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SOME METRICS FOR FUNCTION SPACES

GH. TOADER

1. Introduction. In this paper we notice that the metric S, which we
defined in [6], is equivalent with the metric of Pompeiu-Hausdorff used in
[5]. Also, we define a family of metrics which make a connection between
Pompeiu-Hausdorff’s metric and the uniform metric.

Since Pompeiu Hausdorff’s distance between the ranges of the functions
do not generate a metric for the space of continuous functions, in [6] we have
defined such a metric in another way. However, as J. D. Newburg in
(4] showed, one can obtain a metric on a function space taking the distance
between the graphs of the functions. In fact, J. D. Newburg is concerned
with families of operators between Banach spaces. As proved by E. Berkson
in [1] the metric of Newburg for the subspaces of a Banach space is equiva-
lent with that defined by I. Gohberg and A. S. Markus in (2], i.e.
the distance of Pompeiu-Hausdorff between the unit spheres of the spaces.
For real fuuctions the metric derived from the distance of Pompeiu-Hausdorff
between the graphs of the functions seems to appear for the first time in (5].

For the space of continuous functions defined on a compact metric space,
W. C. Waterhouse proved {7], that this metric is equivalent with the
uniform metric. But if the space of definition is not compact, as we showed
in [6], thesc two metrics are not equivalent even if the range is compact.

2. Basic notations and delinitions. Let 4, and d, be two metrics for the
set X. We say that d, is finer than d, and we write d, < d,, if the identity :

i1 (X, d) = (X, dy)
is continuous. This holds, for example, if for some M >0 and >0
dof, ) < M[di(x, 9)]
y x and y in X. The two m:gtrics are equivalent if either is finer than

for ever
the other. ‘
Let the function L: [0, 0] — [0, 1] be defined by:
) . ot
L for0 gt .
Ly =31+t (1)

1 for ¢ = 0.

ItS inverse L 1. IO, l] - IO, WI iS given b? .
! fo‘r O < 1< 1 ,

Ly ={'-*% .
' ’ G)' for t.= 1L
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Convention. For any function Fo: X X X — R+ { {0} we define a gyp,.
metrical function F:X X X — [0, 1] by:

F(x, y) = L (sup {Fo(%, y), Foly, %)})- 2)

(X, d) and (Y, ¢) being two metric spaces, we denote C(X , Y) the set
of continuous functions from X to Y. Let us fecall some metrics used for

CX, Y): ) _
( a)) The uniform metric T which may be defined by:
T(f, &) = L (sup {e(f(x), &(x)) : x e X}) 3)

or, as usual, with the identity instead of L, if X is compact.

b) The metric K which generates the compact-open topology on C(X, Y),
(if X is a locally compact, separable metric space), is defined as follows:

K(f,g) = 2,27 - L (max {¢(f(x), g(x)) : ¥ & K,}) 4
where K, are compact subsets of X with the property that K, C K, for
every n and X =J K,.

=]

¢) The metric S (which we defined in [6]) generated by (2) from:
Solf,g) =inf {r > 0: Vx e X, inf {e(f(x), g(¥)) : d(x, ) <} <7} (5
(with the convention: inf @ = o0).

d) On the set of non-void, closed subsets of X one defines the metric
P of Pompeiu-Hausdorff by (2) applied to:

P,(F, E) = sup {inf {d(x, y), y < E}, » = F}. (6)
Denoting with G, the graph of the function f, i.e. the set:
Gr={xy) eX X Y:iy=f(x), x « X} (7)
one obtains, as in [5] a metric H for C(X, Y) putting:
H(f, &) = PG, G,). ®)

Remark 1. We proved in [6] that S < T and if X is locally compect,
separable metric space K < S. The opposite relations do not hold in general.

én [7] it was proved that if X is compact H is equivalent with T. If we put
o @s:

Solf, &) = su {inf {max {d(x, y), e(f(%), ()}, ¥ = X, x = X} (5
one sees that S is equivalent with H.

_3. The family of metries S, In what follows we shall define a family of
metrics which make a connection between the metric T and S (hence H).
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For any » << O let us define the function S’ :
. n5g: C(X, Y) x CX,Y) = R*(J{oc}
SHf 8 =inf{a>0:Vxe X, Iy X:d(x,3) < rak&elfin), gls) <) ()

with the convention inf & = co.
THEOREM For any r > 0 the function S’ (defined b oo
for S;) is a metric for C(X, Y). (dcfined by the comention (2)
The proof follows easily from the subadditivity of L 1 inui
of all the functions which are used. d and the continuity
Remark 2. It is casy to scc that S' = S and also that it is justificab..
to denote T = S°. ‘ 4

Lemva IO < p <7 < oo, then for any f, g « C(X, Y) we have:
S'(f.8) <S*f 8 <S(f e (10)
and

S/, &) <-;; - 5°(/, 8)- (11)

Proof. The inequalities (10). follow directly from the definition and to
prove (l11) it is enough to observe that:

Sif 8 <~ - Sil/ &) (11)

’
’
and, for 4 > 1, holds
L(ax) < a - L(x).
CONSEQUENCE For any 0 < p, 7 < o0 the metrics S? and S’ are cquivalent

(and cquivalent with H). i
Ig emark 3. From )the above counsequence and from th.e remark '1 it follosz
that if X is a compact metric space, all these metrics are equivalent with Sy = T,
but, if X is not compact, this statement is, in general, not true. .
Remark 4. Of course, instead of the linear function 7 - 4, in (9) we
should consider other functions with adequate properties but the resulting

metrics are equivalent with these
Remark 5. 1f we write (4) as:

K(f, &) =2 2"L(T(fI K., g1 Ku)) (4)
n=1
this suggests that we can also consider the metrics:
(4)

Kol g) = 3o 2" L(S'(/1 Kur €1 K2))

ith K, as results from the remark 3.

but these metrics are equivalent w
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4. Metries for C"(X. Y). Let X be a real intgrval, Y a linear metric space
and C".( X. Y) the set of all functions f: X — Y with continuous #n-th derivative,

Denoting : ,
G = {(x,f(x),f'(x), oL f(x), x e X} (12)
we obtain a metric H" for C"(X, Y) taking:

H'(f, &) = P(G]. G (19

where P is Pompeiu-Hausdorff’s metric for X x Y+t
Remark. 6. We may also define H* applying (2) for:

Hy(f, g) =inf {r > 0:V reX, WeX |xr—yl<r& (14)
e(f (x), gM(y)) <7 for i =0, 1, ..., n}.

In this case, besides the variants similar to (9), we can also define the metric
D” by (2) applied to:

Di(f,e) =inf r >0: VxeX, Viae{0, 1, ....n}, Iy, e X, (15)
|2 — il <7, e(/O(x), g9(x)) <7}
Of course, for any f and g in C*(X, Y) we have:

Df, &) < H'(f. 8) (16

the incquality being generally strict as shows the following
Example. Let f, g: [—1, 1] = R be defined by:

f(x) = «* and g(x) =3 — x*.
Then DY(f, g) = L(2) < H\({, g).

I"?emark 7. As is was proved by A. Naess in [3], if the functions
{;"iecr ([: , b], R) are such that the sequence f'(x) is convergent for cvery
th " L“}‘l ] and the sequence /(%) is convergent in % distinct points from [, bl,
o e 5 8 funcion / & C* ([ 1) ) auch that J9 /0 on fn. 1
W e, T ng in account the result from [7], it follows that, if X
i1s compact, the metrics D" and H” are equvalent on Cln(X' R™) and they are

;)gléltvzlreniit‘ §}S(i)s with tf}.le.unifprm metric on this space. But it X is not com-
) an infinite dimensional Banach space, the two metrics might
not be equivalent, pace,

( Received September ‘18, 1978)
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CITEVA METRICI PENTRU SPATII DE FUNCTII

(Rezumat)

Tn lucrare remarcm cit metrica S pe care am definit-o in [6] pentru spatiul funciiflor con-
tinue este echivalenti cu metrica Pompeiu-Hausdorf definitd in [5]. De asemenea, definim o fami-
lie de metric ce cvidenfiazi o legaturii intre metrica S gi metr ca un formi. Aceasti famile de
wetrici se transpune si la spaii de functii derivabile.
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ASUPRA UNEI EXTINDERI A FORMULEI DE CUADRATURA A LUI
NEWTON

PARASCIIIVA PAVEL

n lucrarea [3] s-a coustruit dupd metoda folositd in [1] o formuld de

cuadraturi de tip Newton, in care nodurile interioare sint multiple,
in cele ce urmeazi vom construi, urmind aceeasi metodd, o formuld de

cuadraturid pentru calculul integralelor de forma

{ pa)() ax

in ipoteza ci p « Cla, b)], p(x) > 0, 2 « [a, b] iar f e C%[a, )] (2)
Pentru usurinfa expunerii vom trata numai cazul nodurilor interioarc
triple, metoda putind {i aplicatd si in cazul nodurilor interioare multiple de un

ordin 2k + 1
Considerdm pentru inceput formula de cuadraturi

(1

f?(x)f(x) dx = Af(a) + Cf(x) + Cf'(x)+ Cf"(x) + Bf() + R[/] (3)

b
in care x, e [a, 0], R[f] =S<p(x)f‘(x) dx, iar 4, C, C’, C", B se calculcazi

astfel ca R[x*] =0, £ =0, la2 3, 4.
Retmem doar expresiile lui 4 si B, care sint necesare pentru cele ce ur-

meazd

AdA=— _ p(x)(x — b)( W — xR dx

- “)("1 — a)

B = p(x)(x — a)(x — x,)3dx " 4)

(U a)(b -5

T
;

Se poat. . .
finem ecga;ae gési nodul x, astfel incit in formula (3) coeficientul 4 = 0. Ob-

b b
b= =P P~ B)dx + 36 — )2 pla)r — tpa +

a
a

+ 306 — ) { p()(x — by ax + (pixx —bpax =0 (5)
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Punind
b—x1=(b—a)v $1 b—x:(b_a)s (6)

avemnm
1 1

v S plb — (b — a)s)sds — 3w S/J[b—— (b — a)s]stds +

1 1
-{-SvS/J[b—(b——a)s]s”dx—\/)[b~(b~—a)s‘ds=0 )

J.a fel se poate determina nodul #,; astfel ca in formula (3) coeficientul
B = 0. Avem ecuafia
b ]
(@ — 5 [ p(R)(x — a)dx + 3(a — ) { pla)(x — apdx +

b

+3(a — 1) | pA)(x — apdx + { 20z — @)tdz=0 ®)

a

si punind
%y —a=(b— au, x—a= (b~ a)t

obtinem
M’S pla+ (b— a)t)t dt — 3u? S pla + b~ a)t] e dt +
+ 3u iﬁ(a+ (b —a)t]t’dt—Sp[aJr (b — aptdt =0 ©)
0 0

Se observi ci daci

. - 1
plb— (b —a)p) =p [a+ 0 —a)s); x < 0 1]
' i ica fatd ijlocul intervalu-
adicd in ipoteza ci funcfia de pondere este sn}ue'cricai iaisafd; mijlocul 1
lui, ecuatiile (7) si (9) coincid si au 0 singurd SOt ¢ uatiei (8) nodurile 1,
Notind cu z, solujia ecuajiei (5) 5t cu % 5(;1]3::: gfiicé
$i ¥, sint simetrice si cle fata de mijlocul intery

(10)

11
H+n=aet? )
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Punind acum in formula (3) x, = #, §i notind din nou acest nod tot cu

x, objinem

b
[
[ st = Cuf () + CLF () + Gif () - staromaz (2
funcfia § pistreazi semn constant pe intervalul (e, ), fiind negativa.

inlocuind in formula (3) x, = %, §i notind acest nod cu x,, avem

b 4

[paflaids = A7(@) + Cafla) + Cof () + Cof"(x) = B0/ Oz (13)

a a

funcfia @ pistreazi un semn constant pe intervalul [e, b], fiind pozitiva.
Adunind formulele (12) si (13) primim formula de cuadraturi
[

[ pL07(0dx = 2 147(0) 4 BI®) + Cof () 4 Cif"(x) + Cif"(x1) +

-
b

Caf ) + Cif"(3a) + Caf )] — { po) BLEHL 119 2)

Inlocuind formula (12)

f8) = & (5= m)(x—b)

5
avem
b b
Joladz = — ( pla) L=l g,

iar in formula (13)

obtinem
b b
S P(x)dx = — S () ‘—§;I‘”;_’ .

Daci se tine seama de relagia (11) in i 3 ; . .
» e ¢ . poteza ca functia p({x) est
faa de mijlocul intervalului, se deduce printr-un calcul sfim{))l(u )cé ¢ simetrica
b
() -+ 9(x) N
S 2 dz =0

a

ccea ce aratd cid forinula de ¢ 3 : “
titate cel putin 4. uadraturd (14) considerats ate gradul de exac-
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Se poate demonstra ca formu]a 14
are gr
e poste demon ( ) gradul de exact1tate chlar 5.

f(x (x - 2q) (x - x,)

obtinem

1
6!

(g = { = s — BB ey
}dx

2(b - a)(¥, — aP " 206 — 26 — a)

Membrul doi al acestei relatii,

in ipotezele impuse mai sus asupra lui
x,, %3 §i p(x), este diferit de zero. P

(Intrat in redacfic la 24 octombric 1978)

-
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“t

SUR UNE ENTENSION DE LA FORMULE DE QUADRATURE DE NEWTON
{(Résumé)

Dans ce travail on construit, en snivant la méthode de (3], une formule de quadrature de
type Newton, ol les noends intérieurs sont multiples.

Dans les cas des noeuds intéricurs triples, nous avons
le degré d'exactitude 5.

1a formule de quadmfure (14) avec
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RIEMANNIAN SPACES WITH A-RECURRENT VECTOR FIELD

C. NITESCU*

1. A non-flat Riemannian space V, is called recurrent [1] if its curvature
tensor satisfies
Rimt, m = @ Rin (1.1)

for some non-zero vector ¢,. Note that the covariant derivative is indicated
by a subscript preceded by a comma. Let us set up the convention that, if
V, admits a tensor field T ... such that T ..., ! =¢T ... where ¢, is a
non-zero vector field of V,, then V, is called a T-recurrent space and it is

denoted by T,.

The concircular curvature tensor Zf,-,, [2], the conharmonic curvature
tensor Cj, {3] and the tensor Wi introduced by K. Yano and Sawaki
[4] are given by

k. pk R k
Zj:‘h = Rjih — oo — 1) (shgji — 8§g).,-) (1-2)
Cih= Rl — —— (%R, — 'R : ;
iih = (O iR + giiRy — g R;) (1.3)
Whh=aZby + -2 (5ig. — & . ;
i i+ —— (3G — 3G + £i,Gh — guGh (1.4)
where a and b are constants and
Gy =2Z%=R,— R,
7 7R 7 " &ij (15)
The transvection of (1.5) with g¥ gives
GG —
89%G; =0 (1.6)

At the same time, the transvect;
: ’ ¢ . -
nctric tensors &y sog t13 givcfnlot?yOf (1.3) and (1.4) with §” yiwelds the sym-

GI —_ gllh "
w=R—- and G}, = (a+ b, (1.7)

—_—

* PQ] 02 H 1 >
ytechnic Institute, Jassy, Department of Mathematics
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The conformal curvature tensor defiped by ;
Grjin = Rapjix — ” l . (@R — gy R,; + Rugi — R,g,.) +
R (1.8)
+ m (€8s — Eingy)
can be expressed under the form
Gaijp = Zajin — "_] > (8uGi — 80Gis + &G — €,G,1) (1.9)
The tensors Ca and Ciy are related, according to (5], by
Cripn = Chupp — 'ﬂi—l (EnG — guGir) (1.10)
We also bhave [5].
Wi = aCyijp + %SMGU‘ — &iGar + &iGa — 8aGyy) (L.11)

If the parcntheses are climinated between (1.4) and (1.11) we obtain
Wi = (& + b)Zxjp — bChip. (1.12)

It follows cither from (1.11) or from (1.12) that, if a 4 b = 0 then the tensor
Wi = aCux and therefore it is proportional to Weyl’s tensor.
In this paper we shall consider the case that a + & # 0.

. . , i
2. We first express the tensor W,; in terms of Riemann's tensor:

Wha = althy — — 2 (8hg;, — ig,y) + — (86— ¥Cin + 6:01 — &G =

nin — 1)
altg, .
5 b alt VY 2y —-—J'l"“]
= aR,-.',. + 3: [—;—_—26,',- - 2nn — 1) gl-] 8' [" 9 !/ 2n(n — 1)

b ek 84' )
+ [ b G: — ‘-_a'l'?_— 8’!]6’]1 —[ 2 G'k 2n(n — 1) i | &in

n--2 In(n — 1) n—

If we denote, like in [6],
R ) 2.1)

o, in view of (1,5),
‘; 2.1)
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then we get
W, =aRl, + 84y — By gi A} — &nAl (2.2)
or
Wk = aRjs + Aju (2.3)
where, as in [6], A;;;, is given by
Ak = Sd;; — B4, + gidl — gl (2.4)

From (2.4) we find that the tensor Agjin = gudjw satisties the following iden-

tities :
Akjih = - Akjlli = - Ajkl'h = A ihky (2‘5)
Ay + Avirj + Apii = 0
If we contract (2.1) with respect to i and j we obtain the invariant
—gid = — & 2.6
43 gA". 2n — 1) (2:6)
Another contraction of (2.4) ‘with respect to & and % gives
5
Lj= Aju=(n —2)4; — 2(”{‘_ 5 Res (2.7)
In view of (2.1) and (1.5), the equation (2.7) can be written
R
L =G —a & (2.8)
R
Ly =bR; — (a + ) — g 2.9)

One can see that for a = 0 it follows from (2.8) or (2.9) th i

) . . t L. -

tional to Gj;; (we have assumed that a + b # O)f he)nce vs'e s)hallacon’s’idl:rpamgo(r).
3. A non-flat m-dimensional Riemannian space (n>2) is said to be

G, — recurrent [5] if the tensor G,; meets the condition
Gir= @Gy or Gh, = oGt (3.1)

for some non-zero vector ¢,.
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I{ the above equality (3.1) is contracted with res

i , R; pect to & and 7, b
of (1.5), it follows that R*, — ”n 8 = p,G} or . by use

R, i = 2n Gh
O (32)
therefore we obtain.

I'uioreM 3.1, The equation (3-2) holds for G,-recurrent spaces.

DeriNttioNn 3.1. A Riemannian
. 1. spa 1 1
if the tensor A;; satisfies the conditiorf) ce Vil > 2) 19 said to be A-recurrens

Ay = @,4,; for some non-zero vector @ (3.3)

DeriNiTioN 3.2. A Riemannian i i
' N 3.2. space V (»
if the tensor L;; satisfies the conditionp o> 2) s sald to be Lorecurrent

Lj = ¢,L,; for some non-zero vector o (3.4)

From (2.1') and (3.3) we have

b b £.;

— Ry — @ IR Si—gp{ b R [t a &ij
"o 2 7 n——2+2(n—l)] - (Plln—'L’Ru [”_2—{-2("_1)]1?-”—’}
or “— (R, ~@R) =0

2(n—1}
Form a # 0 it follows that
~ Limma 3.1 An A-recurrent space is with recurrent scalar curvature and
with the same recurrence vector ficld.

THEOREM 3.2. Every Ricci recurvent space is A-recurrent with the same

recurrence veclor field, and conversely.
Proof. It readily follows from (2.1') that a Ricci recurrent space v, is

A-recurrent, too. Since V, is A-recurrent, from (2.1') and from Lemma 3.1
we immediately obtain the theorem.

