la variabile adminsionale punind
r=RY, u= U(ﬂ)’/"', T=0T,,
ue
2B <0, a=al,, p=pT.

T=——=

I (uSAsT, )
Potentialul local al acestei misciri stationare, in noile variabile, are forma

(&)

 8,) = o gl
J(U,e,eo)—g{[1+a(e 04)] 2 "

0wt — 0] % () + 20U} Y &Y
definitad pe subspatiul
— - 0 '
V={Uo6eC o, 1]10(1)=0,U(0) = U, >0;0(1) =1 6(0) = "‘(11')
U'(0) = 6'(0) = o simetri i
(0) (0) = o simetrie} aturd

Potentialul local (11) - : : ed.ee (de ®
fizicd) in Tucrarile [)l'Jl;ic?él]l.l P = 0 este introdus prin alte proc
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Pentru problema de minim a functio ‘o i .
nalei se incearci ;
solutiile J cd, din subspatiul V,

U(Y) = 5(1 —Y?), 0(Y) = 1 + a(l — Y9) (12)
unde a i b sint doud coustante necunoscute, care devin aproximaii pentra

solutiile exacte ale problemei la limiti dlfcrermala constderata initial.
Se determind counstantcl: a si b cu conditiile de stationaritate ale functionalei

{j J(U®), 6(a) ; 00)'°.=) =0, (13)

{ 2 JUm), 6(a); 0,)1 =0
oa ‘0.-—-0

Sc obtin, pentru a si b, ecuatiile (' = d/dY)

25[1 0-0*)0"‘” +y Z’]YdY:
(14)

1 ..

. o dy 0 2do) Ut do

(1 o — 0% 1[0 Y (LA 14 a6 — 0¥ ———}1de=0

({i+eo—o[g 2= (35— 0rao -1 o

Pentru 1ezolvarea acestui sistem, ca si in cclelalte metode variajionale aproxi-
mative, integralele delinite:

1 1
1,==5£ i‘lﬁyzixf=1eas__y_’“i__=_4l1—‘*"ln(l+a)J:
0 da 1+ a(l =YY a
1] 0
Sl Yyudy =__l_[3a+2_ (1 4 a)? 1'(1(1 +a))J
1+ a(l =YY 4a® 2 a
0
0 2 do = _8*+2.q ) 15)
1,,(«)=-\(_0, S yay = 4(2 = te (14 a)); (
(1]

" 4 ’ at+3a+2 N
Tga) == 65 (6 - 6%) l’o_ :—g Yay = 2(3[2a +2- 22X+ a)],
0

' ' .2 a* 4+ 6a+6 '
[,(a) = — BS (6 — 0*)‘_.%_} i:-:-YdY:—-Zﬁ[3a +6—— lu(.l + a)]

]
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L Ut do
Is(a)=——S[1 + a(0— e*)]T ;; YdY =

0

bt _b’(aa+2a—-2) In (1 a).
=-;(a—1) - 242 ( + )

1 1
(se alege 0* = Py (149,) = 3 2+ a))
Substituind aceste integrale in sistemul (14) obfinem ecuatiile

b=-—1,
4

2
— 4pa* + 8(1 — 2@)a — —YS— (1 - a)

(9
1 ¥?
—12Bat + (8 — 168 + E ay’) a— '—8— (1 - a)

lin(l 40 =

in care a, B i y pot lua diferite valori in raport cu modul cum se aleg functiile
#(T), MT), ciderea de presiune Ap/l si temperatura 7', a conductei. )

Si observdm, mai intii, ¢d ecuatia transcendenti (16) are, pentru orice
valori («, B, y) solutia @ = 0 care nu convine problemei variajionale.

Dacd a = 0 i B = 0, adici coeficientii p si A sint constanti, ecuaia prece-
dentd se reduce la ecuatia

ln(l +(l) = q

cu solufia @ = 0 care nu poate fi acceptati. In acest caz problema este hmarea
— cu coeficientii fizici constanti — si poate fi rezolvata prin cuadraturi elementare,
Solutiile problemei, in cazul x = B =0, sint (Poiseuille)

#Y) =,(1 — Y?), 8(Y) = 1 + KU,

42T,

( 1 _174) (17)

2

(Um = — dp Rt §i L (1)2)
dz 4 T

sau L ATy, 8

Uy : =X — ’ )

V) =—Xa-vyy ov,y=1+ () -

Prin urmare, dacy =B =

avem g =.(7/8)2 $ib=—

'(priml'ai‘éiifi 5 o or Coclicienti, asi b, pentru diferite valori y sint date in 2 6) s

fheut prig prl;ief; valorilor Jui 4 5i coloana Iuj b). Rezolvarea ecuafiel (1 tru &

sint dote, £ eul IMjumatasirii intervalulyj. Solutiile aproximative, Lot ntr
nt n tabelul ul (eroarea) corespunzétoare pentts

121¢1 a, B, y. Tot in tabelul 1 sint prez=.

. “ 2, flﬂe:
« §i B). S& mai remarcam, I

. . . a care
0»4P0tIIV1t cu notaia folosita in solutia de ICETT

pelul !

tate §
ezen c
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ecuatia (16) se reduce, pentru g = 0 (A = const, conductibili ici
tantd) la ecuafia datd si rezolvati in lucrarea [1]. Tabceﬁltl)ﬂit;ttfn:egg lgji(fons:
influenta depende'l_d’,cAm coeficientului de conductibilitate termicd asupra dief:t'a
butiei temperaturi in miscarea Poiseuille. Pentru a estima aceasty influentz ISI;
poate face comparafie cu rgzgltatele din [1] unde, de exemplu, pentru « — —( §
= — 5,(1)) (B=0) s-a gisit o = 0,37958. Tabelul 1 da valoarea @ — 035500
cu B=—1)

( FaSe poate verifica exactitatea solutiei, cind B este variabil (Liniar), prin
considerarea solutici pentru « = 0 (adici p = const.). Intr-adevir, daci o — 0
si § variazd liniar cu temperatura, ecuatiile miscirii §i emergiei,(9), se integreazi
prin cuadraturi simple. Calcule elementare conduc la solutiile exacte

UY)=—2(1-Yy, (4)

Y ; y) = 0* + = [— L+ 120 -y (=091 + £ 1—09)}]

S@ determindm, acum, solutia aproximativd (12) in cazul « = 0. Daci, luind
a = 0, se aleg valorile p =—1/2 5i y = —4,0 ecuatia (16) are solutia a = 0,2443
(cu o eroare de ordinul 3.107%). Solutia aproximativid 6 (Y ;a) dati de (12), in
aceste supozitii, va fi

0,(Y) = 1 -+ 0,2443(1 — V) (B)
(a=0;B=—1/2;y=—40;a=0,2443) ©

S alegem in solutia exacta (A), ca si in deducerca solutiei (B), valoarea 6* =
= 1+ a/2. Atunci, solujia exacti (A) cu valorile (C) primeste forma

6,(Y ; — 1/2,—4) = 3,12215 — 2,/T,12588 — 0,25(1 — Y9) (D)

In tabelul 2 se pot compara valorile aproximative 6,(Y), deduse prin metoda
variationald aproximativi (pentru g = const.) cu valorile exacte 0, oPnpgte
PTin integrarea exacti prin cuadraturi a ecuatici energiel cind $ variazd liniar
€u temperatura (iar p = const.). Aproximatia este suficient de buni (in speqéz.l
Tpre /p;*retele conductei), dupd cum arati si valorile erorii relative ¢, = |8, —8,|/|6,]
in 9/), N
Evident ca pe lingi eroarca de calcul € care se introduce in rezolvarea e.cuatllef
(16), consemnati in tabelul 1, mai apar i erori in etapele metodei valjlapo_nae; :
Prin alegerea tipului de potential local §i adoptarea solufiei apro:(iilmatlve’ii:lx:;.)ee
_(alci cu un singur parametru, ¢ pentru 0 si b pentru U).'Eroarea ule e;plrm:i atetldé
Introdusi prin (12) este evaluatd in [1] prin comparafie cu rez 11:@1d ele te ¢
metoda diferentelor finite (in cazul g = 0). Rezultgtele dat_ehde c;z)ei 1olua Xéeasti
coincid destul de bine pentru diferite valori y (pqnsxderatg si IP.tat ebul 1).1 easta
constatare garanteazi i acceptarea aproximajie, determinata 1nt abel Ei SZEPCOI"ISi—
solufia exacti a problemei (9) — (10) in care conductibilitatea termi .
derd variabils liniar cu temperatura (ca si viscozitatea).
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Taber |
a b
1.0 -05 | —o5 | T
2 |8 ° —
-'E a 0 —0,5 -1,0 -2,0
B Y — —
1 0,015625 0,01556 0,015564 0,015525 0,250
1.10~% —3.107¢ 3.10~7
€ .
2 0,062500 | - 0,06153 0,061543 0,060933 0,500
—5.10"% —1.10"8 —4.1077
3 0,140625 0,13577 0,135905 0,133050 0,750
—~2.10~7 —8-1077 3-1077
1
-4 0,250000 0,234995 0,235600 0,227436 1,000
. 3.10—* 8.10¢ —-~2.1077
€
-5 0,390626 0,35500 0,356967 0,339264 1,250
¢ 4.10~ —1.107¢ 1.1077
Tabel 2
Y 0,, 0‘ Er‘%;
0 | 1,2443 1,250381 0.5

1/4 1,243346 1,249934 0,5

1)2 1,229031 1,233769 0,4

3/4 | 1,167002 1,167687 0,06

1 1 1 0
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SUR UNE METHODE VARJATIONNELLE A POTENTIEL LOCAL POUR L'TicOU
D'UN FLUIDE INCOMPRESSIBLE VISQUEUX DANS LE

(Résum ¢

LEMENT
S TUBES CYLINDRIGUES

Dans le présent travail on déduit, par un procédé formel, des potentiels locaux (les fonctionnel-
Jes variationnelles (8), (10)) d'un mouvement fluide inccmpressible visqueux lent, 3 travers un tube
cylindrique (I’ écoulement Poiseuille), en supposant que le gradient longitudinal de la température est
non nul, 1a viscosité u et la conductivité thermique 7 de fluide dépendcnt linéairement de {a tempé-
rature.

On cherche pour le probléme variationnel de la d(termination de la vitesse U (ct 1) et de la
température 0 (et T), le long du rayon du tuhe r = RY, unec solution approchée simple, (12), 4 un
paramétre (& et, respectivenient, ) dans l'espace V, (11'). On déduit, pour a et b, les équaticns (16).
L’équation transcendante (16) est résolue par la méthode de bipartition: les solutions approchées,
avec le résidu ¢ (c'est-3-dire V'erreur) obtenu par substitution, sont données dans le Tableau E

1'exactitude des résultats obtenus, pour le probléme hydrotermodynamique, peut étre vérifieé
par comparaison avec les résultats du travajl [1] et ceux obtenus en utilisant I'intégration exacte,” (A),
dans le cas a = 0 et B 3 0,(10). Le Tableau 2 consigne les valcurs exactes 0, et approchées 0, de la
teir pérature 0, données par les formules (B) et (D).
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NOI PROCEDEE DE INTEGRARE NUMERICA A ECUATIILOR
DIFERENTIALE DE ORDINUL INTII

A. COTIU

in prima parte a acestei lucriri se d4 o noud generalizare relativi la traps.
formarea lui E. Fehlberg [5], pentru integrarea numerica a ecufaiilor di-
ferengiale de ordinul intii.

