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STUDIA UNIV, BABES—BOLYAI, MATHEMATICA, XXV, f, 1980

ON THE PROPERTY W FOR THE MULTIPLICATIVE GROUP OF THE
QUATERNIONS ALGEBRA

JAN AMBROSIEWICZ

We say that a group G has the property W if for each w is: K K, < G,
where w is the order of element g € G and K K, = {g € G:0(g) = w} (see

[1)). .

In the works [2], [3] it was proved, among other things, that the abe-
lian groups, modular and regular groups have the property W.

Now we prove (see theorem 1) that the multiplicative group of quater-
nions algebra has not the property W.

First of all we cstablish the orders of elements of this group. The order
of quaternions with norm # 1 is 0. We establish the order of quaternion
a + bt + ¢j + dk with norm 1. Since algebra of the quaternions is isomorphic
to the set of the matrices of the form

_ ‘a+bi ¢+ di
~c+di a-—-U

it is enough to establish the order of 4. g
The matrix A has the eigenvalue A; =a + 131 —a® and A, =a —
— 14/1 — a2 thercfore fora # 41, A; # A, and then there is such an invertible
matrix T that T714AT = diag (A, A,) = D. The orders of conjugate elements,
are equal, therefore 0(4) = 0(D). ,
D = diag (A,, A,) = diag (cosa + ¢ sine, ¢os a — ¢ sina), therefore
2rS

D*» = F <« (cosa + ¢ sina)®* = 1< o = —.
n

If 0(D) = »n then it must be (s, ) = 1. Let s,, ..., s,, be such natural num-
bers that for h=1,...,m, (s, n) =1, 0<s, <n—1

25k o(n) denote Euler function, O(a,,.+ bi + ¢j + dk) =n.

’
n

Let a,, = cos
Then }
K, ={ay+bi+cj+dhay+B+c+d=1h=1.., gMm)

has a finite number of series of elements, where each series beigns with a,

Leyma. The quaternion o + Bi + yj + 8k with norm 1 is a product of
two quaternions of order n iff there ave such v and t < {1, ..., (n)} that the
Jollowing holds

— 242 — g2 — a2 < <
a,a, V ala} —a; —a, +1<a<aa +

VE @ —a —a& +1 I
4 (] 14 (]
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aternion « + Pt + yj + 3k with norm 1 into

Proof. The factoring of quf ot 1 is equivalent to solvability in real

the product of two elements o
numbers of equations

((a,+ % + 57+ Zk) (8 + xi+ v +4k) = a+ P+ vi + 3k
oz +at+y+a=1 @
l& +m+y+a=1
From 2/ we have
a,+ %3+ 34 + 2k = (4, — %3 — v, — z,k)(« + Bi + vj + 3k)
Hence
a, «+ %8 + ¥y + 2,8 = a,,
af +xf+y3+zf= 1
a2 x4yt 2i=1
t
Xy = a’yB — X,a _.’}’18 + 2,y
¥, =a,y + %8 — ya — 2,p
zy=a,8 — 2y + 5B — 2«

The solvability of (3) is equivalent to the non-contradiction system of equa-
tion
Ixrﬁ + ey + z,8 = Qg — @, 0 (3:)
&+ %45t =1

and hence we have the condition
2 __ 2 2 _
o — 2a a,a + a + a; 1 <0,

which, as it is easy to calculate, is equivalent to the condition (1).

Let G be the multiplicative group of algebra quaternions and G, be the
subgroup of G, whose elements are quaternions with norm 1. We know that
for each finite w the K, is the subset of G, and G — G, is a section of the
sct K, of group G.

From previous lemma we have

CoroLLARY 1. If intervals (1) cover the whole.close interval {(—1, 1), then
K, K, < G,.

For certain #, a, = a,=p for each 7, t € {1, ..., 0| (#)} (for example
7 =3 or # = 6). Then the condition (1) is reduced to
20 —1<a<l. (4)

THEOREM 1. In the multiplicative group G, the square of set K, (n #

1 . . .
é,. » 2, 4), which has only one series of elements, is not a subgroup of group
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Proof. 1t is enough to prove the existance of two quaternions q = o + Bs
and ¢, = o, -+ B¢, which are reducible into the product of two elements of
order n and such that their product does not possess reducible into product
of two elements of order n. Since K, is formed, in this case, of quaternions
which begin with a; = p, then from

(4) the problem resolves itself to sho-
wing non-contradiction of system

=1 < ooy — BB, <22 — 1
2P2-1Sa1<1
2P —1 <<l

(5)
a? 4 p2=1
a4+ B =1
If we put additionally o; =a, B, =p = J 1 — «? then (5) reduces to
{ 2| ‘Zl < |2l (6)
pPP—1<axl

If the intervals (6) were separable then we would have 2p* — 1> |p|
in other words [p |>1 or |pl< — —;—, but it is impossible. So there are
quaternions ¢ and ¢, which fulfil necessary conditions.

THEOREM 2. If in set K, determined by p there are series of elements,

which begin also with — p and p < <—-—%' :/12=> , then K K, = G,.

Proof. From lemma the quaternmion « 4 fi+ ys + 3k is factoring into
the product of two quaternions beginning with p if

9 —1<asl], ()

and into the product of two quaternions from which one begins with p and
the second with —p if

—1<ags =22+ 1. 8
Since for p <—:/1-2_. ;/l—é'> we have

—2pr+ 122921

. : i 1 ¢(—1, 1) and eact
then these intervals (7) and (8) will cover the interva ‘
quaternion with norm 1( (see corollary 1) will be reducible into the two quater
nions of order n.

COROLLARY 2. K pK,n = Gy for n # 1. . ' '
Indeed, let in se; K:,. be a series of elements, which begins with

P = cos ggf, (k, 2") = 1.
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¢
Then a quaternion which begins with
2 ! 2rk 2w — 2k 2x(27—1 _ k)
:-i='—'}>=COS Tt——):cos___o” = cos 2F 27~k
py = —C0s on ( on 2 p-

is also from this set, because |
@21 -k 2% =1forn—121

We must yet prove that there are such k that
pe ~-L, —1=> but this follows from inequality
N

L Y A e R I
§ o
and from the fact that between these numbers 2"-? and 27-2 is always an

even number.
CoROLLARY 3. Ko Ko = G,, where Ko means a sct of clements of order

oo whose norm 1s 1.

ISYE

{ Received September 18, 1978)
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DESPRE PROPRIETATEA I PENTRU GRUPUL MULTIPLICATIV AL ALGEBREI CUATER-
NIONILOR

(Rezumat)

T mai : .
8 mal multe lucrdri [2), (3] a fost definits O proprietate a unui grup numits proprietates

W. S-a aritat . ?
¢d grupurile modulare, abeliene i regulare se bucurld de aceasti proprietate. o

prezenta lucrare se araty o iplicati
Feeasts promee grupul multiplicativ al upej algebre cvaternionice nu se bucurd ¢€



STUDIA UNIV. BABES—BOLYAI, MATHEMATICA, XXV, 2, 1880

ON Z-BIRECURRENT SPACES

C. NITESCU*

1. Let V, be an n-dimensional Riemannian space of arbitrary signature.

Let Ry, R; and R denote the curvature tensor, Ricci tensor and scalar
curvature respectively. o .

A Riemannian space is called recurrent [1]if its: curvature tensor satisfies
Rlu'jh,m = (P,.Rhijk (1-1)

for some non-zero vector ¢ , where comma denotes the covariant derivative.

This concept has been generalized by A. Lichnerowicz [2] who
says, that a non-flat Riemannian space is second order recurrent or briefly
birecurrent if

Rln']h, mn amanu'jh (12)

Roter [3] has shown that the tensor «,, appearing in equation (1.2) is
symmetric.
Spaces, whose Ricci-tensor R;; satisfies the equation

Rij, mn = amnRij (13)

for some tensor a,, where R; # O # au., are called 2-Ricci-recurrent spaces.
The so-called concircular curvature tensor

Zaijp = Ryijn — ERjT) (gmgy — €rigin) (1.4)

introduced by K. Yano [4] gives g*Zu = G; where

8ii
.-,-=R.-,-—R;’- (1.5)
If V, admits a tensor field T... such that T... mw = @m1... Where a., is a
non-zero tensor field of V,, then V, is called a T birecurrent space and it
is denoted by BT,. Therefore we shall call the Riemannian space V, to be
a BZ, space if its concircular curvature tensor satisfies

Zijn,mn = AmnL nis (1.6)
with a,, a non-zero temsor in V,, and we shall call it BG, if the identity

G].},, m = amnth (17)

is satisfied.

'

* Polytechnic Institute, Jassy, Department of Mathematics.
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. V-space satisfies Waj.
cular curvature tensor of a V, .
2, Leava 1. The concr

ker's sdentity . ) _
Zln'jh, {mn) + ijmn, (Al + Z""""-; k] — O (2. 1)

Proof.

Gadi; — i Tin R. [mn
Zhija, pmn] = R’"’ib. (mn] — ~ win — 1) ’ [ ]

here R = g¥ R;; is the curvature invariant or scalar curvature of the spaces
where R = i
therefore R ms = R.m and

Zijh, (mn] = Ruisn, tmm)

Using Lemma 1 of [6] we easily obtain from (1.4) the identity (2.1).

' tric.
Lexma 2. The recurrence tensor of BZ, ts symme . . .
Proof. 1f the space is a BZ,-space, then Walker’s identity (2.1) gives

AmnZiiin + AsiZjpmn + ApZmmi = 0 (2.2)
where Apmp = Gy — Guw. Thus, using Lemma 2 of [6] we deduce from (2.2)
that A,,,, = 0, since Z),.';k # 0 and Z;,,‘jk = ij,;,,-. o
Leyma 3. The concircular curvature temsor of a BZ,-space salisfies the
equation
Z?fikRimn + thij?mn + Zln'kaf»m + Zhliprmn =0 (2'3)
Proof. 1t follows from Lemmas 1 and 2 that

Zhijk, mn Zhijh, nm — O
Applying now Ricei’s identity, we immediately obtain (2.3).
Lemma 4. The equations

kaRf"m + Gllp Rfmn =0 (2'4)
and

CuGh + Gpzh + —& G =0 (2.5)
n —

hold. for BZ,-spaces.

Proof. Contracting (2.3) with g#, we get

Gor R + Zppa R, + Zipw Rhy + Gap Rin = 0

arll(; 11{3’::5'('5,5 l‘l‘olzdlzu ﬁif.’,, because of the antisymmetry of Riemann’s tensgf
concircular curyatyre tens:)vr :,Zp lg:f Riemann’s tensor in (2.4) in terms

GP‘ me + \R_ ( 8
n(n — 1)

4
nEhm — 8&3).»)] + GhP[Z{"M + R (sﬁg"’” - Sg’gk”)] =0

nn — 1)
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or

R

Gphzgnm + thZ tmn +
nin — 1)

(Gnkghm - Gmhglm + Glmgkm - Ghmgkn) =0

Transvecting it with g we have

Gthf: + G;'Z;;mn +

n(n — 1) ("Gnk - Gnk + Gnh) =0

and thus (2.5) holds too.

TurROREM 1. 4 Ricci birecurrent space is BG,. A BG,-space with recurrence
tensor field a,, is Ricci birecurrent if ils scalar curvature R satisfies

Rmn = Qun R (2.6)

Proof. The first part of the theorem is trivial. Suppose V, is a BG,-
space. Then from (1.5) we have (1.7). Therefore

R

a"mGij = Rij, my " 8ij

8ij

amnRij - Rij,m» = (amuR - Rmm) ‘;

The use of (2.6) in the above equation shows that V, is Ricci-birecurrent.
THROREM 2. A BZ,-space is BG, with the same recurrence temsor. -
Proof. Let V, be BZ, with the birecurrence tensor am,. Transvecting

(1.6) with g¥ we get (1.7).

THEOREM 3. 4 V, birecurrent space is BZ, with the same recurrence tensor.

A BZ,-space with recurrence tensor field ay, is a V, birecurrent space if it is a

Space with birecurrent scalar curvature wilh recurrence tensor fze.ld Amne
Proof. It is trivial to check that a birecurrent space is a BZ,-space.

Suppose V, is a BZ,-space. From (1.4) and (1.6) we get

i R‘," . y
Al hije = Ruijk, mn — m (8m&i — Eri&in)

The above equation can be written as

G [R,.;,-k - £ (gmgi — g;.;g.-g)] = Ruijt,mn — m (8mgi — £1i&a)
n{n — 1)
or .
Enubiy — Enjlin -
Riij, mn — AmnRaijn = —-7(”—_;)—' (Rmn — amnR)

and hence the theorem results.
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. . t
Deiving twice recurrently the identity (2.5) we ge
eriv

1
o 20 4 GoZhmi - — (R + RGop) = 0
ka,le: + kaGﬁ,x + GpiZimn t+ GpLiomn.t n—1

14 4 Gm men + G": anm, +
Gph,wa + Gpqu.q + Gpr, Gni + GpaGa,ig + Gp. 1923 priShmn. g

: 1 whe + RaGurat RGap i) = 0
+ G;',quul.l"" G;‘me».w + ;:_:—l (R.qunk + R.lG K q + K gGnry k ,q)

B f (1.6) and Theorem 2, the latter relation from above becomes
y use o . .

R b 4 ilk
Zak(kaGf + Gy Zomn + " — IG..k) + GpriGrg + GprgGns + Gpillimn.q +

l ——
+ G;:qumn,l + ;‘_‘__1 (R,lGnh,q + R,ank,t) =0
From the above relation and from (2.5) there follows
TuroreM 4. In a BZ,-space the identily

n 1 —
Gpr,(Ghg + GongGhs + Gp.iZhmmg + GpoZhmns + w1 (RiGar,g + RyGmy) =0 (2.7)

holds.

. THEOREM 5. A necessary and sufficient condition that a Riemannian space
Ve be BG, 1s that the equation

u’lﬁiﬁ. [ Thand amnWhiik = a(zhijh. mn " anglll'i’l) (28)
holds for some non-zero tensor field a,, of V,, where Wy, is the tensor introduced

by K. Yano and S. Sawaki [4].

Proof. et V, be BG, with the birecurrent tensor amn. Then (2.8) easily
follows from the expression of Wy :

Wi = aZuy + ”*‘_5_—2 (enGy — €1:Gir + &G — giaGws)

where @ and B are ¢

onstants 2
Conversely, if (2.8) (n > 2), and from (1.7).

holds, transvecting it with g we obtain

o (« + BYGijymn — amnGy) = a(G

iy mn T amuGi)')
B(Gij, my a,,.,.G,»i) =0

In general ) .

BG,. P#0 and therefore it follows from the above relation that Vs ¥

3. The case of 4 Einstein space Gy =0)
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R The ftaCtt ﬂ};‘; V,[. is ;n Einstein space implies that its scalar curvature
1s constant. ereiore hijk) = Rhlfk} aud lt fO”OWS that Z B s g .
chi’s second identity wi satisfies Bian-

' Zhing + Zhinj + Zhigp =0 (3.1)
If V, is also BZ, with Ams as recurrence tensor field then
Unlwigh + CGurint + @y Zyiy = 0 (3.2
Contracting the above equation with g"", we have

k
ahnGij - aijil + akaijl =0

By use of G; =0 it follows
@i =0 (3.3)
Transvecting (3.2) with a* and using (3.3) we have
At ay,Z iy = 0
or
0, Z0j =0 (3.4)
where (5] 0, = " ay,n. 'Contracting now (3.2) with g™ and substituting (3.3)

we have a;Z,, = 0 or
8, Zuin = 0 (3.5)

where [5] 0y =a, = g"a,.. If 6,=0 but 6, #0, we deduce from (3.4)
and (3.5) that the space is of constant curvature. If 6, = 0 but 0, = 0 the
same result holds and we may therefore state.