) THEOREM 3.3. Every A-recurrent space is G,-recurrent. A G, -recurrent space
is A-recurrent if ils scalar curvature R salisfies

R, = @R
Proof.
In vi{aw of Theorem 2.1. of [5] and our Theorem 3.2 the result of the state-
ment clearly holds.
THEOREM 3.4. A necessary and sufficient condition
Space V, to be A-recurrent is that the equakion
Wirg — <P1Whijlc = a(Rijry — (PlRii) (3.5)

for a Riemannian

holds for some non-zero field ¢, of V.,
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10 Lo 9.9) and (3.3) that (3.5)
is A-recurrent, it easily follows from (;. 2 wzle R

1d P('Z‘c))or{{relriell;: if (3.9) holds, transvecting 1t by &
holds. )
j (3.6)
(a + 8)(Gsp — @) = a(Rij; — @Ri)

and transvecting this equation by g we finally get

3.7

R,x - q>,R =0 (

In view of (1.5), (3.6) gives

(3.8)

bR — (@ + b)R,l—”i = [I’Ru’ — (a+ bR o ICP'

If we divide the equation (3.8) by 7 — 2 and if we add the result to cquation

s g ! ! v in A, = @,4; which completes
(3.7) multiplied by: « [-———) s I)I we obtain A1 = ¢4 I

n -2

the proof.

Lesoa 3.2. Every L-recurrent space is with recurrend scalar curvature.

8ij - -

Proof. By (2.9) we have b(R;;; — ¢/ R;) = (a + b) —,:— (Ry — @,R). Contract
ing this equation by g we obtain a(R; — 9,R) = 0. Therefore R; — ¢, R = 0
since a # 0. ‘

THEOREM 3.5. Every L-recurrent space is A-recurrent with the same recurr-
ence vector field and comversely.

Proof. By use of Lemma 3.2 and (2.7) we readily couclude that an L-
recurrent space is A-recurrent, too. The converse result follows from Theorem 3.2
and equation (2.7).

4. DerinrtioN 4.1. A non-flat n-dimensional Riemannian space is said
to be A,-recurrent if the tensor A,; satisfies the condition :

Apijp,s = @ydni for some non-zero vector g, (4.1)

Tugoxes 4.1. Every A-recurrent space is A -recurrent. An A -recurrent
space 1s A-recurrent if it is with recurrent scalar curvature.

Ploof. Let V, be A-recurrent with the recurrence vector. Then (4.1) readil
follows from (2.4). Conversely, if (4.1) holds, transvecting it by( g""Z we ge)t,
(n ‘A%)Asy,t Tt 8sdy = [(n — A4y + gidle, or (n — 2)(4,, — o dy) =
= gi(Ag, — A,). In view of (2.6) we obtain from the last equation (n — 2)(A;;, —

—_— A N a s
Pidy) = — g Py (R3, — R,) which proves our theorem.

Turorey 4.2. The recurrence vector field of an A

gradient vector field. srecurrent space is a
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Proof. First note that the following equation holds :
Awjin,im) + Airim, i) + Aimis ) = guad;[Im] — g, 4 jatm]
T &ianim) — Gindin, ) + EimAn ) ~ Bullim ) + Gudimpy —  (4.2)
= BumAir i) + & Ameiin) — EuAmiins + EmeAyin) — Emidn g

If V is an A -space we have:

2Awin,im) = (Prd4sin)m ~ (@mAnin)s = PimAuia (4.3)
where we have denoted
Pim = Pim — Pm, (4.4)
Transvecting (4.3) by g we get
2L 4m) = (Pim — Pmt)Lji = @umLj; (4.5)
Using (2.9), we easily get from (4.5)
O(Rijum — Rijm) = @inlji (4.6)
We have, at the same time,
2 i tm; = —2— Ry m) = —— @imLs (4.7)
n—2 n—2
If (4.7) and (4.3) arc substituted into (4.2) it follows that
PimAriin + PasAinim 4+ PinAimp; = - _l - (grs@imLsi — EiuPimLin + &iiPimlar —
— Ein®imAir + Gim@riLn — Gu@riLam 4 GuoriLim — Eam@rila + LiinLms —
— EuPisLmi + EmPirLi; — EmiPinLix)
If the terms are suitably brought together in this equation one gets
Dim [Ax,-u. - 5 (gl — gaLlp + &iLw — gnla)| +
”_
-+ cpkj[A.y.;,,. — -—1; (g,-,..Lu - g.'thm + gmL.'... - glmLil)] + (4.8)
Im =
+ Pin [Almk)' S ” (giLme — SuLmi + &mily — g"'il"")] =0
n —
The tensor M, is now introduced by
Myjin = Awin — 1 (guLi — gaLin + &ilw — gla) (49)
n—2
Equations (4.8) give us
' (4.10)

oimM pjin + oM inm + oinMimy = 0

2 — Mathematica — 1/1980
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It follows from (4.9) that the
Myin = — My = — Myjin = M g;

tensor M satisfies the following identitics -

Myjin + My + My = 0. (4.11)
A short calculus leads to
My = ok (81a8ii — gubin) = a(Crjin — Chjin) (4.12)

I
(n—Lm—2
, since the space is not of zcro

e get from (4.9 -
By the use of Lemma 1 of [7] we ge (4.9) hich is the condition

scalar curvature, that g, = 0. This iniplies @im = @m W

for o, to be a gradient vector. ' . |
?’Accordinggto this latest theorem, equation (4.3) turns to Asjinim— A bjin gy =0

which implies Ljijm — Ljim = 0. If Ricci’s identity is applied to thc last
equation, one gets LyR%m + LjRhm =0, or, by use of (2.3), we have
L'H(I'V;ll"' - A}l’n) + qu(”i:',lm - A?lm) =0 (4 13)
Therefore the following result holdé mn 4d,:
TreoreM 4.3. Equation (4.13) holds in A ,-recurrcnt spacces.

TuEOREM 4.4. If A, admils a parallel veclor field v*, then either v¢ s ortho-
gonal fo the recurrence vector field of A, or A, is an Eiustein space, or the
scalar curvature vanishes. -

Proof. If the space V, admits a parallel vector ficld v* the following
conditions must be satisfied : :

P
U=0; ¥Ry =0; ¥R, =

(4.14)
V*Rijup = 0; PRy, =0: R a=0
From (2.3) we obtain Anip = Wi — a Ry or
v’A:hl'jk,l = 'U‘I/V;,,'jk.‘ — ale},,‘ij (4 15)

From (1.4), (1 2),- (1.5) and (4

1), (L2), (1. 14
from (4.15) we get v, =$) )
= ?,A;,,'jk. HEHCQ '

it follows that o'|¥,.,, — 0 e
hijh] = and therclore
- On the other hand for ]an A, -space A g =

Yo, Apn = 0 4.10)
One can verify that either of the two cases hold : "
Case (A) v’(pl =0 |

From (A) the first part
sider Case (B), i.e.,1 Ar,,;j,? f=the :

Case (B) A = 0,

heorem stateme
ut hold . -
0. From (2.3) we get s true. Let us next con

Wkijk = (IR;,,H
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Here we should again distinguish between two cases:
(B,) a=20

In this subcase, from (4.17) and [8] it follows that 4, is conformally flat. But
we have assumied that a + b # 0 and since ¢ = 0 it comes to b # 0 ; according
to Corollary 1.2 of [8] it follows that in this case A4, is an Einstein space
(and not necessarily of constant sectional curvature). We also know [8] that
in a quasiconformally flat space V, (%> 3) the covariant derivative of the
tensor field A;; is symmetric, ie., Ay = Ay

(3,) a%0

Now, contracting (4.17) by ghg¥ we have aR = 0. Since @ # 0 it follows
that R vanishes. In this case we shall have ' S

Z),,'jk = R;,,‘,'k and G.‘j = R,-j, C;,,'jk,== C;,,-j;, where Clu'jk
is the conformal curvature tenser, and Gj; = 0.
In view of Theorems 4.4, and 4.1: we may state. - -

TurorREM 4.5. If a A-recurrent space admils a parallel veclor field vk,
then etther v 1s orthogonal lo the recurrence vector field of A,, or A, is an Einslein
space, or the scalar curvalure vanishes. . <

{ Received September 19, 1978)
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SPATII RIEMANNIENE A-RECURENTE

(Rezumat)

Folosind tensorul A Kijk definit cu ajutorul tensorului de curburi riemannianii si cu ajuto-

rul tensorului Jui K. Vano— 8. Sawaki, se definesc spatiile 4- §i A,,- recurente. Se stabilese proprie-
tiyi ale acestor spatii i ale vectorului lor de recurenfd. '
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CONEXIUNI ECHIVALENTE PE, G-STRUCTURIL DE ORDINUL DOI

MARIAN 'l‘.-\llL\'K

in cele ce urmeazi vom studia proprietét.i legatc'de; o relatie de cchwaleq;:}
a conexiunilor definite pe G-structuri de ordl{lql vdox, in rag(\)rt cu o anumitd
clasi de spajii omogene. Aceastd relajie, defimta de N. Tamna k a [Q |, a
jost considerati de S. Kobayashi si T. Ochiai [3] in legaturd cu
studiul unor operatori de transgresie. Echivalenta proiectivd §i echivalenta
conformi a conexiunilor liniare fari torsiune, respectiv a conexiunilor rieman-
niene, apar ca §i cazuri particulare remarcabile ale relajiei mengionate.

In prima parte a articolului formulim unele proprietdti generale ale cone-
xiunilor echivalente. In cea de a doua parte introducem morfisincle admise
ale G-structurilor de ordinul doi $i demonstrdm unele proprietdji ale acecstora

L Spatii omogene plate de ordinul doi. Vom reaminti la inceput uncle
definifii {[3], [4], [5)).

~ Dermvimia L1, Se numeste algebrd Lie graduatd de ordinul » o algebrd
Lie ¢ pentru care avem

n-1

(=»=§;1 gp (sumd directd), 4, , # 0), dim 4, < o0 (1.1)

[36r 991 C 9psq (1.2)

. Din (1.2) rezults ci 31 3-1) = (0), deci g
a lui . De asemenea 3o este o subalge
spafiu g,.

O algebrd Lie graduata se numeste tranzitivd daci avem

1 este o subalgebri abeliand
bra a lui f, iar ad 30 invariazi orice

[x,g_l]#(O) Vx 45 2 #0, =20 (13)

Pentru algebrele I je graduate de ordinul doi avem deci

(= 9—1 + §o + 1
Aceste algebre au fost clasificate in (2]

Pentru algebrele Lie
) : rad
uompl.'flsm, subalgebre, idgale ut:lttigi >
condifia de pistrare a gradudrii,

Derixipia 12. 8 .
1(:) ogen X=1/L, unfienul,me?te Spafiu omogen plat de ordiny] 2 un spatiu
ora;;getll)‘r'% avu:id . Jioneazi pe X efect%v' si
graduati de ordin 14a;lgebrat Lie a lui L este
* ) Unde
41 este algebra

(1.4)

pot introduce

. Lo notiunile de o .
prin definitiilc momor(ism,

obisnuite, dar impunind

ulal doilea, dats de (
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Lie a grupului L, = Ker p, p fiind reprezentarca liniari de izotropie p: L, —
— GI(T (X)), iar algebra Lie ¢, a lui L, este ’

lh=90+ 5 (1.5)

Dec mai sus, in virtutea teoremei de izomorfism rezulti ci go este algebra
Lie a subgrupului liniar de izotropie L,/L, = p(L,).

Exemplele care ilustreazi aceasti teorie sint :

Exemplul 1.1. Spatiul proiectiv P* = L/L, unde

L = SL(n + 1, R) (modulo centrul siu)

A0
L.,=l(u a)eSL(n—}-l, R); AeGL(n.,R),ac—:R}

unde u este un vector linje.
Exemplul 1.2. Spatiul conform #-dimensional C* = L/L, unde

0 0 -1
L=0n+11)={XeGL(n+ 2, R),'XSX =S} unde S =( 0 1I, O)
-1 0 o0

Ia“’ 0 0
Lo=1|*% A 0)60(”—{— Ll); A= O0(n), ae R

* * a

Pentru detalii recomandim lucririle [3), (4], [5].
intr-adevir, in exemplul 1.1 algebra Lie a lui L este £ = st(n+ 1), R)
iar spatiile de descompunere sint

N S PR I

unde A € GL(n, R), ae R, v este un vector coloani, iar § este un vector linie.
in exemplul 1.2, avem £ = so(# + 1,1) = {X e gt(n + 2, R), 'XS + SX =
= 0} iar spatiile de descompunere sint

0 » 0 ‘—a 0 O\ 00O

g_1= 0 0 v s g0 = ( 0 4 0’, Aeo(ﬂ) y 1 = ‘E 00

0 00 0 0 a 0t O

Observatic. Grupul O(n + 1,1) considerat in [4] invariazd prin definitie
forma patratici F = 2! + ... 4 2" — 22°2"*! care prin transformarea

(1.7)

_ 1 - T PR "1 § = I 18
xo—J_f(yo Y1), ¥ =, Ji(y°+y ), 1= 1Ln (1.8)

se reduce la forma canonicid — (3°)2 4+ (312 + ... + (y"+?)%. Cuadrica de ecuatie
F — 0 este difeomorfa cu sfera S” ( R™+! prin transformarea objinutd din (1.8}
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ficind »* = 1. Acedsta preciz

date de S. Kobaya_shx
De fapt avem doud reprezen

clasic, al celei de a doua reprezen

- ” ~1 0
Op(n + L1) ={Y e GL(» + 2, R), 'YAY = A} unde A _( 0 Im)

Notind cu

eazd factorul de proporfionalitate din f°fmule1e

[4] p. 133. - .
tiri diferite ale grupului O(» + L1). In cazy]
tiri, grupul este definit prin,

1 1
7' ®

1 1
e O =

V2 V2

matricea de trecere a trausformarii (1.8), avem A = !TST sau S = (T)AT—,
Dacd X e GL(n 42, R) aparfine la grupul Os(n 4+ 1,1) definit de matricea S,
din relafia ‘XSX =S obfinem prin amplificare ‘T*XSXT = 'TST = A, ded
'TXCT)'ATXT = A. Astfel matricea

Y=TXT=(AdT) X

aplartine grupului ortogonal Ox (n + 1),1) definit de matricea A. Intre imaginile
celor doud reprezentiri avem deci izomorfismul
AdT™ Ogln + 1,1) = 0p(n + 1,1) (1.19)
aplicatia A4 fiing consideraty in GL(n 4- 2 R).
U clement al algebrej I je oa{n + 1,1) a luj Oa(n 4 1,1) este de forma

0t
(‘EU unde € este un vector ligia o3
or hme, 1ar U este . .. o%  adica
avem *U + U =, Pentry 0 matrice antisimetrica,

algebra Lie 0, (x 11 _TePrezentarea consideraty se verifici faptul ca
algebrele de ﬁescjmﬁu)n eartin}xte 0 descompunere in sumy directi de forma (1.4),
(0 0 4

iind date ge
{'O o

t-1=3lu ¢ u r__ :
(0 X o)} "=l 4 g) 4 < ofn) (1.1

, % 2 o
, A=z 0 )
In fqrmuléle de maj 0 4 0

G€ maj gys .
Venficarea afjrp, atiei du % este un vecto
a

f coloany, jar y un vector linie. Pentrt

este d maj « -
e form Sus observim Ca un element X < OA(n + 1,1)
x|, @
= a A
a — ‘b b A (= o(n)
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51 se descompune in mod unic intr-o sumi de termeni. de forma (1.11), cici din
Ielatiile obtinute prin identificare -

‘('/.=YIM+7]. b=u—‘7)

rezulta
1 1
'lt=;(a+b), ﬂ=;(¢—b)

Spa}iilc-( 1.11) nu au elemente comune diferite de zero. Intr-adevir, avem in
pmd evident g9 () 91 = (0), 9o M g1 = (0). Avem de asemenea ¢; () 3, = (0),
intrucit relatia ‘v = » implicd # = 0 % = 0. Astfel descompunerea considerati
este directd. : ‘
' Pe de altd parte, se verificid prin calcul direct ci spatiile (1.11) satisfac
st relatiile (1.2).

Conexiuni (/L y)-echivalente.
' Fie X = L[/L, un spafiu omogen de ordinul 2 iar G = Ly/L, grupul siu
liniar de izotropie. Notind » = dim X avem G (C GL(n, R) iar din (1.5) rezultdi
ci algebra Lie a lui G este 4, Fie M o varietate diferentiabila de dimensiune
n st P o G-structurd pe M. Forma canonici 6 a lui P este o l-forma cu valori
in R, dar intrucit in baza formulei (1.5) spafiul tangent la X are acelasi suport
cu algebra abeliand 4_, putem identifica pe ¢_, cu R” prin intermediul unei
baze, si astfel si considerdm cid forma 0 ia valori in g¢_,. v

Pe de alti parte, o conexiune pe fibratul P se defineste printr-o 1-formi o
cu valori in 44. Conexiunea este firi torsiune daci o verific relatia d0+ [, 6]=0.

Vom introduce acum o relatie de echivalenji a conexiunilor fata de spagiul
omogen X. (vezi [6]). ‘

DEriNrria 1.3, Doud conexiuni fird torsiune w, §i @, pe P sc¢ numese
X-cchivalente dacd existd o funciie ¢: P — g, astfel incit si avem
0y — oy = [0, @] (1.12)

. . . X . . . . ..
Vom nota relatia de mai sus prin o, ~w,. Cei doi membri ai relatiei (1.6)
iau valori in ¢, datoriti definifiei unei forme de conexiune, respectiv datoritd
graduirii (1.2). Forma t = w, — ;- din membrul intii al relatiei (1.12) repre-
zintd forma de deformare a conexiunilor.
Provozipia 1.1. Relatia X este o relagic de echivalentd.
v Y o .. - X -
DIntr-adevir, avem o X o corespunzitor funciiei ¢ =0. Dacd o, ~ w, prin
. . ) . . " . X . .
functia @, avem §i wy, X w, prin functia — ¢. In sfirsit, dacd o, ~ 0y prin ¢, st
X o . . o . .
Oy~ @y prin @, atunci rezultd w, ES prin_functia ¢, 4 @q. . ,
O proprictate simpld a conexiunilor X-echivalente se referd la forma conexi-
unii medii corespunzatoare

(wy + 0’;) \

(I)M='

b.lt—
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"’ v X X
4 1.2. Dacd (o,f{ g alunct rezultd 0, ~ @, W3~ 0,
ProrozITIA 1.2
Intr-adevdr, avem
W, — O3

=é—(wz—w1)=[0' ’;‘ (P]

1 X .
X : 0 Lo, Analog avem o, ~w  prin  func
§i prin urmare 0, ~O prin funcha 5 ® g

1
fa — 2 %
Privitor la formele de curbura ale conexiunilor X-echivalente demonstrim

Propozipia 1.3. Dacd avem 0 X w, iar Qy, Q, sint respectiv formele de

curburd asociale lui @y §i ©, atunct avem

2, — @ = V[0, 9] + 5 ([0, 9] (6, 9] (1.13)

wnde V, indicd diferentiala absolutd in raport cu conexiumea .
]

Demonstratie. Forma de curburd a lui ; 71 = 1, 2 este
0= do, 4 (o, 0 (L1

Tinind seama de (1.12) avem
{0, 03] — [0, @, = [[6, @], w,]
[0, ;] — [a,, o] = [[9, ¢], o]
Diferentiind (1.12) avem
dw, — do, = d[6, 9]
[0y, ), din formulele de mai sus deducem
- Q-%Wﬂ+-m¢hm+—uewwd (1.15)

Inlocuing ip (1,15)

m = -
tensorialy de tip adjunct G;V-{-m[ﬁ, ¢l si tinind seama ci [0, ] este o l-formad

Deoarece [0, ©,] =

V[0 ?l=4d[6, ] + (09, @1, @]
de unde rezulti formyla (L.13)

2. Morfisme 4
dinul ne admise, F
or 2§IG G Brupurile hn::rf dei LiL, $i X' = L'|L} dous spajii omogene de
respe ' Fl?%d e Varietitile dif ie corespunzitoare. Notind # = X,
P'(M' G,) G (gtl G) o G-Structu, erentlablle M §1 M’ de dlmeDSIune ”

]
Se st un mol-i1 Pe M' asociaty eluM }?,s ociat spagiului omogen X, 187
aphca;u (f h) Ism intre fibr
fi2~p, k: G Gatele principale P, P’ este o pereche de

astfel incit g3 avem f(za) = = f(2) (@)



CONEXIUNI ECHIVALENTE PE G-STRUCTURI DE ORDINUL DO! 25

unde f este o aplicafie diferenjiabild regulatd, iar % este un omomorfism de

grupuri ’Lie. Astfel se induce si o aplicatie intre baze }’: M — M’ definitd prin

f(x) = n'(f(z)) unde z e n~(x) iar & s§i =’ sint aplicaiile de proiecfie.
DeriNrpia 2.1, Vom spune ci morfismul (f, %) este admis in raport cu

omomorfismul h:L =~ L' daci este indus de %, iar aplicajia A, : ¢ — £’ este un
omomorfism de algebre Lie graduate.

