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ON T H E  P R O P E R T Y  W  FOR T H E  M U L T IP L IC A T IV E  GROUP OF TH E
Q U A TE R N IO N S  A LG E B R A

JAN AMBROSIEWICZ

We say that a group G has the property W if for each w i s : K WK W ^ G, 
where w is the order of element g e  G and K WK W =  {g e  G : 0(g) =  w} (see

In the works [2], [3] it was proved, among other things, that the abe
lian groups, modular and regular groups have the property W.

Now we prove (see theorem 1) that the multiplicative group of quater
nions algebra has not the property W.

First of all wc establish the orders of elements of this group. The order 
of quaternions with norm ^  1 is oo. We establish the order of quaternion 
a +  bi +  cj +  dk with norm 1. Since algebra of the quaternions is isomorphic 
to the set of the matrices of the form

A =
a +  bi 

— c -{- di
c +  di 
a — bi

it  is enough to establish the order of A.
The matrix A has the eigenvalue Xx =  a +  iyj 1 — a2 and X2 =  a —■ 

— iyj 1 — a2; therefore for a ^  ± 1 , Xx ^  X2 and then there is such an invertible 
matrix T  that T~ lA T  =  diag (Xx, X2) =  D. The orders of conjugate elements, 
are equal, therefore 0{A) =  0(Z>).

D =  diag (Xlt X2) =  diag (cosa +  i sina, cos a — i  sina), therefore
9_ e

D n — E o  (cosa +  i sina)” =  1 <*► a =  —— .
n

I f  0(D) =  n then it must be (s, n) =  1. L e t slt . . sm be such natural num
bers that for h =  1, . . . ,  m, (sh, n) — 1, 0 < sh < n — 1.

2—Sh
L e t aSh =  cos —-— , <$>(») denote Euler function, 0(rtJA+  bi +  cj +  dk) =  n. 

Then

K n =  {<i,„ +  bi +  cj +  dk, a'Si +  b* +  c* +  d* =  h = l ,  * ( » ) } .  

has a finite number of series of elements, where each series beigns with A».

L emma. The quaternion a +  +  yj +  8 A with norm 1 is a product of
two quaternions of order n i f f  there are such r and t ^  { 1, . . 9 ( « ) }  that the 
following holds

at,aH -  aX -  al  + 1 < a < w +  

1/ a\ +  a\ -  al  -  a\ + 1 (i)
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Proof. The factoring of quaternion 
the product of two elements of order 
numbers of equations

a +  pi +  Y;? +  with norm 1 into 
n is equivalent to solvability in real

( («„ +  x,i +  y j  +  Z,k)(aSl +  xti +  y,j +  z,k) =  «  +  +  yj +  M

{ +  X? +  J +  Zr =  1 (2)

\a*' +  xf +  y +  * f = l

From 2/ we have

a„ +  xti +  y,j +  ztk =  {a,t -  xri -  y,j -  zfk)(a +  pi +  yj +  U )

Hence

atr a +  *fP +  y,y +  zf8 =  a>t
a l +  x * + y *  +  z * = l

a’ +  x] +  y* +  z*= l (3)

x> =  a»,P — Xra. — yrS +  z,y
y, =  a,ry +  M  -  y ,a -  *,p
zt =  a,f8 -  xry +  ;yrp -  z,a

The solvability of (3) is equivalent to the non-contradiction system of equa
tion

/ +  y,y +  *, * =  %  -  «* ,« m
K + * f  +  t f  +  *? =  i [

and hence we have the condition

a2 — 2aSrasta +  a2 +  a2 — 1 < 0,
r t

which, as it is easy to calculate, is equivalent to the condition ( 1).
Let G be the multiplicative group of algebra quaternions and Gx be the 

subgroup of Gt whose elements are quaternions with norm 1. W e know that 
for each finite w the K w is the subset of Gx and G — Gx is a section of the 
set K m of group G.

From previous lemma we have

Corollary 1. I f  intervals ( 1) cover the whole, close interval < — 1, 1># then 
K nK n < Gx.

For certain n, aSr =  ast =  p for each r9 t <= {1, .. cp | (n)} (for example 
n =  3 or n =  6). Then the condition (1) is reduced to

2p* -  1 < a < 1. (4)

Theorem 1. In  the multiplicative group Gx the square of set K n [n ^  
1, 2, 4), which has only one series of elements, is not a subgroup of group

i-



ON THE PROPERTY W FOR THE MULTIPLICATIVE GROUP

Proof. I t  is enough to prove the existance of two quaternions q =  a +  fit 
and qx =  « i  +  Pi1» which are reducible into the product of two elements of 
order n and such that their product does not possess reducible into product 
of two elements of order n. Since K n is formed, in this case, of quaternions 
which begin with asi =  p, then from (4) the problem resolves itself to sho
wing non-contradiction of system

(5)

-1 < aoq -  ppt <  2p* — 1 
2p* -  1 < ax < 1 
2p% — 1 < a ^ 1 

a* - f  p* =  1 
af +  Pf =  1

I f  we put additionally oq =  a, Pi =  P =  *Jl — a2 then (5) reduces to

j l a K m  (6)
\ 2pz — 1 < a < 1

I f  the intervals (6) were separable then we would have 2p2 — 1 >  | p \ 
in other words \p | >  1 or | p | <  — -i-, but it is impossible. So there are

quaternions q and qx which fulfil necessary conditions.
T heorem 2. I f  in set K n determined by p there are series of elements,

which begin also with — p and p *= ' ^ en =  Gx.
Proof. From lemma the quaternion a +  pi +  yj +  SA is factoring into 

the product of two quaternions beginning with p if

2pt — 1 < a < 1, (?)

and into the product of two quaternions from which one begins with p and 
the second with —p  if

- 1  < cc < - 2^2+  1- (8)

Since for p  «= ~̂ =.» we have

— 2pi +  1 > 2̂>2 -  1

then these intervals (7) and (8) will cover the interval <— L  
quaternion with norm 1 (see corollary 1) will be reducible into the two quater
nions of order n.

C o r o l l a r y  2. K 2nK2n =  Gx for n ^  1. . ...
Indeed, let in  set K 2n be a series of elements, which begins with

p — cos— -, (k, 2") =  1.
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Then a quaternion which begins with

Px = - « > s — = - p  = COS I *  -  —  J =  cos

is also from this set, because
(2»- i — A, 2") =  1 for «  — 1 > 1.

We must yet prove that there are such k that 

^ -j= > b u t  this follows from inequality

2n7t — 2;tA 2 jr (2 " - i  _  w-----------  =  COS---1_______ *>
2»

J: < —  < -  2 - 2 < 2A ^ 2"- »  o  2"~ 3 <  k <  2— *
4 2n 2

and from the fact that between these numbers 2"~3 and 2 " -2 is always an 
even number.

Corollary 3. K m Ka, =  Gu where K<o means a set o f elements o f order 
oo whose norm is 1.

(Received September 18, 1978)
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ON Z-B IRECU RRENT SPACES

C. NIJESCU*

1. Le t Vn be an «-dimensional Riemanuian space of arbitrary signature. 
Let Rhijk > Rij and R denote the curvature tensor, Ricci tensor and scalar 
curvature respectively. ■»

A  Riemannian space is called recurrent [1] if its curvature tensor satisfies

Rhijk, m =  VmRhijk (1.1)

for some non-zero vector 9 , where comma denotes the covariant derivative.
This concept has been generalized by A. L i c h n e r o w i c z  [2] who 

says, that a 11011-flat Riemannian space is second order recurrent or briefly 
birecurrent if

Rhijk,mn —  flmnRhijh (1.2)

R o t e r  [3] lias shown that the tensor «^appearing in equation (1.2) is 
symmetric.

Spaces, whose Ricci-tensor Ry satisfies the equation

R ij,m n  =  Z m nR ij (1-3)

for some tensor amnt where Rij ¿ 0  *  amn> are called 2-Ricci-recurrent spaces. 
The so-called concircular curvature tensor

Zhijk =  Rhijk----- ------ 77 igkkgij ~  ghjgik) (1*4)
n ( n  -  1)

introduced by K . Y a u o  [4] gives gkkZhijh =  Gy where

G h - R h - R 1- * -  (1-5)n

I f  Vn admits a tensor field T ... such that T ...tmn — amn"B... where amn is a 
non-zero tensor field of Vn, then VH is called a T  birecurrent space and it 
is denoted by B T n. Therefore we shall call the Riemannian space Vn to be 
a B Zn space if its concircular curvature tensor satisfies

Z \ijk, mn ' =  QmnZhijk ( ̂  •

with amn a non-zero tensor in Vn, and we shall call it BGn if the identity

Gkk, mn =  dmnGhk '

is satisfied.

* Polytechnic Institute, Jassy, Department of Mathematics.
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2. Lemma 1. 
ker’s identity .

The concircular curvature tensor of a V„-space satisfies Wal-

Zhijk, [mu] +  +  Zmnhi-w  =  0  (2 -1 )

Proof.

Zhijk, [mu] — Rhijk, [urn]
qhkqij t h j l *  R  j-„m ] 

» ( »  -  1)

where R =  gij Ra is the curvature invariant or scalar curvature o f the space* 
therefore R,mn =  R»m and

Zhijk, [nil] == Rkijk, [m»l

Using Lemma 1 of [6] we easily obtain from (1.4) the iden tity  (2.1).
Lemma 2. The recurrence tensor of BZn is symmetric.
Proof. If the space is a BZ„-space, then W alker’s identity (2.1) gives

AmnZhijh +  AkiZjkm n +  A jk Z m„ki =  0 (2.2)

where Amn =  aMn — anm. Thus, using Lemma 2 of [6 ] we deduce from (2.2) 
that Ann =  0, since Zht*k 0 and Zhijk == Zjkhi.

Lemma 3. The concircular curvature tensor of a BZ„-space satisfies the 
equation

ZpijkRkmn +  ZhpjkR-imn d- ZhipkRjm n d~ Zh ijpR km n  =  0 (2.3)

Proof. It  follows from Lemmas 1 and 2 that

Zkijk, mn Zhijk, nm — 0.

Applying now Ricci’s identity, we immediately obtain (2.3). 

Lemma 4. The equations

and

GpkG p„ -f G p Z pkm„ +  ~ ^ ~ G „ k  =  0
n — 1

(2.5)

hold for BZn-spaces.
Proof. Contracting (2.3) with ^  we get

Bnt 7 „ *  G,tRf‘"  +  +  +  G» RP>~  -  0¿hpikRZt =  — Z  P** k
and hence (2.4) holds!* H w  r ! T  ofT,t.he antisymmetry o f Riemann's tense 
concircular curvature tensor we^ ^ lemann s tensor in (2.4) in terms
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or

GpkZ kmn GkpZP
« ( »  -  1)

_ j> (Gnkghm — Gmkghu +  Ghngkm — Gkmgkn) =  0

Transvectiug it with gim we have

GpkGf, +  GpZphmn +  ~ ~  (nG„k -  G,lk +  Gnk) =  0 

and thus (2.5) holds too.

.Theorem  1. A Ricci birecurrent space is BGn. A BGn-space with recurrence 
tensor field amn is Ricci birecurrent i f  its scalar curvature R satisfies

Rmn =  amn R (2*6)

Proof. The first part of the theorem is trivial. Suppose V„ is a BG„- 
space. Then from (1.5) we have ( 1.7). Therefore

D
„ n. _ T> ,mn n
u mn{jrij —  ij, mn 5 »;

gij
a mn R i j  R ij.m n  ~~ (̂ mn R  R  >mn) —

n

The use of (2.6) in the above equation shows that Vn is Ricci-birecurrent. 
T heorem  2. A BZ„-space is BGn with the same recurrence tensor.
Proof. L e t V„ be BZn with the birecurrence tensor amn. Transvecting 

(1.6) with g'i we get (1.7).
T heorem  3. A V„ birecurrent space is BZn with the same recurrence tensor. 

A BZn-space with recurrence tensor field am„ is a V„ birecurrent space i f  it is a 
space with birecurrent scalar curvature with recurrence tensor field amn.

Proof. I t  is trivial to check that a birecurrent space is a BZ„-space. 
Suppose Vn is a BZn-space. From (1.4) and (1.6) we get

R
&tnnZhijk == Rhijk,mn *“  (&hk&tj ^h j^ ik )

The above equation can be written as

a m„ Rhijk — -  x ■ (ghkgij ~  £*/£<*) j =  Rhijk,mn ~  ~  ^ g i k )

or

Rhiahijk, mn ■— m̂n Rhijk
fkkin -  SkjSik _  UmnR)

n(n — 1)

and hence the theorem results.
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Deriving twice recurrently the identity (2.5) we get

+  GpkGt.i +  +  G?Z L " ‘ +  7 ^ 1  +  RG"*■') “  0

GPk tfin +  +  Gp,tqZ pkmn +  Gp'iZ£m„0l +

+  g ; j U ‘ + g p ^ ^  +  {R>lqGnk +  R,lGnk,q +  R ’gGnK‘ +  R G nk- ‘J  = 0

By use of (1.6) and Theorem 2, the latter relation from above becomes

2 aJjGt&+ GpZLn +  Gnk) +  < W # , f +  Gpk.fit.i +  GpjZL*,< +

4- G H .Z t - . 14----- -— (R .iG „ k .t +  R J G n k .i ) =  o

From the above relation and from (2.5) there follows 
Theorem 4. In a BZn-space the identity

GPk A ,  +  G p t ' f i l  +  G p ,iZ pMmn>,  +  C;(izL-,i +  — -  { R . iG nkiq +  R iqG nkJ)  =  0tl — 1
(2.7)

holds.
Theorem 5. A necessary and sufficient condition that a Riemannian space 

VB be BGn is that the equation

W  hijk, mn — &mnW hijk =  a  ( Z kijkt mn —  a mnZ h ijh )  i^ *® )

holds for some non-zero tensor field amn of V„, where W hiik is the tensor introduced 
by K. Y a n o  and S. S a w a k i  [4].

f .i Rr°(°̂  EGn with the birecurrent tensor am„. Then (2.8) easily
follows from the expression of W m :

m  -  -  [g u P  _  g h.
n ~  L 'HI I 0*7

ea iT““ (”>2)’ and from
) 0 ^  transvecting it with ghk we obtain 

or ^  ~  amnGij) =  a(Giiimn — amnGif)

j  —  amnG {j) =  0

^ therefore it follows from the above relation that Vn * 

3 ThC °aSe °f m  Ei»stein space (Gv =  Q)

IS
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« z^t z  tTiSr iu ***
chi’s second identity ^  f° 1,OWS that satisfies Bian-

Zkijk.i +  Z hM'j - f Zkujjk =  0

I f  Vn is also BZn with amn as recurrence tensor field then 

aimZhijk +  <ijmZ hiU - f akmZhilj =  0 

Contracting the above equation with gkk, we have

a tn f i i j  ~  ajn f i i l +  akm Zhijl =  0 

By use of C,> =  0 it follows

ahm Zilj =  0

Transvecting (3.2) with ahm and using (3.3) we have

akmaknZ hiv =  0 
or

0i Zhuj =  0

where [5] 0X =  akmakm. Contracting now (3.2) with glm and substituting (3.3) 
we have arZ kijk =  0 or

0O Z m  =  0 (3.5)

where [5] 0O =  aTr =  g"a„. I f  0t =  0 but 0O /  0, we deduce from (3.4) 
and (3.5) that the space is of constant curvature. I f  0X =  0 but 0„ =  0 the 
same result holds and we may therefore state.

T heorem 3.1. An Einstein BZn is a space of constant curvature.

(Received October 27, 1978)

(3.2)

(3.3)

(3.4)
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A SU PR A  S P A Ţ IILO R  Z -B IR E C V R E N T E  

(Rezumat)

Se definesc spaţiile 
definesc proprietăţi ale 
birecurent in sensul lui 
un spaţiu Einstein.

...nnnieue V (n >  2) cu tensorul curburii coneirculare birecurent, se 
>stor spatii "ii condiţii necesare şi suficiente pentru ca un spaţiu Vn 
jter să fie BZn sau BG„. Se studiază cazul cind un spaţiu B Z „  este
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A S U PR A  M IŞ C Ă R II P L A N E  IR O TA ŢIO N ALE  A  U N U I FLU ID  ID EAL 
IN C O M P R E S IB IL  A N IM A T  DE D EPLASAREA U N U I PR O F IL  DEFOR- 

M A B IL  ÎN  PR E ZE N ŢA  U N U I PER E TE  N E L IM ITA T

TITUS PETOILA

1. Mişcarea fluidă plană, irotaţională, generată de deplasarea arbitrară, 
în masa de fluid ideal şi incompresibil, a unui profil deformabil oarecare, a 
fost deja studiată de R. L a p o r t e  [ 1], [2]. Considerînd atît cazul cînd aria 
profilului deformabil rămîne constantă, cît şi cazul, mai general, cînd aria 
profilului este variabilă în timp, în condiţiile în care nu se produc detaşări 
turbionare nici chiar la un bord de fugă „ascuţit”  al profilului, R. Laporte 
reuşeşte să evalueze şi eforturile aerodinamice exercitate asupra profilului, ară- 
tînd că formulele obţinute, pentru profilul rigid, de G. Couchet, rămîn încă 
valabile.

Obiectul prezentei note îl constituie reluarea problemei de mai sus în 
condiţiile unui perete nelimitat f ix  de forma arbitrară. Plasîudu-ne în cazul pro
filului deformabil, de arie variabilă în timp, vom rezolva problema utilizînd 
o tehnică folosită deja de noi în evaluarea efectului prezenţei pereţilor relativ 
la problema profilului rigid nedeformabil [3], [4].

2. Să considerăm reprezentarea conformă z =  H(Z, t) =

care aplică exteriorul profilului deformabil (Ct), raportat la un sistem de axe 
centrat Oxy,'> solidar legat de profil, pe exteriorul circumferinţei (C), de rază 
R, din planul (Z ).

Fie Z  =  a( « )  reprezentarea parametrică a curbei (A), transformata perete
lui (â) din planul fizic, la momentul considerat t ; curba (A) o presupunem 
jordaniană şi regulată în sensul definiţiei din [5]. Fie de asemenea Z  =  afu) =  
=  R 2[ ă ( « ) ] —1 reprezentarea parametrică a curbei (Aţ), inversa curbei (A) in 
raport cu circumferinţa (C).

