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60 DE ANI
DE ACTIVITATE A $COLII MATEMATICE CLUJENE

Scoala matematica clujeana are vechi §i bogate tradifii. Inci de la infiin-
tarea Universitdfii romdnesti din Cluj (1919), invdfamintul §i cercetarea in
domeniul matematicii au fost stimulate de prezenta marelui matematician roman
Dimitrie Pompeiu, care a organizat $i a condus primul seminar de matematici,
reusind si mobilizeze o scami de matematicieni romani §i strdini, intr-o atmosferi
de cordiald colaborare. In acest cadru s-au publicat mai multe cirfi §i mono-
grafii, inclusiv revista de prestigiu internafional ,,Mathematica”, fondata in 1929.
Sub auspiciile acestei reviste, s-a desfasurat la Cluj, in acelagi an 1929, primul
congres al matcematicienilor roméni, cu remarcabile participiri de peste hotare.
in perioada interbelica, invitdmintul matematic clujean a fost slujit cu mult
devotament dc dascili valorosi si entuziasti ca Nicolae Abramescu, Aurel Angeles-
cu, Theodor Anghclutd, Gheorghe Bratu, Gheorghe Iuga si Petre Sergescu.

Dupid 23 August 1944, sub impulsul noilor transformiri sociale din fara
noastrd, condusc de Partidul Comunist Romdén, cercetirile de matematici si
invafamintul matematic in cadrul Universititii clujene a cunoscut o mare
dezvoltare. La consolidarea scolii matematice clujene un aport substantial
l-au adus profesorii Gheorghe Célugéreanu, Tiberiu Popoviciu i Dumitru V. Io-
nescu, care timp de mai multe decenii s-au impus printr-o activitate prodigioasa,
imprimind un spirit modern in cercetarea matematics, prin abordarea unor pro-
bleme noi de mare insemnitate teoreticd si practicd. Gh. Cilugireanu s-a impus
prin cercetiri in domeniul teoriei functiilor §i topologiei. El a creat teoria inva-
riantilor de prelungire analitici §i a obginut rezultate remarcabile in teoria
functiilor univalente si in teoria nodurilor. T. Popoviciu a creat la Cluj prima
scoald romaneasci dc¢ analizd numericd. A obtinut rezultate fundamentale in
teoria aproximairii functiilor §i a stimulat cercetirile matematice aplicative, in
calitatea sa de director al fostului Institut de calcul al Academiei R. S. Romadnia.
Profesorul D. V. Ionescu a inifiat la Cluj cercetirile de teoria ecuatiilor diferen-
fiale §i integrale. Este creatorul unei metode generale de construire a formulelor
de cuadraturi. Cercetirile de geometrie au fost impulsionate de profesorii
Tiberiu Mihdilescu (in geometria diferentiald si proiectivd) si Eugen Gergely
(in geometria neeuclidiani). Cercetirile. de algebri moderna au fost inifiate la
Universitatea clujeani de profesorul Gheorghe Pic, iar cele de mecanici de
academicianul Caius Iacob. Activitatea in cadrul Observatorului astronomic,
infiinfat de Gh. Bratu si Gh. Demetrescu, a fost dezvoltatd de profesorii Ioan
Armeanca, Ioan Curea si Gheorghe Chis.

In ultimii ani cercetarea matematici clujeani s-a dezvoltat §i diversificat.
La domenii de cercetare cu bogati traditie s-au adiugat domenii noi, ca cele
de cercetiri operationale, de mecanici cereasci si de informatici. In cgdml
celor 19 seminarii de cercetare care funcfioneazi in prezent pe lingd colectwe}e
de catedri si Centrul de calcul al Universitatii, sint abordate cu succes o serie
de teme de cercetare fundamentali si teme legate de productie. Avind un rol



§0 DE ANI DE ACTIVITATE A SCOLIl MATEMATICE CLujENg

4
inariile de cercetare mobilizeazi toate for ;
] scut, seminaritle L : tele o
g;gcc :;;%nenta Institutului de matematicd Cluj-Napoca, Precum §in(112 :tmatlce'
Oragy;

si studenfi. cercetdrilor clujeni sint valorificate atit in ce . _
0 r111z e(Z ugti?i? Universitatis Babes-Bolyai, Mathematica” g -’l\fat(lilzlgatr‘eviste:
g;,vpue d'analyse numérique et de théorie de Fapproximatiop” Cu ogle 2
serii: Mathematica §i L’analy.se-numgpque et la théorie de ’approximat(.l(’ui
eit si in alte publicafil de specialitate din fard si de peste hotare, 1op in cady
Facultitii de matematica est_e redactatd revista :,IYI,z'itemankal Lapok* *edir!ﬂ
in limba maghiard a revistel ,,Gazeta vMatematlca . . fia

Monografiile i culegerile deAlucrarl,vprezthate la diferitele Manifests;
stiintifice organizate de facultate, sint o altd form3i de valorificare 5 cercetariﬁ;:

proerctivitatea contractuald, legatd direct de aplicatiile cercetarilor matemat,
in productie, a cunoscut in ultimul timp o mare dezvoltare. ¢

Rezultatele cercetérii au intrat in circuitul international atit Prin publicy
fiile amintite, cit §i prin organizarea numeroaselor manifestiri stiintifice clujen;
cu prestigioase participari 1nternationale. .

Toate aceste realiziri, ca si rezultatele obtinute in pregitirea atitor promotii
de absolventi, dau gcolii clujene de matematici un binemeritat prestigiu,

Aceste realizari au fost posibile datoritj condigiilor create i sprijinulyi
acordat de citre conducerea de partid si de stat dezvoltirii invatamintulyi §
cercetdrii gtiinfifice din fara noastra.

Aldturi de intregul popor roman, cadrelc didactice si studentii facultitii
noastre, impreund cu to}i cercetitorii Institutuluj de matematicd Cluj-Napoca,
omagiazd evenimentul deosebit pe care-l trdim, implinirea a 60 de ani de l
crearea Partidului Comunist Roman, si se angajeaza si-si dedice toati capaci-
tatea §i puterea de munci cresterii prestigiului scolii matematice romanesti.
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SOME PROPERTIES OF PROJECTORS IN FINITE n-SOLVABLE GROUPS

RODICA COVACI

1. The purpose of this paper is to prove the existence and the conjugacy
of projectors in finite m-solvable groups. The same properties were proved in
[2] for covering subgroups in finite n-solvable groups.

All groups considered are finite.

We resume the notions of the paper in the following definitions :

DrriniTiON 1.1. a) A class % of groups is a homomorph if % is closed
under homomorphisms.

b) A group G is primilive if there is a maximal subgroup W of G with
core; W =1, where core; W = (M{W¢ge G}.

¢) A homomorph ¥is a Schunck class if it is primitively closed, i.e. if
any group G, all of whose primitive factor groups are in %, is itself in %.

d) Let % be a class of groups, G a group and H a subgroup of G. H
is called ¥-maximal nGif H € ® and for any H* with H < H* < G, H* =%,
we have H = H*. The subgroup H is an %-projector of G if for any NG,
HN|N is %-maximal in G/N. At last, H is an %-covering subgroup of G if
He® and H < K €G, K d K, K/|K,€ ¥ implies K = HK,.

DeriNitioN 1.2. Let © be a set of primes and =’ the complement to =
in the set of all primes. '

a) A group is m-solvable if every chief factor is either a solvable n-group
or a w'-group. If = is the set of all primes, we obtain the notion of solvable

roup.
& lb ) We shall call w-homomorph (w-Schunck class) a w-closed homomorph
(Schunck class), i.e. a homomorph (Schunck class) % with the property :

GlOx(G) €% =G < %,

where O, (G) denotes the largest normal n’-subgroup of G.

We use in our considerations some important theorems of R. BAER [1]
which we give below.

THEOREM 1.3. A solvable minimal normal subgroup of a group is abelian.

THEOREM 1.4. If the group G is primitive and G has a # 1 normal solvable
subgroup, then G has one and only one minimal normal subgroup.

THEOREM 1.5. If W is a maximal subgroup of G with core;c W =1 and
N is a minimal normal subgroup of G, then G = WN and WNN = 1.

THEOREM 1.6. If G has a # 1 normal solvable subgroup and a maximal
subgroup S with coreg S = 1, then: _ )

a) the existence of a # 1 normal solvable subgroup of S implics the exis-
tence of a normal subgroup N # 1 of S with (N|, |G:S|)=1; :

b) if S has a normal subgroup N # 1 with (IN|, |G:S|) =1, then S is
conjugate to any maximal subgroup T of G with coreg T = 1.

2. In this section, we give some properties of projectors.
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, d G a group. It is easy t
Let € be a homomorph and ( Y to see that
vering subgroup of G is an %-projector of &, but conversely poy a’?‘h
notion of projector is more general than the notion of Covering sub.gro US, thy

. ' Up, thy,

efore poorer in properties. ) _ .
' Dlz,ﬁnition 1.1. d) implies two immediate properties of Projectors o

’ glvh

R

o PropoOSITION 2.1. Let & be a homomorph, G a group ang g a
1 G. Then: .
gector ao)ffor any N 4G, HN/N z's’an X-projector of G|N ;

b) for any x€ G, H* is an E-projecior of G.

Henceforth, every group considered will be finite and =-solvable In t
conditions, we can prove further properties .of projectors. ) hey

The conjugacy and gxisten_ce of convering subgroups in finite n-50lvab}
groups are already established in [2]. If € is a w-Schunck class, any r-sq
vable group has %-covering subgroups (see [2], 2.2.). Because an %-cover;
subgroup is also an %-projector, we have: A

THEOREM 2.2. If % is a w-Schunck class, any w-solvable group has %-pn
jectors.

g It remains an open problem, namely if the =-Schunck classes are th
only n-homomorphs relative to which the =-solvable groups have projecton

The main result of this paper is the proof of conjugacy of projectos
in m-solvable groups. In preparation for this result we give a lemma whid
generalizes [3], 5.11.

Lemma 2.3. Let ® be a n-Schunck class, G a w-solvable group and A o
abelian normal subgroup of G with G/A € X. Then:

(1) there is a subgroup S of G with S € X and AS =G ;

(2) if S, and S, are E-maximal subgroups of G with AS, =G = A5
then S, and S, are conjugale in G. .

_ Proof. (1). Let 8 = {S*/S* < G, AS* =G}. Since G € 8, § #@. Cons
dering & ordered by inclusion and applying ZORN’s lemma, 8 has a minimé
element S. We shall prove that S € %.

Put D =S A. Then D {G. Let W be a maximal subgroup of 5. W
have D < W. Indeed, if we suppose that is not subgroup of W, we obtat
DW =S, hence AW = ADW = AS = G, which means W 8, in contradicié
with the minimality of S in 8. Put N = core;, W. Clearly, D < N. Then ,Sé i;
= (S/D)[(N|D). Because S/D=S/S | Ao<AS/A=G/A € ¥, we deduce, % beit
a homomorph, S/N e . : mal sub

For any primitive factor group S/N of S, we can find a ln?xl'?i?/e fac
group W of S such that N = coreg W. But this means that any anfl g ths
;01' g;oup of S is in %, which implies, by the primitively closure 0% %

[

(2). We prove by induction on [G|. We distinguish two cas§5-== 5;’6

a) Ge% S, and S, being %-maximal subgroups of G, 1
and the lemma is proved. GIN wit

b) G € %. It means that there is a primitive factor gfoupthat AN
GIN & % We have NS, # G and NS, # G. It is not difficult t0 S€% /=0
Is almzlmmal normal subgroup of G/N. Put M = AN. Clearly, (N
1= 1,4

n ‘}j_pn
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M|N is a solvable w-group. Indeed, M/N being a minimal normal -
group of G/N, M|N is a chief factor of the n{solvablg group G, hence M /]SVUIi)s
a solvable m-group or a w’-group. If M/N is a n’-group, M/N < 0 (S/N) and
(GIN) | 0~(GIN) & ((G/N)[(M|N))/(0~(G/N)/(M[N) ; but (G/N)[(M|N) ~ G[M =
= ANS,/AN ~ §,/S; N (AN) € %; it follows that (G/N) [0.(G/N)e %, which
implies, by the m-closure jof %, the contradiction G/N & %. Thus, M/N is a
solvable w-group.

By 1.3., M|N is abelian. This and NS; <G, ¢ = 1,2, imply that NS /N
and NS,/N are maximal subgroups of G/N. Further, coregyNS,/N=1, i = 1,2,
because, by 1.4., G/N has one and ouly one minimal normal subgroup M/N,
and so, the assumption coregnNS;/N # | implies M/N < coregwNS;/N, hence
(Zi]/gl = gS‘/N « M|N = NS;|IN - coregyNS,/N = NS,/N, in contradiction with

i # 6.

Let us prove that NS,/N and NS,/N are conjugate in G/N. If N§,/[N=1,
we have G/N = NS,/N - M|N = M|N; but G/N = NS,/N-M|/N; hence
NS,/N - M|N = M|N, that is NS,/N < M/|N ; it follows that NS,/[NNM/N=
= NS,/N ; but, on the other side, 1.5. implies NS,/ NNM/N = 1; we conclude
that NS,/N = 1. This shows that NS;/N = 1| implies N5,/N = 1 and so, N§,/N
and NS,/N are conjugate in G/N in this case. Let us suppose now that NS,[N # 1.
We shall use 1.6. We know that M/N # 1 is a normal solvable subgroup of
G/N and NS,/N is a maximal subgroup of G/N with coregyNS,/N = 1. Let
us prove that NS;/N has a normal subgroup L/N # 1with (|L/N|, |G/N:NS,/N |
= 1. Indeed, NS,/N being # 1, let K/N be a minimal normal subgroup of
NS,IN. K|N is either a solvable w-group, or a =n'-group. If K/N is a solvable
n-group, then, by 1.6.a), there i1s a norinal subgroup L/N # 1 of NS,/N with
(ILIN|, IGIN:NS,/N|) = 1. If K[N is a ='-group, then even K/N # 1 is a
normal subgroup of NS,/N with (|K/N|, |G/N:NS,/N|) = 1. Applying now
1.6.b), NS,/N and NS,/N are conjugate in G/N. Hence NS, and NS, are conju-
gate in G. :

Put G* = NS, = (NS,)* = NS5, where g € G, and A* = ANG*. We
apply the induction for G*. Let us notice that A* is an abelian normal sub-
group of G*, with G*/A* € € and S,, S are %-maximal subgroups of G*,
with 4*S, = (ANG*)S, = S, (ANG*) = (S, 4)NG* = GNG* = G* and A*SE =
= (ANG*)S5 = SYANG*) = (S§A)NG* = GNG* = G*. By induction, S, and

§ are conjugate in G*, hence S; and S, arc conjugate in G.
t And now, the main result of the paper:
= TuroreM 2.4. If ¥ is a wn-Schunck class, then any two %-projectors of
a n-solvable group G are conjugate in G.

| Proof. By induction on [G|.

Let S, and S, be two %-projectors of G and M a minimal normal sub-
group of G. We put S, = MS, and §, = MS..

S, and 5, are conjugate in G. Indeed, by 2.l.a), $,/M and 5,M are %-
projectors in G/M and hence, by induction, they are conjugate in G/M. But

this means that S, and S, are conjugate in G, ie. MS, =S§,=Si= MSS,
with ge G.
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e that 51 and S, are conjugate in G, let

In order to prov mal subgroup of the m-solvable group g,

M being a minimal nor

haPPCII;ZM is a solvable m-group. By 1.3., M is abelian. Let us shoy,

. s of lemma 2.3.(2): % is a n-Schunck class, 3, ;

3:%11: g:fu]p?,ypﬁﬂilseszn abelian_normal Subgrouf of S, with S,/ MS=1 11?{ ; /,; [sol.
o S,/ M(S, € % and we have S, = MS, = M.SZ; where 51_ and St are %tmax&i-
mal subgroups in ;. It follows that S; and S% are conjugate in S, hence s
and S, are conjugate m G ' i 1
" 9) M is a w-group._ This I:eads to M < 0.(5,). Then 31/0,-_:(3)5‘
o (S:/M)/(0x(S)/M). But S,[M & % We deduce that 5,/0x(S,) < %, fence, g
being w-closed, S, %. By the %¥-maximality of S, and S§ in 5, 5, = S‘=
=S¢, where g € G. The theorem is completely proved. 1

us notije

et

Ses cap

that We

(Recaived Decomber 14 1979}
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UNELE PROPRIETATI ALE PROIECTORILOR IN GRUPURI FINITE =-RESOLUBILE

(Rezumat)

i In lucrare se aratd ci dacx ¥ este 0 n-clasi Schumck de grupuri finite r-tesolubile, {ltllﬂﬂ
In orice grup finit n-resolubil exists %-proiectori si doi ¥-proiectori sint conjugafi. Se generalizeszé
astfel la grupurile r-resolubile existenta gi conjugarea proiectorilor in grupuri finite resolubile de-
monstrate de W. Gaschutz in [3]. Proprietiti similare pentru subgrupurile acoperitoare sle

E“&“]rﬂ“ finite n-resolubile, subgrupuri mai particulare decit proiectorii, au fost deja demonstrate
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PROPRIETATI ALGEBRICE ALE UNEI CLASE DE OPERATORI
CONVOLUTIVI POZITIVI

GR. MOLDOVAN

1. Operatori convolutivi pozitivi pentru funetii de o singurd variabila.
Polinoamele lui Bernstein care au servit la demonstarea celebrei teoreme a lui
Weierstrass au stirnit mult interes in rindul matematicienilor, care le-au consa-
crat numeroase studii.

Teoremele lui Korovkin de convergen{d a sirurilor de operatori liniari si
pozitivi au folosit in demonstrarea lor, prin analogie, proprieti}i remarcabile
ale polinoamelor lui Bernstein considerate acum ca §ir de operatori liniari si
pozitivi.

Constructia polinoamelor lui Bernstein poate fi considerati ca plecind de la
identitatea simpla pe care o e¢xprimd formula binomului lui Newton. Putem
construi, astfel, pornind de la anumite identitd{i, operatori liniari.