.Aftfe], considerind descompunerile r =¢atep+a V=¢1+g+a
restrictille he, = hy | g, - p = — 1, 0, 1 satisfac conditiile hes(3p) S g5

Omomorfismul 4 satisface conditiile 4(Lo) < Li, h(L,) < L.

Prin aceasta se induce de asemenea o aplicatia h:X — X' intre spatiile
omogene corespunzatoare.

Vom demonstra acum doud proprietifi referitoare la echivalenfa conexiu-
nilor imagine, respectiv a conexiunilor induse de un morfism admis.

Provozipia 2.1. Fie (f, h) un M-morfism (M = M’) al G-structurilor

P(M,G), P'(M,G’) admis in raport cu omomorfismul h:L — L', f fiind un
difeomorfism. Dacd vy §i o, sint conexiuni X-echivalente pe P, atunci conextunile
imagini oy, o, vor fi X'-echivalente pe P’ dacd §i numai dacd formele canonice
ale fibratelor satisfac conditia

0f* = Jro_y - O (2.1)
Demonstratie. Sa admitem cid avem
w, —wy = [6, ¢] (2.2)
si fie 0, i =0, 1, conexiunile imagini. Atunci avem f*o] = Tpa;. Aplicind l:*
la (2.2) si tinind seama de graduare avem
Frp(01) — haleo) = hy([8, 1) = [Be18, hurg]

prin urmare
frop — frog = [y, karo]

si astfel rezulta

o) — wg = [0, 9] (2.3)
unde @' : P’ — 4 este aplicajia definitd de
¢ =l @ S (2.4)

Reciproca este de asemenea valabild.
ProroziTia 2.2. Fie (f, h) un morfism admis al G-structurilor P(M, G)

P'(M’, G') in raport cu omomorfismul h:L— L' astfel incit h, este un 1zomorfism.
Dacd ), o sint conexiunt X'-echivalenle pe P’ atunci conexiunile induse (imagi-
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X -echivalenie, dach si numai daca Jformele canonice

. : 1
nile rcaprocc)_ o m; pe p vorf_ o . .
satisfac "lav’"“: t'; P fn definitia conexitmitos induse "o ale -conexiunilor !
Demonslralte.

avem . ,
= h:l . f‘t (2.5)

Rezultd

N ’
@ — B = htorfe bt fe = B f*or — f*oxn)

Dar prin ipotezd avem o) — 0 = (0, 9] deci
frop — frop = 18" fe o - fo] = [heot8 @ e

si rezultd (2.2) unde

o=hili 9 - fe (2.6)
Exemple de morfisme admise.
Exemplul 2.1. Consideram incluziunca naturald
i:SL(n + 1, R) & SL(n + 2, R) (2.7)

definitd de

. 1 0
1(3)=\0 S)’ SeSL{n+1,R)
Aceasta va induce un morfism admis intre P* si P"*', cicl cu potatiile

din exemplul 1.1 avem (L L. Intr-adeva ie 17 i 5(L) este
suma directid a subspatiil(orO) C Ly Intreadevar, algebra Lie 1" a lu (L)

] 000 000 ‘ 0 0 0\
=100 g={loaoll = ooo)
i avem i 000 004 1020‘
i islgp) = 9 C9p p = — 1,0, 1. Evident omomorfismul 1, este utt omo-

morfism al algebrelor Lie graduate ¢ si ¢’

Observatie. Aplicati
. fre. Aplicatia de i : . . . tn7 3
in general gradua tia de incluziune a unui subgrup intr-un grup ou invariazd

> X rea algebr i , e At
de incluziune gebrelor Lie corespunzitoare. Astfel este cazul aplicapie!

ande 0, 1 1104 +1,1) (, SL (n +2 R), i(d) =4 (2.8)

. N~ ) 1 . ’ :

din exf)resi;{e cor)e:;t:nczg’:‘l)mlenta conexi a grupului O(z + 1, 1). Aceasta rezultd

(1.6), (1.7). oare ale elementelor algebrelor Lie, date in ‘sormulele
Exem ) )

. plul 2.2. Considers )
adjuncta onsiderdm automorfismul lui O(n + 1, 1) dat de aplicatla

Ad T
T 1.05(11, + ‘, l) -—vo/\(n + 1’ 1) (2_9)
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considerat in exemplul 1.2. Acest omomorfism induce un automorfism admis
al spafiului Mébius S”. Intr-adevir, avem Ad T—(L,) C L; unde L, este grupul

de izotropie al originii (¥ = 2! = . .2 = 2"=0) din S’?; iar L; este grupul
de izotropie al aceluiasi spatiu, rele}tlv la punctul corespunzitor originii prin
transformarea (1.8), punct ale ‘cirui coordonate neomogene sint (1,0, ..., 0).

Pe de altd parte se ve’rificé prin calcul direct cd avem (AdT-Y), (3,) = g0,

p=-1 0, 1 unde g4, si 4, sint subspatiile date de formulele (1.7).*§i9(1.ll).

. *. (Intrat in redacfic la 2 octombric 1978)
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EQUIVALENT CONNECTIONS ON G-STRUCTURES OF ORDER TWO
(Summary)

‘The paper deals with the cquivalence of the connections defined on G-structures of order
two with respect to a certain class of lomogencous spaces. This relation was introduced by N. T a-
naka [6] and it is considered also by S, Kobayashiand T. Oc hiai [3].

In the first section of the paper some general properties of this equivalence are formulated.
In the sccond section one defines the admissible morphisms between the G-structures of order two,
and one gives some properties, concerning the induced connections, and the images of two cqui-
valent connections. Some examples are also discussed.
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AFFINE STRUCIURES OVER AN ARBITRARY RING

V. GROZE and A. VASIU

: ay t of affine
- . in two equivalent ways the_ concep

W. Leissner h,a y mtr(}(l-l;ic;g lg.e. ae(}ing with 1 having the property
Barhifion B 2% 11, ]. Remarking that his algebraic definition may

ge' b? L dzibt(')aa:ylliggl]'l?[%vitll 1, we point out in this note the condition
exten

under which the ring R is a Z-ring. |

DeriNiTioN 1. Let R be a ring with unity and B < ,,R X R zhnondeelllr(l)lt)z(}i'
set. To the pair R, B we associate the following system €, 9, (l{,] d), enote
by Geom (R, B) and called affine geometry over the ring R with dom :

1.2 =R X R (the elements of € are called points)

2.9 ={(a,b)+ R(s, v}| (a, b)) €8, (4,v) « B} (the elements of & arc
called lines) .

3. (8,00, d): e (c—a,d—b) « B. If (a, b)®(c, d), then the points
(a, b) and (c, d) are said to be non-neighbour. _ 2 b

4. The equivalence relation || (called parallelism) is defined on 92 by

mw+Mwmma+R@m¢wa=R@¢

DEFINITION 2. Geom R, B) is called an affine Barbilian blane denoted
by (R, B) i : (R B) f ?

v

(B) ¥(u,9) & B, 3(s,4) < B l”
s

]ecgm)

(By) I (, v) & B, (s, /) € B and [:‘ ﬂ e GL,(R),

then Vi e R %, v
(we denoted b(y G) 2-('_R))\ (s.9)e B

ments are from R) the set of invertible second order matrices whose ele-

In the Ting R we denote b

Y U the set of the units:
Y= {rl ¥,y =

. rr = l} and u' = {f' ar” rrl —_ 1}’ q‘t‘ —_ {rl 37,, rlr pa— l}
As in [2] we have .

’

LEyua | If [u ”] ,
. . u v
malrices s 7= GLz(R) ona o L' t'] 1S its tnverse, then the

Tu ry

s tJre‘lt,[i :J [u+ls v+lt] e R
N » e

¢
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have the following inverses :

wrt v v ' w v —ul
ls’r‘l t']' [t’ s'}’ [s' t— sl
Lemma 2. (a, b) + R(n, v) = (c, d) + R(s, ) implies R(u, v) = R(s, ).
DgriNipioN 3. Let L = (a, b) + R(x#, v) be a line. We say that the pair
(gf points (a,, by), (a5, b) € L is a generating pair of L if: (ay, by) + R(a; — a,,
2 — Yy = &
(@ — ay, by — b)) is called in this case a generating direction of L.

Lumma 3. r(u, v)e B implies re Ur. If (u,v)e B and re< Ur then
r(u, v) e B.

Proof. If (ru, rv) e B, we know by axiom (B,) that there is an element
(s, ) & B such that:

ol

rit rv
[ ]e:— GIL.,(R). Let [ (1)
i &

s 14

be the inverse of the matrix (1), then rua, 4 rvy, = 1, that is r(se;, + vy,) =1

implying r e U,.
Let (#,v) e B and re U,. Then we may find #* such that »' =1 and

7
s t

v
(s, £) € B such that [ ]e GL,(R), (by axiom B,). Considering axiom B,

s ¢
we have (4 — 7's, v — 7't) e B, and, by lemma 1, the matrix [ , ,]
u—rs v—rt

belongs to GL,(R). On the other hand (s, f) & B imply, by axiom B, with
== 7, that:

(s 4 r(w—7rs), t+rlv—rt))=(s+ru—rr's, t+rv—rrt)=
= (ru, rv) e B. (2)

The proof of lemma 3 is achieved. . . .
In LeiBner’s definition [2] the structure [R. B] is defined over a Z-ring

and the following axioms are supposed to be satisfied :
(E) (L0, 01)e B

(By) (#,v)e B=>r(u,v)e B

(B,) is the same with B,

(E¢ is the same with B,.

As a corollary of lemma 3 we deduce that (E,) is a consequence of (E,)
and (E,).
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s in case of Z-rings, the following:

o hal\}e»z @b+ R e the map 8:R—=L 1=
Leava 4 =\

’ 4 . L.

- . . o e ]ill(, (a.’ b) _:I‘_ R(u’ )
i i Cthl‘l 0[ th(:A > :

' ki g “efatlug

LE.“MA h B r(u', 0) 1s a (S 1l]]e

: o * the N , b R(u, v
g 0"1}’ 'élrarely; (lp:u ro) is a generating direction of the Tive (4 ) + Rl )
Proof. Cle g

if and only if
a (ll, b) + R(u" ‘U) = (a: b) + R(m, 7"0) (3)
i.e; R{u, v) = Rr(i, v). »
= The relation
Since (4, v)e B there exist a«, Y& R such that #a 4 VY = 1. The rcla
ince (#, V)e L,
(3) implies:
(u, ) & Rr(u, v),
from which we deduce o
na + vy e Rrlue + vY),

. v Y 1 f’f = 1
thatis ] < Ry, hence there is 7 with the property r'r = 1. Conversely, if
we have

R(x, v) = Rr'r(u, v) € Rr(u, v),

. o B
jmplying relation (3). Denote the set of the generating directions of [R, ]
by B':={rd|d e B, re U}.

Lemya 6. B' € B R is a Z-ring. . ith
Proof. Let B’ ¢ B and (4, v) « B. Suppose 7'r = 1. According /":‘ﬂ_
lemma 5, we have r(u, v) « B'. Applying lemma 3, we have7 U, re.: r =
= 1= =1, hence R is a Z-ring. Conversely, If R is a Z-ring then 7U; = B
and as r e U implies, by lemma 3, 7B = B, on obtains B’ = U; B = vB=2Pb-

TuroreM 1. The ring R with | is a Z-ring if and only if in any (R, B]
siructure the following property holds : ”Throughgtw£ non-neighbour points passes
exactly ome line”.

Proof. First suppose that through two non-

one line of (R, B]. Consider7 < U, and let us sho

neighbour points passes: exactlj{
by lemma 3 we have r(, ?)

w that r e U,. Let (%,9) € &~
e B. The two lines:

0.0) + R, v), (0, 0) + Riru, rv)
have in common the points (0, 0) and (, v) ; consequently

R{u, ) = R(ru, rv),
and thus we see that (rgy
Applying lemma 5, it r( o)

is a generati irecti e R(u, 0)-
esults that » i U:atmg direction for the line R(
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Conversely, we assume that R is a Z-ring and (a. b and d
non-neighbour points of [R, B). Clearly the lineg(a, b) —(f-'R)(c f a,(ii, —) bajr;agvez
through (a, b) and (c, d). Let (a, b) 4+ R(x, v) be another line with

(c. d) = (a, b) + R(u, v). N
In this casc we deduce that (¢ — a,d — b) & R(u, v). Since c—a d—0) =
= r('li,( V) = 1;, acbc;ordmg with lemma 3 we obtain » « U, = U. Hence (u, v) =
=ric—a,d—b)ic. (ab) + R(u,v) = (0, ) + Rrie — a.d — b) = (a
el 2l ) = (4, b) + ’(c a, ) =(a,b) +

THEOREM 2. Let {R, B] be an affinc ‘Barbilian plane. Then there is a
set Bo C R? satisfying the axioms (E,), (E,), (E.), (E,) such that there is a per-
mulation of R X R mapping the lines of [R, B] onlo the lines of [R, B,] pre-
serving the non-neighbour and parallelism relations. o :

Proof. Let (14, vo) € B and let (s, ¢y) & B such that

iy U . .
[so {o] = (’Lz(R) ’
we denote
M= [uo : vo]"l
© LS to

and we define the map ¢: (i, v] — [#, v] M.
Define By: = (B). The map ¢ is a bijection and we have:

@19, vo] = [1g, ¥o]M = [1,0]
and _

@[S to] = [Se» 2a]M = [0,1]

hence in B, the axiom (E,) is satisfied. The axioms (E;), (E,) are obviously satis-
fied. Then axiom (E,) is a consequence (corollary to lemma 3).

{ Received October 30, 1978)
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STRUCTURI ARINE PESTE UN INEL ARBITRAR
(Rezumat)

fn aceasti noti se d4 o definitie algebrici a unei clase de structuri afine peste un inel R
oarecare cu unitate, generalizind conceptul de plan afin Barbilian introdus de W. Leissner in
[1], {2), in carc inelul de coordouatizare era un Z-inel (in care ab=1=)b.a = 1).

LI St
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ABES—BOLYAL MATHEMATICA
!, B!
STUDIA UNIV.

BLEME DE PROGRAMARE

ASUPRA UNOR PRO N VARIABILE INTREGI

LINIARA PARAMETRIC

LIANA LUPSA

ice al caror model tnatematic cste
1. Se cunosc numeroase Probierlil;g P{ﬁczfgrul acestora, o categorie aparte
0 problemévde_progfamareb%:;aemien car.e variabilele sint supusc si cond1§1m de
7 form_at; dlouns?ccleelrgrﬁrge exemplu urmétoarea problemd dati de 1. }l) ra g an
ajfl ?:reg‘;. :\::mplul 43]: o masind poate produce doud .fcl)f-‘fc'laqmz act::
1[)r2)du£tivi'té;ile orare respectiv de 50 piese i 75 Igese't §§‘§?ees;2ctl]i\' "de 5%% s
lucra 20 ore siptdminal si cd existd capacitdji de s AO' J -alori din intervalul
1000 piese. Cunoscind ca beneficiul unitar la reperul ia \ O so stabiloasch
[0, + ), iar beneficiul unitar la reperul B este 1, sc cere T i
planul de lucru siptiminal al masinii astfe_l incit bc_-nehclul sa [ic n fﬁmi'nal g
Daci se noteazi cu x numirul de piese de tip A produsc SEIP 4 tematic
cu y numarul e piese de tip B produse saptdminal, atunci modclu ntl)? o de
corespunzator acestei probleme este reprezentat de urmnitoarca proble
programare parametrica: si se determine maximul functici

X,y =ix
cu conditiile fe.5) +y

cind ¢ Variazi ip intervaly]
O problemy ds amas & )

€ Programare in variahite : s ; dintre
s o . T una
constantele care alcituios, datel. 1abile intregi, in care cel pufin

. 3 se
V& numi problemy g, r Probleme; depind de un parametru real,
.. In continyar, VOmPS:Eé? Tare parametricy in variabile intregi. .
Intregi in care . @ Probleme de Programare parametrici in varna
functia g ;
€ 5C0p depinde fin: tie
« Pn . o nct
JiR X RIR de formg Pinde linjar ge Un parametru, adici este o fu

bile

I =3, 4 )z, R

=1
unde 4 — p
. = x
Intreg; ; (=, ¥eeu¥,) e R

(4
PSR oG5, io1,2 . 4 st nume
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2) se cere determinarea maximului functiei (1) pe acele puncte x< R*
care verificd conditiile :

E ;% § a;, 1=12 ..., m, 2)
J=1
% 20, i=12 ..5n 3)
x;j intreg, =12 ..., (4)

cind parametrul ¢ variazd intr-o mulfime nevidi T < R. Coeficientii a;, t=
=L2 ...,m j=12...,ns a=12, ..., m sint numere intregi.

Vom nota aceastd problemd prin P, iar problema de programare intreagi
carce sc obfine atunci cind parametrul ¢ ia o valoare fixid ¢ din muljimea T
prin P! = {,). Dc asemenea notim

n
Q={x e R"]Eai,x,- Sei=12...,mx% 20, xintreg, j = 1,2, ..., 5}
=

si presupunem Q compact.