Pontenţialul complex8 al mişcării fluide produse de deplasarea profilului 
deformabil în fluid nelimitat, presupus a priori cunoscut va fi de forma

F (Z , t) -  Î G 'V )  +  « G " (Z )  +  «G “ (2) +  G 'V )  +  £  ( l f  ~  <r)  Lo«

unde (l(t), m(t), « (* ) )  definesc, faţă de reperul Oxy, rototranslaţia profilului 
(C(), G{,\Z) sînt funcţii olomorfe în exteriorul lui (C) şi satisfăcînd pe (C) con- * 1 2

f  _  n
1 U n  astfel de reper se zice centrat dacă V/» \ /) ^  0*

2 Hai precis transformatul său în planul (Z ).
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. i±  te viteza de variaţie a ariei A  a profilului de-

dtţii Dmchlet cu di , j »  s \4 r  este circulaţia [2 ],
fonuabil şi care este egala

c
ntn «n ooteuţial complementar F t(Z, t), potenţial care 

Să introducem a<-um “ . £/? a în condiţiile prezenţei peretelui nelimitat
caută să „corecteze potenţial \ A ^  construi( ja fel ca şi în cazul pro-
(A). Acest potenţial comple t q repartiţie continuă de duble surse atît 
filului nedeformabU |oj, U -  ‘J f , îcît partea imaginara a acestui poten- 
pe curba (A) dt *  p e nulă Pşi deci el să nu „deranjeze” con
ţi*! complementar pe «  ! > £U lui mobil.

• ^  (Milne Thomson) obţinem atunci pentru i,(Z , „

expresia

W .  0 =  ţ  f « }  7 ^  +  5 9 (0  -  j  9 (0  7 ^  +  5 9 . (0 )  7 ^7 7 7 -
* A a -  —  A A, '

unde densitatea 9 este o funcţie reală de punctul ( )  de afixă a (» )  e  A, a 
priori necunoscută, verificînd pe A condiţiile din [5 ]. S-a notat aici prin <21( 
inversul lui Q în raport cu (C), iar, pe de altă parte, s-a pus 9 l (<?1) =  <?{R2IQ 1).

Să considerăm acum f  (Z, t) =  F(Z, t) +  F C{Z, t) transformata potenţialu
lui complex total al mişcării în prezenţa peretelui nelim itat fix  ( 8). Impunînd 
condiţia de alunecare pe peretele (A), adică

Im [F{Z, t) +  Fe(Z, t )] =  0 pentru Z  -*• <x(«0) e  A, 0 )

densitatea 9[Q) va trebui atunci să fie astfel determinată îneît

to im|/(z,i)+ U ( g ) ^  + U l(W _ ^ l » o ,  vg, «  a (D
“!**•) I  ) O — Z ) <M«1 — z )J

* a.

, ,, ^ ar această ultimă condiţie împreună cu proprietăţile potenţialului de 
dublu strat conduc la

im {/ («(«„ ), t) -  i ,rtp (Q0) +  i  C <p (Q) ( i2 £ L k s +
1 J i r  )Z=a(u.)

+  l  (9 (0  -  9 (9 .» 1 ^ 1  *  -  i  (  ( i S l i )
A * r  2^a(u9) J 1 f jZ» 0

~ W « 1) ( i T l * . , + < l 9 . ( g . ) ( ^ | f c

+  ţ » 1( f t ) f i « J l| iSl ) _ 0>

+
-=«(«•)

* Forma efectivă a funcţiilor G ^ (Z ) poate fi găsită în [2 ].
4 S-a notat prin 8 diferenţierea la moment t constant.
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adică

=  Im [/ (a («0), t )]

şi care este o ecuaţie integrală de tip Fredholm, cu nucleu slab singular a 
cărei rezolvare conduce la soluţionarea completă a problemei propuse!

Ecuaţiei (2) i se pot aplica, atît pentru stabilirea existenţei şi unicităţii 
soluţiei cit şi pentru rezolvarea ei aproximativă, metode de lucru echivalente 
celor date dej a de noi în cadrul problemei corespunzătoare cu profil nedeformabil
[3], [4].

(Intrat tn redacţie la 27 octombrie 19781
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S U R  L 'É C O U L E M E N T  P L A N  IR R O T A T IO N N E L  D 'U N  F L U ID E  ID É A L  IN C O M P R E S S IB LE  

P R O D U IT  P A R  L E  D É P L A C E M E N T  D ’U N  P R O F IL  D É FO R M A B LE  E N  PR É SEN C E  D 'U N E
P A R O I IL L IM IT É E  

( R é s u m é )

L ’objet du travail présent constitue l'étude de l'influence des parois illimitées sur l ’écoule- 
ment fluide idéal plan, potentiel, incompressible, produit par la rototranslation d un profil défor
mable dont l ’aire est variable en temps. On emploie des résultats de M.R. L a p o r t e  sur le 
déplacement arbitraire dans la masse de fluide illimité d'un profil déformable [1], [2], aussi bien 
qu'une technique utüisée déjà par nous dans le cas d'un profü indéformable en présence d ’une 
paroi infinie [3], [4].
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ON A  CERTAIN  V IB R A T IO N A L  P R O B LE M

CONSTANTIN TUDOSIE*

There are dynamical systems, whose parameters, included in the coeffici
ents of the corresponding differential equation, are variable when the system 
is subject to external influences. This occurs for linear or nonlinear parametric 
vibrations of the material systems, whose parameters may have time depen
dence, in general a periodical dependence.

The differential equation of the linear parametric vibration o f a dynamical 
system with only one degree of freedom has, as it is well-known, the form

m{t)x +  c(i)* +  k{t)x =  F (t),

where x is the parameter of the instantaneous position of the mass (in other 
words the zero-order acceleration), *  the velocity (that is, the first order accele
ration), and ic the second order acceleration.

In the present paper a method is given for the calculus of the accelera
tions higher or lower than the order of the differential equation (m ^  n), ” n” 
being here the order of the equation, and ” m”  the order of the acceleration. 
This method allows the simultaneous deduction of two accelerations o f diffe
rent orders. It  may also be applied when the coefficients of the differential 
equation are constants.

1. Description of the method. In the most general case, we shall consi
der the vectorial differential equation of n order, with time-dependent coeffi
cients

1* aM r +  g  ap(t)r =  A(t), [«„(*) *  0], (» =  2, 3, 4, ...). (1)

We denote the k and m order accelerations in the following manner
(*) (m)

r =  U t ) ,  \m =  n +  1, »  +  2, . . . ) ,

accelerationWrMT>oo+̂ n<̂  We c^ cu^ e’ using these notations, the f> and e order acceleration respectively, and we obtain

y _  f (< -  s)h~p- 1
J (* -  p -  l) l 9t(*)ds +

* - p - l£o = 0

(/>+o) ,a

'  m - . .a 1
(2)

M
r f  (* -

o 7

(P  =  0 , 1 ,2 ,  1 ),

—e —£ (tf + o) 
Y

{e =  k, k +  1, . . n).
Of Cluj-Napoca.

(3)

•T h e  Polytechnical Institute



Substituting (2) and (3 ).in (1), we have
t

J s)fm(s) +  N k(t, s)vk(s)]ds =

ON A CERTAIN VIBRATIONAL PROBLEM

where

N Kmin(t, s) =  £  ae{t)
*=* (m — e — 1) | *

W - E . , 1 0 $ = * ' ’ " .

F>,mA t) =  A(t) -  [ £  'a M T m  +  £  * ~ £  « , (/ )T (0 ) l  *  •
‘-e=* 0=0 P=0 iro P J ol

Next, by setting in (3) e =  k, it results

(4)

(5)

(6) 

(7)

17

where

<P*(0 — ^ N k'„,(t, s)tpm(s)ds =  Ek,m(t), 
0

Nk,m{(> S) =_  (*  ~  s )
in — k — 1

(w — k — 1) 1 Ek,m(fy
m — k — 1 (fc-fo) ig

r  (0 ) - i -  •
or I

(8)

(9)

By inspecting these formulas we immediately see that (4) and (8) repre
sent a system of Volterra integral equations.

I f  the conditions

A W * , *) /  0, F kftn>n(0) =  0, (10)

are fulfilled, equations (4) reduce to a Volterra linear equation of the second 
kind.

Taking into account (7), the second of the conditions (10) becomes

A(0) —
_  M <P) 1
£  a,(0) r (0) +  £  afi(0) f (0) J =
e=k P=o

(1 1 )

The initial conditions r(0), (i =  0,1, 2, — , »  — 1) are to be taken arbi
trarily, but the initial conditions for i  >  n — 1 follow from eq. (1) and its 
derivative.

By substituting the functions cpA(*) from (8) in (4), we obtain

* t * _

\ N k>min(t, s )vjs)ds  +  J N k(t, s)ds J N k,m(s, <j)<?m(a)do =  (12)

*0 0 0
where

GKm.n{t) =  /?*.,n,n(t) ~  S)Ek,m(S)dS. (13)
ft •

2 — Mathematica 2/1980
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Making use in (12) of a formula given by Dirichelet, and replacing s by 

a, we have

where

j  HKm,n{t, s)<pm(s)ds =  Gk,n,n{t),
0

I

(it, s) =  N h,m,n(t, s) +  J N„(t, a )Nhim(a, s)do.

(14)

(15)

The Volterra linear integral equation of first kind (14) can be converted 
into a linear integral equation of second kind, if the following conditions are 
satisfied

H k , 0  9̂  0, G*,m,n(0) =  0 . (16)

If  the first condition (16) is not verified, one deduces by the differentiating 
equation (14) m — n times, the following Volterra integral equation of second 
kind

where

fc.W s)fm(s)ds =  rk,m,n(t).
0

*  o, 'Gl,m.n{t) =  Gim- ; ](t),

(17)

(18) 

(19)

s) =
8tm'V*

(10) iJha1srsatisfiednditi0n ^  wiU be satisfied onIy if the second condition 

is obtlfned1 undeÎ the^fom ° f SUCCessive approximations, the solution of (17)

where
<P«’W +  ?„,,(/) - f  <pm2(t) - f  . . . _j_ <pm_v(/) (20)

M )  = r*,m<„(/),
t

Q̂k,m,n{t, S)?mi0(s)ds,

^Qk,m,n{t) s)$miV-i(s)ds.

(21)
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I f  the acceleration q>m(i) is known, it follows from (8), after performing 
the integral, the acceleration cpA(/). &

The solution of equation (17) can be deduced by an interpolation method 
Making use of a quadrature formula of the following form

. t:

(17) becomes

 ̂f(s)ds ä

> = 0

(¿ =  0, 1,2, . . . .  A).

This is a linear algebraic system of h -f- 1 equations with h -f- 1 unknowns

2. Application. As an example we shall consider in what follows the third 
order differential equation

e +  Xc +  ac +  ^2Xe — F  s n̂ (22)

(a, X* F, constants),

that governs a vibrational system with internal friction and relaxation.
Our task is to calculate the second and fourth order accelerations, taking 

into account the initial conditions

e(0) =  e0, e(0) =  -  ^ co*e0, 'e(O) =  0, *(0) =  0,
a

which fulfil both the second conditions (10) and (16) as well as (22).
W e have successively for k =  2, m =  4, n =  3

F 23t(t) =  F  sin vt +  EiA(s) =  0, (23)

. N 2((, s) =  a +  — s)> ^ 2,4,3^, s) =   ̂ +  x(l — s)>

N 2(l, a) =  a +  x^{t -  <r), Nia(o, s) =  a -  s. (25)

By virtue of (23), (24) and (25), and by making use of (13) and (15), 
we obtain

G2>4,3(/) =  F 2AsW. h W #’ s) =  1 “  *ts +

+  x ¡1 -  1  uVs](t - s )  +  j  «(¿2 + s*) +  7  x“ 2(i3 ~  s3)-
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Performing the derivatives as 

S W \t, t) =  #2,4,3 .̂ *) =  1’

indicated in (19), it  results 

GUs (0 =  vF cos v/ +  -  x2<o4e0,
a

HI,4,3 (/, S) a(/ — s) - f  x j 1 —

Replacing (26) in (18), we have

(2 6 )

@2,4,3̂ , S) =  H M t ,  5 ),r2.4,3(/) =  £*,4,3 (t) ■

For k =  2, »» =  4, »  =  3, the solution of the integral equation (17), in 
the second approximation is

Viify ~  ?4,oW "I" ?4,l(0 ‘

Now, taking into account (21), we obtain the fourth order acceleration

3

e (t) =  (p4(t) x  Y2 A ^  -|- B - sin W -j- C - cos vt, (27)
i=0

where

As

A o =  — -  F  +  — x2“ 4e0, A j — — X «2 ( — +  -  X2w2eo ) .
v a l v a )

A* — — 7  X2“ % , Aa= — 7 -  X3c° 6eo>
*  6a

B =  xF( i _ 1), C - F ( , +  i ) .

s) =  t - s ,  E 2t4(t) =  0,

approximation0  ̂ ^  *°^ows r̂om (S), the second-order acceleration in second

eW ViiO ~  ¿D ,v j_ 1W.. , n> +  -D(ii) -f- £'-sin v/ -f- G-cos v/,

where
. = 0 (1 +  l)(i +  2)

any order, in th^wanted metho4 cat? use<l to deduce the acceleration of ;
arr  ̂uximation, Ii!

(Received March 15, 1979) j
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A S U P R A  U N E I PR O B LE M E  DE  V IB R A Ţ II  

(Rezumat)

în prezenta lucrare se dă o metodă de determinare a acceleraţiilor de ordin superior, exis
tente la vibraţiile parametrice liniare. Metoda permite determinarea simultană a două acceleraţii de 
ordin diferit, şi poale fi aplicată şi in cazul ecuaţiilor diferenţiale cu coeficienţi constanţi.
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, 0 ,m  r a d ia t io n  e f f e c t s  i n  t h e  n o d a l  p e r i o d  o f
SOME r a d i a  a r t i f i c i a l  S A T E IX IT E s

VASILE MIOC* nnd EUGENIA RADU*

1 Introduction. One of the most important disturbing factors acting 
upon the motion of artificial satellites with high orbits and great area-to-mass 
ratios is the solar radiation pressure. Out of the multiple aspects of its influence, 
the direct solar radiation pressure (M u s e n, 1960 , P a r k i n s o n  et al., 
I960- B r y a n t ,  1961; K o z a i ,  1961; L  â 1 a, 1968; R o u s s e a u ,  1970), 
the re-emitted solar radiation pressure ( L e v i n ,  1962; S e h n a l ,  1963; 
B a ke r ,  1966), the Poynting- Robertson effect ( S e h n a l ,  1963; R a d z i e w -  
sky,  C h e r n i k o v ,  1965), the shadow effect ( P o l y a k h o v a ,  1963; 
H o r v a t h ,  1968; F e r r a z - M e l l  o, 1972) were studied both quantita
tively and qualitatively. Such influences on some particular satellites (or type 
of satellites) were studied by S h a p i r o  and J o n e s  (1960), S w a 11 e y 
(1962), S h a p i r o  (1963), L u c a s  (1974) etc. I t  was pointed out that for 
balloon-satellites the solar radiation pressure effect is on the same order of 
magnitude as the air-drag effect, at heights of 900 — 1 000 km, and becomes 
predominant at greater heights.

The great majority of these authors deals with the influence of solar 
radiation pressure on the orbital elements of satellites. This one’s effect on 
the satellite periods was studied by very few authors, as H o r v a t h  (1968) 
for the shadow effect on the anomalistic period, or M i o c and R a d u (1977) 
for the direct solar radiation pressure influence on the nodal period. The present 
paper also deals with the nodal period variations caused by the direct solar 
radiation pressure, considering the Poynting-Robertson effect. Our previous 
qualitative analysis (M i o c, R a d u, 1977) appears now as a particular case 
of the results obtained in this paper.

2. Basic equations. We will use the follow ing system o f notations: 
p -  parameter of the orbit ; 
e =  eccentricity;

n =  fonaftntr C rf di1us' vect0r of the satellite; 
t — inclfn^-6 °f ascending uode with respect to ecliptic;
I 1  ^ ¿ lnatlon 0 the ecliptic plane; v — true anomaly; r

u =  argument of dj^ ? ed by the new node ;
(a =  product of <r ati*ude> defined by the new n od e ;

L ~  longitude of^he Sun" C° nStant and Barth mass ^

*e  ^  S f ^ i r fficient' 0f the satellite surface;solar constant ;
=  velocity of the light ;

«•Astronomy and Space Sciences, Satellite Tracking Station No. 1132, Cluj-.js
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d0 — mean Sun-Earth distance;
rQ =  Sun-Earth distance (neglecting Earth-satellite distance);
A =  satellite cross-section; 
tn =  satellite mass;
F =  disturbing acceleration ;

S , T , W  =  radial, transversal and binormal components of F ;
D0 =  unit vector of the direction Sun-Earth; 

a, p, y — direction angles of D0 in the frame S, T, W ;
V — instantaneous velocity of the satellite ;
V 0=  unit vector of the instantaneous velocity;
•\> =  angle between D0 and V0;
£ =  angle between V 0 and the direction of S.

The elliptic disturbed motion of an artificial satellite with respect to a 
geocentric frame is described by the following system of osculating elements 
( O c h o c i m s k i j  et al., 1959):

dpfdu =  2rzy]

dCijdu =  r3T) sin u Wly.fi sin i, 

di/du =  r3?] cos u Wjy.fi,

dqjdu =  rh) k sin u cot i  Wly.fi +  r2r) [r(q -(- cos u)jfi - f

-f- cos « ]  Tjy. -f- r2ri sin u S/y., (1)

dkj du =  — r r̂iq sin «  cot i  Wjy.fi +  r2r\[r{k +  sin u)jfi +  sin u]Tjy. —

— r2t] cos «  S/y., ,

dtjdu =  — (r* cos * dCljdt)l<Jy.p].
The quantities ij, q and k are defined by the relations:

Yj =  1/[1 — (r2 cos i  dQ.jdt)j^y.fi], (2)

q =  e cos to ; k =  e sin <o. (3)

The disturbing acceleration of the satellite due to the direct solar radiation 
pressure, considering the Poynting-Robertson effect, but neglecting the shadow 
effect, is ( R a d z i e w s k y ,  C h e r n i k o v ,  1965) :

F =  F  {[1  — (Vfc) cos $]D0 -  (V jc)V0}, (4)

where for F  different expressions were given, as for instance (Vercheval, 1974).

F  =  K(d0lr0)2k0Almc. (5)

The components of F  are:

S =  F{[1  — (Vjc) cos i ]  cos a — [V/c) cos <{/},

T  =  F {[1  — {Vjc) cos £] cos p — (Vjc) sin +}.

W =  E{[1 — (Vjc) cos i ]  cos y}.

(6)
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For simplicity, we
will use the abbreviations: 

B — sin « ;  C =  cos w, 

A x — — cos X,

=  — sin X cos t, 

A 0 =  sin X sin »,

(?)

(8)

where: x =  I  -  G. (9)

With these notations, the angles a B and Y will be given, according to 
R a d z i e w s k y  and C h e r n i k o v  (1965), b y .

cos a =  A XC +  A 2B,

cos p =  — A 2B +  A 2C, (10)

cos y  =  •40-

Now, using Equations (3) and (7), the known relation :

r =  p j( l  +  e cosv) (11)
. becomes:

r =  pl( 1 +  Cq +  Bk) £  p (l  - C q -  Bk ), (12)

where the powers ^ 2 oi q, k and the product qk were neglected, as in our 
future calculations.