Tinindu-se seami de transformarea obfinutd, in partea a doua a lucriri
se aratd cum se pot stabili procedee de ordinul 7 de exactitate [1], pe trei nodur,
relative la integrarea numerici a ecuatiilor diferengiale de ordinul intii. Metoda
de lucru aplicatd in aceasta parte a lucrarii, a mai fost folositd de autor {2}, {3],
[4), si de aceea nu sint prezentate, in mod detaliat, toate calculele. Aceastd me-
tod3, in literatura de specialitate, este cunoscutd sub denumirea de metoda lus
Runge-Kutta, §i se datoreste lui C. Runge [9]si W. Kutta (8] Preocupir
de aceastd naturi, la noi in tard, au fost inifiate §i susfinute de D. V. ITonescu

[61, 7).

1. Si considerim ecuafia diferentiali de ordinul intii

z = o(x, 2), )
§i fie z(x) solutia ei, care satisface la conditia initiald

2(%) = z,. 2
Presupunem ci sint satisficute conditii joura exi ¢ unicitatea
tat . ile care asiguri existenta st unicita
solufiei z(x), pe intervalul [#,, %], unde i = %, + h.g ta s
@ sgninl'?c‘al functiei 2(x), solutia ecuatiei diferentiale (1), cu condifia initiald
) ro ucem, prmt.r-o transformare, o noua functie y(x), astfel incit :
a) y(x) si fie solutie a ecuatiei diferenfiale transformate

¥ =) .
b) y() si satisfaci la aceeasi conditie initiala

' Y(x) =y, =z,; &

©) solufia y(x) si functia f(x,y), sa satisfacs pe nodul z,, la condifil®

=0, y’ =0, ®

(Bl =0, (f3,), =0, (fay)e = 0. 0

Se aratj cj ii
aratd ca relatiile (5) atrag dups ele conditia

(o = 0. a
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Se -verificd ugor cd conditiile (4) si (5)

sint satisficute, daci intre functiile
z(%) §i y(x) avem relatia N

2= 0(5,9) =5 + 48 ~ %) + 25 (5 — %) + Alx — %) (y — 3,) +

+ B(x — %) (y — 3) 4+ C(x — %) (¥ — 3,), (8)
oricare ar fi constantele 4, B, C.

Din relatia (8), prin derivare in raport cu x, §i tinind seami de egalititile
(1) si (3), rezultd

¢ (% 2) = [1+ A% — %) + B(x — %) + Clx — %] f(x,y) + 2z +
+ 2% — %) + A — 30) + 2 B(x — %) (y — 3) +3C(x.— %)y — 2). (9)

Prin rationamente si calcule analoage cu cele din lucririle (2], [3], (4].[5],
se ob{in urmatoarele valori pentru constantele 4, B si C:

4 = (g:)o, B =

o[ =

ko + ()5 1,

C == [(9f)o + 3

—

o (Pedo + (92)3). (10)

i i i iC si i ii bjinem expre-
Din egalitateca (9), in care 4,Bsi C sint dati de re!atlxle (10), o 5 ‘
sia func;ieig f(x, ¥), (c:)are figureazd in ecuafia diferentiald transformati (3):

! { 0(x, »)] —
- olx, O(x, ¥
Sz y) = 1+ A(x — x,) + B(x — g + C(x — o)

— 2y — 2 (5 — %) — Ay — 35) — 2 B(x — 5) (¥ — %) —3C(x — % (y — 3)}. (11)

unde 0 (x,y) este dat de egalitatea (8). Relatia (§), in dc;;e A, Bsi C sint dati de
10), defineste transformarea pe care o avem in vedere. .

1o g?fxuzgeearﬁzie mai susprezulti cd integrarea ecuatiei diferentiale (1), ;u
conditia initiald (2), se reduce, prin transformarea (8), la mtegx(';xg(;a ec?a;::exa&gi

cu co)nditia inifiald (4), unde funcfia f(x,y) din merlnblr‘lul 51 i(gefaiix?d e(-.l alflze'de

transformate (3), este dati de relatia (11), constantele 4, B si C, iin

(10).- -

i i i i la conditiile (5), (6), (7).
Sol func x,y), satisfac, pe nodul %, la : (7).
D(;élglgeyi(:gezre:;lét:la;l{éer{g ecuatia diferentiala (3), si se obfine so(lltjj:lalel
3 / i C si i 4 solu-
aproximativa ¥(%), atunci relagia (8), unde 4,Bsi C Smt*iitl de ((1 lg)l, ?8‘2) e (o
tia aproximativa z(x) a ecuatiei diferentiale inifiale (1), inlocuin
e g(xgi aritim acum cum se stabilesc procedee de integrare numerca pentru
ecuatia diferentiali transformati (3). . . ile 1ui &, intr-o
'Solu;i(; (%) a ecuatiei diferentiale (3) ) degv'%ltaltardlégtaé puterile lul
vecinitate a nodului %,, potrivit formulei .1111 aylor,

P d \'4 y(°7) }7 . N (12)
(%) = y(x + h) =y +§—°!"’+§°—."‘ TR

3 — Mathematica 2/1981
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fn relatia (12) s-a tinut.seamd de conditiile (5); de asem
dere procedee de ordinul 7 de exactitate [1], pe trei noduri.

Pentru aplicarea procedeelor, pe care le avem in vedere, Ia integra
merici a ecuatiei diferengiale (3), sd scriem urmadtoarele formule Tea

enea, aVem il'ly

y(x) = y(x + h) =0 + C1ky + Caky + Caky, 0
unde '
ky=f (% + a1 ho) &
k2 =f (xo + a hryo + ﬁkl) k! (l-
ks = f(xg + a3 &, Yo + Yhy + 3%2) A
Aceste formule contin 9 constante : a;, &,, &3, €5, €2, €3, £, v, 3. Vom determiy
aceste constante, comparind coeficientii lui 42, 2%, ...,/7, din dezvoltarea dup
formula lui Taylor, a membrului al doilea al relatiilor (13) si (14), intr-o vecin:
tate a lui x,, cu coeficientii corespunzitori din egalitatca (12).
Tinind seami de conditiile (5), (6) i (7), sintem condusi la urmiton

sistem de ecuatii
1

€y & + cy &) 4¢3 af = - '
= T T 1
1= 234,56

1
2 .3 3 2 38
Caof a3 B+ cyaf a3y + 65 a3 a5 & = —

21

(15

1

Coaf B2+ c3af y2 4 ¢35 af 8% + 2¢; of a3 ¥§ = ol
] . . - ce ey - R . oy €

Daca ocriem ci primele 5 ecuatii sint compatibile, in raport cu ¢y o™

unde a; sint presupusi diferiti de zero, si diferifi intre ci, obtinem relatiile

— ’

1 1 1
;ala2a=—7(°‘l°‘2+“z¢a+aa“1)+‘5-(°‘1+“2+°‘3) =

@ |-

1 1 : 1 _ L. 8
N 1%13—;((1.1“2"‘“2“3‘!“13“1)+€(°‘1+°‘2 + “3)—7

- . - . . . > tta‘ din
Dacd se ja ay = 1, cum se obisnuieste in formulele lui Runge Ru
ecuatiile (16) obfinem
4 - ’\/2— 4+ 42 1 (m
B =g, K= g, ey = L

Din primele 3 ecuafii ale sistemului (15), rezulti )
R 18

o= 1B+ 114Z . 184 — 1142 1 (
1 480 » C2 = TR0 3T 23
- . ~- .o . | = l, ' :
Din ultimele ‘doud ecuatii ale sistemului (15), in care aj, ¢+ J nulﬂelc

nuieste o fo

inlocuiesc cu valorile lor, si in care se ia B = —, cum se obis

NI-—

Jui Runge-Kutta, se obtin constantcle Y éi 3.
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de ordjomil 7 dg exactitate pe 2 noduri.
3° In ultimele doui ecuatii ale sistemuluj (13), in care a; i ¢ i=123

. . . ’ 7l s = 1,4,
se inlocuiesc cu valorile lor, se poate alege de asemenea g = L s;u B=1
3 4’

cum se obignuieste in formulele lui Run
; e-K : -
valori corespunzitoare pentry Y s s, ge-Kutta. In aceste cazuri, vom obfine
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NTEGRATION NUMERIQUE DES [:QUATIONS DIFFERENTI-

NOUVEA UX PROCEDLES DI
ELLES DU PREMIER ORDRE

(Résumé)

i énéralisation de la tran.sfotmati?n
avall o o méria no‘:l‘;uzguations différenticlles du premier
tantes 4, B et C sont don-

Dans la premidre partie de ce tr " e e
de E. Fehlberg [5] relative 3 l'intégration nume q e cons : s
ordre. Cette nouvcl’fe [généralisation est donnée par ! §ga]|t8é (812 'i:tégration de I'équation différenticlle
uées par les relations (10). Moyennant la transformation G o n diftérenticlle tran stormée (3)
1) avee Ia condition initiale (2), se réduit A Vintégration de b S4We 0o a0 1o conction f(x. 7) véri-
v a‘{ec actlzg:"1 . !O?tiale (‘4) La’solution y(x) de 1'équation dxfféren) it e (3 ee dans le secon 3 {nembre
?i::i l:scg:n&i:?:n;n(s) ) et (7) sur le noeud £ L5 fonctlc}; /(;'tg (?l). Dans la seconde partie t-lte :1::
de I'équation différenticlle transformeée (3) est dﬁ;’:ﬁif?e; ot L septieme ordse d'exactitn
travail on présente la maniére dont on peut co
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: I'équation différ
our I'intégration numén;]l(llea;lzt (l?i) ott les con
[1] sur trois noeuds, pex rime par Jes formule (15). Puis, on intégre Cquag,y
forme de ces procédés s ]p résolution du systéme » (x) de 1 équation dlfétenu
o8 se déterminent par la Le passage de la solution approchée y le remplager. g ella 6
;;fféxenhelle _transformée (3t) ed,,;fe:enﬁeue initiale (1), s’exécute par le p nt de (, ™
' on
lution 2(x) de 1 ¢quati
‘(:; ;oans la formule de transformation (8).
¥y

entielle ¢

ansfory,
stantes aj

3),
’ C’ (J = ‘))]E
numénquement l’
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A GENERALIZATION OF THE SCHOENBERG APPROXIMATING
SPLINE OPERATOR

D. D. STANCU

It is known that in 1965 1. J. Schoenberg [9] has presented a spline
type generalization of the Bernstein operator, which has been further investigated
in a joint paper by M. J. Marsden and I. J. Schoenberg [5] and
later by M. J. Marsden [6], [7]. . ' o

‘In this paper we shall present a slight generalization of the Schoenberg
operator by using some cqually spaced nodes depending on two non-negative
parameters which can be chosen so that the corresponding approximation for-
mula has the degree of exactness —1, 0 or -1. After establishing a uniform
convergence theorem, one uses a decomposition formula for divided differences,
in order-to deduce some calculating explicit formulas and one insists on the case
when there are no knots, case which leads to a Bernstein type operator inves-
tigated earlier in [10] and [11]. ’

Considering two integers m (m > 1), n (n > 0) and two real parameters «
and B satisfying the condition: 0 < « < B, we construct a spline-type linear
positive operator, in the sense of Schonenberg, defined for any f: [0,1] — R, by:

m+n
(S2h (%) = 2 f(E52) Nos (), (1)
=
where. we have
O=x_,=...=2_1=2, <%, < ... < Xy < g1 = =xn+m+;l=l'
;—ﬁ m+1

e R B P R i a2 ) T
m 4 B
N (2) 1= (%31 — Zomtj) [Bomtis L %oty Xy ;'cl co s (=201 3)

Here x,, x,, ..., x, are the knots, %8 are the nodes and N,..; — the fundamental

m,

spline functions — are the mormalized B-splines.
We have the nodes

gh =t phontr pp o ndntr gl =
Toompl T m+p T m+ P
—14a ! m+ a
—Fatm o lte gpald =T

m+ B T m+8
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and it is obvious that
TS <ER < L < B < Efin < L

It can be readily shown that
» — hod ' 8 g — m 4
(5380 O =1 (7). SN 0 =7 (7) “

mtp ot
so that if 0 = « < P then the operator defin.ed‘ by (1) — (3) is interpolabory at
the left side of [0,1] and if 0 < « = B then it is interpolatory at the right side

only.

