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STUDIA UNIV. BABES—BOLYAI, MATHEMATICA, XXIV, 2, 1970

MECHANICAL, CONSIDERATIONS UPON THE DISTRIBUTION OF THE
TEMPERATURE IN INCOMPRESSIBLE SEMILIMITED VISCOUS JETS

STEFAN MAKSAY

1. Introduction and formulation of the problem. The dynamic problem
of the spreading of the semilimited incompressible jet on one of the sides of
a semiinfinite plane plate having a punctual source in .the attack border is
studied in [1].

In [2] the distribution of temperature is determined for the same kind
of movement, in the case of the plate with a temperature equal to that of the
external fluid and also in the case of the thermally isolated plate:

This work is dedicated to the mechanical considerations on the distribu-

tion of the temperature in incompressible semilimited viscous jets in the two
cases studied in [2].

We consider a semifinite plate, placed on the positive side of the Ox axis
and we suppose the surrounding space occupied by an incompressible viscid
fluid at rest.

On the top of the plate (x = 0) there is a punctual source from which a
fluid of the same nature as that from the surrounding space. spouts, moving
stationary and having the shape of a jet, on the y > 0 side of the plate.

We shall admit that the movement of the jet satisfies the equations of

the temperature boundary layer that, in comparison with Mises’s variables
[3], have the following form [4]

M_, 9 uﬁ‘) (1)
ox W\ oy
1 a9 w2 ., 1 a( 3
Lo () 4L 20,2, (2
v 9% (34‘) + o 3‘#) )
( =_3j'v=_a_‘l’,v—_—i=const.)-
dy ax P

2. The study of the temperature distribution in the case of the plate
having the same temperature as that of the external fluid (6 = 1). In this case
the equation of energy (2) to which the limit conditions have been attached

T(x, =T, Txb)=Ta, Tu=Ta, 3)

Mises’ variables in the boundary layer, ) .
coe;iicieuts of dynamic and kinematic viscosity, density and specific heat,
coefficient of thermal conductibility,

Prandtl’s number, - the fluid

absolute temperature in the ilwd, .

the enthalpy of the mass unit of the fluid, ) N

given constants resulting from integral conservation conditions,

I
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1 ST. MAKSAY

supposing that the movement is undissipative (which is admitted in th

p.ressible fluid) has the similarity solution [2] ¢ incom.
"2 T h—
T(x, 7) = T, — - ( o), |
‘ 6ep ¥V Eox \V 12 Wl (4)
where
n = U(E x)—1H Y = 515 -
] L.)(I V") ’ N 2,310. (D)

At the level of the self-modelling variables (¥, 7) the distribution of the

;ll?epelfatm'e Im a x = x, section, normal for the plate, is represented in fi-

T{xmPK]
s LT T T T
= \l\\"‘ X'-'0,1 .
4 ™) x=02
350 A—b—=T s 03
/, L i [
//,/ 11 NN
/ 1L,/V. NN
g N
300 . ) S RS S R G I A M (I B . -_ - -
290 17 r
0 1 2 7.1
Fig. 1.

The extreme value of the temperature in the jet, corresponding to the
ordinate

5 = 0,397",, (6)
is
Teu(x) = T, — 0,498 L/ > )
cp o¥

wherefrom it results that in the same time with the removing from the source
of the jet, the temperature of the fluid in the jet becomes uniform coming
close to the value T, = T,.

The local thermic flux going through the surface unit situated on n = con-
stant is expressed

g(x, ) = 5ul (E, vx5)“”‘[1 _ 5(_{-,_,_)3/2 + 4(\_,,_)::]’

9097100 ® Moo

and the diagram of its variation in a x = %, section is represented in figure 2.
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3. The study of the temperature distribution in the case of the thermal
solated plate. In this case the equation of enmergy (2) to which the limit con-
ditions have

T (x, 0) =0, T(x, ©) = Ten )
0}‘ .
has the solution [2]
7 . _ L(Egox) TN _ ls/z a T 10
f(x, N, G) - PCPA(G)"ID, [1 (nm‘) ] + (1) ( )
where
o) = (1 —8mdt, (€= 1ln) (11)

The temperature T of the plate is obtained from (10) for 7 = 0.

The expressibu of the local thermic flux is

RS (. N _n_"“]" (12)
q(.‘\f, n G) _4A(a)4.‘ Mo [1 (“oo)

wherefrom we can notice the fact that the sense of the heat transfer is the same
in all the mass of the fluid in the jet dependmg ouly on the sign of the con-
servation thermic constant, namely, when it is positive, heat 1s conveyed to-
wards the fluid in the infinite, and when it is negative towards the ﬂmd in

the neighbourhood of the plate.
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s the study of the local termic flux variation res-

In figures 3, 4 there i
al section

pectively the distribution of the temperature in the jet in a norm
at a plate.
(Reccived January 19, 1978)

'REFERENCES

1. Akatnov, N. I, Primenenic peremennth mizesa k zaddce o rasprostranenii laminarnoj strui
vdol’ stenki, Prikl. Mat. i Meh., XXIV, 1, 1960, 154. . .

2 Brideanu, P, Maksay, St, Asupra determindrii temperaturii in jeturi viscoase semimdr-
ginite, Studia Univ. Babeg-Bolyai, ser. Math.-Mech., £. 2, 1972, 79—86.



THE DISTRIBUTION OF THE TEMPERATURE IN VISCOUS JETS 7

3. Iacob, Calus, Introduction mathématique & la méchanique des fluides, Ed. Academiei, Bucu-
resti $i Gauthier-Villars, Paris, 1959.

4. Gheorghitd, S$t. I, Teoria stratului limitd i turbulenyd. Centrul de multiplicare al Uni-
versititii din Bucuregti, 1973. . '

CONSIDERATII MECANICE ASUPRA DISTRIBUTIEI TEMPERATURII
IN JETURILE V1SCOASE NELIMITATE INCOMPRESIBILE

(Rezumat)

Aceastd lucrare este dedicatd unor considerafii mecanice asupra distributiei temperaturii
in jeturile viscoase nelimitate incompresibile in cazul unei placi de temperaturd egale cu aceea a
fluidului exterior §i in cazul plicii izolate termic. In aceste doud situatii s-a determinat solutia
automodelatd a energiei, s-a studiat intr-o sec{iune normald a plicii distributia temperaturii §i fluxul
termic local.
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CONTROLLABILITY OF LINEAR PARABOLIC SYSTEMS WITH -
DISTRIBUTED PARAMETERS AND BOUNDARY CONDITIONS

VIOREL HIRIS$*

1. Introduction. The classical aspects of the controllability theory in fi-
nite-dimensional spaces are extended to linear infinite dimensional systems in
which the control is exerted by means of parameters distributed all over the
domain G and by means of the conditions on the boundary S of the domain
G. Such a study was initiated in the papers of Egorov Iu. V., Galc’uk L.I., Rus-
sel D.L., Fattorini H.O., SakawaV¥., Glashoff X., and other authors, who used
the theory of non-harmonic Fourier series, moments problem, fundamental
solutions a.s.o. In the sequel we use the idea of H.O. Fattorini [1] to re-

place the boundary controls by distributed controls, that have the same effect
on the system.

2. The parabolic system. We shall consider the following abstract model
of distributed and boundary control linear parabolic system:

® w'(t) = ou(t) + Befs(t)
T“(t) = BSfS(t)' .(t> O)'
whete notations have the next meaning:

u(t) € E, E any complex reflexive Banach space

o:D(c)(CE) = E, a closed linear operator

v:D(t)(CE) —» E,, a linear operator (E,-complex Banach space)

D(s) C D(5)

fs(.) € CY(R,, Fg)-the space &; of distributed control

fs(.) € CY(R,, Fs)-the space &5 of boundary control

F., Fs, complex Banach space

B; = £ (Fg, E)

Bs = £ (Fs, E,).

Let A be an operator with the domain D(4) and values defined by

D(A) = {u/u € D(o) & tu =0}, Au = ou,

which satisfies the following assumptions:
(Ai) D(4) =E
(Ay) p(4) #9;

(Ay,) the Cauchy problem for the equation #'(f) = Au(f) is uniformly well-
posed in R,.

* University of Timigoara.
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- In the a ti — : . . .
s Csﬁlchy PSIS;LI;IG%IOHS (A)) — (Aw), the unique solution of the inhomogene-
{ w(t) = Auft) + g(t)

u0) =u D(4) ' (2.1)

=0, g = C_‘(R.,., E)) is given by -
- _
w(t) = T(t)u + S T(—s)gls)ds . (2.2)

o . SO

'

where {T(t), 1> 0} is a semigroup in €(E), strongly continuous on E.
In addition, 4 is the infinitesimal generator of T'(¢),£>0. Now, if £<€Co(R,4,E)

and u(.) is the solution for the problem (2.1), then it is uniquely defined

from #, by the same representation (2.2) (see. 7. Kato 27). i

For constructing the solutions of the original problem, we must impose additional

requirements on B;. Namely, we suppose the existence of a bounded linear

operator B: Fg — E such that ‘ ’

Bfs € D(o) and «(Bsf) = Bsfs, for every fs « Fg. (2.3)
Finally, we shall call |
8 = {ufu € D(o) ‘& ou € BsFy},
the set of possible initial data for the solutions of (£), and let & s(u) be.
Fs(u) = {fs(.) = &/Bsfs(0) =4, u < 8}.
3. Fattorini’s result. Here we consider the results of H.O. Fattorini
in [1), some of them being used in sequel.

Before, we recall the next fundainental lemma, through-wh.ich, as we show
in Introduction, we can replace the boundary controls by distributed controls.

3.1. LemMa. Let u and f(.) be, where u < 8, fo(.) € §5(u). Then the uni-
que solution u(.) of (€) with u(0) = u is given by

ult) = v(t) + Bf,. (3.1)

where v(.) is the solution of the Cauchy problem
{ v'(t) = Av(t) — Bfs(t) + (sB)fs(t) + Bofolt) (32)

b(0) = — Bf0) (3 0)

is called t-controllable if, for any u <&
€ &(0), such that the adequate solution
fies /|/u(t) — #//< =.[|. Let K, be the
t t of all solutions of (€£)

~ 3.2. DeFINITION. The system (€)
and ¢ > 0 there exist fz(*) € & fs(*) €,
u(-) of (€) with initial data #(0) = 0 satis
subspace of E consisting of the values at the momen
with u(0) = 0,

Sl ) 5o S €5 (0) and K= UK,
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Then (£) is t-controllable if and only if K, = E, the closure bej
in E-topology. ‘ : ©In8 taken

3.3. DeFINITION. If K = E, then the system (L) is said to be controllable.||

This Definition comes back to consider in Definition 3.2. the time # depeﬁd_'
ing on u, e.

In fact, here we define null-controllability, (at the time £); however, we

have that if (£) is null-controllable at the time £, then it is t-controllable with
respect to every initial data #(0) = .

If {T(#), ¢ > 0} is an analytic semigroup, then K, = K for any ¢ > 0. We
are interested in this case, in order to apply our results to cquations of para-
bolic type.

That is why we consider only t-controllability.

Because E is reflexive, the semigroup {T*(f), ¢{> 0}
generated by A*, as smooth as {T(), ¢> 0},
‘verifies T*(t) = T({)*, ¢> 0.
If E is not reflexive, the results can be formulated in a “weak’” form
with trivial modifications.
In examples we shall consider that £ = H is a Hilbert space and 4 is

self-adjoint. Then D(A) = H and p(4) # & are automatically satisfied and
Assumption (Ay) is equivalent to the requirement that 4 is semi-upper bounded,
i.e.,, the spectrum o(A) in the real line is upper-bounded.

It follows from Lemma 3.1. the next lemma, which is to be used later.

3.4: LEMMA. * € K- if and only if the conditions are satisfied :
(B*(T(s)* — 1) —(eB)* ( T() dr) w* =0 (3.3)
[}
'BET(s)* u =0, (3.4)
for 0 <s <&

4. Controllability of parabolic systems. We introduce the bounded l-
near operator )

§(5) = T(5)Bs: Fg — E (4.
8(s) = (T(s) = I)B = ( S T(r)dr)(oB): Fs— E (42)

i

for any s =2 0. -

With these notations, we have that wu* K if and only if #u* €
() {Ker §(s)*N Ker &(s)*} and, from Lemma 3.2. it results the following theorem :

sa(0,8)
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4.1. THEOREM.. The system (€) s t-comtrollable if and only if :
() {Ker s)* N §(s)*} = {0) (4.3)

sa(o,¢)

4.2. LEMMA. Let Fg, Fs be Hilbert spaces and consider the Sollowing linear
operators :

G(s) §(s)*ds: E* —- E (4.4)

W(t) = 5
Wlt) = j 8(s) 8(s)*ds: E* — E. (4.5)

Then u*  K* if and only if
u* € Ker W(t) N Ker Wt). (4.6)

Proof. If w* € K, from Lemma 3.2. it follows that

uw* & () {Ker §(s)* U Ker 3(5)*} and hence, for every v* & E*,
s« (04

we have: 0 = \ < §(s)*v*, G(s)*u*> ds= <§ G(s) §(s)*v*ds, “*>

< 8(s)*v*, 8(s)*u* > ds = < S(S)S(s)*v*ds, u*>.

ll

5
-

O™ w

Therefore |
we = (Wl EXyL N (W5 EF}L = KergW (t) N Ker Wie).

Conversely, if u* € Ker W,(t) N Ker W(t), it follows that
>=0

< Wtw*, w* > = and < Ws(t)u*, u*
Replacing the operators by their integral definitions (4.4) and (4.5), we
can write:

Suq (s)*u* |p s =0 and j *u*lP ds = 0. |

(]

From the contmu1ty of the functions Q( )*u* and 8( )“* lt results that :

§(s)*u* =0 and 8(s)*u* =0 for every § € [0, t]
Consequently, we obtain #* € [ {Ker§(s)* N Ker 8(s)*} and, from Lemma
3.2., that »* e K. sa(0f)
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4.3. TuEoREM. The system (8) is t-controllable if and only if
Ker W(t) N Ker W(t) = {0} (1.7)
4.4. CoroLLARY. The ,,purcly-distributed” control system :
w'(t) = oult) + Befs(t)
cult) = (4.8)
cult) = 0 (t > 0)

is t-controllable if and only if the operator W(t) is injective and hence, if and only
if the distributed-parameters system (A, Bg) is t-controllable.

For the last assertion see, for example [3], since, if By = 0 we can take
B =0 and thus Wg(t) =0, i.e,, Ker W,(l) = E.

4.5. CorOLLARY. The boundary-conirol systcm :

[u’(t) = ou(t)
o wu(t) = Bsfs(t) () 2.0)
is t-controllable if and only if the operator W(t) is injective.

(4.9)

4.6. LEMMA. w* € K;* if and only if
wred V Q(S)Fa}lﬂ{ V 8(S)F::}J'-"‘ (4.10)

Proof. Taking u* E{ V ('j(s) }lﬂ{ V S() siL we sce that vanishing of

{8(s)f, w*) =0 and (8(s )fs, u*) =0, for’ all vectors fe € F; and fg € F, it

implies that u* e (N {Ker §(s)*} N Ker &(s)*}. Then by Lemm’x 3.4. it results
s< [04]

that w* e Ki. Conversely, if u* Ki, then by analogous considerations we

obtain
“*E{V@(sl'}-'-ﬂ{ $(s)L gyt

se[04] € [0,0]
4.7. THEOREM. The system (£) is t-controllable if and only if
{ V g6t N { V 8(s)Fsit = {0}~ (4-11)
s<[0,1) s<[04]

- 4.8. Remark. Because AL N BL = (4 U B)4, the condition (4.11) is equi-
valent to

(Y GOF} ULY BlFs) = E (412

4.9. Remark. The previous propositions extend the methods of R.E.
Kalman [4] for the analysis of the finite dimensional systems.

The extensions of rank conditions for controllability to distributed-para-
meter control system have been obtained by R. Triggiani [5].

oy My denotes the span of the sets V'm'el‘
Y.
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"Namely, we cousider

Dold) = () D(4") D) = E)

and

Ffo = (/o = F4lBsfy & Do(d)}, .

={/s<= Fs/st € De.(4)}.
4. 10. THEOREM. () If " '

v

o
V. A"BI§ = E, (4.13)
then the system (£) 1is t-controllable for every t > 0 (ii) Conversely, if
(a) (£) s controllable ;
(b) A gencrates an analytic semigroup {T(t),
() BFY = BFs and BFg = BF,,

t>0};. ..

then, for any arbitrary time ¢ > 0, we have

V T()4"B;F¢ =E (4.14)
n=0
Proof. First of all, we need the following facts.

Let f§ € FS. Then, the. function

D(s) = <((T(s) ~1)B — (S T(()dr) (aB))] fe u?>

uw* & E*, u* #£0, s [0, ¢]) can be differentiated and we have:

®'(s) = <T(s)z;[?'—"bps § 7(¢)(eB) V2 dr, ut > =

=< T'(S)Bj? - T(S)(GB)fs, WS =
= <T(s)ABf$— T(s)(eB) /5, w>

< T(S)A(BFD) — o(BfS), w*> = <0, wr> =0,
since BfS & D(4).
Hence

o(s) = 9(0) =0,
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and this

s

() = DB = (§ T)an(eB)FS, w> =0, Vs, 1

(i) Suppose that there exists t, > 0 such that (£) is not ¢, — controllable,
We can choose #* # 0 for which

B*(T(s)* — I) ——(oB)*S T(r)*dr)w* = 0
0
and
B2 T(s)*u* =0
0 <s <)
Particularly, we obtain
< T(s)BsF¢, u*> =0 0 <s <.

If we successively differentiate in the last identities, using the equalities.

___d"T(S)’u = T(S)A” ) n = ol 1; 2: LECIEE) U EDQ (A)’

dsn
it follows for s = 0: ;

< A"BFg, w* > =0, n=0,1,2, ...

Hence

w e\ A"BGFE?}

n==0
Now, by hypotheses, u* = 0, which is a contradiction.
(i) We suppose that there exists #* = 0, such that for one {, > 0 is true
.t ! . . © " . L
ur € {V T(to)A"BaF?l ,
=0
that is
< T{t)A"BFE, w*> =0, n=0,1,2, ...
If we differentiate in the same manner, it follows that
< T(S)BGFED; u* > = 0:

in a meighbourhood of t, and hence for all ¢ > 0.
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Using now the previous facts, we obtain

s .

<((T(s) —I) B —(S T(r)dr)(cB))F?, u* >=o

'
(R}

Since BF§ = BF and B/F® = BFs, it follows,

by continuity, that for
every t> 0 we have y y o

<((T(S) —1I)B — (S T(r)* dr) (sB)) Fs, u*> =0

< T(s) BsFg, w*> =0 0 <s<i),.
and this contradicts the controllability hypotheses. ‘

4.11. CorOLLARY. Let b, ¢ € Do(A) be and the system

w'(t) = ou(t) + bf(t)
(%) wu(t) = cfs(t).