Intr-un cadru mai general, pe mulfimea polinoamelor putem defini niste
convolutii discrete. Fie €(E), E € R, R— mul{imea numerelor reale, mulfi-
mea tuturor sirurilor P = (P,)uen, N — mulfimea intregilor nenegativi, de
polinoame; P,: E —» R. Accasta mulfime formeazd un spatiu liniar peste R
in raport cu operatiile obisnuite.

Fie P, P® < &(E). Cu cele doud siruri formam un sir de functii (Q,)new,
Q,:E x E - R in modul urmitor:

Q.u, v) =2, PPu) PP ,v), neN, u,vekE (1)

k=0

DrriniTIE. Relatia (1) determind o operafie de convolutie ,,»'’ pe mul-
T P P

fimea #(E):
Q= PWx PO, Q = (Qu)nen- 2)

O clasi particulard de convolujie o constituie convolujia binomi care
are proprietatea .

P(u+1v) =3 Pyu) Pault), 4, ve<Esiu+toe<E 3)
k=0
Daci notim familia de polinoame cu aceasti proprietate cu P,(E), avem
2.(E) C 2(E).
Operatiei de convolutie (2)
*:2P(E) x&(E) —» &§(E?)

pentru o functie f: X - R, X c R s5i A= (M, k=0, nn=0, 1, .
asociem urmatoarea operatie

2, 9UE) X &(E) — 5,(Y

=4
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(PO, p®) de eclemente din Z(E) sd-i coreg

ca perechil ) " . 3 .
care face ’ termediul urmitoarei relatii convolutive

element in §(E?) prin in

ol ) = LS P PR,

Pundy u

4
Q,(1; %, v) # 0

DEFINITIE. Operatorii
L(-; Pw, P®; x): R¥ —» R¥

L(fs PO, P 2) = 4,00 2, S04 P () P2A(o(),

unde u: X » Esiv: X - E sint doud functii arbitrare, iar
A,(x) = [Q.(1; u(x), v(x))]7" < o0

i numim operatori comvolutivi pozitivi.

Observagie. 1) Operatorul (5) este un operator liniar. E 3

2) Daci operatorii convolutivi (5) ii considerdm pozitivi, atunci pe acestia
i numim operatori convolutivi pozitivi.

Particularizind sirurile de polinoame P §i P2 obtinem diferite excmple
de operatori convolutivi. Astfel, daca

PO = PO = (P,(x)lsen; Polx) = = ®

n!
iar u(x) = x, v(x) = 1 — x, " = 2 obfinem operatorii lui Bernstein, peotru
- . - . . . n
altd distribujie de noduri al{i operatori. Apoi, daci

P = P& = (P, (x))rew

P(x)=[x)=x(x—l)...(x_n+|) (7)

" " n!

lar u(z) = %, v(x) =1 — %, 2" =% objinem operatorii lui D. D gtanct
”

neN

“ra ()
x + yk k

obtine 5 5 . . . .. . . .
opleFr atglrio alta CIgsa de' operatori convolutivi pozitivi considerafl I (L 2}
generalizeaza operatorii lui Bernstein §i Stancu.

Se pot considera si i d
A v €O 51 alte exemple de operatori liniari §i pozitivi
Una din principalele probleme ce se studialz)é. in legatura cu acesti oper

P, (x, y @

~—

Acest

e aCCSt fe]

-
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problema convergenfei. Aceastd problemd a fost studiati in multe lucriri a
diferitilor autori.

In cele ce urmeazi ne propunem si studiem citeva proprietifi algebrice
a operatorilor convolutivi pozitivi care au o anumitid particularitate.

2. O proprietate de automorfism a unei elase de operatori convolutivi pozi-
tivi de tip polinomial. Vom considera in acest paragraf urmitorul operator
convolutiv pozitiv

L A = A1) () o Patt = 2 0
asociat relatiei convolutive
Py(u + 1) = & (%) Put) Pacste), deci 4, = [P, (1)1 (10)

in care s-a luat #(x) = x si v»(x) =1 — x.

Presupunem ci P,(«) sint polinoame de grad & cu ridicini reale si coeficientul
lui x la puterea cea mai mare este l.

LeMA. Dacd
P,(u) = Py(u) - Pr—(n), +=0,1, ..., k
atunci avem urmdtoarea relafie

n

> w3 ) P Pacste) = (11)

=i52n(n —1) ... m =i+ 1)P(u)Pa_i{u +1v), 0<p<mn

unde S, sint numerele lui Stirling de speta a doua.
Demonstragie. Numerele lui Stirling de speta a doua se definesc prin inter-
mediul relatiei
L.
k=) Spk(k—1) ... (k—1i+1). (12)
t=1

Aceste numere se bucurd de o serie intreagi de proprietifi interesante. Calculul
lor se poate face folosind o formulid de recurentd

L =SSt 4 dSk (13)

Observim ci se poate scrie relafia

k(k — 1) ...(k—i+1)[z,=n(n—1)...(n—i+1)(;:::j). (14)
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pentru & =3 relafia sc verificd u§or
np — 1) --- m—=-k4+1)
pk—DE=D = 5
(1:—3)(11-4) e —RkR4+1
— nin = Niw —2) T .

fnlocuind in membrul sting 2l relatiei (11) pe care-] notam cu S obfinem

S= kz_:okp (Z] P (#) Pacilt) =

n

£ st =41 1 (i) Do) Pt =

k=1

”

=i5;”(n—l)“' (n—i+1)Ps'(“)2—_\/=i

n—1
o i] Py i(t) Ppicx—i(v) =

=i:2, Sinm—1) ... (n — i 4+ 1)P;(%) :Z;:;(";i) Py(u) Pu_i-x(v).

fn ultimul termen tinind seama de relatia (10), adicd

n—1

"5 ) Pt) Pacimalt) = Pacslie + )

¥=0
rezulta

p -
S=2 Spln—1) .. (=it 1) P,() Pa—i(tt + )

ceea ce demonstreazi lema enuntata.

S4 notim cu €, multimea polinoamelor de grad cel mult p. Aceastd mulfime
iormeahzék un Oﬂatiu vectorial finit dimensional (p + 1 dimensional) ¢t baza
y = X7, =V, ﬁ.
Operatorul convolutiv pozitiv (9) este i inomial in ipotezd ca P,{¥)
e%tie un polinom. El este defiI;lit pe c(la)sasfuni(;iti:llgr Ié?alxllt;)nlﬁe pe in%ervalul [0, 1
adica C[0, 1].§1 cu valori in aceeasi mulfime. Avem deci L,:C o, 1]~ ¢l 1]
C[o Clltl)n§1deram acum cazul cind L, este definit pe o submultime 2 mu(l)"ﬁ
» 1] si anume multimea polinoamelor 8, de grad cel mult 7, & C cl

Restricfia o : . o li-
nom. {1a operatorului convolutiv pozitiv (9) la muljimea £, este tot 4o po

: : . ullt-
TrOREMA Fie restrictia operatorulni liniar L, definit de (9) penirt Wd"'

mea €, 0 <

<7 < n Acest o ™" : . : a
; : perato bolin un
n multimea 8,, adicd r liniar polinomial realizeazd

L8 =2
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Demonsirafie. Tinind seama de lema precedentid avem pentru 0 < p<r

” P "
L, 2)= 4,35 25 (3} P Pkl = = 223 w(h)

* Py(x) Pu_p(1 — )
deci
a4 I
Lt*; x) = 74‘;\{ Spn(n — 1) ... (n — 1 4 1) Py(2) Pu_i(1). (15)

Cum P,_i(1) este o constanta iar P,(x) este un polinom de grad cel mult ¢

rezultd ca L,(¢?; x) este un polinom de grad p. Pe de altd parte, tinind seama
de liniaritatea operatorului L, avem incluziunea

Lg < 8§, (16)
mca €, a polinoamelor de grad cel mult 7.

Pentru a demonstra incluziunea inversi este suficient si demonstrim ci
matricea asociatd operatorului L, pentru baza ¢, ¢), ..., ¢,; ¢, =25 k=
=0, 1, ..., r este nesingulard.

Din lema precedentd si din (15) rezultd

unde prin L,%, am notat mulfimea valorilor operatorilor L, restrinsi la multi-

A ?
Ltr; x)= —;—Ead,x‘
n

el

A A

Cocficientul lui x* adica ——;a” cste —: Shun — 1) ... (n—p + 1)P,_p(1)
' n n .

adica

n n n n

L 4y = 4,Pu(1)S} (1 —l)(l —3)...( —”;‘) A0 (17)

deci L(¢#; x) cste un polinom de grad efectiv p.

Matricea asociati operatorului L, estc o matrice triunghiulard, dupd cum
rezultd de mai sus, iar elementele de pe diagonald sint coeficientii lui x la
puterea cea mai mare din L,(#*; x). Or, accsti coeficienti sint toti diferiti de 0
dupd cum rezultid din (17), deci determinantul matricei patratice asociat opera-
torului L, este diferit de zero, ceea ce implicd faptul cd aplicatia L, este bijec-
tivd si in consecintd avem:

LZ 219

Acecasti incluziune i cea stabiliti la (16) demonstreazi teorema enunfati.

Exemple. 1. Operatorii lui Bernstein. Daca in (9) considerdm P,(x) = xh
acesti operatori devin operatorii lui Bernstein; B,, in consecinfd

B,,Q, = Ql

deci polinoamele lui Bernstein determini un automorfism pe muljimea polinoa-
melor de grad cel mult 7.
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; D. D. Stancu. Dacé in (9) considerim Pylx) = g0y _
lus torii ui D. D. _Stapcu S, si Observg:fd )
lizata condifia din lemd, rezulty . ci

5.8, = g,

ui Stancu determind un automorfism pe mulfimea Polinoamejq;

eratoris
?'_0£+ 1) obfinem opera

P:.(x() = Py(x) Pr-i

deci operatorii 1
de grad cel mult 7.

(Intrat in redactic 1a 5 iop, aric 1980
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PROPRIETES ALGEBRIQUES D'UNE CLASSES DES OPLRATEURS CONVOLUTIFS

POSITI¥FS
(Résum ¢
Les résultats principaux de ce travail sont les suivants:
L Si Pyu) = P;(u) - Py_i(w) alors nous avons (11), ou S‘, t=20, 1, ...,k sont les nombres de
Stirling. o o

2. (Théorémo.t). La restriction des opérateurs linéaires polynomials L,, (9),a l'ensemble &, 0 <
< r < réalise un automorphisme dans l'ensemble 9, Lo8, = 2,
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ASUPRA IMPLEMENTARII ALGORITMULUI DE ANALIZA SINTACTICA
Al LUI DOMOLKI

Z. KASA

0. Introducere. In articolul de fatd descriem trei algoritmi, cu ajutorul
cirora se poate genera matricea care reprezinti suportul de bazd al analizei
sintactice dupa algoritmul lui Domélki [1]. De asemenea descriem acest algoritm
de analizd sintaticd pentru o clasd de limbaje in care se poate defini o relaie
de prioritate intre anumite simboluri, care se vor numi operatori.

Algoritmul lui Domolki realizeazi o analizi sintatica ascendent3, comparind
deodatd simbolul citit cu pargile drepte ale tuturor productiilor. Orice potrivire
se marcheazi intr-o secventd de biti prin cifra 1. Dupid ce se marcheazi ultima
potrivire intr-o productie, se reduce partea dreaptd respectiva la simbolul neter-
minal care reprezintd partea stingd a productiei folosite.

1. Operatii cu seevente de bifi Fie B={0, 1}siB*=B X B X ... X B
(produsul cartezian al mul{imii B cu ea insigi de »# ori). Un element x din
B" s¢ va numi secventd de biti de » componente, si se va nota :

X = (%, %, ..., %,) sau X = X%, ... Xy
Definim urmitoarele operatii:
1°. Disjunctie:
0 daci x, =y, =0
V:B*x B*"— B", z=x\ yunde z; ={ =
1 in caz contrar
2°. Conjunctie :

A:B" x B*— B", z=x Ay unde z; = ‘1 ?aca H=ye=1
0 in caz contrar
3°. Deplasare la stinga:

«: B* x N — B”, unde N reprezinti mulfimea numerelor intregi nenegative.
z = X «m (deplasare la stinga cu m bi{i) unde

f ms<n

__ [xi+m daca 1=12, ..., n—m
0 daci t=n—m+1, n—m+2 ..
4°. Deplasare la dreapta:

»: B* X N— B", z = x» m (deplasare la dreapta cu m bifi) unde
z ___{0 daca i=12, ..., m

, m<n
Ximdaci t=m+ 1, m+2, ..., n

Secventa nuli se va nota cu 0. Deplasirile la stinga si la dreapta au aceeasi prio-
ritate in-evaluarea expresiilor si sint mai prioritare fafd de disjunctie si conjunc-
tie. Conjunctia este prioritari fata de disjunctie.
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etie al lui Domélki. Productiile gramaticii, care

izorul sinta 1 . _ g enerens:
i baz'ﬁlAc;:ealalz‘:iizat' s impart in doua clase : productiile care au in % arte;eﬁf,:
é?;ap}ca un singur simbol (clas2 productiilor SLP — smgle~1ength-producti0n)

i productiile care au mai mult de un simbol in partea lor dreapti (clasa produe.
siifor MLP — multi-length-prodtlgthn).. . .
Tustram algoritmul lui Domolki prin gramatica urmatoare :
G'—‘-(N, TI P' E) unde
N={E T} (neterminale)
T={+ — %X 1} (terminale)
= {E:* = i =F — o= ] ..
P={::=E+TE T, E::=T E::=Tx;
T : : =1} (productii)
E reprezinta simbolul start al gramaticii

Cu ajutorul productiilor SLP construim matricea S (fig. la). Pentru ori

ductie SLP de forma k::=j punem Sy :=1 (simbol)urilc gra;x;tcii'pm'
codificd prin numere naturale). Cu algoritmul lui Warshall [2] se calc ll S?
‘nchiderea tranzitivd a matricei S (fig. 1b). Noua matrice S se com ]uteaze
cu coloanele nule corespunzitoare simbolurilor 4+, —, X, i si elementelxt)e ed:aza

di la princioali e a . X
1;z)a.gonaa principald se modifica in I. Astfel se objine matricea S finali (fig.

E T
E T E T + - x i
Eilo]o
S Epogo Ef1l0]o0]o0o]o]o
TlO T
Lo T/t |10 o0olo]o
+10 |9
| Tt +lolol1lolo]o
-0 | o _
—_— 010 —lololo|1]0]o0
X110 | o — —_—
A O XLO X0 lo|olol1]oO
101 . — —_ —
S HERR il 111 1olo ol
Fig,la' —_—
Fig. 1,
Cuaj Fig. lc

: utoru] .
Productiilor acestei matric :
. ; e
B Partea dreanrs - ICCR Care vas f§e completeazi matricea M corespunzatod”
3Pa a unej Product'} fMIO 0sit3 in analiza sintactica. Fiecaruisim
" MLP i corespunde o coloand in matrice?
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M, se cozplaza coloana corespunzatoare din S. Matricea M obtinuti este cea
din fig

Xt0iol|lolojlo}|O0OloOo]|1]oO

t |1 0 1 1 0 1 1 {0 1

Fig. 2.

Fie m numdrul liniilor, iar # numarul coloanelor din M. Fie A, 4,, .. » By
numarul simbolurilor din pirjile drepte ale productiilor MLP, productn const-

derate in ordinea in care apar in matricea M. Fie 7, =1+ Ek pentru & =

=0,1, ..., p — 1 unde p reprezintd numirul productiilor 1 \H,P Prin conven-
tie 7, = 1. Algontmul lui Démolki foloseste urmiétoarele trei secvente de bifis

1 dacd existd un % astfel incit j =7,
b=b1b2 ... b, unde bj= . .
0 in caz contrar
e=¢¢ ... ¢ unde e= (b «1)\/ 000 ... 0l
n biti
=¢q9q, -.- g» unde g¢; =1 daci simbolul citit j s-a potrivit cu ele-
mentul M;;.

Algoritmul lui Domélki :

1. Se porneste cu g = 0.
2. Pentru fiecare simbol citit a se calculeazi

9: =((g» 1) V b) AM[g, *]

unde M{[a, *] reprezintd linia din M care corespunde simbolului a.

2 — Mathematica 1/1981
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. eronat.
i sirul de intrare este ero ses ; :
X att&nglt u?':l‘;] apaliza se continua cu citirea simbolului urmy
Daca g \Ne=

; face o reducere. Productia in cauzy
3 0 atunci se poate ucere. o e B G
?ii?n?m/;tg ?iée pozitia cifrei 1 din g A e. (existd o singurd cifrd 1 in g Ay
€

de intrare + + 1 —*

3. Dacd g= 0

Exemplu: S& analizim sirul
b=100100100 si e= 001 001 001

g = 000 000 000

i t:
A e g = 100 100 100

S-a citit ¢
S-: citit +: g = 010 000 000
S-a citit 4: g = 101 100 100
g A\ e=001000 000 si 14 ¢ se reduce la E, ramince E — 1, s-a folog

i ductie MLP. Sc¢ coniinud cu ¢, care cores_.puynde simbolului am
Fi?rm ltip;;? in §'irul de intrare. In cazul nostru nu existi un astfel d- simbyg
E fiind prmul din sir, deci g = 000 000 000

S-a citit E: g = 100 100 100
Sacitit — 1 g = 000 010 000
S-acitit i | E[E:i ¢= 100101100
g A e=000001000si E — 7 se reduce la E, s-a folosit producjia a dou

Sirul de intrare s-a redus la E (simbolul start al gramaticii), analiza sinta
ticd s-a terminat cu succes.

Dacd aplicim algoritmul de mai sus expresiei ¢ 4+ ¢ X 1, se va reduce { +
la E si expresia obfinuti E X ¢ nu se va putea reduce la E, algoritmul se ¥
termina semnalind eroare, cu toate ci expresia inifiald este corect.

Pentru a se evita astfel de situatii, la orice semnalare de eroare se revit

la ultima .red'ucere,_ se sch_imbé in g cifra 1, care a provocat reducerea, in
§1 se continui analiza maij departe.

