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STUDIA UNIV. BABES-BOLYAI, MATHEMATICA, 2, 1078

SUBSPATII INTR-UN SPATIU Kj(III)

Subspatii intr-un spatiu K% simetric Cartan

P. ENGHI§

Se considerd un spajiu V, scufundat intr-un spajiu K% simetric Cartan.
Spatiul K3, fiind simetric Cartan avem:

RaBYB:o =0, %Ratm + ‘PyRaBGp + %Raﬂw =0 (3.1)

vectorul @, aga cum s-a amintit (partea I), poate fi ales gradient [7], iar prin
puncthi virguld este notata derivarea covarianti in raport cu metrica spati-
ului K3,.

A. G. Walker [7]) a aritat cd spatiile K& simetrice Cartan au unele
proprietafi comune cu spatiile K5, recurente in ceea ce priveste tensorul de curburi,
cimpuri paralele etc. Este firesc cd §i subspatiile unui spatiu K}, simetric Cartan
sa aibd unele proprietdfi comune cu subspatiile unui spatiu K} recurent. Ne
propunem ca pe lingd proprietati §i relajii specifice si punem in evidenta si
unele rclafii comune ce sint verificate, atit de subspatiile unui spagiu K, recurent
(relatii ce au fost puse in evidenji in partea I §i II) cit si de subspatiile unui
spatiu K, simetric Cartan, .

Sa presupunem ci g, nu este ortogonal la subspafiul V,. Derivind covariant
prima ecuatie (1, 10) (partea I) [4] in raport cu metrica subspaiului V, si finind
cont de (1, 8) (partea I) si de a doua ecuatie (1, 10) avem:

Riwa,r =2 2y Qpigms, r — 4 2 € {Qotitn Qupiinin m + Qovrirt Qo 1} +
?
’ (3.2)
+ 436D eq {pan Qe Qipiir + oot Ligtian Lipirr}
? q
unde Q, ;44 sint dati de (1, 14) partea I, iar paranteza dreapt3 noteazi antisime-

trizarea. Rezulti deci:

Prorozitia 3.1. Subspafiile unui spapin Kn simetric Cartan verificd rela-
tiile (3, 2).

« 3 o asa
Din a doua ecuatie (3, 1) inmultind cu ys, y,@, yh, ya ¥¢ §i finind seama
de prima relatie (1, 10) si de (1, 11) rezulti:

?rRism + @ Rijpy + @aRiygn = Y 65 (@ Qpiiin + 21 Spiigwr + P Qpgn)  (33)
?

Daci in (3, 3) se inmulfeste contractat cu g §i se jine sema de (1,15) (par-
tea I) se obtine

A =26 (Qpims — 8 Qo + 5pip) 34)
?

) . : I).
unde A4f, = RY, — (3R, — 3iRa) [2), iar @pyp sint dati de (1, 15) (partea I)



b. ENGHig

Inmulting (3.4) contract oy gi*

Se obtine
(R3, — 2Ri)o, — ;
h Rh)‘Pa = ; e ((Dm 3 — 245;‘,,,,)%
und =Q? : )
e (DPI = QP' - QPI" Q:l‘" ReZUlté deci ( O)

cer PROPOZI'gIA 3.2, Tensorul dqe ct :
ura scalard, tensori; ) o ensorul bui

spatiu Ki simetric Cartan un subspat; Rica,
11 173 .
(3. 3), (3. 1), (3. 5), » € veclor o, neortogonal lg subspaﬁu'j; e'n.ﬁg;.ral Unyy

; latiile -
Observatie Relatiile (3,3), (3 .
2 fie. ] ), (3,4), (3,5) sint identi i
(s:ubspatule unui spaiu K7 recurent, deci propoI;i;:: Cg 21- e:Iaf;ule ce le vetfic
omune sybspaj:ulol_' unui spatiu K% oarecare, * mE propriety
Dacd subspatiul V, scufundat in spajiul K

simetric Cartan, atunci din (3,2) rezults : w Simetric Cartan este s g

Zp\, ep Qpijhn, = 4 Zj; € {Q%i1r Qipijinay + Qpgerr; Qp MItA ) —

— 4 ; €p ; €q {tpatn QLigmti Lipisrr + tepti Liatirr Lo} (3.6)

Reciproc, daci pentru un subspatiu V, a unui spatiu K§ simetric Cartan,
tensorul secund fundamental verifica (3.6) atunci din (3.2) rezultd ci subspatiul
este simetric Cartan. Deci: ‘

ProroziTia 3.3. O condific necesard i suficientd pentru ca un subspatiu
V, al unui spatiu K, simetric Cartan cu veclorul @, neortogonal la subspafiu Gsa
fie simetric Cartan, este ca tensorul secund fundamental sd ””}f“? relafisle t(3. c)i.