TuroreM 3.1. An FEinstein BZ, is a space of comstant curvature.
{ Recaived October 27, 1978)
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ASUPRA SPATIILOR Z-BIRLECURENTE

(Rezumat)

) Se definesc s:patﬁle riemanniene“V,,‘(n > 2)'cu tensorul curburii concirculare birecurent, s
definesc proprietati ale acestor spatii si condifii necesare si suficiente pentru ca un gl)qﬁ.,';/e
5 - . e ~ " : ~ * N

birecurent in sensul lui Roter si fie BZ, sau BGp,. Se studiazd cazul cind un spaiu 8Z -
un spaiu Einstein. n oste
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ASUPRA MISCARII PLANE IROTATIONALE A UNUI FLUID IDEAI
INCOMPRESIBIL ANIMAT DE DEPLASAREA UNUI PROFIL DEFOR-
MABIL IN PREZENTA UNUI PERETE NELIMITAT

TITUS PETRILA

1. Miscarea fluidd pland, irotafionali, generati de deplasarea arbitrari,
in masa de fluid ideal §i incompresibil, a unui profil deformabil oarecare, a
fost deja studiatd de R. Laporte [1], [2]. Considerind atit cazul cind aria
profilului deformabil rdmnine constantd, cit si cazul, mai general, cind aria
profilului este variabild in timp, in condifiile in care nu se produc detasiri
turbionare nici chiar la un bord de fugd ,ascutit” al profilului, R. Laporte
reuseste sa evalueze si eforturile aerodinamice exercitate asupra profilului, ari-
tind cd formulele obtinute, pentru profilul rigid, de G. Couchet, rimin inci
valabile.

Obiectul prezentei note il constituie reluarea problemei de mai sus in
condifitle unui perete nelimitat fix de formd arbitrard. Plasindu-ne in cazul pro-
filului deformabil, de arie variabild in timp, vom rezolva problema utilizind
o tehnici folositd deja de noi in evaluarea efectului prezenfei peretilor relativ
la problema profilului rigid nedeformabil [3], [4].

v . - v . P a
2. Si considerim reprezentarea conformid z = H(Z, t) = a_,Z + Z :z—:’
ol

care aplici exteriorul profilului deformabil (C,), raportat la un sistem de axe
centrat Oxy," solidar legat de profil, pe exteriorul circumferinfei (C), de razi
R, din planul (Z).

Fie Z = «(u) reprezentarea parametricd a curbei (A), transformata perete-
lui (3) din planul {fizic, Ja momentul co‘n51derat't; curba (A) o presupunem
jordaniani si regulati in sensul definifiei din [5]. Fie de asemenea Z = ay (%) =
= R2[a(u) ]! reprezentarea parametricd a curbei (A), inversa curbei (A) in
raport cu circumferinta (C).

Pontentialul complex? al migcérii fluide produse .de deplasarea profilului
deformabil in fluid nelimitat, presupus a priors cunoscut va fi de forma

5 dA .
F(Z, 1) = I6Y(Z) + mG?(Z) + oG®(Z) + GZ) + ;1; (E - 11") Log Z,

unde (U), m(f), w(f)) definesc, fati de reperul Oxy,.rot(?ttml‘slatia profilului
(Cy), Gm(Z) sint functii olomorfe in exteriorul lui (C) si satisficind pe (C) con-

dz
! Un astfel de reper se zice centrat dacd V¢, 5 HEZ. 1) z 0.
c

* Mai precis transformatul siu in planul (Z).
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‘ u1 de~

3 % 5.\ T este circulatia [2].
formabil §i care este egald cu gIm( a‘ 82) ,

. tential complementar F,(Z, 1), potential care
sz} mtrodéleC;B e:)ctl;?;;i;l]?ﬂ %?Z,g in cond}ib‘piile_prezen';ei peretelui nelimitat
cautd sa .,COTiintial Eomplementar il vom construi, la.felvca $1 in cazul pro-
(4). Af*ccs:‘i 1fjorma'bil (31, (4], plasind o repartiie continua dve duble surse atit
filului ;1 N (Z)ocit si pe curba (A,) astfel incit partea imaginara a acestui poten-
Eiealc‘cl:zn:plementér pe cercul (C) sa fie nuld si dect el si nu ,,deranjeze” con-
. difia de alunecare de-a lungul profilului mobil. . . ‘
Aplicind teorema cercului (Milne Thomson) obinem atunci pentru F(Z, ()
expresia

e

Fiz.) = (o0 =5 + {00 = (o 2y + (@72
A A « — '_Z’ A ' a,

unde densitatea @ este o funcjie reald de punctul Q de afixd «fu) € A, a
priori necunoscutd, verificind pe A condifiile din [5]. S-a notat aici prin Q,,

inversul lui Q in raport cu (C), 1ar, pe de altd parte, s-a pus ¢.(01) = @(R¥Q,).

Sa consideram acum f(Z, t) = F(Z, t) + F,(Z, t) transformata potentialu-
lui complex fotal al migcirii in prezenja peretelui nelimitat fix (3). Impunind
condifia de alunecare pe peretele (A), adicd

Tm (F(Z,t) + F,(Z,1)] =0 pentru Z — «fuy) € A, (1)

densitatea ¢(Q) va trebui atunci si fie astfel determinatd incit

, 1i$.)1m[f(2, 1) +§¢(Q) af’ +S¢1(Ql) __Z‘IL_] ~0, Y0, A (1)
A

z a4l — Z)
.Yy '

Dar aceastd ultimi conditie im a ietati jatului de
dublu strat conduc la fie impreund cu proprietatile potengialulu

T { fle(u), 1) — img Q) + i{e@ (= Jas +

r Z =afus)

+ § (20) = ol 72 ds iS%(QI)' TP

T Z=alw,) Z=0

' Z = a(ug)

‘Aslq’“@‘) [ s, + @) (<225, +
: A

—_—

+ ‘E,% (@) ( sir: u \ zdji(u.)} =0,

? Forma efectivy a § o
unctiilor G .
S-a notat prin § difefz;;;fa (2) poate fi gasits in (2.

la moment ¢ constant.
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adicd

w09 = (o0 (=i fmn[ (] (=) Jan-

Z =afu,) 4 r
N

= Im [f(«(x,), #)]

si care cste o ecuatie integrala de ti
cirei rezolvare conduce la solufionare
Ecuatiei (2) i se pot aplica, atit
solutiei cit i pentru rezolvarea ei apr
celor date deja de noi in cadrul

(3], [4].

p Fredholm, cu nucleu slab singular, a
a completd a problemei propuse.

pentru stabilirea existentei si unicitagii
oximativi, metode de lucru echivalente
problemei corespunzitoare cu profil nedeformabil

(Intrat in redacsic la 27 octomb-ie 1978)
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SUR L'ECOULEMENT PLAN IRROTATIONNEL D'UN FLUIDE IDEAL INCOMPRESSIBLE
PRODUIT PAR LI DEPLACEMENT D'UN PROFIL DIZFORMABLE EN PRESENCE D'UNE
PAROI ILLIMITEE

(Résumé)

j i i ! i illimi 1'écoule-
L’'objet du travail présent comstitue l'étude de 1 'mﬂuence des parois 1'llumt’ées sur |
ment fluidg idéal plan, pol:entiel, incompressible, produit par la rototranslation d'un profil défor-
mable dont l'aire est variable en temps. On emploic des rés?ltats de M.R. Laporte sur le
déplacement arbitraire dans la masse de fluide illimité d'un prof_xl déformable (1], {2), nusaidPxen
qu'une techmique utilisée déja par nous daos le cas d'un profil indéformable en présence d'une
paroi infinie [3), [4].

v
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ON A CERTAIN VIBRATIONAL PROBLEM

CONSTANTIN TUDOSIE*

There are dynamical systems, whose parameters, included in the coeffici-
ents of the corresponding differential equation, are variable when the system
is subject to external influences. This occurs for linear or nonlinear Parametric
vibrations of the material systems, whose parameters may have time depen-
dence, in general a periodical dependence. o .

The differential equation of the linear parametric vibration of a dynamical
system with oniy one degree of freedom has, as it is well-known, the form

m(t)& + c(t)x + k(t)x = F(¢),

where x is the parameter of the instantaneous position of the mass (in other
words the zero-order acceleration), # the velocity (that is, the first order accele-
ration), and # the second order acceleration.

In the present paper a method is given for the calculus of the accelera-
tions higher or lower than the order of the differential equation (m = #), "n”
being here the order of the equation, and "’m’ the order of the acceleration.
This method allows the simultaneous deduction of two accelerations of diffe-
rent orders. It may also be applied when the coefficients of the differential
equation are constants.

1. Deseription of the method. In the most general case, we shall consi-

der tthe vectorial differential equation of # order, with time-dependent coeffi-
cients

" o A=l
a0 + ) ol = AW, (o) £0], (=234 ..) ()

We denote the k and m order accelerations in the following manner
h (m)

r=g,(t), 7=3(), m=n+1,n42..),

where ¥ = m < #, and we calculate, usin

: th i order
acceleration respectively, and we obtain § these motations, the $ and ¢

'

(9 Rep— f Rep— .
s (¢ —9gtr-t 271 (p4o)
yr =\——1 = T to
os(k —r - Buls)ds + & 7 (0) - 2
(p=01 1)2) -'-;k - 1)}
@ !
7= (¢ —gn—et " ES! (eo)
r=\—=___ = T L]
§(,,, . l)lqn,.(s)ds + ?;o 7 (0) f_l , 3)

e=kEk+1,...,n).
* The Polytechnical Institute of Cluj-Napoca |
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Substituting (2) and (3)-in (1), we have
$
S [(Namalt, 8n(s) + Ny(t, 5)5,(5)1ds = Fy o), @
0o
where
Nimnl?, s) = ; L=
hom ( S) mzka‘(t) (m —e—1)l ’ (5)
i s) = 5 ——
b9 =23 el L= ©)

e=k @c=

. n m—e—1 . (‘t°) . k—l.k‘—ﬁ—l (p+0) o .
Pumal) = 40~ |22 % a0 70+ 5 3 40 F0| 2. )
Next, by setting in (3) e = %, it results

'

Flt) — SNk,ma. )Bm($)ds = Ern(t), @®)
where °
N e S y Tt (kto) _.,
Nanlt, §)= 52—, Eunlt) = 2 7 (0) ©)

By inspecting these formulas we immediately see that ( ) and (8) repre-
sent a system of Volterra integral equations.
If the conditions

Nkm,,t t) #O kan(o)-:-b (10)

are fulfilled, equations (4) reduce to a Volterra linear equation of the second
kind. »
Taking into account (7), the second of the conditions (10) becomes

A(0) — z":a,(o;’ +2aﬁ(0)r(0)] )

(3
- ken arbi-
The initial conditions 7(0), (i =0,1,2, ...,7 — 1) are to be ta
trarily, but the initial conditions for ¢ > # "1 follow from eq. (1) and its
derivative. ) bt
By substituting the functions §,(!) from (8) in (4), we obtain
¢ t s . _
\ Nimnlt, 5)3,,(s)ds + SN,‘(t, s)ds‘S Nirm(s, 6)Fn(0)do = Grmalt), (12)
b 0 0

where ,

Crmolt) = Famalt) — SN*“' 5)Erm(s)ds. (13)

0 -

2 — Mathematica 2/1980
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Making use in (12) of a formula given by Dirichelet, and replacing s by
¢, we have ' )
. g Hymalt, $)Bm(s)ds = Grmnlt), (14
0
where ‘
Hymalt, ) = Nomalt, ) + | Nall, 0)Nun(a, s)do. s

s

4) can be co
into ;I‘ lfxiez?l:;rt?grg;]eguzfggngf egetiggnk?lﬁdﬁrlsft tll{llti.1 c}ofllov)m(ig condxtlgzgr:ﬁ
satisfied - _ _
thu(t t) # O kan(o) = 0. (16)
If the first condition (16) is not verified, one deduces by the differentiating
equation (14) m — n times, the following Volterra integral equation of second
kind

Ba(t) + go.,.,,«, $)#n(s)ds = Tamalt), (17)
where ’

Qrmalts ) = Hipalt, 0 Himn(t, S), Tamal) = Hido(t, £) Gimalt),  (18)

~ My . ) -
H"n.'(t' t) [ 3‘"'—:'::( - ] ] * 0' lG:,m,n( ) = G£ m,n )( )' (19)
Hipa(t;s) = 2 _Dtmalts)

a"l—’l

The second condition (16) will be satisfied only if the second condition

(10) 12 also satisfied.
Pplying the method of successi imati ion of (17
is obtaieq wda pmcthod ccessive approximations, the solution of (17)

Fnll) = Fnalt) + Fmat) + Fmal) o ) + . (20)

where

Fmolt) = I‘,.,,,,()

Fmalt) = — [ Obmalt, )Bma(s)ds, (21)
0

¢ . .
.
.............
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If the acceleration 3,(f) is known, it follows from (8) af i
the integral, the acceleration @,(f). m (8), after performing

The solution of equation (17) can be deduced by an interpolation method.
Making use of a quadrature formula of the following form

Sf (s)ds = ;A,-f (s7),

0
(17) becomes

Plls) + 2 AQumaltis 6)Bm(ts) = Tamalty),
(¢=0,1,2, ..., 4).

This is a linear algebraic system of 4 4 1 equations with 4 4 1 unknowns
§m(ti)'

2. Applieation. As an example we shall consider in what follows the third
order differential equation

€ + ,(e + ac + w?ye = F sin v, (22)
(«, % v, w, F, constants),

that governs a vibrational system with internal friction and relaxation.

) Our task is to calculate the second and fourth order accelerations, taking
into account the initial conditions

e(0) = €, €(0) = — {fweeo, €(0) =0, €0) =0,

which fulfil both the second conditions (10) and (16) as well as (22).
We have successively for k=2, m=4, n=3

Fasalt) = Fsin vt + —"%‘lt, Esu(s) =0, (23)
Ny(t, s) = a + yoi(f — ), Naus(t, s) =1+ x(t —s), (24)
Not, o) = « + yo?(t — 6),  Naulo,s) =0 —s. (25)

By virtue of (23), (24) and (25), and by making use of (13) and (15),
we obtain

Goua(t) = Fauplt), Haaalt,s) =1—ols +

1
1l = Jous)e — o) + a4 )+ gt =)
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Performing the derivatives as indicated in (19), it results

H~2.4,3(f, t) = Haas(t f) =1, Gl (¢) = vF cos vt % wie,,
1
H3os(t, s) = aft — s) + x{l — w? [ts* 5 & + 32)]} . 26)

Replacing (26) in (18), we have
Q243(t, 5) = HEa3(t, 8).T2u3(t) = Gl (¢).
For k =2, m = 4, n = 3, the solution of the integral cquation (17), in
the second approximation is
Pult) = Pso(t) + @an(?).