. If « = B =0 then we have the Schoenberg original operator §,, ;-= §%
which is interpolatory at both sides of [0,1]. LT

Tt should be observed that if 0 < a <<  then this operator is not iaterpola.
tory at any point of [0,1] and in this case the degrce of cxactnes of the approxi-

mation formula '

e f(@)= (S /) (2) + (R35S) (%) RN
equals — 1 _(i:c',..;fthe remz;indef vanishes if and only if f is a polynomial identically
zero on [0,1]), while if 0 = « < p or 0 < « = P this degree is 0 ;the highest degree
of exactness is' 1 and it is achieved if and only if a« = § = 0. T

Because

’
L4

i e 1,
e ' E.:l,aj= ('C.n':,j =+ """-'
. : l+'£ )

m

where
y __ y00 1 R
Cmj = Gmj= ; (x—m-i-l-i-i PR I T Xy + x, 4 ... + 1,‘),

and the Schoenberg operator Sms reproduces the linear functions, we caa write

- :(-S:;?“" ) (2) =1, (S&5, =mrte o, @ BF,
o ) ( X 01) (x) I = x -+ —
(Smnes) (1) = 1+ &) l(sm,., ) (1) + 22X+ 2]
”m : m m?
where: ¢; (x) := &/ (1 =012) for x < [0,1].

: <oy fficient
According to a theorem of Marsden [6], a necessary and sufficiell

ry e ) . is

condition that S,,, ¢, — ¢, uniformly on [0,1] is : ~ [1A || = 0, where: ] A ||ff

the norm of the partition . B ) m ) . et C.c-url
» of the interval i ;. It will O
elthcrI M — 00, or m bounded and ‘|| A H[O_',l(])by the points ;. It T,

I our case we should assume that m — o0 in order to have
Swhe; e (j=0,12
Korov..

uniformly on [0,1), and accordi . an-
kin we can state the fo]lowiugmg fothe well ku(_;_wn theorem of Boht
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THEOREM. If the parameters « 4 ;
Jor any f < C [0,1] and a giwen o o N,Bz:ca ZZ%; the conditions 0 < « < B then
]iln S:,'ﬁ.f:_f,
uniformly; on [0,1].

Assuming that

m=2n 20,

we can write

(Swia /) () =j§;6f(x,+ R +Ij-f"v°‘) %G41[0, .0, 2y 2 0 — 1) ] 4

m-4 B8
m4-1—5
“ HA oo by -t
+]:Z_"./( "+ 8 )[O,-~-10;x1;---:xm1,...,1;(l‘Z):']—,—
m+1—j F+l—n
m-+n
- ity —
+ > f(’ miigg b "’ ] "+“)(1-x_,,,+,-)[x_,,+,.,...,x,,,1,...,1;(t—x);- 1.
B ——

J=mt}
Tt F¥l=n
Jf we use the following decomposition formula for divided differcnces

[(lo, Ay o oo, Ay, bo. b]_- .. -rbu; f(l)] =

—[a"’ G eeer lms (I—b,)...(l—b")]+[0' vt "'(z—a.)...(t—am)r

and take into account that
(=2 =t~ 2" + (= ) (2= 02,

we can write the preceding formula in the following form-

n—1 P oa . - ¥
(SE8 1) (1) = T (P o [ e S |

m-+ B
+>§ (,,+...+xn+j_,,+¢, [0,....0, ..oz L ..., Ly (=20 1+
=\ m+ B —_— pre g

m+4-1—~7

+ %n f(x—M-H"'i + ...t it ) (1 — Bss) X
F=m-+1 m+ B

¢t — =% ] (©)
X [x_,..+,~, ey Xn s (- t)i-i'l—"'

knots and from the

have no
e d sum and

. : i = hen
An important special case 1s # 0, w d retain only the secon

second part of the preceding equality we shoul
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we have {
. N i) 0,01, .., 1 (E—
(Swa /) () =,-;of m + B) [9:""‘-7‘ — =] @
mgl—7 J+1

We consider now the following integral representation for dividaq dife.
rences with multiple nodes a and b
b . ,
—_ b —
[a a,b ,b,f]-—': ! S ¥ —a) %) f(p-{—q-H)(x) dx,

1g!
e — et (b—a)p+q+l' P-q
P41 7+l1 ¢

which can be proved by using a representation by integrals, due to Hermite, of
a divided difference. . ' .
By takinga=0,b=1, p =m — j and ¢ = j, we obtain

1

0,...,01 ....1;f] = ~ S(”f) 2 (1 — x)m=i fime) (x) dx.
— —— m! 7
0

—

m+1—j it1

On the“o;ther hand, according to the well known theorem of Peano on the

integral representation of a linear functional having a certain degree of cxactness,
we can write

1
0,...,01...,1;f] = LS 0
—— — — m!

m4+1—f P22 0

v o001, L LT (8 — )7 TSm0 () dx.
m+1—j3 j+1

It may actually be shown that we have

0...0,1,...,1; ¢ — 2] = pn,(%), @
ml—j i+l

where ¥ <([0,1] and

Buj(2) = (]] %9 (1 — x)mei,

o S S B Gt by S chos b g in (9), s intrcst 89
on hoi i . ‘ ¢
divided difference of1 tl?e (Efin‘:)lri;’, because we .2 representatlon ‘

According to (7) and 8 wea}llal‘)rzobability distribution.

(Swsf) () = (B2# fy

We have ar

L rived-in thi
earlier in our S va

‘ , Ly joated
Papers [10], [11]  ° Berustein-type polynomial, investi®
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- We remark further that more explicitely formule (6) can be written :

”-—

M (x, — )T ! : .- _ m
. ( :ug- )(x) = lex-i- f(m:- B)+2xj+l [xlr ..'.,‘txj+|;'(_"'i] X

i=1 : tm+l—j

P T T .(‘—”)'1 “n¥ oo+,
Xf( m+ B )+[x“""x"’1’t"‘“‘"]’f(l in+; g)+

m—1
+ > [0,...,O,xl,...,x,,,l,...,1;(;._x)::]f(x1+...+x,.+j—n+a +
R s i mte

m-+1~ j —_n

+(_])"l0,x‘,.,_'x"; (x_t)'_: ]f(xl4-'..+x"+m_"+aJ+

(l - t)m+l—n .m :,'_ B o .
m+tn—1 ' ( ‘t)""'.. :
.. x ~ . .

+ j‘;H (1 - x—'n+j) [x—m+i. e Xy, “—_t)’—_d':]x

Xf(x_'H_H_j—}-...+x,,+j—n+a) (’—”n):'fm+a).
m+ B (1 —2)"" A 4 [}

Now it is casy to sec that the relations (4) are true.
Assuming that « = f = 0, the approximation formula (5) becomes the
Schoenberg approximation formula

(%) = (Smaf)(%) + (Runf)(2),

having the degree of cxactness onc.

The remainder of this formula has been investigated by D. Leviatan
[4] and by Gh. Coman [1]. This remainder can be expressed in an integral
form by using either a known theorem of Peano or ,the method of fupcjuon
9” of D.V. Tonescu [2],[3], as well as by means of a second order divided
difference if one uses a theorem of T. Popoviciu [8].

.
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2ation of

O GENERALIZARE A OPERATORULUI SPLINE DE APROXIMARE AL LUI SCHOKNBE
: R

(Resumat)

fn aceastd lucrare se geaerali i
geaeralizeazd oparatorul spline de aproximare i

. . . . . . ) N :‘l > c
ﬁ?n Omtmdu/cereas uuor noi noduri, care depind de doi parametri ne-xrl)egativi «si ﬂll::la:é s{,u Thoenbug
un.ei f;;uﬁa ge d~ desmostreazd mai intii o teorem# de couvergen{i uniformi ia'r apoi . ris = qondlgﬁ
operatoralui smdj:s;cg;n&tg;:z aidlferenltelor dllvizate se dau expresii explicite pentru cl:lc:l:lm»"zaim:

. . . . In cazul special cind nu avem puncte de > i aori
tor de tip Bernstein studiat anterior in lucrarea autorului [10] d ¢ de racord se obfine ua opers
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ON A PROBLEM OF DARBOUX-IONESCU

IOAN A. RUS

1. The present paper deals with the following p’roble'.:'n'of' Darboux-Io-
nescu ([5]; see also [1] — [4], [6] — [7]).

tu

e 3y =5 wlE5 ), Wz ). 5y < I (1)
wz, y) = o(x), x < [0, a] 2
(0, y) = ¢4(3), ¥ « [0, 4] .
where
I,= {0, a] X [0, b), f € C(I, X R),
9 = C0, a], 4 = C'[0, 0], (g A) « C(I5, 1))
and | ‘

2(0) = ¢(0)

Using the same method as that used by Bielecki ([4']), lwe prove some
existence and uniqueness theorems for the problem (1) 4 (2), considering in
C(1,) the following norms (1t > 0)

Hatlc = max u(x, )|,
(ry) & 1

Hullp = max ju(x, y)e tx+9| :
(x3) @ I,
Hulls, = max Ju(x, y)e=**|,
(49 < 1, ) G L
Hells, = max |u(x, y)e~ ™|
(xy) s I
2. We have
THEOREM 1. Assume that
() feC(, xR

(i) ¢ e C[0, a), ¢  C1[0, ], 9(0) = $(0) = %
(iii) ¢ e C(I,, [0, a]), b « C(I5 [0, b]) . L
(iv) there exisis L < C(I,) such that e

U 3, w) —flx 3 0)| < L(x 9) 8= vl
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Jor all (x, ¥) el, v, vel
(v) there exist >0 and 0 < g <1 such that

i

L(s, t)esteen+hsn—s—2 ds d€ < ¢

LW X

or all (x, y) e
J Then the /;roblem (1) + (2) of Darboux-Ionescu has in C(Iz) a untque 5o

Lution.
Proof. The problem (1) 4 (2) is (quwalent to the integral equation

u(x, y) = o(x) + Yy) — % + j Sf(s. 0), u(g(s, £), k(s, £))dsdl

We define a mapping 4 : C(I,;) - C(I,) by
xy

(A1) (z, 3) = o(x) + $) — o + ([ /s, & ule(s, ). k(s 1)ds &

no
Now the proof follows by using Banach’s fixed point theorem for the map-
ping .
A:(C(Ta), 11~ 11p) = (C(La), 11 -1ls)

Theorem 2. Theorem 1 will remain true zf condmon (v) s yeplacgd« by one
of the following conditions : SO

(V') there exist v > 0 and 0 < q < 1 such that

O ey n

y
| L(s, t)eresn-n dsdt < g
) .