Exemplu : Se analizeazs 141X 1.

1. Inifial: =
2. S-a citit ¢ g = ?88 (1)88 ?%
i. 3:: g:;c:: 1+ : 9 = 010 000 000
. : g = 101 100 100
. 9/\e¢0d60ii+ixise reduce la E x 3.
6. S-a citit E ; 3 = Tog 200 000
7. $-a cit;t x.: 8 = oo 20 100

g = 000 000 000

9 =0 reprezint v
otd o eroar i
e ifi
. » S€ Tevine la 4, se modificy g.

Sa, S-a citit X : 4=100 100 100
6a. S-a citit ;. g = ?88 (1)88 010
= 101
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g A e # 0 sisereduce expresia inifialila s 4 T, noul g va fi cel din etapa 3.

7a. g = 010 000 000
8. S-a citit T: g = 101 100 100
g Ae # 0 sise reduce expresia 1 4+ T la E, si algoritmul se termini cu
succes.

In [1] sc aratd cum se poate evita revenirea in cazul limbajelor LR(1).
Tinind seamd de urmatorul simbol de intrare, in majoritatea cazurilor se poate
evita revenirea. In acest caz trebuie marcate acele productii care pot provoca
reducere cronati. In cazul nostru aceste productiisint E : 1 = E 4+ TSI E : : =
= E — T. In cursul analizei, daci reducerea ar trebui ficuti cu o productie
marcatd, ea nu se mai efectueazi, ci ultimul simbol citit se consideri din nou
ca simbol dec intrare si se continud analiza. Astfel expresia ¢ 4 ¢ 4 ¢ se va
reduce mai intii la 4 4+ E s5i apoi la E.

In articolul de fata ddm o varianti a algoritmului lui Domélki pentru
accle limbaje in care se poate defini o prioritate a operatorilor. Vom numi opera-
tor orice simbol a carui neconsiderare in cursul analizei poate duce la o reducere
eronatd. Pentru exemplul nostru se poate defini urmitoarea prioritate a opera-
torilor :++ 1,— 1,X 2. Inaintea unei reduceri, se compari prioritatea ultimului
operator citit cu prioritatea simbolului de intrare urmitor. Daci prioritatea
acestui simbol este mai mare, reducerea nu se efectueazid. Dacé simbolul urmitor
nu este operator, comparatia este incfectivid si se efectueazi reducerea.

3. Descrierea algoritmilor. Algoritmii vor fi descrigi intr-un limbaj asemani-
tor limbajului Algol 60. Acest limbaj este usor de infeles, totusi pentru a evita
orice confuzie, descriem pe scurt deosebirile principale faid de Algol 60.

a. for 1 =1 tondo ... estc echivalent cu forz : =1 step 1 until » do

b. begin ... end repeat until cond. Se repetd execufia blocului delimitat de
begin si end, dacid conditia cond este falsi, §i se trece la urmitoarea instructiune
in caz contrar.

c. while cond do ... Se executi intrucfiunea sau blocul urmitor lui do atit
timp cit conditia cond este adevirata, si se trece la instrucjiunea imediat urma-
toare celui urmat de do, in caz contrar.

ALGORITMUL A. Creeazi matricea S initiald (ca in fig. la). Simbolu-
rile gramaticii sint codificate cu valori naturale in ordinea in care sint considerate
in S. Pentru exemplul nostru avem codificarea :

E T +4+ — x 1

1 2 3 4 5 6
Productiile SLP de forma: k : : =4k, k : : =k, ..., ki i =Fk, sint date la
intrare sub forma: & :k, k, ..., k,. Toate producfiile SLP sint alaturate

fara a lisa spatiu intre ele; sirul lor se termind cu ; . in cazul mostru sirul
de intrare va fi: 1:2,2:6. S[*, I] reprezinti coloana ! a matricei S, u=
=10 ... 0 (m biti), unde m reprezinti numirul liniilor din 8, in cazul nostru
m = 6, iar » ne di numirul coloanelor nenule din S.
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Descrierea algoritmulu :
r: =0;

hegin read (4, b);
it b= '+ then

hegin
! ro=r+1,
. =a;
S[*, 1 =0
end

else
S(*, 1: = (u» (e — 1)V S[* ]

end

repeat until & ="}";

AILGORITMUL B. Realizeazd inchiderea tranzitivd a matricei S. 7 obj
nut din algoritmul A, reprezintd numirul coloanclor din S initiald, m reprezint
pumirul liniilor din S, u este identic cu cel din algoritmul A. Descrierea algori
mulwi (algoritmul lui Warshall)

for j=1to 7 do
fori=1to m do
if(un (4 — 1)) A S[* 5] # 0 then
S(*, jl:=8[* i1V S(* j;

ALGORITMUL C. Construieste matricea M din S si di iile M

: , . i din productiile MLP

ﬁglg din urmi se dau ca date de intrare sub forma :S"ilt‘2 ,1_ 1,',"]'1];2. e e
€ hlp. .., teprezinti partea dreaptd a primei productii MLP, Jafe- el

a celei de a doua producjie MLP s.a.m.d. Sfirsitul se marcheazi cu ;. (Parfl

stingi vor fi memorate intr-un tabel iy
(» biti). In cazul — __e), ‘.‘=10~--_0 (m biti) iar v=_10...‘
preze'fl?:ind EaiuTnEoin:lmy{; % z-6' n =09, sirtul de intrare cste 132142256; 1

Descrierea algoritmulus :

for i=11to m do M[i, *]=0;
h: =1; '
read(a) ;

While @ %’ ¢o begin

for i=1t0 m do

if ((u» (@ — *
6=y o)) Y ST ) Al

pe Son M T = MGG, *) v (v (1))

end
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ALGORITMUL D. Realizeazi analiza sintactici pentru limbajele in care
s-a definit o prioritate a operatorilor.

Explicatii la algoriim :

— Sfirsitul sirului de intrare se marcheazi cu # .

— k este egal cu 1 dacd s-a citit intregul sir de intrare.

— R piéstreazd ultimul operator considerat.

— Functia prior (C) ne da prioritatea simbolului C, daci C este operator.
Instructiunea op : = prior (C) este inefectivi daci C nu este operator.

— Stiva stack pastrcaza ultimele g-uri, pentru ca ele si poate fi luate in consi-
derare dupa reduceri. Poantorul stivei este s. Se considerd mulf{imea cea mai
mare de operatori 0, 0,, ..., 0, cu proprietatea prior (o) < prior (0,) < ...
< prior (0,), si daca productiile MLP in care apar acesti operatori au partile
drepte de lungime respectiv b, h,, ..., h,, atunci stiva trebuie si aibd

lungimea cgald cu kb, 4+ ... + k.
— Functia mprodnumber (g, ¢) ne di numirul productiei care se foloseste in
reducere.

— Vectorul length pastreaza lungimile k;. Elementul length [i] ne da lungimea
h a pargii drepte a productiei MLY cu numirul 3.

— Vectorul sub]ccl pastrcata pirgile stingi ale productiilor MLP.

— 1In algoritm ’senlence’ reprezinti simbolul start al gramaticii.

— Functia sprodsubject (C) ne da partea stingd a umei producfii SLP, care
are partea dreaptd cgald cu C.

— Etichet de ERROR si SUCCES nu sint definite in algoritm, ele corespund
celor doui situatii de terminare a analizei.

Descrierea algoritmului :
k: =s:=0p:=0; R: =

AB: if R=" then read C else hegin C: = R; R: =" " end
AC: op: = prior(C);
AD: g = ((g0 1) V h) A M[C, *];
t=s+4+ 1; stack [s]: = ¢;

1f g=20 then goto ERROR ;

ifg A e = 0 then goto AB;

if £ =1 then goto AE;

if R="" then read R

uf R =""then %:

if pnor (R) < op then hegm C =R; R:=""; goto AC end
AE: pi: = mprodnumber (9. e); ¢:= length[;tn]
si=s5—1; C: = subject| 1.] 0p: =
AF: #l s =0 then begin if C 1=) *sentence’ then goto if k = 1 then SUCCES
else A4
else begm
= sprodsubject(C) ;
goto AF
end

end
9: = stack[s]; goto AD;
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2 pot fi descrise usor. De exemplu :

Funcjiile folosite I algoritmi
mprodﬂumber (9, e)do
- :)e:;il: :’ i gAe ¢ lt'mgth (7]
if g = 0 then hegin
mprodnumber c= 1 return
end

end
73 reprezintd numarul productiilor)

Algoritmul lui Domélki are avgnta]x.ﬂ cd 11'1crf:a7,51 cu secvente de bifj
Operatiile definite in sectiunea 1 pot fi realizate prin instrucfiuni cablate, Dag
insi acestea din urmd nu existd pentru secvenjc de orice lungime, cle pot §
realizate prin urmitoarele metode :

Fie vectorul u = 1, Uy, ..., U, unde fiecare w; are & pozifii binare. Pres
punem: ci existd instructiuni cablate pentru manipularea secvenielor de bifi d
lungime k (de ex. k = 32, §i fiecare w; se reprezintd pe un cuvint).

Decalajul la stinga cu o pozifie in vectorul u considerat ca o secventi de
sk biti, se poate descrie astfel:

fori=1tn—1do
W= (u «1)\V (4., (k — 1));
U,:=u, ¢1;
Decalaj la dreapta cu o pozitie in u:
for i = nto 2 do
U o= (u;o «(k — 1 u' 1),
A s NV (@ 1);
. 4. Coneluzii. int insi tmuld
i Dol zii. In (1} sint Injirate avantajele 3i dezavantajele algoritruld
Avantaje - (1) Algoritmul c¢ste sim

extins Qi !a gra ..
A matict context-senyit;
. . -$C11Y . .
lai pot fi realizage yypive : cnztive. (3) Operatiile binare necesare 2
l)ezavanlaj ] prtn tostructiuni cablate
ele ) .
tabziclor sintactice (i(l) Ngorltlllu] cere un cfort substanjial pentru crearet
articol dissingensy an pruilul rind matricea M). Algoritmii descrisi in prezest
memorie destyl ge "clzasta dificultate. (2) Algoritmul necesitd Ut
et ¢ Der .
Clapicae. (3) A Pentru pistrarea matricei M, in cazul gr@
rmatii pufine despre locul §i natur? €

plu si rapid. (2) Algoritmul POa}teﬁ
1goritm?”

goritmu] g3 info rorilo

08
; is 1
(Intrad in redacpic I8 24 anvar
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"} ON DOMOLKI'S SYNTAX ANALYSER IMPLEMENTATION
(Summary)

VN
v

In (1] is reported the following drawback of D8molki’'s syntax analyser: ,,it requires consi-
derable programming efforts to set up the syntax table, This however, could be greatly reduced by
the use of languages with good facilities for handling logical matrices”. In this paper we give three
algorithms to sct up the syntax table, based on logical operations defined in section 1 (and, or,
shift operatious). The algorithm A4 constructs the matrix S before conection, B constructs the
matrix S after conection and C coustructs the matrix M [1]. The algorithm D is the Domolki's
algorithm for languages in which we have defined a priority of operators.
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STUDIA UNIV.

s CONCERNING THE EVEN CYCLES
SOME RESE”E A CONNECTED DIGRAPH

DANUT MARCU*

. _ 1> be an oriented finite graph
. .onsiderations. Let D = <&, ¢ '

1. Prel;mu";:););?_n?::c;:l.o.n.,ﬂp} the set of nodes and c”Ll = i;q], azf, ]) .,aqg
(digraph [1]) with &&= 1" CiD] the set of elementary cycles (1] of D, ag
. denote by (|
the set of arcs. We

ttach arbitl'al'il » tO ever y art C aa, o l, 2, v ey q, T '
we 4 ) a

e [g‘]). elementary cycle (o) or clementary chain (L), [1], we denote by
or an

| i 4].
(o) and (L) their set of ares | o
“ For an arbitrary set & € & we denote: sgn (&) = Il €0

el
aal

1.1. Remark. 1f &, &, < @ and & N &, =G, then, sgn (& U&)=
sgn (&) - sgn (&,).
L1 Lemya. If &, &, < @, then,
sgn [(8, — &,) U (&, — &,)] = sgn (&) - sgn (R,).

Proof. Obviously, we have

&1 = (&‘l - é?’z) U (&’1 ﬂ &’2)

and
B, = (&, — &) U (&, M &).
Having in view remark 1.1 we obtain :
(1.1
Sgu(®,) = sgn(®, — 8,) - sgn(&, N 8,)
and
. (1.2
B1(®:) = sgn (8, — &) - sgn(®, N &,).
From (L.1) ang (12) it results-
sgn(®,) . = S.
or 1) Sgn(&z) — Sgn(&l - &2) . Sgn(&a - &]) * [Sgn(&l m ﬂz):’
sgn (&) s (QED) 1
1580 (8y) = sgn (g, &,) - sgn (&, — &,).

* Pacult i
Y of Mathematxcs, Univexsity of Bucharest
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1.2. LEMMA. Let D = (@, &) be a connected digraph. The following pro-
perties are cquivalent :

(1.4.) for every o = C[D], sgn [4(s)] >0,

(1.5.) for every m,m € &, and for every clementary chains L,[n, m] and
Lp[n, m}, holds sgn[A(L,)] - sgn [A(L,)] > 0.

(1.6.) there exists a partition & = {8, 8,} of S, (one of N, or &, can
be empty so that cvery arc a € & with sgn{a) < 0 links two nodes
of 8, or Ay, and cvery arc a € A with sgn(a) < 0 links a node of
N, with a node of My, or a node of N, with a node of 8,.

= Proof. (1.4) implies (1.5). Evidently, in the subdigraph D(L,, L,) of D,
generated by [4(L,) — a(L,)] U [4(L,) — &(L,)], [1], every node has an
even total degree [1] a fact that implies, having in view the corollary 12.5. of
[2], that D(L,, L,) is an union of elemnentary cycles without arcs in common.

Hence, having view the hypothesis, it results:

sgn {[&(L,) — A(L,)] U [a(L,) — &(L,)]} > 0. 1(1.7)
From (1.7) and lemma 1.1, we obtain:

sgn [@(L;)] - sgn [@(L,)] > 0. (Q.E.D.)

(1.5.) tmplies (1.6.). If D does not contains arcs a € 4 with sgn(a) <0
then, the lemma is proved putting € = {&, J}.

Suppose now that I contains arcsa € 4 with sgn(a) < 0. Let 4, € &
be with sgn(a,) <0, and %, € {A*(a,), A~(a,)}. (for an arc a = {n, m) we
denote: A*(a) = n, A~(a) = m). .

We definc: 81, = {m € 8| it exists L[n,, m], elementary, with sgn(L)<0}
and 8, = &N — ,. ‘ .

Let a* € @ be with sgn(a*) < 0. Because G is connected, there exist
the elementary chains L} [#° A+(a*)], L3 [n° A~(a*)].

Having in view (1.5), the choice of a* and the construction of &, and
N, we obtain:

o—

sgn[@(L})] - sgn [4(L3)]1 <O,
a fact that implies that the nodes A*(a*) and A-(a*) belong onme of &,, and
other of &, (Q.E.D.) .
Similary, if we consider a** € @ with sgn (a**) >0, rit exist the ele-
mentary chains L*}*[n,, A*(a**)] and L3*[n,, A~(a**)] for which:
sgn [A(L1*)] - sgn [&(L3*)] > O,
a fact that implics that the nodes A+(a*) and A~(a*) belong to the same set
N, or N,. (Q.E.D.)
(1.6. implies (1.1). Let o, = C[D] be and #, € &(c?). (for a cycle o we
denote by 81(c) his set of nodes).
Covering o, from n, to #,, we pass through nodes of &, orfand &,.

In every case o, contains an even number of arcs a with sgn(a) < 0 and
we have sgn [d(0%)] < 0. (Q.E.D.)
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26 nected| digraph and ny « & S0 thy
= 3}(,61) be a (EO” a
1.3. Leyma Let D <which contains n,, holds Sglll)[ (Z) ]h> 0. Lgt Bx
for every clementary cycle o ) the block (1] of Wmch - contains ty
or

& < & then, N H
= (B0, (o X éis"t) Q]%Z;zt (Po%nt (1] of tD- asminzno < o, then, sgo ()] <4,
no . 9 .
fIc{r'::;e::y&ﬁl:;wntary cycle rlwlz:;l:aﬁ;n :ycle " hich contaias mq.
m :
Proof. Let % be an e'gint point of D, then, Nty) < dy. (see [1]).
Because o ‘;a?,?ﬁgaii view the hypothesis, it results sgn [d(z)y] >
L) € 3((‘#0), en,

and the lemma 1s proved.
Suppose now that 7,
my € {A+(a°)'_A_(_a°)}- theorem 9.6 from [2] it exists an clementary cych
hat 12 g{av )t:::d a, € A(w,). We can consider «, conslgtlfg f £ twy
21“6*;%133; “Shains Ly, o] and L, [rmy, ) X{eh cover L, and L, starting
from n,. Let n{) and #(? the first nodes for which:

e Ar,) and let @y < Aa(+°) be an arc for wig
‘o

aihe a(L,) N a(°)
and

npe ALy N ).
Evidently, n{) # n®

Let L, be the elementary jchain of w, which links n{) and n{ passing
through the node #,.

Let L, be the elementary chain of w, which links n and n{? passing
through the node m,.

Iet L; be the elementary chain which links nh and n’, so that, bis
union with L, gives T- i
LyUL,is an elementar

. s n d
. y cycle which contains n, and Ly| JL 515 an elementary
cycle which containg 9

a fact that implies from hypothesis : {sgn [a(LaU'L‘)]?:
e (R 8ILUL,)) > 0. Hence, sga[a(L,UL,)] > 0, a fact that implies tht
sgn [d(r,)] = sgn[a(L‘ULa)] <0. (QE.D)

14. Levua. Let B = B. For every
¢ < C[B] holds sgq [4(c <4, & be a block and n, a node of

) ; elemetr
tary cycls which contains)lzf 0, if and only if sgn[d(r)] < O for every
do Proof. Lefnm.a is proved having in view lemma 1.3. and the fact that B
€S 1ot contain joint points (see (1)
1.5, )
joint ;‘olzr::l& 'FL”D =AR, &) be q connected digraph and nf, nd, .. if
- L'or ey [D] holds sgn [a(o-)] > O of and Oﬂly :
i Yy cycle © which contains nf), i=12 "
() . .. X .ch contams
see 1)) anq lemma g * % +-+, 1t exists a blok B; whic

Proved having in view lemma 1.3., and lemm3 14.