Now, taking into account (21), we obtain the fourth order acceleration

voer 3
e(t) = @ut) = D, A\ + B-sin vt + C -cos ¥, (27)
=0
where
v [+ 4 v o
A2=—ix2w4e A =___l_ 3¢be
2 0 3 6 x [
B=yF (% —1), C=F(v+2).
As Y

N2'4(t, S) ={— S, E2,4(t) = O,

and by vi i . .
approii‘rilili]SUOf (27), it follows from (8), the second-order acceleration in second

. 3 .
el) = f) ~ A!'IH‘Z .
(8) = ou(t) § (+ 00T D) + D(¢) + E -sin vt + G -cos ¥,

where

PO=2(B+S) B2 c__c

The above developed :
. _ ion Of
any order, in the wanged ape;g;gmc::ilo:e ted o deduce the accelerstor |

i

J

; 1979) 4
(Received March 15, }
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ASUPRA UNEI PROBLEME DE VIBRATIIL
(Rezumat)
In prezenta fucrare se di o mictodd de determinare a acceleratiilor de ordin superior, exis-

tente la vibratiile parametrice liniare. Mectoda permite determinarea simultani a doud acceleratii de
ordin diferit, si poate fi aplicatd si in cazul ecuatiilor difercntiale cu coeficienyi constanti.
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ON EFFECTS IN THE NODAL PERIOD OF

ME RADIATI
SOME ARTIFICIAL SATELLITES

VASILE MIOC* and EUGENIA RADU*

jon. One of the most important _dlsturbmg factors acting
upon hleh:]ta?t(il:gtof artificial satellites with high orbits and great area-to-mass
ratios is the solar radiation pressure. Out of the multiple aspects pf 1ts influence,
the direct solar radiation pressure (Mus en, 1960; Parkinson et al,
1960: Bryant, 1961; Kozai, 1961; Lila, 1968 ; Rousseau, 1970),
the re-emitted solar radiation pressure (Levimn, 1962; Schnal, 1963,
Baker, 1966), the Poynting-Robertson effect (Sehnal, 1963; Radziew-
sky, Chernikov, 1965), the shadow effect (Pol ya khova, 1963;
Horvath, 1968: Ferraz-Mello, 1972) were studied both quantita-
tively and qualitatively. Such influences on some particular satellites (or type
of satellites) were studied by Shapiro and Jomnes (1960), Swallcy
(1962), Shapiro (1963), Lucas (1974) etc. It was pointed out that for
balloon-satellites the solar radiation pressure effect is on the same order of
magnitude as the air-drag effect, at heights of 900—1 000 km, and becomes
predominant at greater heights.

The great majority of these authors deals with the influence of solar
radiation pressure on the orbital elements of satellites. This omne’s effect on
the satellite periods was studied by very few authors, as Horvath (1968)
for the shadow effect on the anomalistic period, or Mioc and Radu (1977)
for the direct solar radiation pressure influence on the nodal period. The present
paper also deals with tl.le nodal period variations caused by the direct sp]ar
radiation pressure, considering the Poynting-Robertson effect. Our previous

qualitative analysis (Mioc, Radu, 1977) appears now as a particular case
of the results obtained in this Paper,l ) app w )

2. Basic equations. We will use the following system of notations:
# = parameter of the orbit ;

¢ = eccentricity ;
" = geocentric radius-vector of the satellite -
_ h ) ite ;
53_: !Onlg_ltuc_ie of the ascending node with respect to ecliptic;
= Inclination to the ecliptic plane;
¥ = true anomaly: '
‘;: :;gument of perigee, defined by the new node ;
‘= pr;g)léﬁl;ng fof latitude, defined by the new node
= A gravitati .
& = longitude of the Sup; o and Ferth mass;
= reflectivit icient .
ho = SOlar_cons};ai(;e;fﬁClent of the satellite surface :
¢ = velocity of the light :
\ ’

* Centre for Ast .
fonomy and Space Sciences, Satellite Tracking Station No. 11 32, CluijBPO"‘
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do = mean Sun-Earth distance;
ro = Sun-Earth distance (neglectlng Earth-satellite distance) ;
A = satellite cross-section ;
m = satellite mass;
F = disturbing acceleratmn

S, T, W = radial, transversal and binormal components of F;
D, = unit vector of the direction Sun-Earth;

a, B, y = direction angles of D, in the frame S, T W,

V = instantaneous veloc1ty of the satellite ;
Vo— unit vector of the mstantaneous veloc1ty;
¢ = angle between D, and V,

E = angle between Vo and the direction of S.

The elliptic disturbed motion of an artificial satellite with respect to a
geocentric frame is described by the following system of osculating elements
(Ochocimskij et al, 1959):

dpldu = 2r*n Ty,
dQfdu = r*v sin u W/pp sin 1,
dijdu = r3y cos u Wlup,
dq/du = rn k sin u cot s W/up + r*4[r(g + cos u)/p + '
+ cos #] T/u + 7*n sin u S/, (1)
dk| du = — riqg sin u cot i Wjup + r*y[r(k + sin u)/p + sin 4]T[u —
— 72y cos % S/y, ' '
dtjdu = P\Jup[1 — (r* cos i dQ/dt) [\ up).
The quantities %, ¢ and k& are defined by the relations:
7 = 1/[1 — (* cos i dQ/dt)|/up], @)
g=ccosw; k=cesinn. ‘ 3

The disturbing acceleration of the satellite due to the direct solar radiation
pressure, considering the Poynting-Robertson effect, but neglectmg the shadow
effect, is (Radziewsky, Chernikov, 1965)

F =F {[1 — (V/c) cos §]Dy — (Vie)Va}, 4)
where for F different expressions were given, as for instance (Vercheval, 1974) :
F = K(dolro)kod/me. )

The components of F are:
S = F{[1 — (V/c) cos £] cos & — (V[c) cos ¢},
T = F{[1 — (V/c) cos £] cos B — (V'[c) sin ¢}, (6)
W = F{[1 — (V]e) cos £] cos }.
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For simplicity, we will use the abbreviations:
B = sin #; C = cOs %, )
A, = —COs A,
A4, = — sin A cos 1, @)
Ay = sin A sin 7,
where :

r=L— Q. (9)

With these notations, the angles o, f and ¥ will be given, according to
Radziewsky and Chernikov (1965), by:

COS o = Alc + AzB:

cos p = — 4,B + 4,C, (10)
cosy = A,
Now, using Equations (3) and (7), the known relation :
r = p/(1 + € cos v) (11)
. becomes :
r = pl(1 + Cq + BE) = p(1 — Cg — BR), (12)

where the powers 2 2 of ¢, k and the product gk were ncglected, as in our
future calculations.

With Equation (12) and also according to Radziewsky and Cher-
nikov (1965), the products appearing in (6) are:

(V/c) cos & = «/Wc—l.(— A,B + A,C + 4,9 — AR), (13)
(Vfc).cos § = «/iifp c—(Bg — Ck), (14)
(VIe) sin § = Jfap (1 + Cq + BA).

Substituting the expressions given by Equations (10), (13) and (14) in
the system (6), the last one becomes : . a (10),

S =F(4,B + 4,C) — F Julp c{d,4,(Ct — BY) + (A2 — A3)BC +
+ U4+ 1)B + 4,4,Clg + [~ (42 + 1)C — 4,4,B1%),
T'=F(~ 4B + A,C) — F {ilp o {3 + 1 i (A3 — A B? — 24,4,BC +
+ (43 + 1)C — 4,4,B)q + [(42 + 1)B — A4,4,CIk}, (15)
W=Fdo = Fulp 1A o(A,C = 4,B) + Aodsg — Aush).

In the right part of Equations

i ir: ntribution
of direct solar radiatjoy pressure (15), the first term expresses the co

(neglecting the Poynting-Robertson effect
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in the disturbing acceleration (for comparison, see e YL ala, 1968 i
— . ) 2.8 ) i M
Radu, 1977), while t'he Secoqd one represents the gontribution of Poyn::i(x)lci
Robertsgn effect pnly in the disturbing acceleration. 8
With Equations (15), the system (1) becomes:

dpjdu = K,{2(4,C — A,B) + 6(4,B — 4,C)Cq + 6(4,B — 4,C) B} —
— Kof3 — A+ (24,45(6C* — 1)B — 2343 — A3 + 2)C — 6(43 — 4}C]g +
+ [2434,(6B* — 1)C + 2(d} — 343 — 2)B + 6(43 — AYBYJA},
dQ[du = Ko{y/T = 43B — 3./T = A1BCq — 3T = AIB%#) —
— KT = 43A,C — A,B)B + T— A3B[A, + 3(4,B — 4,C)Clg +
+ JT=AIB[— 4, + 3(A,B — 4,08, .
difdu = Ky{d,C — 34 ,C?%q — 34,BCk} —
— K{do(4,C — A,B)C + AC[4, + 3(4,B — 4,C)Clg +
+ AC[— A, + 3(4,B — A,C)BIk}, (16)
dgjdu = K. {d, + (4,C — 4,B)C +
+ [A,C — A,B + (— 24,B* 4 34,BC — 54,C%)Clq +
+ B[— A, + (— 24,B: 4 34,BC — 54,C%) 1k} —
— K {— 4,4,(1 + 2C)B + (3 — A})C + (43 — 45)C* +
+ [8 — A2+ A,4,(6C — 1)BC — 4(A? + 1)C* — 3(A} — A}C'lg +
+ [2d4,d4,(— 1 + 5B — 3BY) — (4 + 543)BC — 3(43 — 43)BC* 1k}
dkjdu = K,{— A4, + (4.C — 4,B)B +
+ [A,B + (24,C* — 34,BC + 54,B)Clg +
+ [A,C — A,B + (24,C* — 34,BC + 54,89 Bk} —
— K {— A, A,(1 + 2B})C + (3 — 43)B — (4i — A} B +
+ [d,4,(1 + 2Bt — 6B%) — (6 — A} — 24§)BC + 3(4i — A} BClq +
+ [(B—A3(1—2B%) + A,d,(6B*—1)BC + 3(43 — A) B'}A},
dtjdu = p¥p—2(1 — 2Cq — 2BR),
Where : .
K,y = Faphu™; Ky = Fp¥p=c™ (17)

and:
K, = K,[p; Ki= Ko[p. (18)
above mentioned disturb-

] 3. Method. We plan to study the influence of the abo :
Ing factors on the noIcial period of artificial satelhtes. I'his one, defined as the
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terval between tWO successive transits of the satellite through itg
'&SCending

time in . ;
node, can be determined from the relation:
2

To = S (dt/du) du.
) (19)
Developing the Jast equation (1) in binominal series and :
terms having the form [(r® cos ¢ dQ/dt)/«/@]" for n 2 2, we O&eagilue?tmg the
dijdu = 7|Jup + (v cos i dQfdt)jup =
= f(p, &, 14, ¢, k, a;u), 20
)

where ¢ is a small parameter characterizin 1 i
I _ g the disturb
The above considered orbital elements can be writteﬁlginf%;iorf;)
m:

p = po+ 42,
0=0,+AQ,
1 =1y + Af, @)
g = ¢o + Ag,
k= ky+ AR,

where :

1 Q’ ) = i
2, Q. 1, 9, k = orbital elements as functions of %:

750: Qo: 7:0, q ky =
(0= ug); o ko = elements of the osculating orbit for the moment ¢ =t

Ap, AQ, Af, A = va

it , Q1, Ag, A_k_ variation: i

al and current positions. These 3a§§ti§)};§ aC;rbltal clements between .
e

4p = 5 (dpfdu)du,

AQ = S (dQ/du)du,

Ai = S (di/du)du,

(22)

Ag = S (dg/du)du,

Ak = (dk/du)du.
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Using Equations (1) with 4 2 1, the integrals (22 i
the successive approximations method (Che bgo t a(r e)vcale%%)esﬁgiat'fed by
to the first order approximations. ’ ' ng us
Developing f in Taylor series on the hypersurface :

H=H(pq, Qo 4o, 4o, kg, 6 = 0; u), (23)
with respect to the small quantities Ap, AQ, Ai, Ag, Ak and 6, we obtain:
S =Fo 4 (f10p)edp + (3f/09)AQ + (9f]2i) 0i +

+ (9f/99)08g + (2f/0k) oAk + (3f/30)g0 + ... (24)
w here :
fo = the value of f for the initial position #,;

(@f19p)o: (9f10Q)0. (9f]09) 0, (9f]0)e, (0f]Ok)a, (8f[0)s =

the partial derivatives of f for the initial position «,.

Using Equation (20) and neglecting the terms of the type
{o[(r* cos 1 dQ/dt)[up]/dp} Ap, ... which contain the square of the small para-

meter 6, we obtain with Equations (7) and (12):
fo = p3Pu="2(1 — 2Cq, — 2Bky),
(8//08)o = (3/2)p2u="2(1 — 2Cq, — 2Bky),
(8f/2q)0 = — 2p3p="2(1 — 3Cq, — 3BAA)C,

(9f|0k)e = — 2p¥Pu~"2(1 — 3Cqy — 3Bk,)B, (25)
(3f]2a) = [(r* cos i dQdt)[up][ds,
(8129, = 0,
(9f/31)e = 0.
The noda] period can be expressed as follows:
To=T,+ AT, (26)

where T. i _disturbed period corresponding to the osculating orbit
o is the non-dis p's the difference between nodal and osculating

(¢ = osculation moment) and ATq i . ;
Pgl’iOdS due to the distu)rbing fac?:ors. Taking into account Equations (24) and
(25), they acquire the form:
2r
Ty = g1 S (1 — 2Cg, — 2Bko)du ; 27)
o 1
(28)

AT0=II+I’+I'+I"



V. MIOC, E. RADU
28

where:
~

1, = (32" S (1 - 2Cgy — 2BRo)Ap du,

0

2r

I=— 2p32u =12 S (1 —3Cqo — 3Bko)CAqdu,
0
2r
I,= — 2153/2“-:/28 (1 — 3Cqy — 3Bko) B Akdu, (29)
0
1,= S (81(r* cos 1 4Q/dL)|up]]d6} o du.
0

4. Results. As a disturbing factor we take into account the direct sola
radiation pressure, including the Poynting-Robertson effcct. Irom Equation
(16) and (22), with the notations (17) and (18), and with 4 = 1, we find:

Ap = Kyo2A (B — By) + 24,4(C — Co) +
+ 3 [43(B? — BY) — Asn(BC — BoCo) — Auoltt — #6) 190 +
4 8 [— Ap(B? — BY) — A;9(BC — BCq) + Ayolts — mg) ko) —
— Kyo{(B — Afo) (4 — 1) —

~2[38- AG)(B — Bo) + Ay0420(C — Co) +

+ (4% — A})(BC? — BC2) + 24,,4,,(B2C — BiCo)1q0 —
2[— Ay0d,o(B — By) — (3 — Ago)(c —Co) +

+24,04:0(BC* — BoC3) + (A2, — A2,)(BC — BiCo)lko}

Ag = Kao{[— A10(B* — BY) + dy(BC — ByCo) + BAolte — %) 2 +
+ [~ 44u(B — By) + 4,4(B:C — BIC,) + Auo(B* — B3 g0 +
FB3400(C — Co) + A4(B* = BY) + Ay(C* — CY ko) —

= Kaol2(4% +1)(B — By) + 4,44,,(C — Co) — )
. (;(AJr ; :Z%o)J(rB:G— Baf3 + 24,0400(C° — CD)I3 +
+ 3A10Azo(32C2m_ Bgcg)(/zi;(izci/ij AmAzo(Bza— BG)—-I—
20 10)(B*C — BiCo)/4
~ (A — 430) (4 — u,)/8]g, +

[~ 54,04,4(BC —
10 zo( C Boco)/4 - ,(A?o - 6A§o - 4)(B2 - B(z))/z -
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— 3410450(BC* — BoCY)[2 + 3(A3, — A3,)(B* — BY)/4 +
+ 3ds0dno(n — ug)/4)k,).