With Equation (12) and also according to R a d z i e w s k y  and C h e r 
n i k o v  (1965), the products appearing in (6) are:

(V/c) cos l  =  V i # c _1( -  AiB  +  A 2C +  A 2q -  A 1k), 0 3)

(Vic).cos =  V i F c~'(Bq -  Ck), ( l4)

(Vic) sin =  V i #  c -J(l +  Cq - f  Bk).

Substituting the expressions given by Equations (10), (13) and (14) in 
the system (6), the last one becomes: . V ' V

of

S =  F (A 2B +  A £ )  -  F  V(J# c - ' l A ^ C *  -  B2) +  ( ¿ I  ~~ A ^ BC  +  

+  [(A\ +  1)B +  A 2A 2C]q +  [ -  (4 Î  +  1)C -  A 1A 2B ]k },

In the __0. 
direct solar

r J .  +  '  VW/> '  ^  +  1 W  ~  A DB 2 “  V A iA t » ' ' t

=  F /  A lA *B ]q  +  UA l  +  1 )5  -  ¿ M 2C ]A }, (1

right part ~  ^  +  ~
4ar radiation^ressimf ,^le term expresses the contribute 

P Ure |neglccting the Poynting-Robertson effec
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in the disturbing acceleration (for comparison, see e.g. L  a 1 a 1968 • M i o c
R a d « -  197J)> whl|e the second one represents the contribution of Povntine- 
Robertson effect only in the disturbing acceleration. 5

W ith Equations (15), the system (1) becomes-

dpldu =  K f f lA tC  -  A ,B ) +  6{AlB -  A 3C)Cq +  6 (^ 5  -  A zC)Bk} -  

_  I i 3{3 -  A l +  [2/4xri2(6C2 -  1 )B  -  2(3A¡ -  A¡ +  2)C -  6(ri? -  A\)0}q +  

-f- [2^41/42(6E2 — 1)C +  2(Ai — 3A2 — 2)B  +  6{A\ — rif)B3]A}, 

diljdu  =  /v3(V  1 — A\B — 3 V l -  A\BCq — 3 -  A\B-k} —

-  K t{y jT ^ A \ (A tC -  A J })B  +  j r = A \ B [A t +  3(AlB -  A 3C)C]q +

+  V 1 -  M B [ -  A\ +  3(A tB A £ )B }k ), 
dijdu =  K 3{A 0C -  3A 0C2q -  3A0BCk) -

-  K t{A ¿ A tC -  A ,B )C  +  A 0C [A 3 +  3(AtB -  A 3C)C]q +

+  A0C [ -  Ax +  3(A,B -  A3C)B]k), (16)
dq¡du =  K 3{A3 +  (A ¡Ç — i4x5)C +

+  [AtC -  A,B +  ( -  2AiBi +  3AXBC -  5 A £ 2)C]q +
+  B [ -  At +  ( -  2A2B- +  3AiBC -  S A £ 2)}k} -  

-  K t{ -  AtAti 1 +  2C2)B +  (3 -  Al)C +  {A\ -  A\)C2 +
+  [3 -  A2 +  A.A^GC2 -  1 )BC -  4(A\ +  1)C2 -  3(Aj —A\)C*]q +
+  [2A M -  1 +  5B2 -  3B*) -  (4 +  SAfjBÇ -  3(A¡ -  A\)BC2]k) 

dk/du =  K 3{— Ai +  (AtC — AtB)B +

where :

and :

+  [A tB +  (2+xC2 -  3A,BC +  SA1B2)C]q  +

+  [A 2C -  A ß  +  (2i4xC2 -  3A 2BC +  5,4 i# 2) ^ }  -  

-  K t{ -  A 1A 2( 1 +  2B2)C +  (3 -  A l)B  -  {A? -  A\)B2 +

+  [ ^ M a(l +  2B2 -  6B*) -  (6 -  A\ -  2A\)BC +  3(Al -  A\)B2C]q  +  

+  [(3—A%)(1— 2B2) +  AiAiiQB2— l)BC  +  3(A¡ — A^B^k), 
dt/du =  >̂3/2fX-i/2(i _  2Cq -  2Bk),

K x =  F r ip y -1 ; K , =  Fr¡psl2y.~mc 1 

K 3 =  KJp  ; K t =  KJp.

(17)

(18)
— a im •

. 3. Method. W e plan to study the influence of the above mentioned distu+-
mg factors on the nodal period of artificial satellites, this one, defi
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rn =  J {dt/du)

i hPtween two successive transits of the satellite through its ascending

(19)
u

Developing the last equation (1) in binominal series and neglecting the 

terms having the form [(^ cos i d m i ^ P V  tor »  £  2, we obtain:

dtjdu s  r2/V(^ +  (r* cos * d& ldi)lv-P =
=  /(/>, Q, *, q, k, a ; «), (20)

26

where <r is a small parameter characterizing the disturbing factor.
The above considered orbital elements can be written in the form

P  =  P o  +  & P>  

Q =  Og -f Ail, 

i  =  t0 -f At", 

q = q0 + A q,

(21)

k — -f- A&,
where:

P, i> q, k =  orbital elements as functions of w ;
K  flo» hi ?oi =  elements of the osculating orbit for the moment t = t0

( «  =  « . ) ;

• i^ ’ Â  =  variations of the orbital elements between the
initial and current positions. These variations are:

U

Ap =  | (dpjdu)du,

U

A il =   ̂ (dil/du)du,

U

A* =   ̂(dijdu)du,

U

A? =   ̂(dq/du)du,

A A

(22)



SOME RADIATION EFFECTS IN THE NODAL PERIOD
27

Using Equations (1) with vj 3  1, the integrals (22) can be estimated hv 
the successive approximations method ( C h e b o t a r e v ,  1965), limiting us 
to the first order approximations. ' g us

Developing /  in Taylor series on the hypersurface:

H = H (p 0, D 0, i 0l qQi k0, a =  0 ] u), (23)

with respect to the small quantities Ap, AD, Ai, Aq> &k and a, we obtain:

/  =  /o +  (Bf/Bp)0Ap +  (d//M)t AD +  (dfldi)0Ai +

+  {Bf/Bq) oAy +  (df/dk)0Ak +  (df/da)0a +  . . .  (24)
where :

f 0 =  the value of /  for the initial position u0 ;

w m  0, w i m  0. ( W o ,  ( W o .  ( W o ,  ( w .  =

the partial derivatives of /  for the initial position u„.
Using Equation (20) and neglecting the terms of the type 

{ d[(r4 cos i dCl/di)/y.p]/<?/>} Ap, . . .  which contain the square of the small para
meter <r, we obtain with Equations (7) and (12):

fo =  ^ V - ,/2(l -  2Cq0 -  2Bk„),

(B/IBp)o =  (3/2)/»yV,/2(l “  2Cq0 -  2Bk0),

(df/dq) 0 =  -  2 p fy .-'i2(l -  3Cq0 -  3Bk0)C,

(df/dk)o =  -  2 p f lL~'l-(l -  3Cq0 -  3Bk0)B, (25)

(df/do) 0 =  ¿ [(^  cos * dClldt)foLp]ldo,

(dfldQ.) 0 =  0,

(BflBi)o =  0.

The nodal period can be expressed as follows:

Jo =  T 0 +  ATa, (26)

where T 0 is the non-disturbed period corresponding to the osculating orbit 
{to =  osculation moment) and A T n is the difference between nodal and osculating 
periods due to the disturbing factors. Taking into account Equations (24) and
(25), they acquire the form :

2n
(27) 28X0 =  p ll2ii~lt2  ̂0  ~  2C?o “  2Bk0)du ; 

0

A T a =  h  +  h  +  +  I *’ (28)
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where :

h  =  (3/2)^ i'V ,/2 •2Cq0 ~  2Bk0)kpdu,
0

2tt
7j =  _  2 p f  ( jr 1'2  ̂ (1 -  3C?0 -  3 B *0)C Açrf#,

0

2ji
7s =  _  2pWy.-'12 J (1 — 3Cg0 — 3Bft0) B Aft d », (29)

0

2tt

J4 =  jj {¿ [(r4 cos i düldl)j[Lp]lda} a du.
0

4. Results. As a disturbing factor we take into account the direct sola 
radiation pressure, including the Poynting-Robertson ellect. 1* rom Equation 
(16) and (22), with the notations (17) and (18), and with 7) S  1, we find :

Ap =  K 10{2Ai0(B -  B 0) +  2A 10(C -  C 0) +

-b 3 [d 1#(B2 Bj) A20(BC B 0C 0) 24o) ] ? o "b

+  3 [ -  A 20(B2 -  Bl) -  A 10(BC -  B 0C0) +  A 10(n -  u0)}k 0} -

-  #2o{(3 -  A\0){u — « „ )  —

-  2 [(3 -  d-0)(B  -  B 0) +  A 10A 20(C -  C 0) +

+  Mlo ~  Al0)(B O  -  B 0Q ) +  2A 10A 20(B*C -  B lC 0) ]q 0 -

2 [ -  A10Ai0(B -  Bo) -  (3 -  4 20)(C  -  C0) +

+  2i410A20(BC2 -  B 0CI) +  [A\o -  A l0)(B*C -  B lC 0) ]k 0},

=  * « • { [ -  A10(B2 -  Bt) +  A 20(BC -  B 0C0) +  3^420( «  -  «o )]/2 +

+  [~  4A20(B -  Bo) +  A lt (B*C -  BtCo) +  4 20(B 2 -  B 3) ]? 0 +

+  [3d20(C -  C0) +  d 1#(B2 _  Bt) +  A 20{C3 -  C j)]ft0}  -

~  ^ o {2 (A l0 +  1)(B -  B 0) +  A 10A 2o(C -  C0) -  (30)

__ ~  {A*° "  A"K B3 ~  Bl )P  +  2A10A 2o{C* -  Q / 3  +

+  M ^ # +  1548, +  16)(BC -  B 0C0)/8 +  4 10.420(B 2 -  B\) +  

io'420(B2C2 -  b 2C2)/2 +  3(410 -  A\0) (B K  -  B 3C 0)/4 -

, r r ,  ~~ A ^ U -  »«)/8]?0 +
1« 20(BC -  B 0C0)/4 -  (4 f0 -  6AIo -  4 )(B 2 -  BJ)/2 -
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— 3^410/120(BC3 — B 0CI)I2 - f  3(A\0 — Af0)(B* — £«)/4 +

+  3A10A a0(u _  « 0)/4]A:0}.

Ak =  K 30{ [A 20(B2 — Bl) +  A 10(BC — B 0C0) — 3 A 10(u — u0)]/2 -f 

+  [2/iio(B -  B 0) -  A 20[C -  C„) +  4 10(B3 -  Bl) + ' i i M(C* -  C\)]q3 

+  [ -  4A io(C -  C0) +  A 20(BC2 -  B 0Cl) +  4 10(C3 -  C?)]Ä0} -

-  Ä „ { -  A 10A 20(B -  B 0) -  2 (A2e +  1)(C -  C0) -

-  2A 10A 20(B2 -  B3)/3 -  (/4|0 -  A\a){0  -  Cl)/3 +

+  [W A l tA n (BC  -  B 0C0)/4 -  (2/4fo +  A\t +  4){B2 -  B2)/2 -

-  3/410/420(BC3 -  B 0CI)I2 +  3(/4|0 -  A 210)(B* -  BJ)/4 -

/410/42o(m m«)/4]?o +

+  [(15/1 Jo +  A 20 +  16)(BC -  B 0C0)/8 +  A 10A20(B2 -  B2) -  

-  3A10A 20(B2C2 -  B2C2)I2 +  3(A20 -  A 210)(BC3 -  S 0Q / 4 +

+  (A\3 -  A 210)(u -  u0)l8 ]k0},

where the supplementary index ,,o”  fixes the respective quantities at the moment
t =  t0.

Integrating Equations (29) with the values given by the system (30) and 
with <r =  F, we obtain :

Zi =  3K60 { -  2(A20B0 +  A 10Ca) -

— [Aw/2 — 3A20(uq — — 3(A20Cq •'4io-®o)-®o]?o

[7 A J2  +  3/4,0(«o -  «) -  3(/4j0Co +  A20B c)B 0]k0} -

-  6K „ {{Al, -  3 )(«0 -  *)/2 +

+  [2(/4|0 +  l)5 o  +  A 10A 20(3 -  2CJ)Co -  {Alt -  A\3)B l]q0 +

+  [3 -  A l0 +  A 10A 20(1 -  2Bl)B0 ~  2(Af0 +  1)C0 -

— (A Io — A\a)Cl)ka},

I 2 =  Ä"60{ [ — 5/1 io/4 — 9/420( « o — * ) — 3(i420Co — 4̂10ß o)ß o]?o -

-  (45AJ4)k0} -

— K so { — 3/4 iô 4 20 +

+  [— 12(/4|0 +  1)B0 +  2(A\a — A\a)Bl — 2Al0Ata{3 +  2CJ)C0]?0}»

SOME RADIATION EPFECTS IN THE NODAL PERIOD
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J, =  K 6» { -  6410 -  (¿io/% o +
+  VA j i  +  9 A ^ - n ) - ^ A n C .  +  A M BM

-  f£40{3 4 104 2o -  A 10A t0q0 +

+  [(4|0 -  AIJI2.+ \2(AU +  l )C 0 +  2^xo^.o(3 +  2ß S)ß o +  

2(4|0 — 4*0)Cj]&o}i 

L  =  5K,nA 20k0 -  K ,oA10A,„,

(3 1 )

where:
K i0 =  Fitpy2̂ 3'2 ; X,o =  Fnp lvrlc-\  (32)

Finally, introducing the values given by the system (31) in Equation (28), 

we find:
AT (f+PR) _  6K50{ -  4 20B 0 — 4 10(1 +  C0) +

+  [— 4 10/2 -  (i4i0B 0 -  ^2oC0) b o]?o +

+  [— 5420/2 +  \A 2oBo +  A .C . )B ,]* o }

-  K to {3 (4Jo -  3)(w0 “  « )  +  ^10^20 +

+  [^io^ao(— 1 +  !2C0 -  16CJ) -  4(410 -  4*0)B*]7o +

' +  [(114*o +  134*0 +  24)12 +  44104 20(3 -  2B*)B0 -

-  4(4*0 -  4*0)C*]fc0}, (33)

where A d e n o t e s  the difference A T a caused by the direct solar radiation 
pressure, including the Poynting-Robertson effect.

Equation (33) permits to separate the influences of the direct solar radiation 
pressure and of the Poynting-Robertson effect, as follows :

à T g +PR) =  A Tcf’ +  A T {f*\  (34)

where ATn* and AT jf* ' denote the two significant terms appearing in the right 
side of Equation (33).

Our formula was deduced by considering the ecliptic plane as the reference 
plane of the geocentric frame. However, Equation (33) remains available for 
any reference plane of a geocentric frame, in the following conditions:

(i) the inclination is taken with respect to the new reference plane ;
(ii) the other quantities appearing in à.Tn + PR) are obtained from the 

corresponding ones of Equation (33) by a rotation in the orbital plane with an 
angle equal to the difference between the two arguments of latitude.

Therefore, Equation (33) is available also in the case of the classical frame 
(with respect to the equatorial plane), where A u 4 2, 4 0 take the form imposed 

above mentioned transformation (see e.g. I, â l a ,  1968; M i o c ,  R a d u,

(Received March 29, 1979)
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UNELE EFECTE RADIATIVE ÎN  PERIOADA NODALĂ A SATELIŢILOR
ARTIFICIALI
(Rezumat)

Lucrarea studiază influenţa presiunii radiaţiei solare directe, cu considerarea efectului ^®yn" 
ting-Robertson, asupra perioadei nodale a sateliţilor artificiali ai Pămîntului. Formulele sint deduse 
pentru cazul orbitelor cvasi-circulare complet iluminate de Soare şi rămin valabile pentru orice 
sistem de referinţă geocentric.
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A GENERALIZATION OF TH E  CLASS O F C L O S E -T O -C O N W v  
FUNCTIONS

DORIiV m.EZU nnd NICOLAE N. PASCU

T c , tlip -et of regular and univalent functions f (z )  =  2 +  a2z* +  
L f , S  L  u n i t  disc2 U. In this paper we shall denote by K  -  the 

+  .dehnedm t C -  the sub-class of close-to-convex functions
Si,b-class of co ' * of'those functions which are starlike of order p: 
2 t  L  s’i =  S* -  s S f a  Further, let be the set o f all functions p(:) -  
=  1 i q ,  2 +  ... which are analytic in the unit disc and v e r ify :

| arg p(z) | ^ Y ~  |z| <  1, 0 < y < 1

The symbol K(a) denotes the class of a — starlike functions. A  regular 
function f(z) belongs to K (a) if f(z) • f '(z )lz  ?  0, \z | <  1 and the function

=  d  -  <*) f ( z) +  «2 f '(z ),  | 2 1 <  1

is starlike; see [9],

. , , ^ e a'm °̂ . ^ ' s _PaPer is to present a new class o f functions and to 
of t V f  C0nnectl0ns with other classes. Likewise, an integral representation 
ot the functions of this class is given.

In̂  the following let us denote by M  a certain sub-class o f 5. 

with f ^ ) 1̂ f'\z)>̂  ^ lQ̂  analytic function regular in the u n it  disc

^ ^ . t i KS ,T / >.)5 esocl“ tC(«. T. M ), R a O O O ^ i l *

+  «/ (* ) =  (a +  1) zg'r (z) 
in this paper the case M  -  C ic ;

T h e o r e m  I. // y < ~  J 15 lnvestlg*ted.

Z l  {a' Yi ' c ) U C ( " ' C)

V W +  a/(2) =  (a +  J) ,{ ,r.(2)  ̂ s  c
that is zfUz) 4- of/ \

w f « “ i1t T i th“ ‘ =j(,' c - I,2V r’ (z) wh,ire h' iz) =
“8 1<* a* t a * a l ly ,  we obta.a
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that is

Therefore

It is known that the above condition defines thP nW»
We notice that: 68 the cl°se-to-convex functions.