1)
)
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2. Results. 2.1. THEOREM. (D. K6 nig [3]). Every elementary cycle of a
connected digraph contains an even number of arcs if and only if it exists a
partition & = {,,, Ay} of K, so that every arc of A links a node of N, with
a node of Ny or a node of N, with a node of N,.

Proof. Putting ¢, = —1, a = 1,2, ...,4, the theorem is proved having
in view lemma 1.2.

2.1. Remark. Let G = (&, d) be a digraph. For every node n€8 we
denote by C{n] the set of elementary cycles which contains .

2.2. THEOREM . Let D = (3, Q) be a connected digraph and n, < & so
that cvery o< C{m,] contains an even number of arcs. iLet B, = (B, (&, X
X &) &), (8, = a) the block of D which contains n®. If m® € & is not
a joint point of D and m® € &,, then, every v € C[m°)] comntains an even num-
ber of arcs.

Proof. The proof 1s evidently putting ¢, = —1, a =1,2, ... g, and
having in view lemma 1.3.

2.3. THEOREM. Let B = (&8, ) be a block and ny a node of R. Every
clementary cycle of B contains an even number of arcs if and only if every
T € C[n®] contains an even number of arcs.

Proof. The proof is evidently puttinge = —1,a = 1,2, ..., ¢, and having
in view lemma 1.4.

2.4. THEOREM. Let D = (8, Adbe a connected digraph and ng‘), ngz), -
e, n$) his joint points. Every elementary cycle of D comtains an even number
of arcsi if and only if every v € C[nl)] contains an even number of arcs, for
all 1 =1,2, ...,¢

Proof. The proof is evidently putting 7, = —1, a=1,2,...,¢, and
having in view lemma 1.5.

2.5. THEOREM. If B =@, a) s a block, with |C[B]| > 2, then, 4t
exists o* € C[B] with an even number of arcs.

Proof. 1f |C[B) > 2, then, |C[B]}| > 3. (see [1]).

Suppose that B contains exactly 3 clementary cycles: ofl), ¢, of)), and
sgn (4[a{"]) <0, sgn (4[s@]) < 0. In the subdigraph D(c!), of"') generated by
(@ (o] — a[a]) U (@[c?] — afs{]), every node has an even total degree,
fact that implies, having in view the corollary 12.5 of [2], that D(s{, of@) is
an union of elementary cycles without arcs in common. Hence, (4[o{)] —
—ae®]) U (@[e®] — afoi]) = a[c®], and, from lemma 1.1. it results:

sgn (A[af?]) = sgu (A[s"]) - sgn(@[a®]) <O0. ] (2.1)
Having in view that every block B with |C[B]]| < 3, contains a subblock
with exactly 3 elementary cycles, (see [1]), and putting e, = —1, a = 1,2,

p . K)
-.., ¢, the theorem is proved, according with (2.1) where we consider ¢* = oS

(Received March 25, 1980)



D. MARCU

REFERENCES

1. Berge, C., Graphes ¢l Hypergraphes, Dunod, Paris, 1970.
2. Harary, F.,, Norman, R. Z, Cartwright, D., An Introduction 10 the Ty
wory Of D;
reo

ted Graphs, New York, 1965.
3. Konig, D. Theoric der endlichen und unendlichen Graphen, Leipzig, 1936

4 Marcu, D., On the Existence of a Kernel in a Strong Connected Dj
lagi, 12, 1979. Digraph, Bul. 1y Polite
g

UNELE REZULTATE REFERITOARE LA CICLURILE UNUI DIGRAp
(Rezumat) Al" CONEYx

Lucrarea este impirfitd in doud pirfi: consideratii .
s A . . N . rajn preliming "
dintr-un graf orientat i se atageazd, arbitrar, una din valox?ﬂe? +l;“u:‘ie. §! Tezultate, Fies
:;zt;ltate cu privire la produsul valorilor ¢ pentru arcele unui drum. lan{ Otaty e, Se _JeCarui ag
unt:u" é)xaax;trcular valorile ¢ diferitelor arce, se demoustreazi unele te :rtt uSlilu ciclu, A a:?,::]n-c“e“
: ‘e referito intr-
e la b'Ocur;:
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INTERVALLES DE CONFIANCE POUR LES COEFFICIENTS D'UNE
REGRESSION NONLINEAIRE

E. OANCEA, M. RADULESCU

1. On suppose qu’entre deux caractéristiques X et Y il existe une dépen-
dance dont la courbe de régression a 1’équation

Y=aX*4+0b k21 (1)

ol Y est une variable aléatoire normale, et X une variable nonaléatoire. En

utilisant des données d’observation (x;, ), 1 =1, # et la méthode des plus

petits carrés, on peut obtenir la forme estimative de 1'équation (1):
Y=aX*+8 (2)

ol a et P sont donnés par:

n & " ” *
n X ¥y, — Ly T #
i=1 i=1"" i=1
*= 2
n n
"3 |5
i=1 fe=1
3)
n n ”n n
T ATy - %At T by,
‘3 — i= 1=1 1=1 =

Parce que I'équation (2) représente la courbe estimative de (1) dans cer.
tains cas on considére un terme correcteur v, de sorte que:

Y=aXt+B+n=0aX*+b 4)

v étant une variable aléatoire normale N(0, o). On observe que Y est une vari-
ble aléatoire normale N(ax* + b, oy). De la relation (4) en tenant compte que
X est une variable nonaléatoire, il résulte que

Oy = Oy

Parce que « et B sont des variables aléatoires, supposées indépendantes,
on a:

o> = o2 2 + of + of (5)
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Alors de (3) il résulte

Avec ces expressions la relation (5) devient :

n N - . 1
€ sorte que |, forme g’ bles,apres avorr fait ype transformation convenable
€quatiop de d¢ ndance devient
Y =a'y? + ¢,
ation egy X ==y o
qui peyt étre évaluge ¥ =2, on Xer est 1'abscisse du point d'extre?

par ]Q n S . ’ aire,
Peut fajre . tuage statisy; ue. i il est nécess
x. des Observatio,, 9ue. Dans Je cas oy i

1 . : ion
® su lémentaires pour une meilleure évaluati
OUS propog
. 015 eng : .
<3 “Ocfficients a et ore, 'de déterminer des intervalles de confiance po:‘
“duation (), Qui dans Jes hypothéses faites 5

fespemveme ¢
ot deg v,
5 Variabjeg aléatoires n
OTmales N/, %a), N(B, op)-
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Pour estimer des paramétres a, b on peut déterminer pour chacun un inter-
valle de confiance en utilisant une statistique Student, respectivement :

T =a—a
a 5

Tb = - a
S»
chacune avec # — 1 degrés de liberté, ou

Sa = S, 4/nEX,

Sp = Sy \/(2 x?")E"
1=1

En choisissant une probabilité de risque g, on obtient respectivement les
intervalles de confiance pour a et b de forme:

s

(@ — 2585 & + 2,5,)
(B =t B+ 4s:)
ol ¢, est la valeur obtenue des tables de fonction Student correspondante a la
probabilité de risque ¢.
2. On suppose que dans la relation de dépendance (1) Y représente la
valeur moyenne d'une variable aléatoire, et X est une variable nonaléatoire
(par cxemple le temps). Alors en utilisant les données d’observation (x;, ;)

i = 1, n et supposant qu'entre X et Y il existe une dépendance de type (1) et
en forme estimative

Y=aX*+4+§

dans les mémes hypothéses comme au point précédant, la variable Y est nor-
male N(u, o,).

p = ax* + B.
Alors pour estimer Y donné par (1), on considére la statistique
Toy= Yy - ¢

‘,,l.\/l -+ E"(nz'”‘ + i z?"}
i=1
qui est de type Student avec # — 1 degrés de liberté. Donc en choisissant une
probabilité de risque ¢, on détermine #, de la relation
P(|Taoy| <t =1—4.

Dans le plan de (x, ) on peut déterminer une région R; en utilisant les
courbes

+t e (6)

sn \/1 + E"(nzu + 'éx x?k )
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? de confiance associé a la courbe de regressiop
jon de

itue une région

ui constitue U

q

y=axk+b-

iopelle sont
urbes (6) en forme rationelle s
Les co
2 (y — w? 1
; + koo 2k}
—_ » LA TS s2t‘l 14+ E 2‘ 7 ’
1+ E ‘Z g n'q 2

=0 0

=1
nEX
i i eométrique des
aramétre p, qui varie & x: , 'heu ]g frOnti(ére de
elles dépendent du Il))es poul % = %, % « R détermine la
: es cour
points des ¢
région R;.
égl Desqéqua‘cions (6) en tenant compte que

- k
-r,=t,s,,\/1 4 E* (nx2k+ g x.») >0

y = i i R, et
+ i t é. la réglon dc!conflance . q
11. lésulte que la Courbe = ax b appartlen. : ,
uel que Soit X = X xo (=] R on peut dételm“]el une 1nte1va11e de Conf ance
q 0 ]
(yl' yz)n dOXlIlée pax

yl=p-'—7x.-
y2=l-'-+‘fx,

Pour déterminer I'informati

3 i i Ce R,l
on observe n aPPOItée par la region de confian ¢
Ive que les courbes (6)

tendent aux droites
@
Yy—p=+4 LeSq

- 0. Dans ce cag la
ormation approt e

. squations
quand E* frontiére de R; est donnée par les eq:imale-
par R; pour chaque x = %,, x, « R est ma:

Dans le cas oy Jes courbes (7) deviennent de forme

’ . x'.’k = ¢ Onst,
c'est-a-dire

X =

9
’ CeR ()

= X
Plan de (4, %) et Yinformation pour chaque ¥ 0
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Pratiquement pour évaluer l'information apportée par R; on introduit
le vecteur informationnel.

s )
Ity ey

3= 522 (1 + E* z,nf)

i=1

1+E"§”: «?

Y nE"

correspondant a la probabilité de risque g.
On observe que si
Iy-0 V,-(1,0)

et les courbes (7) tendent aux droites (8), l'information donnée par R, est mini-
male.

Si

II 3§ -0, V- (0, 1)
les courbes (7) tendent aux droites y — pu = 0 et l'information donnée par R,
est maximale.

Dans les applications concreétes le vecteur V), sera différent de ces situations
extrémes, les valeurs des ses composantes variant entre 0 et 1.

(Manuscript regu le 20 juillet 1980)
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INTERVALE DE INCREDERE PENTRU COERICIENTII UNEI REGRESII NELINIARE
(Rezumat)

. Se considers o regresie neliniari intre doui caracteristici X nealeatoare §i Y aleatoare, de
tipul (1). Folosind curba de regresie estimativy (2) si egalitatea (4), in anumite conditii, se determind
intervale de incredere pentrn coeficientii ecuatiei (1).

. fn partea a doua se extinde problema, considerind Y ca medii ale unei variabile aleatoare,
§i se obtine o regiune de incredere asociatd curbei de dependenfd (1).

3 — Mathematica 1/198t
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NEAR CONTRACTION MAPPINGS COMMON FIxgy

PAIR OF NONLI POINTS

DUONG THONG NHAN*

: .rs have appeared which estab.
ion. In the Jast decade many papers :
. lnqugz:‘;gp?edlgoint theorems in the metric space. A ‘lot‘ of tht"S? Tesults
::LIZEal‘i,;enthe following well-known Banach contraction principle (1922):

Let (X, ) be a complete metric space and let f be a selfmapping on X
with property that
d(fr, fy) < k-dlx, y) for all x, y X (1)

Then f has a unique fixed point

The generalizations mentioned above refer either to the substitution of the-
contraction condition (1) by some other conditions or gonmdcrmg various gene-
1al spaces instead of metric space, for example, the existence of common fixed
point of two mapping on probabilitistic metric space [2]. The results of ILA. Rus

[6], H. Sherwood 1], D. H. Tan [3] which are extended in the present
paper are some among them.

1. Notations and definitions, Let (X, d) be a metric space. We decnote
by 2(X) the set of all nonempty subsets of X, CL(X) the set of all nonempty,

closed subsets of X, CB(X) the set of all nonempty, closed and bounded
subsets of X.

JE A, B e 9(X) then we define
D(4, B) = 1Inf d(a, b)

G€A4, geB
H(4, B) = Max {Sup D(q, B), Sup D(A4, b)}
be B

a€ 4
On CL(X), His a metric (

The Hausdorff Metrj
Now let F be 5 multi ctric)

| -valued mapping on X
Definition 1. The mapping F is called closed if

from |*» = %

S 'In 2 Yo, In & Fx, Vn it implies that y, e Fx,
) mhon 2. 4 A _ No . . 1
nto [0, 1] Which ig associa'civzmc 0ls a function A mappings [0, 1] X [0 ]

., . Lo g5
satisfies A(g, 1) — mutative non-decreasing in each place 2

a for each a <0 1]

L
Institute of Mathematics. Hanoj
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Some A-norms which will be of importance to us are:
T,(a, b) = Maximum (a + b — 1, 0)
Prod(a, by =a - b
Min (e, b) = Minimum (a, b)

We denote by £ the collection of non-decreasing, leftcontinuous F from
R, into [0, 1] such that:

InfF=0and SupF =1
The letter H will be denoted for the function defined by

1 >0

Definition 3. We call a probabilistic space a triplet (X, ¥, A), where X
is an arbitrary sct, A is a A is a A-norm and § is a mapping from X x X

into £ whose value &(x, y) at any pair (x, ¥) « X X X is usually denoted
by F,, and assumed to satisfy

I.Fy=Hex =y
II. F,,(0) =0 V&, ¥
1. F,, = F,,

IV. Fult 4+ 5) > AF.,{1), Fuls)

The convergence and completion of probabilistic metric spaces are defined
as follows

X, =+ x < Ve >0, Va0, 1), 3N e N such that
Foe)>1—a Vn3zN
{xa} is a Cauchy sequcnce <> Ve > 0, Va < (0, 1), 3N e N such that
F,,(e)>1—« v, m > N

Where N is the set of natural numbers. (X, &, A) is complete space if
every Cauchy sequence is convergent in X.

Remark. A (complete) metric space becomes a (complete)

probabilistic
space if we define the mapping & as follos

11f ¢t> d(x,
F’y([) —_ ( y)
0 ¢t <dx y)
And the A-norm is chosen as follows
A(a, by) = Min(a, b) (see [3]).

Definition 4. Let X be a linear space, I is an index set. Let & be a
mapping from I X X into €. The value (i, x) at any pair (5, ») e I X X
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plet (X, & A4) is called a probabilisiic Jo¢

i F. The triplet is
::2\,2; g;::: ei<fi tllﬁzl foflowing conditions are satisfied

. , o

n F{)= H{t) V?, :t <X

1) FY0) =0 : Vi, Vx o
i i ) N

1) Filf) =F’(Tx'1) Vi, Yz, VE>

ally

W) B+ 28 (Fl), Fs)
Let {x} be a net in X. We say that x, = x il Ve >0, Va (0, y
Vi e I, v, such that .
F:.v_,(e) >S1—a Vv2v

{x,} is a Cauchy net if Ve > 0, Va « (0, 1), Vi & I v, such that
F;v_,u(s) Sl—a Vv, p2v

(X, F, A) is complete if every Cauchy net in X is convergent in X.

Remark. A (complete) Hausdorff locally convex space is a (complete)
probabilistic locally convex space with A = min (see [3]).

Definition 5. We call a uniformizable space a pair (X, {d.}_,) where X
is an arbitrary set and {dﬂ}aeA is a family of pseudo-metric on X. More precisely
de: X X X - R, such that
1) dalz, 9) 20, dofz, ) =0  Va
2) do(, y) = dufy, %)
3) da(x, 2) < dqfz, ¥) + daly, 2)

7

A uniformizable space is Hausdorff i

4 dq — . M . )
tive ro)eal l(1’:l m}'gers_o Vo e A implies % =y, where R, is the set of nuu-negé

The convergence and com leti :
fion a ; .
A sequence { P re defined as follows :

55 m oo Y g X converges to x < X if and only if du(m #) =

{x.} is a Cauchy sequence if
c(i;((x,.é )x,,,) —->0 aS n, m - o for all e A
v Qaj,e, 15 2 CO 1 :
(o o pgitzes : mplete space if every Cauchy sequence in X convers®

Remark, 1
mes a (cpmplete)) éla(tfsodrﬁfflf te).l?fobgbilistic metric space (X, F, A = min) Lect
O-metric as foligws uniormizable space if we define the family of ps&¥

dyfx, Y) = Sup {t: F,,(t)

<1 —
space” ® (omplets) e )

metrj . .
1C space is als 5 (COlnplete) Hausdorff uniformtzable
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2) A (complete) probabilistic locally convex space (X, F, Min) becomes
a (complete) Hausdorff uniformizable space if we define

Aoi(%, ) =Sup{t: Folt) <1 —a} Vae(0 1), Vi el

So a (complete) Hausdorff locally convex space is also a (complete) Haus-
dorff uniformizable space.

2. Pairs of nonlinear eontraction mappings on metrie spaces.

In [11] Boyd-Wong substituted the contraction condition (1) by
nonlinear contraction omne:

There exists a function ¢: R, - R, upper-semicontinuous from the right
and ¢(/) <! for any ¢ > 0 such that

a(f(x), f(3) < old(x, 3)) Vx, ¥y eX
THeOrREM 2.1. (Boyd-Wong [11])

A nonlinear contraction mapping has a unique fixed point in a complete
melric space.