Adoptind punctul de vedere expus in [5, cap. IV], vom spune ci o solutie
admisibila a® a problemei P cste optimald pentru ¢, e T, dacd ea estc o solutie
optimald a problemei P(¢{ = {,). Mulfimea tuturor valorilor / & T pentru care
o solutie admisibild x° a problemei P este optimald, se numeste multime de
optimalitate a lui x° §i se noteaza M(x°). '

in continuare ne vom ocupa de descompunerca mulfimii 7 intr-un numir
finit de submultimi nevide T, 7= 1,2, ..., s, care posedd urmitoarcle pro-
prietifi:

s

(@) T = U T:;

i=1

(b) fiecare mulfime T; este o mulfime de optimalitate;

(c) daci x* este o solujie optimald cu proprietatea cd T, este mulfimea
sa de optimalitate §i %/ este o solujie optimald cu proprietatea cd T; este mul-
timea sa de optimalitate, atunci existd cel mult un punct § e T; si cel mult
un punct ¢ e T astfel incit #' si fie solufie optimald pentru ¢ = ¢ i 2/ sd fie
solujie optimald pentru ¢ = £,

Tinind cont de procedeul clasic de rezolvare a problemelor de programare
parametrici, problema descompunerii pusi anterior se poate reduce la aceea a
determinirii multimii de optimalitate a unei solufii.

2. Fie y « Q. Vom introduce urmitoarele notatii

@) ={x < 01 R atn - 5) = of.
a-()={x = 015 a4ty —3) € — 1},

a+(y) ={x < 01 Byt — 2 1]

3 — Mathematica — 1/1980
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34 . .
1. Avem Q= () U QU Qt(y) orcare ar fiy e

LEMA ysid sint vectori ale ciror componente sint

Demonstratic. Deoarece %,
. : _ . este de asemenea intreg. Deci avem trei
i numdrul Y, di{%i ¥5)
pumere intreglh, Z

posibilitifi:
(@) ,}:{ diz — ) = 0 siatunci ¥ € Q(y) ;

B G — ) € 1 si atanci ¥ = 070D
=1

© Y dilx—x) 21 s atunci # e Q*(y).
=1

Pentru fiecare y e Q se considerd funcfia gl y) : RPN\ Q(y) = R defi-
nitd prin

20— %)

gz y) = oricare ar fi x € R\_Q°(y), precum §i urmatoa-

T 45~ )

tele probleme de programare fracjionara intreagi:
(P*,3): si se determine minimul functiei g(-, y) pe Q*(y);
(P, y): si se determine maximul functiei g(-, y) pe Q)

Notim cu x*(y) o soluti i . . i
optimal3 a Pr(ggleme? 2111;915, C;I;.tlmali a problemei (P, y) si cu 27(y) © solujie

TrorEMA 2. Fi : :
w2 Fie ty & T, 2 o solufie optimald a problemei P(t = to) 5

£=\ —® pentru Q—(x) = @
8(x~(x*), 2) pentru Q—(x°) # &
I pentru Q*(x°) =@

T glxt(a0), a0
Atunci avem ) ) pentru Q+(20) # &.

Demonstyati mm=&eTu§t§W
nsirafie. Vom aryta mai intii
1 cid

{tET|E§t§E} S M(x) (5)

N * om ara'ta cv .

Flete{te]‘“§

f&h) < fm, §, 6)
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Fie x e . Conform lemei 1 sint posibile trei cazuri:
Cazul (a): Daci x e Q°(2°), atunci, conform definifiei lui Q°(x?), avem

2 di(x — %) =0.
i=s

Cum insd x° este solutie optimali pentru ¢ = ¢, avem
S(=, to) < f(2°, L)

Tinind cont de relajia de mai sus, obtinem

2 % — 23) S0,

=1
Rezultd deci

S8 — [, 8 =3¢ — %) S0,

=1

adicd inegalitatea (6) are loc.

Cazul (b): Daci x e Q~ (x°), atunci 2 di(%; — x}) < 0. Din definifia
i=1

lui £ rezulti ci

”
c,{xd — x,
2 )

V/)

n
— 2?
B4

de unde prin inmultfire cu) , di(xj — %) se obfine
=1

(e + )4 2 21 (¢ + ;) %;.
=1 7=
Deci (6) este adevirata.
Cazul (c): Daci x e Q*(x°), atunci Z; dfz — #) >0 si din definifia
- . 1=
Jui ¢ rezultd ci

j§l cj(x;? - xj) 2_

\%

él ayfx; — *7)

J=

Procedind ca §i in cazul (b), objinem f(x, ) < f(2, 8).
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36 i este deci verificata inegalitats;x (62. D[m a;;asté

{rei cazu L tru P(t = 1), adicd ¢ e M(x,).

in toate cele ;e optimald pen A )

litate rezultd @ #° esteoli;tl;z;ecp{l eTit <t <f}. B3 presypuncm prin
inegall tam cd = i

e v ulimii te’ll_t_st\t.
| eazkal " arat e M(a?) care pu aparjine m 2 {
% cxista un
rd cad cxis b ¢
a%tx;ﬁelacest caz rezultd €2 sau <t

t ica QF 3 ;
) t>17 s atunc <+ % adica Q*H{(x°) #
(a

ica Q(») # 9.
- (b) t <t i atunci £> — 9 adicd Q7(#%) #

fn cazul {a) din definitia lui / rezultd

2 + ¢ .0y
L c’-(:(? - % {x%)
=<
"
o+ 1)
S g ) = )
j=1
.

: 3 i itate i scric
Tinind cont ci x*(x?) e Q*(a?), aceasta inegalitate se mait S

4 () — ) > 26l — 5 (30):

. . . X M(x°).
adica f(x (), #) > f(?, £). Inegalitatea objinutd Contra.zxcc laftul ci t(;— (xog t;.
fu cazul (b), repetind acelasi rationament, se obtine f(x%, )y </f ’
Dar aceasti relafic contrazice faptul ¢ ¢ e M(x°).

P . . ictic. Prin
Atit o cazul (a) cit si in cazul (b) am ajuns deci la o contradict
urmare avem

. . 2 {7
M(#) < {t e Tit <t <)

Din relatiile (5) i (7) rezulti incgalitatea din enunj.

. T a0 nt
Coxsecinta 1. a) Dacd QH(x0) £ @, atunci oricarc ar fi t> b #
este o solutie optimald a problemes P(t = ).

p ; =1
b) Dacd Q~(2) + @, atunci 2 nu este o solutie optimald a probleme? Pt =14
pentru mici un t < ¢. s giti
Demonstratie. Afirmatiile rezults imeds ; o i din defioifi?
mulgimii de Optimalitate,t ezulta imediat din teorema 2 § )
RONSECINTA 2. 2) Daci Q+(x) # @, atunci x*(a®) este o solufie 0P vimald
a problemei Pt = ). ! )
o i
Pt __bz) Dack Q~(#) + 0, aunci () este o solutie optimald @ probleme

Demonstraie.

problema P{t Dm_teorema 2 rezult

. - tru
a c3 i timald pen
=1). Deci avem a cd x* este solujie op

flx, 0 < flao, f) oricare ar fi x Q. ®



ASUPRA UNOR PROBLEME DE PROGRAMARE LINIARA 37

Calculind valorile functiei f(-,f) in punctele a0 si x+ i 2
2 e ’ C si x*(x%), obfinem f(a°,?) =
=f(x+(x°), t). L‘lpmd acum cont de relatia (8) avem flx, ) < (tx+(xo),f;() Oric)are
ar fi 2 Q. Deci x*(x°) este o solutie optimali a problemei P(t =I).
In mod analog se demonstreazi si afirmatia b)

CoNSECINTA 3. a) Dacd Q+*(x,) # D, atunci oricare ar fiteT, t<t,
x*(x%) nu este solutic optimald a problemei P(t = i).

b) Daca Q—(x°) # O, atuncy oricare ar fi teT, 1> 27 (x°) nu este solutic
optimald a problemei P(t = {). -
~ Demonstratie. Vom demonstra afirmatia a). Tinind cont de definitia lui
¢, rezulta datoritd lui ¢ < ¢ inegalitatea

L (x) — &) < Dol — x5 (o),
adica
2 (6 + M) () < 25 (e + )3,

ceca ce nu exprima altceva decit ca f(x*(x0), £) < f(a°, £). Deci x*(2°) nu este
solufie optimald a problemei P(f = ¢).

In mod analog se demonstreazi afirmatia b).

3. Bazindu-ne pe lema 1, pe tcorema 2 si pe consecintele 1 §i 2 vom
construi un algoritm care va realiza descompunerea mulfimii 7', presupunind
bineinteles ci accasta nu se reduce la un singur punct, intr-un numar finit
de submultimi T,, 2 =1, 2, ..., s, cu proprietdtile (a), (b) si (c) date in para-
graful 1.

Pasul 0. Se ia pentru ¢, o valoare rafionald arbitrard cu proprietatea
cid inf T €ty Ssup 7T, si lui j i se atribuie valoarea 0. Se trece la pasul 1.

Pasul 1. Se aplici problemei P(t ={,) unul din algoritmii de rezolvare
a problemelor de programare liniari intreagi [3], (4], [5], [6]. Dacd in urma
aplicarii acelui algoritm se constatd cd problema P(/ = /4,) nu are solutii admi-
sibile, adicid Q este vid, atunci oricare ar {i / « 1 problema P(!{ = {) nu are
solugii admisibile. Stop.

Daci problema P(t = {,) are solufii admisibile, atunci se noteazi cu x°
o solutie optimali a sa si se trece la pasul 2.

Pasul 2. Se aplici algoritmul descris in [2] (sau un alt algoritm de rezol-
vare a problemelor de programare fracfionard in variabile intregi) problemei
(P+, #/). Dacd in urma aplicirii algoritmului se constatd cd problema (P¥, x7)
nu are solutii admisibile, adicd multimea Q*(x/) este vidd, atunci se ia

T,={ eT|t<t<+ w}

si se trece la pasul 4. In caz contrar se noteazd cu 27+! solufia optimald a pro-
blemei (P+, x7) data de algoritm. Se ia 41 = g(x7*+!, x7) si se trece la pasul 3.
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i ia
Pasul 3. Dacd ¢ # i1, atunci se

sz{teTitjst €5j+‘}

Dach ; = #;,1, atunci se ia i = x/*L si se revine la pasul 2,
si se trece la fail)li :a Su: T’____ stiP T;, se trece la pasul 5.2Dac%i sup T > sup T,
.PaS“Ilnér'@te 4 cu o unitate si se revine la pas.ul . '
atuncl se’d 5. Daca inf T = /o, atunci se ia h =0 si se trece la pasul 9. Dacy
inf Tiats atunci se ia k=0 i se trecg l:a pasul 6.  aoritm 4
l .wl 6. Se aplici algoritmul descris in [2] (sau un alt algoritm de rezol-
Pasu b]émelorp de programare fractionara in vanavbﬂg intregi) pmblemf‘
Z,I'd’r"e :")prgaci in urma aplicarii algoritmului se constatd cd problema (P, z%)
nu are s;olutii admisibile, atunci se 1a

dacid / este diferit de O si
T,={teT|—wo<!t<t{}

dacé / este 0. Se trece la pasul 8. Daci problema (P, x*) are SOl“ﬁ_i_a(};Tﬂbifi
atunci se noteazd cu ' ~! solufia optimald dati de algoritm. Seial,. | = ¢ ’
si se trece la pasul 7.

Pasul 7. Daci h =0, atunci se ia

Th={teT|th. st 1)

~
si se trece la pasul 8. Daci & #0 54, #¢_, atunci se ia

Th={tETllh—l§t§ih}

§i se trece la pasul 8, Daca hh #05si¢,_, —
la pasul 6. Pho =t

Pasl 8 Dackinf T = inf T, atunci multim = b1, ]

-erificy  exer = , multimile T, cu s =4, /& S

tearh b SSIE (@), (1), (c). Stop. Dack inf T < inf T, atunci se mic

Teazd h cu o unitate $i se trece Ia pasul 6.

LEMA 3. a) Fie § o 1,2

admisibile $1 by, = t, alunﬁ:i’.xizri
b)Fieie{jll' .

problemes (p— i T ) +2, ..

(P, xi+l)( P S b= b,

. . —1 «f trece
4 atunci se ia xk = x*-! st se

) ; ulit
++»7 = 1}. Dacé problema (P*, %') aré ;?51)
esic o solutie optimald a problemei (P ’ 1
=1}, Daci xi~1 este o solufie 075”"'1;{,7'”6,'
. atunci %=1 egp o solutie optimala a pro
Demonsty g4 » iy —
— g(xi-1, x,.H;“f;ie-ﬁI;frr:ia S¢ demonstreazy usor calculind diferenta g(¥*~" xc)é L
$ Ly, se inlocutese Cilnvalcoqlt e egalitatea ce se obtine din ¢ = fi+1 daroce:
cazi in mog analog, orile lor. Pentry demonstrarea afirmatiei b) se P
Leya 4, 4 est : .
sthiht1, 2 ) otie optimalg g

: =15 problemei P(t = t) oricare ar fi * €
Tl =1, :
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Demon.stra,tie_. Din pasii 1 si 3 ai algoritmului si din lema 3 rezulty ci 2#
este o solufie optimald a problemei P(t = t,).

Din pasii 2 si 3 ai algoritmului precum si din lema 3 rezults ci 1 e
{12 ..., 7} este o solufie optimali a problemei (P +, x*71). Dar atundi,
conform consecinfei 2, #* va fi o solutie optimali a problemei P(t = ¢,).

Din pasii 6 si 7 ai algoritmului §i din lema 3 rezultici xi < E+1, ...
coe =13, cste o solufie optimald a problemei (P, #*+!). Dar atunci, conform
afirmatiei b) din consecinfa 2, x* va fi o solufie optimali a problemei Pt =1t).

Leya 5. Oricare ar fi i e {b, b+ 1, ..., ~1,0,1, ..., — 1,7}, T, este
mulfimea de oplimalitate corespunzdtoare solufiei .

Demonstratie. Din pasii 2, 3, 6, 7 i din teorema 2 rezulti ci T, este
muljimea de optimalitate corespunzitoare solufiei x°.

Fie i e {1,2, ..., j}. Conform pasilor 2 si 3 si lemei 3, x* este o solutie
optimald a problemei (P+, x*~1). Din afirmatia a) a consecintei 3 rezultd atunci
cd x' nu este solujie optimali a problemei P(t =) pentru nici un {eT cu
1 <t ; deci

M) T {teT|t<t)={eT|t<$t<+ o} )

Problema (P+, x) poate si aibd sau si nu aibid solufii admisibile.
Daci problema (P*, x) are solujii admisibie, atunci ¢, = g(#', ')
si conform consecinfei 1, rezultd cd avem

Mx)ys T\ {teTlt>t,}={eT|t St} (10)

Din (9) si (10) rezultd ca
M(x) s {t e T|t; St < b} (11)

Din lema 4, rezulti ci x' este o solujie optimald a problgm{ei Pt =t).
Deoarece am presupus ci Q¥(x) # @, avem conform teoremel 2

{t e TIt St} € M(%). (12)

Din (11) §i (12) rezultd M(x) ={f e T|4L S¢ S t,-?.,}. Din pasul 2 al algo-
ritmului T, = {t « T|4 St S tiyy}; deci T, = M(x)
Daci Q¥(x') =@, atunci conform teoremei 2

M@F) 2t Tk $t< + o} (13)

< ; ‘0
i i (13) rezulti ca M (%) = {t e T|¢; € t < + oo}. Dar conform p?.sulun
5\1211(19)15‘1- S—— {)t eT|t £ (< )-{— o}, deoarece Q*(x) =0. Deci rezultd T; =
= M x'-). . . . . .
(in mod analog se demonstreazd cd oricare ar fite{jj+1L..., —1}
T, este mulfimea de optimalitate corespunzitoare solufiel x'.

Leya 6. Punctele %, i e (b, b+ 1, ..., =101, .. ., j — 1,7}, generate

de algoritm sint distincte.
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£ 20455 % ori rfik, ke {0, 1
tic. Vom demonstra mai intii cd oricare a k= {0, 1,
Demonsirafic. ¥

ce )= 1}
avem relatiile

Q+(x*+') C Q+(xk), b Q+(xk+1)‘

+(x4+!) avem
Din definitia multimilor Q*(x xk) si QF(xtt) a

L diix — %) 2 1}'
=1

QH(xh) = {er

Q+{xk+) {er

Ed %t 21]’

Dar 24+ ¢ Q*(x*); deci

"

Yot — ) 2 1. (14)
s=1 .
S A% kil
Tnsd atunci, din definifia lui Q*(x+1), results ci 2* & Q (2 1),
‘Fie acum % e Q*(xk+1). Atunci

Ed (% — 2 > 0. (13)
Adunind relatiite (14) si (15) obtinem

Y d(x,— 24 > 1
s=1

ceea ce implici faptul ¢ x < Q+(x*) ; deci

QH(a+1) = Q+(a¥)
In mod analog se demonstreazy 3 oricare ar fi r {h, 7+ 1, —1} avem

Q=(») C Q=(x+1), gr+1 = Q—(x").
Din cele

. juni
stricte : demonstrate Mmal sus rezultd ci avem urmaitoarele incluziu

Q“("“) C O (i - - C Q7 (21 C Q—(a0), (16)
(x()) D) Q+(x1) D. D Q+(x, 1) D) Q+(M'), (17)

Precum si urmitogrele relatij :

; g Q) g £ Q%a2), | 4 g Q*(x) 15

P = Q‘(x"), x—

!l 2 Q~(x-2), Cou, XL Q—(x"). (19)
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Tinind cont de faptul c3
Q)N Q) =0, 07(x) N\ () = @, O~(2) N Q) = 2,
din relatiile (16) si (17) rezulti
Q= (x*) N} Q°(x*) = O oricare ar fi se{lhh+1,..., =1, 0}, (20)
Qt(x") N Q(a°) = @ oricare ar fi » < 0,1,...,5— 1,7} (21)
Q= (x*) N} Q+(x') = O oricare ar {i s « Roh-1, ..., =1, 0}
sioricarcar fir « {0, 1, ...,7 — 1, j}. (22)

. Vrem sd aratim acum ci punctele %/, | < {h,h 41, .. ., 7}, sint distincte.
Din relatia (22) rezultd cd oricare ar fi s « (i, A+ 1, ..., —1} si oricare ar
fir={l,2,...,5} «° este diferit de x’. De asemenea din relatiile (20) si (21)
rezultd cd a* este diferit de x° oricare ar fi s e hh+1,... —1} si x” este
diferit de x® oricare ar fi r € {1,2, ..., j}. '

Din relatiile (18) rezultd ca oricare ar fi 7 §i s din mulfimea {0, 1, e
avem 2" # x°, dcoarcce dacd r <s, atunci x” & Q*(x°). Din relatiile (17) si
(19) rezultd ci oricare ar fi 7 §i s din mulfimea {h, 4 + 1, ..., 0} avem 27 # «°,
deoarece dacid 7 < s, atunci a2 & Q—(x').

Din cele ardtate anterior rezulti ci oricare ar f{i 7, s din mulfimea
{h, b+ 1, ..., j} avem 2’ # x°

Folosind lemele demonstrate vom ardta ci are loc urmitoarea teoremi
de convergentd a algoritmului.

TroreMA 7. Dacd mulfimea S este compactd, atunci algoritmul descris
condice dupd un numdr finit de past la descompunerea multimii T inlr-un numdr
Sfinit de submultimi T, 1 e {h, h + 1, ..., 7}, cu proprietatile (a), (b), (c).

Demonstratic. Deoarece ) este compactd, rezultd cd ea contine un numar
finit de puncte cu coordonate numere intregi. Conform lemei 6, punctele #’
genecrate de algoritm sint distincte §i au coordonatele numere intregi. Rezulta
ca ele sint in numir finit. Deci, va exista un % astfel incit inf T =inf T, si va
exista un j astfel incit sup T = sup T;. Numirul de submultimi in care este
impargita mulfimea T cste finit §i este egal cu A +j7+ 1.