We have

() If \/ A"b =y, then the system (8,) is t-controllable for every t >0
[

(i) 1 f”(ﬁb,,) is controllable and A genmerates an analytic semigroup, then for any arbi-
trary time t > 0 we have

v, T(H)A" = E

n=0

(Recesved March 1, 1978)
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CONTROLABILITATEA SISTEMELOR LINIARE PARABOLICE
CU PARAMETRI SEPARATI SI CONDITII DE MARGINIRE

(Rezumat)

In lucrare se studiazi controlabilitatea sistemului parabolic liniar
(£) . w0 = ou(®) + Befg(t), =u(t) = Bsfs(t), t = 0
unde u(¢) € E; o:D(c) = I este un operator liniar inchis;
<: D(z) = E, estc un operator liniar;
D(s) « D(r) =« E; Bg = &(Fg, E); Bs < &(Fs, Ey);
Jo € C{Ry. Fg) = §:fs = C{R,, F's) = §s; I, Ey, Fg i Fs
fiind spatii Banach.
Cind -E este reflexiv se stabilesc citeva caracteriziiri ale f-controlabilitifii Ini (£) de tipul

celor finit-dimensionale ale lmi R. E. Kalman, precum si de tipul celor infinit-dimensionale ale
lui R. Triggiani, M. Megan §i V. Hiris.
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UNE METI:IODE D’AJUSTATION STATISTIQUE
POLYNOMIALE D'ORDRE SUPERIEUR

E. OANCEA, M. RADULESCU

Dans cette note on généralise une méthode d’ajustation proposée dans

[1] pour le cas ou la dépendance entre deux caractéristiques statisti
et Y est polynomiale d’ordre N > 2, c’est a dire: Ques statistiques X

Yy =agxN + ax¥-1 + .+ ay (1)

Pour simplification on expose en détail le cas N = 3.
Soit la courbe de dépendance d’équation:

y=ax*+bx*+cx+d (2)

En utilisant les données d’observation x;, ¥, 1 = 1,7 ol

n.
. Re
i =—2.\'U"
e
on a
m..=’“"~"="“_”,'i=1,n——l (o)
XLy — X h

ol
b= %4 — %, t=1n—1

D’autre coté, les valeurs m; dans I’hypothése que / soit suflisamment petit,
sont approximativement:

m,; = 3ax? + 2bx;, +¢, 1 =171n—1 (4)
et
Mits i Gy, 4-2b, i =1,7—1 (5)

h
Aprés la sommation de (4) et (5) on obtient

n—1 n—1 n—1 .
Em,-=3a2x?+ 2b 3 % + (v — 1) ()
i=1 i=1

t=1

n—1
M =M — Gq Y x; + 2b(n — 1)

h i=]
De ces rélations on peut calculer les paramétres b et ¢ comme fonctions de a:

n—1 il
op =L |ma=m 62 i, @
n—1 h =l
n—1 n—1 2
1 n—1 n—-1 . 1 my —m X __Gl_l_l{ x‘) (8)

2 — Mathematica 2/1979
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Alors (4) devient:
. n
m, = Bas? 4+ [__—_1 —6a 3 x] +

n—1 h i
n—1

n—1 n—1 o
1 2 L my = my Ga ’
+ 1[27715—3(1 ‘22"—— ——ll-_zxi_{—n—l 2%
n— =1 =

n—1 1e=1

=1

1 n—1 1 n—1
My — My X — } ; 2] — mn;

m; — ———
hin — 1) n—1 3=

3a =
n—1 n—1 n—1 2
2 1 ~ 1 ’ 2 ( )
xy — 2% E Xy — — E:A.‘+—-— Z:r
’ 'n—l i=1 n—1 5=1 (n — 1)* =1 d

On observe que l’expression de 3¢ dépend de la valeur de X d'indice ¢
et 4 cause de ce motif on note par 3a; l'expression:

m,,—m,( ) —

——— (% —X)—m

hin — 1 . T

3“; = 2 L —) — ,t=17n—1 (ll)
A — 2x5x0 — My 4 24%

ms

n—1 n—1

n—1
P Zx‘., M, = ! D5 %, m=—1—"2 n;
n—135=1 n — 1 5=1 n—13=1
Dans le cas oit I'hypothése de dépendance de type (2) este vraie, il résulte
que 3a; donné par (11) est approximativement constante :

3a;, ~const. , i=1mn—1

et on attribue 4 3« la valeur

n—1
3a = ! 2 3a'.. (12)

n—1 521

Pour le calcul du coefficient d on utilise la formule:

d==3(y, — ax} — bt —cx,)

n i3
ou 4, b, ¢, sont donnés par (12), (7), (8).

Remarques. 1. Pour le cas N > 3 on procéde analoguement, en considé-
rant au lieu du systéme (6) un systéme de N — 1 équations obtenues dans €
méme mode, comme celles du (6), d’o1 on détermine les coefficients ay, - - A1 en

fonction de a,, puis on détermine la valeur correspondante de 4,;, 1 = 1, # — 1.5t

@y >~ const., 1 = 1,n — 1
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I’hypothése de dépendance pol i , .
la valeur P polynomiale d'ordre N est vraie et on attribue 2 a,

1
ao_—'.h a..
n—-lfgx’ o

2. 1l est possible que la dépendance i
C entre X et Y soit polynomi !

k >'N_ . Mais parce que le nombre des extrémes résultant dIe) l’};.llunalalfudg;(airz
statistique est N — 1, pratiquement on prend comme courbe d’ajustation ge
la’dependance un pPIynoxng d'ordre N. Une telle situation peut étre rencon-
t{eTl qua(;l'dt‘le tpolyuome dérivé de la courbe de dépendance a N — 1 racines
réelles, distinctes, ol quand le pas /4 n’est pas suffi i

d’observation ne sont pas si précises, P ISAMMENt Petit et les données

Soit les variables aléatoires indépendantes :

7 o A= DYig = Vi) = (¥ =Y = (Y = Veou = Vi + YO
' (ki — M, — #)h(n — 1) (13)

ot k;==x,— %, ¢=1n—1 dont les valeurs sont 3z, ¢ =1 »— 1. Alors
la statistique

7 = Z-M
g (14)
\/-n—l
ou
n—1
Z=-Y1z, M=MZ °’I=Dzz
: —

et o? est la variance des variables aléatoires Z;, ¢ = 1, » — 1, dans I’hypotheé-
se que Z;, 1= 1,n— 1 vérifient les conditions du théoréme central du calcul
des probabilités, est normale N(0, 1). Par conséquent pour déterminer un inter-
valle de confiance relatif 2 M, dont la valeur est en fait 3a, on choisit une
probabilité de risque ¢ et de la probabilité

P(IZ| <z)=1—4¢

on obtient
(15)

[} g
7 -2y < M<2+ 2,——
“ ! «/n -1 qJ» ~1
leulée aves les données d’observation.

olt 7 est la valeur moyenne d’échantillon calcule d ‘
On observe que (14) peut étre atilisé aussi pour vérifier une hypothése de
forme:

3a = ao.
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Pour déterminer un intervalle de confiance pour la variance Z (c’est 3
dire la variance de 3a), dans I’hypothése que les variables aléatoires Y, 1 = L 2]

sont normales N(m, c), les variables

Y-V, ¥=1XYv,

i n = i
sont normales N(0, ), on considére la statistique

f=%W—U

=
|
—

et

qui est de type y% avec # — 1 degrés de liberté ct de paramétre 1. En choisis-
sant une probabilité de risque ¢, on obtient un intervalle de confiance pour q:

—_— e

\/i ; (vi =7 <e< L 2 (v, — )

g =
ou a, b, sont donnés par:
P(r2e (a, b)) =1—q.
Parce que
. — 1) 1o S
Dz, = g —L =W 1A yi=1n—1 (17)

W — 1)3(ki — B, — 7%

il résulte

_ N n—1 ] 2
D7 = 2 (Rl 18
Bn — 1)¢ T2 (k; - A_’l, - xT)’ = oL ( )
L'intervalle de confiance pour D27 est:
El (i — _ X ri—yp
L<Dy <=t L (19)
bq ag

qui donne une indicati iv 5 . . T 1.
tion relativement 3 1a dispersion des valeurs 3a,, 1= 1, n—1

(Manwscrit regu le 15 avril 1978)
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UNE METHODE D'AJUSTATION STATISTIQUE POLYNOMIALE

O METODA DE AJUSTARE STATISTICA POLINOMIALA DE ORDIN SUPERIOR

(Rezumat)

Lucrarea prezintd o metodd de ajustare statistic pentru o depgndenté polinomiald de ordin
N > 2 dintre doui caracteristici statistice. Metoda util‘izeazé anumite elemcnt‘e_ gegmetnce_ Fa;e
furnizeazii un sistem de ecuatii din care se pot determina, pe de o parte cocficientii .ecu::itxex (_e
dependentd, pe de altd parte verificarea dependtfn;el de tipul considerat. Se detc"‘;mé. e asei
menea un interval de incredere pentru un anumit coeficient al curbei de dependentd precum g
pentru dispersia acestuia.



STUDIA UNIV. BABES—BOLYAL MATHBEMATICA, XXIV, 2, 1879

A METHOD FOR FINDING THE STRONG COMPONENTS OF A
DIAGRAPH

DANUT MARCU*

In [2], [3], and [4] there are three algorithms for computing the strongly

connected components of a digraph. o
Our papexI‘) suggests a new method in this direction, a method for which

we can write a very simple and efficient computer program.

Let D = (81, @ be a digraph [1] with & = {n), n,, ..., ny} the set of
nodes, and @ the set of arcs. If certain members of & can be placed in a sequence
of the form {m;, 7., (%, %), ..., {n;_,, n;), then the set {{ny, n;), <ny, m.), ..,
oo My, m 0} is a path from m;, to m; in D, a path denoted by v[n;,n,].

For a digraph we consider the path matrix P = (Pij)i'=11‘2z""";"\;'
I1=1,.,...,

where :
1, if there exists a path y[#n,, #;],
#7010, otherwise.

In [5] we suggested a very simple algorithm for computing the path ma-
trix of a digraph from his adjacency matrix

A = (4;)iw1,z,...n defined as follows:
jm12i N
[1, if (n,, n;) € @,
“ =0, if (n, n) = a.

Two nodes # and m are mutually strongly connected (n~m) if and only if there
exist the paths y [#, m] and y(m, n]. Evidently, ,, ~” is an equivalence and induces
2 pta riition of 8T in the classes: Cy, Cy, ..., Cy, called strongly connected compo-
nents. :

Our problem is to find an algorithm for the calculus of Cy, Cs, - - - Cx-

Having this purpose we consider the matrix P* — (P%)i1a. .. N
where : i=12,...,N
P ={P"" xi#s

1, if ¢ =7.

node :‘:I?I?;zm[(( ;*){]j:‘i, 1'(‘; fke strongly comnected component that contains the

Proof. Suppose that Co is Cp = {n;, ny, ny 74}
[ 1 L LTI

* University of Bucharest.
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Because the set Cy is a strongly connected
. component of D, th
exist the paths y[#;, #, ] andy[i,, u,], for all « = 1, 2.p. .. ¢, fact thate?lilgll;g?

P?ka = f):ai =1l forall «u=1,2 ..,¢ (1)

N
Fro 1) we obtain: [(P*)?].. = * | pe _ . »
rm() 1 [( )]u I=EIP" Pn"- 2 _"B'PB"+

B (ks ..., k)

- Pl - Py = L+ 1+ ...4+1404+0+ ... +0=

o< (1,2,.. NI\ (iku k. . by}
t+1=|Co| - QED) ! Nt

THEOREM 2. Let C, be the strongly connected component that 5
node n;. The node n; belongs to C, if angd only if ? hat contains the

[(p*)z]“, = [(P*)z]ii'
Proof. Suppose that »; belongs to C, and let C, = {n;, n, ms,, ..., 7}

Because C, 1is a strongly connected component, there exist the paths y [, 1]
and y[ng, n;], for all B € {1, 4, ky, ky, ..., &}, fact that implies:

Pla=P§i=1, forall B €{1,7,k, by ..., Rk} (2)

N
From (2) and the theorem 1 we obtain: [(P*)]; = ), P4 - P§ =
r=]

= Pl - P+ > Py PL=1+14... 41+
Beli,f, ki ks b)) oS (1,2, .., NINU S, by By ooy 1) =S N
+04+0+ ... +0=t+2=|Co| = = [P*]; - QED)

N—t-2
Now we suppose [(P*)2]; = [(P*)?]i = |C,| and we show that n; belongs to Co.
Let I ={i,j, ky ks -~ R} <{1,2, ..., N} be a set of indices so that:
>4 . Py =1, for all pe I and P} - Py =0, for all o ={1,2, ..., N}\I.
Evidently we have:

[(P*)2)y = | SR, @

where I = {n,, nj, B4, My -+ n,,‘}z,qg N
Let 7, be an arbitrary node belonging to C,. Because C, is a strongly con-
nected componcnt of D, then there exist the paths:

v[#; #,] and ¥ [#g, %] (4)
Because Pj, - P, = 1, for all B < I, there exists at least a path y[#;, #;]. Henc<]a,
cee 1),

having in view the relation (4), there exists a path y[#;, #; = [n, 0 e
v, ie relation (4 Hence, the node #, belongs to 9t and we have:

fact that implies P, -Psj= 1.
C, < M. ©)
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5) results, having in view the equality [(P*)?2]; = [(P*)s),
P-;Iollg %3)&?;? éo)= o1, and evidently #; € Co- (QE.D.) )]
- ?1‘1'1e theorem 2 suggests, for computing the strongly connected components
of D, the following very simple

ALGORITHM

1. Set v; =1 for all i=12 ...,N,and k=0
2. Set i=01. o9
.Ifv.=0, go to 9.
i. Se:'k = kgi— 1, constructs the set C; = {n;}, and set v; = 0.
5. Setj=01. o 8

6. If v, =0, go to &.

7. If [j( *)’],-jg= [(P*)2], then set C, = C, U {#;} and v; = 0.
8 Setj=j+ 1. If j <N, go to 6. »

9. Seti=1+ 1. If i <N, go to 3; else STOP.

(Received June 30, 1978)
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O METODA PENTRU AFLAREA COMPONENTELOR
TARI ALE UNUI GRAF

(Rezumat)

In lucrare se prezinti o metoda

. are
. N cntru determinarea componentelor conexe in sens t
ale unui graf orientat. Mctoda este dat . P

4 sub forma unui algoriti.
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ON AN ENRICHED THEORY OF MODULES (1)

GRIGORE CALUGAREANU

0. Introduetion. Thi i .
EilenbergKelly's asmgﬁzpe;w%?; . elrlltlrelg' t\};e terminology from the
monography will also be used. Therefore pig [d]. s pults from this
we shall denote by [III, 2.4] (square Dokt (gl er to simplify the references,
or corlollary) 2.4. from the chapter III of e[3)] ¢ theorem {lemma, proposition

n the third chapter of the - ' ) .
Al{gebra [4], the authI:)r is bouhnde\:,ldé}lr{ 11;) vg'lrnl\rfl:tgianioI:lgiZa?acgirecawgoncfl
category with a multiplicatio i ot gory Z (2
I_/o O abelian categor;y andngh :%c}}ﬁﬁc:g?% rfethnc;;mI//ely eIr;ou_gh conditions :
right exact in cach argument separately. In su(.:h0 oy g ditive and
he defines the notion of V-algebra (in the .present aaecitlf'gory _(ca]le'd fensored)
a monoidal monoid over V) in a natural way (suchispt}:‘ _lsdnotlon will be called
t[l]), showing that V-algebras also form a symmetriclsrifon(;tilsall)ycieegzrirb gh:
fégxs-orinlt):glr:;gz’f' tggng)—f;ﬁ:r;as being essentially determined by the , middle

Further on, for a fixed V-algebra R, he defines the notion of left R-module
laol:;iintgh:eifcr{/rr;assgo&il;)gregoct;cgz (c))rf msc:)rli)gshm. ’.[;he resu}ts obtained are the fol-
tative V-algebra R, and, if V isg a ze’:nsored cif:gc?rg)?rgn?i Iren g.dIl’l}:is ggf'; at]io?mu_
tor F:V,— oMV with F(A) = R® A i djoint < forgetfull functor
2l 0 VR' A is an adjoint to the forgetfull functor

ceM Y = Vo, both functors are additive, G is exact and F is right exact.
paper works out the closed and moncider dlosed part of the theory of modules
( _ al closed part of the theory of modules
over a fixed monoid, theory, which for MacLane only worked out the monoidal
part. Secondly, the author elaborates this theory in considerably weaker assum-
ptions, assumptions present in almost all concrete categories (the abelianity
condition evidently being not of this kind).

In the first section, the basic notions: closed and monoidal monoids and
the corresponding morphisms, left and right R-modules over a fixed closed (mono-
idal) monoid R, are defined, and the basic situations: in a monoidal closed
category, closed and monoidal monoids may be identified, etc., are studied.

In the second section we successively prove the “enriched” versions of the
following classical results : every ring can be viewed as a category with a single
object, the category of modules can be identified with a suitable category of fun-
ctors from the category with a single object mentioned above, the category of
modules inherits properties, such as completeness, fron the category 4b. Assum-
ing. that the basic category V, has equalizers, the monoid of the biendomor-

phisms is constructed and the classical results about it, proved.
ove several results that are leading us

In the third and final section we pr . ‘ ]
to the following result: if V is a symmetric monoidal closed category with equali-
zers and the functor of subjacency V' preserves equalizers, then the category
MV of the left modules over a commutative monoid R, is closed.



GR. CALUGAREANU
26

: ] h more weaker conditions, the results of Ma
~ recovering , 11 muc S cLan
After noigde’ll structure of MV, we prove our principal result: ;¢ §
o symmetric monoidal closed category, Vo has ;qualzzer 5 I‘é"‘d coequalizers, R 3 a
’2; nutative monoid over V, V preserves equaiizcrs an ® — preserves Coeque
;'oz,grs then MV is a symmetric monoidal closcd category.
12618,

concerning the mo

. . :FINITION 1.1. Let V be a closed
otions and results. DEFINITION Y ed category,
A closlc‘dB;Sol:«:o?d (R, e, n) over V copsists of the following data: ap object?g
in ¥, and two morphisms ¢: I —R, #»: R— (RR) in V. These data are t,
satisfy the following axioms:

R—T— R AN

cM1 (R(RR)
Lﬁg /(n.Y)
(RR) — B (RRYRR)
Rx—B— Re—&

CM2 le’)\ ni A? arc commutative diagrams.
(RR)

DermnitioN 1.2. If (R, ¢, n) and (R, ¢/, n') are two closed monoids over
V,amorphismf: (R, e, n) — (R’, ¢, #') of closed monoids is a morphism f: R — R’
in ¥, which satisfies the following axioms :

R-L_,B
MCM1 'R l A

R-"—’(RR)\M)
MCM2 fl ) are commutative diagrams.
’é. . SRR t.1)
P r. A . . . d
MOnoid,ROPOSITIOI\ 1.1. For each, object A from V,, ((AA), 74 L4 4) 15 @ clos¢

V.Proof. Straightforward from axioms [CC1—3] for the closed structure

We shall denote by MonV ¢

. v
and of the morphisms he category of the closed monoids oVer =

of closed monoids.