Daci subspatiul V, simetric Cartan este subspatiu Kj, simetric atun

din (3.3) rezulta: ’

— 3.7)
S ey (@, Qotiien + P4 Lotz + @1 Qo) =0 (
7

; ; bspatiul
si reciproc, dacd intr-un subspatiu V, simetric Cartan (3.7) are loc, subspa}

i * simetric. Deci: o | i Vol
este S;bspaglzli fiﬁ 3.4. O conditie necesard si suficienta lc;z {:stspz;btfﬁ Isd fi o
. spl:zct)il; K’g simetric Cartan cu vector P, ni;)rtogo(véan a ] i
Zzuk- simetric este ca Sd aibd loi: relcg,n}lir(i’;l )S 33 spzl;iﬁ K¢ oarecare al 1
( ) ia (3.7) are loc st intr-
Observatic. Relatia (3.

o A itia 1.6 partea L. 1
3 ,-a aratat in propozifid . e yectorul &
spafiu K recurent, dt}cpa. Ca:lrl; ?36]1 2—a arétatpcé in orice spajiu Kn
erioar?

4 . i _oRN®="

ntr-o IUCT?Ite ailui ‘o, =0 si verificd relaitillléngRgznetricevale untd
este solufie 2 Slstemi din (3’.4) si (3.5), pentru Sublspl?subspatiu rezultd:
Din aceste rezultate $ u vector ¢, neortogona 38)
patiu K simetric Cartan ¢ 0 (
S . s , =

; 4 . b)) () kh) @i

S & (Qpyis — 8 Ppiin 24 521 09
7

1 '; , = O
> e (Pp B — 2%
4



SUBSPATII INTR-UN SPATIU K5, (1)

Deci
ProrozITIA 3.5. Vectorul o, al unui subspatin K simetri .

T et ofyd ¢ Carta .
spajin K, simelric Cartan cu veclor o, neortogonal la subspafiu est;z f&%ﬁﬁ
sistemului (3.8) §1vanf1,;:a (g?,g),

Observalic : Relatiile (3.8) si (3.9) si propozitia 3.5 sint verifi )

> [ \ ) ¢ . erificate

subspatiile K. oarecare dintr-un spajiu K} recurent, dupi cum s-a erz“g:zttltﬁ
propozitia 1.7 partea I. : :

Pentru subspatiile V, total geodezice ale unui spatiu K% simetric Cartan
din propozitia 3.4 rezultd: . ,

PrOPOZITIA 3.6. Subspatiile total geodezice ale unui spatiu K% simetric
Cartan cu vector Po neortogonal la subspatiu, sint spatii K2 simetrice Cartan,

Pentru cazul in care vectorul ¢, al spatiului K7, simetric Cartan este orto-
gonal la subspatiul V,, ca in cazul spatiilor K}, recurente rezulti 9, =0, iar
din a doua ecuatie (3.1) prin inmulfire cu y¢, 5%, 5¥, 3 si insumind in raport cu
a, B, v, 8 rezultd

@ Rapys 3%, 55, ¥, 98 =0 (3.10)
din care daci sc {ine seama din prima ecuafie (1.10) (parte I) se obfine:

@ (Rijes — ; ep Qpjijin) = 0'
si cum ¢, # O rezultd §i in acest caz
Rijkh = ; e, Qpliju (3.11)