Rimine si aratim ci submulfimile T, verifici proprietitile (a), (b), (c).

Faptul ci multimile T; verifici proprietatea (b) rezulta din lema S5

Pentru a demonstra ci este verificatd proprietatea (a), va trebui si demon-

strim in prealabil ci sirul (£)}-, este nedescrescitor.

Fie i e {h, A+ 1, ..., —1}. Vrem si aritdm ci /; § fiys. S3 presupunem
prin absurd existd s e (h,h4+1,..., —1}.astfe1 incit fs >,t’+" Conform.pasu-
lui 6 avem ¢, = g(«°, x*t1) si deci inegalitatea anterioard se poate scrie sub

forma
”n

k§| rk('v;+l - A;‘)

é;l a (5 = 5

> ts+l
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inind cont de faptu ceea ce contrazice faptului Cafi :: e {(}zs te;t -?— s10 Tl.tl-e 3p;:}x~

flat, ha) <f(%:lﬁs~tl-‘_)=t ). Deci ; € £y, OTICATE ar {1, .. .', 7} Prin u,rmaré
mali a problemet (ti c5f+t» < t;4,, oricare ar fi ie{0 3 si 7, rezults £ < ¢,

(‘? ;.a'bis:: ;rgescresce{tor. Mai mult chiar, din pasii S §t /, P

girul (f)i=r €SL ]

i hh+1... g} s L7t lui cd mulfimile T, verificd pro-

Oncare ar fl' 1 { ' emonstrarn faptu i i , . ¢ g

Reve(gl)nd }aog?;:;xﬁac%, din definifia multimilor T, rezultd imediat cz
prietatea (b), sa

1ci v e Q°(

C)’[,-g T (23)

i i i 3. Fie t « T. Deoarcce inf T =
imine si aritim cd are loc incluziunea 1nversa : T =
Rap;}n?saslgr:;;mTci sup Tj, va exista un ¢ « {h, A+ 1, ...,7} astfel incit
=1 » b y
Ly §18L -
Avem trei posibilitati:

@ tefhh+1, ..., -1} 5i atunci ¢t e T;;
b) i e{2,3, ...,5+ 1} si atunci ¢ e T;-y;
()1 {0, 1} si atunci ¢ e T,.

. , . ; 1
Tn toate cele trei cazuri a existat o muljfime T; cut e {h, b+ 1, ..., j} astle
incit ¢ = T,. Deci

reUrT, (24)
i=h

Din relatiile (23) gi (24) rezulty

7,8 eh%;i },tremlﬁe 3 ardtim ci mulfjmile T; verifici si proprietatea (c). Fciz
s<r. Din ;ociu.l”'] 7 #5. Pentru fixarea ideilor putem presupune

de construire al multimi i ci existi cel mult
S ST, (innl (), 5 v g (P B existd cel meE
Sl Sth<t) ihi=h §1girul (4 )iey sint siruri strict cre

hl, e M(x). @ Prin absurd i exist hhiy e T, cu i, #14, astfel incit
"+ Dar atunci fezft(l)lrté c]“ ¢ > M%) = T,, deci t,, 1, apartin rl}ufli“:‘z‘;f
sectia mulfimilor T,  p %2 € T\ T, ceea ce contrazice faptul cd in

$ i i 3 . ol
un / e T, astfe] incit§t ]e"ﬂclczr;%flei cel mulf un element. Deci existd cel mu

s« isty cel
mult un £ « T, astie] s o Tod analog se poate arita ci existd ¢ i
i (oIl £ & M(x) Repuits b multimile 7, verifici proprie
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Pasul 8. Daci inf T = inf T,, atunci se ia i = A i
o ; , =h,s=0 5i se trece |
asul 9. Daci inf T < inf & i oS =1 gl se a
E pasul 6. a < inf T}, atunci se micsoreazi % cu o unitate si se trece

. Pasul 9. Dacd T; # ﬂ,v atunci se mireste s cu o unitate, se ia U, = T,
si se trece la pasul 10. Daci T; = @ atunci se trece direct la pasul 10. '

Pasul 10. Dacd ¢ = j, atunci algoritmul se opreste. Mulfimile U w ke
e{l2 .. o s} sint nevide §i verifici proprietijile (a), (b), (c). Daci i < Ji
atunci se mareste 7 cu o unitate §i se trece la pasul 9 '

4. Exemplu. Si se determine maximul functiei
f(xy, %) = (2 + )2, + (1 — t)x,
pe acele puncte din R? care verificd conditiile |
X1+ % <2
% 20, %20
%), %, intregi,
cind parametrul ¢ variaza in intervalul (— oo, + 00).

Pentru rczolvarea problemei vom aplica algoritmul descris anterior.

Pasul 0. Luim ¢, =0 si j = 0. Trecem la pasul 1.

Pasul 1. Rezolvind problema P(t = 0) observim cid ea admite ca solutie
optimala pe x® = (2,0). Trecem la pasul 2.

Pasul 2. Deoarece Q+(x) =&, ludm Ty = [0, 4 o) si #, = + co. Tre-
cem la pasul 4.

Pasul 4. Deoarece sup T = sup T, trecem la pasul 5.

Pasul 5. Deoarece inf T < T, luim % = 0 si trecem la pasul 6.

Pasul 6. Rezolvind problema (P~, x0) observim ci (0, 2) este o solufie

optimali a sa. Luim ¢_, = g(x™, 2°) = — T’;i trecem la pasul 7.
Pasul 7. Deoarece k=0, luim T, = [ — %, + oo) si trecem la pasul 8.
Pasul 8. Deoarece inf T < inf Ty, lui 4 ii atribuim valoarea —1 si trecem
la pasul 6.

Pasul 6. Incercind si rezolvim problema (P~, x~?) observam cd Q—(x7) =
= deci ludm T_, = (— 00, — —:—] si trecem la pasul 8.

Pasul 8. Deoarece inf T = inf T_, ne oprim. Am obfinut o descompunere
a mulfimii T = (— o0, + o) in doud submulfimi T, = [- -:- + oo) siT_, =

( — 00, — i], cu proprietatea ci 2° = (2,0) este o solufie optimald a proble-
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si a1 = (0,2) este 0 solufie optimala a proble.

. A o fiteT ,
mei P(t = {) oricare &% ' " Maximul functiei f este egal cu 4 + 6¢ pentry

mei Pt = 1) oricare ar fit e T
IS —i§i egal cu 2 — 2 pentru £ & —
S

|-

(Intrat in redactic la 2 noiembric 1978)
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SUR QUELQUES PROBLEMES DE PROGRAMMATION PARAMETRIQUE EN NOMBRES
ENTIERS ‘

(Résumé¢)

Dans ce travail ont été étudics )
nombres entiers dans lesguel(stf étudiés des problémes de programmation linéaire paramétrique en
— la fometi imi sl
fonction f: Rn x“;: j ?apt(i?(ﬁi esg:mémm par rapport & wn paramétre ¢, c’est-d-dire elle est unc
ou ¢, d sont deux élémen par fix, 1) = (¢ + 1d)Tx pour tout (x,{) € R x R,
— on demande

ts donnés Y, .
. la détermi de. 4" (par Z on désigne I'ensemble de nombres entiers),
qui vérifient le systém lnation du

e maximum de la fonction S pour les valeurs de e
Ax € a
*x20
x e 7Zn
g;nd le parametre ¢ varie days
ers de type (m, u) et a est up , ment g

ble -vi .
un éément donne dzof'e‘s’;ieceTZug R. 4 est une matrice de nombres
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QUELQUES REMARQUES SUR LES EQUATIONS INTEGRALES DE
TYPE VOLTERRA D’ARGUMENT MODIFIE

DELIA RADULESCU

0. A, Bielecki a remarqué [3] que pour aborder le théoréme de
point fixe de Banach afin d’obtenir un théoréme d’existence et unicité pour
une équation intégrale de type Volterra

x

o(®) =2 | Kix, 5. 00dy + /(0. % < [4,0] (1
il est utile de choisir une norme convenable en C[a, b].

Plus tard le méme probléme a été posé en ce qui concerne les équations
intégrales de type Volterra d’argument modifié (voir {1], [2]. [4], [5], [6],
[7]) de type

(%) = xg K%y, oey)dy + f(2),  xe [a,b] @

Nous nous proposons dans cette note d’indiquer une norme en fonction
de la modification g de I'argument.

1. Considérons I’équation (2) dans laquelle A e R, f e Cla, b),
K e C([a, b} x R) et K vérifie la condition suivante de Lipschitz:

|K(x,y,4) — K(x,9,9)| <Llu—v|, ¥Yx,yela,b], u,vek
Nous supposons que g < ([a, b], (@ — 4, 8]), 2> 0.
Etant donnée la fonction ¢ e Cla — k, a] de sorte que ¢(a) = fla), Ul
faut déterminer les solutions ¢ e C[a — &, b] de I'équation (2), ainsi que
P ‘[a-h,a] = 4‘ (3)

2. Etablir un théoréme d’existence et unicité pour le probléme (2) +
+ (3) signifie établir un théoréme d’existence et unicité du point fixe de l'opé-
rateur

A:Cla—hb]>Cla— hb], ¢ Ag,
ot

X

dg(x) = A (x5, olel)ds + /(). ¢ & Cle—hb)
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idérer aésormals\les espaces Banach (C{a, 8], || - {|) et
Nous allons consl
b 1g) o
cen llpll = max o()]
sa[ap)

= max {lo(#) |F(x, 2))
llgllp = max {
F:[a b] X (0, +) = (0, +®) étant une fonction continue qui satisfait la
: [a, f !
condition :
lim F(x: T) = O'

=0

On démontre facilement que ces deux normes sont équivalentes.

TufiorEME. S'il existe une fonction ¥, définie comme ci-dessus, ainsi que
Fix,1)

0 Flgls), %)

alors Vopérateur A a un point fixe unique.

Démonstration. Nous allons montrer que 'opérateur A est une contraction.

I résulte en base du théoréme de point fixe de Banach que l'opérateur 4 a
un point fixe unique. Nous avons

=0, Vs e [a, b] (4)

Molx) — Ad(x)] < L]r| S le(g(s)) — blg(s)) 1ds =

a
X

= 1069 ~ 451 2 g < 1 p1g g,

F(g (S) 1')
d'ott

HA(P*AV.HIF <L o — b1 ( F((x,t)

7 Flgls), )

Il résulte g o ‘
@ fa condition () que pour « suffisamment grand,

g F(x\"‘) ds < 1
) Fig(a), 2) '
donc Iopérateyr 4 est un

e co
Tieure, le probleme @ + (3 n‘;rasg:n fht tenant compte de I'observation anté-
Solution unique en ¢ (a, b].



QUELQUES REMARQUES SUR LES BEQUATIONS INTEGRALES

Remarques
1. Si g(x) = %, en choisissant
F(x, ) = ¢-tts~a)

on obtient la norme de Bielecki.
2. Si g(s) < x, Vse [a,b), on peut choisir

F(x,1) = hx)

eT(3—a)

ou h: [a,b] — (0, 400).

3. En utilisant cette généralisation de la métrique de Bielecki, on peut
donner une démonstration neuve du théoréme démontré par B. Rzepecki
dans Yarticle [7].

(Manuscrit regu le 10 novembre 1978)
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UNELE OBSERVATII ASUPRA ECUATIILOR INTEGRALE DE TIP VOLTERRA CU
ARGUMENT MODIFICAT

(Rezumat)

in prezenta noti se di o teorem# de existentd i unicitate a solutiei p & C[a—4, b] a problemel

elx) = 2 S Kiv,y, ole0Ndy + /(»),  #=[a.0]  @lg_pg=1
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unde
f e Cla b), K e C{{a,b)* ¥ R)

2.

IK(x, y, ) — K(xv, 9, v| € L|u —v]
I'r,yeabd}, wveR ¢eClu—-ha), h>0 cu Y(a) = f(a)

Pentru demonstratie se foloseste o metricl care este o generalizare a metric

» = 3 . . . i' i i ki i
se observd ci accastd metricd permite moi demonstratii a unor rezoltate cunoscute { lui Biclecki §t
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SUR L'EXISTENCE DES SOLUTIONS DES EQUATIONS
NONLINEAIRES

DAMIAN TRIF

Le travail contient une caractérisation des images des applications noan-
lincaires & I'aide des applications duales convenablement définies. On en retrouve
plusicurs résultats sur Vexistence des solutions des équations nonlinéaires.

Soient les espaces de Banach X et Y et 'application 4 : X — Y. On note
R(A) Yimage de A. Pour x e X, soit K[R(A4), Ax] I'ensemble des v « Y tels
que y = limr,(y, — Ax), ol ¥, &« R(4), y, »Ax et 7, >0, r, > . -

n—+

Soit ®(A*) Yensemble des fonctionnelles y* réelles et continucs sur Y,
telles que:

a) si ¥*(z) =0 pour tout z & R(A), v € Y et Ax est 'él¢ment de la
meilleure approximation de y relative a R(4), alors pour tout « < [0, 1] on
ay*dx 4 a(v — Adx)] = av¥(y)

b) si v*(z) = 0 pour tout z & R(4), * € X et v e K[R(d), :1«x], alors
il existe une suite o, = R, o, — 0, telle que y*(Ax 4 o, V)[a, — 0.

Evidemment, toute fonctionnelle lindaire et continue sur Y appartient a
D(4*). De plus, toute fonctionnelle convexe sur Y, continue, nonnégative et
vérifiant la condition a) appartient a 9D(4*).

En cffet, si y*(z) = 0 pour tout z & R(4), x € X et ye K[R(4), Ax]
on a y == limr,(v, — Ax). Soit «, = 1/r, -0. On a

Ax ’:L‘ 1,,)’ = an[(“’x + an;\") - (l - a‘n)yn]/an + (1 - U.,,)_\’n
d’ou

0 < y(Ax + ‘/n,V)_ < ‘\'*l (Adx 4 ayy) = {1 — 24)3 ] + bl ;V*(yn) =
%n

=~

2 T

”n

y, — Ax
= a4 3 = 2L w4 =0,
t Iy
A INTTTON ) icaliol . ’ icati e D(A¥)

DiriNrrion 1. L’application duale de A est 'application A* de ¢
dans Iensemble des fonctionnelles réelles sur X, définie par (A*y*)(x) = y*(4x),
pour tous y* & D(A*) et xe X.

On note Ker A* = {y* e D(A*){d*y* = 0} et

LKer A* = {y e Y |y*(y) = 0 pour tout y* e Ker A*}.

TuiorisMr 1. Soient les espaces de Banach X et Y'cl Uapplication 4 :X—Y.
On a R(A) = LKer A* si et seulement si R(A) est fermé. . o
Démonstration. Evidemment, 1Ker A* est fermé et R(A) C lKer ‘A - Si
R(A) est fermé, on suppose qu’il existe yo e LKer A*, y, = R(4). Soit yoly) =

4 — Mathematica — 11930
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® y. On montre facilement que y* est continue
tye¥

) — Ax|| pour tou
= lnf Hy ° . > 29 2

p ¢ = DA*): - Ax, I'élément de
sn; §' De = 7 GO imur tout z € R(A,)‘f) Sotle:tey [5 }’]'- Onoa

! = e )
a) onreaai)'éiz)ximation de y dans R( e — Ax]] < al|y — Ax,|| =

la meilleu ix )] =1anAxo+ ay — & Xg
y;{AIo + G.(y — A% 1€ X

= ays(y)
et A7) AxH':__Hy—Ax—y—i-ay-{—Axo——anoi\>X
| P M * t xXe A,
HA%: \al(y (1 -oa)Hy — Axoll 2 yoly) — yoly) + aye(y), pour tou
Plly—axn—

> aaly)- : i =
doncy;[fi;.,.%-ta()’x'—:;o)]a :y{)(g’))” ot yeK{R(A): Ax,], donc Yy
b} Soten 0 ’
= lim7,(y— Axo). On a

" i ) — Ax|| < || A%o + oy — Yall:
LA yeld% + «y) =,13§ | Axe + o x|

Pout = lfr,, on a

0 < im BUL T o) i1y —r,(y, — A% || = 0.

n—s 0 Ky n—®

. T, contra-
Ou a A%y(x) = yi(dx) = 0, donc y§ « Ker A*. Mais y3(yo) >0
diction.

i squence du

Observation 1. Si R(A) est linéaire, on peut utiliser un?‘ cou;til rolle que
théoréme de Hahn-Banach pour démontrer l'existence d%’)};{ *)e:: ve,

¥5 IR(4) =0 et y3(y,) # 0. Dans ce cas, on peut prendre 9

bpative.
. . o nonnega
Observation 2. Si R(A) est convexe, alors y, est convexe et

ceg, COU-
. vexes,
Dans ce cas, on peut prendre &{A*) 'ensemble des fonctionnelles con
tinues, nomnégatives, vérifiant la condition a).

,  ex1s-

I'aide du théoréme 1, nous allons retrouver quelques résultats sur '

tence des solutions des equations nonlinéaires. . 4-X =Y
1) Soient X et Y des espaces de Banach, Y réflexif, et - Ax, V8€

A e C. On suppose que R(4) est faiblement fermé. Soit yeY et ’

ment de la meilleure approxi

iyt
! mation de y relatif & R(A4). Si y — A%Xo -
A’(x0)*), alors y < R(A).

Démonstration. Evidemment

donc y —~ Azy e K[R(A)

 L{Ker A'(xg*]=RTA(zy) C K(R(A), A%ok
et b) on a

:tions @)
» Ax,). Soit y* = Ker A*, Suivant les condition

= l Y A%+ a,(y — 4%,)] =0 pour «, =0
donc y = L[Ker 4*] = R(4).
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Nous avons retrouvé un résultat de
on peut retrouver les résultats de Zab
Katchiourovski [3] (Théoreme 2). .
2) Soit X un espace de Banach, A: X — X complétement conti nue et
A « C'. On suppose ,
a) pour tout # e« X, R(I — 4'(x)) = X
b) u]ilfn [lx — Ax|| = .
X||=e @
Alors, pour tout y = X, il existe la solution x « X de I'équation
x=Ax +y.

Démonstration. a) R(I — A) est fermé: Soit x, — Az, —y. Si||x,]|| =~ o
alors || x, — Ax,|| - o, contradiction. Donc %, est bornée d’on Ax, — z pour
une sous-suite. Alors x, =y +zet y =lim(x, — dx,) =y 4z — A(y + 2) e

A=+O

e R(I — A).

b) L[Ker(I — A)*] = X : Soit y « X. Suivant un résultat de Z abrei-
ko-Krasnosclski [2), il existe une norme equivalente telle qu’il existe
I'élément de la meilleure approximation de y dans R(I — A). Soit (I — 4)x,
cet élément. Mais R(I — A'(x,)) = X, d'od K[R(I — A), (I — A)x,] = X.
Alors, pour tout y* e Ker (I — A)*,

Pol}ojaev [1]. De la méme maniére
reiko-Krasnoselski [2] et

¥y = iy*[(I — A)xo + afy — (I — A)x,]] = 0 pour & — 0,
a
donc y e L[Ker(I — A)*]. En conclusion, R(I — 4) = X.

Nous avons retrouvé un résultat de Katchiourovski {3] (Théore-
me 1). o

3) Soit X un espace de Banach reflexif et 4: X — X* monotone, hémi-
continue et coercitif. Alors A est surjectif.