In a recent paper [6] I. A. Rus gave a theorem in this direction for
multi-valued mappings. This thcorem can be stated as follows:

THEOrREM 2.2. ([6])

Let (X, d) be a complete metric space, F : X —CB(X) is a multi-valued mapping
such that

a) There cxist a, p e Ry, a« + p =1 for which
H(Fx, F,) < od(x, y) + Bd(y, Fy) Vx « X, Vy e« Fx

b) There exists a funclion ¢ :R% — R, continuous and
@© 90, 0,7, 7,0<r V>0

Q@ @(uy, Uy, U g, ;) S P14y, Uy, Uy, sy, Ug) for uy, Sus, g < U
® For any x, y € X

H(Fx, Fy) < ¢(d(x, ), D(x, Fx), D(y, Fy), D(x, Fy), D(y, Fx))
Then F has a fixed point.

In this theorem setting:

5 N 5
q)(ulo Ug, Ug, %y, u.’)) = z ai * “l' “’here ao' 2 O' 1’ = 1’ 5' 2'_ la‘ < 1
i=1 =

We obtain the theorem of Alesina —Massa —Roux (See [14])
The following theorem extends theorem 2.2. to the case of two mappings.

TurOREM 2.3. Let (X, d) be a complete metric space, F,, Fy : X - CL(X)
are lwo mappings with properties.
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) There exists @ function 4 Ry = [0, 1) upper semi conlinuous froy, th,
a
right such that ; -
H(F.% F) < 4@ y)) Max {d(x, ), dy, Fi)}
Vx GX, y EF.’x, 1: #jl ilj= 1, 2

. 5 : .
b) There exists @ function @ RS - R,  wuppersemiconiinuous from gy,

right such that
15) 90, 0, 7. 7, 0) < r for any 7 > 0
2b) (wy, %o ¥ Yo ug) < 9ty Yz Y3 w,, ui) w; Sui, 1=24,5
3b) For any %,y € X
H(Fx F) < pld(x, ¥) D(x, Fix), D(y, F.y), D(x, F,y), D(y, F,x)
Then F, and F, have a common fixed point.

If the function g is continuous then it is suff icient to assume that
?(ul, Uy, Uiy, Uy us) £ ¢(1"1! uén Uy, Uy, u;) for Uy < ué' Us 3 u;
instead of 2b)
Proof. We first prove that if hypothesis a) is satisficd then forany %, € X
we can construct a convergent iterated sequence {x,} such that
%nyy € Fyx, if n is even
Zny1 € Fox, if 1 is old

And if at least : . .
common fixzcsl :;iit?f two mappings F,, F, has a fixed point then they have

Indeed if x* & F;x* then for j # 1 we have

d(x*, Fix*) < H(F x¥, Fix¥) < q(0) Max {0, d(x*, Fyx*)

Since ¢(0) < 1we h N
#* is a common ﬁi‘éﬁ dl(,’;;;th"*) = 0. But F;x* is closed so ** e F#

For an
Lot xl};ex.,a nee.:i; Il\;ve clfoose 7 > 0 such that d(x,, Fy%) <7
ent in F(x,) (2, < F,x,) for which

ie.

d(x,, @
By hypothesis 2) we have (%0, %) <7
4, Fv) < H
’ X (le R F x
If d(xo' )0t o Fax)) g Q(d(xo, xl))Max{d(xo, xy), d{%y, sz)} (3)

I.tofllandl? % =% e F,x fixed
and 1 mon
If q(d( ., 1)2 140 hence Xy is a com

Fyx, i =0 th
118 closed s en we h
0 x . ave d . .
1 €M% de s cf)f,‘,'sz";? =0 in view of (3)
oun fixed point. ‘

the s¢!
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It Remains to ponsider the case that d(xo, %;) > 0 and ¢(d(x,, x)) > 0.
In this case the Maximum in the right side of (3) must attain at d(x,, x,), i.e.

d(x1, Foxy) < q(d(%, %1))d(%,, %))
From (2) and the fact that g¢(d(x,, %)) <1 we obtain
d(%,, Fox,) < Min{d(x,, %)), q(d(%y, %)) - 7}
We choose %, e F,x; such that
d(xy, %) < Min {d(%,, x;), q(sd(%,, %)) - 7}
Again by hypothesis a) we have
d(xy, Fi%,) < H(Fyx,, Fi%,) < q(d(x), %))Max{d(x,, %)), d(xz. Fyxa)}

By an argument analogous to the previous one we can assume that x, #
# X, q(d(x;, %)) >0 and then:

d(zy, Fity) < q(d(xy, %))d(%, %)
Hence
d(x, Fiz;) < Min{d(x,, %), ¢(d(%y, %))q(d(%, %)) - 7
Continuing this process we obtain a sequence {x,},en for wich

Xn41  Fix, if n is even
Xus1 € Fox, if n is odd

and the following inequality is satisfied

(X Xpp1) < Min {d(x4-1, %), q(d(x,._,, %,))9(A(%n—2, Xn_1)). . .q(d(%p, %;) -7} (4)

Hence, the sequence b, = d(x,, %n4+1) is decreasing (b, < b,—,) and so {b,}
converges to a number b > 0, from the right.

We denote
M = 1im q(d(%,, %n41))

From upper semicontinuity from the right of ¢ it follows
M <q(b) <1

Choose € > 0 such that « = M + € < 1 Then there exists an integer
N « N for wich ¢(b,) < «, V# > N

From (4) we have

by < arNg(d(xn-y, 2y)) ... 9%, T))r, YR >N
Thus
b, <.a"N.r ¥Yn>N

Since « < 1, it is casily seen that {x,} is a Cauchy scquencein a complete
metric space X and so it converges to a point x* e« X.
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now that the point x* is a common fixed point of F, and
Now we §
By hypothesis b) we have

d(xs. Fyr?) < d(x% Tont1) T d(xomsr, For*) < A(x*, xans1) + H(F 2, Fyx¥)

<(;( 2 x‘) + ‘P(d(xz x*)» d(xZn: le%)' d(x*'sz*)’ d(x2"’ sz*), d(x*. lezn))§

S\ X2nt1 d

< d(xmar, #*) + 9(d72m, 2%), (%2m Xani1)s B(x*, Fox*®), d(x20, Fox*), d(x*, 2, )
M+l

d(x*, %ou41) tend to O from the right
We have d(xzn, x*), d(me x2lm+l), - )
and d(z*, F,2*) + d(2*, %y) tends to d(x*, F,x*) from the right. So

(@5 ), 300, Tms), A% Fox?)d(xm, 2%) + (2%, Fox®), d(2%, 1,4.))

tends to (0, 0, d(x*, F,x*), d(x*, Fyx*), 0) from the right
~ By taking the limit as # —» 0 we have

d(x*, Fya*) < 90, 0, d(x*, F,x*), d(x*, F,x*), 0)

This implies that d(2* F,x*) =0 in view of 1b)
If ¢ is continuous then it is sufficient to assume that

‘P(ulv gy Uy Uy, uﬁ) ) (P(ul' u‘.’!' Uz, Uy u;)

for u, < u), u, < u’
2 X Uy Up & Us
Indeed

d(x*, Fyx*) < d(x, %pnp)) +
+ 0(@(x2m, 2%), d(x2, Fi20), d(x, Fy2),d(x, Fox*). d(x*, Fxyg)) <

S A(x*, 2o041) + o(d(am, 2*), A(%an, Xany,), d(x*, Fox*),d (%2, Fox*®), d(x*, %2041)
Letting # - o0 we get

d(x*, Fyx%) < (0, 0, d(x*, Fox*),d(x*, F,x*), 0)
SI:IiZize I;i(x:" Fox*) = 0 in view of 1b)
of F, s F;x 1s closed we get 2% & Foa%

. : int
and so x* is a common fixed Foi¥
In theorem

. 2.3 sett;
which generalizeg setting Fy

theorem 929, =F,=F we obtain the f{following corollary

Cororrary 2.1,

: ( X Let (x -

s a m;dt;valucd mapj)i,fg on X ‘aiZ: dbg @ complete melric space, F: D Gd LX)
a) The

\ ssumed {o safisf'
. Te exisls g . . _ Y ¢
7ight so that function ¢: R, [0k, 1) upper semicontinuous fro th

.

H(F
(Fx, Fy) < 9(d(x, y))Max {d(x, 3), D(y, Fy)}
Vx « X, Vy e VFx.
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b) There exists ¢: R’ —» R, continuous and

1) (0,0, r, », ) <7r V>0

20) @(ur, Uy, s, %y Us) < @8, Uy, Ug, Uy, U), U; S U, i =2, 5
3b) for all x, y € X we have

H(Fzx, Fy) < 9(d(x, ), D(x, Fx), D(y, Fy), D(x, Fy), (Dy, Fx))
Then F has a fixed point.

COROLLARY 2.2. Let (X, d) be a complete metric space F,, F,: X — CL(X)

arc lwo multi-valued mappings. Assume that

There exists q: Ry — [0, 1] upper semicontinuous from the right- such that

for V2, y € X
H(F\x, F,y) < q(d(x, y)) Max

{atx, 3), dx Fi2), dly, Fus), § (s, Fy) + iy, Fas))

Then F, and F, have a common fixed point.

Proof. By symmetry of F, and F, we can write (5) as follows
H(F;x, F;y) < q(d(x, y)) Max

d(z, 3), d(x, F.x), dly. Fy3), 5 (@, Fiy) +dly Fn)l} i #55, j=12
But for all x € X, y « F;x we have
d(y, F;x) =0, d(x, F;z) < d(x, y) and for 14
S [z, Fi3) + dly, Fr)] =

= 2 d(x Fy) < 2 [dlx 5) + d(y, Fi3)] < Max{d(, 3), a3, Fpy)}

[~

Hence
H(F;x, F;y) < q(d(x, y))Max {d(x, y), D(y, Fy)}
forall x e X, y e Fx, 1t #j, 4, =1, 2
So hypothesis a) of theorem 2.3 is satisfied.

If we define ¢: RS, — R, as follows

1
P(#y, %y, Us, %y, %g) = g(u,) Max {“1' Uy U o (#s + “s]}

Then hypothesis b) of theorem 2.3 is satisfied too.
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T v 2.4 Lt (X d) be a complete metric space let F: x CL(x)
HEOREM 2.4. L&% % ;
be a multi-valued mapping. We assume tha | | |
a) There exists a function q: R, - [0, 1] upper semicontinuous from i
right such that
H(Fx, Fy) < qld(x 3) Max {d(z, 7). D(y, Fy)}

for vx e X, y  Fx.

b) The mapping F is closed
Then F has a fixed point.

Proof. In the proof of theorem 2.3, we set Iy =F, =F Then we hay
{%a}nen, %n41 e Fx, is a convergent sequence. Let x* be its limit, we denote

bY Y» = %41 Then y,- %*, ¥, e Fx, and since x,— x* and F is closed mapping
it implies that z* e Fx*

3. Common fixed point of two mappings on unilormizable spaces.

In his paper {3] D. H. T 4 n proved some fixed point theorems for contrac-
tion mappings on uniformizable space, probabilistic metric space and probabilis-

tic locally convex spaces. These results gencralize the theorems of Hadzic
{2), Sherwood (1] and some others.

THEOREM 31 Let (X, dy)ges bea complete Hausdorff uniformizable space
T:X - X be a single mapping, f1 A - A. If
1) For Ya < A, there exists

l.i.?;q/;' )(t) <l VioR 9a Ry = [0, 1] increasing function for which

+ Ssuch that:

(T2, Ty) < gu(dyux, Mialz, y) Vz, 3 € X
2) For some % e X we haye

S "
"“:‘E {d!;-a)(xo. Tft,,)} <+ Vaed
T " 3 y
hen there ¢xists & umque point x* < X such that
** = Ta* gpq S | +o0
@ dup {d
nelI!) { fra)(xo' x*)} <

The aim of th; o .
ngs. 18 section is to extend theorem 3.1. to the cese of two mappt
THEoREy 32 L
let S T be o oy el (X, dq) e4 bc a com l . . ach
! . . * able sp
satisfiog. Sebf-mappings on X, fi4 plete Hausdorff uniformiz

: ’
= A. If the following assumptions o



PAIR OF NONLINEAR CONTRACTION MAPPINCS 43

1) For any o e A, There exisls qo: R, — [0, 1) increasing function for
which limq , () <1, V¢t € R, such that:

N0 {a)
do(S%, Ty) < qul@ra(® ¥)dpa(%, y) V4, y € X, x #£ ¥

2) There exists a point xy, e X for which at least one of two following con-
ditions 1s satisfied

2a) Sup {d

n (%o Sxp)} < 40 Va € 4
neN S

2b) Sup {d/,. (%0, Tx)} < +0 Va e 4
neN (ax}
Then at least one of two mappings S, T has a fixed point.

Assume in addition that

3) S T=T-S

4) Each of them has most one fixed point
Then S and T has a unique common fixed point.

Proof. Assume that condition 2a) is satisfied i.e.

Sup d/,. (%4, Sxy) = Py < 400
()

ncN
We construct the iterated sequence as follows

Sx, if n is even
Xnt1 =

Tx, if n is odd
We now divide in two cascs:

The case that x,, = x,,.; for some n, € N
The case that x, # x,4; for any » e N.

In the first case x,, = %,,41 for some n, e N.
Thepn |# = %retr = Sxa, 1.f n, 1s. even
Xn, = Zny41 = T x, if n, is odd

Hence at least one of two mappings S, T has a fixed point: x, Now we con-
sider the second case %, # %,4; for all # e N.
We have, for every even »n
da(%p, Zni1) = BalSxn Txpy) € Ja{gra(Xn—1s %n)) Bfay(Xn-1, %n)
= Gal@ra)(Ta-1, %a)) Aj(S%u—2, THaza) € ... S ... <

< aldga(%n, Fn-1)) (@i Xn—2, %az1)) - - qj;-a-)—l (d/z-a)(xo' S2,)) d/?a)(xo: S%,)
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If n is odd we have

Bl Tnts) = Bu(Stacrs Ta) < Gal@ra(Zn—1, Za))dsa)(%a_y, x,) =

= guldsa(Fa-r ZNBra(SHn-t THn-2) < ..o <ol <

< Galdse(®a-1r %) dra{dpia%n-2 Zn1)) - - 9,'(51(d,? )("o: Sx,))d 1 (%0, Sz)
el |

‘ * (a)
So for Va e 4, ¥ e N we have

dof%n Zag1) € Fa(dsa(%n-1, %)) q/'(a)(dIZ (%u—2, %azi)) .
(a) h

0
ql';u—)l (df'(la)(x ’ SxO))df?a)(xo’ SxO) (6)

From ot} < 1, V¢ it implies
da(xm xn+l) < d/(a)(xn-—h xn) € ... %

€8 o (Xnem Tn- <
,;:)( mem Znomli)s S oo. € df?a((xo' Sx,) < Pa

But Li ]
Lim g, (Ps) <1 so there exists a constant Q < 1 and an integr

=0 {a)

N: e N such that
dl?ﬂ(Pa) <Q for ¥Yn > N,
Hence for # > m » N, we have

-
9!,(¢)( j(a;'l(zn-m-l-l; Zn-m) € G (Pa) £Q

llllll j(a)
q n—- d n e . . . . . (7)
!(a)l( I(a)(xm S%o)) < qf""(P ) <@
Since gq(t) < 1 '
) € 1, V¢, combini
d 1ming (6) and (7) we get
a(x»+h xu) < Q”‘N“ ' (d
/(:) fN¢+l(xn—-N¢+ b x""'Na)) ot
A B, e S - P
dq(x”+l’ xn) < Q" . i
e 0 oNa for #» > N,
metric g o e se
Pace and hepce | 1oeP® {x} is a Cauchy sequence in 2 compt

x,.—»x*EX
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We denote by

K={n N, n even, x, # x*}
L={n &N, nodd =x,# x*}

o Since Xny17 x for all # « N the at least one of two sets K, L must be
infinite. Indeed if both of them were finite then K |J L would be finite too, so
for any £ > Max {n, » « K U L} we would have

%, = x* because £ # KL
Xr41 = x* because 2 # K UL

Hence we get x, = x4, a contradiction.
Now assume that K is infinite, then for any # « K we have x, # x* and
SO

du(%nir, T2%) = do(Sx0 T2%) < quldrale #*Ndgalzn 2%)
da(Xns1, Tx*) < dyy(x4, x*) (because go(dje(¥s x*)) < 1)

Letting n — o0 we get dq(x*, Tx*) =0, Va € 4

Since X is Hausdorff we get x* = Tx*

By an analogous argument to the previous one we have that S has a fixed
point if L is infinite.

We now assume that hypotheses 3) and 4) are satisfied. We show that

S, T have a unique common fixed point. Let one of then have a fixed point
x*, for example x* = Sx*

Then from 3) it follows
' S(Tx*) = T(Sx*) = Tx*
But S has at most one fixed point so we have
x¥ = Tx*

Hence x* is the unique common fixed point.

Since S and T are symmetric in hypothesis 1) so we have the same
conclusion if 2b) holds and the proof is completed.