Sfor all (x, y) eI,
(V") there exist > 0 and 0 < q < 1 such that

5y
{ (L, etea-n dsas < g
50

ab
(v g SL(s, Hdsdt < 1
20 .
‘1 but 10
Proof. We consider the mapping A as in the proof of thoere™ * -
the following Banach spaces

A (CT), N 5) - (CL), N -115,), 4 =1, 2
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and
4:(C(1,), || “lle) = (C(1y), H-lie)
3. Remarks -
(i) From theorem 2 (v'”) we have a theorem of D.V.Tonescu ( [5))

(ii) If g(x, h(x, <
(ii) of ﬁ Cy)ﬁj-l : E: u}?2]. % + y, then from the theorem 1 we have g theorem

(iii) If L is a constant function we have the results given in [9]

(iv) From theorem 2 we have some results gi ‘
E. Thandapani [1] given by R.P. Agorwal and
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ASUPRA UNEI PROBLEME A LUI DARBOUX-IONESCU
(Rezumat) .
i i i icitate pentru problema Darboux-

In prezenta 1 e se stabilesc teoreme de existentd §i dg unict e in G

Tonescu (ll; + (2),a f;';f;ﬁd teorema de punct fix a lui Banach §i alegind norme convenabile in C(ly)



STUDIA UNIV. BABES—BOLYAL MATHEMATICA, XXVI, 2, 1981,

“Au professeuy p R AN

— powur son 80 One

. Tiesy
nRiversy;,

UNE RELATION ENTRE LES DIFFERENCES DIVISEES ET QUELY
FORMULES DE DERIVATION NUMERIQUE JUES

PARASCHIVA PAVEL

1. L’analyse ci-dessous donne une méthode pour obtenir les formules g

dérivation numeérique

A¥(%,) = Wf"(x1) + R )

et
N f(x) =2 [f"(@) +/"(3)] + R o

et nous établissons une relation entre les différences divisées et les formules de
dérivation numérique (1) et (2).
Les formules (1) et (2) sont des cas particuliers des formules de dérivation

numeérique:
n—1

A f(xy) = 3 A, (%) + R

M flzg) = 5 A (5) + R

ol
A" f(x) = [ (%) —Chf (o) + ... + (— 1)" CaS(%)

formu:)les qui ont été étudides dans [3] et [4] b]
ditters D.V.Tonescu [I] a demontré que si la fonction fe® [ﬁ't étre
di reéseencte' divisée sur les noeuds 7, %,%, oit @ < %, < % < %2 < p]i forme

presente€e par une intégrale définie, donc nous avons une formule de

sa

- B
[0, %1 %5 /1= 9(x) /(%) dx
1 i 2 iti ;
a fonction ¢ étant positive sur lintervalle (x,, x,) et égale 2

¥ - % Xy — ¥

?1 (%) = .
P (x) = (n — #o) (42 — )

1= 2‘0) (X’ - xo) ’

sur les intervalles [x,, %), (%5, 1,]
’ 1, A9



En appliquant 3 linté rale d
avec Te nocud x, 51 fe (4 [ga,b], Ofl loabtfizzr?ule (3) une formuyle de quadrature

L.xo,-“ple fl=4 S (%) + R,
ol

%

La fonction ¢ dgale a ¢, et ¥, sur les intervalles
. N . x ’ x ’ é
solution du probléme aux limites [ o %l [xlt fal étant la

W= =g (5)
v (%) = ¢, (%) =0; $i(x,) = ‘P;(*z) =0; ¢, (%) = NEN) (6)

Si nous prenons

Xo + %,

x, =
! 2

la solution du probléme (5) + (6) est unique :

%5

hix) = (x = auls)ds. da (2) = [ (s 2) ouls) ds )

¥

La formnule (4) devient la formule (1) avec
R = 2/;=S U(x) f1Y(x) dx (8)

y, =2t B ot elle est
ot la fonction ¢ este donnée par les formules (7) avec %, = —

tient I’évaluation
.. Bt 9)
[RI < 20, My=sup /()16 =257 (

[%0,5s]

positive pour ¥ «(%,,%;). Pour le reste on ob

3 Sif «C®*[a b],D. V.Ionescu [1]a démontré aussi que

£

] (a4 (lo)
(o, 700 72, %3 f] = (0(2) /(3] 4%
‘.on @ est positive suf I'intervalle

olt @ < %, < % < %3 < % < b et la foncti
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(%, #3) et égale & . ;
1 , (» — xo):___ 1
q’(x) = (%5 — %0) (%3 — 2o) (% — %) 2! (”1 — %o} (¥s — 1) (%3 — x) )
LtV ! Rl
) 21 (% — %o} (¥ — %) (%2 — 2) 21

ou w;si u>0

“=10;siu<0

Si feC® [a,b], en appliquant 2 l'intégrale de la formule (10) une formule
de quadrature 2 noeuds simples %,,%,, on obtient

(%0, %1%, %55 f] = Ao (%)) + A" (%) + R, (11).
avec les coefficients
B3y —xg— ¥ — Ay, _ Xo+ ¥ — 2 — 3y

LYY T o4y — 1)

¢t le reste
R,= —g 0 (%) f9(x) dx
]

la fonction 6 égale 4 6,, 0, et O, sur les intervalles [%,, x,], [X1,%.], [%5,%s] €tant
la solution du probléme aux limites:

0 = ¢, i=123.
0 x) =0;j=13;p=012; s=03
07(x) = 8f(x); j=12; p=01; s=1, 2.
On voit saps difficulté que si les noeuds vérifient la condition
8= (% — ) (223 — 322 — 322 + 202 1 3 x,x, — B, %, + 2% % T
+ 122,%, — 3x,2, — 3w,4,) = 0 (12)

le pro(l))lemg aux limites a une solution unique.
T Observe que pour les noeuds équidistants

2. = 2%+ 3 x + 224 (13)'
. 1= T ) x2 = _3——
nous avons § = . . 00 ¥ 1
et 0. Dans ce cas Ja fonction 6 change. de signe quand ¥ € [%o:%s
S 8(x) dx = 0

L)

ce qui veut dj 3 3 d'é : .
qut veut dire que le degré g exactitude de la formule (15) est égale a6
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En supposant que f e C7 [a,b], on obtie

_ nt également
(15) avec les noeuds (13) et les coeficients & ent une formule de forme

et le reste R, = S 0(x) fO)(x) dx

ou la fonction 0 est la solution du probléme aux limites

1

A=a=
1 2 2

—

0 = o, i =123,
07(x) =05 $=0123; j=13; s=03.

07(x) = (%) ;5 = 12; p=012; s = 1,2
La solution de ce probléme est

0(x) = ;o [ — %) — (2 — =)t + (x — 28] — L (v — w3 + (v — w2

et la formule (11) devient la formule (2) avec

%

R =64 (0(x) /0(x) dx, b =Dt

Xe

La fonction 6 garde le signe sur l'intervalle [x,, x,] elle est positive. Pour
le reste nous avons 1'évaluation

3

IRIS =7 M?; M =sup |f?)] (14)

[x0) %]

Note. Si nous prenons d’une autre manére les noeuds satisfaisent la condition (12), nous obte-
nons d’autres formules de dérivation numérique.
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0 RELAJIE INTRE DIFERENTELE DIVIZATE $I UNELE FORyurs .
DE DERIVARE NUMERICA RMULE .

(Rezumat)

Tu lucrare se stabileste o legiturd intre formulele de derivare numerici (1) si (2) s
(3) 5i (4) care dau reprezentarea diferentelor divizate [¥,, %y, ¥3: f] respectiv [x,, » ) 9i formule,
form3 de integrals definiti. ot Fu Xyl f] aup
Aplicind integralelor din forinulele (3) respectiv (10)o formula de cuadraturi cy noduri]
e

%), Tespectiv x,, ¥, oarecare §i cerind ca noile formule obfinute si coincidi cu formulele 4 dsimple
¢ derivace

numericd (1) §i (2) se deduce ci acest lucru este posibil in primul caz pentru x», = Fo t 2y
= . farin 4
2

doilea caz pentru x, §i x; dati de (13). Restul acestor formule este pus sub i
§i se dau evaludri ale lui prin inegalitiile (9) respectiv (14), pus sub forma de ntegrald definiy
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Au professeur D, V. Ionescu
— pour son B0¢ anniversaire

SUR UN PROBLEME DE D.V. IONESCU

D. RADULESCU

1. En 1927, dans sa thése de doctorat [3], D.V. Tonescu étudie pour
Ja premiére fois dans la littérature mathématique des équations du type:

oazg _E[a (%, y) ul(g; (x,9) + b(x, y)M+
x0y

+ 6 (%, ) 2EZD] 4 (s, ).

Nous allons étudier dans 'analyse subséquente des équations de forme
(%, 3) = (%, 3, 4(%,9), we%5), m(x, ), ulx ),
,(82(%, ¥), hao(2, ¥)), #,(%, 3), 4y(&s(%. 3), Pa(2, 9)) (1)
ol
—1 <gxy<ai=123VY(x9y ls a] X [s 0]
— 1, K B(x,y) < b,1=123 V(%9 < [s a] X [s0].
Pour simplifier 1I’écriture, nous notons

Do.—_{xy/Osxsa.OSySb}

Di={xy»/0<x<a—-17<y<0}
D,={(x,5)) —m <2<0, 0 <y<}
Dy={(xy—m<2<0, —m<y<Q

D =D,UD,UD, -
On cherche les solutions # de I'équation (1) pour lesquelles

u(x,y) = $(x,3), V(%) D,
$: D - R étant une {fonction continue donnée.

2. Nous avons

THEOREME Si
W) f &y, i= 1,3 soni continues sur D,
() f est lipshitzienne
6

(%5 o - ) =S 3 oo 00 < 2 Ll — W

V(x, 'y, q_l' . .,q“), (x, y: (71, . .-:‘lo) Do X :1?8
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1 existe wne fonclion F: R X R X (0, ) — (0, ), continue ¢

(itd) ¢
: lim F(x,y,7) =0
avec les propriéles:
a) -
P29 0= lim 2227

lim :
T (gi(s, 1), hyls, 8, ) <= F(s, ¢, 7)

i=1,23 et pour tout (x,y) e D,
b) les fonctions F( -, y, =) ¢t F(x, - ,x) sont croissantes.
alors le probleme (1) a une solution unigue dans C(D).

Démonstration. Le probléme (1) est equivalent a l’équation intégrale

wlx, ). = § § 8x.9) fls.t, % (s, ) wlea(s, ). Mals. 0). 24(s, )

(&alS, £), Ba (5, D), 15, 8), %, (ga (5, £), Iea(s, 8))) dsdt + p(, )

ux
ol
_f ¥x ) (x.7) «D
p(x ) —{ $(x, 0) + $(0, y) — $(0,0) (% ) =D
et
‘ . 1 ' (x:y) EDO
e(’”3')‘[0 (%,5) e D

On définit la famille suivante de normes de type Bielecki
max F(x,,7) | u, (% 9

%l = max { max F(x, y, 7) | u (%, )|,

xF
Dyu D Dyu By
max F
D.%w-("'y' %) |u,) (%, 9) |} )
opératellf

olr la fonction F vérifie les conditions (iii). On définit de méme !