— Let (R: ¢, n) be a

DEFINITION 13. An .
oy (R, e, n) — ((AA), jm Lﬁ Ob]ect A

. - . m
IV, together with .a morphis
over V.,

le
a) of closed monoids is called a closed left R-mod#
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DEerFINITION 1.4. If (4, «,) and (B '
0 (A ) e (B g i morﬁz . (B, «p) are two left R-modules over V,

AL . sm of closed left R- if 04— B
morphism in V', which satisfies the gxiom eft R-modules if 6: A— B is a

RE‘A..(AA)
CRI1 o ne)
®,1)

(BB=4 (agy
We shall denote byk MV the category of the closed left R-modules with
the morphisms of closed left R-modules.
ProrosiTiION 1.2. R admits a canonic stru
over V.

Proof. Obviously, n: (R, ¢, n) —((RR), jg, LR.) is a morphism of closed
monoids.

cture of closed left R-module

ProrosrrioN 1.3. Each object A in Vo has a canonic structure of (AA)-
module, over the closed monoid defined in proposition 1.1.

Proof. The identity of (4A4) gives the required structure.
— Let V be a monoidal category.
DEFINITION 1.5. (Bénabou) A monoidal monoid (R, e, m) over V

consists of the following data: an object R in V, and two morphisms ¢: I — R,
m: R® R— R in V,. These data are to satisfy the following axioms

(ReR)eR —IBE_, ReiRem)

} met ' fiem
M ROR ,R&R

Re| 122 ror<®l oR .
MM2 '\F\‘ml . are commutative diagrams.
‘R’a.

‘e, m two monoidal monoids

DrrinitioN 1.6. If (R, ¢, m) and ({3 ) €5 m') are onolta, >

over VL almorj:hism f: (R, e, m)— (R ¢, m) of monoidal monoids ib adm&fe
phism_}‘: R — R’ in V, which satisfies the axiom MMM]1 = MCM]1 an

axiom
Rer-Dp
MMM2 for | ) I
R.onJn__.R.

] AR d ! monoid over K for each
Proposirion 1.4. ((A4), ja Maa) 15 a monoiad

object A of V.. )
Proof. Obvious by axioms [V

C1'], [VC2'] and [VC3] for the special case
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mMonV the category
We shall denoﬁfsnlg Omeonoidal monoids.

of the monoidal monoids over
V and of the morp (\IacLane) — If V is a symmetric monoidg] categor),

PropositioN 1.5

ther S%Vis rgg 12)/.[4] for the proof of this result.
€

7. Let ¥ be a symmetric monoidal category. An anjp,,
DEFINITION 1. .R' ¢ _;n') of monotdal monoids is a morphism f: Rap
phism f: ('51,1 e, 1%)5;;5( e axiom AMM1 = MMM1 = MCM1 and the axiom
in V, which sa :
m e ReRD.g ReR - T~
cml ) (@t
3 t
MM2 ReR o or o O
4 fot l RRJ ,
ReR-M.5y LS

ditions being equivalent by the naturality of the isomorphisms
these con

P 1ox 1.6. If (R, e, m) is a monoidal monoid over V., then (R, ¢, m. ey
roposITION 1.6. If (R, ¢, .

] wonoidal monoid over V. . N

" als‘}’:'lo;} The commutativity of the following diagrams

- Q > Re(ReR)
co‘\ VM
ReRI6R % Re(RaR) Rol- B2 ,pen«el_ pR
mel| Srolpor) 21— iror0r’ l“’"‘ Ic
ReR_  liom me| o ReR Rel
e\Rim ReR"

N,

follows by coherence, natur
and MM2 for the monoida

Derrxition 1.8. If (R, e, m)
monoid defined above will be ca

Obviously we then have

CoroLLarY 1.7, fi(R, e, m) —(

monoids iff f is q morplism
or iff fis a morphism of
of (R, ¢, '),

As for the follow;

category V. We shall mak

Tasc V(4

Prorosrrion 18. If (R, e, n)

is a monoidgl
over V, then (R

Jrom the opposite monoid of (R, e, M) i1 monoid
monoidal monoids from (R, e, m) to the oppos

ng, we shall consider a (§ymmetric)
e full use of the bijections

. ; 01da
. Lonversely, if (R, e, m) is a mom
1 a closed monoid over V

F& !c

id'g 1 R ‘_l@i.
kY
N Ve

. axioms MM!
ality of the isomorphisis ¢ and by axioms
1 monoid (R, ¢, m).

idal
. . ., 7 the mouoid
is a monoidal mouoid over ¥, the

lled the opposite monoid of (R, e, M)-

idal
n of monoid?

. : 1S}
R', ¢, m') is an antimorplis t0 (R, €™

monoidal closed

® B, C) — V(4(BC)). —r ()

. ) y e, TRRR .
1s a closed monoid over V then (R’. ' ! mo-ﬂ‘”d
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Proof. We shall show that
I—f—R IoR 28100,
(a) R l,, implies R lﬂ“(n)
(RR) N ﬁ

wre  being a bijection, the commutativity of the ri
to mypp(lr) = Tipg (n71(n) - e ® 1). In proving the |
equalities from [chap. IT]. Indeed

ght triangle is equivalent
ast equality we shall use

n(n=(n) e ® 1)BH) = n(m=l(n) ce) =m .o = j{IN = w(le).

Next, we have to show that

r—R g ol -182,ReR
(h) nl /é implies R 1?" &)
(RRY R

Indeed, w(z='(n) - 1® )N = (¢, 1) « n(m=Yn)) = (¢, 1) - 1 = i = =n(rg).

Similarly,
(FeRIOR —9—ReReR)
R--L—(RR) N o PETY Jm Iy
(c) n RRRY  implies ROR.  FeR
! & ) TN Ay
RRIFRYRRIRR) P

In this case, we shall prove that ng g rrTrerrr applied ;co the right diagram is
commutative. We shall use [(3.22)] in the following form

R(RR)Mw—Q@RR
il o
RRIRR) L2l —tRiprp
Indeed, n(r(r=i(n) - 1 ® =~'(#) - @))@aoy = p - ®(w7(n) - 1 @ =~} ("))emy =
— - (i), 1) - nOm = (1, 1) - Lig = (L) - #lO0 =
— (- 7 ()] = (m(n=2(n) - w0 O = w{n(xi(n) - 7Hr) @ 1)),

p p i ’ us
Slllll ar ) e e

19)) = j
(a’) n(m) - et®M = x(m - e® 1) = =(la) = I

(®) (6 1) - m(m) @M = x(m - ¢ ® 1) = wlrg) " = g
() (1, 7(m)) - w(m)(E0) = n(x(m) - m)1N = mr(m - m @ 1) =



GR. CALUGAREANU
30

—ar(m - 1@ m Q)19 = p - a(m - 1@ m)EN =12 - (m, 1) - n(m)sz, -
= (x(m), 1) - Lzr - =(m).

By a simple application of [( 1)] we obtain

3.
Proposrriox 1.9. Iff: (R, ¢, 1f) — (R,’, ¢, n') is a morphism of closed mongig
over V then f: (R, €, ==(1)) — (R, ¢/, ==}(n')) is @ morphism of monoidal mono; is
oper V and conversely. -

“According to these two last propositions, in a (symmetric) monoidal closeq
category ¥V, we shall identify closed and monoidal monoids, speaking Toughly
of monoids over V. In doing so, (R, ¢, %, m) will denote a monoid over V such
that n(m) = n. Similarly, we shall use morphisms and antimorphisms of mouoids,

DeriniTION 19. (MacLane) — An object A in V, together with g
morphism y,: R® 4 —+ 4 in V, is called a monoidal left R-module over V if

the following diagrams are commutative

(ReR)eA —L—-Re(RA)
IOA-\@L‘RM mell Iva
A\ [ ReA ReA
N NG

Remark. A monoidal left R-module may also be defined as an object 4

in V, together with a morphism e, : (R, ¢, m) — ((44), 74, M44) of monoidal

:ia;(énoi%s (using proposition 1.4). One simply gets the above definition apply-
n-l

. DEFINITION 1,.10 (MacLane) — A morphism 0: (4 )_,(B -
IIS, Czlxl;(eid a morphism of monoidal left R-modules if fP: A — B.i(s :;.Yr;lorphism in
[}

Roa-SA_,p

o

ReB¥B.g
1S a2 commutative diagram.
One i : ..
monoidal lcee;fc1 ?.Sx;gdsutiow (in a similar way to the last two propositions), that
be identified with th €S Oover a symmetric monoidal closed category X cat
use only the notion §f1°sfd ones. According to this, in what follows, W€ shall
for monoids, by o eft R-module and morphism of left R-modules. 2
we shall denote by, REI’I}A'E \eVe shall denpte a left R-module with a4 = (Y4l
Let 1% be a Corresp()ndlng category. .

: — Sym H . .
monoid over V. ymmetric monoida] closed category and (R, e, #, m) a fixed
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DermNITION 1.11. (MacLane)

morphism 3, : A® R—~A4inV

diagrams are commutative

¢ An object 4 in V together with a
o 1s called a 7ight R-module ove;)' YV if the following

. (AeRIR —9—310(ReR)
Ag) 82, nep 5,01 o
A B AgR AdR
,ll N,

' Remark. A right R-modple over ¥V may also be defined as an object A
in V? togj_ther with an antimorphism of monoids B, : (R, e, #, m) — ((44),
Ja» Liaa, M44). In proving that these two definitions are equivalent one has

to make use of the following natural isomorphisms sg,,: (R(A4))— (4(R4))
which exist, the V-functor L4: ¥ — V being a self V-adjoint to the left.

DeriNiTioN 1.12 (MacLane) — A morphism =:(d4, 8,) — (B, 35)
is called a morphism of right R-modules if ©: A — B is a morphism in ¥, making
commutative the following diagram

AeR-2A.p
4

eon—§-9-9

In a similar manner, =: (4, B,4) — (B, Bp) isa morphism of right R-modules
if the following diagram commutes

R -[:’t‘——dAA) )

pB, (1.3

(g8) L2 (aB)

We shall denote this category with MVpg. '
Proposrrion 1.10. — R admils a canowic structure of right R-module
over V.
_Proof. We have to verify that Br = w(n=1(n) - ?RR) :.(R, e, n, ﬂ:l) - ((Rdlie):
jg» LRg, M3g) actually is an antimorphism of monoids, i.e. the following dia.

grams are commutative

R TimerR) RR) [!c[?i R

AN
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1o <=1, the first is equivalent to l.R =m-Cr @ 1l=m- -1Re.
whichUi:lgi\lz o (R, ¢, m) by o's naturality and coherence. As for the Seco;fék
using [MC6] we have Cgg * CRR = 1 and so V\;e have to check' B-wi(n).c. o
S LEy @ or B xe) = lee) B teng (SN dn the
application of = we get CM 1 'for . From proposition 1.8 this is equivalent
to MM1 for =-1(p). But this is true by proposition 1.6. ,

_ Let (R, ¢, 7, m') be a monoid over V and f : R'—R a morphism
of monoids over V. If (4, a,) is 2 left R-module then using o, - /. [ induces on
4 a structure of left R'-module. (4, a4 - f) 18 called the R’-ification of A. In
this way, a morphism f: R’ — R of monoids over ¥ induces (details are straight-
forward) a covariant faithful functor f: MV — mMYV (identical on morphisms).
Now, if f: R — R is an antimorphism of n}onmds over V, it induces a covariant
faithful functor MV — MVg. The identity l,: (R, e, m) =~ (R, e,m - cpp) is
a canonic antimorphism from the_mon01d (R, e, m) to its opposite. This anti-
morphism induces two category equivalences gtV — M Veand xMV — MV o,
equivalences which permit, in a symumetric monoidal closed category V, the

well-known identifications. o .
One can now define and recover the basic situations for bimodules. Details

are now straightforward.
9. »Enriched” versions of classieal results. Let V be a monoidal closed
category and (R, ¢, #, m) a fixed monoid over V.

-—
=

" PIISOPOSITION 2.1. The following data form a calegory [R] with a single
obgect K

_ @) [R)R, R) = VoI, R); (ii) for each 7y, 7, € [R](R, R) the “composition”
1S 1 xrp=m" n®7rg - il=m -7 ® 7, - i I — R; (ili) the morphism
e: 1 — R ts "the identity” in [R](R, K).

Proof. The associativity of the composition (ry *7y) % 7y = r * (F2* rs)
can be deduced from the following diagram (rixra) % 7a v e

J rfol/"»'@’”@f (B2 srerier Melper
I
(——le] la
: ) ORRR R
11N g 8201 S
(la) Re(ReR) LD ReR

3

l%i’()eidr(e(§025 n:;’mén}lte by [MC2, MC5], naturality of a and MMl for the

1, one eas'i ’ h. sing 7; = I, and the naturality of the isomorphisms 7 an

, Usinl yt }f ecks that e actually is an identity.

functor Vg.V 1s result and the well-known representation of the subjacency
: ¥ — Ens given by [I, 2.1] one gets

Coro r . .
object R - LLARY 2.2, The following data form a category [R]) with a single

i R ' = 11 .o g
’_’1:1'(2)=[V]1'}§§’V§—)1_ V(R) Eﬂ(“) Sfor each 7y, 7y € V(R) Mihe composm‘m ' ’3
in [RY(R, R). & (1) * Vig' (r); (iti) the clement Vig' (e) is "the identity

The categories [R] and [R)' are isomorphic.
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ProrosITION 2.3. The Jollowing data Sform a . )
ROT ! LOWLN a V-category {R)} : b :
only zR ; (11?[ {R;{(R, 5) )—- R, object in V;?; (i) a mo—rplzisfn y]R{ : } Jl{)R(i(JR {113_\,})
namety €.l —>I; (1V) a morphi : > oy
wamely m:R@ K — k. 1" Min: {R}(R, R) ® {R}(R, R) = {R}R R)
axiomzs). roof. Axioms of V-category are easily seen to -'c?i.ncide with the monoid
More important for what follows is now

THEOREM 2.4. There is a canonic identification between t ‘
) 2 e calegory MV
;f Ze{t R-m;dzgzes ;jnd tmor{:lnsms of left R-modules and the categorygofythka V-
unctors an ¢ V-natural transformations the V- (a:
V-category over itself). f from the V-category {R} to V (as

Proof. A V-functor T:{R}—V consists of a function obj {R} — obiV’
that is, an object T(R) = 4 in V, and a morphism TRR:{R}(IJQ,{R)}—» (Alil—)
that is, Tpp = a,: R—(4dA) a morphism in ¥, such that

R(|¢R-IIL~R

* %’(AN Op B0 k‘A
¢ /ﬁ May

i aelan—24 148 4)

are commutative. But this proves that a,: (R, e, m) — ((A4), j,, Mi4) is a
morphism of monoids. The rest of this proof goes similarly.

COROLLARY 2.5. There is a canonic identification between the category
MVyg of the right R-modules and the morphisms of right R-modules and the cale-
gory of the V-functors and the V-natural transformations from the V-category
{R*} to V. '

— Before giving the next result, we shall introduce here an obvious fung-
tor of subjacency W: gMV — V, defined by W(4, a,) = A, W(f) =f W is
obviously a faithful functor.

PropostTioN 2.6. If V, is complete, so is RMV.
Proof. This result can be derived from a more general one from [2].

We also derive

CoroLLary 2.7. The functor W reflects monomorphisms, epimorphisms and

limats. - .
. . : ; followed : conditions

Remark. At this point two directions could also be
on V in which some p?operties of V, are inherited by MV ; the second, the
construction of a left adjoint for the funcpor W, or,. the'c.onstrucuon of the
“free” left R-module over an arbitrary object of ¥, Satistactory results can

be found in [4].

In what follows, we supp
gory and that V, has equalizers.

ose that V is a symmetric monoidal closed cate-

3 — Mathematica 2/1979 -
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Levya 2.8. Let (A, a4 v4) and (B, ay va) be two. lefi R-modules.
We have :
. ‘ n
equ ((lre., Ys) ° HEs (v, 14) = equ((xp, Lam) - Rpa, (04, liap) L:,'B)

Proof. First, since o, = n(y,), an easy applicatioxz lof [IT, (3.22)] shows
that (v, 1p) = prin- (@4 Lam) . L4p. We show that pras '.(%» lus) - RE,
=(lre4, Yn) .H%, and this will prove our lemma modulo the isomorphism Pray.

From [p. 545] we already have the following commutative diagram

R ReB
(AB)——BA______- ,(BReB).(4.R2E)

R
Hag g

. P
(ReA.ReB)~ -RARB. .. (R(x Reg)

Further, the following diagram commutes by the naturality of R and p-!

R .

HaB

gReb (U 1)
(aB) —BA.(BReB)(ARE) -BR—(R(AR®B) ——(ReARSE)
RAReB

RSA ] 0.0.8g) J 00.55) l 0.5g)

-1

1
088010 (5 RepNag) “BR . (R(ag) ~RAB—(REAB)
C{TIR

(BBXAB)

using for the bottom triangle [II, (3.4)]. But the exterior is just the required

equality.
We shall denote by {4 B} and call the objcct of the morphisms of R-modules

between (A, oy, v,) and (B, ag, v5), the object defined by the previous lemma.
 Remark. If V preserves equalizers, and f V({4 B}), one has for the
first member in lemma 3.1

Volta 1)(/) = Vollzea, va)(V (HER)(f) = Vol(lrea, Y5)(1x ®S)
which is the definition of the morphism of monoidal left R-modules. S

using the second member, one finds the definition of the morphism O

left R-modules. )
Hence, if V preserves equalizers, V({AB}) = MV ((4, as), (B, ®8))-.
' — We then have a subobject (in Vo){ {4 %3)} of (AB). The corresponding:

monomorphism will be denoted by equ,,: {4 B} — (4B).