Remark. a) Theorem 3.2 still holds if we replace hypothesis 1) by the
following assumption :

1) Ya e 4, 3¢,: R, — R, a bounded function such that

Tm ¢, () < Qa=const. <1 for any ¢ « R* and

naa0 ]| (o)

da(sx, Ty) < q«:(dl(a))(x’ y))d(x’ y)
for Vx # 9y, x, vy e X.
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'and 2) respectively) are not sufficiey
1) and 2) (1)" an 5 th
b) In geveral }flyp%}lﬁf fiZ(ed point of 5[?3% T". To see this more clearly
istence O €O See Wong
{for the ex1stefn<l:]owing example ( v e
i : lidian me
we give the 10 0, 1}, d is the Euc
Let X =1{0, 1}

=1
: 5(0) =0, T(0)
s T:X-X defined by S =1 T(1) =0

1
T satisfy hypotheses 1) and 2) (1)’ and 2) repectively) By
nd T satisty .
S hasT 11:‘:11(1) ?ixid points and T has not any

Let (X, da)aca be @ complcle Hausdorff uniformizable space,
TgrorEM 3.3. Let (X, &a)as

Let S, T:X - X be two self-mappings. Assume that
e, S, 1

A, there exists an upper semicontinuous  funclion from the
For cvery a € A, |

that
right go: R~ [0, 1) such

do(Sx, Ty) <
< qolda(® ¥)) MaX{{da(x, y), do(%, Sx), daly, Ty),
Vz, y e X

L (do(x, Ty) + daly, S2)]
2
) xed point.
Then S, T have a unique common fixe ‘ ' . o
P:;Zf. In [4] we proved this theorem in a particular casc, there t?crscp::;
(X, da)aca is a metric space (X, d). But, if we repeat the proof thelrle‘ r(;m
a 1'15ing the fact that (X, d.),e4 is Hausdorff we get the Present t co ace- s
The existence of common fixed points in probabﬂxs?xc mctncnslis
investigated in [2]. A pair of contraction mappings was defined as follov
Definition. (See [2))

Let (X, F, A)

- ‘n S
be a probabilistic metric space. A pair of self-mappiog
T, T.: XX is

called contraction pair if

- (*)
I F X,t>0
Tatoll) 2 ,,( ') for Vx, Yy e >

«} for some « « [0, 1]

There is a flaw in this definition
Since (¥)

hat
holds for vy, YyeX, t>0 we can choose y=Xx and so t
FT:’Tn‘(t) 2> Fx.t (L)-

a
From axioms I) and 11

. rties
of F e ®we get ) of probabilistic metric space and the prope
Ty =Tox for all 4 < X ie T,=T,
And hence theorem 1.9 i : ' 1]).
In what follows we shall éE%\]z)els not different from theorem 3.2 ([1]

fixed point for t

some th,
ocally convex sp

. mof
wo . PRO eorems about the existence of O
mappings in probab .

ore bilistic
A istic metric space and proba
ace, using the Tesults obtaj P
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THEOREM 3.4. Let (X, & Min) be a complete probabilistic metric space.
Let S, T: X = X be two self-mappings such that

There-exists a increasing funcltion q¢: R, — [0, 1).
Assume that q is continuous from the right and satisfies
Foiry(q(t) - 1) 2 Fo(t) V>0, x#y 2, yeX

Then at least one of two mappings has a fixed point. Assume in addition that :

a) S-T=T-S

b) Each mapping has at most one fixed point.
Then S and T have a unique common fixed point.

Proof. Defining do(x, y) = Sup{t: F,(t) < 1 — o} Ya e (0, 1). We have
that (X, d,) is a complete Hausdorff uniformizable space.

We choose f = I, 1y the identity mapping in (0, 1)

9o(-) = ¢(-}) Va (0, 1)
We now show that all hypotheses in theorem 3.2 are satisfied.
We first show that

do(Sxz, Ty) < 9(da(2, Y)a(%, y) V2 #Yy, « (0, 1)

Indeed if d.(Sx, Ty) > q(d ,(x, y))d,(ﬁv, y) for some « € 4, some x # y
then from continuity from the right of ¢ we would get

A > da(x, y) such that
do(Sx, Ty) > q() - ¢
The function Fgs,7,(:) is increasing so
Fsiry(da(Sx, Ty)) 2 Fsery(qt) - 8) 2 Foft) > 1 —
Thus

Fs.ry(do(Sx, Ty)) > 1 — a this conflicts with the definition of d, (From
definition of d, it implies that

Fsir(da(Sx, Ty)) < 1 — q)
On the other hand we have
hmq()—ﬂ0<1

neo0 (u)
and
Sup {d xo, Sx4)} = da(x,, S%p) < +©
neN
Sup Sd (xo, Tx,)) = dy(%o, T2,) <+ 0
neN

And the proof is completcd by applying theorem 3.2.
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48 Let (X, §, Min) be @ complete probabilistic Melric spoce

TurorEM 3.5 such that: There exists a constany 9< 1)

Let S, T: X — X be two mappings
fo, w}nc}; (q t) 2 Min {ny(t)r FIS‘(t)I FYTY(t)F LV[a'){{I:xTy(t): F}’T'(t)}}
SxTy\Y ~ z

for Vx,yeX | '
Then S and T have a umique common fixed point.

Proof. We shall show that all hypotheses in theotum 3.3 are satisfieq
of. . .
F::st we contruct the complete Hausdorff uniformizable space (X, g,

by setting
’ do(z, ¥) = Sup{l: Fol) < 1 — o} Va e (0, 1)

Choose g, = ¢, we now show that
1
do(Sx, Ty) < g - Max {d«(x. 3), da{%, Sx), da(y, Ty), - [da(x, Ty) +ddly, Sx)l}
Indeed if.
d(Sx, Ty) > g Max {d,(x, ) da(%, Sx), do(y, Ty),% [da(x, Ty) + dofy, Sx)]}

for some « < 4, some x # y

Then putting ¢ = M)—, we would have
q
> Max{iu(x, 3), dulx, S1), du(y, Ty), L [dulx, Ty) + da(y, 521}
Hence

Folt) >1—a, Fu) >1— a Fyrft) > 1 — «
On the other hand we could show that

MaX {F:Ty(t)) F?S‘(t)} > 1 -«
If it were not 50, we would have
Feonlt) <1 — @ and Fuo(f) < 1 — a
This meang that

t%da(x,]‘ adtsd S
Hence y) an oy, Sx)

tgl

2 lo(z, Ty ) + da(y, Sx)] a contradiction.
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We would have

Fsery(da(S%, TY)) = Fs,r, (q _“i’;_Ty_)_) = Fsunylg - 8) >

= min {ny(l): FxSx(t)' FyTy(t): Max {FtTy(t)' Fysl(t)}}
Thus
_ Fs:ry(d2(S%, Ty)) > 1 — «
his conflicts with the definition of d,.
And the proof of the theorem is complete

TaeoreM 3.6. Let (X, 3, Min) be a complete probabilistic locally convex
pace with an index set I. Let S, T: X - X be a pair of self-mappings. f: I — I
s a mapping on I. Assume that.

1) For Vi eI, §¢q;: Ry = [0, 1] an increasing function, continuous from
the right and:

Fany(gi) - 0) 2 FiL(t) V>0, 2%y, 2,9 <X
2) There exists a point x, = X for which al least one of two following condi-

lions is satified

2a) iim Fh,,_.(t) = | uniformly in § < 8(i, f)
L] . j

t—

2b) fim Fh,,_,(t) = 1 uniformly inj < 0 (i, f)

were 0, f) = {i, f(3), ..., f*G), ...}

Then at least one of two mappings S, T has a fixed point.
Assume tn addition that

3y S-T=T-S

4) Each mapping has at most onc fixed point.

Then they have a unique common fixed point.

Proof. We contruct a family of psendo-metrics as follows

di(%, y) =Sup {{:Fi () <1 -} (0, 1) sel

»ur complete probabilistic locally convex space becomes a complete Hau:sdi.)rff
miformizable space. We shall show all hypotheses in theorem 3.2 are satisfied.

Choose gq; = ¢; Va0, 1) and f(a, 4) = (a, f())
We now show that
5 (S%, TY) < Gai(dasir(% ))daso(% 7)
Vx #y Va e (0, 1), 1 el

— Mathematica 1/1981
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Indeed if
3,57 Ty) > daildase(® Ndagn(® )
for some .
ae( 1), x#Yy and 7 e I.

We would bave

There exists ¢ > dam(% ¥) such that

Ao i(Sx, Ty) > Gaslt) - ¢

(Because of continuity from the right of Qail))-

On the other hand F's,_1y is increasing so that

Fheonyldai® 3) 2 Fseonylgasld) - 1) 2 Fiy(0)
Since t > dgys(%, y) we have F'® (y8) > 1 — a. Hence

F:.Sz—Ty(da,i(x; y)) > l—«a
a contradiction.

It remains to show that: There exists %, « ¥ such that
%EE @ maly %) < o for y = Sxy or y = T,

For ti:fis it is sufficient to show that.

(A) EmF)_, (1) =1

1= 0
uniformly in j 8, f)
Then
(B) Supd, n(30, 3) < +o0Va < (0, 1)
Indeed from (A) we have : for Ya e (0, 1)

, AT.; e R, such that
F
y-—-x,

. O>1—0 Ve 6, 1), ¥t = T,
0

FralTe)>1—
This meang ’ ) > *

Viedi, /6), ..., ), .-}

d'i ] . . . .
Hence i %) < Toy Vi e {i, f@, ..., b Ad O

WP ooy, 3) < Tai < +w(B)

Va e (0, 1)
Angd the Proof is complete,

-

1o
(Received Septembe! 2,
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PERECHI DE TRANSFORMARI DE TIP CONTRACTIE NELINIARE. PUNCTELE FIXE

COMUNE
(Rezumat)

fu lucrare se stabilesc teoreme metrice de punct fix comun pentru aplicafii univoce, teoreme

de punct fix pentru aplicatii multivoce §i teoreme de existen{d a punctelor fixe comune in spatinl
probabilistic,
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ONCTIONNELLES D'ORD
TAINES EQUATIONS FOR RE
SUR CERTAINES SUPERIEUR

GH. OPRIS

3 a tlcle por TQr
I(e present I ])e

. : linéaires.
o ur des espaces . . )
deﬁmses's t Vet V, deux éspaces linéaires sur le corp 7. En ce qui sujt o
oien 1

tilise une base de V par rapport a T notée par B(T, V) et Vexpression dy
utilise
éément x e V par cette base.

K= Ky O aeB(T, V), 2, €T. ()

1. Opérateurs et dilférences. Soit la fonction H : V — V,, définie parh
relation

Hx) = T1% H ") o= (a)i; H:BYT, V) -V, ]
v j=1
Evidement les coefficients %,; sont ceux de la formule (1). Notons I’ensemble
de ces fonctions par H7(V, V,) ot ¥}

DeriviTION 1. On appele polynéme Hamel d’ordre #, la fonction

P=H+H 4+  fH4+H, B ¥y k=01, ...,n @
Notons I'ensemble des
On remarque que |’
H:p V, et I'e

polynémes Hamel par €% et le cas échéant, par 3'%0’: 'V,)-
ensemble 7 est engendré par I'ensemble des applicatio®

usemble @7 est déterminé par %% x ¥y X ... X AT

. DeFiNTION 12. Soit une application F: V' - V,. Appelons différence "
Par rapport 3 o ¢ T, Yopérateur

AVF(x) = 4
/() F(x+y)—a~F(x) g
Appelons différen,

. » 5 a,teut
défini par 15 fo, Par rapport 3 la suite «,, a,, ..., of. 1'OPET

mule Tecurrente
Aﬂlal...ak 1 PN
S © W = A gy
1 ¢ = | (Punité g l Si
@ =g, = ¢ T), alors nous noterong habituellement " ASF = A,F *
=% =1, noys noterong A:""a"F = ALF
= AJF.

()
;k=2, 3, .o
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DerINITION 3. On appele fonction mixte d’orrdre (k, p), la fonction
H*: V2 > V,, dont les valeurs sont:

wo(n ) =3 (1) o6 90 5 v ©
H?(v*, -) est une fonction d’ordre p définie plus haut. Notons ’ensemble de ces
fonctions par %Y
DeriNITION 4. On appele polynéme Hamel mixte d’ordre (k, ), I'applica-
tion p#: V2 » V, définie par:
Pr=3 H;; Hi <xi )
i<
A 1a suite on va remarquer quelques propriétés des notions introduites.

ProprosITION 1. Les fonctions d’ordre supérieur ont les propriélés suivantes:
Si A, A, & T et HY, H; e X7 = MHY + MHE AT 8)

H'(A - x)= N -H"'(x); VAo e T, Vx eV, YH" € ¥} %)

Hom (h - x, A-y)= atmHm(x, y), VA e T,' Vx, y e V, YH™ %7 (10)
H™(x, z) X3 (11)

H'(x +y) 8r (12)
Démonstration. En suivant la définition on obtient facilement (8), (9),
(10) et (11). Pour (12) on considére y = 2 y,-a et par conséquence ;

H*(x + ) = ZI_Ixa—i—ya - H(v")

P =
Les calculs faits nous aménent a l'expression:

H”(x+y)=2”1jxa,- +E I_[xa(El_IyaH(v)

v i=1
Ex, (2 [T y,H(©") ) +EH)y.,
j=1 kRj=k-1 n j=1
On voit fac1lement que le terme d’ordre k est un H*"—*(x, y) et alors,
H(x +5) = H'(%) + .7. + HoMz, 5) + ... + H'() (12)

Cette expression prouve que H (x + y) €. On remarque encore que les
termes d’ordre # en x et en y sont H".
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54 Les polyndmes Hamel d'ordre n ont les proprigegs -
e e s o
AZ P'(x) e 87" si @ # 1 3 "
Démonstration. On remarque d’abord que A, est additif et par conséquegy
on a,

5 P(a) = 3 3 E ()
On observe encore que lorsqu’on utilise' El?'), on obtient v
A H (2) = (1 — ) H'(2) + oz ) _+.. -+ Hi(y).
On a donc, AJH'(x) e 85" et AXH'(x) « 8% si a # 1

el 1é t (14). , N
o Iiesulte 2‘11?\183 (L'z)pérateur A™ " ne dépend pas de Uordre des élémenis
ROPOSITION 3.
de la suite a,, ay, Ceey O o " e _
De‘monstlration. Cela résulte de la symétrie de Ay F(x) = —A}g’ x(a;. +2 j’))_
—PBF(x) =F(x+y+y) — pF(x + y) — « - (F(x + y) — BF(x))=
— (a + B)F(x + y) + «BF(x) par rapport A « et B.
COROLAIRE. La condition nécessaire ol suffisante que

(15)

1%y .o B —_

AP % HYx) = Oy,

est que, au moins n 4 | Eléments de la suile a,
. r e voyons

2. Equations d’ordre supérieur. Par le corollaire précédent nous voy
que toutes les fonctions de P7 sont des solutions de I"équation,
V&, ye V A% o Flx) =0,

%y, ..., &, Sotent 1.

16,
v %+ 1 éléments o; = 1;F:V -V, (16
que sur certaing
s. Supposons que T o

Nous démontrerons
toutes les solution
Vet v,
DEriNrtio
st continge VyeV

- , s ble de

conditions 2% représente 1’ensem "
, n

st un COrps normé, donc on peut

F

DrriNrrion
dépend pas de 4

Remarques.

a) Lorsque F est g :

: coutinue ¥ m > n
-b) Lorsque F est n~constaute, alors F
¢} Lorsque F est
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En vue d’établir le résultat principal, on va donner d’abord quelques
résultats préliminaires

Levme 1. Ont liew les formules suivantes :

0 pour m< n
s7= 3 (—1pepm =0T pour m = n )
) (— 1)—(n+l)'pourm n+1
j R S 8 __AO, pour j<mn; Vp e N
o(f) = ’E-‘ (=1 CaCla-np = {P"Z pour j=n; Vp « N (18)

Lorsque §j > (n — s)p, on prend Cla_gp =0

Démonstration. La formule (17) sera démontrée en utilisant la méthode
inductive. Remarquons d’abord que pour m =l ona Vn e N, n > 1

S }"_,( )" Chp —nE(—l Coll=—n(1—1)""=0

P_

A 1a suite on va établir la relation de récurrence.

St = —n Y, ChSin (19)

sw=]

Prenons
144" = E Chj

Multiplions par (—1)’ C}_, et faisons la somme de 1 2 n — 1

L( 1) Cioi(l + )" 2( 1y ¢ EC

j=1

1 .
Dans la premiére somme on utilise Ch_; = £ : Ci*' et premant j4 1=5

on obtient

n—1

(=1 Gt + )" 2( AL B )

j=1

- 1 1 om
L; )¢t ~+'=%2( Pl pmt ——Co=— = ST -1

” n
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Le deuxieme membre sera aussi arangé convenablement

T (- ’CZ.-IECu‘EC Z —1Y Caej +E (=1 Cl<
=1
Z n 1—1

Lorsqu'on égalise les deux expressions, il résulte (19).

Maintenant supposons Sh_ =0 VYm < n —lem+1<n Ao
s=TmonaSi_;=0etde(I9) ilrésulte Sp" =0 Vm + 1 < n. Pour S pour
—pn<em=n—1 on obtient tls

Sd——ﬂEC" |S,. 1= —779» 1

D'ici résulte facilement S, = (—1)*n!. Enfin, pour m =, il résulte de 19

ntl : i\ i "=
St =—n) CSiy = —n(Si_y + #SIZY) = (—1)"n - #! — nSh_,

$=}

Pour demontrer 18
d’abord que A}’ =11('I’)y0netv:u:tlhser les différences de x". On remarque

Ay = &(—1)’c:(x + (n — s)py)”

k

En utilisant 15 relation f(x 4 . y) = Z Ciayf

on obtient

’

7ighan Ld . s("—S)P .
p §.(—l) Ca E C‘Z"—S)PAj x"
J=0 ¢

Mais A/ 4"
y* =0 pour 4
J> n et par conséquence

S=0

:E’.A’ " . 3
2 M EC C,_,,,—EA’,x"v’ ()

nipryn S ~
Py =L -0CY Ch e =
= ey =
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Considérons 1’éxpression de A’x"— A y" + Alxy 'y 1 A4 _jxn—fyi et rem-
plagons-12 plus haut; donc,

”‘P"y _an-s SZSJA{._S

j=0

En idéntifiant, nous obtenons le systéme,

Anon(p) =0
Ani0a(p) + An-ron(p) =0
.................. (20)

Agoa(p) + ... + AT7'65 7 (p) + Abon(p) =n!p

D'ici on obtient on(p) = an(p) = ... = o3 '(p) = 0 et Ajsli(p) = #!p” Mais on
voit facilement que Ag = n! ct par conséquence a,(p) = p", ce qui finit la démons-
tration.