C(0, 1, C) =  C

C(a, 1, K ) = K [ - ± - \

C(oo, y, K ) — s*_Y
C(l, 1, K ) is a Class investigated in [6] by R.J. L i b e r a  and A.E L i v i n g ston.  -w-wivmg

Lemma /  € C(oo, y, C) i f f  it may be represented as

Proof. According to the definition of the class C(a, y, C) one has

But zg'(z) =  P (z ) ■ G(z) where P  *  «  and G ^ S * ._  

which implies f{z ) =  z '-<  • GY(z) • * * (* ).  where P  1 Y 
We shall show that Gi(z) =  zI~r ,Gr (z) ® >Si - y 
Differentiating logarithm ically we obtain

0r taking real part

f (z ) =  P i(z ) • Gfz)  where P , e SY and Gl e S*_T

m = z g ,y(z), g * c
or

zg'i{z) =  z '- Y(zg'(z))Y



34

Since h e  Sf_Y it follows that G{z) -  z [  (̂ J=  , [ & > =  s*

D. BLEZU, N. N. PASCU

1

and P ( z ) = / ( * ) e 2 .

Hence we h a v e ^  =  P(z) I it follows that g e  C
GW

There exists g e  C so that /(z) =  zg Y(z)

or / e C(oo, y, C)
wich proves our proposition.

Theorem 2. I f  Re a > 0 awi 0 < y < 1 then 

C(a, y, C) C C (°° . Y, Q

?roo/. Let / e  C(u, y, C ) ; using lemma 1 we can write 

*/'(*) +  «/(*) =  [a +  1) P t(z) • Gx{z),

P i e  3y. Gi e  S f_Y

By means of the notation /(z) =  p x(z) • gx(z) we have

• SiW + p x(z) •g[(z) ]  +  a^ (z ) • gx(z) =  (a +  1) P x(z )G x(z) 
or ,

te ' (2) +  eS M )  +  zpl(z) . g l(z) =  (a +  1) p t(z) -Gx(z)
We shall find g so that

.. , . +  aSi(z) =  (a +  1) Gy(z)
that is ,

0

whidi is a starlike integral operator of the L ibera type. 
It  is known that (see [4]) if Gx «  SJ_Y then gx e  S f_Y 
Therefore
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If i> \z) ~  P^^z) an< -̂ 'P i ( z) ~  *̂Y(2) then as an account of th* to + 
in 2y vve conclude that P e g  ««-count-ot the fact-that P t i
It follows that

where q{z)==!^

P (z) +
T*P'W _  Py(:)
a + ?(-) #>Y_1W ( 1)

Let us show that p e g ;  if we suppose that there is z0, | z01 =  r0 <  f so 
that Re p{z0) =  0 then, by means of Lemma A from [7] taking the real part 
we find

0 +  AT - y  Re -- +- q(z) = R e ^ -
1« + ?(-’)!* p(2)v-

where A7 <  — i  (1 -J- A2)p(z0) =  A -i

But gi e  S* therefore Re q(z) =  Re^^1̂ - ^ 0
e ito

Now, we compute arg —— —̂— ; from P  € 8 and Re P(z) >  0
PY- ‘ W

we have

arg Pr l~)
p y-1W

2

=  | Y arg P (*) -  (r -  1) argp(z) I =  

Y arg P(z) ±  (1 -  Y) “

Therefore Re — ifL  >  0 the left side being negative.

This contradiction completes the proof of the above theorem 

L emma 2. /  e  C(a, 1, C), Re a > 0 i f  and only i f

>  — 7i where p(z) — ^

*roof. L e t /  be in C(a, 1, C) ! on that is

zf'(z) +  af{z) =  (a +  l ) z£'(z) wlth g & 
Taking the logarithme derivative one finds

s 2£l +  i  = i w + y ^ “ h e r e iW = ; ^ r
£'(*)
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But g is close-to-convex iff

9,

¿0 >  — w

which proves our assertion.
Remark. Other generalization of the 

is given by D.V. P r o h o r o v  in [11] 
kind:

class of close-to-convex functions 
which used a condition of the

9,

with Re a > 0 and 0 y ^ 1-

T h e o rem  3. A function f(z) belongs to the class C(a, y ,  C) i f  and only 
if there exists a function F(z), F  e  C(oo, y , C ) so that

i
f(^) =  1j l ^ a- l F (l) dt (2)

0

Proof. Let's suppose that f(z) admits the representation given by (2).
If a =  m -f in, m >  0 then according to the conclusion of Lemma 1, we 
have

F (z) -  2g'Y(z) =  P l (z) (^(z) where P x e  SY and Gl e  S r_y

Hence

/(*> =  dt.

i

Let us denote G2(z) =  2 j ^ Y " 77 

W'  !l,OW that SM  »  starlike. Indeed

Re ZG'2i2)
g2(*T =  1 ~  S IT I  +  — Re - G -̂Z) >  0 ' W + 1 ( » + 1  Gl(2)

iO Tier we define /,(,) by

/■W =  [ ( »  +  1 +  in) ^G”+ I(/j. p i(/)

n J

m + 1-»»
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I.B. B a z i l e v i c  [1 ] has proved that if ~ j  
g e S * ,  h e *  then the function w{z) * and

P are real numbers, and

w{z) = | (a  + * P )  Jg«(<)-A(i) 

0

1
a +»

is regular and univalent in the unit disc.
By means of this result we conclude th a t/ ^ ) is regular and univalent.

1

Therefore f x{z)fz *  0, | z\ <  1; this means that for pM J ‘ +' i t  is possible to

select the uniform branch which takes the value one for z =  0 and which 
is regular for | z | <  1 ;
Taking into account that

1
«+1

it follows that f (z ) given by (2) is regular in the unit disc, moreover/(z) - 0  
iff z =  0 and / '(0) =  1. , . ..
Those shown above allow us to compute the denva • conclude that
Noticing that */'(*) +  .«/(*) =  (a +  I) F lf), F  «  C(«o. r. O  ™  COTCla<1'
f is of the class C(a, y, C). , . .. form (2). Under
Further we prove that if /  e  C(a, y C) then/(z) has the form u
this assumption there exists g{z), g e  C so tha

zf'(z) +  af(z) =  («  +  !)

I f  F(z) =  zg't(z) then F  e  C(oo, y, C), and by integrating (3) we obtain 
equality (2). .
From the proof of the Theorem 2 it follows. r  e  S* ¿A«» /Ae func-

Co r o l l a r y  1. 7/ Rc a *  0, 0 «  r  < 1 m i F  * ’ ^
Hon g(z) defined by

=

5

a + 1 f ta~lP{t) G(0 ^  

0

I n 5 by (1), is in the class S* (is starlike) .
Co CaSe *n P{z) s  1 it follows that p(z) ~  l and we find:

RoH a r y  2. I f  Re a £  0, 0 £ y ^  1* G ^  S* then the f  unction g defined
by

Y

belongs to the class S*
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. tn carrv out the following particular cases:

T w ”  o fo lk ry " »a s  proved in [4 ], [9 ], [10]1 F,°r IT a rediscover an earlier result established by R .J . L i b ( . t l
2. K y *

[5] 1 n =  »  was investigared by S.D. B e r n a r d i  [2]
*» a ,. , • „  sucite fmin rsi rsM J4.’ Ifh« iHeal then we find again some results from [3 ], [8 ].

(  Received Hay 3. 19701

R E F E R E N C E S

1 Ba z i l e v i C ,  J.B. On a Case of Intcgrability in Quadratures o f the Loewner — Kufarew Equa- 
' tion, Mat. Sb. 37 (1955), 471-476 (Russian).

2. Be rn ard i ,  S.D., Convex and Starlike Univalent Functions, Trans. Amer. Math. Soc., 135 
(1969), 429-446.

3. Causey ,  W.  and W h i t e ,  W., Starlikencss of Certain Functions with Integral Representations, 
J. Math. Anal. and. Appl., 64, 2 (1978), 458—466.

4. L e w a n d o w s k i ,  Z., M i l l e r ,  S.S. and Z t o t k i e w i c z ,  E . , Generating Functions for 
Some Classes of Univalent Functions, Proc. Amer. Math. Soc.

5. L i b e r a ,  R.J., Some Classes of Regular Univalent Function, Proc. Math. Soc., h. 16 (1969), 
755-758.

6. L i b e r a ,  R.J. L i v i n g s t o n ,  A.E. On the univalence o f some classes o f regular functions, 
Proc. Amer. Math. Soc., 30 (1971), 327-336.

7. Mi l l e r ,  S.S., M o c a n u ,  P.T., Second Order Differential Inequalities in  the Complex Plane, 
J. of Math. Anal, and Appl., 65, 2 (1978).

8. M i 11 e r, S.S., M o c à n u, P.T, R  e a d e, M.O., Stalikc Integral Operators, Pacific J. of. Math.,77, 2 (1978). b r .
9. Pasci i ,  N.N., Funcfii a-stelaie, Bui. Univ. Brajov, Séria C (1977).

10 Matemt’ica" X X I^0976 )^23-27° Stalihe ~  Convex Functions, S tud ia Un iv. Babe;-Bolyai, 

U ’ fRuaam)r0 V ’ D 'V"  In ‘eSral °f  Univalent Function, Mat. Zam etki, 2 i , 5 (1968), 671-678

°  GENERABIZARE A  CLASEI D E  F U N C Ţ II  A P R O A P E  C O N V E X E

(Rezumat)



StUDIA UNIV. BABE? BOLYAI, MATHEMATICA, XXV, 2. 1980

SOME E S T IM A T IO N S  FO R  STRO NG LY aw-CONVEX FUNCTIONS

I. MAItU$CIAC

1. Introduction and preliminaries. Recently we have defined [2] a new 
class of generalized convex functions, called oc-tnean convex (or awi-convex) 
functions, which contains as particular cases logarithmic, pseudo and quasi- 
couvex functions. In  this paper we define the class of strongly oc-mean convex 
functions and we give some estimation theorems for such functions.

Definition  1. L e t X  c  R n be convex and a e  R  \ {0 }.  A function 
f :  X  -* R+ is called a-mean convex (concave) (aw-convex (concave)) on X  iff

I
Vx.y e  X , V/ e  [0, 1] =*/ (( 1 -  t)x  +  ty) < [(1 -  t) f ( x )  +  //‘ (y )]“ (1)

/ is stricly aw-convex (concave) on X  iff for each x, y s  X, x £ y and t e  
e ]0, 1 [ inequality ( 1) is strict.

De f in it io n  2. Let X  s  Rn be convex and a >  0. Function /: X  
is called strongly a-mean convex (strongly a/«-convex) on X  iff there is a 
constant p >  0 such that

Vx.y e  X , Vf e  [0, 1 ] =>

/ (( l  _  t)x  +  ty) < [(1 -  /)(/“(*) +  tH y ) - t ( \ -  t) 9\ \ x - y \ \ T

p is called strongly ocw-convexity parameter.
Remark 1. From Definition 2 it follows that / is strongly «/»-convex 

°n X  iff /« is strongly convex on X  in the usual sense.
Remark 2. A  strongly «/«-convex on X  function, as it can be easily 

ascertained, is strictly aw-convex oil X  too, but the converse y
true.

There are strongly «/»-convex functions that are not convex, as we can 
from the following 

Example. Consider f : R +  -+ R+

fix) = V*-
Th*  function is strongly 4/»-convex, on R + since for *. y  e  ™

/“((I -  t)x ty) -  (1 -  t ) f  [x) -  t/*(y) =  ((1 -  *)* +  ^  ^

=  (i -  ¿)2*2 +  2/(1 -  t)xy +  t y  -  ( i - * ) * •  - y  =  - ti l ~ t x  y 

therefore we have for p =  1 : j ■

m  -  t)x  +  ty) =  ((1 -  t ) f (x )  +  tp(y) -  t (i - 1) | X -  y\') •
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function is

, i flx\ =  J x  is not convex on J?+ (it is concave on i?+).
? Ut roi^t has been shown that every local minimum of an «m-convex 

also global. Moreover if / is strictly a/n-convex we have the fol

lowing result:
Theorem 1. I f  f ' - X  £ Rn i?+ is strictly am-convex on X  and x* i$

a global minimum of f  on X, then
V* e  X  - > / (* )  > / ( * * )

i e x* is unique.
Proof. Assume that there is x‘ e  X, x' *  x*, such that

p =  /(*') = / (* * )  =  min {/ (* ) I *  e  * } •

Then from the definition of strictly am-convexity of /  it  follows

/((l -  <)** +  /%') <  [(1 ~  *)/■(%*) +  //a( ^ ) ] a =  ((1 -  O l*  +  ^ a) “ =  V
i.e. a contradiction.

2. Estimations ior strogly aw-convcx functions. In  what follows we are 
going to enumerate some properties of the strongly otm-convex functions that 
are useful in determining the rate of convergence of the different numerical 
optimization methods for such functions.

In all this section a will be assumed to be positive.
Theorem 2. I f  f  e C^X) { f : X  -► i?+) is strongly can-convex on X , then 

for each x, y e  X we have

P11 * -  y 111 < (Y/*(*) -  V/*(y)) { x — y).  (2)

,. F r°r0f ' ^ rom the differential property of the convex functions and Defini
tion 2, for t =  1/2, we have

r  p 11 * —y 11* < ( ^ p )  =

< 7  m * ) ( x  -  y) -  Vf«(y){x - y ) )  =  L  (v/«(*) _  v^(y)(* -  y)-

1° ^ S i f ' - X  f?+) ts strongly a.m-convex on X  then
'  f ° '  *«ch x* *  X  the level set

is bounded.
2° There is a

X * = {x s  X |/(*) < /(*•)}..

^ot»i x* e  X  smcA that 

fix * ) =  min {/ (*) | *  e  X }.



Proof. 1° Since
1

/ • ( * ) -  m  =  5 v/>(y +  (<* -  M x  _  ^  __
0

1

=  V W I »  -  y ) +  \ ( W ?  +  Ux - y)) -  v m ) { x  _  y)dli
0

in view of inequality (2) we get

/“(*) -  fa(y) > V*{y){x - > )  +  Jp||*-y| \ndt =
0

=  V a( y ) { x - y )  +  -¡?\\x-y\\*.

For y =  x° and x  «  X 0 we have

0 ^  f a{x) — f a{x°) > Vf*{x°)(x — *°) +  i  p 11 *  — *° 112 

and, therefore,

11 *  -  * 0112 4 -  V/«(*®)(*° -  x) < -  11 A/‘ (*°) 11 11 *  -  *° I 
p P
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So for *  e  X 0( it fo llow s :

x — x°\\ < -  11 V/‘ (*°) |

2° Follows from Theorem 1, since a strongly aw-convex on X  fun 

is strictly am-convex too. on X. and M  x*
Theorem 4. I f  f -  X  s  S* -  K* »

ita minimum point of f ,  then

and

I f  moreover f  e  C1(X ) ffow

v * * X - l l * - * * H « 7 " v ' ‘ W I1 ; 

o  < / > (* ) - / ■ (* • > <  7  l ' ^ w i p -

Proof. From  Definition 2 we have j

(4)

(5)
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As

it follows:

/■(**)

/<**>  +

! / “(*) +  - / “ (** ) -  7  P 11 *  -  * *  11*.
2 2 4

whence we get (3). 
Since x* is a minimum point to /  (and therefore to /«) on A!-, we have 

V* e  X  => V/“ (* * ) (*  -  x*) >  0

and in view of (2):

p 11 * -  ** 112 < (V/“(*) -  Vf*(x*)){x -  x*) =  V/“ ( * ) ( *  -  x*) -  

-  V/«(**)(* -  **j < V/“(* ) (*  -  ** ) «  11 V/“ (* ) || 11 x -  x* 11

i.e. we got (4).
Lastly, in view of (4), for each x <= X, we have 

0 </■(*) -/■ (**) < V/®(x)(* -  **) < 11 V/“ (* ) 11 *  -  * *  11 <  — 11 V/«(*) 11*.
p

Theorem 5. I f f : X  -> R+ is strongly cam-convex and V/“ is Lipschitzian,
i.e. there is L >  0 such that

Vx,y e  x  => 11 Wfa(x) -  Vf*(y) 11 L  | | *  -  y  | |, 

then for each x, y e X  for which f (x )  < f (y ) we have the inequality :

I I W I I  < ^ 2  +  12^*11 A/(y)'|t.

strongTy^on^c^n X 1“  t0 ^  Pr° ° f ° f proPerty 4 of P- 43, since/“ is

(**) C ^ ^ c X d 3 r e la t iv e  fo r^ / if*  am' COnvex fuuction on X ‘ SecluenCe

/(**+1) < f ( x k), k =  0, 1 ,2 ____
We shall need the following

[1. P- 133]. i f  (aA) R is a real sequence such that 

«* -  «*+, > bkah, bk > 0, ak >  0,
then

arn < « 0e x p ( -  , m = l ,  2, . . .
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T h EOKEM 6. Let f : R n -*■ R+ be a strongly am-comex and differentiable 

function and (**) C  * *  a relaxatwe sequence for.f.

Then

and

f* (x m) - / * ( * * ) <  «0 e* p i ~ P  £  —  J 2
l  k -o  I lv/°(**) 11* ) ’ l ’ L ' (6)

xm — x* | ¡2 s* — a0 exp
p

( W-l

- p £ -
*= 0

I lv/°V*) 11. j  • m -  > 2. • • • (7)

©/tcre p is parameter of strongly a.m-convexily of f.

Proof. Denote

«* =  /"(**) — /*(**), * =  0, 1, . . .

If / is a strongly a/n-convex function, then from (5) of Theorem 4, 
we have

ah < -  II V/‘ (**) 112, k =  0, 1, . . .

From (3) it  fo llow s:

x* — x* 112 < -  (/*(**) —/*(**)).

(8)

(9)

But then :

«*  ~  «*+x =  /“ (**) - / * ( * * )  ~ f ' ( x k+1) +  /*(**) =

11 ? / • (* * ) | !■ 2 a . .

Since (xk) 7?B is relaxative for /,

I lv/“(**) 11*

( 10)

b =  /»(*»)-/«(«»+») Q
I \v/*(xk) 11*

and fr°m  lem m a 1 we get

e x p f - P ^ 7 g^ . T . ^ ! l | , ^ 0 ,  1 , . . .

J-e- (6) holds.
^ equ a lity  (7) follows directly from (9) and (10). 

conv^ etnar^ 8. From Theorem 6 it is seen that the relaxation method is
rgent whenever the series

A  /«(*») -/*(**+») 
llv/a(**)ll*
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is divergent. For this it is sufficient that
/tt(, * ) - / « ( , » -H) ^ M ' k > k c '

I |V/“ (**) 11* *

where M  is a positive constant.
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( R e z u m a t )

Fie X  ^  Rn o mulţime convexă fi a >  0. Funcţia / : X  - >  R  se num efte tare convexă în 
medie de ordinul a (tare concavă în medie de ordinul a) pe X , dacă există o constantă p >  0 
astfel incit V*, y e  X , V* ^  [0,1] =>

/((l -  t)x  + ty) [(1 -  <)/«(*) + tf* (y ) _  i(l _  <)p ||* _  y||>],/a.
(^) .