Lexma 2.9. We have (ag, 145) - RE, - M2, equpy ® equ,“;
- Lis - M2, . : B
48+ Myup - eqQugy @ equyy, d.e., Mg equgy ® equ,g- factors throug

imilarly,
£ closed

= (aA, 1(AB)) ‘

» {AB}:



ON AN ENRICHED THEORY OF MODULES (U]
35

Froof. mac. Shall use, dmong others, the following five facts: the V-func-

toriality of R®:V® — ¥, that 1s, the commutativity of

: 8
(AB)@(BB)L(BB)WQ—”AH.,(AQ
e

8 .8 Mm%
RBAQRGB JRSA
(G
(BaBa) wee (eeka
(6BXaE)

the V-functoriality of L4:V — V, that is, the commutativity of

mMB
{BB&XaB) '_L‘(AB)

‘r:am;él; s
‘(AB!ABf)e(AA)MAB»ﬁWAA)M
the naturality of A/, that is, the commutativity of. the next diagrams
AB) , B9
(ABAENGA A)AG) _ﬁ&\).@_.m,ug, " (88)ABI0(BE)EE) —BHAR _goeyagy
e B o) 'steg! | | (eg:!
(ABXAemmsn-—'f?JBAH_—__. ! Mo
(Riad iBsKABYe (REE) —RIAE (R (B)

and the commutativity of the following diagram, derived from [III, (4.4)]

B .., 8
_Rpa®lBB ., (eB)aB)e(BBIBE)

(AB) ¢ (8B} s
Mea)(a8)

((BB)(AED

c v ,
o . (AB)
(aB)(E8) M4 g

L A oR 8
(66} (AB) —BE—BB—» (AB)AB) o (EB)(AS)
(ag 1) - Rgd < M5By - equpg ® equgp =

Using all these, we have
. RE, @ REs - cisman - ©Quss @ €QUas =

BB,
= (ap 1) M35, 5

= MZin - 1® (2

(05, 1) - M{BBam -

1) - Ras® Ris - equp ® €qUpp * (48}, (88) =

: + C(48),{BB} =
‘R34 ® L3s* equfqa @ equpgg * C(48).( i
equis ® €qQUpg * C(48), (88} =

. A’ B | e 8) °
= (ap, 1) - 1Wf§g;,(43) . Lis® R4 C1a8), (88)
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. g (4B) oy d B ‘u‘ eu =
= (ap 1) - anu).(,AB) . Lss® Rna - €4 pp ® €QUyp

MGy 1® (ag 1) L2 ® Ria - €dtipp @ 4tap =

I

=M% 1® (a4, 1) Lis @ Lis - equps ® equyp =

: A A —_
(g 1) - MGD, am - Los @ Lin - eqL.1,,,3® €qU.ep

A B
= (og, 1) - Lin - Mus - equpy & equp-
We now prove our main theorem

TueorEM 2.10. Let (R, ¢, n, m) be a monoid over V and (4, oy, v,) be
left R-module. {AA} admils a structure of monoid such thal cqu g, is a morphism
of monoids over V. . '

Proof. The components of this monoid are denoted by juy 11— {44}
and My : {44} ® {44} =~ {44}. ’

We shall prove that (v, 1) - 74 = (lrg4, Ya) - H R j4 and derive from
here a factorization of j,: I — (4 4) through {4 A} which yiclds our j). Indeed,
one reads from the diagram of [p. 483] that KX -j, = jigx and hence HX .

- j4 = Jrea using the naturality of j. The stated equality now follows using
again the naturality of j. Thus, we have j, = equ,, * j4).

Next, using the previous lemma for A = B, we derive the existence of
M4y on the commutative diagram

{AA]®{aA) J_(L_,iA A)
equ®eqy l i‘qu
o
MAJO(AA)—MAA._.(AA)

So, if we show that ({_AA}, Jiap Mq) is a monoid over V, the above
equality and commutative diagram will show that equy, : ({44}, j Mw) =
— ((44), j4, M4,) actually is a morphism of monoids. We must check MM]

and MM2, that is, the commutativity of the following diagrams

{laajelaalelanl ——fanlellanlelan))

Mam o) (ol AL niplanl JAZetan)
(aslelaa) {AAle{an)

. N ) Ma)

{aal © ~ al

As for the first, the equal; i net
by compoting 1 oyihe quality to be checked is equivalent to the. one Obta;ne

ft with equ We then : 4 (a4’
- equ ® equ) ® equ — 14 . | 44- We then have to verify Mua -
® equ M4a4 equ ® (1\414 * equ® equ):- q. Applying ©® to potb
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members, we successively have (using the naturality . . |
and (3.22)]) o7 TR g the maturality of L, [CC3), [11, (3.19)

TETC(MjA . (‘WI‘:A . e(‘]u ® equ) ® equ) = n((equ, ‘1) .YL‘:A M4 equ ® equ) & "; .
= (eaw feat, 1) - L2 L “equ = fequ, fequ, 1)) - (1, L) - L, - equ =
= feaw, (et V) - (Lo, 1) - L8 L ooquem - vt oot s

= (equ, 1) . (L:h 1) N (1, (eqll, 1)) "Lgﬁ,(d‘q) ‘bLJ,( cequ = : .
= (equ. 1) (Lo 1) - ((ea, 1), 1) - Lidfen Lda Cequ= 7
= (r(M44 - equ ® equ), 1) - Lf,’,'ﬁ,’ a) * Liaa - equ =

= (Mia-cqu@equ, 1) Lis - equ = p - =(Mh; - equ@® (M -equ® equ)) =

= nn(Mis - equ @ (M4 * equ @ equ) - a). t IR

Finally, the last two equalities are equivalent (by left compésitib;'l with

equ,,) to equ - 7p4n = M4 - equ ® 74, equ - lggy = Mty "]' ® equ. Apﬁly/ing
= to these, [II, (3.1), (3.15), (3.172 and (6.2)] and also axiom,sl,‘[CCl] and [CC2],
one easily gets (I, equ) YAy = Yaa - equ, (1, equ) - jug = (equ, 1) - jiaaq), true
by naturality of ¢ and j. e

CoroLLARrY 2.11. Each left R-module (A, «,) has a canonic structure of
left {AA}-module, namely (A, equ,).

DeriNtrioxn 2.1. The monoid ({AA4}, jiy, M) is called the monoid
of the R-endomorphisms of (A, ay). One can now iterate this construction getting
the monoid of the biendomorphisms of the left R-module (A, «4). More exactly,
this monoid is {4 4}} =Equ ((equ, 1) - Ri4, (equ, 1) - L}4) where Equ: {{AA4}}—
— (4.1) is a morphism of monoids over V.

TugoreM 2.12. If (A, «,) is a left R-module, then there exists a canonic
morphism of monoids over. V, Yt R—{{AA}}, such that the diagram

. 2l San)
A A
\R‘/é is commutative.
Proof. By the equy,’s definition we Hhave (a4, 1) - Ri.- equ =
= (w,, 1) - L44 - equ. In fact, we must prove that «, factors through Equ, i.e.,
(equ, 1) - L4, - «, = (equ, 1) - Ri4 - ay

ing ing analogous of [II, (3.1)]: ==Y((g, k)xf) = h - ==*(%) -
f® I;S;ggl at:;}yt;zléo::?gto the egualities above we get the following equivalent

ones
A .
(1) My Caapas - QU oy = M4, equ® «,, respectively
A AA), a1 i
(2) Mis 2, ®cqu= Mi4 - canan - %4 ® equ. Using C(a4),44) = €(A4).(44)

and the naturality of ¢, one obtains (2) by a right composition of (1) with g (a4)-
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i ' : : i hism of monoid

ally, we show that ¢,: R — {{44}} is a morp s over

|4 Fif;l:, -3; - e = jyay is easily seen to be equivalent to «, -'e =j,bya

§fx;1ple left composition with Equ. Next, ¢, - m = M way * Ya ® 4 combineg

with Equ - My = M4 - Equ ® Equ (true, Equ being morphism of monojgg

over V) is seen to be equivalent with ]lg 40 2, ® ay = a, - m which is true,
oir hism of monoids over V. ) .

a4 bel_fgv?rena?ll call §,: R — {{AA}} th)e canonic morphism from R to the
id of the biendomorphisms of (4, ).

monmRe?nark. Using ¢4 on)ae can define faithful and balanced left R-modules,
We conclude this section with the enriched version of a wellknown result :

ProrosITioN 2.13. {{{44}}} = {44} ) )

Proof. We have {{{A4}}} =8qu ((Equ, 1) - R4s, (Equ, 1) - L%,) and
{AA}=equ ({4, 1) ‘Ris (240 1) -LﬁA), these being subobjects of (AA4).

We only have to check the following two equalities (x,, 1) - R4, - 6qu =
=(ag 1) - Lis - 8qu, (Bqu, 1) - Ris - equ = (Equ, 1) - L%, - equ. Using «, =
= Equ - ¢,, the first one obviously follows from the definition of &qu. The
second can be deduced from (equ, 1) - R44 - Equ = (equ, 1) - L4, . Equ (which
is true by Equ’s definition) in a very analogous manner to the first part of
the proof of theorem 2.12.

(Received July 6, 1978)
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ASUPRA UNEI TEORII TMBOGATITE A MODULELOR (J)

(Rezumat)

a lui Es ;ulxzu;a; edrege:ic e;gn:?]monggraﬁe despre categoriile inchise, monoidale si monoidal inchise
modulelor peste un monoid fith [3], autorul elaboreazi partea inchis si monoidal fnchisi 8 teoriel

dald in condifii mai restrictive, | teorie pentru care MacLane a elaborat in [4] partea monoi
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A COMMON FIXED POINT THEOREM FOR A SEQUENCE OF
MULTIFUNCTIONS . L

VALERIU POPA*

1

The purpose of this note is to prove ;‘va common fixed poi
) ) X t th
a sequence of multifunction on a nonempty complete:emtgz?';:’:1 spaizr(z; fdo)r
which generalizes results of Rus [1], Avram [2], Ray (31, (4], Is éki
Eg % ang [\82V]0 ng [6]. The method used is a combination of methods. used in
an . - o )

We denote by CB(X) the set of all nonempty closed bounded subsets of
X, and by H the Hausdorff-Pompeiu metric oan B(X)

H(A, B) = max [su‘p d(x, B), sup d(y, Al)]
S€EA yeB

where A, B € CB(X) and )
d(x, A) = inf d(%, y). W

yEA

Tt A, B € CB(X) and k> 1. In what follows, the following well-known
fact will e used: For each a € A4, there is a, b € B such that

d(a,b) < k- H(4, B).
Let T : X — X a multifunction. Denote F(T) = {x € X; x € T(x)}.
Tesmyma. Let Ty T (X, d) — CB(X) be two multifunctions. If. .
H(Tox, Ty) < ayd(%, y) + ad(z, Tox) + ad(y, Ty) + ad(x, Ty) +

+ agd(y, Tox) (1)
holds for non-negative a;, i=1,...,5 with
s
e <1 @)
=1

for all %,y € X and F(T,) # @, then F(T) = F(T,).
Proof. Tf u € F(T,), then by (1)
d(u, Tw) € H(Tow, TH) < (a5 + aq) d(u, Tw)

which implies d(», T#) = 0. Since Tu is closed, this shows that « < Tu, which
implies F(T,) C F(T). Analogously, F (T) C F(Ta):

* Institutul de invaj#mint superior, Bacdu.
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Turorem. Let (X,d) be a nonemply complete melric space and {T,},.
(ons of X into CB(X). Suppose there are nomzegatiz,e :caal

sequence of multifuncti
wumbers a;, i=1, ..., 5, such that

H(T.x, T.y) <ayd(%, y) + axd(%, T1x) - ayd(y, Toy) + aid(%, Toy) + asd(y, Tyx) (3
for all x,y € X and n > 2

5
2a<l1 2

=
ag = Qg VOI' a, = ag (4)
Then {T,}yen has common fized points and F(Ty) = F(T,).

Proof. Choose a real number k& with

1 . 1 1
a,+a‘, a,+a,’ e . (5)
¥
T )]

Let x, € X and x, € T,%, Then there is an x, € T,x, so that d(x,, x,) <
< RH(Tyx,, T,x,). Suppose %,, ..., Xay_1, %24, ... could bel chosen so tllmtz)
Zoam—1 € T1%ou—2; %2s € Tp%3—y and
d(%gn_1, x?n) < kH(zjzn-—z» szZn—l);
d(%2s_s, xé»—l) < kH(TleD‘l—Zr szzs—s)

By (3) for x = %2,_4, ¥ = %,,_; we have
d(x2n—b x2n) < kH(Tlxz,._z, szz,,_l) < k[ald(xz,,_z, xz,._,) +
+ azd(xz’,"’z’ Tlxzﬁ*Z) + asd(x2n—lr szZn—]) + a‘d(XQ,,._z, szg,,._|) +
+ dsd(xzn-h Tle'I—Z)] < k[dld(xz,_z, xz,‘_l) + azd(xz,.'_z, xz,'_l) +

+ a;,d(xz,,_,, xzn) + a‘d(xz"‘l' xz") +: asd(xz»—b xZn—l)]
which implies '

1<k<mm{

.

A(%2_y, %ow) < rd(%gy _s, Xon_1)

where
r=tata+a)
Analogously 1= ke + 2y
A(%3n_s, %, <
n—2) X2u_1) < 5d
where 1) (%202, X20-3)

s =tautata

and by (5) f, s e R+. 1'—k(a!+¢l)
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Repeating the above argument, we obtain

A(%gn_y, Za) < (rs)" d(x,, %).

By (2), (4) and (5) s <l
Then by routine calculation we can show
and, since X is complete, we have lim

Now if # N, (3) implies e

that x, is Cauchy sequence
= u for some 4 € X,

d(%2n, T1%4) < H(Ty%,_y, T\u) < a,d(%9y, ) + ayd(%gn—y, Ty¥sn_y) + '
+ asd(u, T\u) + ad(x,,_,, T\u) 4 ayd(u, Ty%am—1) < a,d(%50_4, %) +. o
+ axd(%an_1, %24) + a4d(u, T\w) + a,d(x5,_y, Tyu) + asd(u, x,,)
Hence by letting # — o0, we obtain
d(u, Tyu) < (a; + da)d(“1 Tyu)

which implies d(u, T,u) = 0. Since T,u is closed, this shows that # e Tyu.
By (2), (3) and lemma % € T,% and F(T,) = F(T,). This completes the proof
of the theorem. :

.

(Received July 26, 1978).
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O TEOREMA DE PUNCT FIX PENTRU UN $IR DE MULTIFUNCTII
(Rezumat)

S itoarea . ; i ii defini
T;-:(()ig]::‘,c:\?xt.m;‘zi: ?z{’md) c:lan spatiu metric complet si {T,}nan un gir de multifunciii definite

Pe X cu valori in CB(X). Presupunem cd existd pumerele a}.; i :, l:_=‘( 1{;-.- satisficind relatiile (2)
(8) si (4). Atunci sirul {T,}nan are puncte fixe comune §i F(T,) = 2], Ray [3), (4], Iséki,
Teorema generalizeazs rezultate date d¢ Rus (1], Avra g it

[51si Wong [6].
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ON ALMOST SEQUENTIAL LOCALLY CONVEX SPACES (II)

CSABA NEMETHI

We shall make free use of the terminology and notations of the first
part [3] of our study concerning almost sequential locally convex spaces. These
spaces are also called in the literature convex-sequential, or C-sequential, and
have been considered by R. M. Dudley [1], A. Wil an s.k y [7), J. H.
Webb [6], R. F. Snipes [4] and J. Mikusinski [2]). Unfortu-
nately, the last two articles were not known to the author when he was pre-
paring the first part. Theorem 1.5 anq, Corollary 1.8_0f [?] can be found in
Snipes paper [4] (we mention that his proofs are quite dilferent from ours).
Theorem 2.3 established by the author in [3] yields several examples of non-
bornological (in fact even non-sequentially born:ological [4]) almost sequential
spaces, and Snipes Example 3 in [4] is just a particular case of this

result. We also mention that Mikusinski [2] uses sequentially conti-
nuous semi-norms instead of sequential neighbourhoods, but the two met-
hods are equivalent. For a good survey on sequential convergence see R. F.
Snipes [5].

In this second part of our study it is shown that the category ASLCS
of almost sequential spaces is coreflectively singly generated, and further charac-
terizations of the almost sequential spaces are given.

. _L. The Category §. Besides the category LCS of locally convex spaccs
it will be convenient to consider the category §, whose objects are the couples
(X, €), where X is a vector space and C, is a set of sequences in X, and
the morphisms from (X, @) to (Y, &) are the (€,, €) — continuous linear
maps of X into Y.

If {(X’,€}):4 = I} is a family of objects in 8, Y is a vector space, and
for each 1 € I fi: X! —7Y is a linear map, then there exists a unique set €,
of sequences in Y with the following property : given an object (Z, &) in &
an‘d a linear map g:Y —Z, g is (€, C.)-continuous iff each gofi: Xi—/Zis
(€3, €;)-continuous. The set €, consists of the sequences (y,) in Y for which
there exist an 4 € I and a sequence (x,) € € such that y"= f (x,) for each
#n € N. We shall say that €y is inductively generaled by the familuy (&, j’" N:g € I}.

It follows from these considerations that colimits in & gan easily be

constructed, using colimits in the cate i i
) » olimi . gory of linear spaces and endowing them
with the corresponding . inductively generated sets ofpsequences.

THEOREM 1.1. Consider the Junctors F:1LCS —§ and G: & — LCS, where

F((X, 8) = (X, ¢co(8)), G((X = (X -~ .
are’ defined naturelty THok i) ;fﬁ’i’d;éfzi)'of“ﬁfi o morphisms Fand

Moreover, given (X, § ) € Ob(LCS), the couple

| A eal®)), 1e: (X, weol@) — (x, 9))
15 a G-coumiversal morphism for (X, g ) |

.
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Proof. From Proposition 1.1 in [37it § 1

the identity map ly is a morphism i[n]LCS f(;:

for each (X, €,) & Ob(8) the identity map ly is a morphism in 8 from (X, €,)

» Co

to (F o G)((X, ©,)). Hence the maps ] .
transformations ®:G o F — | Lcspan&\’ ?;;e 11::1 ‘if%mopgnellts ofv the desired natural

The second affirmation follows by w Lo _
P y well-know
and we remark that it is equivalent to Propositioxi1 1?2'ti§ogca[l3]e.1rguments,

s that for each (X, §) e Ob(LCS)
m (G F)((X, §)) to (X, §), and

PN

CoroLLARY 1.2. For each category 3, the Sun.

ctor .G preserves 3-célimits.
More generally, we have I

CoroLLARY 1.3. The functor G preserves inductive generations, in the follow-
ing sense: Let {(X®, €)1 e I} be a family of objectsg‘in 8, let Y be afvector
space, and for cach i €I let fi: XY “be a linear map. If @, is the set of
sequences in Y inductively generated by the family {(€,f): i = I}, then <(Cy)
is the locally comvex topology on Y inductively generated by the family
{(=(€), f7) =1 = I} '

Proof. Let (Z, ') be a locally convex space and g: Y — Z a linear map.
Our aim is to show that g is (t(C,), §')-continuous iff each gofi: X ‘—Z is
(+(©3), §')-continuous. ' :

Let a = ((Z,&), 1;:(Z, ©(&)) —= (Z, §’)) be the G-couniversal morphism
for (Z, §’). By the couniversality of «, g is (t(C,), §’)-continuous iff it is (C,, €f)-
continuous. Because of the definition of €, this is the case iff each go fi is
(i, ¢o(8’))-continuous. Using again the counmiversality of «, the last property
is equivalent to the (z(C{), §')-continuity of each gof*. 4

It is easy to see that Corollaries 1.7 and 1.8 in, [3] can be reobtained
from the above Corollaries 1.2 and 1.3 respectively.