A: C(D) - C(D)
- Au(x, y) = SO‘S 0(x, ¥) f(s, ¢, u(s, t), u(gl (s, t), hl(s, t)), u,(s, t),

u‘(gt (S, t): hz (S, t)), u’(s, t), uy(gs (S, t)' ha(s, t))) dsdt + p(x’ y)
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On va démontrer que A4 est une contraction. Noyg avons

| Au(x, y) — Av(x,9) ] <

O =,

JECE AT S ..

]

+ Lqlu,(gs (s, 2), fa(s, 2)) — v,%g,(s, £), hyfs, )] dsdt <

sy
[l — v Sﬂx [ et
F §o (%, y) Fis.t, 0 Flgas, 0), hy(s, 1), ) ] dsdt

D’olr il résulte

14u(%, y) — Av(x,5) | F(x, y,v) < [|u — vupj S 8(x, y)[L*F‘” L
0

¢ Fis, ¢, 7)

LeE(gs(%, 3), ho(, 5). 1)
F(g,(s, ')» h:(sn ‘)l 1) R

J dsdt
Analogue

H(A4):(% ) — (49,2, 9) IF (5, 3, %) <[5 — v | g 6=, y)[M +

F(s, 4, 1)
]

LF(gs(x, 3), hy(x.. 9). ")] dsdt
Flgs(s, &), by (s, 8), 7)

| (44),(5, ) = (A, (5, 9) IF (7,50, 9 < |6 =0 1s 00z NEE2+
(1]

L,F(g,(x, 7). hs(x., 3), T)] dsdt
F(gﬁ(s ‘) hs(‘: ‘)' 7)

Les hypotheses imposées sur la fonction F nous pérmettent de choisir ¢
ainsi que A4 soit une contraction.

Remarques.
1) Pour les équations de la forme
B f(x, 5, el 3), Hx )
Pl AC
Ia condltlon (iii) b). du théoréme est superflue.
2) Si

g(x’y) + & .(x,y) £xt+)y
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on peut choisir Fo, = .
- yltats de [2): 4]
biient des T€sU
En ce cas 0B o
e glwy) € %
ant
ut (%,5) e D, en prend B
o * Flx,y,7) = ¢
on obtient un theoreme du [4}.
4 S
| glx,y) €Y .
. . . - . t
ur tout (%, ) € D, en prenan i

i soreme du [4]. .
. Obg)még ?I;g(lg;: e>( R?) vérifie les conditions

\f(%,5,000) 1< L(%,5)

. . 4 1 - q’ ‘ +
‘f(x»y!?!’qi»rl) — fl%, 3, ps Qz,fg) | <€ L(x, ¥) {‘ P — pal T |
[r, — 7ol . < C(R% R
ot L, L, L, sont des fonctions continues et non-ncgatn‘rit:lzf‘tg
g(x.y) = ((xy), klxy) ob h(xy) < x, k(xy) <y P

Flz,y, 7) = e®(x, 9)
ou

9 y p

Oz, y) = SS L{u, v) dudv + S L(x,v) dv + S L(u.y) d#

Y 0 0

on obtient un théoréme du [1].
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DESPRE O PROBLEMA A LUI D. V. IONESCU
(Rezumat)
In aceastd noti se studiazii o generalizare a problemei ll.ll D. V. Ionescﬁ analiz;lti i.n {ucrarea

{3] utilizind o porm# de tip Bielecki. In particular se obtin mai multe rezultate cunoscute refe-
ritoare la existenta §i unicitatea solutiilor ecuatiilor integrale de tip Volterra cu argument modificat.
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To Professoy D.y I
on kis 80tk iy hd?

HE RUNGE-KUTTA-FEHLBERG PROCEDURES FOR Tgp
NUMERICAL SOLUTION OF VOLTERRA INTEGRAL -
EQUATIONS :

MARIA MICULA

The Runge-Kutta methods for the numerical solution of integral equatiy
developed parallel with the same kind of procedures for the differential qu
thIlS.D' V. lonescu [3], [4] established a general method to obtain t
Runge-Kutta procedures of any order for the numecrical solution of differenti
equations. ] .

The Runge-Kutta-Fehlberg procedures to approximate the solutions ¢
nonlinear Volterra integral equations were investigated by A. N. Lomako
vich [5], who gave procedurea of order 0(Am+5), m =0, 1, ..., 8 withsu
substitutions in the transformed integral equations.

In our approach we shall construct the Runge-Kutta-Fchiberg procedure
of order 0(h4) with two substitutions and also of order O(k”+3) (me N, m 27
with only three substitutions in the transformed integral equation [6]

Let be the nonlinear Volterra integral equation of the second kind:

o(x) = SG[x, s, o(s)]ds 1)

:VXI;Z::nG: I; XR =R is a given function satisfying all the conditions for th
Sﬁe os. a ulrlnque solution ¢ & C(I) of the equation (1). -
Rung&Kpll::t:.l}g? ';ﬂat Ii= [, % + M L % e R, M =R, we shall giveé
Let A - ehiberg procedures to approximate this solution. e 4
artitr M ={G=x 4 h i 9 w x — x + M, B>0 %
parution of the interva] J vl e, W, X, 0 ‘
T i : o
Fehberg procemary S, S1Ution of the integral equation (1) by ResgeXus
formation 5] Ve shall transforme this equation using the Fehlberg ;
One considers the functio
(i)
(1)

2 y:R > R which satisfies a condition®:
Nx,) = (%) =0

)
y(k)(xo) = 0, R = 1, 2 m, m N !
The transformat; Lo e

ation satisfying these conditions is the following:

(%) =q( @

% 9) =y(x) + kZm (x =zt (3**‘G[x.s. @(s) J)
e} k 1 ask"'l s=2%p
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From (3) and taking in consideration the equation (1) one gets for the
functi on y the expression:

x

) , o A (s — x Tt [ HTIGA, 5, O, 9))
y(x) _ S ‘G[x. s, (S, y)] @l T ( Jsk L J:a:.] ds (4)

X

2(x) = { flx 5, y15) ds (5)
Easily, it follows that the function f: I* X R - R from (5) has the pro-
perties :

i oTif (x5 5(9) —o =01 ...,m~—1

U ext @i )s‘.,, 0. k=12 ... ,

. aif . .

(ii) (;;1) =0,7=12 ...,m, f(x %, %) =0 (6)

(i) (fudo =0 k=12 ..., m—1

Here, by (f,), we denote the value of the derivative of the function f in the
point x = s = x,.

The approximation of the solution of the integral equation (1) is reduced
to the approximation of the integral equation (5) by the transformation (3).

In what follows we shall deduce the Runge-Kutta-Fehlberg procedures
of order 0(4*) with two substitutions and also of order 0(A"+3), (m > 2) only
with three substitutions in order to approximate the solution of the integral
equation (3). ) .

1. The Runge-Kutta-Fehlberg procedures of order O(h%). Let ; be the
approximating values of the exact solution y of the integral equation (3) cal-
culated in the point x; of the partition A,.

First, one calculates the value %, = y(x, + /).

_ To obtain the Runge-Kutta-Fehlberg procedures of order O(4*), the func-
tion y will satisfy the conditions (i) (i) from (2) for m = 2.
The approximating solution of (5) is required under the form:

V(% + k) = crky + Coks
where

k= hf(x, + h, %y + a,h, yo) (7)
kz = I}f(x‘) + azk, xo + alh' yo + ﬁokl)
the exact solution y and

f the coefficients of the
@, =12 &

! Expanding in Taylor series in the point %,
also the approximating solution ¥, by identification o
same power of the % (until /%) one gets for parameters &,
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the following equation:
2 2 _ 1
Clal “I" C,al = —3—
or

1
¢+ €=

3a} (8)
Because the parameters ay, B, are arbitrary, we take for thege para
meters the values zero. .
From the equation (8) it follows that we have here a family of Runge.
Kutta-Fehlberg procedures of order 0(h%).

One obtains a very suitable procedure from this family by taking. Cy=),
% = % ¢ = % w0, = 1, By = 0. This procedures is of order O(4*) and nceds

only one substitution in the transformed integral equation.

2. The Runge-Kutta-Fehlberg proeedures of order 0(h™+*), m > 2. Keeping
the same conditions (2) we can find a family of Runge-Kutta-Fehlberg pro

cedures of order O(h+%), (m > 2), which need only threc substitutions iu the
transformated equation (3).

To obtain these procedures one uses the following Runge-Kutta scheme:

F(xe + h) = ¢k, + ¢,k
where
Ry = hf(xo + h, X, + ok, yo)
by = bf(% + ahy % + ah, 30 + Boky) -
ky = 1f(z + b, %, + agh, y, + Poky + Boky)

. The parameters ¢, o, i=1, 2, 8;, =0, 1, 2, will be determiuned fron
the following system of three equations with six unknowns: ‘

Gaf + cyof = 1 |
m 1

GafHl - amtt = 1 -

: m + 2 '

«?(B, + Ba)e, = ( .
- m + L)(m + 2)
This system has the solution
¢, = (m+2)u,—~(m+l)

) €y = m+ 1 — (m 4 2) ay

— ) (m 4 1)(m 4 2) of'(ay — @)
PitBo=— Tlom-a)

A o {m + 1) < (m — 2) a,]

™ + 1) (m + 2) ot (a,
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A ‘very suitable choise of parameters is a =1, o =’%'.' B, = 0. Then
oml

— m om
o (m + 1} (m + 2) ’

(m+m+2 8. = P (11)

€y =

Cy

To find the approximating values %, ¢ > 2, the integral equation (1)
will be written under the form:

i :\-j ‘ X' B ¥ . i ‘ .
o\ Gusel)ids+ | Glas el]ds (12)
! lxj—l i L
Denoting
F .=l
wile) =\ Glx s.0l6lds, oina() = T, (o (13)
’j- 1 1=
gici(®) = \ Glx s, @(s)]ds (14)
‘l-'-l LT
this cquation becamws:
o(x) = 6i-1(%) + @i-1(¥) (12°)
Substituing the function ¢ from (12') in (14), we have
erld) = | GIn s oialol + gicils)] a8
i

From (12') it follows that o(x;) = 6;_\(%;) + @i-1(%;), - therefore to ‘know
the values of the solution ¢ in the knots x; is necesary to know the values
ci—1(x;) and @,_,(x,). ' . ‘

Suppesing to be known the approximating values of the solution g,
k=12 ..., i—1, let @, be the known approximating values of u, (k=1,
2, ..., i —1) and then:

P I R P L RO
it - v ‘ '(“ :'i.'~‘~". ! -",
B Sl = S :
g ) ‘
:Tl{dé,i.w.e have. the f'oll'owiug' integréi équation X
PSS BRI X Y. ~,-\j.: . - ‘ . . »
Torai(#) = S G[x, .3;..—5-i'—~l(s). ~.-‘Q:-l(s)]“ds'

*i

whose solution. we ' want to find- (@t-i(xi=1) = 0).
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. 5 formations ag (3) in the .. ;
. uation (15) a trans . Point
Iidoraflhcf ::Illztuesgr ?neeqobtains the integral equation
is use

l\l-

(2y) *+=1= S f1% s, ¥_\(s)] ds

2i—1

(16)

e lution of the integra] equatijong (16) is Mage {,

The app rofXJ IE:%?:h(f ggnzz-uKutta—Fehlberg brocedures descnbe_d aboye.
the agﬁczﬁg ?coofind wi{%) we replace in (13) the value of o Obtaine
-(]21) and we haVe