LeEMME 2. Soit F: V = V,, alors si Ay*'F(x) =0, alors $(x, y) = AJF (x)
satisfait la relation :

(. p-y)=p"-Uxy) VP eN 21)

Démonstration. On part de I'expression de {(x, p - y) donnée par

Uz, p-y) = Z( 1YCF(x 4+ (n — 1)p - y) =

{(n—7)p n o0

E DG 2 ClaoyF(#) = 2 2 (= 1Y Cilln-npSF () =

=0 ]_ 1=0

= 2020 (= 1Y CiCln-pp) 05F (2) = E on(p)ALF (%)
1=0 7=
En utilisant (18) dans I'expression obtenue on a:

Yx, p - y) = PAIF(x) = P - Y(x, )
LemMmie. 3. En nolant '
9%, 3) = dhilx, 3) === - ¥(x ) (22)

olt §y(x, y) = A} 'F(x) et si F est n-constante on abuo(-, y) = Oy,

Démonstration. Parce que Ay est lineaire on a

A:‘P(' ) = A-‘Pl( y)

A(-, )
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Calculons les deux différences. Pour la premiére, 3 la suite des calculs simples o
obtient,

AL (%, 9) = E( )G xSy g )

Mais puisque F est n-constantes, on a $(x + joy gouw) =49 . W <

W ) b Bl ) = 25 (=1 G ) =

g ) B (1) Ot = (=1 G 0SE =

= (=1 =) n; Lot §(x, ) = "; ! nld(x, u)

Calculons maintenant la deuxiéme différence.

AL Y(-, y) =AY (i‘o(—l)”cﬁ Flx+ (n—p) - y)) =

=A3(Z (=1 CLF(x + j -y)\ =2 ()" CLALF(x +j - y) =

§=0

_E( 1)_’02( x+7-y+(n—s)-u=

=S (—1rch Yz + - y.J'“)=Z”:l(—1)""'c’éj”-¢(x»“)=

=
(=1 Sa(x, ) = (=1)" (=1)" 0! Y(x, %) = ! $(x, %)
En remplagant les deux différences nous obtenons le résultat final

Aol 9) = 221 p1 gy, ) —

LEvmE 4. Si A%+
87 Flx) = Oy, et F est n-constante, alors I’ équation

AF(x) = Y(x, )

a la solution

F(x) = ,‘Ll ?(x, x)
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Démonstration. Parce que F est n-constante on a $(x, y) = ¢0, y). Alors

n—1

2

o(x, x) = §y(x, x) — $(0, ). Calculons Aj{,(x, x) =

Y (=1 iz F(jx)] -

j=1

85=|Z 1t Fe—pa)| =5

= ; (‘—1)”_].C{.—_l| A; F(jx) = g (_l)"—in,:l‘ l[l(jx, ]y) -
= ;, (=) G5 ) = (—1)" §(x, ) Z’. (1Y CimL * =

= (—1)" (%, ¥) ?:\/l (—l)jj—; c = % Y(x, ) 2; (__1)}'(:{']'»“ —

(=

n

= 0 g S = ) (—1 S+ ) = BBy )

Calculons aussi AJ§(0, x) = A;lé (—1Y C, F((n — j)x)] =

=4 [Z (=" Ch Fu»x)] =3 (— )P ChA F(px) =
p=0 p=1

= pZ; (—=1)"7? Ch d(px, py) = :2 (—=1)"CEp" §(x, 9) =

=1

= (=1)"Ss ¢(x, 3) = (—1)"(=1)" n! §(x, y) = n! §(z ¥)

Alors & g(x, 2) = &) du(x, 1) — 2= LA (0, x) =

n—1

=(n+2m¢(x, y) — nl Y(xz, y) = n!d(x, y)

D'ici A} F(x) = ;L| Al p(x, %) = §(x, y) et I'affirmation est démontrée.

PROPOSITION 4. L'ensemble des solutions n-constantes de U'équation (16) est
ah, UshU ... U%, (25)

ot T est le souscorps rationnel de T.
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i de (16) par F** -
tion. Notons 'ensemble des solution de (16) p
Démonstration.

LN Refﬂar.
Jors §% 1 %1% = §F %ot Dlicl résylte Que
dabord que si @ #1810
T3 _ il est suffisant donc de
§a,-»- y = F A’;,+1F(x) = OV, (16')
Cette équation est équivalente a “
AJF(x) = 4(x, 3) -
Fr+t un élément de &L On voit facilement que
Notons par s = (F 4+ PP[F* < & et F est donnée de (24)} @)
Frtl = =
1,a fonction ¢ vérifie 1’équation i
o(x + 2, 9) — 20(x + 2, 3) + o(x, ) =0, (2%)
Alors on a (6] | 0
o(x, ) = 2 LH(@, y) + A(3); a e B(T,, V), za & T, (%)

Les fonctions H: B(T,, V) x V = V,; A: V - V, sont arbitraires. Parce qt;
o on s " . ), 4 e
Avo(-, y) =0y, on a AyH(a, y) = Oy, ct A,,A(y). = 0y, donc I-i(ae,nl, / :éd.

Appliquons I'induction pour démontrer la proposition. Pour # =

2awi '8 i > Jensed
fiée [6] parce que Véguation est en ce cas équivalente a 1 equa‘uon1 (3; gon{or-
Si & est un polyndme Hamel d'ordre inférieur ou égal a » — 1, alo

T R

mément 4 (27) un élément de §n+1 est F* 4 F. Mais, F(x) = . o(x, %)
<n ue

=2 %,H(a, %) + A(x). En tenant compte de (11) et que H(a, -) e §" on 24

= 10me
2 % H(a, ) = H*(). Par conséquence, F(x) = H*(x) + A(x), donc un polyr
Hamel d’ordre 7 et la proposition est démontrée.

Considérons maintenant I'équation de T. Popoviciu
[

&@F(x ;=5 =00; a,=1, q,

., (lkeT;F:V—)Vl (29)

telle que I'équation caractéristique

@

™+ oae-t +ae=0

a juste # 4 1 racineg égales 3 1,
ProrosiTiON 5. S

Jes
: sbrique
. T est un corps fermé (toute équation algébriq®
racines en T), alors Vense

ble des solutions n-constantes est (25).
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Démonstration. On va démontrer 1'équivalence de I’équation (29) avec une
équation de la forme (16). En effet, si nous noterons,

k Ok
S, =1, Sl=2a5, Se=, 05, ..., Sy =yay... o (30)

1#7

I’équation (16) devient

Rk
E (—1)iS;F(x + (k — j)y) = Oy, (16')
Donc:

— Pour toute équation (16) il existe une équation (29) avec q; = (—1)iS;
dont I’équation caractéristique a* — Syaf-1 4 ... + (—=1*S, =0 a » + 1 raci
nes a; = 1.

— Pour toute équation (29)il éxiste une équation (16) dont la suite des
scalaires a;, a,, ..., a, est la solution du systéme (30). Ce systéme a une solu-

tion formée par des racines de 1’équation ,,caractéristique” (29') qui apartient
AT '

Remarque. Sile corp T n’est pas férmé, il existe des équations (29) qui
n’ont pas de corréspondantes (16).

3. Applications. Considérons I'équation (16) pour f: C — C.

ProposITION 6. La solution générale m-constante de Uéquation (16) ou
f:C = C, est de forme:

n I 4 n—1
76 = 2 TT oy 11 8+ 5, [T, TT 8y 700 +
v v (31)
4+ ...+ fo, 0uz=2x41y, x=2 d,;a,y=};,(3;a. % @, B =0

aeB(QR), v=(a,ay, ..., G, Gpp1 b, .., &), f: B? X iB'7? -C,s=1n

tandis que la solution continue est

fr) =1 Bz ) ou B(z 9) =3, 4 'Y, 4y = C (32)
s=0 =
Pti=s

Démonstration. La forme (31) est une conséquence de la proposition 4 et
des formules (2) et (3). Pour obtenir (32) on doit remarquer que dans la cons-
tuction récursive de Fot! avec.la formule:

o) =3 aH (@2 + 2 B H (@i 2) + /() (33)
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1 1 A]OIS [5] on a H"‘(a, Z) = aHs~1(l
: s-1et f3-1 sojt continues. ‘ g
llllff:z;qu:; i aH“{(i, z2) Va e B(Q, R) et par consequence

f@) = xH:-(1, 2) + yH*='(4, 2) + f5Y(z)
Cette expression de fsert ala construction de (32).

PropostrioN 7. La solution générale n-'constante de _l'équatic?n (29) aye
g < C et F: C - C cst de la forme (31), tandis que la solu{tu'm contm.uc est (3.
1 Démonsiration. En utilisant les deux propositions precgdentes, il est sy
sant de remarquer que C est un corp fermé. o N .

Remarque. Lorsqu’on considere les coefficients c}e I'équation (29) a <R
et f: R - R on retrouve I'équation de T. Popoviciu [8] et son résulty
contenu dans la proposition suivante:

PrOPOSITION 8. La solution générale n-continue de I'équation de T. Popoy.
ciu est de forme .

(33

f(x) = 2 U o, f(v") + E] TI_I o fr"=N) + L S0 (34)

ot

ouv =(a, ..., a) e BQ, R), f BB>R, a,.€Q, s=1, n ¢t la solution
continue est le polynome n-éme degré.

Démonstration. On va montrer que si f est n-continue, il résulte que f est
n-constante et puis Ja proposition est une conséquence aux propositions préee-

dentes.

. Si f est n-continue, alors §(x, y) = A}f(x) est continue par rapport 2 z
Mais on a ¢(x, py) = p"Y(x, y) ¥z, y e R, Vp <« Z. En prenant u = py on

obtient {(x, ) = p*¢ (x,ﬂ et puis ¢ (x,i u] = (—1—)” b(x, w) Vzu eR ¢
P
V$ e Z. On peut dire alors que Y(x, ry) =7

satisfait (16) alors ¢ satisfait Ylx + 7y,79) = (x, 79). On obtient alors 7"$(x +

T ) =5 ) Vay eR, 7 e Q. Soit maintenant x,y #0, ¥ e R
1 existe alors {ra =2

" On a donc, y(x + 7, ¥) = ¥(x, y). On peut pass

3 ]a limite en obtenant (x '
" y) — s N oz ue
est constante par rappo:lft ) o A oncramte, e quton dent

a x, C’est-a-dire fest n ‘on deval
: : -constante, ce quon
montrer pour démontrer Ja proposition. :

"Y(x, y)Vx, y « Ret Vr Q. Sif

(Manuscript recw le 2 octobré 1960)

BIBLIOGRAPHIE
L Th. Anghelugy
€ (1932), 17, 13, Sur

u i . .
y o ne équation Jonctionnelle caracterisant les polynomes, Mathemam:a,
. Angheluta Int, .
N . » egrat: ’ . . "

Soc. Sci. Cluj, 3 (1926), 510" 2 “™ “lasse d'bquations lintgives aux différences finics, BY



SUR CERTAINES EQUATIONS FONCTIONNELLES

63

. Gherminescuy, Sur unc classe d'équations 111 i ;
3, gaﬁca' 16, (1943), 148158, q SJonctionnelles caracterisant des polinémes, Mathe-

» p
4. M. Ghermanescu, Asupra ecuafiei funcfionale Ef = 3, A; f(x + hj)=0, Com. Acad. R.P.R
5 (1955), 499—502. =0

Gh. Opris, Sur certaines équations fomctionnellcs, Mathemati

d'appaﬁtioq). o o atica, 22(45) (1980), 2., (en cours
Gh. Oprisy, §olu;g dzsco:m.nméale unor ;cua{ii Junctionale Tezi de doctorat, Cluj-Napoca 1978
T, Popovicin, Sur certaine équation fonctionnelle définisant de il ' i )
T3ty 164208, £f s polynémes, Mathematica, 10

T. Popoviciu, Remarques sur la définition fonctionnelle d'un polynéme d’ 1
T o tica, 12 (1936), T 12, polynéme d’une variable réelle,

® Ne o

ASUPRA UNOR ECUATII FUNCTIONALE DE ORDIN SUPERIOR
(Rezumat)

Articolul studiazi unele ecuatii functionale numite de multi autori ca fiind de ordin superior.

Se introduc, in primul paragraf, functii §i polinoame Hamel de ordin superior prin formulele
(2). (3), (6) si (7). precum si diferente ,,strimbe” (5), in raport cu un sir de scalari. In continuare,
prin propozitiile 1, 2 §i 3, se studiazd proprietatile acestor nofiuni. Printre acestea se remarcd
aceea ci polinoamele Hamel satisfac ecuatia (16).

Cu ajutorul lemelor 1, 2, 3 §i 4 se demonstreazi propozifia 4, care di solutiile ecuatiei (16)
in ipoteza ci F este n-constantd.

Prin propoziia 5 se rezolvi in condifii generale ecuatia (29), studiatd de T. Popoviciu.

in incheierea articolului se rezolvi ecuatiile (16) §i (29) pentru f: C -:-C.
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STUDIA UNIV. BABES——BOLYAI. MATHEMATICA

BOUNDARY LAYER GROWTH ON A SPINNING BODY

I0AN ror

1. Introduetion. In recent years there has beelf a good .deal of discussig,
of the boundary layer growth problem on a bOfiY- 111“? I n gwo r t.h B3
has jnitiated the study of this problem for an axisy mmetric body which is insta,
taneously given a constant velocity along 1ts axis a.nd a constant angu]a.r Veloity
about it in an incompresible viscous fluid of infinite extent. After the initiatigy
by Illingworth have followed many papers for the same problem under a wige
variety of boundary conditions. Mention may be madce of the papers of Wag.
hwa [l11], Durié {1}, Pop [4-7], and Pop and Soundalgeckar
[8]. Several other papers have made useful contributions to this topic by using
the method of matched inner and outer expansion. Thus following this technique
Srivastava [10], Sozou [9] and Zapryanov [13] have considered
the impulsively started spinning sphere problem for finite Reynolds numbers.
In particular their analysis includes that of Illingworth as a spccial case, which
is given in the limit of Reynolds number tends to infinity.

Recently Durié¢ [2] has developed a mcthod of the universalisation of
the unsteady two dimensional incompressible boundary layer cquations in the
sense that neither equations nor boundary conditions depend on particular pro-
blem. In the present paper a study on the lines of Duri¢’s method of the growth

of the boundary layer on an axisymmetric body spinning about its axis is preses
tefl. ’ghe theory is applied to the sphere for which the time of separation is deter:
mined.

2. Equations of the problem.
(?c, ¥, 2), with x, measured along the
tion to the body and z on the dire

tion, the incompessible boundary 1|
on a body of revolution spinning a

Using orthogonal curvilinecar coordinat®
surface of the body, y in the normal dire®
ction of the arc of the transversal crosst¢
ayer cquations which govern unsteady flov

are bout its axis, which is parallel to the strea®
gal e N Y R dr
1y r dy axay r dy ‘ &y - 7 a‘x W —_ W= ; B (1)
— oU N
=rl—+ Ua‘U) +v 3
2 ox oy ’
_w 1 a';'l w 1 8¢
- == _ Y o X
T R A RN @
where n!;(x, ) Y v dx gy oy

is the . .
stream function, w(%, y, 1) is the velocity component ”
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the z direction, U(x, ¢) is the main stream velocity, 7(x) is the radius of the trans-
versal crosection and v is the kinematic viscosity of the fluid. The boundary
conditions of the problem are the following :

t <0: Loy _ U(x, t), w = 0 everywhere,
v 9y
t>0: 41—8 =0, w=ru{t) on y =0, 3)
o4

lﬂ_,U(x, /), w >0 as y - 0.
v dy

We will be interested im those cases where similarity solutions are possible,
ie.
U(x, t) = Q@)V(x), oft) = waQ(¢)

where o, is a constant. Next we make use of the momentum equation for a flat
plate

dp 4
~ =R (4)

where

. Q
R=Ep_.al’ Qp=[_aﬂ_)_ o =

14a,
Asp Iy=o” 1 @ at ?