TuroreM 1.4. For a locally convex space (X, §) the following three state-
ments are equivalent :

(a) (X, &) is almost sequential; . ‘ ;

b) for every locally convex space (Y, §') and every (97, 8 )-contttmous inear
map f( : )Yf—vX fg’r wh’ic% 2(co(§)) 1s inductively generated by {(=(co(8)), f)}, § 1s
inductively gemerated by {(8',f)}; & 8)cont Snear

¢) for every locally convex space (Y, §') and every (3", F)-conlinitous anea
map f (i )Yf—> X fg;' whicg ¢o(8) is inductively gencrated by {(co(8). )}, & 1is induc-
tively generated by {(8', f)} al e (7, )

Proof. (a) = (b). Assuming that (X, &) is almost sequential, le ,
and f sati'sffy(t%:e h(y;))otheses of (b). Thet; réﬁo(g 2;":;; :(sm::rilglt]lfg’ve(l)}' fge;::éa:ﬁg
b g’ . Taking into accoun e (8, §)-co i . e
rgiat{ic(;l(c‘g_, )g)’{()c}o(g'))» oge can easily deduce that {8, )} mductlvely gene

rates .

i ici flary 1.3.
(b) = (c). It is sufficient to apply Coro ’ '
(c) = (a). Consider the space (X, ;(co(g ) =§’) and :.heelmagngétzimg];
is linear and (§’, §)-continuous. In addition, co(@') is induc ;Iv _y cg(r(c ool 07
{(co(d), 1)}, because, by the dual of Corollary 1.2 in [3], co(8") = colr(co
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= ¢,(§). By the hypothesis {(F', 1x)} inductively generates &, ie § =g’
= Cold ). DI > .
hence § is almost sequential.

of Almost Sequential Sp:!ces. We have already scen

(£3) ?I;hzgfensxtr;l.%t)mtehat the category ASLCS of almost sequential spaces is
coreflective in LCS, hence it is the coreflective hull of some class of locally
convex spaces. Next we shall find such a class (other than ASLCS .1tself)_.
Consider the vector space i of the sequences % = (x/), where x/ « K,

j €N, and »/ =0 for all but a finite number of values of j. The sequences
e, = (3), n € N, form an algebraic base of . Taking €§ = {(e,)}, let &* =

= (&), i.e. §* is the finest locally convex topology on [° for which (c,) con-
verges to 0. Hence §* is almost sequential. It is also separated, being finer
than the topology of componentwise convergence.

, Prorosition 2.1. Let (X, §) be a locally convex space, S = (x,) a sequence
in X, and let fs:10 — X be the lincar map for which fsle,) = x,, n € N. We
have (x,) € co(§) iff fs is (8%, §)-conttnuous.

Proof. Obviously, (x,) € ¢o(§) iff fs is (C3, co(&T‘))-continuous. But (see
Proposition 1.4.c) in {3]) this means precisely that fs is ((&) = *, §)-conti-
nuous.

ProrositioN 2.2. Let (X, §) be a locally convex space. The almost sequential
modification of § 1is inductively gencrated in LCS by the family {(§*, f): S =
€ co(9)}, and X = U fs(l°).

Secy(§)

Proof. It is clear that ¢4(8) is inductively generated in § by the family
{(€% f5): S = co(8)}. Then by Corollary 1.3, (cy()) is inductively gencrated
in LCS by the family {((C5) = 8%, fs): S € ¢o(9)}.

The second affirmation follows from the fact that for cvery & € X, taking
S = (l x), we have S € ¢,(§) and x = f((e,).

n

THEOREM 2.3. The ‘category ASLCS is the corcflective hull in LCS of the
space (I°, §*).

Proof. Let @ be the coreflective hull of (I, §*). The inclusion Oob(a) €
< Ob(ASLCS) follows from the fact that (Io, §*) & Ob(ASLCS).

Conversely, let (X, §) = Ob(ASLCS). Then by Proposition 2.2, § i

inductively generated by the family {*fs):S ¢y} and X = U [sll)-
o ) Sec(§)
This implies that the space (X, §) is an extremal quotient object of the locally

convex direct sum (Y, §7) = ®(&') (lo, §*), hence (X, &) = Ob(d). Indeed, if
is:I Y, S € co(8) ar ;

2 e the canonical injecti : i ique
linear map which satisfies or sap e and g1 Y = X is the unid

. ol gots=fs for each S e i to and,

together with §”, inductively aner}{ ies . ¢o(¥), then g is onto
c ; '

10 be b;ﬁ%}gg&g‘ 2.4. The almost sequential locally comvex space (I°, §*) fagls

) Proof. If (b, g*)
tl.al space, contradictin
tial spaces.

were bornological, then so w

ould be every almost sequen-
g the fact that there exist no {

n-bornological almost sequen-
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; gHEOREMEZ'D' gLetl (X, 8) be an almost sequential locally convex space. For
each S = (x,.gv cof )c~ et [S] denote the linear subspace of X spanned by the
el eton map Yhen u‘;’ib,f fhe subspace topology on [S] and iy [S] X the
inclusion map. Then the topology & is inductipely oer Y ' "
(5010 S € eo@)y, and x 2 T chwely generated in LCS by the family

Seafg)

Proof. Clearly, ¢y(§) is inductively generated in 8 b i )

. . , y the family {([S], :
S € ¢S )}- Then by Corollary 1.3, t(c,(8)) =8 is inductively éeég;at]edisgn
Lcds 8;))- t;he (f{:gr;x)xly {(=({S}), 15)'1: S‘Ef ¢o(9)}. Since each i is (85, §)-continuous
an s €% , one can easily infer that § is also i i
the family {(8s, 15):S < ¢o(9)). also inductively generated by

For the second affirmation it is sufficient to observe that for each x € X,
taking S = L x) we have S € ¢((§) and x < [S].

n

(Received September 22, 1978)
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DESPRE SPATII LOCAL CONVEXE APROAPE. SECVENTIALE (II)

(Rezumat)

Se stabilesc citeva teoreme de caracterizare s§i de reprezentare a spatiilor local couvexg

aproape secventiale.
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NUMERISCHE BEHANDLUNG DE\R
VOLTERRA-INTEGRALGLEICHUNGEN MIT SPLINES

G. MICULA

1. Einfilhrung. In den letzten Jahren ershien eine grosse Anzahl von
Verdffentlichungen, in denen Spline-Approximationen zur LOSqng von DL“ffe.ren-
tial- und Integralgleichungen verwendet wurden. Diese Arbeiten beschéftigen
sich mit sehr verschiedenen Problemen; z. B: Anfangswertproblemen Rand-
wertproblemen, Integral- und Integrodifferentialgleichungs problemen, u.s.w.

Im Zuge der schnellen Entwicklung der Computer-Technik sind praktische
numerische Methoden zur Losung von solchen Problemen wiinschenswert. _

Von besonderem Interesse sind die Splineapproximationsmethodeu, weil
sie einige Vorteile gegeniiber klassischen numerischen Methoden besitzen.

In dieser Arbeit werden einige Beitrege zur numerischen Losung der Vol-
terra-Integralgleichungen mit Hilfe von Spline-Funktionen.

Einige Definitionen und einleitende Betrachtungen sind dazu erforderlich.

DerFiniTION 1. Die Funktion s: [e, 8] — R wird als Polynon Spline-
Funktion fiir A vom Grade m und dem ,,Defekt” ¢, (g < m) bezeichnet, falls
die folgenden Beziehungen gelten :

(l) s € Pm' x € ]xi: xl'+1'[: 1 Si < N
(ii) D*s(x; —) = Dbs(x; +), fiir jedes k, 0 <k <m—gq, 1 <i <N

Hierbei ist P,, der lineare Raum der reellen Polynome auf [a, b] deren Grad
hochstens m ist, und A eine Zerlegung des Intervalls [a, D].

Es sei (S, C*) die Klasse der polynomialen Spline-Funktionen in bezug
auf die Zerlegung A, die stiickweise aus Polynomen vom Grad m bestehen und
deren ersten k-Ableitungen (¢ < m) in den Knotenpunkten stetig sind.

Loscalzo, Talbot, Schoenberg von 1967 ab haben die Klasse
(Sm» C™=1) gebraucht, um die Losung des Aufangswertproblemes y’ = f(%, ¥),

y(x) = Yo, approximieren zu konnen. Danach erschienen eine gauze Reihe
Verallgemei

Pronom nerungen und Anwendungen der Spline-Methoden fiir verschiedene

In weiteren Verlauf wer

den die Spline- ; »
zur Approximation der Losun pline-Funktionen der Klasse (S., C*)

erypoDr” g von nicht linearen Volterra-Integralgleichungen
2' . . . . .
glemhungl’:mblemstelluug. Betrachtet wird die nichtlineare Volterra Integral-

x(S) =y(3) + S I((S, t x(t))dt, s > a, (a e]J C R) (1)

wobei die Funktion x i : .
reelle Funktionen sind. unbekannt ist, und die Funktionen y und K gegeben®
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Es werden folgende Annahmen getroffen :
(Qg g{ II? RRse1 %ue geniigend glatte Funktion '
i (48 X K — K sel eine geniigend glatte Funkti ziigli
bl d .. sitalic : -Funktion l;ez.ug}tch aller
;/l?l?gqb en und geniige beziiglich der Variablen x der folgenden Lipschitz-Bedin-
[K(x, t, x;) — K(s, ¢, x,)| g Lz, — x|, (s, ¢, %), (56 %) €t x R

Dicse Bedingungen garantieren die Existenz genau einer Lésung
x:[a,b] = R zu (1)

Bekanntlich konnen die Approximationsmethoden zur Losung von (1)
folgendermassen eingeteilt werden : o

~ a) Schritt fiir" Sc_hritt-Mgt'hodet_l (,,Step by step”) die den Mehrschritt-
\{;gtzhrcn fir gewohnliche Ditferentialgleichungen entsprechen (B. Noble,
b) Methoden vom Runge-Kutta Typ: (Pouzet, P., 1962; L,audet,
M-Oulés, H, 1960; Beltjukov, B. A, 1965: F. de Hoog-R.
Weiss, 19735)

c) Block-Verfahren (Youmng, A, 1954) , L

d) Methoden unter Verwendung von Spline-Funktionen (H. Brunner
von 1971 ab; E1 Tom, M E. A, 1971; Micula, G. 1972).

Kiirzlich hat M. E. A-E1 Tom (1974) eine Vollstandige Untersuchung
der Stabilitdtseigenschaften der Splineapproximationsmethoden beziiglich Glei-
chung (1) gegeben. Daraus folgt, dass die Ndherungssplineslésungen von Gleichung
(1) von héheren Stetigkeitsordnung im allgemeinen keine Stébilitatseingenschaf-
ten besitzen. : :

Darum ist die Weglassung der Stetigkeitsforderungen der Splinenéherungs-
losung erforderllich, um Verlahren von hoherer Ordnung angeben zu konnen.
, Wir beschiftigen uns mit der numerischen Approximation an die Losung
von (1) durch eine Spline-Funktion S: [a, b] = R vom Grade m und der Klasse
C* [a, b]). (R <m) . . . .

Die approximierende Spline-Funktion wird durch die Kollokationsmethode
bestimmt. Die Konvergenz und Stabilititseigenschaften werden in Abhdngig-
keit von % angegeben. : :

3. Das Kgor%struetionsverfahren‘. Wir teilen das Interval [4, ] in N gleiche
Teile, deren Lange Th ist, wobei T eine feste, ganze, pozitive Zahl 1s:t.d z}iqf
dem p-ten Teilinterval (ie. Tph < s < T(p+ k), p =0(1) N — 1 wird die
Spline-Funktion S definiert durch:

m-T

T
S(s): = 2 _(f_'"_T_/’{i'S‘;)P_*_ 2 (s — TP)"'“T“"aﬁ') @)
=0 r:

’

r=1
SO=x), r=01m—T, 1<T< 'm,;
(#) so bestimmt werden, dass die Integralgleichung:

wobei die Koeffizienten a,
s

S(s) = y(s) + S K(s, &, S()dt 3)

a
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in den Knotenpunkten
s=(Tp+ah g=10T “

erfillt ist.

S® bezeichnet die »-te Ableitung von S.

Dieses Verfahren ergibt eine Spline-Funktion S vom Grade m, derey
Defekt (T — 1) ist, mit dem Abstand T.h zwischen Knotenpunkten. Offensicht.-
lich gehort die Funktion S zu Cm-T[a, b].

Wir erwihnen auch, dass der Fall T = 1 einer Spline-Funktion mit maxj.
malen Stetigkeiteigenschaften entspricht. (spline-function with full continuity),

Der Fall T = m fithrt uns zu einer Spline-Funktion vom Grade m und
Defekt m — 1 (d.h. S € C [q, b)), die fiir mph < s < m(p 4 1)k, p = 0(1) N—]
definiert ist durch:

m
S(s) = Spp + 2 (s — mph)al?, S, = x,, (5)
r=1
wobei die Koeffizienten ¢!” so gewihlt werden, dass die Integralgleichung (3)
in den Knotenpunkten

s=(mp+qh g=11)m (6)
erfiillt ist.

In (5) bezeichnen wir mit S, und x, die Werte S(kk), bzw x(kA).

Dass die obige Konstruktion wohl-definiert ist, und genau eine Spline-
Funktion existiert, wenn A geniigend klein ist, kann man durch einen Fixpunk-
satz, genauso wie bei El Tom [5—6], Micula [16] beweisen

4. Das Konvergenz-und numerische Stabilititsverhalten. Der Einfach-

heit halber werden wir die Konvergenz nur fiir T = m untersuchen
Es sei . '

e(s) = S(s) — x(s), s € [a, b), (7)

;Vggetl)s lg:e durch (5) gegebene Spline-Funktion ist und x die exakte I ésung

Fir p = 0(1) N — 1 schreiben wir:

£

mp M1~y
r_l+ hmti=rpl®) -y 1(1)m, G

af’) =

wobei b = b (h). Wenn x e Cm+i

mph < s < mip+ 1h: [a, 8] gilt, so folgt aus (8) und (5) fis

e(s) = emﬁ + ; k”l+ l—'(s —_— ,nph)’b('p) —_— (_S—M x(”‘+l)(£ ) (9)
(m + 1)1 b

m.bh < gp < S,
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*LEMMA 1. Es sei x € Cm+1 15 p1. . . .
durch (8) defimiert sind, gleichméssz['g,bgs clug;lz’ltz sind die Kocffizienten 5P die

*  Der Beweis ist derselbe wie bei [6
Aus Lemma 1 folgt: et [6, EI Tom].

LEMMA 1. Wenn x € Cm+1 la, b], dann gilt :

emp+1) = O(Am*1), p = O(1) N — 1
Da ¢, = 0, fihren Lemma 2 und Gleichung (9) zu.

THEOREM 1. Wenn x & Cn+1 [a, b], dann genii -
J e , 01, geniigt der Fehler (7 hY
(5)—(3) fitr belicbige s < [a, b] der folgenden Absﬁhdtzun;.l'er( ) der Methoden

e(x) = O(hm+1) (10)

Theorem 1 bleibt auch fiir die allgemeine Methode (2)—(3)—(4) wiilti
_ Zur Vereinfachung der Schreibweise werden wir eine( )m-églin(e-z\dgthgldgc;
mit dem (7 — 1) Defekt einfach eine (m, T)-Methode nennen.
Nun soll das Verhalten der Methode untersucht werden fiir die lineare
Integralgleichung

s(x) = 1+ A Sx(t)dt, (11)

wobei A eine Konstante mit negativen Realteil ist.

DEFINITION 2. Man nennt eine (m, T)-Methode stabil wenn alle Lésungen
S1, beschrinkt bleiben fiir » o0, h —0 wahrend s = Trh fest bleibt.

DeriniTioN 3. Eine (m, T)-Methode wird A-stabil gennant, wenn alle
Losungen Sy, gegen Null streben, fiir » — oo, falls die. Methode mit einem festen
h auf eine Gleichungen der form (11) angewandt wird.

Die Hauptresultate des Stabilitdtsverhaltens sind in dem néchsten Theo-
Tem enthalten.

THEOREM 2. (E1 Tom [7]).

Die (m, 1)-Methode divergiert fiir m > 3.

Die (m, 2)-Methode divergiert fiir m > 4.

Die (m, 3)-Methode divergiert fiir m > 3. o .

Die (m, m)-Methode ist stabil fiir beliebiges m. Ausserdem ist sie A-stabil
Jir m > 3.

Die (m, m — 1)-Methode ist stabil fiir m > 1.

Das obige Theorem zeigt uns, dass eine (m, T)-Methode

(i) A-stabil fir T = m, (m willkiirlich) ist und

(ii) divergiert fir T < m — 2, m > 2.
Ausserdem hat eine (m, T)-Methode gegensatz
1 i = . -
N VeArﬁlfelgsr zgn;—_scgtfe ist eine (m, m — 1)-Methode Stabil, auf der_ anderen
Seite ‘divergiert die (m, 1)-Methode fiir m > 3.

liche Eigenschaften fiir T =1

4 — Mathematica 2/1979
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che System der Methode (2)—(3)—(4) auflsen

Beweis. Um das algebrais folenden Ouadraturformeln |

zu konnen, betrachtem wir die

.

1 " .
Su(s)ds= Yowals), 0 <5 <1, fiir jedes 7 deren
=1

0
Genauigkeitsgrad > m ist. Zur Abkiirzung bezeichnen wir weiter mit R,(u):
n p—1
Rp(w) =h3> Zw,-u(jk + hs;)
=1 550

R,(u) ergibt sich durch wiederholte Anwenduug der Quatraturformeln.
Zur Vereinfachung der Schreibweise wollen wir bezeichnen:

a, = (h=T+1a}’, hm T+2q0) L hmap)

r=01)N—-1 (12)

. LN wm=T  (m-T)
= - ST ... S
SI {ST') 1 Trs ’ (,n + k) | Tr

Mit B bezeichnen wir die 7' X T-Matrix, deren (7, j)-Element

: i . , o .
b;- = 1 —_—— m—-T4+5—1 -, .
? ( (7)1—-T+]+1)]1 J 1] 1, ] —_ 1(1)[ lst (13)

Mit C bezeichnen wir die T X (m — T + 1)-Matrix, deren (i, j)-Element ist:

M,j=11=11)T
C, = i .. ‘
] ’]J - 1]1"1; J=2)m—T+1,i=1(1)T ()
Nun kénnen wir das algebraische System der Spline-Methode kurz schreiben:
Ba, = CS,, r=20,1 ...,N (15)
Durch Ableitung der (2) erhilt man :
S,41=DS, + Ea,, (16)

wobei D eine (m — T X 1) X (m — T + k)-Matrix ist, deren (i, j)-Element ist:
A - >
dij=((7J » =0 L M~ T, 55
0 j<i
und E eine (m — T + 1) X T-Matrix
€y = (m - f +]J .TM—T-H'—‘]’

(17)

ist deren (¢, j)-Element

i=‘0..1. veom—T,5=1,2 ... T ist
(18)
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Durch Eliminierung ven a,, erhalten wir aus (15) und (16):
Sri1 = A4S, (19)
wobei
4=D + EB-1C ist (20)

Wir bezeichnen mit 4, die Matrix 4, falls / = 0 gilt . .
Eingenwerte von A4, bzw A. gilt, und mit y, und p die

Jetzt kommen wir zuriick zum Beweis des Theorems.
T=1. Es ist klar, dass
w= o + O(h) gilt
Fiir m > 3 hat mindestens ein p, die Eigenschaft lwo| > 1, weil
tr(Ag) =m+4+2—2
und

p.f)’f + ...+ wo = r (A,) gelten und weil p =1 ein Eigenwert von
A, fir jedes m ist.