Deci, ca §i in cazul subspatiilor unui spatiu K% recurent avem si in cazul
subspatiilor unui spatiu K5 simetric:
. _Prorozipia 3.7. Tcensorul de curburd al unwi subspatiu V, dintr-un spa-
hn Ko simelric cu vectorul o, orlogonal la subspafin, este dat de (3.17) unde
Qpiijin_sint definiti de (1.74) (partea I). i
. Din (3.11) rezulti, ca si in prima parte, cd subspatiul V, in acest caz va
fi in acelasi timp simetric sau recurent sau subspajiu K3, glupi cum tensorul
suma al celor m-n teusori Qpyj, definifi de (1.14) este simetric sau recurent sau
Covariant constant si verifici o relatie analoga cu (3.7). Deci §i act ?ro.pomt}a
(1:'9 t(Pfima parte) este adevirati pentru un subspatiu al unui spajiu K simetric
artan.
In particular si in accst caz, daci subspatiul este total geodezic, din Qp;; =0
Tezultd Ry, = 0 si subspatiul este euclidian. . o
Pentru subspatiile total ombilicale ale unui spajiu K. simetric Ca{taﬁ
S¢ Tegdsesc ugor rezultatele lui T. Myazowa [5] i M. Privanovi cl
» Potrivit cirora subspatiul este conform simetric. Celelalte rezultate ?tf
3utorilor maj sus aminti$i pot fi formulate pentru aceste spatii, dupd cum r_ezuK?
din (2.2), (2.3), (2.4) (partea II) scrise pentru cazul subspafiilor unui spajiu oo
Simetric ¢y ¢, neortogonal la subspafiu si din (3.11) pentru cazul cind o, este

Ortogonal ja sub . ;
spatiu, astfel: . . . Cortan. ale
] ii V. total ombilicale simetrice Carian,

it R iy et e 0 wrd scalard constanta.

Unui op s 3.8. S )
Wospatiu K3 simetric Cartan, sint cele de curb :
(Intrat in redactic la 27 GP'?’ 6 1977)
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SOUS-ESPACES DANS UN ESPACE K& (1II)
Sous-espaces dans un espace K symétriqgue Cartan

(Résumé)

Dans ce travall on donne les relations (3, 2), (3, 3), (3, 4), (3, 5) qui sont vérifides par les
suos-espaces d'un espace Kj symétrique — Cartan, avec le vecteur g, non orthogonal au sous-
espace. Par (3, 6) on donne la condition nécessaire et suffisante pour que le sous-espace soit symé-
trique — Cartan, ou par (3, 6) et (3, 7) pour que le sous-espace soit Kp symétrique-Cartan. Pour
le vecteur @; du sous-espace K5 symétrique-Cartan on donne les relations (3, 8) et (3, 9). Pour
le cas ¢p orthogonal au sous-espace on donne la relation (3, 11) vérifiée par le tenseur de courbure.

Pour le cas des sous-espaces totalement ombilicaux on précise qu'on peut retrouver facile-
ment les résultats de T. Myazawa et M. Privanovich montrant qu'on peut les reformuler dans la

i .8.
prOPOSiXOélh:que occasion on précise les propriétés qui sont valables aussi dans un espace Kg, récur-
rent.
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DOUA METODE DE REZOLVARE A PROGR AMELOR INTREG]

STANCA ROTARU

Problemele de programare liniard in numere intregi care fac obiectul pre-
zentulul studn} au urmatoarea structurid: si se gdseascd vectorul a* = (x°
2f,..., %») din mulfimea 1,

Q={xeR|Ax< b, x> 0} (1)

cu toate componentele 7, j =1, #, numere intregi, care are proprietatea ci
maximizeazad functia liniar3

f(x) =[xy, %, ..., %) = cxy + CoXp + ... + ¢, %, (2)

Problemele de acest tip au, in general, metode de rezolvare mai mult sau mai
pufin eficiente. Avind in vedere multiplele aplicafii practice ale programérii
matematice in numere intregi, precum si faptul ci rezolvarea manuali a pro-
blemelor de acest tip presupunc oarecari dificultiti, ceea ce impune cu necesitate
utilizarea calculatorului, se pune in mod evident problema gisirii unor algoritmi
cit mai eficienti: eficienfd masuratd prin timpul de lucru §i volumul de calcule
necesarc rezolvirii la calculator a problemelor mai sus amintite.

In scopul gasirii unor astfel de algoritmi, am utilizat anumite idei din
algoritmii cunoscuti ai programirii matematice in numere intregi si, pornind
de la niste rczultate teoretice cu caracter general, gisite in [1], am elaborat doi
algoritmi care s-au dovedit mai eficienti, in sensul amintit mai sus, decit algoritmi
cunoscuti ai programairii intregi.

Este vorba despre o metoda de tip ,,branch and bound” pentru rezolvarea
programelor liniare in numere intregi §i despre un algoritm pe care l-am numit
..rgmﬁicé si exclude”, algoritm care reprezintd o imbundtdfire a metodci pre-
Cedente.