Coeficientul p se numeşte parametru de tare am — convexitate (am — concavitate) a funcţiei /  pe

în lucrare se stabilesc teoreme de estimare privind comportarea funcţiilor tare am — con
vexe în vecinătatea punctului de minim, analoge cu cele cunoscute pentru funcţiile tare convexe 
in sens clasic. Aceste estimări sînt utile în determinarea rapidităţii de convergenţă a diferiţilor 
algoritmi în teoria optimizării, în care intervin asemenea funcţii.
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SUR L ’A S S O C IA T IV IT É  DE L A  CONVOLUTION

PRESQUE-PÉRIODIQUES DES FONCTIONS

IOAX MUiYTEAiV

1. Introduction. On dit qu’une fonction continue *• '/? _  r  * 
périodique au sens de H. B o h r [1] si pour chaque , >  0 il existe / > 7  tel 
que pour tout a e  R  on peut trouver t e  [«, «  +  n vérifiant I xîî +  t) -  
-  x(i) | <  e quelque soit t *  R. On note par A P  l'algèbre compleie deÎ fonc
tions presque-penodiques. Rappelons que la moyenne M  : A P  -  C définie 
par

T

M (x ) =  lim —  Ç x(t)dt, x e  AP,
T-+ oo 2 T J

existe et elle est finie ([1 ], pag. 34—36). F. R e l l i c h  [3] a introduit et 
étudié le produit de convolution x*y : R -> C des deux fonctions x, y e  AP, 
donné par la moyenne

T

(**jy)(s) =  M (xs_ • y) =  lim — [  x(s — t)y(t)dt, s e  R, (1.1)
r—oo 2TJ

On voit aussitôt que x*y <= A P , donc * est une opération binaire dans 
appelée convolution dans A P-

V. R i e s  z et B. S z .—N a g y [4], ¿ ‘Z Z I m L T w ,
stration que la convolution dans A P  est associa ive- propriété à Î'ana-
pag. 253-257, donnent une aPPlicationJ rg S f Dans cette note on propose 
lyse harmonique des fonctions presque-period q . . s ¿ p  qui s 'a p p u ie

une démonstration de l ’associativité de la . rt sïr les théo
sur le produit de convolution, regarde comme erversion des limites,
mues de passage à la limite sous l'integrale et Notons par R

2. Le produit de convolution comme imi Qonsidérons la fonction /• 
l’intervalle ouvert ]0, oo [. Soient x, y, * e  ^
R+ X R -+ C. définie par

A T .
- r

R.

T héorèm e  2.1. Si e >
et u e  R on an

0, i l  existe T 0 «  R+ tel que pour tous T', T "  >  T 0 

}/ (T , u) u) l <  e.
(2-1)



Démonstration. Définissons les fonctions g, h : R+ X R  -> C par

T , T  ■

M) =  -L f y(u — t)z(t)dt et h{T, « )  = - j r  J 0 * (—*)<&•

T ® °

Étant donné que / =  ±  (g +  A), le théorème sera établi’ dès que l ’ on met

en évidence un T 0 e  P+ tel que pour tous T  , T  >  T j  et w s  JJ on ait

|g(r, n ) - g { T " ,  «)| <  e’ et \h{T,  u) -  h (T " ,  u) | <  e. ‘ (2.2)

Puisque les fonctions y, z e  A P  sont bornées, il existe L  >  0 tel que 
| v(t) | ^ L et | z(t) | < L, t e  R. D'ensemble constitué des fonctions y et z 
est également presque-périodique ([1 ], pag. 31—32), donc il existe / >  0 tel 
que pour tout a e  R on peut trouver t <= [a, a -(- /] vérifiant

I y[t +  t) -  y(t) \ < j -  et I z(t +  t ) -  z[t) I <  -f- , / e  R. (2.3)
oL  o  L

Notons T 0 =  16 /L2/e. Soient T ’, T "  >  T 0 et u s  R. Si l ’on écrit que 
la fonction g(T, u) est continue dans les points T  =  T ' et T  =  T ” , on peut 
choisir deux nombres rationnels 7\, T 2 >  T 0 tels que

I g(T’, u) -  g(Tlt u) | <  -i et | g (T " ,  u) -  g (T 2, u) | <  ±  . (2.4)

9.nna W/M> où m et n sont des nombres naturels. Pour tout k e
’ T 1 existe xk e  [(£ — 1) p  (Æ — 1) T x +  /] tel que les inégalités

(4.d) soient vraies, donc ' 1 • H

|y(u -  ¿) *(/) _ y{u __ ^  +  ^ | ^ | ^  _  ,) _  y (u Z(t) | +

+  I [*W -  z(t* +  /)] y (M -  T t ) \ < - L +  —  L =  -
8L 8L  4

et, par suite,
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\g{Tltu) ~ g {n T lt M)| =  

___ i - f
* t. £  \ y{u ~ t)z {t)d t

- 1 T 1

n ,

~  <) * ( 0 *  —

1 " 

n rr,*=i

; Tt
Y  JM« - o -

+ —  J jy ( « ~  ¿)*(*)<ft +
(*-i)r,
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y  J y ( « - Q  * m
kTx w fci “ J I M « - * )  * (0 —

■ y(u  -  T* -  /) z(T*+ /) | Æ +
Tt ^ 1 Ê Î - - i î 'i  +  — )= :»  r, 4 1 ~  t , !

2/Z.*
4 ' r.

De la même manière on arrive à l ’ inégalité

| g (r 2, u ) - g { m T 2, «)J < 7  +  ^ -

(2.5)

(2 .6)

De (2.4), (2.5) et (2.6) on déduit la première inégalité (2.2) :
I g (T '. u) -  g {T " ,  « )  | < | g(T\ u) -  g {Tu u) | +  | g (T v u) -  g ( «T 1( « )  | +

+  | g (m T2> u) -  g (T 2, u)\ +  | g (T 2, u) -  g [T ", M) | < i - f. l + ^  +
O 4 i i

, e . 2I I *  , c 3c . 4H----------- —  <  — ---- =  c.
4 r2 8 4 r0

On raisonne de même pour aboutir à la deuxième inégalité (2.2). 
Remarque 2.2. Lorsque les fonctions y et z vérifient y(u — f) =  x(u +  /)

et z{t) =  *(/), où *  e  A P , le théorème 2.1 a été établi par ïï.  B o h r  [1]. 
pag. 38—39.

Soit s & R. Considérons maintenant la fonction/,: R X R+ C> définie 
par

u
/,(/, U) =  ^   ̂ z(s — u) y(n — t)du> t e  U & R+.

-u
I ê raisonnement de la démonstration du théorème 2.1 conduit au résultat
suivant :

T h é o r è m e  2 .3 . Si t > 0 ,  il existe U 0 e  R+ tel que pour tous U', U"  >  
>  U 0 et t e  R on ait

| /,(*. V )  -/.(*. U") I <  c>
C o r o l l a i r e  2 .4 . S i  U e  R+, alors

f (T ,  u)x(s — u )->  (y*z){u)x{s ~~ w)

uniformément pour «  e  [— U, U ] lorsque T  ~*.p' t  bornée, il existe L >  0 
Démonstration. Puisque la fonction x t  du théo-

w  que | * (() I < L . , .  R. Soit .  > 0 .  Ou associe à £  le uomb,e T . du

(2-7)
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rème 2.1. Soient T  > T „  et u e  [ —U, U] .  Comme la moyenne \
on peut trouver un Tu >  T  tel que zi\u) existe^

\f(T*> u) — [y*z){u) \ <  — ■2L (2.8)

De (2.1) et (2.8) on déduit (2.7) :

1/(7,«) x(s - u ) -  (y *z){u)x(s -  u) | ^ | [ f {T,  u) u) ] x(s -  « )  | +

+  IU{T«> « )  -  (y * * ) ( “ ) ]  x(s -  u) | <  e.

Corollaire 2.5. Si T  & R+1 alors

f,(t, U)z(t) -+ (x *y )(s  — t)z(t)

uniformément four t e  [ - T ,  T ]  lorsque U  -+ oo.
Démonstration. On répète le raisonnement de la démonstration eu corol

laire 2.4, en utilisant le théorème 2.3 au lieu du théorème 2.1 et on tient 
compte de * 1

u
(x*y)(s ~ t )  =  lim —  f x ( s ~ t ~  u)y{u)du =

(/-►oo 2 l7 j  
- U

- V U U+i

=  J™ ¿ [  \ +  J +  \ ] x (s ~  u)y(u -  t)àu =  lim f s{t, U ).
-u+t -u u c;“1'00

limites Pass?9e  ̂ limite sous l’intégrale et d’interversion des
desquels oeut êtrf» +S bes?m ^  ,deux théorèmes classiques, la démonstration 
desquels peut etre trouve en [2], pag. 666-672.

in té g ra S f^ s fJ 'h  i ° iCnt Q s R +’ <P '• R + X [ -  Q, Q]  -> C une fonction 
et Z - [ - 0  0 Z c  RleT Z paV apt o r t à q ^  [ - Q , Q] pour chaque P  & R+ 
? e  [ -  <?, Ç] lorsque P  -> {Z * »}0*  donnee: 9Î-P, ?) 9o(?) uniformément pour

V, VJ Lorsque P  -  oo, alors <p0 est tntégrable au sens de Riemann et

v ï  Q 0
} 9(P, q)dq =   ̂ [Km <p(P, q)]dq =  f  9o(q)dq.
—O *' ~̂*-00 lv -Q J*

données. Si F (T, R+, x  R + G ei G, H  \ R + -> C trois fonctions
-* H(T) pour chaque T é R Un'{°rmf ”\ent Pour U s  R + quand T -*oo e tF (T , U )-*  
lim lim P/r rr. i  1 an V  -* oo, aiors les limites lim  lim  F (T ,  U ) fil
a  p i? , u) «  mes smt kaUs T-+CO U-+co

définie°par * ’ ^’ 2S et R- Considérons la fonction F s : R+ X R+ G>

F.(T, V) =  _L J.
2T 2U

T U

 ̂  ̂ x{s — u)y(u — t)z{t)du dt.
- t - u
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C o r o l l a i r e  3.3. Si T e  R+i aiors

T

F s(T > U ^ ~ \  (x * y)(s-t)z(t)dt lorsque U *  oo.
- T

Démonstration. Le corollaire 2.5 
à la lim ite sous l ’ intégrale :

et le théorème 3.1 permettent le passage

T U

h m F ^ r , U) =  1  J [lim  ±  j  x(s _  u)y(u -  t)du\z(t)dt =
- r  -i/ -*

t u  T

=  ÏT  S f e  ïù  S * (s ~~1 ~  «)> (*)< *«] ^  $ (x * yKs -
— T — C/ _ j*

Corollaire 3.4. On a

u
F,{T, U) *  1  J x(s -  u)(y * z)(u)du (3.1)

- u

uniformément pour U  e  R + lorsque T  -* oo.

Démonstration. Puisque la fonction x e  A P  est bornée, il existe L  >  0 

tel que \x{t) L , t R. Soit e >  0. On associe à ^  le nombre T 0 de théorème

2.1. Soient T  > T 0 et U & R +. Le corollaire 2.4 et le théorème 3.1 permettent 
le passage à la limite sous l'intégrale :

a y
lim F,{V , U) =  ^  J x ( s -  u) [jim  ± ^ y { u -  =
_>0° - u  - y

u
=  -L f  X(s -  u)(y * z)(u)du.

2 U  )
-  U

I l en résulte l ’existence d’un T 0 >  L 0 tel que

U
F t(T , U ) -----l-   ̂ x(s — u)(y * z)(u)du

- ü 4
< r

(3.2)

4 — Mathematica 2/1980
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De (3.2) et (2.1) on obtient 

u
| W  0) “  J x(s ~  u)b ’ * z) (u)du < l^ (? \  U ) -  F i {T u> U ) ( +

-U

+

U

F,(Tu, U) ~ ^ \ x (s ~  *>(ÿ * x)(u)du <

+

U T *U

~ \ *(s ~  M) [¿7 \ y(«~- t)*(W  -  { y(« -  t)z{i)dt h u
-v  " -T v- )tv J

U

~2 ^  ZU \ ^ u)\du +  ~  <  £•

4. L’associativité de la convolution dans AP.

ce pTHf 0RÈ.ME , 41 (£• R i e s z  et B- S z . - N a g y ) .  Si x, y, r e  A P  et 
s® Rt alors (x * (y * z))(s) =  ((x*y)*z)(s). -
o , ^monstration. En utilisant successivement le corollaire 2.4, le théorème 

th é f î Im A o’ M) ~ f i T ’ ÿ X^ ~  * ) ’ w s [ -  U> u l  les corollaires 3.4 et 3.3, le

=/.(<“  W ) <V« [ -  T  f ]  „ T “ “ "  25  “  ' '  th4° rème 31  ° VeC <P(' ’ V)  =

(X * ( y  *  z ) ) ( s )  =  lira ±  $ x (s  _  u ) { y  * z ) ( u ) d n  =

-U
U

Î^ 2 Ù  \ M)* (s - « ) ]  du =  lira —  lira C f ( T ,  u)x(s -  u)du =-U u-,co 2t/ r-oo J J ' ' v '

&  F‘( r ’ = Tlim «m F,(r, C7) =
T T-+CO U-+CQ

T"*“  2 r_ i  ^  = i i ,  è  $ ( * * > » ) ( « -  t)x(t)dt =  ((% * y) * *)(«)•

Remarque 4 2 ,Si a
>W Par M  C l 1? & * 8 “  O-.l) du produit *  .  J, on remplace le 

((^ , r r *(/) = ÿ u ) ~  ..j3 ,on correspoudante *  n’est plus associative. 
« ‘ • J M M  = 0 .u  «  - * W  ou a l x . ( y . i ) m  tandis que

— T

(Manuscrit reçu le 10 iu ** 1979)
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(Rezumat)

Se prezintă o demonstraţie a teoremei lui F. Riesz si B. Sz. —Nagy asupra asociativităţii 
convoluţiei în spaţiul funcţiilor aproape periodice. Demonstraţia utilizează produsul de convoluţie, 
privit ca limită uniformă, şi teoremele de trecere la limită sub integrală şi de intervertiré a Urnite
lor.
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THE ENIGM ATIC V A R IA B L E  S TA R  R T  P E R S E I

IO AN TODORAN

The variability of R T Persei was discovered in 1904 by Ceraski (see Ahnert 
1974). Since that time, this star has been intensively observed in order to obtaiu 
large series of minima and to pursue the corresponding period variation.

For the first time, D u g a n  [2], using all available minima, found that 
the „observed”  O—C differences were beautifully represented by a light-time 
orbit’ with a long period of 37,2 years. Therefore, the observed minima up to 
1937 showed a periodic variation in the length of the short period and it was 
explained by the hypothesis of the presence of a third component. But soon 
after Dugan’s paper was published, the next series of observations showed sys
tematic deviations from the predictions. That is why, in the next years the 
problem of the period variation of the eclipsing binary system R T  Persei was 
discussed by several authors: V a s i l i e v a  [8], T  o d o r a n [7], F r i e b o e s  
— C o n d e and H  e r c z e g [3], A h n e r t  [1] etc. Nevertheless, the new 
observed minima and their O—C differences make it conspicuously necessary 
that the problem of the period variation of R T  Persei should be resumed (see 
also M a n c u s o  et al, [6]).

Now, if Gi and G denote the mass centers of the eclipsing binary system 
and of the postulated triple system respectively, in figure 1 the motion of Gl 
around G in a long-periodic orbit is represented. Here the common notations 
for the orbital elements are used : to =  periastron longitude ; r =  radius vector ; 
i  =  inclination of the orbital plane Q.B13 to a plane which is tangent to the 
celestial sphere at the origin of coordinates (G ); 0 =  longitude o f Gx reckoned 
from G B ; v =  true anomaly, and t0 denotes the instant when the eclipsing binary 
system passes through periastron. With these notations, we have at once

z =  r cos 0 sin i (1)
where

(3)

0 =  w -(- to — 90°

Now, if c represents the velocity of light, we may write

t =  i- — asia» \r . r
, I ~  S1R v • cos (o -)—  cos v • sin i
e c l *  a j

Q f t h e ^ r r ? ?  <̂ 1 arou?d G causes a periodic change in the l e n g t h

ponding 0 —C diffW* °* aa binary system. In  such a case, the corres-
pontnng u C differences will be defined by the formula

0 _ C  =  t +  r 0 +  N . p x (4)

o> and P l are the „constants”  in the linear ephemeris

T 0 +  N ' P X
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I t  is easy to see that in the case of R T  Persei, in the corresponding 0 —C 
diagram besides the periodic variation there are some sudden changes which 
could be caused by some abrupt period changes. The latter may render an eva
luation of the periodic variation difficult. Nevertheless, F r i e b o e s - C o n d e  
and H e r c z e g  [3] find a thoroughly satisfactory representation of all available 
minima if, in addition to the periodic variation, t , a relatively sudden decreasing 
of the period P t is postulated. But, again, the new minima observed after 1973, 
showed that the above mentioned sudden change of the period is not satisfactory. 
That is why we consider that this problem must be resumed. With this end in 
view we have brought together 342 minima observed by different observers 
and 38 normal minima have been performed. The corresponding results are given 
in Table 1, where the following ephemerides are suited :

Miu.hel. =  7^2419550.251 - f 0-18494135 • N lt t < 1912,
Min.hel. =  JD2419550.251 +  0.8494061 ■N1, 1912 <  t < 1956,
Min.hel. =  /D2435433.296 +  0.8494033-N, t >  1956.

These ephemerides have been used in order to obtain the corresponding 
„observed”  ((?—C )0 differences. The results are given in the fourth column of 
Table 1 and they are represented by full dots in figure 2, where the abscissa 
is the heliocentric Julian Data.

Consequently, once more, a new sudden change of the period P v somewhere 
around /D2435433 (1956) must be postulated, if we are going to consider that 
the periodic variation in the „observed”  O—C diagram is caused by the presence 
of a third component.



Min.
2401

16S3<
1724:
1783:
1861;
1903;
1965i
20101
20451
2137;
22381
2352*
2448*
24791
26101
27161
2838:
2959:
30831
31741
33041
3364]
345&
35432
35731
3610'
36471
37101
37561
37991
38681
3909*-
3956]
4082:
41321
4168-
4198i
42611
4337;

1
<J?C?

opi
0,00

0.01

0,02
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Table 1

hel.