So ist die (m, 1)-Methode devergent fiir m > 3.
T = 2. Die Diagonalelement a;; von A4, sind:

=1

ay

«, =1+ (n} —(1)(2,.._.-“ _1"_i"_‘_‘), i=2l)m —1

i—1
Also gilt:
((A) =3"1—3-2" 14 m+2
und es folgt, dass die (m, 3)-Methode divergiert fiir m > 4.
T = 3. Ahnlich folgt
t(Ag) =m— 4" + 8(5/2" 2 — 5 - 2" + 2.
T = m. In diesem Fall ist die Spline-Function S € C [a, b]. Dabei miissen

wir die Bezeichnungen ein wenig indern, und zwar:
), r=0(1) N — 1

Sr+l = (Smr+1. Sm +25 0o Sm(r+l) r+1

und (16) lautet dann ,

\

Spi=(L1 .. )Sa, + Ea,

A

wobei die Element von E
ei=14, 4,J= 1(1) m, sind.
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Wir haben weiter:
I§a, = 65,,,.
S,or = CSmn o
f=q1...1+EBC,
wobei
by =iby 4§ =1(1)m
6,',' = iCyj, ;= 1{1)m; j =1 ist.
In diesem Fall ist C eine m X 1-Matrix.
Man sieht also, dass
B=E+ o)
C = 0(k)
und A=01...1)+C+ o
gelten. Schliesslich kann man schreiben :
Spree = (1 + tMb 4+ 0(222))S,,,, ¢t = 1(1)m.

Beispielsweise haben wir fiir m =1, 2, 3;

14 22
J S, m =1
1 — 242
14+ % 4 22023
Sm{r-f—l) = 2rs m = 2

1~ M+ 23

1+ 302 + T1NAY12 4+ 233)4
1 — 3242 + 113412 — W5 4

Sy, m=3

. Die rationalen Funktionen sind regulir in der li el e und
ihr Betrag (absolute Werte) ist kleinergals 1. er finken Seite der Bben
5. Numerische Ergebuisse. Beispiel 1. Man betracht die Integralgleichung:

s
2(s) =e(l+ s+ 52 — 5 4 S stx(t)dt, 0 <s < 1
0
deren exakte Losung x(s) = e~ ist.

Fir m =3, T =2, haben wir dje folgenden Ergebnisse :

N
N 5 0 15
Maximalfehler | 334 % 10~+| 1.4 % 10-% | 6.31 x 10-2
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Beispiel 2. Man betrachtet die Integralgleicl;ung

os) = ¢ + (e 2, 0<s <4
o

deren genauc Loésung x(s) = 1 ist.

Die Maximalfehler fiir zwei verschiedene Methoden sind in der folgenden

Tabelle enthalten :

I 0.8 0.4 0.2
(2,2)-Methode | 5 x 10-3 39 x 10-¢ | 6.9 x 10-3
(4,3)-Methode | 5.9 x 10-5 8 x 10-* | 0.9 x 10-*

6. Bemerkungen. (a) Das dargestellte Verfahren hat einige Vorteile:
(i) Man bracht keine zusitzlichen Startwerte.
(ii) Es liefert eine globale Approximation der Lisung.
(iii) Dic Schrittweite h kann notfalls von Schritt zi Schritt geindert wer-

den und gleichfalls der Grad m der Spline-Approximation

(b) Das Verfahren ist numerisch besonders einfach zu handhaben durch

die Benutzung eciner geeigneten Quadraturformel auf jedem p-Intervall.

(c) Bei der Auwendung der Methode muss ein nichtlineares Gleichungs-

system gelost werden. Dafiir konnen Iterationsmethoden, wie Newton-Raphson-
Methode u.s.w., angewendet werden.

[

. Brunmner, M. The solution of nonlincar

.El Tom, M. E. A, Splinefu
- Guzek, J. A, and Kemper,

-De Hoog, F. and Weiss, R,

(Eingegangen an G Oktober 1978)

LITERATUR

- An tes, H., Splincfunctionen bei der Lésung von Intcgral gleichwngen, Numer, Math., 19,

1972, 116—-126.

. Beltjukoav, B. A., An analogue of Runge-Kulta method for the solution of a nonlinear integral

uations, I, 1965, 417 —433.

Volterra integral equations by piecewise polynomials,
. C Williams,

cquation of the Volterra type, Differential Eq

in Proc. Manitoba Conf. Numerical Mathematics (R. S. Thowmas and H
s.), Uni i innipeg, 1971, 65—68. . , .
Sio): Univ. of Manitoba Winnipes ar Volterra integro-differential equtions,

.Brunner, H., On the numerical solution of nonline

B - . .
IT 13, 1973, 381—390. Volterra integral equations by spline functions,

.El Tom, M. E. A., Numerical solution of

B ; — \ .
IT 13, 1973, 1-7. spline functions lo Volterva integral equations, J. Inst.

- El Tom, M. E. A. Application of

\ : a — . . 3 “
Maths. Applics, 8, 1971, 354—357 ical stability of spline function approximations to solutions

.E1 T M. E. A, the numert
om, M E 4. On the sccond kind, BIT 14, 1974, 136—43.

¢ solution of singular. Volterra integral

of Volterra integral cquations of
1974, 303—309.

netion approximation to th

. Applics., 14 . ) .
GMaXls 4 1;1:'” erroy :malysis for a cubic splinc approximate

] ! 563—570.
] tial equations. Math. Comp., 27, 1973.,
d"{{:;el?cit Rznge-Kuﬂa Methods for second kind Volterra

1975, 199—213.

equations of the second kind, J. Inst.
solution of a class of Volterra integro-

Integral Equations, Numer. Math., 23,



54

11
12.

13.
14.
15.

16.
17.

18.

19.

20.

G. MICULA

Hung H. S., The numerical solution of differential and integral equations by spline fup,.
tions, in M.R.C. Tch. Summary Repi, 1053, Madison, 1970. ' .

Laudet, M. et Oulés, H. Sur Vintsgration numér.zque de:s équations integrales dy type
de Volterra, in Symposium on the Numerical Treatment of Ordinary Diff. Egs. Integval and | ntegro.
differential Egs, Birkhauser Verlag, Basel, 1960, 1'17—121. ] L

Linz, P. The numerical solution of Volterra “integral equations by finite methods, in MRC
Tech. Summary Rept, 825, Madison, 1967 _

Malina, Lubor, A note on convergence for the numerical scheme from the Miculas paper,
Mathematica, Cluj, 17, 1975, 187—190. ] )

Micula, M., Micula, G. Sur la résolution numérique des équations intégrales du type de
Volterra de second espice a Vaide des fonctions splines, Studia Univ. Babes-Bolyai, ser. Math,
Mech., f. 2, 1973, 64—68. s '

Micule, G., The numerical solution of Volterra inlegro-diffevential equations by spline functions,
Revue Roumaine de Math. pures et appliquées, 20, 1975, 341—358,

Netravali, A. N., Spline approximation to the solution of the Volterra inlegral equation of
the Second Kind, Math. Comp., 27, 1973, 99—106.

Noble, B. The numerical solution on nonlinear integral equations and velated topics, in Non-
linear Integral Equations, ed. by P. M. Anselone, Univ. of Wisconsin Press, Madison, 1964,
215—318.

Pouzet, P. Etude, en vue de leur traitment nuitévique d'équations intégrales et integro-diffe-

renticlles du type de Volterra pour des problémes de conditions imitiales, Thesis, Univ. of Strass-

bourg, 1962.
Young, A, The application of approximate product integration to the numerical solwtion of
integral equations, Proc. Roy. Soc. London (A), 224, 1954, 561 —573.

TRATAREA NUMERICA A ECUATIILOR INTEGRALE CU AJUTORUL
FUNCTIILOR SPLINE

(Rezumat)

In aceasti lucrare se aduc contributii la rezolvarea numerici a ecuatiilor integrale de tip

Volterra de speta a doua cu ajutorul functiilor spline polinomiale.

Polosind procedeul colocatiei se construieste o f i i i *
aproximarea solutiei ecuatiei date. - § uncfie spline de grad m i de clasi Ck pentru .

Se studiazi convergenta si stabilitatea metodei in functie de valorile parametrilor m si k.

i
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ASUPRA PUNCTELOR FIXE ALE APLICATIILOR DEFINITE
PE UN PRODUS CARTEZIAN (111)

IOAN A. RUS

1. Fie (X, d) un spatiu metric complet si (Y, 7) un spafiu topologic separat,
cu proprietatea de punct fix. In prezenta noti ne propunem si stabilim teoreme
de punct fix pentru aplicatii

X XY X XY, (%9 —~(fi(x, ), /ol 9)),

folosind conditii asupra lui f; si f,. In cazul in care X si Y sint multimi, sau
mulfimi ordonate, sau spafii metrice, sau spatii topologice, asemenea probleme
au fost studiate in [1], [2] si [3] (a se vedea de asemenea indicatiile biblio-
grafice din [3]).

2. Rezultatele din prezenta lucrare se bazeazi pe urmitoarele leme :

Lema 1. Fie (X, d) un spatiu metric §i (Y, ©) un spatiu topologic separat.
Presupunem ca

(i) fi(-, y) are un punct fix unic x*(y) §i cd aplicatia P:Y — X, y —» x*(y)
cste conlinud o

(i) spafiul topologic Y arc proprictatea de punct fix.

In aceste conditii aplicatia f are cel pufin un punct fix.

LeMA 2. Fie (X, d) un spafiu_metric, (Y, ||-||) un spatiu Banach 5i Z C Y
o submultime convexd si inchisd. Fie f: X X Z — X X Z, continud, astfel incit
(i) ful-, ¥) are un punct fix umic, ce depinde continuu de y
(i) fo(X, Z) C Z este compactd in Z. .
In aceste condilii, f are cel pufin un punct fix. 5 o
Avind in vedere aceste leme si anumite teoreme de dependenjd continud
a punctului fix de parametru ([4]) obfinem:
TEorREMA 1. Fie (X, d) wn spafiu metric complel, ¥ un spatiu topologic
[ X XLYQEE\? XY cm(m'nua)' st cpj:5R+ — R,, continud, crescitoare, cu pro-
prietatea cd v — ¢(r) — + oo cind r — +) )oo ;s; o(r) < rX vr z 3 Presupunim ca
i d Xy, » J (%o, ) < ¢(d(x1’ %2))s %y, %g € .’ Yy . .
(i(i; s;g{zll(iull ?gp{l(ogzicy%’ are proprietatea de punct fix. Atunct f are cel putin
un punct fix o Lo
Dewmonstrafie. Considerim aplicatia fy: X X.Y—:X . Pe dbaz_adteorentlie;uz
din [4] rezulti ci fi(+, y) are un punct fix unic x*(y), ce depinde con
de y. Teorema 1 rezulti din lema 1 ' Sonach
] 73 1 let, Y un spatiu Banac
TEOREMA 2. Fie (X, d) un spapiu metric complel,  Spani o
Z CY o submultime convexd si inchisd, f: X X Z — X X Z contanud 5t @ R,
— R+ cu proprietifile din teorema 1. Presupunem caX .y
(i) d(fi(%0 9), (22, 3) € @(d(%1, %a)y VE %2 € 40 Y

(i) fo(X, Z) C Z ste compactd in Z
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fn aceste condifii, f are cel pujin un punct fix.
Demonstragie. Se aplicd teorema 5 din [4] i lema 2

3. Observatii. Din cele de mai sus rez:uAl.té ci oricidrei teoreme de depen
denta continud a punctului fix“de parametri il corespund teoreme de existen;;;
a punctului fix pentru aplicatii de forma f: X XY +X X Y.

(Intyat in redaclic la 13 oclombrie 1978)
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ON THE FIXED POINTS OF THE MAPPINGS DEFINED
ON A CARTESIAN PRODUCT (III)

(Summary)

Let (X, d) be a complete metric s i i
) . pace and (Y, 7) a Hausdorff space. Fixed point theorems
for the mappings /: X X Y= X X Y, (x,5) — (fi(#. 7). fa(#, y)) are giw}:en. ’
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A FIFTH ORDER FAMILY RUNGE-KUTTA TYPE METHODS

I. COROIAN®

1. The purpose of this paper is to derive a fam; -
fngt.hods of order 5 with 6 stages (R — Ksg) for xfuﬁlellyicgf ifx?tl: grt:tf:li((:::ta(.)ft};ge
initial values problem g ¢
Y'(%) = (% 3(), y(xo) = 5, (L.1)
on the set of points Xnp1 =%, +h=24+nh, >0, n=01 ... N—1
We assume that (1.1) has a unique solution, and the function'f is smooth
enough in a domain 9 C R?, which is a neighbourhood of the point (%,, ¥,).

DeriNiTiON 1.1. An explicit Runge-Kutta type method of order 5 with
6 stages, for the numerical solution of (1.1), on the set of points Xnt1 = Xo+nh,
n=20,1, ..., N — 1 is defined by the formulas

[:]
Yn41 =y.+h20;k;. n=0, 1,2 ..,N—-1
f]
kl =f(xm yn)n (12)

. -1
k‘ =f(x” + al'h" yn + hzbukn): 1" = 2: 3: 4; 51 6
j=1

where y,,, is the approximate value of Y,(%a41). Y,(x) denotes the solution of
the ‘‘local” Cauchy problem

Yu(®) =flx Y. (2), Yau(%) = 5m (1.3)

and a;, b, ¢c;; 1=234,56;j=12 ..,41—1, are real parameters satis-
fying a system of algebraic equations which ensures the order five, of the

method, that is
Y, (%a41) — Ynt1 = 0(R*). (1.4)

This means that the Taylor series of the powers of 4 of Y, (%, + k) is 1dsent1cal
with similar development of y,4;, for the terms .1ncl'ud1ng the term in A5 .
2. To shorten our paper, we omit the derivation of Taylor }ievelo%meg
for Y, (x,,1) and y,41, and the derivation of the algebraic equa;c:ons or éz,-, H,-,-, P'
We can find these equations, for instance, in H. A. Luther an .
Konen, [8].

If we claim the same simplifying conditions, like in [8]

g =0, »_(2-1)‘
=1 . —
a'? = ZEbif a,-, 1= 2,6, (2'2)
j=2

* Institutul de invifamint supesior, Baia Mare.



(2. ) ‘

tem of algebrae
Sy c+63+c‘+c5+cs—_1’
6l + G T c5a5 1 Cols 112, (2.4)
c ag + C44 + csaﬁ 4 Celg = 113 (25) {
¢ ad + Cu + Csag + Celg = 114’ (2 )
el + + csap + Cete = 1/5, @7
6 i—1
26’ b'Ja’ - 116; (2'8)
=4 =3
6 i—1
Yo e by = 112 (2:9) \
i=4  j=3
6 i—1 ‘ \
. 3 by = 1/20 @10) !
=4 =3
6 i—1 . 1‘ l\
T, ¥ bty = 18 e
=y j=3 |
NS = 2.12
L it 3 byas = 115 @12
=4 j=3
R 2.13)
6 Sby O bty = 124 (
=5  j=4 k=3
NS > 2.14)
EC.- b;',' 2 bjha'i = 1/60,
i=s  j= k=3
and we must add
= — (2.15)
bij=a;; 1t =" 6.
i=1 .
i 1
Tirst, a R —Kop method was given in 1901 by W. Butts (6}, tﬁleequa-
He J'{\ ystrom (10}, in 1925, and more recently the solutions K Lutbe’
tons I(—I .3)P— (%kla) have been discussed by H. A. Luther 1725 H. A
R onen [8], C. R. Cassity (3} ' - ihe SYSte
(2.3) _‘(2 lg) S_hall present a three parameters family solution ot
.13) 1n the assumptions (2.1), (2.2), and requiring s )

¢5=0.
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From the equations (2.4)—(2.7) we get

1 1 1
2 “‘““3(“‘+a.)+7

Cy =
8(e¢ — a5)(ay — a;) ’
1 1 1
g %% _;(%'!'ac)‘*‘:
‘= : (3.2)

ay(ay — a¢)(ag —a,)

1

1 1
PR eI

Ce = ,
a4(a; — ag)(a, — a,)

if a‘-¢ 0; a; #aj) 1 #j: 1:1_7.=3:4;6 and

LI % (as + a + a5) + % (a2, + asaq + aa,) — % a8, =0 (3.3)

5

From (2.8)—(2.14) we can obtain
% as — 112 = cq[ay(ay — a,)bgy + a5(a; — a5)bes), (3.4)
% a3 — é = cyag[ay(as — @)bgq + a5(as — a5)bys), 3.5)
Loy — L = ¢y(a2(a; — @by + ad(as — as)bes]. (3.6)

12 20

By division of (3.4) to (3.5) give

15a, — 8 (37)

Ay = ’
10(2a; — 1)

and then, from (3.3) we get
a (3.8)

(l‘ = -0
2(5a3— 4a, + 1)

Because ¢ # 0, in opposite case our method (1.2) woulld be a R — Ksgs
method, and this is a contradiction (I. C. B utcher, [1]).