Démonstration. a) R(A) est fermé: si Ax, =y et ||x,|| o0 alors
%,/l1x, || — % pour une sous-suite, donc (4x,, %,)/|] %, - !y, %) = 400, con-
tradiction. Il en résulte que, pour une sous-suite, x, —z dou y = Az.

b) R(A) est fermé et convexe ({4]). o
c; So(it)f < Ker A*, convexe, continue, nonnégative. Alors, pour x* e X¥,

on a
S(x*) = sup {(x*, ) + tlxeX, teR: (y* %) + ¢ < f(y*) pour tout y* e X*}.

i X et t R tels que (y* z) + ¢ < f(y*) pour tout y* =X*,
alors ?oiffjst':stvf fn a?f(x"‘? 2 (2% qx) + ¢. On connait que pour tout x: eX :,
il existe x, € X** o« X (le sous-gradient de f dans X*) tel que pour tout y e X*,
Fly®) — f(x*) = (y* — 2%, 25). Soit £y =f(x*) — (x*, %,). On a

(y*, %o) + to = (%, %o) + f(2*) — (2%, %) = (¥* — #* %) + f(»*) < f(y*)

tout y* e X* et f(x*) = (x*, %o) + t0o ‘
pouI Solilenfysz, t e R tels que (y*, %) + ¢ < f(y*) pour tout y* e X*. Siz#0
on a

(A(sx), sx)|Isz]] =1l1z]| - (A(sx), ) —c0 pour s — 0.
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3 x) 4 ¢ < f(A(sx)) = 0, contradiction. Doy
Mais pour y* = dx) on & [ &b pou fout %* 2 X% En conclusion R(4) <
x=0ctt<0, glou 9\”'\‘ ot on retrouve le résultat fondamental de Browde,
= LKer A¥ = 110 ;s opérateurs monotoncs. .
sur la Sur].ecn,‘ e e de Banach réflexif, A4 : X —'X * un opérateur monotore,
4 Soit .\kllsofi%icéne impare, tel que la contre-1mage de tfutc suite cop-
hémlcontll;luiv_ bornée. Soit M = {x e X|(dx, x) =0}. Alors LM I,?(A),
HB tion. a) R(d) est fermé: si Ax, — / alors x, est bornée, donc
D:én(s)gmslirztiil)té‘ on a x, — &, Mais .4 est monotone ct hémicountinue, done
pour u - ¥
/= '4;)0'50“ w* LM et fe Ker A%, [ convexe, contin*ue, nonnégat»ivg; ()n’*a
¥ = {(x%, 2) + llxe X, Le R; (v*, x) + 1< f(¥¥), pour tout v* = X¥
f)(x ) _-*Su—p4 il résulte (Az,2) 4+ 1 < 0. Pour s > 0 on a (A(sx), x) +1<0
done A D4l 5ix = M, al Ax, x) > 0 et pour s — oo on obtient
donc s*(dx, x) + ¢ < 0. 81 x 2 M, alors {Ax, x) > o
une contradiction, ou (Ax, x) < 0 et alors (A(—x), x) > 0, obtenant unc contra-
diction. En conclusion, ¥ « M. Donc

. ok vk XN* <0
O0<fx*)=sup{l|te R, x=X; (3% x) + 1< f(»v¥) pour tout V¥ =A* <0
parce que (v*, ) 4t =1 < 0. Il en résulte f(x*) =0, d'ott +* e LKer 4% =
(4).

Obscreation. On démontre facilement que M = {0} si (Ax,.x) >0 pour
' ¥}, > R. Dans ce cas, R(d) = 1M = M*, .

5. Soit X un espace de Banach réflexif, L: X* — X un op¢rateur lm_calr’e‘.=
monotone, bijectif, tel que (w, Lu) > d | Lu) |2 pour tout 1 « X*. Soit S: ..X —-X
monotone, hémicontinue. On suppose quil existe o: R, — R, noundécroissante
telle que {|u]| < of||(I + LS)ul)). Alors, R(I 4 LS) = X.

Démonstration. Soit 4 — + S.
‘ a) R(1) est fermé: si 4 iy > f, alors u, + LSwu — If. Si ||u,!| — oo alors
U+ LS)u,|| = o, contradiction. Douc pour une sous-suite, #, — ty. Mais
¢st maximale monotone, done f = Au,.

_ b) Soit xrex* o /= Ker A*
J(x*) = sup W50 4+ 0 (
Pour tout 7 = X on :
0>1js. (L73(sx)
> 1/s-d!‘,sx)|‘2+

g convexe, continue, nonnégative. O‘,',.a
veX,te R:(v%, ) 41 < f(y*) pour tout i* e N*

on a (L7924 Sz, %) + ¢ < 0. Soit 2 = sx o1 s> 0. On 2
TS(S()(sx1, S A2 s - (L=3s2), sx) 4 1fs - (S(0), sv) + 1 2
ontrosigi £= STIZLE { (S(0). 2) 4 1. i x 20, pour s =%
B = L(R() = Loy O # =0 Alors [ = 0 et R(d) = X*. Mai

. 078,
(Manuscrit recu le 17 novembre 1% !
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ASUPRA EXISTENTEI SOLUTIHILOR LECUATIILOR NELINIARE

(Rezumat)

Lucrarea contine o caracterizare a imaginii aplicatiilor neliniare cu ajutorul aplicatiilor duale
convenabil definite, generalizind cazul liniar Rt(A) - dKer 4*. In continuare se regiisesc cu aju-
torul acestei proprietiti mai multe rezultate asupra existentei solutiilor ecuatiilor neliniare (P o It o-
jacv {1] Zabreiko — Krasunoselski {2}, Kacinrovski [3), Browder).
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ON A METHOD OF THIRD ORDER

M. BALAZS

i d P: X — X a continuous mappi
Let X be a real linear Banac,h space an X =X a Pping
We shall note respectively by [%', 27, P} and [«', 2", """ ; P] the symmetrical
divided difference of first and second orde:r of the mapping P for the points
X, 2", ¥ eX. Let's consider the equation

Px)=x— O(x) =6 n

If (x,) is a sequence of the space X, then (#,) will denote the sequence defined
by u, = ®(x,) and T', will note the inverse of the linear mapping [x,, «,; P),
if it exists. The following theorem gives sufficient conditions of the existence
and the approximation for the roots of equation (1):

TuroreM. We suppose that there exists a point x, « X and the constants
By, do, K and M so thal the following conditions are satisfied :

1°for 20 e X and uy = @ X th x1sts the 1 the divided
differencs [xo'ouo; P1 and 0 (%9) & ere exists the inverse of the divi

HToll = [ (%0, #o; P172|| < By;

2° . _
< B Dol LB TE= 1Tl 120 ~ @) || = [T | - 12, = ol <

’

3° sup {|( [, 2" ®)|]: #', & e S} < M and

sup {[1[%, 2", " ; P]||: &', 2", 2" < S} < K;
4° B,(||P ' ’
_ Pop(x,)°;(|| ®) 11+ 11 Py 1)) < mo = do(l + B,KMd,), where yo =%o—

5% hy= BK(1 + M)y, < & |
9

w =
here s*{"eX:Hx-on <

7}, f=710 2+—1—)-
In these conditions the equality ( )

% —=T,P(x,)], n=01,2, ... @

n) which

has th ; aie
e % €S eists ang 4 ¢ following qualities :

) 1S the solution of equation (1)
(i) The rate of convergenc, iS given f eq (1)
y

=il (3o,
‘19 lzs °) Mo #=1,2, ...
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Proof. a) Let’s construct the mapping F: X —» X, F(x) = r
: - A, = —- P(x).
have F(x,) = F(#y) = y, because F(xy) — Flug) = x4 — ’“(o )_ P«:tp(xoo) _(.x)P(“\Xi

=xo—uo_F°[x0lu0;P](x — %, = 0. From th 141 .\
differences [l, 2, 4] result t(1)1e foﬁowings: e Qual1t1e§ of the divided

V[x’, " F]=1—Ty(«, x”; P] and (&, 2", 2" ;F] = —Do[«, 2", 2’ ; P]
therefore
ixg, #g; F]=1—To[xo, 1y; P] =0 and [x,, u,, Yo; F] = —Ty[x4, o, yo; P},
where [ is the identity operator of X. According to the definition of the divided
differences [1,2, 4] the equalities F(xo) = F(u,), (%, %,;F] =0 and y, =
= %9 — ['gP(x,) lead us to the followings:
[%0, %0, Yo FY(¥0 — %o)(¥o — %0) = {[#0, Yo F] — [%0, %o F1}{yo — %) =
= (4o, ¥o; F)(yo — #o) = F(yo) — F(uo) = F(yo) — F(x,) =
= Yo — [oP(y0) — %o + ToP(x,) = —T4P(y,).
We have thus P(y,) = [x,, % Yo P}(¥o — %o)(Yo — %,), Which by

Hyo — %ol | = [IToP(%0) || < dg < Mo <7, [l — xol|l = [|D(xe) — ]| =
= IP(z) |l € 2 <2 <y )

(sce 2° and 4°), that means y,, #, « S and the condition 3° leads to

HP(o) Il € Kllyo — %ol] - [1ye — toll (4)
Further we have

Yo — %o = [oPluy) = Io(te — O(ug)) = Lo(P(xe) — P(,)) =

= Do[%0, #o; ®)(xo — %,), from which, using (3) we obtain

Hyo"“ollSBoM”xo—uo”<Mdo (5)
¥rom (4) by (3) and (5) we get
HP(yo) || < KM (6)

b) From 1° it results that on the basis of the equality (2) the term zx,
of the sequence (x,) can be constructed, thus %, = ®(x,) too. We check the
conditions 1°—5° for the point %, with analogous constants B,, d,, K and M.

Using (2) by 1°, 2° and (6) it results:

|12, — %ol| <€ [IToP(xo) I + |IToP(¥0) ] < (do + BoKMdj) =
— dy(l + BKMdy) = mo <7 )

which means that x; e S.
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. . . tio (
" ting mode of and taking m consideration that
tructt ,
From the cons
§ we obtam ’ e w01l <
" ‘I=H¢(xl)'—¢(xo)|‘= H[:‘dem 1(x 8
i = o < MH";"'onS Mo

i i ¥ h ave
Ac Qrd]] to “le initi diV]ded dlffereuces W
C i defmltlon Of the
1 g ]

— —_ AP _..x(x __y).

P(x)) — P(yo) = %0 Ve; P(x, yo) = (%1, xe¥o P (% o) (%1 0
Xy No ,

From (2) for n = 0 we obtain

g = =T (Plxe) + Pvd),
% = % — DoP(¥o) and % — %o ot e

therefore L
P(x,) = [%1, %o Yo P]FO(P(%) + P(yaH oP(0)-
which, using (6) and (7), leads us to
A< 2 )
P(xy) || € BodgK*Mm, < S

Using the condition 3°, (7) and (8) and the fact that #, & S we may
write :

IIP((xo o P1 = [z 1:PY 1 < 1Tl (5o, s PI = Lo tos POV o

4 1 Do([%0 #o; P) —[2y, 9,3 PY) 1] € BoK(|12x, — 2011 +
+Hn[ - uo“) < B01<(7)° + "IOM) = Bol{(M + l).qo — }IO < 1.

Considering that

Polxy, uy; Pl=1- Po([xo: ey P1— [x,, 1, P])’

from (10) it results that the linear mapping [y[x,, #,; ’] has an inverse and
that the following inequality is true:

ol 05 PY7) < ——.
Using the equality {Tolxy, u, PYIT, = [x, 4, ; P11 =T, we obtain

HP < Iljoh = B, (1)

which means that 1°

is satisfied for the points x, and #, with the constant B,
By (9) and (I1) we have

IR 1P < 2 ¢ B, _ g, (12)

is also true with the constant d,.

Thus for the point x; 2°
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From the existence of the mapping [2y, 2

P]=1 ((10) — (11)) it results
that by (2) we can construct z,. Let’s note %, — IYP(x,) = ;’1- y(1 e))S' because
[y — ol < 1y — 2]l + |3 — Yoll < [ITYP(x) || +

W h 6
g -2 . ; 61, y
F e ST et e (l—ho + 1)"" S’
Making the same reasoning we used for obtaining P(y,) we get

HP() || = [1{2 w0, 3 PYyn — ) (0 — u) || < d2KM,
therefore

HEL - HPO) | < BydiKM (13)
From (12) and (13) it results

Hxe — 20 b | < By(1iP(x) 11+ 1P(v) 1) < dy+ BidiKM =d\(1+ B, d,KM) = =,

which means that 4° is satisfied for the point x; with the constants By, d,, K
and M and the following relations stand:

7). o=

A By KM ” Jr
o l Ll 0 )= 0 (1 0 )‘r
1 — Ao 7)0( + (1 — Iy 0 1 — Iy + (1 — ho! '°
1(17,2,, 1 117)2 4)2
<12 < ~[ZV L) 70 <
\s(s'ho")o 5(5)(9 o < Mo
SO

. <h 1(4.17
Hay — xol] € |12 — Zal |+ |12 — %ol < M+ 70 \[ +_5_(5-9
We have

)zlno < 7.
Be k(M + 1)dy(1 + Byd,JKM) < —2 '(1?j”<
hy= ByK(M + 1)y = =5 KM + Jdi(1 + Bid, < <

1—hy 515

51025 __ [68)2 2. 14
<'.;g h°—(75) e < By < . (14)

In conclusion the conditions 1° — 5° are satisfi.ed for the point x; with
the constants B,, d,, K and M and the following relations stand :

7)1 == dl(l + B1d11<l‘:{);

(15)
h, = B,K(M + 1)n, and

xy, Uy, ¥y € S,
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By mathematical induction we can prove that the relations (15) are true
for any positive integer. Thus We ave !
Bp—1
—
B, 1= g1

7, = dol(l + B,d,.KM); (16)
h, = B, KM 4 1)0nm and
X, Uy Vn € S
for all positive integers. Morcover the followiug relations are also truc:
1 (17| 512,
Na = 'g'{—s') }I-:_l Nn—1 alld hn—l s l;é‘ ll,, 1
for n =1,2, ... From the former inequalities it results that
25 {51 3" -
h, < g-l(;sho (17)
and
51\*/51 an—1
n < (5] k)™ o (18)

Furth
the equaut;r(z‘)vei:haél prove that the sequence (x,) coustructed according to
a Cauchy sequence. Really, using (18) we can write

onss = 54 11€ 1 ontp = Fnspos ||+ oo [ Engs = 1] € Twipm 00

cee 0 <y 4 M 53 51 n—1 5
i1+ ... <[—9-] lz_sh"ja "]o{l + ;:;(z_; ho'i+ (19)
b !
+ (i 2(?.! 2 9 {5 n{f afh —
) 9) 25h°J + ] < ;(;] (Z-;ho)“‘ ' e
This means that | : '
(X, p —
spa . 4 x,, — »
pace the existence of the lli‘mit Ox;\h_er;izl —xv cr;, f011:c any p - X being a Banach
= » results.
. ngrsﬁ = in the inequality (19 s s
iq‘ »«-- 1t results that };* e)S_we obtain (jj). Because %, 5 for all
oW we have to )
From Prove that x* is a solution of the equation ()
lP(x)|] < &

.3
B,'
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using the inequality B, > B, which stands for all # =
rclation (16) we have ° Talls -1',2-, 3 ... am? the

S

h;—lnn—l < i]. N
By(1 — hy 1) '\ 4B, A1 (20)

The function P being continuous from (20) by (17) and (18) it results
fim || P(z,)[| = [| P(x%)]]| = 0 thus P(x*) = 6.

| P(z,)]] <

Thus the thcorem is established.
Remarks. 1. The radius of S and the numerical estimate.in the inequa-
lity (jj) arc not quite optimum but rather chosen for convenience of calculation.
2. If the mapping P is Fréchet derivable and we assume that. [x, x; P]=
= P’(x), then we reobtain the results of paper [3].
{Recesved January 12, 1979)
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O METODA DE ORDINUL TREI
(Rezumat)

ideri i i ach si o functie continui P: X —» X. Pentru rezol-
. oo cqn..elder:\PSpat_x'ul‘ )iv;?;?r;nlerc;l z:giazismetoda iterativa d?té de for.mulu (2) Tpt1 =t=
E‘r;-* ec;a}l}e; fl)) +(“}'l(; 'f_ I, P(x,))].n =0, 1,2, ..., unde T, este inversa géfe}en;liug:rze:t:
[;m’;f—. Pi' dg;rdinul intii a ?uucfiei P in punctul (z,, u,.)e= X(xnl ﬂ;»e)zeiXBX . 11; " e este
(lemm;'strnt:’x urmitoarea tcoremd: Dac:‘itexisltf ggngtn?i x.:‘ )< ‘;“:, X functiao'linfarﬁ Voo ues Pl
i 31 3 egss . : : 9 !
ore nversa i 11Tl = 1 oo P11 < Bai 2 T 12011 € Bl uall <o
3 sup ({10, 5 @)|| ¥, 4 € 5) € Mgl sup {]If¥ 5.7 LR Py 55 b = BoR( 4
4° Bo(l1P(xg) 1+ | [Pyo) |1) < 1o = da(1 + BoKMdy). unde 3o = 5o == Za ol s 57 o
r N < Sz — %1l €7} r=‘q°(2+““), atunci cgalitatea (2) defi-
T M <;' uade S = {# = #: || ° B, tati: §) existd lim z x*
le proprie : e D .= X*,
neste prin recurentd un sir de puncte (¥,) care are urmdtoarele prop J o™ =
¥* €S i x* este o solutie a ecuatiei (1); jj) ordinul de convergenii este trel: ||xy — 2*{| <
%% es

9 (5 n15] an—!
< — [ — A Y0 ”=]'2’3’...,
\4(9’(25 ") e
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N NE CARACTERISTI
; INFORMATIONAL ASSOCIE AU OUE
VECTEO STATISTIQUE BIDIMENSIONELLE

ELENA OANCEA

Le probleme posé Cest de déterminer un indicateur informational associ¢
3 une caractéristique statistique bidimensionelle.

Soit (X, Y) une caractéristique statistique bidimensionelle, dc distribu-
tion de probabilités 2y, GHel= I, x I,, ot IL,=1{, ..., ny, I, = {a,...,m
et [, (4, 7) e I les fréquences relatives correspondantes. T.es probabi]ités i
et les fréquences relatives f; vérifient la relation :

b=l hf) L,
e; >0, Ty piy =1 Bidlyei = 1.

L'entropie empirique correspondante 2 la distribution considérée est:

Hif)= —X; Bij pis 1 1 ) )
(fu) 2,2, o log, - < . H(Pij) + — 10g2 Epax, Emin = min min &
1) €ij min Emin ; p

€max = MAX MAX &;;, C'est & dire
i i

H(f;) < aH(ps) + b, (M

ol a=lfenn, b= . , .
(X, Y). Oln observe Z};gzaem;{: bal;, OH (p5) Ventropie théorique du vecteur

1l résulte , .
que les valeurs fy, (i,j) e I qui approximent les probabilités

P4 li,7) = 1, donnen
. » = &, £ un . J \ ! >
pendant de a et b. L’infir:g:ame information pour le vecteur (X, Y) dé-

b=0, c’est a dire ¢;=1, (4 ;;)l; rIelative 3 (X, Y) est compléte s1 4= 1 et

Dirixrrion. Le
. NITION. Le vec
variable aléatoire bidimeltl‘:i::;eg(a' b) est un_vectewr informational associé 3 12
‘g):eg“?te-‘ipéﬁl’pentalement aPP?)r(t)e% Y), qui est un indicateur de I'informatio®
oit que Vinformation est °PtimaIIJ:r(:§Z lﬁieq;mncles zé%)ativgs fii» (5,5) € 1.
= € = .