778
499
600
064
275
841
530
284
637
426
624
448
726
806
563
211
863
006
878
483
061
446
310 
598 
337 
071 
629
311 
504 
518 
225 
393 
001 
145 
892 
181 
234 
202

0*f

II N ( 0 - C ). ( 0 - ■C)c

11 -  3191 +0d.005 + 0 f0 0 6
14 -  2711 + .008 + .009
14 -  2021 + .014 + .013
11 -  1101 + .017 + .017
2 -  611 + .016 + .018

14 +  129 + .017 + .018
13 +  649 + .014 + .017
5 1069 + .018 + .016
4 2149 + .012 + .013
3 3339 + .008 + .007
8 4679 + .002 + .001

11 5809 — .003 — .004
13 6179 _ .005 — .005
4 7719 — .011 — .011
6 8969 — .011 — .015
8 10399 — .014 — .017
6 11829 — .013 — .012
6 13289 — .003 — .004
3 14359 +  * 005 .000
7 15889 + .018 + .010
9 16589 + .012 + .014
7 17629 + .015 + .017

15 18699 + .014 + .018
12 350 + .011 + .017
12 790 + .012 + .016
11 1230 + .009 + .015
16 1970 + .008 + .013
11 2510 + .013 + .010
4 3020 + .010 + .007
4 3830 + .007 + .004

13 4310 + .001 + .002
7 4860 — .003 .001

11 6350 — .006 __ .0075 6940 — .010 . .0099 7360 — .012 _ .0107 7710 .014 _ .01211 8460 — .014 _ .01415 9350 - 0 .015 - 0 .016

P  =  0^.8494135

P = 0 . 8494061

P  =  0.8494033

(I 9 «(
« v B B • . ©• • ©*• • •• • O .

99o

JU
1600 2C2TC0

• Obitrvot,on* 
O computations

242600
I

243100
J____u.

24 3600

|3 0.
24 4100

Pi g .  2
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I t  is already a well-established observational fact that there is a great 
number of semi-detached systems whose periods are characterized by sudden 
changes, rhat is why the two „observed”  sudden variations in the orbital period 
of R T  Persei could be considered as being real phenomena, and we must take 
them into consideration if the presence of a third component is postulated.

Of course, th e ,,observed sudden changes in the orbital period of an eclipsing 
binary system must be regarded as a disturbing phenomenon in the periodic 
variation of the O—C differences. That is why, we must remove them before 
the corresponding parameters of the long-periodic orbit should be determined.

From the three above established ephemerides and the „observed”  0 —C 
diagram (full dots in fig. 2), it is easy to see that the period of R T  Persei is 
shortening.

Now, if we take also into consideration the well-known fact that the ecli
psing binary system R T  Persei is a semi-detached one (see Z. K o p a l  and 
B.M. vS h a p 1 e y [5]), that is, the secondary component is overfilling its critical 
Roche surface, we may consider that the corresponding period shortenings 
could be caused by the secondary component instability. In addition, we may 
postulate here the fact that some peculiar positions of the close binary system 
in its long-periodic orbit could be favourable circumstances for the growth of 
such instabilities. As an exemple we could mention here the passage of the ecli
psing binary system through the periastron of the long-periodic orbit.

Now, from the available 0 — C diagram (see Fig. 2) we have determined 
the following constants:

the abscissa of the first maximum =  JD2419300,
the abscisa of the second maximum =  /D2435000,

and then

P  == 15700 days# 43 years 

n =  2ti — =  3600 =  0°.0195
^  p  15700

e cos a) =  0,25 

e sin =0,076

a sin i =  3.04 a.u,

=> to =  17°, ' £ == 0,26

¿02 =  /Ö2432459 and =  /D2416759.

t < 1956,

t >  1956.

q =  ^ { T 0 - t 0) = 6 4 ° , :

=  87°

of » S C  Ä
of the short period: h =  /Z)2419500 and L  =  /D243o43d, it is easy to
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the two observed” abrupt variations occur somewhere around the two maxima 
of the observed” 0 - C  diagram. In other words, the two sudden changes of 
the short period occur somewhere after the eclipsing binary system has passed 
through the periastron of the long-penodic orbit. That is why the above presen
ted results may be regarded in good agreement with the hypothesis of the secon
dary component instability, such instability being also favoured by the corres
ponding position of the binary system in its long-periodic orbit

If we take into consideration the two masses : mx =  1,6 and ni2 =0.36 m0 
(see Fr i eboes - Gonde  and He r c z e g ,  [3]) we can write

f(m ) =
m\ sm*i __  (a sin i)3

(m. +  m. +  »*»)* P*

whence
mj sin* t __ (3.04)*

(1.96 +  m,)‘ ~  43*

Now, if we consider the inclination of the short-periodic orbital plane 
t =  86!9 (see Z. K o p a l  and B.M. S h a p  l e y  [5 ]), and if we assume that 
the short- and long-periodic orbits have to lie almost in the same plane, we 
can write

60° <  i  <  90°

and as a consequence, it follows

m, a  0.5 mQ

In order to „prove”  the validity of the above determined orbital constants, 
the following empirical formulae have been established for the computed (O —C)c 
differences:

[0 -C )t =  0“. 017 sin(0°.0195N1 +  81°) +  0*.0022 sin2 (0°.01951V1 +  73°), t <  1956

[0 -C )c =  0.017 sin(0.0195AT - f 85°) +  0.0022 sin 2(0.0195N  +  77), t >  1956,

and the corresponding results are listed in the last column of Table 1. In  figure 
Z these results are represented by open circles.

From a great number of situations in which the change in orbital period 
may be caused by mass ejection, we shall consider here only the so-called slow-
[4])* is Dgiven ^ y * ’ ^enera* asPect of the period variation (see H u a n g ,

— i =  +P ------------ +  — 1| +  3 — 4-3 _£®f_ (5)pi *»i + m, l >»! m, ] ' h0 1 -  «>

are masses of the two components, e =  orbital eccentricity 
=  anaillar mrkm^nfum nor ii n mQQQ

,r T>m -n--- •  ̂masses O I_______ __ v/uv.̂ vo  ̂ _____
Tn ~  aa<̂  *0 =  angular momentum per unit mass.

transfer 8 ^  -f- m„) =  0, 8h0 =  0 and fromIn the case of simple mass 
(5) we have at once

*pi _  g m, — m, 8m,
Pi m, m,

(6)
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Since m1 >  m2 and —3(«i1 — m2)jml <  0, we must have —  >  0, as

being caused by a mass ejection hn2 <  0; while for RT Persefwe have 
SPJP i  <  0. Therefore, such a case is not suitable for our problem.

When the particles ejected from the less massive component form a ring 
around the more massive component we may suppose that there is a change only 
in orbital momentum and S(mx +  m2) =  0 remains further valid. In such a case 
(see Huang, 1963) we have

SP] _  a S»»2 .
pi m%

OL

(mt + m8)gtli/2 
m ^ I  — e2) ]

(7)

For SP i!P i  <  0 and Sm2/w2 <  0 we must have a >  0. That is why, a 
being computed for different values of a,¡a (a{ =  ring radius), from Huang’s 
Table 1 ( H u a n g ,  [4]) we have a >  0 for

a(ja > 0,45 and for w2/mi =  1/4.

Now, from figure 3, we can see that a^a cannot be greater than 0,5, which 
is the radius of the corresponding Roche-lobe. Therefore, if the two above consi
dered assumptions are true, around the more massive component there ^ih 
be a small ring, its radius being 0,45 <  a,/a <  0,51, where a is the corresponding 
orbital radius.

From observations we have

i£ i  _  _  (F.0000094 and — 0'.0000035
Pi

P i g .  3.
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and if * e  adopt «  =  0.5. from (7) wo have
§wlj _  _  0.6- 10- si»G and Sm2 =  — 0.2-10 5 mQ

respectivelv.
Remark. In order to explain the observed O - C  diagram of R T  Persei, 

two effects are simultaneously considered: the presence of a third component 
and the mass ejection from the secondary component. In  such a way between 
the observed and computed ordinates (see figure 2) there is a satisfactory agree
ment. But, in order to prove the validity of the two assumptions, new series 
of photometric observations are required in order to see if the observed and 
the „empirical”  curves will further remain in the same good agreement. Also 
a comparison between the O—C curve and the changes of the radial velocity of 
the eclipsing pair could furnish, in principle, conclusive evidence for or against 
a light-time hypothesis. That is why, spectroscopic observations would be of 
a great importance for RT Persei.

(Revived August 30, 1979)
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STEAUA E N IG M A T IC Ă  R T  P E R S E I  

(Rezumat)
în prezenta lucrare luînrl .,

autori, se studiază variaţia nerinriio- consi7 er^r^ toate momeutele minimelor observate de diferiţi 
teza prezenţei unui al treilea corn ste êi Persei. Se ajunge la concluzia că ipo-
două salturi bruşte în durata a • 1 s}*?lkiută numai dacă se admite existenţa a cel puţin
ponentei secundare a sistemului orbilt.ale* Aceste salturi sînt atribuite instabilităţii com-
fi de anumite poziţii speciale ne car* Psrsei, instabilitate care poate fi favorizată

poate avea binara respectivă pe orbita sa lung-periodică.
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S P A Ţ II 2-METRICE G ENERALIZATE

D. DOUŞAIV

1. în  lucrarea 2-metrische Räume und ihre topologische Struktur, apărută 
în 1963 (Mathematische Nachrichten, t. 26, pp. 114— 148), S i e g f r i d G ä h l e r  
studiază o clasă de spaţii, spaţiile 2-metrice, care pot fi privite ca analogul 
bidimensional al spaţiilor metrice. Ideile lui S. Găhler îşi au punctul de plecare 
în lucrarea lui K . M e n g e r, Entwurf einer Theorie der n-dimensionalen Metrik, 
apărută în 1928.

Prin spaţiu 2-metric, S. Găhler înţelege un cuplu (X, p), unde, X  este 
o mulţime oarecare iar p : X  x X  x X  -* R, o aplicaţie satisfăcînd următoarelor 
axiom e:

(la ) x, y <= X , x *  y => 3 z e  X :  p(x, y, z) ^ 0;

(lb ) p{x, y, z) — 0 o  x =  y  sau x =  z sau y =  z ;

(2) p(*> y. z) =  ?{*> z. y) =  p(y>z, *); v %, y, % & x
(3) p(x, y, z) <  p(x, y, t) +  p(x, t, z) +  p{t, y, z), V x, y, z, t e  X

Aplicaţia p cu proprietăţile (la), (lb ), (2) şi (3) se numeşte 2-metrică, 
iar numărul p(x, y, z) se numeşte măsura tripletului (x, y, z).

Din axioma (2) se deduce că măsura unui triplet nu depinde de ordinea 
punctelor; din (lb ) ,(2) şi (3) rezultă că ea este nenegativă.

Prezenta lucrare îşi propune să generalizeze noţiunea de 2-metrică, con- 
siderînd funcţii de măsură cu valori într-o structură mai puţin restrictivă decît 
aceea a numerelor reale.

2. Fie (Sil, «:) o mulţime parţial ordonată oarecare. Notăm cu „ 4 “ 
relaţia de ordonare parţială, definită în mod natural în 5It X  ofll X SUL, prin .

(a, b, c) 4  (« i, bx, cx) o  a < ax, b < bx, c 4 cx.
d ci

Considerăm o operaţie ternară <p: Î1L X SSL X -> Slt, care satisface
condiţiile:

(<Pr) 9(a, b, c) =  <p(a, c, b) =  9 (b. c, a), V a, b, c e  SSL; 

(?*) (a, b, c) 4  (av bx, cx) => 9 («, b, c) <  <p{ax, bx, cx) 

în  sfîrşit, fie 6 £  #H.



60
D. BORŞAN

DEF.OTIA (2-1)- P™,:.2;?LetI iCX  T X  x‘ “ “
mulţimea X, înţelegem o aplicaţie p

(mai scurt g-2-metrică) pe 
cE, satisfăcînd următoarele

axiome :

(PJ  3 ' * * •  3
(Pu) Vfi e  S: p(*. y, z ) < e o x = y ,  sau *  =  z, sau y  -  z ;

(p*) V*, y, z e x  '■ p(*» y » z) =  p(*> z* y ) =  p^ ’ z< ^  ’
(Pj) V*. % t e X: p(*, z) < <p[p(*. jy. 0» p(x> z)> p(** Z)1

p(*> .y» *) se numeşte g-masura tripletului {x, y> z ) , cuplul (A , p) se 
numeşte spaţiu g-2-metric. ^

Observaţia (2.1). Dacă putem defini o g-2-metrică p : A  X A  X A  -> §H, 
atunci 6 admite minoranţi in i in caz contrar, cerinţa (pi^) nu ar putea
fi îndeplinită. Urmează că, dacă (SH, < ) are un cel mai mic element m0, atunci
$£ M \ {» i0).

Observaţia (2.2). Conceptul de g-2-metrică generalizează noţiunea de 2- 
metrică a lui S. Gâhler. într-adevăr, dacă Sil =  R + (mulţimea numerelor reale 
nenegative), cu ordonarea uzuală, operaţia ternară <p o interpretăm ca adunarea 
uzuală (adică <p(a, b, c) =  a +  b +  c, Va, b, c e  R +), iar S =  R +\ { 0 } ,  atunci 
orice g-2-metrică pe A  este o 2-metrică în sensul lui S. Gâhler.

Exemplu (3.1). (de g-2-metrică). Fie M  o mulţime oarecare (care conţine 
cel puţin 2 elemente) şi Slt o algebră de părţi ale lui M  (care nu se reduce 
la {O, M }. Definim ordonarea parţială „  g  SH X SE prin A ^  B o  A £  B

dcf
şi operaţia 9: SIL x SHxSE -► SE prin 9(4, B, C) =  A (J B (J C, pentru A, 
B, C e  SUL; considerăm E =  SE\}<!>}. Atunci 9 verifică condiţiile (9J şi (92). 
iar aplicaţia p: SE x SE x SE -*■ SE, definită prin

P (A, B, U  B U  C \ A  D B f l C  dacă A *  B şi A *  C şi B *  C 
$ în caz contrar

este o g-2-metrică pe Sil, în sensul definiţiei (2.1)

• , "K ¥ enSer au. a fost preocupat de introducerea unei topologii cu 
inp !1 tb UnC1 M‘m®tnc1, S. Gâhler defineşte topologia într-un spaţiu 2-metric 
metricI enr1?HÎ?e“te- ^ P 010̂ *  naturală) de aŞa manieră încît, în R " (n > 2)

w t r i c t f e  ,2^ T R.e xd i i a: v +ă d T n % at r Pl topolo8ie' unde

1 rv «i Oj 1 2*

2 ¿L/*<; fc fo 1
L ï< Yi 1

K  Y<(* =  1. »)

uonatele punctelor a bl c e  Rn

definim o to p o lo g ie i ^-2-metric, ne propunem în cele ce urmează să
cular cînd p este o O-mot-r' ™ e|ata de g-2-metrica p şi care, în cazul parti-
£  f l o l i  1«.- tilCă, să Coincidă P il  t rm n ln c r i  a  -na f i i  -ro l a r l i a f i n î t ă  dcS. Găhler.

1 • v  ^  m O  ^  y l  v u l  1 1  1 L I L d u U I

trica, sa coincidă cu topologia naturală definită de
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Facem notaţia

K ( x> y ) =  { z * X  I P(x, y, z) <  e}, unde x, y X  şi e $. 

D e f i n i ţ i a  (3.1.). Topologia care admite ca subbază familia 

S =  { K (x> y) I y e  X, e e  S}

se numeşte topologia generată de g-2-metrica p şi se notează cu fip.
Din definiţia (3.1) urmează că familia Si>, a mulţimilor de forma

n
P  V« ( xi> >’i) (intersecţii a unui număr finit de elemente din 6), este o bază a topo- 
♦ ■*1
logiei $rp. Prin urmare, familia tuturor mulţimilor de această formă, care con
ţine un punct x e  X, formează o bază de vecinătăţi ale punctului x. Folosind 
proprietăţile unei g-2-metrici, şi făcînd anumite ipoteze suplimentare asupra 
mulţimii 6, putem ameliora acest rezultat indicînd baze de vecinătăţi mult 
mai convenabile.

Introducem în prealabil următoarele notaţii. Pentru o mulţime oarecare 
A, notăm cu â(/4) familia tuturor părţilor lui A şi cu 20(/4), familia părţilor 
finite ale lui A.

Presupunem că mulţimea E satisface următoarea condiţie:

[ EJe0 e  «  s  iii, a <  c0 => 3 ex e= §3 cp(a, ev e2) s$ e0

Observaţii (3.1). 1. Dacă =  I l +, 6 =  R +\ {0 }  şi 9 adunarea numerelor 
reale (deci ne găsim în cazul unei 2-metrici), ipoteza (E t) este satisfăcută.

2. Dacă Si, 6 şi 9 sînt cele care intervin în exemplul (2.1), condiţia 
(Ex) este îndeplinită. într-adevăr, dacă A e  SUL, E 0 e  6 şi A C  £<• (incluziunea 
strictă), punînd E X =  E 2 =  E  0, avem evident 9 (A, E v E 2) =  A (J E X(J E 2 =  
=  A U  E 0 =  E 0.

T eorema (3.1.) Fie [X,  p) un spaţiu g-2-metric şi x un punct oarecare 
din X . Familia de mulţimi

•\?l =  i W r : ( x )  =  O  V Â X> ^ ) l  S  e  s o (X  X  « ) }
l (y.*)€ s f

este o bază de vecinătăţi ale punctului x.
Să observăm, în primul rînd că *  ^  Wz{x) (pentru orice S f  20(X  X 

X 6)). într-adevăr, avem P(x, y, x) <  e pentru orice e e  8 Şl orice | e  X  
(în baza axiomei ( p j ) ,  deci *  e  Ve(x, y), pentru orice (y, *  Ş, a^ ? t i*  ea
S PFs (x). Cum w J(x) e  fi urmează că, pentru orice S e  S0(X  X 6),  mulţimea 
Ws(x), este un element al bazei fi, care conţine pe *, deci o vecinătate a 
lui x.

Demonstraţie. Cum am menţionat mai sus, elementele bazei fi, care con 
ţin punctul x, formează o bază de vecinătăţi in x ; sa o notam *• 
fi suficient să demonstrăm c ă :

V F * .e , '? î3 F °  ^  *?;■: Va £ V*.
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Fie acum V* =  f i  VH(x{, yt) *  1*x, deci x ^  V* ^  S>.

Demonstrăm că ’există 2 e  30(X X 6), astfel că *  e  W^(x) =  F° c  
c V*. Avem:

*  e  p| Vt{x„ yţ) => Vi c  {1, 2, . . . , » ) }  : *  e  V J x u y t) =>
• -1

=>Vi e {1, 2, :p(*/f *) <  Ci-

Notăm p(x0 y¡. x) =  f 4 ^ SKi, i =  1, « .  Cu această notaţie avem /,• e  Slt, e< e  g 
si <  e. ; în baza ipotezei (£'1), urmează că există ei şi e"¡ în mulţimea 6, 
astfel ca! <ţ(fi, ei, e') < eit pentru fiecare t s { l ,  2, Considerăm acum

S, =  { ( 4  *,). (e l yt)} şi W ^(x) =  V/. (x, x{) f| Vt’ (x, y t).