Now, (2.4)—(2.7) give

l ' —
% (ag + a¢ + as) + % (asaq + aaas + aa;) — 2 A3ady =

1_
s (39)

= Cqlq(g — as)(as — a,)(as — ag) #0

Taking into account (3.7), it follows that
15043 — 260a} + 1413, — 24 (3.10)

10(20a} — 344} + 182, — 3)

ag
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The free parameters will be now a,, @3, Qs and because ay # a,, a, # 2 a, ‘e,
ay, a,, a5 # 0, it follows that
| 2 2 4446
SRR (3.11)

The parameter a5 cannot be 1, because then (3.10) is not satisfied, i.e.
as # 1 (3.12)

From (3.4), (3.6), it results
10“3“5 - s(a: + al) + 3 b — 10a,a‘ — 5({1:| + ”-4) + 3

, 3.
bou = 60c,a,(a5 — a)(as — a0) ®  60cqay(ay — ag) (a, — ay) (3.13)
and from (2.13), (2.14) we obtain

b“ = ..—sasi__ . (31 4)

120c4a,b5 (33 — a,)

In order to obtain b3, ¢ = 4, 5, 6, first we derive from (2.13), (2.14), (2.8),
the equations:

1 1
by aQ — pvs = Coag(ay — “a)(btabu + bsgbes),

1 1
s T ca(as — ag)(aidyy + ashgs) = Cqlsba(a; — a,) +

T Ceasbes(as — ay),
Casbys + Cotgbgy = % — Co(bgatty + bgsas).
The last equations give

b‘:‘:&_,

246‘33 (a. —_ a‘)

b= [y e ), @19
byg 120c,a4(a, — a,) 24c,ay(a, — ay)
bsa = 4a4 -3

1
m 4 (bea@s + bgsas).
From (2.2), follows

by =L (1 . .
i2 a, (2 a? - bi:aa e - b,-' i—1 a‘._l]’ 1 = .6, (316)
and (2.15) gives
t—1
b'l =a; — .Eb"f’ 7 =._-_6 (3 17)
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Thus we have

THEOREM 3.1. If ay, ay, a5 have real valyes satisfoi
. RN U tisfyin 3.10 ) .
a; #0, & # a5, i #7, 4,7=235 then the farmula{y (2.31)(, (3.)1»)‘(3(;.12)). (?3--173))

8), (3.13), (3.14), (3.15), (3. i :
(Ig§ Iés’s : ;zetk(ods. ). (3.15), (3.16) and (3-17) furnishes three paramelers explicit

The choice

9
g = —, (13_-:_3.
10 5

, g = — —,

20
gives the following explicit R — K¢ method

7 125 32
r = v hi— = 92
o = Yo+ (Gl — 2 bo o+ oot 2h),
kl :f(x'" .)’n))
9 9
f(xn + I(_)k) Y + -I—Ohkl)' (3_18)

ks
! 3 h
ko =f (%0t < h 3+ < @+ k,)),

ko =/ (7 + S vt L (230 + 108, + 15k,)),

, 3 61 61, _ 8 3

ky = f (p,,, - lz(éz—ok1 + Lk — ks + k‘))
h 47 5, _ 1, _ 5.
ky =f(x”+ e y,,+lz(l—6é k1+§§k2 b ky Blks])

For a comparison of our method (3.15) to the R — K;, methods of
Kutta, [6], and of Nytrém, [l0], we proceed like A. H. Luther
and H. P. Konen, [8].

i—-1

For our method (3.18), E b1, =4, 5, 6, has the values 0.75; 0.56;

=1 )

0.61, while for the method ofl Kutta [6] these values are 11; 3.16; 2.34,

respectively, and for Nytroém method, [10], the correspondent values are

e 8 thod of Kutta and
The above-mentioned three methods: (3.18), the method of Kutta

the method of Nystrém, have the same number of multiplications, namely 18,

ike 2 125
hke 5—4 kl: '5—4 ks, ete.

Thus, our method would be prefera
A. Cotiu, [4], asserts the method of
method of Kutta.

ble to the method of I:iutta, and as
Nystrom would be preferable to the
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. between our R — K meth
¥ illustrates the above comparison " od
and &2"}5 -3- lksl:h:;ethod of Kutta for the problem

y =—2xp 0 =1

with exact solution y(x) = (1 + #*)7*

Table 3.1
x Exact solution | Method (3.18) | Kutta’s method
03
. 0.9900990 0.9901004 0.99009
g; 0.9615384 0.9615435 0.9615096
0.3 0.9174311 0.9174402 0.9173789
0.4 0.8620689 0.8620807 0.8619990
0.5 0.8000000 0.8000122 0.7999239

The computation was carried out by a FELI.X C-256 computer. o
4. The last paragraph is devoted to obtain two bounds for the principal
truncation error term, {4, of the R — Ksg method (3.18).

THEOREM 4.1. The R — Ksg method (3.18), has for the principal truncation
error term, with the assumptions of L. Bieberbach [2), the bound

[4sh8| < 0,1862 MLLL' - :h“, (4.1)
and with the assumptions of M. Lotkim, [7), the bound
|dsh®| < 0,2827 MLshs, (4.2)

where M, L are known positive constants.

The proof requires a tedious computation, which we omit here. Briefly,

with the coefficients of the method (3.18) one can obtain for the principal
error function ¢

Yo = e DY + -1 Dy 4 e /DY — L2 papef
+ 05 A/ + S Doy 4 2 fDADY +
+ 07 /IDADS + e DY.Df + S hDY.Df — (43)
= o DI = S foyiy 4 o S0P +

1
1 1
+ 15200 H(DF 2 +\1200 (Df)*Df,
where f, = M, fo = Wxn y0)

ax T, and
DV:(i +fi)“)f=é(k M2y, ) L. — (44)
Tl T\ Tt e v, k=15 :
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From Bieberbach [2) assumptions it follows that
Al <L A1 < LM, D) < pppp
IDYil < 2MLM= s =1 9. g = 15,
and from Lotkin's [7], assumptions one obtains
LIS L 1f] < LM, | Dy < orpay, (4.6)
| DYl < LM K = 15, 4= 19,

Now, using (4.5) and (4.6), in (4.3) one obtains (4.1) and (4.2).
Remark 4.1. For the R — Ksg, method of Nystrﬁm,( [1)0], the similar
bounds to (4.1) and (4.2) were obtained by V. Jukl [5].

|ysh® | < 0,36 ML i = : ke, (4.7)
[ | < 0,48 ML, . (48)

(Received October 13, 1978)
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O FAMILIE DE METODE DE TIP RUNGE-KUTTA DE ORDINUL CINCI
- (Rezumat)

. i i 5
In lucrare se deduce o familie de metode de tip Runge-Kutta cu ordinul de exactitate

$icu6 itutii 1.2) pentru problema (1.1). cl 5 al
S:u:lsetézut: iitf::{:l ?3.( 18),) gin acegsti familie care, comparatd cu metoda de ordinul 5 a

t i ite avantaje. o
hui uI;t:lth[;;‘]ﬁ ﬁa::g::; 52 1(;1; Nystrom ([10], are anumi O et termenul principal

al erorii de trunchiere.

duc 2 margini superioare,- (4.1) §i
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E CUADRATURA DE TIP PRODUS CU GRAD MARE

N D
FORMULE DE EXACTITATE

PETRU P. BLAGA

1. Fie f, g  C[a, b] si fie doud diviziuni ale intervalului [a, 5]:
Ara €2, <% < ... <%, <b si
Dp:a €Y, <1< o0 < n < b,

care in general sint distincte.
DeriniTiA 1.1, Se numeste formuld de cuadraturd de tip produs formula

b

( ftlgtaids =3 3~ auf=)el) + R @) Ly

1=0 j=
a

unde a; € R, i =0,m, j =0,n, iar R(f, g) se numeste restul formulei.

DeriniTIA 1.2. Formula de cuadraturd de tip produs (1.1) este de tip
interpolatoriu daci ‘
b

a5 = | W) P2z, i = 0m, j=0m, (12

unde W i=0m si 1P j=0,n sint respectiv polinoamele fundamentale ale
lui Lagrange relative la diviziunile A si A,

DeriNitia 1.3. Formula de cuadraturi de tip produs (1.1) are gradul

de exactitate (p, ) daci R(f, g) = 0, pent .
- I ) \ e g, x 2, unde &
noteazd muljimea polinomelor ﬁ)e grad pCel ruu?tni(.i (/. 8 » X 2,

TEOREMA L1. Dacd (1.1) este o formuls : :
. ek : ormuld de cuadraturd de tip produs inier-
polatorie, atunci are gradul de exactitate (m, n) st restul se poate ej;;frima astfel:

]

Rif &= i) x 2, ..., 5, x; fla(max +

b

+S Yo 31 3, %5 g flx)dx —

b
— S u(x)v(x) (%0, Xuooen, 2, %; f] (Yo Yireeo Yo %] g]dx
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Demonstratia se poate gisi in [4].

Cororar 1.1. Dacd (1.1) este formula de cuadratum de tip produs tnterpo-
latorie atunci

b
R(f, &) = S""‘) [Yo Yu -0 9w %; g)f(R)dx, V[ €8, s

b
R(/, g = S u(x) [%0,%y, - - ., %o %; flg(x)dx, Vg < 8,

TrOREMA 1.2 Dacd formula de cuadraturé de tip produs (1.1) are gradul
de exactitate (p, q) si f € Crti{a, b], g € Ci*! [a, b), atunci restul se poate
exprima astfel :

Z/(»(a ‘ M (gla+v()at -

+ 3 80) § Ly s+ - LG, apeeneges g as,

unde
o bl P bl ’ —
Ly(s) =R(,,[" l"+. “”“’ J 1=0, g,
x—a (x—0% _
A’Ik(t) = R(,) Y ’ ql ’ k =V, P, (15)

Demonstratie. Se scrie formula lui Taylor relativd la functia f i respectiv
functia g;

?

b
Flx) = E x—u) f®(a) + S'(_”_;T’)if(ﬁﬂ)(s)ds.

R=

b gt
S U gusn(e) dt.
gt . '

=5

5 — Mathematica 2/1979
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Tinind seama de biliniaritatea lui R se. obgine -

R(f, &) = 2Zq7f‘” &) [(x = (x_a)l]

A=0 I=0

p Y. (A’ — ,)9 .
+ 3 fM@)R [ﬁ;!—a)—’ S py * é"'”'”(‘)le +
k=0 ,, :

b
g (# —5){,,. (¥ — a)'

A (r = 0% rnyy ]
Rl e S
(\'——a)* r—n)‘

Dar R[
kl

] 0, pentru k = 0, p, L =0, ¢, deoarcce formula

de cuadraturi de tip produs consideratd are gradul de exactitate (p, ) si in-
troducind pe R sub integrald se obfine reprezentarea

— a)h Y
E f®(a) SR(” [Eﬂ_"_)_. (__’T_ql_')t] gutn(t) dt +

. (x =92 (x—
) + (r—a)
+ 2 ga) SR(,,[ T ]f(p+1)()ds+

b b
(x — Y,
+ S S R [ 5 (x ql')+]f(p+l)(s)g(q+l)(t) dt ds

adicd (1.4), daci se fine seama de (1.5)

Cororar 12. D dul
de exachitale (p, 3, azf;:c ;formula de cuadraturd de tip produs (1.1) are g4

7 b
RU &) =25 0 (@) | Lo rnyas, vif, g < crorfa, b] X %

13

?
R(f, &) = »z:sf(k)( )S Mgt (pat, v(f, g) = gp x Ctti[a, b).
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CoroLAR 1.3. Dacd formula de cuadraturd de tip produs (1.1) are gradul
de cexactitate (p, g), atunci

R(f, &) = | | Nis, gpo+o(s)gie+iis) as ds

8 e o

pentru orice (f, g) € FO'X FY, unde s-a notat prin F{ spagiul de functis
F'la, 8] = {f|f € C**'[a, b), fMa) =0, 2 =0, &

2. In [4] se gasesc demonstrate urmitoarele doui leme.

LeMA 2.1. Dacd formula de cuadraturi de tip produs (1.1) are gradul de
exactitate (m, m), atuuci este de tip interpolatoriu.

LemA 2.2. Formula de cuadraturd de tip produs (1.1) nu poate avea gradul
de exactitate (m + 1, n + 1).

DEerFINITIA 2.1. Formula de cuadraturi de tip produs (1.1) se numegte for-
muld de cuadratura de tip produs cu grad mare de exactitate, daci are gradul

de exactitate (m + %, n) sau (m,n + k), & >1.
TEOREMA 2.1. Dacd n > m + 2, existi o diviziune A pentru care gradul
de exactitate al formulei (1.1) este (m, 2n — m — 1), oricare ar fi diviziunea A,.
Demonstragie. Din Lema 2.1 rezultd cid in acest caz formula (1.1) este de
tip interpolatoriu. Pe baza formulei restului dati prin (1.3), formula (1.1) va avea
gradul de exactitate (m, 2n — m — 1) dacd .
b
le(/: g) = Sf(x)v(x) [yo' yl: ct yn' x'g] d.’( = O (21)
a
pentru orice (f, g) € €,, X Z2s_m—1. Aceastd scriere’a restului cu un singur ter-
men rezulti din Corolarul 1.1. Conditia (2.1) este echivalentd cu condifia

b
S aty(x)dx =0, k=0, n—2, (2.2)

deoarece polinomul f(*) [Yo, Yy -+ Yu %; €] are gradul cel mult # — 2, ori-

care ar fi (f, g) € %y X L2n-m-1.
Se scrie in continuare v sub forma

v(x) = (x — a)(x — b)P,_y(x),
unde P,_, € &,_, si are coeficientul lui 2"~! egal cu 1. In acest fel condijia

(2.2) devine

b
S(x — a)(b — %) Py_y(x)dx =0, k=0, n—2
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. : ta fiind polinomul
. rmind 1 d unic polinomul Py, aces ortogoy
;1 care detcfnlnigl?itlir\lfo la intervalul [a, b] §iponderea p(x) = (x — g)(p 2 xa]

ietfg rlago{;h0111ul P, are toate raddcinile reale, distincte si situate fn intervay
stfe n-

va alege
@ ) 5 A g = << < =0,

de v j—l—_ﬂ—:.—l. sint radicinile polinomului P,_,.
unde v;, =1 s s g wm .
> m + 1, existd doud diviziuni Ay §i AP poy,

TroREMA 2.2 Daci n j . ; . Pent
care gfizlfz’?; de exactilale al formulei (1.1) este (m, 2n — m), oricare ar fi iy

unea A;. '
Demonstrafie.

cu deosebirea cd in

Se urmeazi acelasi rationament ca si la teorema precedentj,
acest caz se alege ca funcfie pondere

x¥ — a, pentru AP
plx) = b — x, pentru A
iar diviziunile care se obtin sint respectv
A a=3yP <3P < ... <P < b s
AP a <P <Y < ... <P =1,
unde ¥, j = 1,n sint ridicinile polinomului ortogonal de grad # relativ la
intervalul [a, b] si ponderea p(z) = x — a, iar ¥, j =0, n — 1, sint radi-
cinile polinomului ortogonal de grad # relativ la intervalul [a, b] §i ponderea
plx) =b — x. .
TeorEMA 2.3. Dacd n > m, exisld o diviziune AY peniru care gradul de
exactitate al formules (1.1) este (m, 2n — m + 1), oricare ar fi diviziunea ;.

. ,D,"’,”"”s”’ atie. Funcfia pondere care se consideri in acest caz este p(x) =1,
lar diviziunea care trebuie aleasi este

A e <y < y0< | <39 < b,
unde y¥

S O,—n, sint ridicini ; : y 1 relativ
a intor ] w dddcinile pohonmulu.l Legendre de grad » +

3.8 idera 5 ' _ :
fe =0, xf :01;'51d(‘:ra urmatorul exemplu: [q, bl=1(0,1], m=1n= 2, 5

Daci . .
8 s alege Ay gy = 0. %= %- Y2 = 1, se objine formula de cud

draturi de tip . 2 .
produs trapez- . . scrie
sub forma matricialz astflf):ﬁ Simpson, care a fost dati in [4] si care S€

j! Swelmix = L (o) gy |1 2 O o
0 ; o2 J{e(3)|+ 2@

cu gradul de exactitate (1, 2). o
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Folosind reprezentarea restului dati de Teorema 1. 1 se poate obtine o
margine superxoara pentru rest, si anume:

[R(f g)| < ]_9 M,Mg-}- — M}’M,+ o MEM3, Y(f, g) €Ct [0, 1]1x C? [0, 1],
R(f, g)| < — M;f‘f Y(f, &) =&, x C*[0, 1],

IR(f.8)]< M My V(fg) =CHI0 1] x 8,

unde s-a notat
M} = max |0 (x)|.
xe(0,1)
Conform Teoremei 1.2 si Corolarului 1.3 pentru rest se obfin repre-

zentdrile :
1 1

R(/, ) =/0) { Moltg™ 0t + 1) [ 080t +
+ 600  Lo(s)/(5)ds +£/00) { Lufs)f"()ds + g"(0) | Ls)f (s +

0 0 0

+

°~.——\_

(Ns Of"(s)g'"(t)dt ds, Y(f., g) = C2[0,1] x C*[0, 1]
0

si respectiv

i
R(f, g) -_SSN s, Of"(s)g’" ()de ds, V(f, g) & F x F
00

unde
FRRETE)
L) = - =2,
Ly(s) = — ﬂl-z-:——s') ,
-t
M) = (1 - 1)1(124— 2t — 1) ‘_%(_21_ _ t)i,
'N(s, t) _ (S;:):- _a ;—41)‘+ (11— s)e(l -9 (1= s)(l _g)t 1= 5(_
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. ; i ulele de cu .
aza Teoremei 2.2 se obtin respectiv form cuadratur g, tip

e ul de exactitate (1, 3):

produs cu grad

8(0)

; 1 [ 74248 7—2«/3) ¢33\, &
. =1 1 _ 2)

S.f(x)g(x)dx A () (0 o_J5 94 46 g(6+«/€) (£ 9

10

(55
: s £) 9446 9—46 0) “’J_ + o
1 1 = — 4 6 2]
(/(nigtaidz = 2 (701 (7_246 s v2ds ol|e[ 58 [H
' L e

Folosind Teorema 1.1 se objine aceeasi margine superioard pentru cele
doud resturi:

0.40 32 4/6— 0 . 3125 MM

i
2826 7

R, @)1 < L b+ L ey

0.4032 4/6 — 0.3125 MIM?
2826 ’

V(/, g) = C*[0, 1] x C*[0, 1].

ot 1 1/6
R <~ MaMo 4 Y5 Moy
|RE(f, g)| 5 %5

Daci se aplici Teorema 2.3 se obtine formula de cuadraturd de tip prodts
cu gradul de exactitate (1, 4)

l - - fg(s—la/l—SN
[ fetax = L s fm)(”*/ls 8 5“415) el |+roud
0 §—y15 8 54415 2
(5+J1—5J
o )

avind urmitoarea margine superioar pentru rest

IRO(f, &) | < Lm0 £ 13 proape | 7 3[0, 1)
1277 ‘+4800M/Mc +mM}M;, V(f, g) = C*[0, ~_1]><C[

Ca si in cazul i . :npson ¢
pot da, in condj;ﬁlef%;ﬂi de cuadraturi de tip produs trapez-fSlmP5°(1_4).

e 12, reprezentiri ale restului de forma
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In continuare se folosesc cele patru formule de cuadraturi de tip produs,
1

pentru calculul aprbximativ al ilitegralei définiteS ; 1’ ”dx = In2 = 0.693147 cee,

]

pentru care se obfin respectiv valorile 1

22072 =06943..., 3% — 069195..., %82 _ 0.693186. . .,
10 "’ 193 435 s LT
daci se considerd f(x) = 2x si g(x) = ——. o
14 2

(Inirat In redacfie la 24 oclombrie.1978)
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PRODUCT-TYPE QUADRATURE FORMULAS WITH GREAT
DEGREE OF EXACTNESS

(Summary)
Using Taylor’s formula, the integral form for the remainder of the product-type quadrature

formulas is given. The choice of the knots, for getting the product-type quadrature formulas with
great degree of exactness is presented. Some numerical examples are given.
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O METODA DE CALCUL A SOLUTIEI MINIME L., A SISTEMEL (R
DE ECUATII LINIARE NEDETERMINATE

MONICA ALBU

Se considerd sistemul de ecuafii liniare: Ax = b, unde A e M am(R), # <
beM,(R), b #0. Se cere si se determine x* € R™ astfel incit LTI -

=inf {]|%||eo : A% = b}.
Aceasti problemi a fost studiatd de Cadzow [2, 3], care di s algo.

ritmi de rezolvare a problemei.
Recent, Abdelmalek [1] reduce problema daté la problema de pro-

gramare liniard

[k—»min
x+he 20
(P) {—x+he>0
Ax=1b

h20 cu b= [|x|lo=max {|z] %l ... %]}

1
§ie= 1 e M,

]

pe care o rezolvd cu ajutorul algoritmului simplex al lui Dantzig. .
i .I.nAprezentav]ucrgre vom descrie un nou algoritm pentru gésirea solupie!
x* utilizind o altd varianti a algoritmului simplex [4], care nu necesitd intro”
ducerea unor variabile auxiliare.