On peut :
considé .
dérer le vecteur informational normé

ou

W‘ s fqm b
Jaz'l'b:" Ja2+b= )'
Wlﬁih__ k
Vige’ ;/u-tkz] k = 108, €max (2)

0’ on Obse
est optimale, ™ve que W = W (1, 0) et V'information apportée

Dans 1 _
relative 3 ( )?'c;; k=
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Y

Dans le cas olt £ » o0, W =W, (0,1)

(X, Y) est minimale (ou la desinformation cs
W a les composantes numeériques contenues
Remarque. Dans le cas ot p;

et l'iu.formatiou obtenue relative 3
t maximale). En général le vecteur
entre ces valeurs extrémalces.

est relativement petit

0<pi<s?

3 > 0 fix¢ ct suffisant petit, il est possible que f;; correspondant soit nul. Soit
I3 Vensemble des index pour lesquels f; =0, alors pratiquement on considére
pour calcul sculement les valeurs f;, (7, 7) & Iy c’est a dire T 0 et
’ 1 1 L.
@ = = » AL, I — .
Emin min min e (i ]) € { Is}
L |

On veut déterminer maintenent la liaison entre le vecteur informational
associé au vecteur (X, Y) et les vecteurs correspondants aux composantes X,
respectivement Y,

1’abord on considére le cas oit X et Y sont des variables aléatoires indé-
pendantes. Alors (3] pi; = p; - g oup, = P(X =x),¢;= P(Y =), (,)) e I,
x; respectivement v; étant des valeurs possibles de X, Y, et ¢; = ¢;¢;,. L'entro-
pic empirique est

HUfy) = — 55 L loga b < [Hylp) + Hylg) + 108: coue]
s Cixldy ir 5fy ‘min

U 1 1 setive . . ' ‘e 1 doriqu
Oll €min == min min e, ¢ej, Hy(p,) respectivement H,(g;) cst I'entropie théorique

s J
de X, Y, ct |
10g, €max = lOg, Max e; + log, max e;,.
4 J

En notant

1 1

@ 4y * Ay, Gy mine, ' dy min ¢,

Emi 1 Eix ;0 Ejy
Tt i j

a 108, €max = b = ayay(10gs €xmax + 10g, €ymaz) = dybx + axby
= i x = X €, O A:
o by = ax 108, €cmax, by = ay log; €ymux, Esmax = ln?x €iys Eyma m?’ Eiy
H(fy) < axay [Hy(p) + H,(g;)] + aybe + ayby
ou b
H(f;) < a[Hy(p) + Hy(g)] + 0

s f i t au (X, Y) est
Par conséquent le vecteur informational correspondan ( )

3
V(axay: a)’bx + aXbY) ( )

et le vecteur normé
ava + a,\'bY ) (4)
axay
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ky = logi Eymax
1 __lx + hy ) ]
W[m-':“"ﬁ,)' JUF (ke + Y

n voit que les vecteurs extre-

ou en notant k; = Jogs Exmaxs

)

Si on utilise le vecteur normé donné par (5) 0

mals sont »
W,(l,0) quand %, et k, tendent vers o.

et
Wo(0, 1) pour k, — oo et k, —»co.

Pratiquement si on connait Jes composantes du vecteur (X, Y) qui sont
indépendantes, on peut déterminer le vecteur informational correspondant en
utilisant les formule (3), (4), ou (5).

Dans le cas ou X, Y ne sont pas indépendantes on a:

Ay = — 5,505 1o
] i
ot G = P(Y =y)lX = xc’)» HYIX = Z,(—— quj“ 10g2 qjl.'),

@ = 1/emin, b = a 10g,€max.

p"q'i
?-"'—J.l‘ < ulHy(p) + Hyix] + b

Siep=¢.- .0 (i1
= aglog, ¢, CZ i (1) e, alors a = ayayy, b= ayuby + axbvi, bx =
X082 €5 may, Yii = Ay 10g2 &Yfimax, Eyjimex = IMAX €v1i-
)

Donc le vecteur informational associé au (X,Y) est aussi
V{a, b)

ou

W(4_ b

L Vo £ J?sz)
1€ casolile v i

babilité g(x, y), s, ye;t%net(x' Y) est de type continu avec la densité de Pro-
Nimentalement, of 1 est ayant les fréquences fié» G, 7) e I, obtenues expé-
Y=y), x, Yi e k on d?scrfé'fgele;lac%.rd.aﬁv? de I'événement (X = %) ()
Soit @, = mip %, 5  max istribution du (X, Y) comme il suit:
s r x‘.

% = min vy, d
. § yI: By = m?'x yj-
En conformité ’
tronquée € aux donnges (. ny
dom?ée p::u; domaine fixs ) _ ¢, Polmentales la densité de probabilité est

% B,] X (¢, B,){. Alors cette densité & est

B,y = |8y, (x4 <D
0, (x' y) & D
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ou
¢ = S Sg(x. y)dx dy
D

et les probabilités théoriques discrétes assocides au vecteur (X, Y) sont

P, = Ex ¥4, (1,5) e 1,
A=B.\"¢x' ay—ay.

n—1 m—1

En utilisant maintenant les probabilités Py(i, j) < Ietlesfréquences L (6,7) 1,
on déternmine le vecteur informational bidimensional pour le vecteur aléatoire
(X, Y). :

Remarque. Le vecteur informational ainsi déterminé peut étre utilisé pour
tester la correspondance entre la distribution empirique et celle théorique du
(X, Y), [2).

(Manuscrit recu le 15 janvier 1979)
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ASOCIAT UNEI CARACTERISTICI STATISTICE
BIDIMENSIONALE

(Reznmat)

VECTOR INFORMATIONAL

i iscret (X, Y),
rimental pentru un vector ?leator discre s
tbe) ::ge d3 indicatii despre informatia adusi de fre(:vgntele
ta lui (X, Y). Se compari acest vector cu vectorii ngor-
cc;zul cind (X, Y) este un vector aleator continuu.

Folosind frecventele relative obtinu
se determini un vector informational V (a,
relative asupra distributiei teoretice asocia .
mational ai componentelor X, Y. Se considerd §i
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STUDIA UNIV. BADES

ON STEFFENSEN'S METHOD FOR SOLVING NONLINEAR
(;PER-\TOR EOUATIONS DEFINED IN FRECHET SPACES

SEVER GROZE

1. In an earfier paper [1] we have studied Stelfensen’s method Jor solving
operator equations

P(x) = x — ®(x) = 0 (1)

where P:X — X, X being a Fréchet space [2], and 0 the null clement of
the spacc X. This method is a particular case of the mecthod of chords and
which is given by the formula

Nppy = Xy — A,,P(.’U") (l))

P

where A, = [Pq., 17, 4, = ®(x,) 0, =0,1,..., Py ,» being the generalized
divided difference [3] for the operator P in the points x’, x"’.

In the paper [1] the following thcorems are given :
Turorex A. If for the initial approximation x X, the following con-

difions are satisfied : b fo o b the Jollowing
1° There exists A, = [Pyu]?
2% px(P(x)) < 1y

3° oxx (Pep) S M, ov (Do — y ' Pt
S{xe,7) C X ﬁmi‘r‘;) v exnx(Quee — Qi) < hp (v — x7), V¥, 2, e

ﬂ'}illl’ p_\"_\'(Ao) < BO

’

r = max {\I’""‘"“ il o + Mo Bono (1 —~ a)}

1 -2 ! .
@ 1 — 2y

wnd x will be defined later
4% ho=BiK(M 1 1y, _ 345

Te<x g D)
i{;;n lt;)zc cqitalion (1) has a solutigy x+ eS
=) lie order of (e convergence being

(%o, 7) which is the Limit of the sequence
gven by the tnequality

-

R T [ 3

where 2 (1 — &

o]
o= Bo'ﬁokE] (1— a)k-,l[ « \2(2"'-1_1) <!
N (1 — o2
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THROREM B. If the conditions of the theorem A are
where v = (1 — «)Bono, the cquation (1) has q unique soluti

We remark that in conmection with the existence o io
equation (1) an analogous theorem is givenby S. Ulm [4f] til111e E:i;gtéﬁn s(;fa;;e
the operator I' = [Py ~]7! being uniformly bounded, and also by M. Bal izs
(5] in Banach spaces, where the existence and the uniform boundedness of the
second order of the divided diflerences of the operator P is supposed.

B. Jankd [6] proves an analogous theorem, without determining the
order rapidity of convergence conuected with the variation of majorant « of
ho, the operator P being defined in Banach spaces too.

2. In the present paper we shall give a new theorcm of the existence of
the solution of the equation (1), without the boundedness coudition on the
operator Ay = [Px,, 1e] 7% ‘“

satisficd in S(x,, 1),
on x¥ = S|

Tusores. If for the initial approximalion %, € X, we have

1° Then there exists Ay = [Py, #1,]7? '

2° ox(AoP(%0) < 7o

3° pyx(Ae®r) < AT,
pxx(Ao[ @ — D)) < hpyla’ = &) o

3 1~ « M yry(l = a)
Bomll = o) -y Molotall = 2

sty s — :
Va',x' 2" e S(%,7), 7= "la’*{ | %a 1 - 2«

where « will be defined laler

~ ~ - 345
4° Fiy = R(M + 1)y < & < J

2 .
then the equation (1) has a solution x* =’1£l°1°'xm x* e S(xo,7), the scquclnce ()

being given by (2) and the order of the convergence may be characlerized by

~ - -o—1
j [ P [___ ’ (3)
pr(x* — %,) < = (1—&)" ] (1 - a):]

(1)

: .  to
Proof. We consider the equivalent equation

~

(1) P(x) = AP(%) = -

; i thod
For solving this equation, we have the iterative me

) 2= — (Pr 7 P
3 iven by
I t for %, = %, the sequence g
. ! it can be proved (8 i ive procedure (2).
(2) isBiydelg'gig;F(zvni't}:tthe sequence given DY the iterative p

5 -- Mathematica — 1/1930
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litions of t heorem A are valid :

-ator P the conditions of the t

ator P,
For the oper

)

Indeed - o inn
1° Ro = [P = [AoPru ™ = Aohq
1° AO = Xo)¥y ;

-~

then A, exists an pr.x(Ag) =1 °
2° ool Plxe)) = px(AeP(%)) < 73
e
3° pxx(Di) = prx(Ag®rs) < A |
'. " 5, ) ‘7' — xu/
(@ Oy ) = Pxx(Ao[Prsr — Dy ]) < hpy(a
P.\',X % ¥ .

Vx’,x',,x"' = S(xo, 7)

Ny~ - 3-45
4° By = B R(IT + Dy <o g 2=

-

. s S
i ! a solution a*e
It results, by the theorem A, that equation (I') has at least

which is the limit of the S¢quence constructed by (2.
We have thep

P(x¥) = AgP(x*) =P
hence P(x%) = 0

L ,
€ convergence ig given by (3).

Y
dvantage over theorem A not only

(Rerzl'(.'tlll February 2, 1979)

REFERF,NCES

L s Groze, p

in spatii Supeyy,

tloda )y Steffe
netrice, Stugdij
2. X. Yosida, g

nsen aplicatg g Tetolvarea gcyq

.. Toile
fiiloy operafionale neliniare dcf
1 $i Cercet, Mat,, 23, 5, 1971.
lmzk!iona{analysrs. Sprmgcr. Bcrlin-Heidclberg-New York, 1969. i Seria noud,
3. 8. Groze, Asupra iferenteloy divizas, generalizape, Anal, Univ,, | AL I. Cuza” Yagi, Seris
Tom. xviy, 1971, fage, 9 SR, 111,
4 3S ‘l; é 4m Algorifimi ob obobtrcmzovo melode .S'll'ffmlsma, Izvestia Akad. Nauk. Estouskoi SSR,
5. ﬂ; Ba)j zs, Conlribu{n la stygipg rezolygy i ecuafiiloy 3y Spafii Bangc),
6. B Jankg, j?c.:

Testi, 1969,



STUDIA UNIV. BABES—BOLYAI, MATHEMATICA, XXV, t, 1980

RELATIONS ENTRE DES ESPACES RIEMANNIENS A TENSEU RS
RECURRENTS ‘

P. ENGINS.

Soit V, un espace riemannien a métrique
ds* = g dx'dxi (1)
A tenseur de courbure R}, A tenscur de Ricci R;, et a courbure scalaire R.
Soit de méme
A A 1 ]
Pii = Rip — —— (3R — 8iRy) (2)

le tenseur de courbure projective,

: (S;Rik - S:Ra' + gikR; - giiR:) +

A A
Cin = Rijn —

n— 2
e (8} — 3ig) (3)
(n— N(n—2)
le tenseur de courbure conforme,
Zip = Rl ——— (¥ Ry — 3Ry + guR} — guR) (4)
le tenseur de courbure coharmonique,
Th = R — - R (8780 — i) ()

nin — 1)

e tenseur de courbure co ncirculaire. '_k .
Si on multiplie et on contracte (2) par g* on obtient

A M h_ E A 6)

Ph= (R =T 8 (

ol
n ; R 7
Py = ‘;‘_‘;(Ru’"‘ '-é’u) ()
En contractant les relations (4) et (5) en & et j on obtient

. R 8
Zp=—7_,6n 8)

R
Ty = Ry — ';go'k 9)
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On sait que le tenseur de courbure conforme a les tenseurs contractés nyjg

Pour le commencement on stablit des relations entre ces tenseurs et leyrs
ons entre les espaces & teuseurs récurrents

tractés d’ou1 on déduit des relations ' .
o Des relations (3) et (4) on déduit que SL Ja courbure scalaire de Iespace

V. est nulle, le tenseur de courbure conforme coincide avec le tenseur de cour.
» 2 . .

bure coharmmonique, et le tenseur contracte du tenseur de courbgnc coharmonique
est nul, et de (3) résulte que le tenseur de courbure concirculaire coincide

avec le tenseur de courbure..
De (7) et (9) on déduit L

n
PM = w—1 Thj (IO)
de (8) et (9) on déduit
T =Ry + "—ZZu: (11)
. n
ct de (10} et (11) on a

( —_ l o . ¢ — 7 ¢
Done \".. ) )ng. - nRy + (n — 2)2, (12)

courb-ul: ?0;2’;;;11?}; ¢lie f;lﬁ:zulcs tm;scurs conlractés des tenscurs de conrbure, de
les relations (10), (11), (12);”6 coharmonique ¢f de courbure concirculaire on @
De (3), (4) et (8) on déduit:

Cho= 2t 1 (8 7
Jk Z"k n -1 (silik - 8’,“Zu) (13)
et de (2), (3), (7), (9) il résulte
P:x = Tlx _—“l_
w=Tin = (T, ~ 8T, (4
Ou, en tenant compte de {10) on a
Pys Ph oL pip
o BeFeier-an 13}
. ¢ (3), (5) et (9) on déduit
Cix=Th— !
i = —— (S}, — '
n—2 (3 T 8"1"1' + gc'/:T;' - guT:) (16)

et de (2), (3) et (7)
ou (10), i
. ) (15) et (16) il résulte
k= Pl'jk —_ \lg(

A ShP« - Sk ) -1 : B
nin —~ 2y V7 ik 2Py — 2= 1 (g”‘p;} _ é’u‘P:) (17)

qu'en tenant
: compte de (10) on peyt I éerire n(n — 2)
it = Ply — 1
\\
(11 — 1)()1 -9 (S;le —_ shT“ _ i
! ) = —— (e T} — g7 (18]

n—2
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Si on égalise (13) avec (16) ou (13) avec (17) ‘on' déduit des relations
entre le tenseur de courbure coharmonique et Je tenseur de courbure concircu-
laire et leurs contractés, respectivement entre le tenseur de courbure coharmo-
nique et le tenseur de courbure projective et leurs contractés,

On a donc: :

PROPOSITION 2. Ewnlre les tenscurs de courbure conforme, de courbure pro-
jeclive, de courbure concirculaire et de courbure coharmonique il cxiste les relations
(13), (14), (15), (16), (17) et (18).

On dit que V’espace V, est de courbure récurrente ou simplement récurrente,
ou projectivement-récurrent, ou conformément-récurrent, ou coharmoniquement-
récurrent, ou concirculairement-récurrent, s'il existe un vecteur covariant g, tel
qu’on ait respectivement :

Ris = ¢, Ria (19)
Pl = ¢, Piy (20)
Cire = 9, Cla (21)
Line = 9, Zip (22)
T.'-‘,-k,, =@, T?,w (23)

ou la virgule désigne la dérivée covariante par rapport 2 la métrique (1).
Si on contracte (19) en % et j on obtient
Rﬂc,r = ?,Rn. (24)
Un espace V, qui vérifie (24) est nommé Ricci-récurrent. Si on multiplie et on
contracte (24) par g* on obtient
R,r=¢,R _ (25)

et I'espace est nommé de courbure scalaire récurrente. De (25) il résulte

PrOPOSITION 3. Il w'cxiste pas d'espaces riemanniens: jzrop:m;enﬁ'— dits
récurrents ou Ricci-récurrents & courbure scalaire constatzte a.hf_(ere'n c de zéro.

Observation 1. Un espace V, récurrem':l est aussl R%ca-recu;;’eent et de
courbure scalaire récurrente, la réciproque 1.1et:’:mt pas :coujours er ‘récun.e[‘,t

Observation 2. De (20), (21), (22), (23) 1l requtetqrq (1:11:1: risrﬁ:ath (Seeurrent
est aussi projecti\’ement-récmreqt, et con,formémenI; fn' e ;éciproque moni-
quément-récurrent et concirculalrement-gef:gr'rfefz;”en(: e o,
. t V, un espace Kicci- . n € -
moniqifgffgilgz?::e:i, Soéf co1;circulaz'};)'cment-récuﬂent, ou conformément-recurrent,

al . . st . . C : : . , . -cons-

s gOS:tlg cez;g:ces concirculairement-récurrents 4 courbure :;:algzrgnxéogacr .n
tante on déduit de (5) qu'ils sont récurrents si le vecteur g, est Connc p 06
¢, = (In R),, o)
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Pour les espaces projectiycmentfréC!l!.'feD,tS de (20) il résulte
Pour 1€5 Sope : h e

s _ U (%R, — @ Rit) — (R, — @ Ry)] @

R:;‘k,r.'_ !P,Rijk = 1 [3;(, A, (P )

d’otr par la multipl'ication contractée avec g* et la descente de lindice 4 j

ol
résulte

1
R"f.' - q"th = ;ghj(Rn - ‘P'R) (?8)

En tenant compte de (28) dans (27) on obtient
(R, — #,R)(gad — g.,b‘i')

b — o R =
Ruk,f P, fijk i — 1)

Donc:

ProposITION 5. Les espaces concirculatrement-récurrents et les cspaces pro-
Jectivement-récurrents & courburc scalaire non-constante sont récurrenls si cl seule-
menl si le veclewr o, est domné par (26). St la courbure scalaive est nulle, ces
espaces sonl récurrents. o

Observation 3. De (20), (22), (23) il résulte immédiatement que si 1'espace
est projectivement-récurrent, ou coharmoniquement-récurrent, ou concirculai-
rement-récurrent leurs contractés donnés par (7), (8), (9) sont aussi récurrents
avec le méme vecteur de récurrence, la réciproque n’étant pas toujours vraie.