*

bila) = § Gle 5, 50(9) + gomy(s)] s
fj_,
Or replacing o;_, by ¢f_,
J

wm=SGMaa4@+wﬂwws

71

Denote

¥

97 (x) = S Sz, s, y*(s))ds

The connection between u and o] 1is given by the relation :

> R1Gry o
wm=¢w+23(~iﬁﬂﬂ

k=1 k! Osk—1

T

The approximatjon 7, of the

7 o; is made by one of the procedures (7)
or (9), starting with tpe point g,

i~
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PROCEDEE DE TIP RUNGE-KUTTA-FEHLBERG PENTRU REZOLVAREA
NUMERICA A ECUATIILOR INTEGRALE VOLTERRA
(Rezumat) |
In aceasti lucrare se deduc cu ajutorul unei transformiri de tip Fehlberg procedee de tip
Runge-Kutta-Fehlberg de ordinul 0(h!) cu doua substitutii, §i de ordinul 0(h™9), (m > 2) cu trei

substitutii pentru rezolvarea aproximativi a ecuatiilor integrale de tip Volterra.
V-
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ON A DIFFERENTIAL INEQUA_LITY FOR ANAI4YTIC
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PETRU T. MOCANU

1. In some previous papers [3], [4], [5], (6], a general method to .
tain information on the solutions of certain d1fferen_txal inequalities in the
complex plane, was elaborated. A particular form of this method is given by
tke following

LemMa A. Let u and v denole complex variables w = u, + 1u,, v = v, +is,

and let Fu, v) be a complex-valued function that salisfies the following conds.
tions

(a) F is continuous in a domain D C C*;
(b) (1, 0) €D and Re F(1, 0) > 0;

(c)  Re Fling, v)) <0, whencver (iny, v,) e D and v, < — ;_ (1 + ud).
2| Ifl};b(z) =I ]1;,_ /’1(2 -(i—) -+« 18 an analytic function in the unit disc U = {z&C;
z| <1}, such that (p(z), 2p'(z) « D and Re F(p(z), zp'(z 0 hold for all
z e U, then Re plz) > 0 in U()) (P( ) zp ( )) >

2. We shalt apply

_ ~ sha Lemma A to obtain the following result concerning
a differential 1nequality

for analytic fuuctions in the unit disc.
THroREM 1. Let f(z)

=z 222 e valvli o ; U' wilh
J@) #0 for 2 U and let :‘;(Z) '}} be an analylic function in
Re[l=a) 224 VPG (> L jor a2 2 v, 0
then
Re sz). > ! ,
z ;,for all z e U. @)

This result is sharp.
Proof. If we denote

/)
Z2) =22 __
then P( ) : 1‘

/&) == () + 11,
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Let

F@MJMM=l;“Wﬂ+H+aV%Rﬂd+MA+U4§.
From (1) we deduce )
RCF(40). 477 s (- e U, S
We shall show that the function

o

Flu, o) =52 @+ )+ e/ +uto) -]

satisfies the conditions (a), (b), (c) of YLemma A. Since f'(z) # 0, i.e. u 4-
+ v 4 1 # 0, we deduce that F is continuous in the domain D = {(u, v) « C2;
#+ v+ 1# 0. Morcover (1, 0) e D and Re F(1, 0) = 1/2> 0. Next we
bhave

Re F(iu,, v,) = — % + aRe \/—;— (1 + vy + 1u,).
Let T=E +in= (1 4+ v, + tu,)2. Tf v, < —(1 + u3)/2 then
. | 2
£ < Vi n

which shows that ¥ lies in the interior of the parabola § = 1/4 — ¥t and

we easily deduce Re \/f < 1/2. Hence we obtain
Re F(iu,, v,) = ——%—}- a Re \/-t— <0, for v, < —--%(1 -+ u3),

which is the condition (c). Applying Lemma A, from (3) we deduce Re p(z)>0,
for z e U, which is (2). The function f(z) = z/(1 + z) shows that (2) is sharp.
This completes the proof of Theorem 1.

Remark. 1f we denote by R, a > 0, the class of all functions f(z) =
=2z + a,2® + ... analytic in U, with f'(z) # 0, which satisfy (1), Theorem
1 shows that R, C R,. Moreover, since (1) is linear with respect to «, from
Theorem 1 we deduce R, C Rg, for all « > B > 0.

3. For. a = 1, from Theorem 1 we obtain

COROLLARY 1.1. If flz) =2+ ap2® + ... 15 dnalyitc in U, then
Rex/m>§(zeU) =>Rel(5)—>% (z e U).
Z

or, equivalently,

' ! fa o 1|
f(z)<“+‘).=>z <1
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3 i

i i Komatu [2], 15 a partiCular i

i ult, which is due to Y. nat case o |

hy fgl}ll:v ir]f; Theorem, which is a generalization of a risult of D.J. Ha(if i
}eenbeck and S. Ruscheweyh, [1], concerning the SUbordm&tion by |
convex functions. 3

Tuporey 2. [7]. Let f and g be two analytic functions in U, such g ';
f10) =5(0) =1, g'(0) #0 and 2

Re 1+£'(L))>_l,for al z e U.
40 2

If f2) < glz), then

H

2 z

% 5’ floar < -:- Sg(t)dt.

0 0
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ASUPRA UNEI INEGALITATI DIFERENTIALE PENTRU FUNCTIILE ANALI'I?ICE
“IN DIscuL UNITATE

(Rezumat)

Se demonstreazi o daci a > 0 s =
in discul unitate U, care verifici infg ten Tt -
acest rezultat este cel

'’ ; o
. este o functie analitic cu f Y) #
mai bun posibil,

alitatea diferentialy (1), atunci f verifici gi inegalitatea 2), iaf
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GENERALIZED CHEBYSHEV POLYNOMIALS AND
REVERSED GEOMETRIC PROGRAMMING

I. MARUSCIAC

1. Introduetion. Let Vi, Vg, ..., v, be fixed natural numbers. Set m =
=w+ v+ ... 4+ v,. It is well known that the remainder term Tm-1(f; %)
in Newton'’s interpolation formula

f(2) = Luilfs %) + 7malf; %)

on the nodes (x)}, ¢ < x, < %, < ... < x, < b, with multiplicities (v,)? res-
pectively, satisfies the following inequality

Hrm-r ] < T/ lgagxwl(x — M (x = mn . (% — )", (1)

where [|f]] is the Chebyshev norm ie. ||f||=max {{f(2)|: x < [¢, b]}.
From (1) it is seen that the following extremal problem arises: determine
%, %, ..., %, « [a, b] such that

max (¥ — x}) ... (x — %) = inf max|(x — %) ... (¥ — x)*]. (2)
1< [q,0) €5 <...<tp<b xS [a,)

At this problem have arrived T. Popoviciu [5] and L. Tscha-
kaloff [6] by studying quadrature formulae of highest degree of precision.
They proved the cxistence of the extremal nodes for the IL,-norm case.

In the complex plane the similar problem was studied by the author
in 1968 [4]. When the problem is studied on a compact set of the complex
plane, the existence of such a least deviation from zero polynomial is allways
assured but the uniqueness does not hold, as it was shown in [4].

In the real case, when the compact set is a finite closed interval, the
uniqueness of such an extremal polynomial was established recently by B.
D. Bojanov [2].

In this note we inted to show that in order to compute the extremal
nodes, i.e. the extremal polynomial, we can use the reversed geometric prog-
ramming technic [3). More explicitely, we shall show that the problem of
finding the extremal polynomial (2) is equivalent to selve a reversed geomertic
programming problem.

2. Generalized Chebyshev polynomial and a nonlinear programming prob-
lem. We shall need the following result established in [2]:

THEOREM 1. Let (v,)7 be a fixed system of arbitrary matural num bers and
{a, b} a given interval in R. There exists a unique system of points (22) Cla, 0]

5§ — Matkematica 2/1981
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hihat -
. —amll=nf 1l =
— 1 .o

€< <MH<... <In < (o~ )“n”
Morcozer, a < 3] < xz < o< x,. < b.. Thc extremal  polynomia) o
) (v, x) (x — x, )v.(x — x5 ... (2 — xp)m,

)

termmed by the condition that 1
= + v,, is umiquely de .
:‘—lv}b;tnvt;a—)”’ a-:t<xx<11<xz< Al e <A <1, =

v ) = (=) (s )L R =0, 1, L, @)
Consider two system (x,)? C [a, 8], (4)3 C [a, b] such that

re cxisl
b. SUCh thy

a=to_'<x1<t,<.‘..<x,,<t,‘<...<x,,<t,,=b @

and denote by =,(v) the class of all algebraic polynomials of degree m of
the form

Pm(x) (x - )v,(x - xz) R (x - x”)v”‘

i+ vt ... vg=m.

Set
Usppy = xk+l:— Ly k=0,1 ..., n—1 5
Up =t — %, k=12 ..., n
Then for p, e m,(v) we have
ta(ty) = (£, — %,)"(¢, — )"l — xh)vk(tk - "’lz1‘~l)vk+l oo (b — ) * =
=+ uy+ ... + o) (24 + 5 + ...+ Ugp)" ... u;:(_—uzkﬂ)uﬂ
L (—u2k+l - - uZn—l)v" — (-—l)vk+1+"'+"”(u2 + Ug + ... + 'uﬂ) b
(et us + o0 F ). Uk X uptt O R Han-1)
In view of v, + v, 4 ... + v, = m, it follows that
Vit1 + ...+v,,=m—v,—v2— =Y
and, therefore, conditions (3) become
(e + w5 + ... v “ :
2 3 + UM uy 4 ... + Uog) “zﬁ"z’iil cee (ﬂzu_»l + ( )

ot = h=10,...,
where = ||p: ). |
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System (3') can be written under the form:
VAU ... Vm=p, k=01, ..., n, 3"
where
Upjg = Ugj + Uojp1 + .. F U, 1 S <k E=12...., n
UVpj = YUap41 + Hawyz + ... + “2;'—1,”k <j<mn k=0,1,...,
Now we consider the following nonlinear programming problem :
minimize p (4)
subject to
v .o —p=0 k=01 .., n (5)
2""’1‘1";} :.;,".__vk:_ é vX‘,...v:;i'l...v;:=0 ‘ (6)
te1 i=k+1
Upj= U+ Majr+... + U 1 <J <R E=12 ..., n (7)
Upj = Upppr F Uppz + oo F 2oy, R<Jj<n k=01 ..., n
1, + ...+ =b—a ()

; >0,7=1,2, ..., 2n,

THEOREM 2. If (u*, p*) = R% X R+ is an optimal solution to the non-
linear programming problem (4) — (8) then polynomial py, & Tom(v),

pu(x) = (x — a})m(x — 28 ... (x — 22, (9)

where

Ton =85+ ui, &t = 2 + 43

*

=04 us, =2+ U

Ay =In_y + Uda_y, In = xn + 42
is the extremal polymomial to the problem (2).
Proof. Let t, = =w,(v),
(%) = (5 — A(x — B)" ... (¥ — A"

be the extremal polynomial to the problem (2). Then in view of Theorem I.
there exist (B); C [a, b),

B=B8< N <B<R< ... <By<xHm<fh=b
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such that B
0 _ oD\us — __1 MmooV ),
t,,(lg) = (t(; — xg)vi .o '(tk xn\) ( ) ll m” (111
Consider .
= vey B —
“’gk'fl 3 x?;-]-l - tg, k - 0: 1’
ugk._:;g_xg,k:l,z,...,n
W=yt e 1S SR E=12 m
W=t - + #3j-1 B <J S % k=01 ...,mn
we have

2 n—1
u) =

- ”
(- B+ LB =fh-f=b—0a
=1 k=0 =

g

»

ie u>07=1 2, ..., 2n, and (8) 1s satisfied.