Ak = Kyo{[A3o(B? — Bf) + A14(BC — B,C,) — BAs0(1 — ug) ]2 +
+ [24,0(B — Bo) — Aso(C — Co) + A3(B* — BY) + A50(C* — C3)1qa
T [ 4450(C — Co) + A5o(BC? — B(CY) + A44(C* — C3)Thg} —
— Kyo{— Aro420(B — By) — 2(4%, + 1)(C — C,) ~
— 2410420(B° — BY)[3 — (4}, — A%)(C* — C3)/3 +
+ [11410420(BC — BoCo)/4 — (243, + A%, + 4)(B* — B2)/2 —
— 3A4,0450(BC?* — B,CY)/2 + 3(A}, — A%)(B* — BY)/4 —

— Aol — u)fdlio +
+ [(1542, + A2, + 16)(BC — BoCy)/8 + Ayodss(B — B3) —
— 8A4,9A40(B2C? — BICE)[2 + (A3, — A2)(BC* — B,C3)/4 +
+ (AZ, — Ao)(# — u,)[8]ko},

where the supplementary index ,,0” fixes the respective quantities at the moment
t = tov

Integrating Equations (29) with the values given by the system (30) ‘and
with ¢ = F, we obtain:

I, = 8Ky {— 2(A20Bo + 414Co) —
— [Ayo/2 — BAyo(tty — ) — 3(A20Co — A10B0)Boldo —
— [7420/2 + 34100 — m) — 3(A16C0o + A,oBo)Bo]ko_} -
— 6Ky {(AZ — 3)(ng — m)[2 + |
+ [2(A% + 1)By + Asedso(3 — 2C3Co — (A% — Al)Balgo +
+ [8 — A% + Asedio(l — 2B§)Bo — 2(4l + 1)Co —
| — (A3, — AR)C3Ihe)
I, = Ko {[— 5A10/4 — 94zo(tto — ™) — 3(A2°C? — A;,Bo)Bolgo —
‘ — (454 40/4)ko} —
— Koo {— 3410420 +
+ [— 12(43, + 1)B, + 2(d} — AL) B} — 241042003 + 2C%)Col40},
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I, = Keo{— 6410 ~ (A10/4)90 t , (31)
+ gl + 9Asaltto = ™) — 3AaCo T AzoBo)Bolk}
— Kgof3410420 — Ajedzedo t+ .
+ (4% — AR)2 + 12(4% + 1)Co + 24104203 + 2B3)Bo +
243 — A)Cilkd:
I. = 5K50Azoko - KeoAmAzor
where : K, = Fr p,o,zp__s/z; Ky = Frpluc (32)
Finally, introducing the values given by the system (31) in Equation (28),
e ATE+PR = 6Kgo {— Az0Bo — 41o(l + Co) +
4 [— A10/2 — (A1eBo — ACo)Bolgo +
4 [— 54502 + (A20Bo + A16Co) Bolko} —
~ Ky {3(4% — 3)(“0 —x) + Ayl t+
+ [AypAs(— 1 +12C, — 16CF) — 4(A3 — A0)B3lgo +
" [(114% + 1343 + 24)/2 4 4414503 — 2Bf)Bo —
— 4(43 — AL)Cilke}, (33)
where ATS*F® denotes the ﬁiﬁerence AT, caused by the direct solar radiation

pressure, including the Poynting-Robertson effect.

Equation (33) permits to separate the influences of the direct solar radiation
pressure and of the Poynting-Robertson effect, as follows:

ATE*P® = AT + ATH®, (34)

where AT% and ATH™ denote the two significant terms appearing in the right
side of Equation (33).

Our formula was deduced by considering the ecliptic plane as the reference
plane of the geocentric frame. However, Equation (33) remains available for
any reference plane of a geocentric frame, in the following conditions:

(i) the inclination is taken with respect to the new reference plane;

(i) the other quantities appearing in ATE*"® are obtained from the
corresponding ones of Equation (33) by a rotation in the orbital plane with an
angle equal to the difference between the two arguments of latitude.

Therefore, Equation (33) is available also in the case of the classical frame

(with respect to the equatorial plane), where 4,, 4,, 4, take the form imposed
lfg?gl;e above mentioned transformation (see eg Lidla, 1968; Mioc, Radu,

(Recsived March 29, 1979)
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UNELE EFECTE RADIATIVE IN PERIOADA NODALA A SATELITILOR
ARTIFICIALI

(Rezumat)

Lucrarea studiazi influenta presiunii radiatiei solare directe, cu cons.iderarea efect\.llui Poyn-
ting-Robertson, asupra perioadei nodale a satelifilor artificiali ai Pﬂm:ptulm: Formul_ele sint dech{se
gentru cazul orbitelor cvasi-circulare complet iluminate de Soate gi rdmin valabile pentru orice
sistem de referintid geocentric,



, XXV, 2, 1980
STUDIA UNIV. B.-\BES——BOLYM. MATHEMATICA

OF THE CLASS OF CLOSE-TO-CONVEx

ALIZATION
A GENERAL FUNCTIONS

DORIN BLEZU and NICOLAE N. PASCU

the set of regular and univalent functions [(z) = z 4 g,z
L L ngiiec}l)ein the unit disc U. In this paper we shall denote by K — tlj;
sub-class of convex functions, C — the sub-class of close-to-convex functions
and by S§ the sub-class of those functions which are starlike of order p;
note that S} = S* — starlike. Further, let &, be the set of all functions p(z) =
=1+4¢,z+ ... which are analytic in the unit disc and verify:

lag pl) < v7  12I<L0<y <

The symbol K(«) denotes the class of o — starlike functions. A regular
function f(z) belongs to K(«) if f(z) - f'(z)/z # 0, |z| < 1 and the function

Fl)=(1=0) f@) + s f'), |2] <1

is starlike; see [9].

ud The aim of this paper is to present a new class of functions and to
sf“ y 1ts conmections with other classes. Likewise, an integral representation
of the functions of this class is given.

In the following let us denote by M a certain sub-class of S.

. DeFixiTION. Let fz) be an : . : it disc
with f(z) - f'(z)]z # 0, |(2)| patt analytic function regular in the um

The function f(z) belon .
; s to t 4 <1
there exists a”function g, g s Rlzesgl?:iitaa‘ v Re 200 <

In thi SO +afe)=(a+1) )
B this paper the case M — ¢ ic 1o ..
THEOREY 1. If v, Cis Investigated.

Sy U
PrOOf, Letf I C(a' Yl,Ycz tliz’; C(a) Yll C) U C(a, YZD C)

SO+ afl) =(a+1)2gm), g = C

that ig 2f'(2) 4 q
Wi?feShau' show t{f;{; (:"(':' 1) 2™ (2) where W(z) = [g'(z)]%:
Tentiating logarithmical.ly we obtaj
’ mn

Q) _ v we

9y, o

T g2
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that is
zh''(2
( ) + 1= Y] ( (2)

Y1
"o o +1)+1—_

Ya
Therefore
6, -
zh"*(2) 1) 10 = 1 { Re (zG"(z) 1 a0 _
SRC("(Z) + Y!§ &'(2) + ) +(1 ](e —e) _Y—Tt>—1t
0, L . ‘

It is known that the above condition defines the close-to-convex functions.
We notice that:

0, 1,0 =C
C(a, 1, K) K(—:)
C(oo Y, I() = Si_ -y

C(1, 1, K) is a class investigated in {6] by R.]J. L1bera and AE. Living-
ston.

LeMMA f € C(oo, v, C) tff it may be represented as
f(z) = Py(z) - Gy(z) where P, < &, and G, < S}_,
Proof. According to the definition of the class C(4, y, C) one has
fle) =2"(z), g =C

or

2g""(z) = 21~(2¢'(2))"
But 2g'(z) = P(z) - G(z) where P € & and G € S*,
which implies f(z) = 2!~ . G¥(z) - P"(z), where P*=P, €%,
We shall show that G,(z) = z'~Y-G"(z) € Si-y
Differentiating logarithmically we obtain

i) _ (1 — ) 4y 2H
o 11—y +y o
O taking real part
Gils) ReE@ S 1 —¥.
e 2¥—=1—vy+yRe
\(2) Gle)

et be now 6= pl) - M), p = 8 and b € S

ndg(z) < S (Lf
t

In Other WOrds zgw(z) — ( ) ( )

3 -
Mathematica 2/1980
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1
Bz) Y
ﬁmehegqufdmmqmtaa;z{jj = S
1
and P(z) =p7 (Z) € Q, (0 < Y < 1)
) s ,
Hence we havefé—(% =P(z); 1t follml\s fhat geC
There exists g € C so that f(z) = z¢ Y(z)
or f € C(, ¥, C)
wich proves our proposition.
THEOREM 2. If Re @ 20 and 0 <y <1 lthen
Cla, v, C) C Cleo, ¥, C)

Proof. Let f € C(a, vy, C); using lemma 1 we can write
o)+ afl) = (a+1) Py) - Gy(2),
P, eg, G, € St_,
By means of the ﬁ_otation' f(z) = $1(2) - g,(2) we have
2(pil2) - g(2) + pulz) - &i1(2)] + apy(z) - 81(2) = (a + 1) P,(2) G,(2)
or v
Pile) [28i(2) + aga(e)] + 2pi(2) - gy(2) = (@ + 1) Py(2) -G, (2)
We shall find g so that

that s () + agile) = (e + 1) Gy(a)

14

&) = “Z#S F7G\(z) at (
0

which is ike i .
a starlike integraf operator of the Libera type.

It is knowg tha
t (see [47) i N
Therefore [4]) it G, = Si-y then & < Sty

102 - gy(2)
bz L —
or 1 ) + ‘m 1(2),

751(2) + ii(i — Pl(z)

28,(2)

+—

&ls) 1



A GENERALIZATION OF THE CLASS CONVEX FUNCTIONS

35

iz) = p¥(z) and -Py(z) = P¥(z) then as a : :

lllﬁ QY\ 3ve D A b < 2 n account -of the fac:'c»that‘P1 is
1t follows that

pY(r) + 2020

- = p'(z) where g¢(z) = kil
@+ 902 &2
vzp'() __ PY() a.
FACH R S e L (1)

Let us show that p € €; if we suppose that there is z

» [zl =7,< 1 s0
that Re p(zo) = O then, by means of Lemma A from [7] tuaking0 Ithe real part
we find

0+ N.y-Re 2H88__ g P
la +gla)* 7!

where N < — _;.(1 + A2p(zy) = A -i

But g, € S* thercfore Re ¢(z) = Re zg{((Z)) 50
14185

Now, we compute arg Py(f) ; from P < & and Re Pz) > 0
PY7N2)
we have
Y.
arg — Y9 | = | yarg P(z) — (y — Nargple)l =
PY_I (2)

=,Y arg Ple) £ (1 =1 5|<3

Y - .
Therefore Re-2-) < (0, the left side being negative.
. e
This contradiction completes the proof of the above theorem.

LEMMA 2. f & C(q, 1, C), Re a > 0 if and only ¥f

¢ p) here plz) = L2
2p'(2 —_ wher =y
SRe (;b(z) + == W)] a0 > — 1)

) 5 |
Proof, 1 et f be in C(a, 1, C); on that 1s .
zf'(z) + af(2) = (a + 1)z¢’(z) with g €
Taking the logarithme derivative one finds .
=f'(2]

e =
—z"',((;)' +1=20) ’;%%(7)— where P(8) =7y
8\2
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But g is close-to-convex iff
6
s & +1]d9> —n
gl
6,
which proves our assertion.
Remark. Other generalization of the class of close-to-convex
is gi i : functi
is given by D.V. Prohorov 1 11] which used s lons
kingdl: (1] a condition of the
8

(@ —1 #0930 > —
§[ ) ple) + 22 20 > — ym

with Re 2 >0 and 0 <y < 1.

_ TrEOREM 3. 4 function f(z) bel .
a3 i 1) bns ot s Cla. . O and o

3

= i a=1J7
fle) == i ta-1F(1) dt @)

Proof. Let’ i
f. Let's suppose that f(z) admits the representation given by (2).

If a=m + m n .
have » m>0 then according to the conclusion of Lemma 1, we

F(z) = 2g"(z) = P,(z
= ¢
" 12) Gi(z) where P, &, agd G, € St_y

fli) =Pt L in (o
) T St G1(Z) .Pl(t)tin—l dt.

]
[}

D —

Let us denote Golz) = 2 Gl )m+l

We show :
OW that Gy(z) is starlike, Indeed

Gy(z)
. T =1-— 1 G
Purthe 4§ ’”+1+mRez<;_‘(2)>0
T we define fl(z) by 1{2)

! 1

t) - Py(¥) .tin—xdt]m +1—in

hie) = [(m +1+ in) SG?_’:;

0
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LB. Bazilevi& [1] has proved that if « and @ are real numbers and

g < St h = & then the function w(z),
: L
w(z) = [(a + if) Sg“(t) hit) -tfﬁ-ldtr'
J .

is regular and univalent in the unit disc.
By means of this result we conclude that f,(z) is regular and univalent.
1

Therefore fi(z)/z # 0, |z] < 1; this means that for f'—(z—)]aﬂit is possible to

z
select the uniform branch which takes the value one for z =0 and which

is regular for |z]<1;
Taking into account that

A
a+1

1) == [*2]

it follows that f(z) given by (2) is regular in the unit disc, moreover f{z) =0
iff z=0 and f'(0) = 1.

Those shown above allow us to compute the derivative.

thiciug that zf'(z) + af(z) = (a + 1) Fz), F = C(w, v, C) we conclude that
fis of the class C(a, vy, C).

Further we prove that if f € Cla, y, C) then f(z) has the form (2). Under

this assumption there exists g(z), £ € C s0 that
of'(2) + ofle) = (a + 1) %7C) ©)
If F(z) = 2g"(z) then F € C(®, Y, (), and by integrating (3) we obtain the

equality (2).
From the proof of the Theorem 2 it follows:

. CoroLrary 1. If Re a 20, 0<y < 1 an
bon g(z) defined by

ipPpeg GeS5* then the func-

s

et L{p-1P() GO 4

-8HY
8P (2 s

g =

s starlike). .
t(;;ts ;(z) = 1 and we find :

where pa) is given by (1), is in the class S*
S then the function & defined

In the case in which P(z) = 1it follows
by CoroLrary 2. If Rea > 0, o<ysh G €

1
14

glz) = ‘i,:*;—l- St""G(t) dtr

0

belongs to the class S
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11

in .
tara acestielicz::a:\tl"lallltl;t ::s:s(tf lfntf0d_985 0 noul clasi de functii notati C(a,
clasé. Peatry valo, ¢ de lunctii. Este daty $i reprezentarea integrali a

. The case Y = 1,

p. BLEZU, N. N. PASCU

wi ticular cases:
. . want to carry out the following par es -
Finally, \xeh e“igro"a“’ 9 "was proved in [4], [9], [10]

ffor Y T L’j 9 we rediscover an earlier result established by R. J. Libe; .
y=L2a= “
[5] « = n was investigared by S.D. Bernardi [2]

If a is real then we find again some results from (3], [8].
(Reteived May 3, 1979)
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GENERALIZARE A CLASEI DE FUNCTII APROAPE CONVEXE
(Rezuma t)

Y, ¢) si se arati i:if"
. X din ace
Tl parti . functiilor

Particulare ale parametrilor se regisesc rezultate importante cunoscute.
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SOME ESTIMATIONS FOR STRONGLY am-CONVEX FUNCTIONS

I. MARUSCIAC

L. Introduction and preliminaries. Recently we have defined [2] a new
class of generalized convex functions, called a-mean convex (or «m-convex)
functions, which contains as particular cases logarithmic, pseudo and quasi-
convex functions. In this paper we define the class of strongly «-mean convex
functions and we give some estimation theorems for such functions.