«©

=2, ) = [1 = %]y

(t) being the displacement thickness for a flat plate.
Let us now consider the new variable 7 = Ay[§, where 4 is a norming
constant, and the sets of parameters

l d‘ﬂ | Iy t—1 d'V
w= gy B=9RVT o0
v ©)
: 13 (3 .
WEERL Y

[ol r ;'

In view of (4) and (5) we have

5 — Mathematica 1/1981
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where S 2iR)o; + % b, = (1o, + 2iR)B,,
=

¢. = (toy + ZiR)Y;. d,' = (- I)BIBi + Bis1s
¢; = (iBy — Yi¥s T Yit1-

By putting
..———8 . .
"l"(x: y' t) = 'Ap QVF(n’ &5, BH (t)

w(s' ¥ t) = ‘-%VQH(VL o5 Bj’ Yt)

o

in equations (1), (2) and (3), it follows
oF \2
M an*

A~ 1+

> PF aF__aFi) C{G’Fili__()iji)\+ 6.
=5 ondmi on OB O Plovdyi on  ovi am )l

te=]
2 @*F *F aF
a; b, c; ),
+Z=:1( da0 + O 38idm + b eyiom

2H H oH oH oF
A*—— 4 Ry & oH OH IF\ _
ont + Ry o + B.F o o H + Y1 iF - 2H an‘,

—— —— e —— ——

=3 [d,-(aH‘ JF oF cH] oH ¢éF OF aH-’ + a
=1 B; oy 38; o

f oYi én i On

u oH 'aH oH
+ (e gy o
‘Zﬂ Oa; 9B; te 87.')
where y = (w,#/V)2 is the s

sation of the Pin parameter held constant for the sake of univers

S¢ equations. The boundary conditions of the above cquations “

b<0:  F_
0: 31’—1, H=0 for all y,

. 2.
200 F=F_0o g n =0,

dn
oF
an—bln H-—)Oas.q_*w‘
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The equations (6) and (7) are universal equations of unsteady boundary
layer on a spinning body. They do not contain values characteristics of some
given particular problem. These equations can be integrated numerically by
means of the electronic computer or analytically by writting the functions F
and H as the series

F=F,(n, o)+ B:Foiln, o)+ viFuln, &) +

+ BiFoeln @) + YiFualn, o) + BivaFa(n, @) + ...
H = Hq(n, a) + B:iHuln «) + viHu(n, «) +

-+ BiHoo(n, o) + v Hiln, o) + BivaHin, o) + ...

where cach F; and H; may be expanded as a series of «; according to the expre-
ssions

Fo = fooln) + o1 fouln) + oifou(n) + @2 fooln) + ...
Foi = foro(0) + ey fora(n) + o for,uln) + ..
Fio= fro(m) + o1 frea(n) + 0§ franu(n) + ... @8
Hy = hgoln) + oy g (n) + a2 honn(n) + ...
Hgy = hgyofn) + oy bo1a(n) + o Bora(m) + .. .
Hu = hiao(n) + o hiaa(n) + o Buama() + - -

A suitable form of the function R(e;) is the same as that of the function
Fy(n, o) namely

R = RO + alRl 'J"" a?Ru + asz + «o e (9)
where R; are constants.
The functions f; and 4; arc found to satisfy

Dy(f30) = 0
D(foa) = — = (Rnfo — foo+ 1)

Dz(fl;.u) = - % (Rx"l f:)fl + Ry "Ifafo - 2R1f6.1)

Di(fore) = — = (1= oo + foof3)

Dy(fins) = —~ [2(Ry + 1)fors — Rynforo + 2foofon —foofss — foofou] (10)

1
A2
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" 1 7 hz )
D, (fle0) = " p (fo.o foo + ofo0

[R 7 fa 0"2 R1+1fxao+f00f01+f01f01+20h00h0l]
Dz(f'lﬂ.‘) ="pt"

Do(hoo) = 0
Dy(hos) = — —,T (Ryn P00 — Foo)

(hou) = (2R hoy — Runhoo — — Rinhyg,y)

1 '
Di(boro) = — s Joohooo

AR — hy \
Dyfhn) = 5 ARy + oo — Runbins Foo fou = fookoal |

Dy(he) = 5 (2hon fo0 = oo B

¢ ’ ’ 50— ;l', 1
D) = - PR+ i — Ryn B -+ 2hon S — foohoa + Zhus fro = Hia

where the primes denote differentiation with respect to 7

and for convenit
we have defined the operator
@& | R d R, .
D= — 42y — —221.
i + 2 T
The boundary conditions of (10) and (11) are

Jool0) = f24(0) = 0, hoo(0) = 1, foo(c0), hoo(e) = O,

f010) = £0.(0) = ,(0) = f010(0) = fo10(0) = hro1,0(0) = |
=f1°.0(0) =flm,0(0) = hla,o(O) = ...= 0,
foaloo), ho(oo), ho1,0(0), flao(0), hia0(c0)

..., =0
From the equation

R=4 ("’L = —
ont ) .
taking into account (8) and {9) we have

Af5o0), Ry = 4f5,0) — 1, R, = Afynl0),
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A further condition used in the subsequent analysis is
R, .
i 2. (14),

This is obtained requisteng that the ordinary differeéntial equations (10) and
(11) become of parabolique type. Consequently the equations (10) and (11) sub-
ject to (12) can be solved in a straightforward manner in terms of Gauss error
function (see Watson [12]), giving

Joo(n) =+ gipln) — J——
Soaln) = = [ &oln) + 2 8-aln) = ()]

442 2 512

Faatn) = o [ R = = B gal) — S g ot

Soaln) = 3 aoln) = 3+ o~ Jeatn) = = gwnln) + (15)
+ < g-aln) + ghuln) — g"(n)gl(n)]

fialmo= (5 + 5 + 20)&uln) + % 8-(0) — 7= 8-nln) —

— 5 &(ngi(n) — f agi(n) ;

hoo(n) = &°(n)
1
hoaln) = —; [estn) — &) — 2 galo)]

1

boro(n) = — _'% +

yr et = S5 galn) + (16)

3=

+ %go("))gl("l) + —%E—RIZ(n)I

64/ m

aalt) = 55| (5 + 22 ) 8iln) = 56 g=aln)+ = g-mln) —

1 1 : 2
— 5 &) + 7 &o(n)gu(n) gm(n)]
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Now from 13)—(16) we otain 2
2 = " R = j..
A = '712" R() = : y R1 3 - —
T

idering the parameter & sufficiently small from equation (4) jt folloy
By cousl

t
z(t) = i‘ QP S Qe
0

As is known the separation flow from the wall occurs when (9u/dy); o beg
mes zero. This gives the equation
(O) + o/ ,(0) + B4 0111'0( ) + 11 S1a00) =0 0
where )
=

G0 == Jii0) = e =

Fil0) == [~-——+(,~—-~> ]

3. Applieation. Let the sphere of radius a put into spiral motion by a
impulsively jerk (fig. 1). Then we have

r(#) =asini, V(x) = % UsinZ, Q) =1

a a
and hence
2= 21 al.__‘__ﬂz =0, 8, = Q: __=__tUx,cos—-
n Q dt r wa
7
4 _
Yl—Qap———~ on,cosi, 6= —06
dx ra a 9

B I we take into account that the saparatlon <:orresP°“‘l

to havmo cos — = —1, i.e. the 1

¢
stagnation pomt the times ¢, at whi

jve
separation occurs using (17) 5 &

*G- d by .

U ‘ﬁh l
n Z: = =
9% — 6 + 4(m — 2o (1€
x .
=
> 2.3636 + 0,48455 .
' b L . ¢ 111008
Fig. 1, which coincides with that ©

worth [3].
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In the case of a uniform accelerated motion of the same sphere we have

Q(t)—t, 2P=—l’ al__.l_z_
I
B =y = —2 12U, cos =
7=a a
and the separation time is
%= = e _— (19)
9n — 6 + 4(x — 2)7 0,787G69 + 0,161363

which agreces with that of Wadhwa [10].

Some numerical values of the time f, at which separation takes place, cal-
culated from (18) and (19), are listed in the accompanying table. It is noted

that the time of earliest separation decreases with the increase in the angular
velocity.

Table 1

Some values of ¢ ealculated from (18) and (19)

'; 'imp. tt:cccl.
0 0.4231 1,1267

1 0.3511 1.0264

5 0.2089 0.7260
10 0.1387 0.6453
100 0.0197 0.2431

( Received October 25, 1980)
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CRE$TEREA STRATULUI LIMITA PE UN CORP {N MISCARE DE SPIN

(Rezumat)

Se studiaz’ formarea stratului limitd pe up corp axg'al-silfletric in migcare de spi
si rotatie in jurul aceleiasi axel Prima datd s¢ .1mxversahzef's7:a ecuatiile stratului 1imi3’ (tfans\a
itiile la Jimita nu depind de conditiile unei probleme Pafticu;g' in seq
re, Astf

o4 satit ecuatiile ¢t §i cond i n
i formind seturile G€ parametri, care exprimi i
! - ll.lﬂueuta ti
impy

universalizarea este yealizatd trans
imita, in variabile independente. {n continuare se cauti solutia ecuatiilo
T obtint

§ia condifidlor la lind
3 diferifi parametri, Rezultatele gisite sint aplicate la
cazul g

in forma dezvoltarilor in serie dup
sfere, calculindu-se timpul de separare al stratului limitd de suprafata ei. Evaludrile stabilit
1i1te coim

pe deplin cu cele gasite de alti autori, pe alte cdi.
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EXTENSION OF COLLINEATIONS DEFINED ON SUBSETS
OF A PAPPIAN PROJECTIVE PLANE CONTAINING A CONIC

B. ORBAN

1. Introduction, A series of papers deals with the extension to the entire
rojective plane of a collineation defined on certain subset of the plane [1], [2],
(4], [5), [6], (7). In [6] F. Radé has proved the following theorem: Let
8, &' be the point sets of two Desarguesian projective planes and € a subset
of € containing three non-concurrent lines and a point non-incident with them;
then every collineation ¢ : € — €' can be extended to a collineation defined on
the whole plane &’. This result was generalized by the author in the sense that
the sct € is supposed to contain only certain sets of points lying on three lines
and one point more [4], [5].
The purpose of the present paper is to generalize the above theorem of
F. Rado in an other direction. Using a method of functional equation, we
shall extend collincations defined on sets containing a coinc, a line and a point
not belonging to them,

2. Theorem. Let € and &' be the point-sets of two Pappian projective planes
over ficlds K and K' having characteristics different from 2) and let € C &
contain all the points of a non-degenerale conic T, all the points of a line I and a
point A = ' UL If A s not the pole of the line | with respect to T and
ML # D, then for every injective collineation ®: € — &' with ®(T) = I, where
I is a non degenerale conic, there exisls a unique collineation f: & — &' such
that fI€ = .

Proof. Since I' 1 # &, we have to distinguish only two cases: 1° the
line / is a tangent to T', 2°/ and I’ have two common points.

Casc 1°. Let X be the points of contact of the line / with I’ and let ¥
be the second point in which the line AX interesects the conic I'. Denote by
O the point of intersection of ! with the tangent to I' in the point Y. Choose a
point E e I'\{X, Y}.

Consider in the plane € a projective coordinate system assigning to the
point 0, X, Y, E (0, 0, 1), (1, 0, 0), (0, 1, 0), (1, 1, 1) respectively. A point
M & I\{X} has coordinates of the form (A, 0, 1), A € K. The point N(x,, %,, %,)
lies on T if and only if x,x, = 2, thus N e I'\{X} is described by (&, 1, ), t e
e K.

We choose in the plane € a projective coordinate system in such a way
that the points X': = @(X), Y’': = @(Y), 0': = ®(0), E': = @(E) get the
same coordinates as X, Y, 0, E. Then the coordinates of the points ®(M)
will be [¢:(7), 0, 1], where ¢,: K — K’ is a certain map. It follows from the
hypothesis of the theorem that the tangents at X and Y to the comic I =
= O(T') coincide with the lines ®()) and O'Y’; thus the image ®(N) of the
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i will have coordinates [¢*(), 1, $(£)1, where ¢: K ,
point N e \{X} * AR
©, 0, 1)~ (0,0, 1) and (L, 0, 0)=>(1, 0, 0), w
$,(0) = $(0) = 0. “
The collineation ® takes the point YE N OX inY’E’ N 0'X", hence o,
2 (1,0, 1) and

+ Sing

4’1(1) =L
From E' e ®(I') we deduce
4(1) = L "
Let N(2, 1, £), N,(¢2, 1, ') two distinct points on [\{X} and let M(3, 0, e
e I\{X}. The points N, N, and M arc collinear if and only if
A=t + 1 "

The collinearity of N, N,, M implics the collinearity of ®(N), ®(N)), ¢}
hence (4) implies

G0 = $(t) + ). B
Setting # = 0 in (5), we get by (1) and (4) :

and therefore (5) becomes

b+ 1) =40 + i), Vi, ¢ e K. (7

We have A(g, 1, 0) with @ « K\{0}. The points N(2, 1, /) N2 L1l
and A4 are collinear if and only if #' 4+ a = 0. This equality implies $()¢() 1

j—:KT{g}' where (@, 1, 0) are coordinates of ®(4), a’ e K'\{0}. We get for
v (O ‘_ 1:-] = —a'. 8

It follows £ ¢

3) a = ¢(a)win?m (1) and (7) that $(—£) = —{(f), hence we have by (8) &
b[2) = 2o 8
t )

Putin Q)¢ =_2 ___ @ . . @
ssively : © -1 7'%*#0, 1and consider (7) and (9) to write suc
!

Plx(x — )] = ¢(a){q)[a(x~1)—1_ax_1]}_1

= {l¥(» = ${a){yla(x— 1)) — $lox” 1
~ (03) — 11—ty
Hewce, by (), WO = g - 1)

) = V%), Vx e K. UO}
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In view of (10) aud (7) we can write for any », y e K:
Y(x + ¥P] = (2 + 2xy + »%) = $(**) + 24(xy) + $07) =
= [$(x + ») P = [¥(z) + V()T = $*(=) + 24(x)$(y) + *(¥),
yielding for all x, y ¢ K
b(xy) = b(2)d(y). (11)

Case 2° Let X, Y be the common points of  and I' and O the pole of
the line / with respect to I'. Since 4 # O, at least one of the lines X4, YA
has a second point of intersection with I', say {E} = XANT, E # X, Y.
Choose a projective coordinate system in € such that O, X, Y, E receive coor-
dinates (0, 0, 1), (1, 0, 0), (0, 1, 0), (1, 1, 1) respectively. Then (1, A, 0),
A e K represents a point M < I\{Y}, and (1, #, ) a point N e I'\{Y} (the
equation of I' being x,%, = x3). Denote the coordinates of 4 by (a, 1,1), a2 e
= K\{1}.

'E‘h}c line ! = ®fl) intersects the conic IV in X' = ®(X) and Y’ = ®(Y).
Let O be the pole of I with respect to I' and let N,, N,, N,, N, be points on
I’ such that NN, N NyN, = {O}. Then two diagonal points M, and M, of
the complete quadrangle N,N,N;N, lie on /, while the third is the point O. Sin-
ce the map @ is a collineation on I' {J/, the quadrangle N{N;N;N; (N;= ¢(N,),
1 =1, ..., 4) will have two diagonal points, ®(M,) and ®(M,) on !’ and the
third is the pole of /' with respect to I, i.e. O’. Thus we have

Lemyma YL If Ny, N, eT and O, N, N, are collinear, then the porats
0’, O(N,), O(N,) are collinecar.

LeMMA 2. If the points M|, M, <l are conjugate with respect to T, then the
ponts O(M,), ®(M,) e’ are conjugate with respect to 1.

Let A": = ®(A4) and E’': = ®(E). Choose a coordinate system in €' such
that the points O’, X', Y’, E’ receive the same coordinates as the points
O, X, Y, E have in €. Then the coordinates of ®(M), ®(N) writes (1, ¢,(2), 0),
(1, 4%(¢), ¥(t)) respectively, with ¢,, ¢: K - K'.

From X(1, 0, 0) 5 X'(1,0,0)and E(}, 1, 1) S E'(1, 1, 1) it follows that
$1(0) = ¢(0) =0 (12)

and
(1) = 1. (13)
If £,: =0EN ! E;:=0E'N V', we have by lemma 1:
Ey(1, 1, 0) 2 E{(1, 1, 0) and
$y(1) = 1. (14)
By lemma 2, (1, —1, 0) = (I, —1, 0), hence
$y(—1) = -1 (15)
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£ = it'. Since ¢ is a collineation

The points N(1, 2, 8), Nl 1% ) e T\{Y} and M(1, \, 0) e I\{Y} a
collinear if and only i

= U = () = $O),

. ) = Y)Y, Vb ! « K. W

For ' = 1 we get by (13)
i) =4, Y ek (1

hence
pur) = ), VL U e K. (18
Set in (18) # = %, then ¢ = —1, we obtain by (14), (15) and (17)

W) = O WL e KO}, (19)
Y1) = -d(0), v, I' e K. (20)

The points 4 and 4’ = ®(A) have (¢, 1, 1) and (@', 1, 1) as coordinates,
where a e K\{l}, ¢’ e« K\ {1}. The points Aa, 1, 1), N(1, £,1), N'Q1, 1%, 1),
t # ¢/, are collinear if and only if

{4+t —att! —1=0. (21)

. Relation (21) implies the collinearity of ®(4), ®(N), ®(N’), hence (21
implies () + $(t') — a’P(®)Y(t’) — 1 = 0. Thus we have

p(fm1) - ¥ -1 1

a’d(t) — 1

The line AY also intersects the comic T in the point (1, L -l—} , which
a? a

is taken by ® in the second intersection point of 4'Y’ with TV, i.e. in (1 1 ’ _l]=
g ArSe ] at

= (1, q,(%) q,(%]] Using (19) we get @' = (a), hence by (22) "

=D =07 = g0 — gyl — 1, v e KD O
o mlg t=a{x —1)(ax — 1) in (23) we can write by (19) and (23)
=[¢<:+_1 oz = 17 = Nl ~ Y0ax - )= 117 = y(a+ 1~ @477
_ {q’(a) N](x—) aj)l] =4’[a(x— 1)(ax- l)“l —_— 1]{4}(‘1)4’ [a(x_ 1)(ax_ 1)__1 _ 1]}—15
]N‘(aNl(x) — 1]_1_ 1}{\!)2(“) [q’(x) _ 1][¢(a)¢(x) _ 1]_1 _ 1}-—1 =

hence =0(@) + 1 — ¢(a)y(x) ],

~=

$la + 1 — ax) = Y(a) + 1 — $(@)§(x) (24)
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which, in view of (18), can be written as

P—x+ 14+ a?) = —(x) + 1 + [¥(@)]7 (25)
yielding ¢(1 +a71) =1+ [U(a)]™*. Set x = —(1 4+ a7 ')y in (25) to deduce
by + 1) =d0)+1 Vyek (26)

Using (18), (19) and (26) we get for all x « K and all y « K\{0}
Pz + ) = (™ + D= + 1) =
= ¢ [PO) ] + 1} = d(x) + (),

(x + ) =dx) +d0), vy ek (27)
Thus in both cases 1° and 2° we have shown that the map ¢: K - K’,
induced by the collineation ® : € — &’ has the following properties: ¢(x + y) =
= $(x) + ¥(y) and Y(xy) = $(2)$(y), V%, ¥ e K.
Then the map f: € —» €', defined by

K(x), % %) = K'[$(x1), $(2), P(x5)]
s a collincation of € into €’ and clearly f[g = ®.

The collineation f: € — &', with f|g = ®, is unique, because we can

draw through any point P e €\I' two distinct lines each intersecting in two
distinct points. Thus the proof is complete.

hence

( Receired Octiber 29, 79R0)
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N o w oA

PRELUNGIREA COLINIATIILOR DEFINITE PE O SUBMULTIME A UNUI PLAN PROIECTIV
PAPPUSIAN CARE CONTINE O CONICA

(Rezumat)

o lucrare se arati ci orice coliniatie definitd pe o parte a unui plan proiectiv pappusian care

contine o conici T, o dreaptid d(d N T # ©) si un punct O (diferit de polul lui d in raport cu I')
se poate extinde intr-un mod umnic pe intregul plan.
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