Vom demonstra că: W ^ x )  £  Vt.(xit y{). Pentru aceasta, fie x* e  W^.(x). 
Urmează că p(x, xit x*) <  e\ şi p(x, yit x*) <  e’ . Conform axiomei (p3) avem 
însă

p(xit yit x*) ^ q>[p(*<t yt, x), p(Xi, x, x*), p(x, yit X*) ]  <  <p(fit ci, ei) Ü e{ ; 
din p(x„ yit x*)’ <  e¡, deducem că x* e  Vt (xit yt)  şi cum x* a fost ales arbi
trar în Wz.(x), urmează că WSj (x) £  Vei(x0 y,).

Consideraţiile făcute rămîn valabile pentru fiecare i  <= {1, 2, . .  ., nj. Să 
considerăm acum mulţimea: 2 2

2 =  }(* t. c{), (yx, ci), (xt, 4 ), (yit 4 ) ........ (*„, e'n), (y„, ei,)} *  20(X  x  «). Cu
n

notaţiile adoptate Wz(x) =  P  W^Xx).
•=i *

Avem aşa dar:

n n

Wz(x)  =  P l W z.(x) ^  P l V A xi> Vi)- Cu aceasta teorema este de-
• -  i * t=i *

monstrată.
Impunînd noi condiţii mulţimii fi, vom putea indica baze de v e c i n ă t ă ţ i  

şi mai avantajoase.
O asemenea condiţie este ipoteza (E  No)*
(i?No) Există o mulţime fi0 £  fi cu proprietăţile:

W cârd fi0 ^ No

V« e t  3*0 e  fi0: e0 ^ e.
T eorema (3.2). Presupunem că & satisface ipotezele (¿¿x) şi (E  tto)*

P : X  X X  x  X  Sfll este o g-2-metrică şi fi0 c  fi este mulţimea furnizată de 
condiţia (E  No), atunci familia
M  =  { Wz (x) I 20(X  x  fi0) }  este o bază de vecinătăţi pentru punctul x ^ X -
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Demonstraţie. Evident c  <\»o _  /u/ / \ „

monstra că oricare ar fi S e  a /v v  2" ^  x  s)}- Vom de-
W 's.M  s  w z(x). S‘ ÎX  X 2 . •  a .(X  X J„), astfel *

Fie deci WT(x) e  f °  ri1 y  =  0 /v ■ „
y  _  r/v . „ t i v _ î ~-i *’ . o(V x  8). Pentru comoditate scriem

*' i V cu observaţia că elementele v e  Vcî ,
nu sint neaparat distincte. ntele 51 elementele «,• e  §,

în  baza ipotezei (E  # 0) avem :

Vi e  { 1, 2, 3c° e  g# • ^ c,; Considerăm

S « ~  {(■?*' **) I * ~  1j n} e  S0(X  x £„) şi arătăm că 

Wz,(x) — WE(x). Intr-adevăr avem :

* e  W2.(%) =  n  V* (x, yf) ♦  V* e  {1, 2, e  V>(x, y{)=>

=> Vî e  {1, . . ., « }  : p(x, y(, z) <  ^ c. =► W ® {1, ;

* e v«(* . y<) v,.(*, * )  =  wE(x).
* — i

Cu aceasta teorema este demonstrată.
Să introducem acum o nouă ipoteză asupra mulţimii S, ipoteza (E2).

(E t) 5̂  ® ¿2 ^  i  3e s  i  . î  ^ iji î  ^ ¿2*

Observaţie (3.2). Dacă (8, s?) satisface condiţia (F2), atunci orice parte
finită a ei admite minoranţi în 8.

Dema (3.1). Dacă (3, < ) satisface condiţiile (E X 0) şi (Et), există un şir 
de elemente din 8, {en)naN, cu proprietăţile:

W

(ii)

V» ® N : en+1 < eH ; 
¥< s  (  3 » e  N :

Demonstraţie. Fie 80 =  {/„ | n «  N} S 8, furnizată de condiţia (E K„). 
Punem e, =»/.. Conform condiţiei (£,). pentru « »ş i/ ,  exista <= «, astfel ca 
el ^ ^  şi e1 ^ /2; în baza axiomei (E t f0), există f  k% e  &0> astfel incit /*, ^
^  1̂ ^  g

N otă in «, =  f h,. Avem e, < *  Şi «t < U  Pentru elementele şi U  există, 
în baza ipotezei (E t) un element î 2 <£ 8, cu proprietatea « < «* Şi «  f  h - W f
teza (F  Xo) ne permite să considerăm/*, e .*o> asi^el caA . "  c “  „-j-ind  
=  / J  avem evident, *3 < e2, *3 </,. Continuăm in acest “ od- Cousiderind
că am obţinut ex > e2 > e3 > .. . > eP pentru perechea ep fp+x g :
cu ^  ^  < f p+1; în sfîrşit consideram f tp+1 *  «o as «d  c a ^ t ^  ^
punem Avem < ep Ş1 eP+i
mulţimea $0 putem extrage un şir de elemente, necrescător.
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Rămme să arătăm că, pentru şirul {en)neN, este satisfăcută 
(iii din enunţ. Pentru aceasta fie e ^  g ; există conform condiţiei 
elementf„ e  « 0 cu/* < e. Avem însă ** </* f  e: pnn urmare, 'ie 
e  N : e ^ e, ceea ce demonstrează complet lema.

şi cerinţa
(£  N 0), un 
e  E e

T e o r e m a  (3.3). Fie p : X  X  X  x  X  -+• Slog-2-metrică. Presupunem că mul
ţimea $ £ ¿Ti (care intervine în formularea axiomelor g-2-metricii) se bucură 
de proprietăţile (£ t), (E2) şi (E No)- «cfis/fi condiţii, există o mulţime nu- 
mărabilă S0 s  §, ca pentru x ^ X , familia de mulţimi :

f  * =  {W s(x) | S =  M  X {« } ,  M  s  20(X ), c e  « „ }

formează o bază de vecinătăţi pentru x, î n  spaţiul (X , S ’f ) .

Demonstraţie. în baza lemei, există o submulţime S0 a lui 6, numărabilă 
total ordonată, relativ la ordonarea din SIL, cu proprietatea că 'ie e  g 3<s' e  g0; 
e‘ ^ fi. Conform teoremei (3.2) familia de mulţimi

(W e(*) I A e  20(X  X S0)) esţe 0 bază de vecinătăţi pentru x. Să observăm 
acum că, 60 fiind total ordonată, orice parte finită a ei admite un cel mai 
mic element. Pentru un E0 e  20(X  X &0) dat, să notăm cu e0 =  min {e e  
e  80) (y, e) s  2 0}.

Avem atunci Wu (x) =  f )  Ve{x, y) =  f )  Vet(x, y) unde M  =  prt £ 0 e

e  20(X). Prin urmare, pentru un S 0 s  â0(X  x S0). dat există un S ' de 
forma S' =  M x {e}, unde M e  20(x) iar e <= §0) astfel ca l f £((r) =  W^x). 
Cu aceasta teorema este demonstrată.

i Intrat In redacţii la 20 septembrie 1979)
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A  N O TE  ON F IX E D  PO INT THEOREM OF M AIA

BOGDAN RZEPECKI*

1. M.G. M a i  a [12] has proved the following theorem: Let X  be a non
empty set endowed m two metrics p, d, and let f  be a mapping of X  into itself. 
Suppose that ( i )  p(x, y) < d(x, y ) for all x, y in X, ( i i )  (X, p) is a com
plete space, ( m )  f  is continuous with respect to p, and (iv)  d(fx, fy ) < k •
' d (x>f y ) f or x< y in A , where 0 < k <  1. Then, f  has a unique fixed point.

This result generalizes the Banach fixed point principle and is connected 
with B i e l e c k i ’s method [2] (see also [3, ch. I l l ] ,  [13, ch. I ] )  of changing 
the norm in the theory of differential equations.

Many papers related to the Maia’s result have been published, see: [21],- 
[14], [6 ], [16], [15] and [ 1]. In particular, I.A. R u s  [16] observed that the 
above theorem will remain true if (i) is replaced by the following condition: 
p(fx, fy ) < c ■ d(x, y) for all x, y in X, where c is a positive constant. We 
present some fixed point results of Maia type with the Rus conditions, and 
give examples of their applications to differential-like equations.

Assumptions and notations given below, are valid throughout this paper. 
»Suppose th a t:

(a) (E , 11 • 11) is a Banach space with a normal cone S(see e. g. [8], [9]), 
and âC denote the partial order in E  generated by 5 ;

(b) A  is a nonempty set, p£ : X  x X  -* S and dE : X  x X  -> S are two 
generalized metrics in X  (see [8, ch. I I  6.3]),
p+(x ,y ) — \ \x — y\ \ for x ,y  in X, and (X, p+) is a complete metric space;

c) L  is a bounded linear operator of S into itself with the spectral radius 
less than one;

(d) ( I  — I ) - »  maps S into itself, where I  is a identity operator and ( I  — 
L ) - 1 denote an inverse of I  — L  (the facts that I  — L  is iuverticable and 
( I  — £ .)-1 is bounded linear operator, are a consequence of Banach theorem [7, 
ch, v  2 ]). . . . . .

2. Eet f  be a continuous mapping of {X, pjt) into itself such that dE(fx, 
fy ) LdE(x, y ) and pE(fx, fy ) CdE(x, y) for all x, y in X, where C is a boun
ded linear operator acting in S.

Further, let x 0 e  X  and let us put x{ =/#<_i 2, • • • •
Modifying the reasoning from [1] and [8, th. 6.2, ch. I I ] ,  we obtain that

f  has a unique fixed point u* in X, pE(%o u*) ®
as t -* oo, and dE(x{. « * )  ^  L*dE(x0, « * )  for i  > 1. Since 
dE(x0. u*) <  dE(x0, xx) +  LdE(xo, « * )  we have from (d) that 

dE(x0, « * )  ^  (/ -  L )^ d E(x0, Xl). Hence dE(xit « * )  ^
<  !• (/  -  L )~H e{xo, xt) for each * > 1. In particular, dE(fx 0, u ) <

<  L ( I  -  L^d^X oJxo ).
* Institute of Mathematics. A. Mickiewicz University. Matejki 48/49. 60-769 Poznan. Poland-

5  — Mathematica 2/1980
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Using the above remarks, we prove the following coincidence theorem

{Cf Proposition 1. Suppose that F  and T  are two mappings of X  into itself 

sueh l* atF [X ]  c  T [X ] md T [X ]  i s a closed set with respect to p",

(ii) ds(Fx, F y )< L d E(Tx, Ty) for all x, y in X
(iii) 9e ( F x , Fy) <  CdE(Tx, Ty) for all x, y tn X , where C is a bounded

linear operator of S into itself,
(iv) lim | |pE(F%„, Fx) | |=0  for every sequence (xn) tn X  with lim 11 ?E(T x n,

«—►oo

Then there exists an element u in X  such that Fu  =  Tu and, moreover, 
T mj =  Tu2 for each uu u2 with Fu( =  T «,(t  = 1 ,2 ).

Proof. Let us put fx  =  {F y : Ty =  x) for a: in T [X ] .  I f  z{ e  f x ( i  =  1,2), 
then zf =  Fy, and Tyt =  x. Hence 6 ^ d E(zu z2)  ^  LdE(T y v Ty2) =  6 (0  deno
tes the zero a space E), and therefore fx  contains only one element.

It  is easy to verify that the mapping / of T [X ]  into itself is continuous 
with respect to p+, dE(fx ,fy ) ^ L d E{x, y) and pE{fx, fy ) <  CdE(x, y) for *, y  
in T(X). Consequently, there exists a unique x* in T (X ) such that fx *  =  x*. 
Obviously, Fu =  Tu for all u in { x ^ X  : Tx =  x*).

Let us denote by r(L) the spectral radius of L. Suppose that F t«.,• =  Tufy =  
=  1,2) and Tux£ Tu2. Then dE(Tuv Tu2) ^ LdE(T u u Tu2) , — dE(T u lt Tu 2]&  S 
and, by Stecenko theorem [8, th. 5.4 cli. I I ] ,  we obtain r (L ) ^  1. This con
tradiction completes the proof.

P roposition 2. Let 0{(i =  0, 1, . . . )  be mappings of X  into itself such
that

(i) <!>< are a continuous with respect to p+,

(ii) ¿£( <&,•*,• O ŷ) LdE(x,y) for all x ,y  in X ,

(iii) p£(Ot.x, O ^ y K C ^ . y )  for all x, y in X , where is a bounded 
linear operator of S into itself.

iP fn/°le ^  =  0, •••) ci unique fixed point of <J>, and suppose that
1 ^o*) 11=0  for every x in X . Then 11dE{unt u0) 11 0 as n oo.

for «  - T o  Fr° m Cthe cb0Ve remarkS ^ * 0, « J  ^  L ( I  -  L )~ H e {u 0, <D„«o) 
ior n . . .  . bince S is a normal cone we have

! «o) 11 < N I |I(I -  L ) - H e(u 0, (J>nu0) +  ¿£(On« 0, u 0) 11 <
< M  I \dE{<bnu0, <D0« 0) 11

for each »  > 1, and therefore | \dE(un, u0) \ | -  0 as »  -> oo.

• that our theorem can be obtained (using the above results) also as
thJrT r f i T 6 th®°rem; T he details are left to thé reader. Finally, let us remark 
hat further results and its applications can be obtained if the concept of a metric
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space in the L u x e m b u r g  sense [ 11] (not every two points have necessarily 
a finite distance) will be used. See [17] — [20].

3. In this section, let us denote: by I  — the closed interval [0, a] ; by 
E =  R ”  — the m-dimensional Euclidean space; by S — the set of all (t[, U, ..'
• • •. L )  in R "  with t-i 2 0 for * =  1, 2____, m (obviously, (uv u2, . . « J  4
(»i. v2, . . . .  v j  in R ”‘ means «,• < v{ for every » = 1 , 2 , . . . , » ) ;  by X  =  C (7, 
R"’) — the set of all continuous function from 7 to R " (in particular C (I) =  
=  C (7 ,  IV )). ’

We define the generalized metrics p, pp(p >  0) and d as follows:

P(*. y) =  (SUP l*iW  ~  yi(9  I. • • •, sup | x j t )  -  ym(t) |),

Pp(x.y) =  (sup exp (— pt) l*^/) - ^ ( / ) | , ......... , sup exp (~p t) \xm{t) -  yn(t) |),
/€/ (Gl

a a

y) =  ((J *i(0 -  3'iW l2̂ ) ,/2........... K„(0 —y jj) l^ ) ’/2j
0 0

for % =  (x lf x2l .. ., xm) and y =  (yl ty2t .. .9ym) in C(I, Itw). Notice [4] that 
a non-negative and non-zero matrix A =  [a¡j] (1 ^ i , j  ^ m) has the spectral 
radius r(A ) less than one if and only if

1 -  au 
(l2\

~~ ¿1 ! A » • # « 1. . — Cli;w12 • • * • 
1 -- Uo9 ....

-  “a ai2 ...... 1 -  au

for all i =  1, 2, . . m. Moreover, there exists a positive constant p 0 such that
r(p  • A ) <  1 for every 0 <  p ^ p 0-

First, we give some application of Proposition 1 to integral equations system 
of Volterra type.

Let <pf.e  C (I) (i =  1,2, . . . ,  m) be a function such that
<pt (0) =  0 and <  0 for t <  0, and let K ,, (i =  1, 2, . . . ,  m) be a mesurable
function which is finite almost everywhere on I  X I  X R .

Suppose tha t : ,

1 °  |£,.(/, s,u t..........u j  -  K {(1, s, vlt .. . ,v m) | <

ttt
< s) \Uj — Vj\ with function hy(j =  1, 2, . . . .  m)

measurable and finite almost everywhere on 7 X I, ;

2 ° for every y in C(I, R ’B) the functions

i J.
t _► <f.(t.) C Ki(t, s, y(s))ds are continuous on 7, and lim  ̂ K  (t, s, y(s))ds <  co.
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Moreover, let us put:

“s=M 9*(s )

Cij =  sup
t*I

^ d s
9 * (s )

1/2

for 1 < i, j  ^ m. Under these conditions we have the following theorem :

Assume that [a,*] (1 i , j  < m) is a matrix with the spectral radius less 
than 1, and c <  oo for 1 ^ i, j  < m. Then there exists exactly one function y =  
=  b'l.V*. • • -,y«) in C (I, R") such that

y M  =  J Ki{t, s, y(s))ds 
o

(i =  1, 2, . . m)for 0 <  t ^ a.

Proof. For z =  (zt, z2, . . . ,  zm) e  C(I, R m) we define on I :

( T M )  =  ?M M Q .

( F M )  =  9i(t) • $ K&, s, z(s))ds 
0

and

(Tz)(t) =  ( (T lZ)(t), (T 2z)(t), . . . ,  (T mz)(t)), 

(Fz)(t) =  ((Fxz)(/), (F 2z)(t)........ (F„,z)(/)).

T7 ^ ’ C H/near °Perators generated by the matrix [«,,•] and [<*]. 
respectively. Let *  =  (* x........xJ> y =  . . . , yj m C  (I,  H“ ). E vidently

• 9i(s) |*y(s) -  y,(s) Ids,
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hence

and

a

(J l(F,*)(/) — [F,y)(t) |*<b ) 1W

a a

0 Vj = 1 0 ^ (S)

rf.(t)h.,(t. S) Y  \l>2
9i(s) !*/(*) -  y,(s) |dsj dt} <

*  /Q  (5 (5 9~ y^ ) '  } ~  3' ; ( s ) l^ ) 2 ^ ) ,/2 <

< ¿ ( 5  (J is  . j  9}(s) I *,(s) -  yj(s) |Vs)^j1/2) =
; 1 0 0 ; 0

a

=  £ «•> ($  ?>(*) !*/(*) - y M  î s) 1/2

\(FiX)(l) -  (F,;y )(t) I <

< 9 (/) • 2  ( j  ^  d s Ţ  . I J<p5(s) I xj(s) -  y, (s) |^s) '/2 ^
0 ; 0

0

< ¿ j  c*>(  ̂?>(«) !*,(*) -  yM ) I *^ ) '/2

for 0 j? t ^ a and i  =  1, 2, . . m. Consequently, dE(Fx, F y )^ L d E{Tx, Ty) 
and ?s{Fx, Fy) ^ C d  (T x , Ty) for all *, y in C{I, R “ ).

I t  is easy to verify  that conditions (i), (iv) of Proposition 1 are satisfied. 
Therefore, applying Proposition 1, we can conclude the proot.