DeriNitioNn 1. Let X < R be convex and « € R\ {0}. A function
[:X = Ry is called a-mean convex (concave) (am-convex (concave)) on X iff

i

Vey € X, Vi e [0, 1]=f((1 —fx+1) < (1 -1 £+ 10 1)

f is stricly am-convex (concave) on X iff for each #, y € X, x # ¥ and l e
€ 10, 1{ dnequality (1) is strict. o '

DerINITION 2. Let X < R” be convex and « > 0. Function f: X - R,
is called strongly «-mean convex (strongly wm-convex) on X 1ff there is a
constant p > 0 such that o

Viye X, vt e [0, 1] =
1

A= 8)x + ty) < [(1 = O(f(x) + 4o(3) — {1 — Hellx—ylF
P is called strongly am-convexity parameter. .
Remark 1. From Definition 2 it follows that f is strongly am-convex

on X iff J® is strongly convex on X in the usual sepse. .+ can be easily
Remark 2. A strongly «m-convex on X function, n?/irsle icsanot always
ascertained, is strictly am-convex on X too, but the co

true. as we can

There are strongly am-convex functions that are not convex,
see from the following
Example. Consider f: Ry — R4

f(x) =%
This function is strongly 4m-convex, on R. A
T~ 3 1 1) — (1 = pys(a) — o) = (1 = 2+ 0 = =07 "
= (1= gt 4 (1 — ay + 12 — (1 =) — = — A1~ ) =7
Therefore we have for p = 1: R
yI*.

i ave
since for %, y € R, we h

A1 = x4 1) = (1 — AW +0) — 1= AT+
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_ /7 is not convex on R, (it is concave on R,),
ot Zde??yhe{s(xl))een‘/s—hown that every local mimimum of an am-conyex
f ncti?rla gs]also global. Moreover if f is strictly am-convex we have the fo].
u
o e If :X € Ry~ Ry is striclly am-comer on X and x* iy

a global minimum of f on X, then
- Vi e X = f(x) > f(x*)

i x* is unique. ,
Proof. Assume that there is x' € X, ' # x*, such that

u=f(z') = flz*) = min {f(x)| » € X}.
Then from the definition of strictly am-convexity of f it follows
1 1
S =2 + o) < [(1 = %) + 4f4(2)]* = (1 — fp + 8p9)* = p
i.e. a contradiction.

2. Estimations for strogly am-convex functions. In what follows we are
going to enumerate some properties of the strongly am-convex functions that
are useful in determining the rate of convergence of the different numerical
optimization methods for such functions.

In all this section « will be assumed to be positive.

TaeoreM 2. If fe CY(X) (f: X = R,) is st ly wm-convex on X, then
for each x‘yeX"‘gefhave( ) (f: X = Ry) is strongly a v

pll2 — I < (Vf(x) — V(o)) (% — 9). @)
Proof. From the diff i ’ . i Defini-
tion 2, for £ 113, e h::r(;ntlal property of the convex functions and De

1
TPE=9IF < S f(0) + L) ~r(532) =

= (0= () £ () - (E22)) <

2
1
€ TR =) = 9R0)z - ) = L (vpe(x) — TRO)E — 9)-
TuEoREM 3. If f < CYX)

o : X o N n X ther
1° for each » X the lev(e}lt set wR) d strongly am-conuex o

is bounded, Xo={x € X|f(x) < f(2)),

90 , .
There is q unmique point x* € X such that

J*) = min {f(x) x e X}.
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Proof. 1° Since

1

P = f4) = (Ve + e — ) (s — ppar =
1

= V() (x ~ 3) + (V< + Uz —y)) = Vfe(s))(x — y)at,

0
in view of inequality (2) we get
1
fe(x) = f(9) = VPO x =) + Spll % — y|[dt =

0
= VIO E =) + S ellx—yIR
For y =2 and x € X, we have
> fo(x) — fH(2°) = V(2%)(x — =°) +1 pllx— 2P
and, therefore,

1% — %o 2 < 2 Vfe(x0)(2® — 2) s% [ Af(x0) || l.l‘x'—x"H-
P

So for x € X, it follows:
% — 2] silIVf“(x")H

2° Follows from Theorem 1, since a strongly am-convex on X function

is strictly am-convex too.
THEOREM 4. If f: X < R" = R« is stromgly am-convex on X, and let x*
be the minimum point of f, then
3
‘v'xeX::»H~x—x*||2<%[fa(x)"ﬁ(x*)] @
If moreover f e CYX) then )
1 x
vieX = ||x—2 <7 ”Vf(x)“:
and
(5)

1 3
2(yx) — *) € — || Vf“(x) 1
0 < fo(x) — fol#*) < 5|
Proof. From Definition 2 we have ,

flzr+3y)<(zrmt L) = ol %~ i)
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As fx%) sf(.;_ x4+ % x*]

it follows: : | -
foet) < L) ) — Jellr — AR
whence we get (3). . ' fore to /%) on X, we h
Since #* is a minimum point to f (and therefore to f*) on X, we have
' Vi e X = Vf(x*)(x — %) 2 0
and in view of (2): .
oll 2 — 2% |12 < (Vf2(x) — Vfe(x*))(x — x*) = V/*(x)(x — 2*) —

— Vfi(a*)(x — 2*) < V() — 2%) < [IVRR) L] H 2 — 2%
ie. we got (4).
Lastly, in view of (4), for each x = X, we have

0 < fo(x) — fo(v*) < Vfe(x)(x — 2%) < || V/2(x) || % — 2% || < ip | V/a(x) | .

THEOREM 5. If f: X — R, is strongly am-convex and Vf* is Lipschitzian,
t.e. there is L >0 such that

Viy € X = || Vf(x) - VP(O) || < Lt % — p1),
then for each z, y e X for which f(x) < f(y) we have the inequalily :

1 Vf(%) || < \/2 + 12%’ HAS() 1

The proof is similar to th : 43, since f* is
strongly convex on X, e proof of property 4 of [1], p. 43,

DeriniTiON 3.

: Let f:X 5 R m- ’ ; X. Sequence
(M) C X is called relaxa{i\re f—(;r ;ifbe am-convex function on

fE+) < fla), k=0, 1,2, ...
We shall neeqd the followin

Lmxua 1. (1, p. 133). If (@) C R is a real sequence such that

a, — g1 2 b,,a,“ bk > O, a, > 0,
then

m—1
a- s aoexp(-' Ebh),m= 11 2) A
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TaEoREM 6. Let f: R* = R, be a strompl - |
function and (x*) C R” a relaxative sequence .}goz. f?’n convex and differentiqble

Then

m-—1

fa(x"’) _fa(x*) S aO exp(—p XM)‘ m = ] 2

o lefain e (6)
and
" 19 2 m=1 ®f ¥Ry — fa{yh+1
12" — 2|2 < = ag exp(_p fo(sh) ~ fefat+)
4 & ||Vf°‘(x")||' ' 1, 2, (7)

where p is parameler of sirongly am-convexily of f.
Proof. Deunote

@, = f(x*) — f(x*), k=0,1, ...
If fis a strongly am-convex {unction, then from (5) of Theorem 4
we have ' ' ' '
1
a S:Ilvf“(x")llz.k=0.1,-~ (8)
From (3) it follows:
2
IWah =2 < = (fe(2?) — f(x))- ©)
But then:
@y — Gy = fH() — fola*) — () + () =

SE(xk) — fo(xh+Y) T fA(xR) — [H(xk+7)
A A a1 7k > pr————"———a,.
eyl LA L e
Since (x*) (C R" is relaxative for f,
fo(ah) = fEHY
» = P e
and from Lemma 1 we get

mo) fa(gh) — fo(xkt1) )’ E=0,1,... (10)

< pu— RS
fm S o exP( P L TP

Le. (6) holds.
Inequality (7) follows directly from (9) and (10).
Remark 3. From Theorem 6 it is seen that the re
Convergent whenever the series

PRSI

laxation method is
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vergent. For this it is sufficient that
faxh)— fortl) o M
Lvfe(=k) | 1* k

where M is a positive constant.

is di
, kR 2k

(Received May 15, 1979)
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UNELE ESTIMARI PENTRU FUNCTII TARE am-CONVEXE
(Rezumat)

. Fie X < R* o multime convexid i a > 0. Funcfia f: X -» R se numeste tare convexi in
medie de ordinul « {tare comcavi in medie de ordinul a) pe X, daci existd o conmstantd p > 0
astfel incit Vx, y e X, vt e [0,1]=

£ =0 + 95, [0 =0+ 4o0) — 01 = 1 e -y,

ioeﬁclentu.l ¢ se nume;té parametru de tare am — convexitate (am — concavitate) a functiei f pe

cexe i’}nv:;z;:aet;e s;;bltlelsc' teoreme de estimare privind comportarea functiilor tare am — con-

s Acestg cty ui ‘deAxmmm‘, a}:aloge cu.cele cunoscute pentru functiile tare .con'v‘ese

ety Gasic. A estimari  sint utx!e in determinarea rapidititii de convergentd a diferigilor
g In teoria optimizirii, in care intervin asemenea functii.
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SUR L ’ASSOCIAT
mg: DE LA convorurion pg
ESQUE-PERIODIQUES > Foncrios

TIOAN MUNTEAN

1. Intreduction. i ,
périodique au sens :i]e %ﬂ ICgl(t) I?u une fonction continue x: R

) r [1] si pour chague ¢ > 0 il_’eg testlﬁresque.

» 11 eXiste [ > () tel

par

T
. 1
M(x) = lim - S x()dt, x € AP,
=7

existe et elle est finie ([1]
existe ' , pag. 34—36). F. i i i
€tudié¢ le produit de comvolution xwy: R —>)C Fde? gelul; Cf:nc[t:signas l;lt;Odem‘EI;’t

donné par la moyenne
T

(¥9)(s) = M (%, - ) = lim —’—TSx(s — Oy()dt, s € R. (1.1)

On voi itd
oit aussitét que xxy € AP, donc » est une opération binaire dans 4P,

appelée convolution dans AP.
Stratiol;‘;. Riesz et B. Sz.—Nagy [4], pag. 252, affirment sans démon-
que la convolution dans AP est associative. Les mémes auteurs, [4],

ag. 233 — . O :
Pag. 253—257, donnent une application intéressante de cette propriété 4 I'ana-
e-périodiques. Dans cette note on propose

lu);s: gg;’lnonlqug des fonctions presqu ' n propos

sur le oy (;)éls?:ratlon de I'associativite ’de la con'vo‘lutlon'dans AP, qui s’appui€

rémes lzle uit de <-:011V0'1ut.10n, regar_de Fomme hmx'te umfor_me, et spr_les théo-
passage a la limite sous l'intégrale et d’interversion des limites.

mite uniforme. Notons par R,

P. Considérons la fonction f:

2. Le produit de convolution ecomme lLi

1'interva]]e ouver .
t ]0, co[. Soient x, y, 2 € A
R, X R - C, définie par .
T
AT, w) = _2‘; Sy(u —fz()dt, T = Re, # € R
-7

THEOREME 2.1. Si e > 0, i existe T, R, tel que powr tous T', T >To

€ % <R on ait ‘
| AT, #) —f(T", W) <= (2.1)
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Démonsiration. Définissons les fonctions g, #: Ry X R — C par
(3

v T
S o — el)dt et BT, ) = % S (e + t)z(— 1)z,

0

1
gl w)==

o

Etant donné que f= 1 (g + h),' le théoréme sera établi’ deés que on met
P

en évidence un T, € R, tel que pour tous T', T” > Ty et u € R on ait
g(T", 1) — gT", W) < et |MI, u) —W(T", w)] <e. = (22

Puisque les fonctions y, z € AP sont bornées, il existe L > 0 tel que
|v@®)1 < L et |z(f)} <L, t € R. L'ensemble constitué¢ des fonctions y et 2
est également presque-périodique ([1], pag. 31—32), dOI'l(E il existe /> 0 tel
que pour tout @ € R on peut trouver v € [a, a + ] vérifiant

|y'(t+r)—y(¢)|<'8iL et |z(t + ) ~)I< .t R (2.3)

Notons T, = 16 IL%e. Soient T, "> T, et u € R. Si 'on écrit que
la fonction g(T, ) est continue dans les points T = T’ et T = T, on peut
choisir deux nombres rationnels T, T,> T, tels que

|8(T", u) — g(T,, u)l<§ et |g(T", u) — g(Ty u)| <§. (2.4)

(;n{la TIIT}z =1 mfn, ot m et m sont des nombres naturels. Pour tout k éE
voeohplexistene (k-1 T, (k—1) T 1] tel que les inégalités
(2.3) soient vraies, dong A ) Tw ( ) Ty + 1] tel qu g

| y(u — £) z(t) —y(u'— T~ 1) 2(z, + £)| < | [yw—t) —yu—nx,—2t)] 2 +

+ l[z(t)’—z(r,,+t)jy(u_1,,_t)|<8_€LL+SLLL= :

et, par suite,

l&(Tyw) ~ T, ) = | L
. . T

S — 8 28yt —

1

ol

L s M

) i Ty -
o S yu—t)2t)at| ¢ L LSy(u —1) z(t)dt —
*-1r, Tl R
_ L1h+rl - 1 T ‘e v
= | s = ar 4 = | o= ua |+
) : ! =17,
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. 'rk+T I -
o R S y(w —t) z(f)dt gl - LS _
n) M o | 9(n — 1) 2(t) — .
—yu—m—0) z(n+ )+ 2L <L Le o
' T, n ,51(1‘1 4 T+ T, )_'
_ e, 2
Tt (2.5)
De la méme maniére on arrive A I'inégalité
Ty, u) — g(mT,, u)] < = + 22
| 8(T2 #) — g(mTy, u)| <~ + T (2.6)

De (2.4), (2.5) et (2.6) on déduit la premidre inégalité (2.2): ;
18(T", u) — g(T", u)| < {&(T', u) — g(T,, w)| + | g(Ty, 4) — g(nTy, w)| +

+180nTs, #) = g(Ty, 0] + |g(Te ) = g(T", 0] <545+ 224
e UL | e _ 3 —41L'__
+:+_TT:+‘§<‘;+'—T—°-—€.

On raisonne de méme pour aboutir A la deuxiéme inégalité'(2.2).
Remargue 2.2. Lorsque les fonctions y et z vérifient y(u — {) = x(u + ¢)

et z(t) = %(0), ot x « AP, le théoréme 2.1 a été établi par H. Bohr [1],
pag. 38—39. o .

Soit s € R. Considérons maintenant la fonction f,: R X Ry, — C, définie
par

v .
£ U) =§% S (s — u) y(u —t)du, t € R, U € R,.

lu

Le raisonnement de la démonstration du théoréme 2.1 condgit au résultat

Suivant :
THi:orREME 2.3. Si e > 0,
>Ugett eR on ait

il existe Uy € Ry tel que pour tous U, :U" >

lfs(tﬁ U') _'f,(t, U")I < €.

CoroLLAIRE 2.4. Si U € R., alors (2.7)
AT, wals — ) = y=a)(w)xls =)
Uniformément pour u e [—U, Ul lorsquexlt;-;; ;)'est bornée, il existe L >0

Démonstration. Puisque la fonction

je 4 — bre T, du théo-
tel que | x(t)] < L, ¢t « R. Soit ¢ > 0. On associ€ a o le nom 0
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1. Soient T >T,et # € [—U, U]. Comme la moyenne (yx2) () existe,
eme 2.1. Soue
::ngeut trouver un T, > T tel que

(T ) = (y22)(0) | <~ (2.8)

2.1) et (2.8) on déduit (2.7):
Djf((rz)«)ex(s — ) — (y2))als — w1 < | AT, 9) — f(Tu )] (s — u)| +
+ ”f(Tm u) - (y*z)(u)] x(s - 'u)l < &
CorOLLAIRE 2.5. St T € R,, alors
£t U)zle) > (xx3)(s — (o)

iformé — lorsque U — o0.
uniformément pour t « [—T, T] lor ) .
f Démonstr{c)lion. On répéte le raisonnement de la démonstration cu corol-

laire 2.4, en utilisant le théoréme 2.3 au lieu du théoréme 2.1, et on tient
compte de

u
(x2y)(s — ) = lim 2—!0— S x(s —t — u)y(u)dy =

U=+t0
v
~U U U+t
=lim 1 - u—1 = h (¢, U).
lim S +S+S]x(s Wyl — )du = lim £,(;, )
-U+s -U 7

3. Théorémes de passage & la limite sous Pintégrale et d’interversion des

limites. Nous avons besoin de deux théorémes classiques, la démonstration
desquels peut étre trouvé en [2], pag. 666—672. .