Dans un espace coharmoniquement-récurrent, de (22) par contraction en
ket j et tenant compte de (8) il résulte (25). Donc : '

Prorositiox 6. Il w'exi ’

SITION 6. existe pas d'espaces ¢

courbure scalaire constante différente de zgro
Toujours de (25) il résulte

Proposit
calais non-nu;lONll Dans un espace coharmoniquement-récurrent a courbure
¢ e vecleur de récurrence est dommé par (26)

De (13) i1 résyl ) .
conformen(uen)t-rl}éc;gsuue atun espace coharmoniquement-récurrent est aussi
) 3t Pour la réciprogue de (21), (13) et (8) il résulte:

Zins ~ @2l = — 1
T ey Y ~ &R, — o,R) (29)

oharmoniquement-récurrents 4

d’olt op a:

Prorosit

S ION 8. Lqg 1 s )
Cot"fo"’!ement-rECuryént S0t c?:;ff?"?? necessaire ef suffisante pour qu’un espace
eS¢ gue le vecteyy gy 4 TmOnquement-récurrent avec le méme veclewr Pp

: s ¢ eCurren, o1t '} .
courbure scq ce soit le . .
laire de Vespace sog nulle, gmd“,’”t de la fonction scalaire R, o% la

. De (14) i Iésulte qu’yp espace ¥
, e

jectivement-ré cﬁ‘::,fzent,'et de (15) 1 ré's:uh?enc;’rtv:_ulairement-récurrent est auss!
ot est i : Tecipr ia’ : 10-
- avec le
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X . ‘ L ,
' PROPOSITION 9. Les es/{aces projectivement-récurrents sont aussi concircu-
lairement-récurrents avec le méme vecteur de récurrence et réciproquement
- De (16) ou (17) i1 résulte qu’un espace projectivement-récurrent ou con-
circulairement-récurrent est aussi conformément-récurrent avec le méme vecteir
de récurrence ¢,. Pour la réciproque, de (18) il résulte qu'un espace conformé-
ment-récurrent est projectivement-récurrent, si ct seulement si le tenseur donné
par (9) est récurrent de vecteur ¢,. Donc:

PropPOSITION 10. Tous les espaces projectivement-récurrents ou concirculaire-
ment-récurrents sont aussi conformémentirécurrents cf ié’ciﬁroquement les espaces
conformément-récurrents sont projectivement récurrents si el seulement si le tonseur
(9) est récurrent de vecteur ,.

Si on égalise (13) et (17) ou (13) et (16) on déduit que les espaces projec-
tivement-récurrents ou concirculairement-récurrents sont coharmoniquement-
récurrents s'ils sont de courbure scalaire récurrente, donc, conformément a la
proposition 5, récurrents. Réciproquenicnt, les espaces coharmoniquement-
récurrents sont projectivement-récurrents ou concirculairement-récurrents s'ils
sont Ricci-récurrents, donc conformément 4 la proposition 4, récurrents. On a
donc :

Prorosiriox 11. Un espace projectivement-récurrent ou concirculairement-
récurrent el coharmoniquement-récurrent est récurrent,
Des ci-dessus il résulte

PROPOSITION 12. Il existe enire les espaces vécurrents, projeclivement-
récurvents, coharmoniquement-récurrents, concirculairement-récuyrents, conformé-

ment-récurrents les relations d'inclusion et d'intersecthz:

V., récurrents C V, projectivement-récurrents = V, concirculatrement-récurrcnls C

C V, conformément-récurrents. ’ ‘
V, récurrents C V, coharmoniquement-recurrents C V., conformément-récurrents.

V, projectivement-récurrents V, coharmoniquement-récurrents = V, récurrents.

On peut représenter schématiquement la proposition 12 par:

Va ca/mrﬂmnz'gu e.
meenl-récurrents

Ve conformémant-réeurrents




p. ENGHIS

72 |
Einstein 2 g il résulte que

les espaces d'Einstein Ry = " gy de (7) et (9) il résulte que lcs

tenseurs Ty et P; sont nuls, les yelations (11

de (14), (16), (17) il résulte

Pour ) et (12) sont des identités, et

P:-'j;. = T:"jk = C:"jk (30)
Donc:

ProvosiTion 13. Tous les esp
livemeni-récurrents, concirculasrement-

Pour les espaces d'Einsten coharmoniquement- récurrents en tenant compte
des propositions 7, 8, 13 et de (30) il résulte
14. Les espaces d'Einslein coharmoniguement-récurrenls sont

aces d'Einstein sont en méme temps projec-
vécurrents et conformémeni-récurrcnts.

PROPOSITION
sécurrents.
" (Manuscrit recu le 28 février 1979)
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RELATII 1IN .
TIL INTRE SPATII RIEMANNIENE CU TENSORI RECURENTI

Rezumat)
1o luerare se
stabilese 14 1 _—
conformi, cu = ‘3 inceput relatii . ..

e 4 _curburd coarmonics, c\lx)rbu;ﬂamle (10,) (18) intre tensori de curburd proiectivd, curburd
Pozitiile 3,11 se dau relatj; i condists concirculard i contractatii lor. Din aceste relatii in pro-
g:"i";‘ 12 se precizeazy relatiile dg“i;“lt‘e, spatiile riemanniene cu acegti temsori recurenti. In pro-

propozitiile 13 i 14 se rezolyx ca:;';:iepf ‘l:;tersecgie ce existi intre aceste spafii. In inche-
oblewmi in cazul spatiilor Einstei
stein.
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PROPER EFFICIENCY IN THE COMPLEX VECTORIAL
PROGRAMMING ’

DOREL I. DUCA

1. Introduction. Let us consider the problem of vectorial programming
in the complex space: -

V-min Re f(z, z) subject to z « Q, (VPCS)

where f:(C*" — C? and Q is a nonempty set in C".
This problem was recently formulated by us in [5] (the linear case) and
[6] (the nonlinear case), where conditions for a point to be efficient are given.
In this paper the notion of the proper efficiency is generalized [5, 8], giving
conditions for a point to be proper efficient for the problem (VPCS).

2. Notations and preliminaries, Let C*(R") denote the n-dimensional com-
plex(real) vector space, R = {x = (%) e R"/%; 20, j=1, ..., n} the non-
negative orthant of R” and let C"** be the set of m X 1 complex matrices. For
A = (ay) « Cm*», A, AT and A¥ denote the conjugate, transpose and conju-

gate transpose of A respectively. )
For z = (z;), u = (#;)) e C":(z, u) = uflz denotes the inner product of

z and %, and Rez = (Rez) e R" denotes the real part of the vector z.
If x= (%), ¥ = (y) e R we consider:

v S y(x <y iff % L% <y;) for any j e{l,...,n};
x <yiff x Ly and x #Y.

For a vector function g:C? — C™ analytic in the 2 variables (u!, #°)
at (29 2%) e C?*: 2

50} — |-%5% o'.-o e Cnxm'
V,g(z“, 2 ) (au; (Z £ ))

and
p) 5
V(2 2) = (-;1—‘;:— (2% z°)] < Crxm,

" 2
For any nonempty set S in C™ let S* = {; e C"w e S = Relu,w) 2 0}
be the polar of S, and int S the mte{mr. of C:"'/u’ _ .
We define the manifold @ = {(#, W) e h .
i :C* > C" i vith respect to
SF _ The function g:C* — C™ is concave v t
closechlc:)I;xl\I;angg;el STc_;eC"' on the manifold @ if for any sand 2 e Ck and

te[0,1) , o o2
gt + (1 — 22 122 + (1 —92) = g, ) — (1 — g 2) S (1)
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If g is analytic, a condition equivalent to (1} is

g, 27 — ) + (vl HE #) + g #) —86L E) =5

e analytic function &: c* — C™ is said to be strictly

perixitoN 2. Th he closed convex cone S € C™ on the manifold @

coucave wi%h rgspoect te t
if for any 2! and 2 € ) '
ﬁ [v,gée. AT — ) + [Vl 2 — 2?)p+ g 7) - 8r(z:l 3‘); m:&t: -
ct tDoE’fliz Izllgszd&cgll:feexfugoc;leoquéCI;I' zllctllgafn:::;}glc; Qcil' fI())r any 2z' and
2eC" and tel01] ]
Refifle, ) + (1 — (2 2) —
a4 (= (192 e T )
If f is analytic, a condition equivalent to (2) is
Re ({2 2) — [, 2) — V(5 V(2 — #) — [Vi/f (2, 2@ — )} = T
Tueorey 1. Let % e R, %> 0 be fixed. If the function f:C*" — CP has
convex real part with respect te the polyhedral cone R". on the manifold Q, then

the function h: C® — C, defined by h(wt, w?) '= (f (1, u?), Ay for all (#', u?) = C*,
has convex real part with respect lo R, on Q.

The statement of the theorem 1 is a direct consequence of Definition 3

THEOREM 2. th h:C¥ = C and g: C¥ — C™ be analylic funclions, and.
let S < C™ be a polyhedral cone with nopemply interior. ' .
If h has convex real part with respect to R, on.the manifold Q, and g 1

strictly concave with respect to S on ), then a sufficient condition for ° < {z/g(z, 2) € S
to be a solution of the problem : : ff o / = telel

min Re h(z, z)  subject to g(z,2) < S, (¥)
is that there exist = e R, , v < S*, (v, v) # 0, such that

Re (v, g(20, 2> = 0
VM 2) + V(0 20) = V(@ F)y + Vig(2®, 2%)0.
The proof is analogous to the one given in Gulati T. R. [9].
3. The veetorial amini in Letf :
and let Q a ‘?Oneltil'll)t}l’) r:::ltmlllllm(lflnug problem in complex space. Let f: C*" —C*

DermNiTioxN 4. A point 0 : i
respect to f for 0, if F}?el?; Z,-e Q2 is called efficient (minimum Pareto) with
< Re f(z, 10). X

f StS 00 point z « Q such that Re flz, 2) €
he proble . i . ; .
[ for Q wil%)b'e carﬁegfvgc(::rrigllmmg all efficient points z « Q with respect to
will be denoted by “4l Programming problem in the complex space an

V-

min Re f(z, z) subject to ze Q. (VPCS)



PROPER EFFICIENCY IN THE ;QMPLEX VECTORIAL PROGRAMMING

75
We consider the following Programming problem in the complex space:

min Re (f(z, 2), ) subject to z Q, (P,)

where A e R*.

THEOREM 3. Let xe R, A>0 pe Sized, let f:C* — CP be a. veclorial
complex function and let Q be a nonempty set in C». ‘ '

If zo & C" ts a solution of the problem (P,), then 20 is an efficient point
Sfor the problem (VPCS). ’ ’ Wicient poin

Proof. Since 2° e C" is a solution of the problem (P,), we have 2 < Q.
Assume that 2° is not efficient for the problem (VPCS), i.e. there exists 2! « Q
such that Re f(z!, 2!) < Re f(2°, 2). Since A >0, we have Re (f(z, 21), ») <
< Re {f(z°, 2°), A) which contradicts the optimality of 20 for (P,).

Remark. The converse of Theorem 3 is not true, as seen in the following
example. Let f(w,, w,) = (— w,, w,w,)T for all (w,, w,)Te C? and let Q=
= {z « C /}arg z| € =/6}. The problem (P,), A = (A,, A,)T > 0 has the solu-
tion 2* = %, /(2%,) > 0. Hence all the points z'=¢ > 0 are efficient. But the
cfficient point 2° = 0 cannot be obtained as a solution of the problem (P,)
with A > 0.

Therefore, we propose a slightly restricted definition of efficiency that
(a) eliminatcs efficient points of a certain ,,anomalous” type; and (b) lends
itself to more satisfactory characterization.

4. Proper cfficieney. Let f: C*" = C? and let Q be a nonempty set in C”.

DEFINITION 5. A 20 = Q is called a properly efficient point for the

problem (VI’CS) iff:
a) 2° is efficient for the problem (VPCS),

b) there exists a scalar M > 0 such that

3r {1, ..., p}, such that
Re [f(, ) — [z, 2)] > O] implies | Re [f:({z% 2) —p‘}fs(z. 9] €
zeQ ] € MRe [f,(z, 2) — f,(2°, 2°)].

An efficient point that is not properly efficient is said to be improperly
efficient. ,
AT >0 with 2 A, =1 be fixed.

THroruM 4. Let A e R, A= (M, .../ ] & . ,
If 29 < C* is a solution of the problem (P,), then 2° s properly efficient for the
problem (VPCS). . . . . :
Pro(of a) in view of Theorem 3, the point z° is efficient for the problem
VPCS). o : :
( b)) Assume that 2° is an improperly efficient point for the problem (VPCS)
and choose

M = (p — 1) max {(M/N)f7, s {1, ..., p}}-
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Then there exist $ eRe :t-fs(zo' ) — 1o z2]>0
2
¢ = 50 _r s
- ) — fe 8] > (p — 1) Re [fa 3) — Se?, 20)] max -
Re[f,(zo. ) — Jsl&

u b4 . —_ alld taklng the sunmm
for hl i' it {11”1].1‘ ”thz last inequality by )\s/(/) 1) > 0
lp ) te] -

for all r # s, we obtain

j 4 .
‘f'(a ,» % )]r
Ile AR ,f;(z) Z)|>l< ’{3[./’(2' )
or

Re (f(z0; 2%), Ay > Re (f(z, 2), M),
i p,).
which contradicts the optimality of 2° for the problem ( 2

' spe P on the
Lesma Let h: C*— C? have convex real part wztlf respect 1o R
mam’folg Q, and let Q be a convex set in C". If the system

Rel(z, 2) <0 3)
{ z2e Q "
T >0 w
is tnconsistent, then there exisls a veclor N e R?, A = (Riy oo es M)T 2
?
2o i =1, such that
r=1

Re (h(z, 2), 1) 2 0 for all z « Q.

. - 1 bleS
Proof. Let ¢ = o(x, ) denote the real vector function of 2# varia
%, ¥ € R* defined by the formulae

o(%, ¥) = Re h(z, 2), z = x + ye C,

and let .
X
(e o)
System (3) is inconsistent iff the system
(% 9) < 0
x . (4)
( ] eX
Y

is inconsistent.
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theorem of Fan, Glicksburg and Hoffman [7] are satisfied, thus

there exists a vector A = (A, ..., )T e R%, % > 0 with E A =1 such that
’ r=1

{o(x, ¥), 2 2 0 for alll(;) = X;f

or, equivalently
Re (A(z, 2), ) . 0 for all'ze Q.

TuporeM 3. Let f: C* — Ct have convex rcal part with respect to RY, on
the manifold Q and let Q be a convex set in C”.
If 2 is a properly cfficient point for the problem (VIPCS), then there exists
o : C .

Nae R, A= (1, ..., 0)T >0 with E,)‘, =1 such that z° ‘is-a solution_ of. the
r=1
problem (I,). ' "
Proof. 1f 20 is properly cfficient for the (VPCS) then there exists a scalar

M > 0 such that for cach s e {1, ..., p}, the system
Re {2, 20) — fifz, )] > 0 .
Re [f.(20, 20) — fi(2, 2)] > MRe [f,(z, 2) — fi(2%, %)), 7 # 5 (5
ize (), '
is inconsistent.
Svstem (5) being equivalent to the system

[Rc[f(z 7) —fi(2, 2)]<0 . :
Re [M (2, 2) + fi(z, 2) — MAE, 29) — [{e, )] <0, 7 #s

St

] ze Q,
: o ,
in view of the previous lemma for each s e {1 ,.;b} 'ghcre exists \* « R?,
I3 e .
=L ..., )T 2 0 with 2 = 1 such that

r=1

Re[a\: ) e 4 35 M -+ MEE ) =8 ) i} 2o
(r#s) !

for all z.« Q. , b
Summing these mequahtles for § = 1 ., p weo tam

Re Z[Mz z)+Z)A,[Mf,z )+ 2] }
(r;ts)

‘ >Rez”;{ e, ) + 3 KL, ) £, 5 s

>
s=1 (r#s)
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+ the sim we obtain
Rearranging the terms of the sum we 0
c S ) "
Re (f(s, 3, B Re /@, 21 B
i ti ¢ the problem (P5), Wi
i o is a solution of t
for all z ¢ Q, 1€. 2
where P p }5 | O
/,T;' 1+11’1 7\5)> R
h=(1+“1'2:17s)/2( 2
(reks) {rks)
s=1,...,p

T 6. Let f:C = CP be an analytic function having cowvex rea
HEOREM 6. :

I qa f y

Q={zeC"/glz2) S}

A = 1
is that there exist 1 e R,, v e S*, A= () e R?, (r,v) #0, A >0, SZ__:,
such that

Re (v, g(2*, 2°)) =0

I e

V. [, ) + Vi f(20, 20) = V,2(2, ) + yig(z°, 20)9. (6)

b) If g is siriclly concave with respect 1o S on Q and 20 < Q, then this
condition is also sufficient.

Proof. a) By Theorem 5 it follows fhat there exists A e R?, A = (},) > O
» ;

with 25, = I such that 2 is a solution of the problem (P,). In view o fa
s=1

theorem of Craven and Mond [3], there exist + < R,,veS*(t,v) #0
such that (6) holds.

b) Since A >0, by Theorem 1, the objective function of the problem
(P5) has convex real part with respect

o to R, on Q. Hence the hypotheses of
Theorem 2 are satisfied, therefore 20 is a solution o(f2 the problem (P;). In view
of Theorem 4, j ‘

(VECS). t follows that 20 is a properly efficient point for the problem

THEOREM 7. Lei J:C" = CP be gn analytic function having convex veal
perézimt}z Crﬁspect to R on the manifold Q, S be a closed comvex come in C™ and
8:C* = C™ be an analyti Junction, concave wish, respect to S. Let

=f e g1 sy
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A sufficient condition for 20 < ¢ 4, b o
problem ( VPCS) is that there exist y < S a(mfiro{) er l)’R‘;ffmenl point for the
A = 1 such tha
32;1 s

Re (u, g(20, 2y =90
VIGE B + Vi, 2) = Vgl B 4 Vg, )

Proof. Since A > 0, by Theorem 1 it follows th jecti i

) at the objectiv
pf the prpblcm () has convex real part with respect to R+Jeocnl‘Qe, f'll‘lt?;tllzg
is a SOt].u}!O(li] o]f3 thle] problem4 (P;), because the hiypotheses of Thecrem 1 in (1]
are satisfied. By Theorem 4 it follows that 20 is a ici i
the problem (VPCS). properly efficient point for

Turoriy 8. Let f, g, S and Q be as in Theorem 7. If, moreover, S is
a polvhedral cone and one of the following four conditions are satisfied :
. (i) g satisfies Kuhn-Tucker's complex constraint qualification at 0 < C»
with respect to S on Q) (2];
(i) it S # @ and g satisfies Slaler's complex constraint qualification with
respect to S on Q [4];
~ (i) e S # D and g satisfies the strict complex constraint qualification
with respect to S on Q [4];
(iv) tut S # @ and g salisfies the weak complex constraint qualification af
2« C" with respect to S on Q (4], then a mecessary condilion for 2° « C" to
be a properly cfficient point for the problem (VPCS) is that there exist u < S*
»

and A & R?, x = (3,) > 0 with )_ A =1 such that the equalities (7) hold.
s=1

»
Proof. By Theorem 5, there exists A e R?, A= (%) >0 Withs:}:{ A =1

such that 20 js a solution of the problem (P5)- . .
Now, a) if (i) is satisfied, by Theorem 3 in [2], there exists # e S

which fulfils (7), b) if (ii), or (iii), or (iv) is satisfied, then in view of Theo-
Tem 4 in [4] (it)’foll)ows (that there exists # e S* such that (7) holds.
(Received March 19, 1979)
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