Compararea eficientei acestor doi algoritmi cu algoritmi cunoscufi din
Programarea intreagi am ficut-o raportind rezultatele obfinute la calculator
cu cei doi algoritmi la rezultatele obtinute la calculator folosind pe de o parte
algoritmi bazati pe metoda planelor secante (algoritmul ciclic al lui Gom 03r y
4], algoritmul discret al lui Gomory [5], algoritmul lui Dantz lBg [ 1]).
'ar pe de alti parte metode de tip arborescent, in speja algoritmul lui Beale
Sl Small [2].

i » & algoritmul ,ramificd si exclgde"
ncades | D el arborescen si ele se bazeazd in primul

S¢ pot incadra in categoria metodelor arborescente 51 €l stiot anor probleme
:llud Pe programe liniare derivate din ignorarea integritajil sokuz;i O P barice
ie Programare liniard in numere intregi care se obtmtl_mpﬂmﬂ

Btregi nesatisficatoare x, una din restricfiile alternative

@

x,$ ”p
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respectiv
%p> iy, + 1

unde 7, reprezintid partea intreagi a valorii neintregi a variabilej x
. Pentru a facilita infelegerea celor doi algoritmi, a ciror prezen.ta
tuie scopul prezentului studiu, expunerea acestora va fi insotity ¢ Te Congt;.
numegce rezolvate concret. : € exempje
metoda de tip ,.branch and bound*. In elaborarea ; .
,branch and bound” ppentru rezolvarea problemeclor de prograr;?;deﬁn-d ¢ tp
numere intregi, am pornit de la rezultatele teoretice prezentate de Ba| as l;;r; om
n

in [1], cu privire la rezolvarea umei probleme de optimizare cu Testrictii daty
sub o formid cit se poate de generald: si se giscascid s* € Q, in asa fel i:ci:

(4)

z(s*) = max {z(s)|s € Q,} 6)
unde |
Q= {5y, Sy, ..., Sp} )
iar
2: Q= R 0

folosind principiul ,,branch and bound”.
_ Acestei probleme i se poate aplica principiul ,,branch and bound” in con-
difiile in care sint verificate urmitoarele ipoteze :

(i) Existd o muljime {initd T = {t;, ly, ..., {,} care satisface condifia:
TD>Q,
si existd o functic
v: T —R ©)
asa incit
(10
UIQ. =2

(ii) Se poate defini o reguld de ramificare & astfel : daca T,C T, IT> 2
atunci aplicind regula & mul$imii T, se obtine )

&(T,) = {Thl. Ty .-,y Thq}
aga incit
Q Ty = TN} (12)
unde ¢, satisface ;.
v(t,) = max {v(t)|t = T,} = v, (notafie)
DerINITIA 1. Prin ramificarea mulfimii T, se infelege aplica

acestes mulfims. .. .. o julared
DEPINTJIA 2. Prin mdrginirea mulpimii T, se infelege cauls

red ftg“lii 8

v(‘lon.i ) '3



DOUA METODE DE REZOLVARE' A PROGRAMELOR INTREG!
9
N

in principiul ,,branch and bound”
ergenfa algoritmului corespunzitor,

Teorema care indici modul de lucru
general, demonstrind in acelasi timp conv
se poate gdsl in lucrarea [1]. '

Metoda de tip ,,branch and bound”

rogramare liniard in numere intregi este o
[1] pentru aceste probleme, probl
culard de probleme de optimizare
zat este o funciie liniard:

pentru rezolvarea problemelor de
adaptare a principiului general din
emele de acest tip constituind o clasa parti-
cu restrictii. In acest caz functia de maximi-

2 =cx (14)
iar :
Q=QNn2z" (15)°

unde Q este domeniul solufiilor admisibile (1).

Verificarea ipotezelor (i) — (ii) revine de aceasti dati la urmitoarcle:

(i") marginirca multimii Q a soluiilor admisibile, multime care se ia drept
multimea 7 din principiul general [1] si care evident verifici (8). Ca extensie
v pentru funcjia de maximizat z = cx se ia insisi aceasti funcfie. Prin urmare
proprietétile (9) — (10) sint verificate.