_ . TuroriME 3.1. Soient Qe Ry, Ry X[—Q, Q] » C wune fonction
intégrable au sens de Riemann par rapport a ge [— Q, Q) pour chague Pe R,
e 991 [— 0,01~ C une Jonction donnée. Si (P, q) = @olq) uniformément pour
9[- Q. Q] lorsque P ®, alors ¢, est intégrable au sens de Riemann et

Q 0 Q
Jlim S (P, g)dg = S [lim o(P, g)}dg = g 0(9)dg.
-~Q ~Q ®

-0
TuforiME 3.2, Sotent F: R, x R, - Cet G, H: R~ C trois fonctions
do"}”le? SiF(T, U)- G(U) umfomtément}our Ue R, quan:i- T et F(T, U)';
= HUT) pour chague T R, quand U o o wlors 10 siivam tim lim F(T,U)e
. . s - U-+0
&l_lfl }E: F(T, U) existent et jjps sont égales. e
Soient %,

définie par 7 2€ AP et se R, Considérons 1a fonction F,: R, X Ry = ¢,

T U

7 § { =6 — wptw — nayan 2.
-ty

F:(Tr U) =



L'ASSOCIATIVITE DE L4 CONVOLUTION 49

CorOLLAIRE 3.3. St T« R, alors

T

F,(T, U) - ZLT S (% % 9)(s—2)2(0)t lorsque U - co.

=T

Démonstration. Le corollaire 2.5 et le théoréme 3.1

permettent le passage
A la limite sous l'intégrale:

T U
. 1 . 1
lim F(T, U) = S lim S (s — w)y(u — t)du] 2(t)dt

U~ 2U -
T U ) T
= 2_’ S lim 2_‘ SU (s — t — u) y(u)du]z(t)dt == ST(,x * y)(s — B)z(t)dt.
-T - -

COROLLAIRE 3.4. O
, .
F,(T, U) » %} S x(s — u)(y » 2)(w)du (3.1)

-U

uniformément pour U< R, lorsque T — oo, o .
Démonstration. Puisque la fonction x € AP est bornée, il existe Lé>
. . [ 4 h z e
telque |x(¢)|< L, ¢t € R. Soite > 0.0n associe A ™ le nom‘bre T, de théor mt
2.1. Soient T >T,et Ue R,. Le corollaire 2.4 et le théoréme 3.1 permetten
le passage a la limite sous I'intégrale:

1 ¢ o 1 ( (v — t)z(t)dt] au =
lim (7, U) = & { #ls = [tim 5 { 5
— 0 v -V
U
= 2 | #ls = )y + ).
22U

-U

Il en résulte I'existence d’un Ty > T, tel que

U . |
F(T, U) = & { als =l s i) <5 (32)

-U

4 — Mathematica 2/1980
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De (3.2) et (2.1) on obtient
U
F(T, U) = o [ sls = wlr» z)(u)du| < II*f',(T, U) — FTy, U 4
) -U

v
+HE(T0 U) = 2 ol = W0+ i) <

Ty

iz § He = [zlr §y(“"“ hat)it — {300 = 2)a ]du ' n
R ph 25
§< "%.S:L AT, w)— f(Ty, w)|dn + ; <e

4. L’associativité de Ia convolution dans AP,

TotorEME 4.1 (F. Riesz et B, Sz.—Nagy). Si x, 9y, z€ AP o
S€ R, alors (x% (y #2))(s) = ((xxy)x2)(s).

Démonstration. En utilisant successivement le corollaire 2.4, le théoréme
31 avec o(T, u) = f(T, u)x(s — u), u [— U, U], les corollaires 3.4 et 3.3, le
théoréme 3.2 avec F —= F,, le corollaire 2.5 et le théoréme 3.1 avec o(¢, U) =
=4t U)elt), te[—T, T}, on a :

v
(% %(y # 2))(s) = lim L s — ) (v ) di =
(¥ » 2))(s) Ullll w S Ix(s #)(y # 2)(u)du
' v
1y ‘ K
=lim —\ Bim AT, w)x(s — 1)) dyp = figyy L lim Sf(T u)x(s — u)du =
U T U=o 2U'T—»m '
: ‘ " .a I —U
"5 FAT U) = fim fim F(T, U) =
i T
= lim — i .
Toe 2T —Sr [éi?; Jilt, U)a(e) a =;1_£101° 51-7-_ S (% % y)(s — t)2(t)dt = ((x % y) * 2)(s)-

-7

R { 2P e,
facteure;t(ttl)’%:r‘l& Si dans 'la définition (1.1) du produit x * y on remplace le
En effet I)cixr 18' algr‘s opération correspondante » n’est plus associative.
((x * y)u 2)(s) = 0. =) = z(f) = et on a (x*(yx 2))(s) = ¥, tandis que

(Manuscrit regu le 10 iuin 7979)
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ASUPRA ASOCTATIVITATII CONVOLUTIEL FUNCTIILOR APROAPE PERIODICE
(Rezumat)

Se prezinti o demonstratie a teoremei lui F. Riesz si B. Sz.—~Nagy asupra asociativitatil

convolufiei in spatiul functiilor aproape periodice. Demonstratia utilizeazi prodnsul de convolutie,

privit ca limitd uniform4, i teoremele de trecere la limitd sub integrali gi de intervertire a limite-
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THE ENIGMATIC VARIABLE STAR RT PERSEI

I0AN TODORAN

The variability of RT Persei was discovered in 1904 by Ceraski (see Ahnert
1974). Since that time, this star has been intensively observedin order to obtain
large series of minima and to pursue the corresponding period variation.

For the first time, Dugan [2], using all available minima, found that
the ,,observed” O—C differences were beautifully represented by a light-time
orbit with a long period of 37,2 years. Therefore, the observed minima up to
1937 showed a periodic variation in the length of the short period and it was
explained by the hypothesis of the presence of a third component. But soon
after Dugan’s paper was published, the next series of observations showed sys-
tematic deviations from the predictions. That is why, in the next years the
problem of the period variation of the eclipsing binary system RT Persei was
discussed by several authors: Vasilieva [8], Todoran(7], Frieboes
— Conde and Herczeg [3], Ahnert [1] etc. Nevertheless, the new
observed minima and their O—C differences make it conspicuously necessary
that the problem of the period variation of RT Persei should be resumed (see
also Mancuso et al, [6]).

Now, if G; and G denote the mass centers of the eclipsing binary system
and of the postulated triple system respectively, in figure 1 the motion of G,
around G in a long-periodic orbit is represented. Here the common notations
for the orbital elements are used : @ = periastron longitude ; » = radius vector;
* = inclination of the orbital plane QBU to a plane which is tangent to the
celestﬂ sphere at the origin of coordinates (G); 6 = longitude of G, reckoned

from GB; v = true anomaly, and ¢, denotes the instant when the eclipsing binary
system passes through periastron. With these notations, we have at once

z=17rcos 0 sins (1)
where
=940 —90° )
Now, if ¢ represents the velocity of light, we may write
— & __asinify .
1_:_. - [:smv-couo—l-icosv-sinm, (3)
a

that is, the movement of ¢
of the apparent period of an
ponding O—C differences wij

1 around G causes a periodic change in the length
echpsmg binary system. In such a case, the corres-
! be defined by the formula

0—C=+4+T,+N.P, (4)
»constants” in the linear ephemeris
TN = TO + N 'P1

where T, N and P, are the
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x4

)4
Fig. 1

It is easy to see that in the case of RT Persei, in the corresponding O—C
diagram besides the periodic variation there are some sudden changes which
could be caused by some abrupt period changes. The latter may render an eva-
luation of the periodic variation difficult. Nevertheless, Frieboes-Conde
and Herczeg [3] find a thoroughly satisfactory representation of all available
minima if, in addition to the periodic variation, 7, a relatively sudden decreasing
of the period P, is postulated. But, again, the new minima observed after 1973,
showed that the above mentioned sudden change of the period is not satisfactory.
That is why we consider that this problem must be resumed. With this end in
view we have brought together 342 minima observed by different observers
and 38 normal minima have been performed. The corresponding results are given
in Table 1, where the following ephemerides are suited :

Min.hel. = JD2419550.251 + 048494135-N,, t < 19}2,
Min.hel. = JD2419550.251 4 0.8494061-N,, 1912 < ¢ < 1956,
Min.hel. = JD2435433.296 + 0.8494033-N, t > 1956.

These ephemerides have been used in order to obtain the corresponding
,,0bserved” (0—C), differences. The results are given in the fourth column of
Table 1 and they are represented by full dots in figure 2, where the abscissa

is the heliocentric Julian Data. .
Consequently, once more, a new sudden change of the period P,, somewhere

around JD2435433 (1956) must be postulated, if we are going to consider that
the periodic variation in the ,,observed’’ 0—C diagram is caused by the presence

of a third component.
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Table )
Min. hel. N 0—C (©~C)
2400000 " (0=Ch ¢
16839.778 1 — 3191 +04.005 404.006 P=04.8494135
17247.499 14 — 2711 + .008 + .009
17833.600 14 — 2021 + 014 + .013
18615.064 1 — 1101 + 017 + 017
19031.275 2 — 6l1 + 016 + 018
19659.841 14 + 129 + .017 + .018 P=0.8494061
20101.530 13 + 649 + 014 + .017
20458.284 5 1069 + .018 + 016
21375.637 4 2149 + .012 + 013
22386.426 3 3339 + .008 + .007
23524.624 8 4679 + .002 + .001
24484.448 1 5809 — 003 — .004
24798.726 13 6179 — .005 — 005
26106.806 4 7719 — ott — 011
27168.563 6 8969 TT - 015
28383.211 8- 10399 | — o014 | — o017
29597.863 6 11829 — 013 - 012
30838.006 6 13289 — .003 — 004
31746.878 3 14359 | +. 005 1000
33046.483 7 1588 | + .018 | + .010
336_542}.2% 9 16589 + 012 + .014
524. 7 1762 .
35433310 15 16699 i o 1 ois
36104 337 }f ggg i -8}; + .017 P=0.8494033
36478.071 1 00 + 016
37106.629 16 oy | TGS 4015
37565.311 1 50 | 1 o3 |+ oot
37998.504 4 + 03 4010
38686.518 4 020 | 4 010 |+ 007
39094.225 13 wo | T oo | 0w -
39561393 7 weo | ool 4 002 ‘
40827.001 1 635 e | oW
41328.145 5 69, 0 006 1 —.007
41684892 9 Saey | T 0104 — 009
41982.181 7 60 - o012 | — 010
42619.23 7710 - .0l - 012
- 11 8460
43375.202 15 9350 | —o ots | —o o4
-0.015 | —o0 .016
bo-c
ol RT pEaSE
[LXY
om} . . 3 %0,
e * o °;-
00 | ' e
» 'Y o
o | % L}
o - )
002} o 3 20
N 1 : ¢
2060 20300 ol N B LR
262600 263100 263600 244100

® observations

© computationg

Fig. 2
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It is already a’well-established observational f ' is a-
number 9f sexm-detached systems whose periods are ac%a::éltter?zlzcrle Ii; asu%rcf:;
changes. T ha.t 1s why the two ,,observed” sudden variations in the orbital period
of RT Persei could be considered as being real phenomena, and we must take
them into consideration if the presence of a third component is postulated.

_ Ofcourse, the,,observed” sudden changes in the orbital period of an-eclipsing
bmglry: system must be regarded as a disturbing phenomenon in the periodic
variation of th_e 0—C differences. That is why, we must remove them before
the corresponding parameters of the long-periodic orbit should be determined.

From the three above established ephemerides and the ,,observed” 0—C
diagram (full dots in fig. 2), it is easy to see that the period of RT Persei is
shortening. '

Now, if we take also into consideration the well-known fact that the ecli-
psing binary system RT Persei is a semi-detached one (see Z. Kopal and
BM. Shapley [5]), that is, the secondary component is overfilling its critical
Roche surface, we may consider that the corresponding period shortenings
could be caused by the secondary component instability. In addition, we may
postulate here the fact that some peculiar positions of the close binary system
in its long-periodic orbit could be favourable circumstances for the growth of
such instabilitics. As an exemple we could mention here the passage of the ecli-
psing binary system through the periastron of the long-periodic orbit. )

Now, from the available O—C diagram (see Fig. 2) we have determined

the following constants: :

the abscissa of the first maximum .. . .= JD2419300,
the abscisa of the second maximum = JD2435000,
and then

P = 15700 days= 43 years .

w=2n ”; — 360° 01:;3; = 0°.0195

e cos o = 0,25

Z = 179, N e = 0,26
¢ sin 0 =0,076 =0 .

a sin i = 3.04 a.y,

tyy = JD2432459 and  ty, = JD2416759.
g= 2 (T, — i) = 64% < 1956,
= 87° .. £> 1936 R

. considerations we have already mentioned the
tant when the eclipsing binary system.1s passing
stron. Therefore, if we compare the above
of the corresponding sudden changes
JD2435433, it is casy to see that

In the above presented
fact that 4, represents the ins )
through the long-periodic orbit peria
determined values of 4, and the two instants
of the short period : ¢, = JD2419500 and ¢, =
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» abrupt variations occur somewhere around the two maxims
ﬁet;c:o Sgls)esﬁvrzgg Oa-EC deagram. In other words, the two sudden changes of
the short period occur somewhere after the eclipsing binary system has passed
through the periastron of the long-periodic orbit. .That is why the' above presen-
ted results may be regarded in goqd agrggment .w1t}'1 the hypothesis of the secon-
dary component instability, such instability being also favoured by the corres-
ponding position of the binary system in its long-periodic orbit. .

If we take into consideration the two masses: 7, =16 and 7, =0.36 mg
(see FrieboesConde and Herczeg, [3]) we can write

_ m$ sindi - (asin i)
f( ) - (my + my + my)? P
whence
m§ sints  (3.04)

(1.96 4 m,)* 431

Now, if we consider the inclination of the short-periodic orbital plane
1 =869 (see Z. Kopal and BM. Shapley [5]), and if we assume that
the short- and long-periodic orbits have to lie almost in the same plane, we

can write
60° <7t < 90°
and as a consequence, it follows
myx 0.5 mg :
In order to ,,prove” the validity of the above determined orbital constants,

the following empirical formulae have been established for the computed (0—C),
differences :

(0—C).=(*. 017 5in(0°.0195N, + 81°) + 0*.0022 sin2 (0°.0195N, + 73°), ¢ < 1956
(0—C), =0.017 5in(0.0195N + 85°) 4 0.0022 sin 2(0.0195N + 77), &> 1956,
and the corresponding results are listed in the last column of Table 1. In figure

2 these results are represented by open circles.

ma lljrom a great number of situations in which the change in orbital period
moge inciﬁ:d by mass ejection, we shall consider here only the so-called slow-
o .is i cg;e, the general aspect of the period variation (see Huansg

8Py _ 43(m, + m,) 8 8
-—\—3(_"1 By Bho e3¢ 5
P, m, + m, ml+m,)+3ho+31_,a ()

where m, and m, are t ) . .
(for RTI Perse] 3 =e O;Iea?xlgsis of the two components, ¢ = orbital eccentricity

) = lar momentum per unit mass.
In the case of angu . per u
(5) we have at once Simple mass transfer 3(my + mg) =0, 8hy =0 and from

.E&-:_a’”l"”: % (6)

P1 ’”1 ”l.
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Since m; > m, and —3(m; — m,)[m, <0, we must have 221 >0, as

being caused by a mass ejection 8m, < 0: whil i -

8P,/ P; < 0. Therefore, such a case is not suitable fof oft(l)rr pljilelzle.rsel e have
When the partic}es ejected from the less massive component form a ring

around the more massive component we may suppose that there is a change only

in orbital momentum and §(m,; 4+ m,) = 0 remains further valid. In such a case

(see Huang, 1963) we have ‘

i = Sy = — Myl
Py a"la ’ * 3(Yl 1+171)’

__ [ (my + mp)as]u2 ) (7)
N mya(l — e3)

For 8P,/P, < 0 and &m,/m, < 0 we must have « > 0. That is why, «
being computed for different values of a,/a (a; = ring radius), from Huang’s
Table ] (Huang, [4]) we have « > 0 for

a;ja > 0,45 and for my., = 1/4.