Vom rezolva duala problemei (P):

{brv — max

|

[EmEAT][ }20

<

(D) (

£

[T T 0] [v] <1 unde £ € M m(R).

U >
/0 ueRzm’veRn
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2 0 astfel incit si avem
E —E At () % 1
eT eT 0 IJ v =[ 0}
w
LeMA 1. Dacd w intré in
scop este bT v* = Q.

Dar bTv* = 0 implicd &* = ||z*||, = 0 si
b =Ax* =0,

Introducem variabila »
= em-i-l

baza optimd atunci valoarea optimd a functiei de

ceea ce contrazice ipoteza.

CoNseCINTA 1. Componenta w* nu poate intra in baza optimd.
Atunci vom putea presupune de Ia inceput w = 0, iar problema (D) se va

transcrie
Ty — max
E —FE 4 %
=e
eT e 0 v mtl
%20
Coustruim tabelul simplex pentru aceasti problema.
D, D, Dy} Dyt Dy, Doyt Dyt
—Uy U —Um | —Umt —lam § —Up ~Up 1
0
0z n —E AT 0
C o
Mt 0 1
0= Yt 1 1 1 1 1 0
0 0 0 0 0 | =b =5, 0

imi iabi ii restrictie]
fn prima etapi elimindm variabilele v;, acestea nefiind supuse restrictiei

de nenegativitate. Coloanele y; = 0, care trec in locul variabilelor v; eliminate,
pot fi omise din tabel. Obtinem un tabel de forma:

51 5m+l : 5,,,, Bz»ri-iu.l 5’""""'14

—u —Umt1 Tm | "V ~Yin
Vg, = ?
Vg, = :
vi, = : -
0= Yige 0 0
0= Yim : T ) 0 1
0 =Ym+1 q] Imt1 Jam 9.;1.-1-1 Qi

1
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omise din tabel. Coloanele Dy, .- 7 p

T . pot fi
iniile v;, Uiy ++ Vi p R .o 24
L oo * u avut zero in dreptul liniilor Vi p i

i eliminate dacd a -
nu au putut fi eliminate in e
Lucrind cu acest tabel simplex coloanele variabilelor v, _, ..., v, vor rimin,
neschimbate (inclusiv G, ., « - q,-"). . . '
{nseamni ci aceste coloane le putem omite din noul tabel simplex. Vom
lucra in continuare cu tabelul -

C, Cy. .o. Cp Cwtr -+ Com
-t —uy vee =y — Uty eee gy 1
0= Yip+1 0
0=y, | 0 (1
0=9Ymt1| ! 1 1 1 e 1 1
5 9 oo Gm Im+1 cee om Y

Coloanele C;, j = 1, 2m contin ultimele m — k& 4+ 1 componenete ale coloa-
nelor D;, j=1,2m
Ci+Cprj=2¢,41 1=1m

LeMA 2. Au loc relaﬁile{ . —
95 T 9nti = 0 j=1m

Demonstrafie. Coloanele 135, j =1, 2m se obtin din coloanele Dj, j = I, 2m

prin efectuarea unor pasi Gauss— Jordan modificati. Iar pentru coloanele Dj
aveau loc relatiile

{ Dj+ Dpyj = 2e,4, J= Lm
% + quy; =0 .7=m
Variabilele %; §i u;,, le vom numi variabile corespondente, iar coloancle
lor dm' te}belul simplex, coloane corespondente.
Ehn}mém acum liniile nule din ultimul tabel simplex si construim 0 bazd.
Daci variabilele %, u,, . . ., u. se gisesc in bazi si notdm cu B matriced

. qs 12 Thar © T4 1— .
formata din coloanele C,, C. ' atunci coloanele noului tabel sim”

11 i) * o0y

Plex notate cu Y, verifici relatiile :

e TR =<l 1L

A5 —qTB %, 414 .
unde g’ =[g,, ¢;,. ariabilel

‘m+1—k’

=l G Vimsry b I {3y, .., tys1—4) Dacd C; este coloana v .
corespondente celei care a irmbes s o . ve e o[ Y] o (0B "
care a intrat in bazj pe linia 7 atunci ,J =2 2 0
Lema 3. Fie : . . vora I

bs o solufie de baz, Atunci existd doud bazeB, §i_Bs carord

corespunde by. Valoareq C L s A alodred
absolutd dar'de semn 0}{2?.0;181 de scop pentru cele doud baze este egald in valod
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Demgnstra[w.. Fie B, = (Wi, % ... %, ) 0 bazi si solujia de bazi
corespunzitoare ei b"°. Atunci B, = (4, u;, ..., %, ), %, §i %, corespon-
dente este baza ciutata.

. LeMa 4. Considerdm cele doud baze B, §i B, definite ca in lema 3. Fie T,
si Ty tabelele simplex corespumzdtoare celor doud baze. Atunci, dacd |i — jl=m,

avem
[Y:] in Ty= [ Y,J] in T,
% '/

_ Observim ci daci se cunosc coloanele Y,,Y,,...,Y,, si g}, i, ..., gn atunci
sint cunoscute $i Yoi1, Ymiz, .., Yom Gmi1, Guizs « - » Game. INseamni ci’ vom
putea lucra de la inceput cu un tabel simplex condensat, continind doar cite
o singurd coloani din fiecare pereche de coloane corespondente.

Dac¥ valoarea funcfiei de scop corespunzitoare primei baze admisibile
construite este negativd atunci, conform lemei 3, se inlocuieste baza cu baza
corespondentd ei. Solutia de bazid b, riamine aceeasi, dar fiecare coloani din
tabelul simplex se inlocuieste cu coloana corespondentd conform lemei 4.

Pozitivim linia funcfiei de scop. La fiecare pas calculdm gj, j = 1,2m. Daci
pentru un j avem ¢; <0 si coloana j, nu este in tabelul simplex atunci se in-

] .
locuiegte coloana corespondentd ei din tabelul simplex cu aceasta. Dacd o vana-
bili u; este in bazi atunci g/ = 0 jar in coloana corespondentd ei ¢; = 2z > 0.

Presupunem ci am ajuns la ultimul tabel simplex

—Ufia g cee Uiy

~

ba.

Yt 1k

Fad

» .
qu+2—k o qfn

Din acest tabel citim si solujia 6ptimé a problemei (P).

LEMA 5
—z* dacd uy este in baza optimd
z* . dacd Ujim este in baza optima - .
. g — z* dacd u; nu este in baza optima dar .apare in
J=1m 2= ultimul tabel simplex -

2% — Py m dacE tj,m mw este in baza optimd dar apare in
‘ wltimul tabel simplex

Observatie. Se constatd ci baza optima nu poate confine variabile corespon-
dente. '
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Descrierea algoritmulus

Pasul 1. Construim tabelul simplex corespunzétor problemei

bT p — max

[E AT 74] [o]
e ol
#“>0 unde % = (ty, g, - .., t,)

Pasul 2. Se elimini variabilele v, i=1,n §i se construieste o bazi
admisibild in ‘modul urmitor: presupunem ca s-au eliminat liniile nule

iy 4y ... 4 Nefixdm asupra unui indice 4, s € {1, 2, ..., R} §i notim cu

' R T
C'-:= (Cj‘,';, le"s’ .oy c’m—his' 1)

j, e (1,2, ..., mN\{by, 0 - -0 Ba}, 7= '1, m — k, coloana variabilei #; din
ultimul tabel simplex. Variabila #, impreund cu variabilele #;, 7 € {ji, Ja . .-
.-+ Jms} pentru care ¢; <0 si corespondentele variabilelor #;, j€{jy, ja -
.+ Jm_s} pentru care c;, > 0 formeazd o bazd admisibild. Daca valoarea func-

tiei de scop corespunzitoare acestei baze este negativd, se inlocuiegte baza cu
corespondenta sa. Solujia de bazi nu se schimb#, dar coloanele tabelului
simplex se inlocuiesc cu coloanele corespondente lor. _
Pasul 3. Se trece la pozitivarea liniei functiei de scop, calculind la fie-
care pas g¢; pentru variabilele nebazice §i pentru corespondentele acestora.
Dacd exista g;, <O si variabila %; nu apare in tabelul simplex, atunci se
inlocuieste corespondenta acesteia din tabelul simplex cu #;. Dacid to}i g;
7 =1, 2m sint nenegativi, atunci se calculeazi solutia optind a problemei (P)
conform lemei 5.
ibil Dacé problema (D) are optim infinit atunci sistemul 4 x = b este incompa-
ibil.
Exemplu. Si se obtind solufia minima L, pentru sistemul de ecuaii
7%, — 4%, + 5%, 4+ 3%, + %, = —30
—2%, +' X+ Sx3+4x,+ 2, = 15
5%y — 3%y + 10%, + 72, + 2x, = —15
Pasul 1. Construim tabelul simplex

% = —uy —w —u —y, —v, =u, 1
0=5"1 1 0" 0 o0 o )
0 0 4 1 -3 0
= Ys -0 0 1 0 2 :
0= 0 5 5 10 0
=% 0 0 0 1
0= 0 3 4 7 0
0=y 1 1 1 1 12 0
‘ 1 10 0 0 1
! O 0 0 0o 0 3 -5 15 0
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Pasul 2. Elimindm variabilele

Obtinem tabelul

Uy, Uy, U3 $i liniile- nule.

—W |~Uy -y —u, —uy 1
0= 25 45 1 0 o 0
0= 19 34 0 1 0 0
0= 5 9 0 0 1 0
0= 1 1 1 1 1 1
[-30 —45 o o 0| o
Vom construi o bazi admisibili cu variabilele Ug, Uy, U4, ¥,. Rezultd
tabelul
—u, 1 '
u = | — 12 1/2
uy = | — 9/50 | 19/50
Uy = - 1/10 1/10
w = 89/50 1/50
42/ 5 3/5

Deoarece ¢, = 2-3/5 — 42/5 < 0 se inlocuicste variabila #, cu corespon-

denta sa:

-y 1
u = 3/2 1/2
u, = 47/50 | 19/50
Wy = 3/10 1/10
w, = —87/50 1/50

—36/5 3/5

Efectuim un pas Gauss-Jordan modificat cu

si ajungem la ultimul tabel simplex

elementul pivot as; = 3/2

—1u, 1
u, = 2/3 1/3
u, = —47/75 2/30
U, = 1/5 0
u = 29/25 3/5
24/5 3

Solutia optimi este z* = (=3, 3, —9/5, 3, 3).
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A COMPUTATION METHOD FOR THE MINIMAL Lo SOLUTION
OF THE UNDETERMINED LINEAR EQUATIONS

(Summary)

In this paper an algorithm for finding the minimal Lo solution ofthe und etermined linear
equation system Ax =b is described using a variant of the simplex slgorithm which does not
require the introduction of any auxiliary variables.
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IToan Marugsceac, Programare geome-
trich §i aplicagi (Geowmetric programming and
applications), Ed. Dacia, Cluj-Napoca, 1978,
348 pp. + 30 pp. prograwms.

This book provides a systematic and casy
readable, but yet a rather pecuetrating presen-
tation of both the theory and application of
geometric programming. Following the publi-
cation in 1967 of the book by K. J. Duffin,
E. L. Peterson aud C. Zener, geometric pro-
granming bas developed to an important branch
of mathematical programming with various fine
applications.

Since only minimal prerequisites are supposed,
the first chapter gives an account of the main
theoretical backgrounds of mathematical pro-
gramming such as convex fuunctions, theorem of
Helly, Iarkas-Minkowski, Fritz John, Kuhn-
Tucker, duality in lincar programning etc.

Chapter II is devoted to the foundation of
geometric programming. The geometric inequa-
lity aud duality in geometric programming are
treated in full details, including a recent result
by A. C. Williams and M. Avriel.

Chapter 111 covers a great deal of material,
focusing attention on a series of key theorems,
The paragraph headings of this chapter are:
classification, generalized geowmetric program,
rational geometric programming, polynomial
geowmetric programming. Mention should be
made of the author's elegant way to approach
the complementary geometri¢ program.

Chapter 1V deals with numerical methods to
solve geometric programs. Among others, the
reader will be able to handle the cutting-plane,
the condensation and the interior penalty (or
SUMT) wmethods. .

In chapter V, devoted entirely to applications,
we find vectorial programming, applicatious in
approximation theory, approximation of positive
solutions of some nonlinear equations, cnemical
equilibrium problems, electrical networks, realia-
bility achieved by redundancy, optimizatiox} of
sea water desalting technology, nonlinear assign-
ment problems, all treated with geomet{l\c
programming. 1'he book ends with three FORT-
RAN programs for the SUMT, linearizing and
condensing algorithius.

The book under review will certainly ease
the way to learn and handle the tools of geo-
metric programming for anyone who wants to
learn it.

F. RADO

RECENZII

Németi Ladislau, Programarea In
Ump a fabrienylel (La programation temporelle
de la fabrication), Ed. Dacia, Cluj-Napoca, 1975,
197 pag.

Le travail traite le bienconmnu probléme de
I'ordonnancement de la fabrication, constituant
un probléme important dams le lancement et
dans la programmation de la fabrication d'une
entreprise.

L'auteur, spécialiste reconnu de ce domaine,
a synthétisé et réuni dans ce livre ses principales
recherches cffectuées dans la période 1963 —1975,
ainsi que plusieurs résultats importants des
autres auteurs concernant les problémes de
I'ordonnaucement de la fabricatiou.

Le livre est constitué de trois parties: ,,Fonde-
ments mathématiques”, ,,Modéles mathémati-
ques de I'ordonnancement” et ,,Méthodes appro-
ximatives'. Dans la premiére partic ,, Fondements
mathématiques” on introduit des notions de la
théorie des graphes et on donne les formulations
des quelques problémes mathématiques utilisés
dans la résolution des problémes de 1'ordonnan-
cement de la fabrication. Ainsi, dans le premier
chapitre on présente le probléme de la program-
mation mathématique & contraintes disjonctives
et un algorithme pour la résolution de celui-ci.
Le deuxiéme chapitre contient quelques notions
de la théorie des graphes et une étude du bien
connu probléme des potentiels.

La deuxiéme partie du livre , Modéles mathé-
matiques de l'ordonnancement”, comprend 4
chapitres ot l'on donne des modéles mathéma-
tiques pour les divers cas particuliers du probléme
de l'ordonnancement de la fabrication. On
étudie les cas suivants: la fabrication des piéces
uniques daus le cas oi il y a seulement un exam-
plaire de chaque type de machine-outil (chapitre
3), ou plusieurs exemplaires du méme type de
wmachine-outil (chapitre 4), la fabrication en
série (chapitre 5) et le cas ol on travaille par
plusieurs reléves (chapitre 6).

Dans la troisitme partie intitulée ,,Méthodes
approximatives’ (chapitres 7—9) on présente
des méthodes approximatives pour la résolution
des problémes de l'ordonnancement de la fabri-
cation, A savoir: les méthodes euristiques de
type global (chapitre 9) ou de type local (cha-
pitre 8) et des méthodes d'approximation ayant
a la base des modéles mathéinatiques.

Certains chapitres poss¢édent des exemples
résolus & l'aide des algorithmes présentés, A la
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fin du travail, 'auteur fait une analyse critique
des possibilités d'application des modeles et

des méthodes étudiées.
) STEFAN TIGAN

S. CGrossmann, Mathematscher Eln-
fuhrungskurs f{ir die Physik, Teubner Studien-
biicher, B. G. Teubner, Stuttgart, 1976.

This book is intended as a first course for
students in Physics. The subjects treated cover
the necessities of the basic courses of experi-
mental and of clasical theoretical physics. The
author justifies through various exawmnples from
physics the necessity of the introduced mathe-
matical notions. They are introduced rigorously
and in certain parts equivalent formulations
are given. These allow a better understanding
of the notion and they show the students the
possibility of using these notions in physics.
A positive feature of the book is the emphasy
on the applications of the theory in practice,
and many methods of computing and solving
problems. Each chapter contains a lot of exam-
ples, many of them solved.

The content of the book is as follows:

1. Vectors, transformation of coordinates,
matrices, determinants.

2. Vector-functions, differentiation of vector-
functions, space curves,

3. Fields, partial derivatives, gradient, diver-
gence, rotation, A-operator.

4. Integration, improper integral, integrals
with respect to parameters, §-function,

~
~

A e s

i

5. Integral of vector functions, ]
surface integral, volume integral.

6. Integral thecorems, representatij .
A-operator. Gauss theorem}) partial l?::e of -the
Stokes’ theorem. 8ration,

7. Curvilinear coordinates, differential o
tors in curvilinear-orthogonal coordinateg pere-

P. SZILAGYI

ine integra)

R. D. Grigorieff, Numerik gewdhn-
licher Dilferentinlgloichungen, Band 2 Mehs-
schrittverfahren, Teubner Studienbiicher, B, g
Teubner, Stuttgart, 1977. '

The second volume of R, D. Grigorieff's
book is devoted to the study of multistep me-
thods for ordinary differential equations.

The chapters of the book are as follows:
Multistep methods for first order systems:;
Asymptotic properties of 1nultistep methods;
Domains of stability of multistep nethods:
Predictor-corrector methods; Somie special me-
thods and Methods for higher order systems.

The way in which the material of the book
was arranged makes it useful for the specialist
interested omly in the algorithmical side of
most efficient methods, as well as for the mathe-
matician interested in the most recent develop-
ment of the theory. The latter will find a tho-
rough study of topics like : stiff systems, variable
step-sizes, asymptotic developments, optimal
error estimates, etc.

The references contain more than 300 entries.

E. SCHECHTER

L. P. Cluj, Municipiul Cluj-Napoca — Cd. 3062
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dans les spécialités:

mathématiques
physique
chimie
géologie-géographie
biologie
philosophie
sciences économiques
sciences juridiques

- histoire
plilologie



/ 43 873 /

Abonamentele se fac la oficiile pb;tale, prin factorii pogtall §i

prin difuzorii de presd, iar pentru striinitate prin' ILEXIM, De-

partamentului export-import presi, P. O. Box 136137, telex 11226,
Bucuregti, str. 13 Decembrie nr. 3.

Lei 10