Now, suppose that 1̂ (1 < i, j  < m) are  non-negative constants.
Denote by & the set of continuous functions r  =  l/i./î» •••>/»/ 1IUIU L

into R "  such that ¡/¿(t, u) v) | < ^2hj\ui ~~ vi I (f — 1» 2, .. .,tn)

every / e /  and u — (%, . . . ,  um), v — (vi, . . . ,  vm) ^  •

P et us put
i

4>(F 7|, x)(i) =  v) +  $ F(s, x(s))ds
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, f  <= ® y i s R"  and x e  C(U, Rm). The set SF will be considered as 9*  -  space 
(see e -  flO ch. I I  §20]), and C(I, R") with the usual supremum metric. Assume 
i L t for every a: in C(/, It”1) the transformation (F , yj) (F, y), x) maps con
tinuously * *  -  product 9 X R’B into C (I, R), (F  endowed with almost uniform 
convergence is £* -space satisfying the above condition. I f  set 9 is uniformly 
bounded and endowed with pointwise convergence, then using the Lebesgue 
convergence theorem we obtain that our condition holds.

We shall prove the following theorem :
For an arbitrary F e  9 and yjs Rm there exists a unique function x{F_rt) in 

C(I, R-) such that x(0) =  y] and x'(t) =  F(t, x{t)) f o r t e  I ) .  Moreover, (F. yj) -  
•_» %(F,») niaps continuously 9 X R”1 into C{ I , R ).

Proof. Let k =  0, 1 , ---- Assume that F h =  ( f [k), . . . , / » ’ ) e  9 and
rlk e  R" are such that lira (Fn, yjJ =  (F 0. ,0o)- Using the method of Bielecki,

we obtain

exp( —pt) | ̂  (/{*!(«. * (« )) ~ / {k)(s> y { * W s 
0

m •

< P ^ 1 • l Z k cxP { - P L) M O  -  M O  I
y-i

for üe | and *  =  (xv . . . .  xm), y =  {yx, . . . ,  ym) in C{I,  R ”'). Hence pp (<!>(£> 
>î*. *). W »  Vt.y ) )  < L Pp(x, y), and p(<D(F*, yj*. * ), <Ï>(F*, yj*, y))  =■£ c • P/)(.r, y) 
for each x, y in C(I, R ’"), wherec ^ 0 is some constant anf L  denotes the 
operator generated by matrix [p~l • l,y( l  ^ i , j  < m). Therefore, applying 

Proposition 2, we obtain our result.
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O N O T Ă  D E S P R E  TE O R E M A  D E  PUNCT  P IX  A  L U I  M A IA

(Rezumat)

în  lucrare se stabilesc teoreme de punct fix de tip Maia in spaţii metrice generalizate cu 
metrica luind valori într-o mulţime ordonată. Rezultatele obţinute se aplică la stabilirea uuoi 
teoreme de existenţă ?i unicitate pentru sisteme de ecuaţii integrale de forma

t
y i(l) =  ^ K{(t, s, y ........y j * .  » =  1. »», 0 <  < <  a

o
fi pentru problema lui Cauchy

*  (<) =  F(t, *(<)), t e  I, 

*(0) =  7).



STUDIA UNIV. BABES—BOLYAI,
MATHEMATICA. XXV, 2, 1980

S O L V A B IL IT A T E A  p r o b l e m e i  l u i  d i r i c h l e t  p e n t r u

‘o ECUAŢIE E L IPT IC Ă  CU S IN G U L A R IT Ă Ţ I

A nvi

1. Introducere. în această lucrare se studiază rezolvabilitatea problemei 
lui Dirichlet pentru ecuaţia eliptică

d2w , a ôw t p div i w __ j
Lw =  4 “  +  “  “T +

dzdz1 z dz\ Z\ dz z z 1
(i)

în domenii Q C R1Î care conţi“  punctul 0(0,0). A ici

z =  x +  iy ; zt =  x +  iky, k >  0, k =£ 1, w =  u +  iv, (2)

d_ _  _k___ <L — i _J____i .  JL _______ !___ _j_ ţ. _J______ d_ ,g.
¿z — 1 d* A — 1 k —  \ d x  k —  \ d y

Deoarece 0 este un punct singular al ecuaţiei (1), soluţiile se vor căuta în

C*(£i)\0). Polinomul caracteristic al ecuaţiei (1), P(X,' 1) =  — -—  [ — &2X2 +  1 +
(* — *)2

+  t(l +  k)\ ] se anulează în două puncte din semiplanul complex Im  X >  0, 
de aceea nu putem aştepta ca problema lui Dirichlet pentru ecuaţia (1) să 
fie de tip Fredholm.

2. Rezolvarea problemei omogene. Considerăm problema omogenă

Lw =  0 în £2\0, w\eci =  0.

Se vede uşor că Lw poate fi descompus în felul următor

(4)

Folosind
Notînd

w.

această descompunere, ecuaţia Lw =  0 poate fi rezolvată astfe l:

W =  ^ . +  ± W
a*.T  i,

ecuaţia omogenă Lw =  0 este echivalentă cu sistemul linear

dw
~  +  ^ w =  Wi —  Ü yy =  o,
ÿzl *1 Ô Z Z

care se rezolvă prin metode 
ecuaţiei omogene este familia

elementare Şi se obţine că mulţimea soluţiilor

w{x, y) =  z-39 (z) +  r - “tţ(21), 

unde <p şi <{, sînt funcţii olomorfe arbitrare.

(5)
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Fie în continuare ft discul unitate, adică
Q =  {(* .  y) s  K 21 x * + y * < :  1}.

Funcţia w din (5) satisface condiţia la limită w |5n =  0, atunci şi numai atunci 
dacă

*,"*?(*) +  2- « ^ )  =  0 Vz e  d d , (6)
sau

2M z) =  -  *?<Mzi) Vz € <?Q. (6')
Fie în continuare a şi (3 numere întregi pozitive. Atunci funcţiile z -* 2*9(2)
şi zt -+ 2fy(zA) sînt oloniorfe în raport cu 2 resp. 2t în £î; însă pentru ca 
2*9(2) să fie valoarea unei funcţii oloniorfe pe frontiera <5f2 după z1 este 
necesar şi suficient ca

 ̂ ¿*9 (2) z™dzx =  0 m =  0, 1 , 2 , . . ^ 9 (2) =  j

sau

j  z«9(z)2“(f21 =  0 m =  0, 1, 2, .. .,^p(z) =  Y^ăjZ’)•
1*1=1

Pe cercul | 2 | =  1 avem
1 -  k , k + 1 1. î  +  1 1 • 7- 1 — A 7 k 4- 1 1 ,

z *  =   ---- - 2 H----—— — şi d z  1 = -------a2 --------------- ¿12.1 2 2 z 1 2 22*
Cazul a =  1. Condiţia (7') pentru w =  0 dă 

 ̂z cp(z) | i  ¿Z | =  0
2 **

1*1 =1

(7)

(7')

sau

z-i [(1 -  k)z2 -  (k +  1) ] £  «/ ** *  =  0

de unde pe baza teoremei reziduurilor obţinem a0 — 0. în mod analog pentru 
m =  1 se găseşte ax =  0 ; m =  2, a2 =  0 ş.a.m.d., prin urmare 9 =  0.

Cazul a >  1. Condiţia (T) cu m =  0, 1, 2, .... a — 1 se îndeplineşte 
pentru orice funcţie olomorfă, pentru m =  a, a +  1, ... obţinem succesiv 
a0 =  0, «! =  0, a2 =  0, . . adică şi în acest caz 9 =  0. Condiţia (6) şi 9 — 0 
atrage după sine şi =  0, astfel am ajuns la următoarea teorema.
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T e o r e m a  1. Dacă £î este discul unitate, atunci problema omogenă la limită 
(A) are numai soluţia w =  0.I) are turnat sonmu w — v.

Studiem mai departe problema (4) dacă G este elipsa Q =  {(*, y) 
e ţţ41 xî _ţ_ w  < 1}. Ca şi în cazul cercului condiţia la limita w |an =  0 e 
satisfăcută atunci şi numai atunci dacă pentru funcţiile olomorfe «p şi  ̂
Ioc egalităţile (6) şi (6'). Condiţia (6') este echivalentă cu condiţia

 ̂za<ş(2)z™dz1 =  0 m =  0, 1, 2, . . .

este
au

(8)

în continuare determinăm funcţiile olomorfe <p pentru care condiţia (8) este 
satisfăcută. în acest scop introducem variabilia £ prin

V* +  1 v , V* -  1 1 
z =  2-x—  K + - -----2 C (9)

care transformă elipsa xi +  ky* — 1 <  0 în discul | ţ | <  1. Pentru | £ | =  1 
r 1avem ; =  —, prin urmare

.  _  1 -  Vft 1 , I +  -Jk y f l  +  V * 1 -  V * 1 1Zl----- —  X + ~ 2 ~  * S1 dzx =  [— -----------—ţdK

Fie p1(z) =  z® <p(z) şi (t>x imaginea lui <px după efectuarea transformării (9) 
Avem

Condiţia (8) înseamnă că
«= — OO

( 10)

( 11)

(12)

---— La

L t  « . i - h A l  +  ^ + . W £ ] J ţ = o ™=0,1,...

Folosind teorema reziduurilor obţinem egalităţile

(i -  V* Y
a“ " =  l 7 w F j « = i . 2, . . .

Ca şi în lucrarea [2] putem arăta că

= ( - 1)- pl \  dacă k <  1 şi a_„ =  p20nan dacă k >  l, (13)
unHp o2_1  ̂ k 1

~  i + V* ‘ EgaHtă̂ ile (12) Şi (13) ne arată că «2(+1 =  0
. I =  0, 1, 2, . . arbitrar,

avem ° * *  po^mtâţi de a alege pe »  şi f
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Teorema 2. In  cazul elipsei Q =  {(x, y) <= B?\ x2 +  ky2 — 1 <  0} pro
blema omogenă (A ) are o infinitate de soluţii linear independente.

Observaţie. Teorema 2 rămîne valabilă şi pentru elipsele x2 +  ky2 — a2 <  0,
însă în orice altă elipsă de forma b2x2 +  a2y- — a2b2 <  0 cu -  #  A problema

omogenă Dirichlet are numai soluţia uulă.
3. Rezolvarea problemei neoniogenc. Considerăm problema neomogeuă

Lw = /  în Q \0, w |an =  0, (14)

unde /  e  C (Q ) este o funcţie dată.
Prima dată vom determina „soluţia generală”  a ecuaţiei neomogene. 

Pentru aceasta folosim „metoda variaţiei funcţiilor olomorfe” , adică vom căuta 
o soluţie a ecuaţiei neomogene sub forma soluţiei generale a ecuaţiei omogene, 
însă în locul funcţiilor olomorfe punem două funcţii nedeterminate f i  şi /2. 
Fie deci

w(x, y) =  2 -^ ft (x, y) +  2 */*(*> y) (15)

Avem

3w  =  .-3 ^  _  ^ _ a_
cz c z bz bzt

Impunem condiţia

— - f z~abz
atunci

d 7w----- =  — a z (
5ztdl

iar ecuaţia Lw =  /  ne dă

' t r ’r - ‘ fbzi

dzx bz

di
(16)

äh

r. (17)

în  continuare trebuie să găsim o soluţie ( f lt a sistemului (16)—-(17). 
Pentru aceasta demonstrăm următoarea Iernă: __

L ema 1. Dacă £1 este un domeniu plan simplu conex şi «  6 ^ (ß ), atunci 
au loc următoarele două reprezentări integrale

bu
—  (*. y)

30 a

— ( )

(18)

(19)
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Demonstraţie. Dacă v s  C^Q), atunci pe baza formulei lui Green

v{x, y) dh =  -  i(k  -  1) dx dy (20)
n

Şi

v{x, y) dz =  i(k — 1) ^  jţ- dx dy. (21)

Fie acum «  e  C1 (Q ), ţ  s  îl, O <  e <  d(ţ, CCI), i i ,  =  {z s  CI | \zx — £ j >  e}.

Astfel funcţia (x, y) -» v{x, y) =  —v\- aparţine lui C(Clt) şi pe baza formu-
r , ~K

lei (20)

$ ( j. (*. y){*i ~  V)~'dx dy =

j f “ (*■ y)
k -  1 J i t -  c 

aoe

dzx « f “(*■ y) 
* -  1 3 ¿i -  c

an

iÎ2x -|-
1

k -  1

2 n
 ̂ «(C  +  ee««)d0. 

o

Trecînd la limită în această egalitate, pentru e -* O obţinem reprezentarea 
(18).

în mod asemănător se obţine şi (19).
Cu ajutorul reprezentărilor (18) —(19) putem demonstra următoarea teo

remă.

(22)

Teorema 3. Dacă f  <= C(Ci), atunci funcţiile

n n

aparţin lui C^Q) şi au loc egalităţile

du _ r Bv _x (23)
dzx ~ ~ J * T z ~ ~ J '

Folosind această teoremă putem rezolva sistemul (16) — (17). 
şi din teorema 3 rezultă că

M *, y) =   ̂̂  dUr\ (C =  l  +  «j, Ci =  C +  ik-n) (24)
/"N
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este o soluţie a ecuaţiei (19) şi

8A t ~  -a _  * + 1 
di

n

iar de aici şi din (16) obţinem

f i  t ^ .

n
De aici şi din teorema 3 avem

A {x,y)  ~  “ Î T  J S f ^ r l -  ^ 7  ^  ^ 2} ^ -  (T =  Tx +  ***)■
(25)

Astfel (/lf /2) construit este o soluţie a sistemului (16) —(17).

T eorema 4. Daca /  e  C^Q), atunci mulţimea soluţiilor ecuaţiei neomogene 
Lw =  / este familia de funcţii

iv(x, y) =  2, \{z) +  2 “^(¿0 +  2, * f x(x, y ) + z  % (x , y), (26)

unde 9 jt <J> sînt funcţii olomorfe arbitrare, iar f x şi /2 sînt funcţiile determinate 
de (2 4 ) - (2 5 ) .

Dacă Q =  {(x, y) «= R21 x2 -f- y2 <  1} atunci w dat de (26) va fi o soluţie 
a problemei (\4) atunci şi numai atunci dacă w\gK) =  0, adică

[*i P<p(2) +  —z'<y>(zx) +  2, * ffx, y) +  x~*ft[x, y )] |,„ =  0.

Aceasta înseamnă

2?<ţ(21) =  -  2*<p(2) -  2«/ 1(*, y) -  *?/,(*, y) pt. \z\ =  1, 

care este posibil atunci şi numai atunci dacă

 ̂ [2*?(z) — 2*ffx,  y) — z\fi{x, y )]z ’"dz1 =  0 pt. m =  0, 1, 2, . . . .  (27)

l<i -1

Dacă a >  1 avem

 ̂z*y(z) z”ldzl =  0 pt. m =  0# 1, . . a — 1, 

l*l =1
astfel condiţia (27) nu va fi verificată pentru oriee^/ e  C1(iî), adică problema 
lui Dirichlet nu are soluţie pentru orice / ^ C^Q), deşi problema omogenă 
corespunzătoare are numai soluţia banală.

(In tra t  tn Ttdacţit la  27  decembrie 1979)
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O X  THE S O L V A B I L I T Y  OF TH E  D IR IC H L E T  P R O B L E M  F O R  A N  E L L IP T IC A L  E Q U A T IO N  
U W IT H  S IN G U L A R IT IE S

(Summary)

In this paper the solvability of the Dirichlet Problem for equation (1) is studied. It  is 
shown that in the case of the domain 0  =  {(* ,  y) H* | - f  y2 <  1} the homogeneous problem  
(4) has only the solution u =  0; but the inhomogeneous problem (14) is not solvable for any
/ e  C1(0). It is also proved that in Cl =  { ( at, y) e  R*| #* +  ky* — 1 <  0 } the problem (4) has 

infinitely many solutions.
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I N  M E M O R IA M

DR. P R O F IR A  SANDOVICI

(1927 -  1980)

în  ziua dc 3 aprilie 1980 s-a stins din viaţă, în 
plină activitate creatoare, lector univ. dr. Profira 
Sandovici, distins cadru didactic al Facultăţii de 
matematică. întreaga sa viaţă s-a caracterizat 
printr-o muncă plină de dăruire depusă în slujba 
Universităţii clujene, în folosul învăţămîntului şi al 
cercetării matematice româneşti.

S-a născut la 8 ianuarie 1927, în comuna 
Tărnăuca, jud.Dorohoi. A  urmat cursurile secundare 
la Dorohoi şi la liceul ,»Domniţa Ileana”  din Bucu
reşti, ultimele clase absolvindu-le la Cluj. S-a înscris 
apoi la Facultatea de matematică a Universităţii 
din Cluj, pe care a absolvit-o în anul 1950, numă- 
rîndu-se printre studenţii eminenţi ai acestei Univer
sităţi. La terminarea studiilor a fost numită asisten
tă la disciplina de geometrie analitică în cadrul 
Catedrei de geometrie a Facultăţii de matematică, 
unde după cîţiva ani, în 1956, a fost avansată ca 
lector.

în  lunga sa activitate de peste 30 de ani, depusă în cadrul facultăţii 
noastre, colega Profira Sandovici a ţinut numeroase cursuri şi seminarii de 
geometrie analitică, geometrie proiectivă, geometrie diferenţială şi bazele geo
metriei. Lecţiile ţinute de dînsa s-au caracterizat printr-un înalt nivel ştiinţific 
şi o rigurozitate desăvîrşită, contribuind astfel la formarea a numeroase gene
raţii de profesori şi cercetători în domeniul matematicii. A fost întotdeauna 
deosebit de apropiată faţă de studenţii pe care i-a îndrumat, dovedind multă 
înţelegere pentru problemele lor. Cursul de geometrie diferenţială redactat pen
tru studenţii anilor I I I  şi IV  descifrează cu multă migală tainele acestei disci
pline, căutînd sa o prezinte într-un mod cît mai accesibil şi mai actual.

întreaga activitate ştiinţifică a regretatei noastre colege s-a desfăşurat 
în cadrul Colectivului de geometrie diferenţială de la facultate.

Dintre preocupările sale ştiinţifice menţionăm studiul varietăţilor scu
fundate într-un spaţiu euclidian cu n dimensiuni, unele probleme privind gru
pul de mişcări al spaţiilor riemauniene şi spaţii cu tensor recurent. Generali-
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•rk-riofatî fie recurenta pentru fihrate vectoriale, a consta%,uit subieo 
zarea ^ ^  J ¿^ţinut-o la Universitatea din Iaşi. ^

Toate lucrările sak ştiinţifice atestă o mare fineţe de raţionament ş, c 
deosebită capacitate de aprofundare şi generalizare, reprezentind valoroase 
contribuţii la tezaurul geometriei.

Conştiinciozitatea fără margini în toate acţiunile a reprezentat o constantă 
a vieţii sale, care oferă un exemplu demn de urmat pentru colegi şi studenţi.
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