Now, from figure 3, we can see that a,/a cannot be greater than 0,5, which
is the radius of the corresponding Roche-lobe. Therefore, if the two above consi-
dered assumptions are true, around the more massive component there will
be a small ring, its radius being 0,45 < a,/a < 0,51, where ais the corresponding
orbital radius. -

From observations we have

3Py _ __ 02.0000094 and —0%.0000035

Fig 3.
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and if we adopt « = 0.5, from (7) we have
Sy = — 0.6-10%mg and dm, = — 0.2-107% mg

respecnvely}e In order to explain the observed O—C diagram of RT Persei,

frts T nsimultaneously considered : the presence of a third component
P Z ejection from the secondary component. In such a way between
o u:a(sl aan computed ordinates (see figure 2) there is a satisfactory agree-
the obs]egr\te in order to prove the validity of the two assumptions, new series
ﬁe;tlioto‘:n’etric observations are required' in. order to see if the observed and
the ,empirical” curves will further remam in the same good agreement. Also
a c01’1,1parison between the 0—C curve'an_d the changes of ’ghe radlal_velomty of
the eclipsing pair could furnish, in principle, conclusive evidence for or against

a light-time hypothesis. That is why, spectroscopic observations would be of
a great importance for RT Persei.

{ Received Auzust 30, 1979)
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STEAUA ENIGMATICA RT PERSEI

(Rezumat)

autori Ise l::’&lﬁ:;; luqaxg, luind Jin considerare toate momentele minimelor observate de difgriti
teza I;tmntei unuiva[natl? periodicd a perioadei stelei R7T Persei. Se ajunge la concluzia ci ipo-
dous” sattun, bm.;teaint‘i;lea tcorp poate fi susfinuti numai daci se admite existenta a cel pufin
ponentei secundare a it urata perjoadei orbitale. Aceste salturi sint atribuite instabilitdtii com-

1 N s mului dublu fot, i . i . rizatd
si de anumite pozitii speciale pe care le(’;::et"c RT Persei, instabilitate care poate fi favo

te avea binara respectivi pe orbita sa lung-periodicd.
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SPATII 2-METRICE GENERALIZATE

D. BORSAN

1. In lucrarea 2-metrische Riume und ihre topologische Struktur, apiruti
in 1963 (Mathematische Nachrichten, t. 26, pp. 114—148), SiegfridGahler
studiazd o clasd de spatii, spafitle 2-metrice, care pot fi privite ca analogul
bidimensional al spafiilor metrice. Ideile lui S. Géhler i5i au punctul de plecare
in lucrarea lui K. M en ger, Entwurf einer Theorie der n-dimensionalen M etrik,
aparutd in 1928.

Prin spafiu 2-metric, S. Gihler infelege un cuplu (X, p), unde, X este

o mulfime oarecare iar p: X X X X X — R, o aplicatie satisficind urmitoarelor
axiome :

(la) x, ye X, x#y =3z X:p(x, 9 2) #0;

(Ib) p(x, 9, 2) =0 x=y sau x=2z sau y =z;

2) e(x y, =0l 2, 9) =003, 2 2); V22X
@) ez 5 2) <oz, 3 ) +olx tba)+olh 3,2, VayzteX

Aplicatia p cu proprietitile (la), (1b), (2) si (3) se numeste 2-metrici,
iar numirul p(x, y, z) se numeste masura tripletului (x, y, z?. '

Din axioma (2) se deduce ci misura unui triplet nu Siepmde d.e ordinea
punctelor ; din (1b) ,(2) si (3) rezultd ci ea este nenegativa. .

Prezenta lucrare isi propune si generalizeze notiunea de 2-metricd, con-
siderind functii de misura cu valori intr-o structurd mai pufin restrictiva decit
aceea a numerelor reale, '

”»

i i i ' 3 . Notim cu ,,<
2. Fie (9, <) o mulfime parfial ordonatd oarecare No o
relafia de ordonare partiala, definiti in mod natural in R X &N X SN, prin:

(a’ b: C) < (al" b.l: 01) (ﬁa < ay, b < b].r ¢ < 5T
€.
Considerdim o operajie ternard ¢: 3 X SN X M — R, care satisface
conditiile : ’
(9) ¢la, b, ¢) = ¢la, ¢, b) =9, ¢ a), V a ' b cedM;
(p2) (a, b, ¢) < (2, by, ¢1) = o4, b, ¢) < ola;, by, 6)

In sfirsit, fie 8 < oM.
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i icé izatd i scurt g-2- : o
D 1, T e e e
axiome
(pra) x, y€X, x;éyzazEX, Jee<8:p(x, 2y Le;
(o) Ve € 8:p(%, 9, 1) e @ x =2, SaU X =4, saUY =73
(6) V7 3 z€X:plx 3 2) =olx 2 9) =0l 2 x);
(o)) Vx, 3 2t X: o(z, ¥, 2) < olp(%, ¥, 2), o(z, t, 2), olt, ¥, 2)]

o(%, y, z) se numeste g-misura tripletului (x, y, 2); cuplul (X, o) se
numeste spafiu g-2-metric.

Observatia (2.1). Dacd putem defini o g-2-metricd p: X X X X X - &1,

atunci & admite minoranfi in §U\8; in caz contrar, cerinfa (py,) nu ar putea

fi indeplinitd. Urmeazi ci, dacd (M, <) are un cel mai mic element m,, atunci
s MN\{m}.

Observatia (2.2). Conceptul de g-2-metricd generalizeazd nofiunca de 2-
metrici a lui S. Géahler. Intr-adevir, dacd O = R, (mulfimea numerelor reale
nenegative), cu ordonarea uzuald, operatia ternard ¢ o interpretim ca adunarea
uzuald (adici ola, b, ¢) =a+b+¢, Va, b, ¢ € R,), iar 8 = R\ {0}, atunci
orice g-2-metrica pe X este o 2-metricd in sensul lui S. Gahler.

Exemplu (3.1). (de g-2-metricd). Fie M o mulfime oarecare (care ‘contine
cel pufin 2 elemente) §i M o algebrd de pirfi ale lui M (care nu se reduce
la {®, M}. Definim ordonarea parfiald ,,<” < M X M prin 4 < B4 B

si operafia @: 8 X SMXIM ~ I prin (4, B, C)=4AUBUC, pgﬁtru A,

B, C € & ; considerim E = S\ }®}. Atunci ¢ verificd conditiile i (92)
iar aplicajia p: 3R X M X N — §M, definitd pq;in pile () 5t (@

p(A,B,C)={AUBUC\AﬂBnCdacaA#BsiA #Csi B#C

o in caz contrar

este 03 gé-metrici pe M, in sensul definifiei (2.1)

- K. Menger nu a fost preocu i ' i
) ; u t pat de introducerea unei topologii cu
?g)tét(z:ral;le u:e1 n-metrici, S. Géhler defineste topologia intr-un spatiu 2-metric
Ipe car eucl?;izle“ste'topmog‘la naturali) de asa manier incit, in R® (# > 2)
pietrica i D i 2-metrica euclidiand si genereze aceeasi topologie, unde
a euclidiand ¢:R= x R2 x Re — R, se defineste prin

o(abc)—lza" % 12';'
» 2 i<y Bi Bi i y &gy ﬂ‘, Y'(l = i_,—”)

) Yi Yi
fiind (1}e(spe;:t1f\.r_ r(cloordonatele punctelor g4, b, ¢ & R®

R l . . ’ ! :
definim o E)copoiggie‘me s}?at_lu,gﬂ-metﬁc, ne propunem in cele ce urmeazd sd
cular cind p este g 2—11,1v§:1rt'm~l legatd de g-2-metrica o i care, in cazul part
G ind 1ca, sa coincidd cu topologia naturali definitd de
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Facem notatia

V% 3) ={z € X|o(x, 5, 2) <e}, unde =, ysXsiees.
DeFINITIA (3.1). Topologia care admite ca subbazi familia
8={V¢(x' y),x,y EX, € Es}

se numeste topologia generati de g-2-metrica p §i se noteazi cu §,.
Din definifia (3.1) urmeazi ci familia &, a mul{imilor de forma

n

) V(% ».)(intersectii a unui numar finit de elemente din 8), este o bazi a topo-
i=1

logiei §,. Prin urmare, familia tuturor mulfimilor de aceasti formi, ‘care con-
fine un punct x € X, formeazi o bazi de vecinititi ale punctului x. Folosind
proprietafile unei g-2-metrici, i ficind anumite ipoteze suplimentare asupra
mulfimii 8, putem ameliora acest rezultat indicind baze de vecinitifi mult
mai convenabile.

Introducem in prealabil urmitoarele notafii. Pentru o mulfime oarecare
A, notim cu €(A4) familia tuturor pirtilor lui 4 si cu €,(4), familia pirtilor
finite ale lui A.

Presupunem cd muliimea E satisface urmitoarea condifie:

(EJe, €8, asd, a<co=>3 ¢, €83 ¢, 8:9(a ¢, €)) < ¢

Observatis (3.1). 1. Dacd M =R, 8 = R, \{0} si ¢ adunarea numerelor
reale (deci ne gisim in cazul unei 2-metrici), ipoteza (E,) este satisficuti.

2. Daci O, & si ¢ sint cele care intervin in exemplul (2.1), conditia
(E,) este indeplinitd. Intr-adevir, daci 4 € o, E, € 851 A C E, (incluziunea
stricta), punind E, = E, = E,, avem evident ¢(4, E,E)=AUE,UE; =
=AUE,=E, '

TrorEMA (3.1.) Fie (X, p) un spafiu g-2-metric §i x un punct oarecare
din X. Familia de multimi

w={Wa = () Vw9 B = 8X X o}

(ye) €L
este o0 bazi de vecindtiti ale punctului x.

Si observim, in primul rind c@ x € Wg(x) (pentru orice X € Qo(}; ;({
x 8)). Intr-adevir, avem p(x, y, %) <e pentru orice ¢ € 8 $1zor1<(:f y =X
(in baza axiomei (p;;)), deci z € V,(%, y), pentru orice (y,e) €L, a 1c?. Ee
S Wy(x). Cum Wg(x) € & urmeazi ci, pentru orice I & 2,(X X 8), I’mgttlte a
W_z(x), este un element al bazei &, care confine pe X, deci o vecinita
lui .

Demonstratie. Cum am mentionat mai sus, glement%le bazei &, caf?e. cg‘?-
tin punctul %, formeazi o bazd de vecinititi in x;.sd onotam cu Vi Va
fi suficient si demonstrim ci:

V/*.e 9L3ve e ¥ Ve g V-
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Fie acum V* = h V(% y;) €V, deci x € V* € &,
s=1

Demonstrim ci existi I € &,(X X 8), astfel cd x € Wg(x) = Vo ¢
c I’*, Avem: '

xe ﬂ Vix, v) = Vi s {1, 2, ..., m}:x € Vx, 9) =

s=1

=>Vi {1, 2, ..., n}:0(%, ¥ x) < ¢

. R « . < '
Notim p(x;, ¥i. %) =f; € M, 1 = 1, n. Cu aceastd notatie avem S M, e, 8
si f;<e;; in baza ipotezei (E,), urmeazd cd exista ¢; §1 ¢; in mulfimea §,
7 i - . M . -

astfel ca o(f; €, €) < ¢, pentru fiecare 4 € {1, 2, ..., n}. Considerim acum

%, = {(eh %), (€ %)} 5t Wa(®) = Vi(x %) N Vax ).

Vom demonstra ci: Wg(x) € V, (%, ;). Pentru aceasta, fie x* = Wg(x).
Urmeazi ci p(x, %;, 2*) < e si p(x, y;, x*) < ¢f. Conform axiomei (p;) avem
insd

o(%, i #*) < ololx, yu %), o(x % 2*), o(x, ¥, 2*)] <o(fi, i, &) < &
din p(x; y;, #*)’ <e¢;, deducem cd x* € V, (x; y;) si cum x* a fost ales arbi-

trar in Wy (x), urmeazd cd Wy, (x) < V,i(x, ).

‘Consideratiile ficute rimin valabile pentru fiecare ¢ « {1, 2, ..., n}. S
consideram acum mul{imea :

2 = }(xl’ e;)' (yll cI)’ (xﬁi 32'): (y2l e;); voey (x”p e"l)l (yn) 8":)} s g(:l(“X X 8)‘ Cu

notatiile adoptate Wg(x) = () W,;.(x).
i=1 *
Avem aga dar:

xe Wy(x) = [ We,(x) € N V,(%;, ). Cu aceasta teorema este de-
monstrata. = ‘ =

) Impunind noi conditii multimii 8, vom putea indica baze de vecindtatl
$1 mai avantajoase.

O asemenea condifie este ipoteza (E N,).
(E R,) Existi o mulfime 8, < & cu proprietatile :
(1) card 8, < N,
(ii) Ve €8 3¢y € 8,:¢y < e.
TEOREMA (3.2). Presupunem cd & satisface ipotezele (E,) si (E No). D acd

P X x X XX > 9 este o g-2-metricd si 8, < 8 este multimea Sfurnizatd de
conditia (E R,), atunci familia

Ti={Wg(x)| T« (X x 8o)} este o bazd de vecindldfi pentru punctul zxeX.
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Demonstratie. i 1 o
S o SRS A, T
s {Iz‘;i'.ecil)elc: lV ii:%} Ec 1:5?(‘,’:;38 ecrt:’ agaecaggl(){ X 8). Pentru _comoditate scriem
nu sint neapirat disti’ncte. ementele y; & X'si elementele & <8

In baza ipotezei (E No) avem:

vie{l, 2, ..., n}3c} € §,: & < ¢;; Considerim
Zo={(y0 &N)|i= 1, 5} e 2o(X X 8,) si aritim cj

We(x) € Wg(x). Intr-adevﬁr‘ avem :
z € Wy (%) =‘ﬂl Valzr, y) = Vie{l,2,..,n):2 e Vo(x, )=
=Vie{l, ..., n}ip(x, 3, 2) <ef <= Viel cou, 1}
z & Ve,'(x' Yi) =z € ﬂ V,'.(x, ¥i) = Wg(7).
=]

Cu accasta teorema este demonstrati.
Sd introducem acum o noud ipotezd asupra mulfimii 8, ipoteza (E,).

(Es) e, €8, e, €8=>3Jecb:c< e, ¢<e,

Observatie (3.2). Dacid (8, ‘<) satisface condifia (E,), atunci orice parte
finitdi a ei admite minoranfi in 8.

LeMa (3.1). Dacd (3, <) satisface condifirle (E No) st (Eq), existd un sir
de elemente din 8, (e,), oy €% proprictifile:
(i) Vi e Nieys <6
(ii) Ve 8 InesN:¢ <e
n € N} € 8, furnizatiy de condifia (E o).