From (11) it is seen that
B o (e =, w0 = [l
k

Since #9, ..., #_, are extreme points for {,, it follows that
n >
L)) = 2_:1 Wl — Al = AT — ) =0,k=1,2 ..., 0]

i.e. (6) are also satisfied.

Therefore (w8, 43, ..., ud, u?) is a feasible solution to the problem
(4) — @®). So

p_* g “.0. (12}

But from (6) and (10) we conclude that

(P:,”)’(l:) = 0’ k = 1: 2v caa, B— 1'

Clearly #3’ has ¢ < 2n — 1 disti C e e ¢*_ and som¢
of xf. That mmeans q inct real zeros: if, &2, ..., in-1

p* = max =115
oxkcn ”)m( k) i l IP"‘ | ‘
and, therefore
w* >l :
Inequalities (12) — (13) show that p* = po,
Because of the uni (2)'

city of the extremal polynomial to the probier®

we ¢ (3
onclude that p} =14, and so theorem is proved.
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3. A reversed geometric programming formulation.

Remark. In view of the special structure of the programming problem
(4) — (8), it is clear that (8) can be replaced by

Uy + U+ ...+ Uy 2 b—a
and (3), (7) by

VUK .. Uhe S R=0,1, ..., n

uz,»+u2,-+,+ ...+u2h SU};,‘, 1 Sjgk, k=1, 2, ceay R

Ugpar + oo F Uy S, R<J <0, k=0,1, ..., n
respectively.

Thus if equality (6) is replaced by two inequalities we arrive at the
following complementary geometric programming problem [1]:

Problem CGP

MINIIMIZE (L

subject lo the constraints

Uk ... et € 1L =01, ..., n
J -
2ovvh . i = 20 vk LT =0, (14)
i=1 fenopd

k=12 ..., n—1
uzjv{,-'—{- u2j+,v;j‘+ -}—uz,,v,;" <1, 1<j<k k=12 ...,n

u2k+17)h_jl+ +u2,-_.v,.',-' <Lk<j<gn k=01 ..., 2

1 1

—_— —u U = 1,

e Ty T Ty ?
#;>0,j=1,2, ...,21;9;>0, k=01, ...,2;7=12, ..., »
It is known (see [4], p. 173) that equality (14) is equivalent to

k "
2o Vith L O Lo < g < 3 vivh ... L
t=1 i=4+1

where 23,41 > 0. So program CGP can be reduced to the following reversed
geometric programming problem :

Program RGP :

minimize W
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ect 10 ‘
subjec v
.- vh <l E=01
o
& v; 1 Vg, 1 & 1 =1
S <L A=L2 L
T=1
-1 .
-1 <1, 1 €9k —_
i + it T oo tuty S L LSTSRE k=12 ' 8
-1 .
-1 . Co<L < =
Uops1Uhf T+ -+ + 4y S Lk<j<mn k=0, L o..on
” V1 v —1 _
Ev'-v;',...'l),,'.- ...vk':‘;'u2n+l>1: k=1, 2, s M —1
i=ht1

Y 2L >0,7=1,2 ..., 2 41 '

i=1b—a

vkj>0»k=0; 1: ) n;j= l, 2, [ (2

To reduce the reversed geometric program RGP to a prototype ply.
nomial program we can use the condensation method described in [4]

To conclude, we see that extremal problem (2) of finding the genetaliz
Chebyshev polynomial with multiple roots can be reduced to the problen
of solving a sequence of standard geometric programs.

Example. Consider [a, ] = [0, 1), v, =3, v =2, m = v; + v, =5 D¢
note

b= %y, Ypp = Uy, Vgy = U,
the corresponding reversed geometric program is the following:
minimize u,
subject to :
g Uy
Uy udud
Uy ugu3
uluduzr
gt + uguzt + ugugt < 1
Ut 1 - ugust < 1
2udusugt > 1

u1+uz+u,+u">1, #>0j=12 .o 7.
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S Gk W W

POLINOAMELE LUI CEBISEV GENERALIZATE SI PROGRAMAREA GEOMETRICA
REVERSA '
(Rezumat)

In studiul formulelor de integrare numerici de tip Gauss sintem condusi la urmitoarea
problem3 de cea mai bun3d aproximare: si se determine xf, »7, ..., 5} <€ [a, b] astfel incit
»
max |(x — 25" ... (x — 2| =  inf max |(x — #)" ... (¥ — 2] @
x% (a,b] agn<...<r&bd ze(a,b] ’

unde vy, vy, ..., v, sint numere naturale date. Polinomul din membrulfintii ‘al formulei (2) se numegte
polinomul lui Cebisev cu ridicini multiple pe intervalul (a, b]. In prezenta lucrare se aratd ci problema
determinirii polinomului lui Cebisev cu ridicini multiple se poate reduce la o problemé de programare
geometrici reversi. La rindul s3u, o asemenea problemi se reduce la un gir de probleme de progra-
mare geowrctricd standard.
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A METHOD ANALOGOUS TO THE CHEBYSHEV METHOD FOR Ty
SOLVING OF THE OPERATOR EQUATIONS

SEVER GROZE

{. In this paper we present an iterative method which, using high ordy
divided differences, allow us to construct a sequence which approximates the
solution of the equation

P(x) = 0 (1

where P: X - Y is a continuous application of the Fréchet space X in the Fré
chet space Y, 6 being the null element of the space Y.

The necessity to contruct such a method, with a high convergence orderand
which do not use Fréchet derivatives, follows by the fact that in the Fréchet
spaces a mean theorem [1] cannot be given ; hence the known iterative methods
are not applicable.

2. To approximate the solution of the equation (1) we shall use the algo-
rithm

Fat1 = Zn — A" P(x") - A"P"'w’n—-lr’u—zAn—-lP(xn—l) Xn P(xn), (” = 0; 1, 2,.. ) (2)

where x_,, x_,, z, are given elements in X

A= [P’m"'n—l]—l’ 7\" = [P‘m’n—‘l]—l'

With respect to the exist i - i the equé
tion (1) we have: ence and the uniqueness of the solution of

THEOREM. 1° If it exists A —

I)X' " -1 ;! ” R » and )l Al( i
< B by )l - |( we denote the cvasinorn[ ol Y, 2 Sla, Ki) '

o v of an clement of a Fréchet space (2]
2 )lP(x.)l( < N 7 = _2, _1’0 and 7o

30 € N-1 € N-2
For any x" x"' xln, x

VeSS, we have
)I Pl',x",x”’ '( < A’[, )l PX',I", ;t’",xw l( g N
~2 <1, where h_, = B2y _,

E2_2 = 51 3 N 0:
H_,{ + (er + 1) (1— 11_2)3} and H, =1 — h_o(l + h-2) >

4° h_,E

he - . .
then the equation (1) has, in S, (x,. Ry) with R, — — 2872, @ solw?”
0 = H

. i
the limit of the sequence (2) L~ (hyBoal® der e 8"

d ,
and only one, which is i Bt
, the convergenc
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by the incqualily
n—1 n—1
2B 4 2’.52‘5 2£§21'-
px(x* — %) < TTo.ED (h—2 E_3) € Ry (h_2 E_,) 3)
where t; =bica +lica + L (0=2,3, ..)and t_, = —1, 4y =¢, = 1

Remark. 1) From the conditions 4° it follows that %#_, < 1.
2) The condition E_zh_» < 1 is satisfied, for exemple, if %4_, <% and
N 38
BM* 125
Proof. From the theorem conditions, it follows x_;, ¥_; e S,. Indeed
Wz — %o |( = ) AgPryr (o2 — % I{ <) Ao | O P(x=2) [(+)] P()1() <
< 2B, < R,

and in the same way we can obtain that x_, e S,.

Hence, using the conditions 1°,2°, 3° and (2), it follows the posibility to
construct x, and

Ny — % [ < Bno(l + F2) < Ry
)I le: X0y X—11, x-z‘( < N.

Now we show that x_,, x,, x, satisfies the theorem hypotheses: the condi-
tion 1° is evidently verified. '
To prove 2°, we consider the application F,: X — X, given by

Fu(x) = x — v» P(x) — va[P(%) I 4)
where

Yo = Agth + Ay Pes o0 Aoy P(%acy) Ao + Ay Py s, Auer % Ay P(2,)
ty Apo1 A othy n=2012 ...

Vaththy, = — A, Px,,,x,,_l,x,,_z

we obtain

Fn(xn—z) = Fn(xn—l) = F»(xn) = Xn+1) F‘m’n—l = 6*
F = O**

where 0* is the null element in (X, X)*, and 0** is the null element in (X x X,
X)*, and (A, B)* denotes the set of linear and bounded applications defined on
A and with values in B.

We also have

Epi¥p— 1159 —~2

F’n+l-"n"n-1"n—2 Uqtholly = Yn P"'»+l"»"n—l"'l~2 Urthatls —
—_ — Uy - -
Va Pry o ity _ysg_g titheths P(%a) — v P o itn—tinog T2 Prppr, W

— Vy P %y P Uty — Yy P(’ﬁ—l) P’n+|:‘n-’n—l'xﬂ—'—' Uy tally.

In—1n~2 T 10Xy =2
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Applying to F, for x = % the Newton type formula
Pls) = Pls) + Paosls — ) & Prusunlx = )(x = ) 4

4 Py rnel® — %) (% — x5)(x — %) 5
we obtain |

| P (1 — hoall - hoa)) € N+ MEB)) 1w =2 ()] % — (.
N x— % 1+ 3ham,.

Using the property Fy(x2) = Fo(x_y) = Fy(x,) = x,, it follows

NP I € (ho2E_2)*ny = < Mo (6)

hence 2° is verified.
The hypothesis 3° is evidently verified.
For the hypothesis 4° we have

hoy=BMn_, <h_g Hoy=1—lh_ (14h,) > H_,

from where E_, < E_,, hence h_, E_, < .
It follows that we can construct x, and that

N % — % |( € By (14 (E_sh_z)h_;) < 2Bn_, < Ry.

decd {\Ioext ‘Ve°5h°w that x,, %y, %p .vcrfie_s the conditions from the theorem. In-
ecd 1° and 3° are fulfilled. Taking in (4) » = 1 and aplying (5) it follows

W P(xy) ( < (Eothoy)?ny = < 1 U
For 4° we have hy = B2My, < ; 5 1
Bv i . . m <k, Hy 2H_,E, <E_ and Eghy < -
and tthmductxon, it can be proved that the pr0pértigs are vlerified for any %
M43 S (hnEu)2 Nni2 (8)
hyis < Lo En)? )
i kE, <1 (10
er :
¢ NP < 1y, by = BMe,, and
mm B (et ) aa) |
where H, o et )
mce (8) it follows g :
Indeed we hy OWS % e So(%, Ry), #a e So(x_1, Ry) and % e So(#-» Rl

ve, for example

)Ixn"'
xol(SZB(n,._l+...+.ql+.,]) g_zﬁ’l"__-SRo-
° T L —(Ephy)?
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From (8) and (9) we obtain

) Mt S (E-ghg) '™ _ (12)
Hence |
N Xy — % l( < T_;_,), (E_yh-s) < Ry(E_zh_p)? (13)

By (10) and (13} it follows that the sequence (x,) is fundamental, hence conver-
ent to an element x* e X. Also x* e S,(%,, R,), ** e« Si(%-1, Ry), 2* <
e So(%-3 Ry)- . '
If in (13) we take p — oo, it follows (3).
Because from (12) it follows.
5
NP(xa) I < (B E_) ™" o

for n — o0, P bheing continuous, we have
P(x*) = 6. )

If for ax e S, we have P(%) = 0, then P..7(x — x*) =0 hence x— x*
e Ker (P ;) N S,. Taking into account that 1° implies ker (P, ) N S, = {6},
we have x — x* = 0, hence x* is the unique solution ‘of the equation (1)in S,.