(E,), pentru e, i f, existd &' € §, astfel ca

Demonstratie. Fie 8, = {f,|
o), existd f,, € &, astfel incit f,, <

Punem ¢, = f;. Conform condifiei (.
el < e si el < f,; in baza axiomei (EN
e g/f, e
X X /2 61 . . :
Notim e, = f,. Avem ¢, < & 5i ¢, < fp. Pentru elemezntele ez 51 f<" e}.uisti,
in baza ipotezei (E,) un element ¢* € §, cu proprietatea ¢* < Pk zo@,{} ¢ P2
teza (E N,) ne permite si considerdm f,, € 8o, astfel ca Jo S ed, Considerind
= f,.; ident < e,, €5 < f;. Continudm in ‘acest mod. Lons
ke » AVEm evident, €3 & €3, €3 & /3 h f alegem et e 8'
ci am obfinut e, > ¢, > €, > ... > ¢, pentru perechica e"tf’f'l i f,  <esi
CU ¢ < &, ¢ < fyyy; in Sfirsit cousiderdm fiyy, = So 85TE € S BT 0
. ; rita
punem e, =fkp+1' Avem ¢, S8 St ép4a1 < fotre ) m a .
mulfimea 8, putem extrage un gir de clemente, necrescitor.
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Ramine si aritim cd, pentru sirul (e,) .5 este satisficutd si ceringa
(ii) din enunt. Pentru aceasta fie ¢ = &; existd conform conditiei (E ), un
element f, € §, cu fi < e Avem 1nsa & < f, Se; prin uriare, Ve € E 3} e
€ N:¢, < ¢ ceea ce demonstreazi complet lema.

TroreMA (3.3). Fie p: X X X X X - SMog-2-metricd. Presupunem cé muyl-
timea & € SN (care intervine in formularea amomelqr“g-Z-f‘ne{mcm ) se bucurd
de proprietitile (E,), (E2) st (E No)- I'n aceste conditii, existd o mulfime nu-
marabild &, < 8, asifel ca pentru x € X, familia de mulfimi

P = (Wy(x)| T =M X {e}, M = 8(X), ¢ = 8}
formeazd o bazd de vecindtiti pentru x, in spapiul (X, &,).

Demonstratie. In baza lemei, existd o submulfime 8, a lui 8, numirabila
total ordonati, relativ la ordonarea din 9, cu proprietatea cd Ve € 83¢’ € §,:
¢ < e. Conform teoremei (3.2) familia de mulfimi

{Wg(x) | E € 2,(X X 8,)} este o bazi de vecinidtifi pentru x. 54 observim
acum ci, &, fiind total ordonatid, orice parte finitd a ei admite un cel mai
mic element. Pentru un X, € €,(X X 8,) dat, s notim cu e, = min {¢ €
€ 8| (5, ) = Ty} '

Avem atunci W () =NV, (% ) =NV.,(¥ y) unde M =pr, I, €

. veeX, ye M .
= QO(X).' Prin urmare, pentru un X, € &,(X X 8,), dat existi un X’ de
forma X' =M X {¢}, unde M <« 8,(x) iar ¢ € §,, astfel ca Wg,(x) = Wg(x).
Cu aceasta teorema este demonstrati.

‘Intrat ¥n redactic la 20 septembrie 1979)
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GENERALIZED 2-METRIC SPACES
(Summary) \

The paper extends the concep

t _metric i . .
of the topology induced by i of 2-metric introduced by S, Gihler [2). Some properties

generalized 2-metric are also discussed.



STUDIA UNIV. BABES—BOLYAI, MATHEMATICA, XXV, 2," 1980

A NOTE ON FIXED POINT THEOREM OF MAIA

BOGDAN RZEPECKI*

1. M.G. Maia [12] has proved the following theorem: Let X be a non-
emply set endowed in two metrics p, d, and let f be a mapping of X into itself.
Suppose that (1) o(x, y) < d(x, y) for all x, ywm X, (i) (X, p) is a com-
plete space, (1) f is continuous with respect to o, and (iv) d(fx, fy) < k-
d(x, y) for all x, y in X, where 0 < k < 1. Then, f has a unique fixed point.

This result generalizes the Banach fixed point principle and is connected
with Bielecki’s method (2] (see also [3, ch. III), [13, ch. I1]) of changing
the norm in the theory of differential equations.

Many papers related to the Maia’s result have been published, see: [21],
[14], [6], [16], [15] and [1]. In particular, I.A. Rus [16] observed that the
above theorem will remain true if (i) is replaced by the following condition :
o(fx, fy) < ¢ -d(x, y) for all x, v in X, where ¢ is a positive constant. We
present some fixed point results of Maia type with the Rus conditions, and
give examples of their applications to differential-like equations.

Assumptions and notations given below, are valid throughout this paper.
Suppose that:

(a) (E, ||-|]) is a Banach space with a normal cone S(see e.g.[8],[9]),
and < denote the partial order in E generated by S;

(b) X is a nonempty set, pp: X X X » Sand d;: X X X - S are two
generalized metrics in X (see (8, ch. II 6.3]),
pF(%, ) = ||x — y|[| for x,y in X, and (X, p}) is a complete metric space;

¢) L is a bounded linear operator of S into itself with the spectral radius

less than one; o .

(d) (I — L)~ maps S into itself, where I is a identity operator and (I —
L)' denote an inverse of I — L (the facts that I — L is inverticable and
(I — L)™' is bounded linear operator, are a consequence of Banach theorem (7,
ch, V 2]). ' _

2. Let f be a continuous mapping of (X, p}) 1nt<? itself such tl}at ag (f%,
f¥) < Ldg(x, y) and pg(fx, fy) < Cdg(x, ) for all z, y in X, where C is a boun-
ded linear operator acting in S fr o forim 1,2

Further, let x,= X and let us put »;, =jx%_j 1012 = 1,4, ... .

Modifying the oréasoning from [1] and (8, th.06.2, ch. II], we obtain that

f has a unique fixed point #* in X, pf (%; #*) - ' .
as i » o0, and dg(x;. w*) < Lidg(%,, w*) for s > L. Since
de(%o. 4*) < dg(%o, %1) + Ldg(%,, u*) we have from (d) that

dg (%o, u*) < (I — L)dg(%o, %,). Hence _ds("i, w*) < X
< Li(I — L)~1dg(%,, ,) for each # > 1. In particular, de(fx,, #*) <
< L(I — L)™'dg(%0, f%0)-

* Institute of Mathematics, A. Mickiewicz University, Matejki 48/49, 60 —769 Poznan, Poland-

5 ~— Mathematica 2/1980
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Using the above remarks, we prove the following coincidence theorem
(cf. [5)): . ' . |
ProposiTiON 1. Suppose that F and T are two mappings of X into itself
such that ’

@) F[X1CTX] and T[X] is a closed set ze.n'th :'espect to oY,

(ii) dg(Fx, Fy) < Ldg(Tx, Ty) for all %, ¥ n X, .

i) pg(Fx, Fy) < Cde(T, Ty) for all %, y in X, where C is a bounded
linear operator of S into ilself,

(iv) lim |lpz(F%, F2)|l= 0 for every sequence (x,) 1n X with,llir?o | log(Tx,,
T2)|( =0.

Then there exists an element u in X such that Fu = Tu and, moreover,
Tu, = Tu, for each uy, %, with Fu, = Tu,(t = 1,2). _

Proof. Let us put fx = {Fy: Ty = x} for x in T{X). If z; € fa(i = 1,2),
then z; = Fy, and Ty, = x. Hence 8 < dg(z), 2) < Ldy(Ty,, Ty, = 0 (0 deno-
tes the zero a space E), and therefore fx contains only one element.

It is easy to verify that the mapping f of T[X] into itself is continuous
with respect to pf, de(fx,fy) <Ldg(%,y) and pg(fx, fy) < Cdg(x, y) for x, ¥
in T(X). Consequently, there exists a unique x* in T(X) such that fx* = x*.
Obviously, Fu = Tu for all w in {x X : Tx = x*}.

Let us denote by 7(L) the spectral radius of L. Suppose that Fu; = Tu,(i =
= 1,2) and Tu, # Tu, Then dg(Tu,, Tu,) < Ldp(Tu,, Tu,), — dg(Tu,, Tu,} S
and, by Stecenko theorem (8, th. 5.4 ch. II], we obtain (L) > 1. This con-
tradiction completes the proof.

Jhat PROPOSITION 2. Let ®;(i =0, 1, ...) be mappings of X into ilsclf such
a

() ®; are a continuous with respect to P,
(i) de(Dyx, Dy) < Ldg(x, y) for all %,y in X,

linear opergtor of S if)tto 'itsef}. y) for all x, y in X, where C; is a bounde

Denote by ufi =0, 1 ) a uni : . i
. i 1. que fixed point of ©, and suppose that
ll_?l [de(®,z, @ox)|| =0 for every x in X. Then | Ids(u{, %) | ] 30 {i{ 1 — 0.

Proof. From the above remarks d.(®
: - wthos %) < L(I — L)™dg (16, Dot
forn = 1,2, ... . Since S is 2 normal cong (we }fave”) < H )7da(o o

Hdg(ty, #0) 1| < NUL{ = Ly~dg(m, ®00) + dg(D,tt0, 110) || <
< M ||dg(®uq, Dory) || |

for each # > 1, and therefore [ 1dg(n,, ug)]| -0 as # —» o

Note that our theorem can b i
N e ob
a coincidence theorem. The details are 11;6};11;23
that further results and its applications can be

(using fhe above results) also as
the reader. Finally, let us remark
obtained if the concept of a metric
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space in the L u xem bur g sense {11] (not every two points h i
a finite distance) will be used. See {17] — [20]. i . P 2ve necessarly
3. In this section, let us denote: by I — the closed interval [0, a]; by
E=R"— the m'-.dunenswnal Euc'lidean space ; by S — the set of all (¢,, £,, '. . .‘,
v by) in R” with £ >0 for =1,2, ..., m (obviously, (4, us, .. %) <
(v, V2, - -+, V) in R™ means w; < v; for every ¢ =1,2,...,m); by X = C(I,
R”) — the set of all continuous function from I to R” (in particular, C(I) =
= C(I, RY)). '
We define the generalized metrics p, p,(j) > 0) and d as follows :

—

olx, ) = (fglp 208 — n@ 1, ..., sup [ %(£) — 2.(8) 1),

eolx, y) = (fgp exp(— p) %) — 3, -+ ..., sup exp (=20 1%,(8) — ym(®} 1),
d(x, y) = (( [ %0 = 50 m)‘“ e (§ 17a0) ~ 3mt8 lw)"’ |

for x = (xy, %y, ..., %,,) and ¥y = (¥, Yo, ..., ¥,) in C(I, R”). Notice [4] that
a non-negative and non-zero matrix A = [a;] (1 < 4,7 < m) has the spectral
radius 7(A) less than one if and only if

l - au - alﬁ ...... - all'
nt “21 l - a22 ...... - (lz,- > O
— dn = ig o0vvne 1 — Ay

for all ¢ = 1,2, ..., m. Moreover, therc exists a positive constant p, such that

r(p - A) < 1 for every 0 < p < po.
First, we give some application of Proposition 1 to integral equations system

of Volterra type.

Let ¢;€ C(I) (i = 1,2, ..., m) be a function such that
9,(0) = 0 and ¢,(f) < O for ¢ <0, and let K.(i=12,...,m) be a mesurable
function which is finite almost everywhere on I X I X R .

Buppose that: .
1° II(,(t, S, Uy vy u,,,) - I{,(t; S, Vyy oo ey 1),,,) | <

< Y hylt, s) lu; — v;| with function ky(j = 1,2, ..., m)
=

measurable and finite almost everywhere on I X I;
2° for every y in C(I, R™) the functions

! [

L oit) S K,(¢, s, v(s))ds are continuous on I, and lim S K (¢, s, y(s))ds < co.

0
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Moreover, let us put:

L AR 9 o
(}g e dids )",

for 1 <3, j < m. Under these conditions we have the following theorem :

Assume that [a5) (1 <4, < m) is a matrix with the spectral radius less
than 1, and c; < o for 1 < i, 7 < m. Then there exists exactly one funclion y =
= (yl, Yoy oo Ym) 10 C (I, B’”) such that

]

wlt) = S K, s, y(s))ds

0
t=12....mfr0<t <a
Proof. For z = (24, 25, ..., 2,) € C(I, R™) we define on I:

(Tz)(t) = oilt)zi(t),

[
(Fa)(t) = oift) - g Kit, s, 2(s))ds
and

(T2)(0) = (T:2)(t), (T2)(0), ..., (T,2)0),
(F2)(e) = (F2)@), (F)(), ..., (F,2)0).

respectively, Tat i o ooaT OPerators generated by the matrix [ay) and [o;)
. =% ..., x,,,), y= (yl, . "ym) e (I’ Rm)_ Evidently

m

2 Pt 8) 1%i(s) — yy(s) 1ds <

=1

(FA)) ~ F3)0)] < ot

-L./ﬁo

:21§ ‘?,(S) * 5(8) |2y(s) — w;(s) |ds,
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hence

(S [(F:x)(t) — (F)(2) IzdtJ”’ <

) ( o(:é 5,1%5(;—) #i(s) 1(s) — 54(s) |ds)z dt)llz <

< ,é (S [g% @;(s) 1%;(s) — w;(s) lds)2 dt)"z <

< ,i, ( S (S: ‘?3(’:;?(;‘5' Rl ds - S(p}(S) [%;(s) — v,(s) lzds)dt)m) _

= é a,y(i @j(s) |%;(s) — y;(s) l’ds)”z
and

WE#) () — (Fiy) ()] <

o3 ([ (o9 1 9 — 3 @ Pas) " <

2
= oH(s)
J=1 o

R

M

I
-

o §"°;‘(s) 135(5) — 3,(s) Pds |

]

for 0 <t <a and i=1,2, ..., m. Consequently, dz(Fx, Fy)<Ldz(Tx, Ty)
and pg(Fx, Iy) K Cd (Tx, Ty) for all %, y in C(I, R™).

It is easy to verify that conditions (i), (iv) of Proposition 1 are satisfied.
Therefore, applying Proposition 1, we can conclude the proof.

Now, suppose that I;(1 <4, j < m) are non-negative constants. .,
Denote by & the set of continuous functions F = (f1, fa, -+, f) from I x R
into R™ such that |f,(¢, %) — filt, v)| < 2 Uyl — vjl (=12 ...,m) for

. j=1 . "
every te I and u = (u,, ..., %), v = (v, ..., vm) in R™

Let us put

O(F , 2)(t) = n + g F(s, #(s))ds

0
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m m). The set § will be considered as &* — space
for F = 0 el}lllaggoa]:)eaﬁﬁllj(}(? I){’%‘ }:vith the usual supremum metric. Assume
fsee e.g. [10, ¢ X i c(I ,R"') the transformation (F, ) — (I’., 7, %) maps con-
that o eve:y gies ducé § x R™into C(I, R), (F endowed \ylth alm_ost uniform
tmuf)usly : is—_ ££r(-)—-space satisfying the above condition. If set & is uniformly
;on\lgeg;n:le]d endowed with pointwise convergence, then using the Lebesgue °
cgllllvergence theorem we obtain that our condition holds.

We shall prove the following theorem : . fumct .
; ' ’ sts a unique funcltion X . in
For an arbitrary F€ § and n < R” there exis s
cu Rg; such that #(0) = 7 and #'(1) = F(t, x(,i)) for te I). Moreover, (F, 4) —
— ,:-(,,-, o maps continuously § x R™ inlo C(I, R ). " "
Proof‘ Let k = 0’ 1, e Assume that I.:k = ( 1y s /m ) € iﬁ all.d
%, € R™ are such that lim (F,, n,) = (Fy, m,). Using the method of Bielecki,

n~—+0
we obtain

]

exp(-po]g (f®(s, £(s)) — F0(s, y(s))ds]| <

0

<prte éla@xp(—ﬂ) [%;(¢) — »5(6) |

forte|and z=(x,...,%,), ¥y= (Y1, ..., ym) in C(I, R"). Hence p, (@I

T %), O(F, 0 3) < Lop(x, 3), and o((F,, 1, %), O(F,, 0y ¥) < ¢ - pp(%, ¥)

for each x, v in C(Z, R"), wherec > 0 is some constant anf L denqtes the

operator generated by matrix [p7! - 1;(1 < 4,4 < m). Theref