Remark. A similar theorem, for Banach spaces, was given by M. Baldzs
and G. Goldner in [3]. L
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O METODA ANALOAGA CU METODA LUI CEBISEV PENTRU REZOLVAREA ECUATIILOR
OPERATORIALE

Rezumat)

Folosindu-se o metodi de rezolvare aproximativi analoagi cu a lui Cebisev, este demonstratd
© teorem3 de existentd §i unicitate pentru solufia unei ecuatii operatoriale P(s) = 6, unde P: X —Y
este o aplicatie continud, X §i ¥ fiind spatii Fréchet.
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ON THE DETERMINATION OF CIRCULAR ORBITS OF ARTIFICIAL
SATELLITES FROM OPTICAL VISUAL OBSERVATIONS

ARPAD PAL and TIBERIU OPROIU

1. Introduetion. The Station 1132 of the _Clu]-Napocg_Astronomical Obser-
vatory usually performs optical visual observations on artificial Earth satellitcs,
by using a balloon-theodolite [1]..The accuracy of the_se qbser\{atlons (0°1 ia
position and 0’1 in time) is not suitable for the determmatl.on' of a preliminary
elliptic orbit. As most of the observed satellites have quasi-circular orbits, we
have tried to determine circular orbits, which are less susceptible to the accuracy
of the observations.

Among the classical methods of orbit calculation, the problem of the deter-
mination of circular orbits is the simplest. It needs only two position observati-
ons and allows the determination of four orbital parameters (instead of six):
@ = circular orbit radius, ¢ = inclination of the orbital plane to the equatorial
plane, Q = longitude of the ascending node, and # = argument of the latitude,
corresponding to the moment ¢,

It is obvious that the parameters determined in this manner represent only
roughly the real motion of the satellite. However, their values can be used as ini-
tial data for a differential improvement of the elliptic orbit for a long enough
time interval. The orbital elements obtained in this manner can be compared
with sl}mlar values resulted from other sources and can constitute valuable in-
formations for the_igientiﬁcation of the respective satellite. Also, these elements
can be usqd as 1nitial data in the calculation of satellite ephemeris for 2 not
too Jarge time interval.

. 2. Basie Equations.
orbit was performed acc
motion is considered wit

The determination of the parameters of a circuldl
ording to Zeinalov's algorithm [2]. The satellite
Oxyz. havi . h_ Tespect to an inertial geocentric right-handed frame

2, having the origin 0 in the Rarth’s mass center, Ox - axis directed towards

the equi i .
equnox point and 0z-axis directed towards the celestial North pole.

The geocentri iti o s to-
rial relatifn; € position of the satellite in this frame is given by the ve¢

here = r=R4 7, ()
where 7(x, y, z) is th : : . 50X,
Y, Z) is the geocentr'e geocentric radius vector of the satellite (Irl = a), K )

Tepresents the topo ¢ radius veetor of the tracking station, while p(px f7 "

P Ce_ntnc ra.dms vector of the satellite. If the geographlcal o
measured from Gre g station are known (p = the latitude, A = the longltUde,
enwich towards East, H = the altitude in meters above 5
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then the coordinates X, Y, Z are given by the relations :

level),
X = X, cos 0 — Y, sin 6,
Y = X, sin 0 + Y, cos 0, (2)
Z =12,

. ‘o Ol s i . ing to a given moment ¢. The
vhere 0 is the Greenwich sidereal time corresponding . ymen
zluantities X,,Y,, /s tvpresent the coordinates of the tracking station in a geo-
centric recta(;lgular fram: OXYZ, similar to Oxyz, but with 0X — axis du'egted
towards the Greenwich meridiau (a fixed frame with respect to the Earth). They

are given by:
X, = R cos ¢’ cos 2,
Y, = R cos ¢’ sin A, 3)
Zy = Rsin ¢/,

where:

R cos o' = (C + HJa,) cos ¢,

Rsin ¢ = (S + H/a,) sin ¢, (4)
C = (1 — e?sin? @)™ 12,
S=(1—-¢)C.

In thesc relations, R and ¢ represent the geocentric radius vector and the
geocentric latitude of the tracking station, respectively, a, is the equatorial ra-
dius of the refcrence ellipsoid, and ¢ is a constant connected with the Earth’s
oblateness (Krassovsky's cllipsoid has: a, = 6378.245 km, ¢ = 0.66934210 X
X 1072). We shall take the quantity a, as length unit.

The observations we use are given in horizontal (A,h) or equatorial
(19500, S1950.0) coordinates. In both cases we must pass to the equatorial coordi-
nates corresponding to the epoch t. Hence, the observations give :

, L, a;, 8, 1= 1,2. (5)
Denoting by :

A = cos & cos a,

@ = cos 3 sin a, (6)
v =sin §,
}c})lremc.’)sines of the direction g (15| = o), Equation (1) can be written in a scalar
x=2%rp+ X,

z=vp+Z.
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From (7) we obtain :
@=¢+2eG+ R ®
where :
a2=x2+y2+z2,
e o
G = Rcos ¢,

Rcos¢=lX+pY+~;Z.

Equation (8) binds three unknown qqantities: a, p1, P2 (corresponding
to the moments #;, £, respectively). in Equa‘aon (9),.41 is the angle between the
topocentric direction towards the satellite (whose cosines are A, u, v) and the ¢-
rection towards the observation point (whose cosincs are X/R, Y[R, Z/R).

Solving Equation (8) with respect to p, we obtain :

p=—G+ Ja&& — F2, (10)

where, as in [2], F? denotes the difference R* — G2. The radical of (10) has been
given with its positive sign in order to have p > 0.

If the satellite position at the moments ¢,, £, is determined by the angles
#,, Uy, Tespectively, then the arc #, — %, (usually denoted by 2f) represents the
ngle between the geocentric radii vectors 7,(x,, 1, z,) and 7y(Xa, Ya z,), where
|7:] = |7, = a. This arc can be geometrically detcrmined from the relation:

2f; = arc cos [@72 (2,2, + y13: + 2122) ], (1)

‘or, in a dynamical way, from the relation :

o =n (t, — 1), -1

where :
(13)

n=Fka 3

is the mean motion of the satellite. The determination of 2f in two different mannez
gives us the possibility to calculate the radius of the circular orbit (a) by the Sl'lth
cessive approximations method. So, taking an arbitrary value for a, W€ find i
Equation (10) the quantities py and p,. Then, from (7) we find the geocent,ne
;;o;iga;}eslonf 11:;11113 satellifte and finally, from Equations (11) — (13), wé d:treer:;llif"
A 3 ase i i ; v

for a must satisfy the ?el:ticclyrrf?]ar orbit, 2f, =2f, ; therefore the value

4

asi Fla) = 2f; — 2f, = 0.
$1n [2], [3], we shall use the following recurrent formula for &: ?

nt+2 = au4y + Ag,
where ;

A2 = — (2,4 — @) [Afusr/(Basr — Bf) )



79

ON THE DETERMINATION OF CIRCULAR ORBITS

-and : -
Af, = Fla,) = 2fs — 2/, (17)

This iterative process ends when the condition :
[Afusa ] < e

s satisfied. Here ¢ is a previously given positive quantity (for example, € = IQ 9).

The correction Aa can be calculated with (16) only ‘1f two approximations
of a are known, For the first approximation we shall consider a, = 1.00, and. for
the second ope we take (asin [2]) Ae = 0.01 ;so, a, = 1.01. Then, the calculations

ptinue according to Equations (15) — (18). ) )
“ The orbital eglemcnts i and Q can be determined from the relations [4] :

[a,a,] sin ¢ sin Q = y,2, — Y221,

(18)

[a,a,] sin © cos Q = %2, — %»7), (19)
[@,a,] €OS 1 = %,Y; — %21,
where :
[a,a,] = a?sin (2f). (20)

It can be casily scen that the circular orbits become undetermined if ¢ = 0°
{the casc of cquatorial orbits) or if 2fe {0°,180°} i.e. the two observations are
coinciding or are performed in diametrically opposed directions. If we use ob-
servations from only onec station and from only one transit, then we can coutsider

0° < 2f < 180° nearly always.
Finally, the argument of latitude =, = #%(/;) can be determined from the

relations :
a sin u; = z, cosec 1,
@cos uy, = x,c0s  + y, sin Q. (21)

. _On the basis of the above described algorithm, we have elaborated a program
in FORTRAN 1V for the computer FELIX C—256 of the Cluj-Napoca University
Calculation Center. ‘
3. Numerieal Applications. The program was elaborated on the basis of

Zcinalov’s algorithm ; it was often applied to the observations of satellites with
quasi-circular orbits, performed at the tracking station 1132 Cluj-Napoca. The
orbital elements we obtained are in a good agreement with the similar values
contained in the ephemerides received by the Station from Appleton Laboratory
in Slough and University of Aston in Birmingham (England).

We give hete an example of such a determination. The satellite we have
chosen is 197864 A (Seasat), because of its quasi-circular orbit (e 2 0.00028).

The geographical coordinates of the station are:

¢ = 46°42'48"”. 0 North;
A= 23035,52",, 5 East;
H = 750 m.
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The observations were performed on 18 September 1980. The two POsit;
0
are:
1, = 0226™57° - 4UT;: A,=346°55"; K, = 35°25 .
ty = 02¢30"29° - 5 UT; A, = 256°15";  hy, = 29°00’.
The orbital elements, calculated by using the above pPresented Mmethy,
are

: Epoch: MJD 44500.102053 (18.1X.1980, 02*26™57 - 4 UT);
a = 1.123075 a,;

108°1 ;

Q = 207°003 ;

u, = 121°.079.

-
l
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ASUPRA DETERMINARII ORBITELOR CIRCULARE ALE SATELITILOR
ARTIFICIALI DIN OBSERVATII OPTICE VIZUALE

(Rezumat)

) In lucrare se arati posibilitatea folosirii observatiilor optice vizuale la determinare2 orbitelt
clrcu}are ale satelitilor artificiali. In acest scop este recomandat algoritmul lui Zeinalov, Jledd
<céruia s-a e,laborat un program de calcul pentru calculatorul FELIX C—256 al Centrului (; Corbi'
al Universititii ,,Babes-Bolyai”’ din Cluj-Napoca. Ca exemplu numeric sint date elementectuau
tale ale satelitului Seasat (1978 —64 A), determminate pe bazi de observatii optice vizuale efec
la Statia nr. 1132 din Cluj-Napoca.
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