(ii") definirea regulii de ramificare, care in cazul de fati se realizeazi utili-
zind restrictiile alternative (3) — (4) impuse variabilei bazice intregi nesatisfica-
toare x, aga incit dacd mulfimea T, este mulfimea cireia i se aplicd aceastd
reguld, atunci ca rezultat se vor obfine doud submulfimi Ty, T, ale mulfimii
T,, ale ciror expresii analitice sint constituite din restrictiile care definesc mulfi-
mea T,, la care se adaugi respectiv una din restrictiile alternative (3) — (4).

Avind in vedere modul in care sint definite cele doud tipuri de restrictii
alternative rezulti c#, prin aplicarea regulii de ramificare & definitd mai sus,
nu se elimini eventuale soluii intregi ale problemei propuse pentru studiu. Asa-
dar regula de ramificare este bine definita. _ 3y

Metoda de tip ,,branch and bound” definitd de aceastd reguld de ramifi-
care este iterativi.

Iterafia 0. Se ia a© : = {Q}; se rezolvd programul liniar
max {cx|x € Q} (13

(a) Daci a® = @ atunci Q, =9; STOP

(b) Daci @©® # @ si x5 = (x84, %o, - x8,) are toate componentele nu-
mere intregi, atunci x* = x§ ; STOP . t3

. (c) Daci @ao = @ si x4 = (26, %6, - %0s) are cel g“t.m :?- -co;n%o(%n 3

fleintreagl, atunci algoritmul continud cu iterajia h=1 Seia T,: -
(semnificy mulfimea de ramificat la iterajia h).

Iteratia h. S ifici multimea Th_1- ) - -
$i Se d;eterming reéll(g1 = a("""t\ {Th—-l} U {Ta-p00 *S 2, submulpimi ale mul
Imii T

-1 corespunzind la programe liniare constiterfze}-
o v bl
Se determind xj = (xh, #h - <o Fh) 353 1

v(x}) = max {iy(x)lx e AW} (17)
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(a) Daca #y;€Z, Vj € {1, ..., n}, atunci x* = x4 ; STOP

(b) Daca 35 = {1, 2, ..., n}: x}; & Z, fie T, mulfimea Pentry
atunci vom avea: h:=h+ 151 T, : =T, Care x} ST,

Procesul se continui. Finitudinea procesului este consecinga j .
de mirginire a domeniului solujiilor admisibile. 1potezej (i’

Procesul descris defineste un arbore in care nodul rddicina
arborelui, reprezintd mulfimea Q a solutiilor admisibile, jar dacy évgodul 1 a
k care marcheazi o mulfime 7T, si aceastd mulfime se ramificy atu,:n- un nog
noduri, deja existente in arbore, li se mai adaugd nodurile i+ '1 si jigelor j
reprezintd respectiv mulfimile T, si T,, obfinute ramificind mulfim care
Intre nodul % si nodurile 5 4 1 i 7 + 2 de mai sus se pune cite o Ségeatac(ad T,
nodul % spre nodurile j 4+ 1 si 7 4 2) pe care sc trece, eventual, informg de la
baza cdreia s-a efectuat ramificarea. fia pe

S3 urmirim acum aplicabilitatea principiului descris mai sus Pe un exempl
numeric concret. Fie acesta : Plu

max (—x; + %,)
—2x, 4+ x,<6
—5x, + 22,< 0 (18)
A, 4,<0
Xy, v, €7

Prin urmarc avem:
Q={x € R2x, + x, <G,

lar
Q, ={(0, 0), (1, 0), (1, 1), (1, 2),

(2,0), (2 1), (2,2), (3, 0)}
ceea ce se poate vedea dacd repre-
zentam grafic mulfimea Q:

Evident ipotezele (i')—(ii") siut
verificate in cazul problemei (18).

S4 trecem acum la rezolvarea
efectivd a problemei.

L A:=0, a©: = (T} = {Q}.
Se rezolvd programul liniar :

max (—x, + %,)
2%+ x%,<6 (21)
—5%, + 2%, 0
%y, %20

i
solufia care se obfine prin metoda !
simplex a lui Zuhovifki [7] este l
xg = (281, x%) = (4/3, 10/3) pentru Fig. 1
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1
are funcfia obiectiv ia valoarea 2. Solujia gisity fii i 5 .
CT se ramifica. Ha g nd neintreagd, mulfimea
2. h:=1 To:=10Q. Alegem una din variabilele neintre

optime gdsite. Fie aceasta variabila x,. Impunindu g 2l solufici

-1 restricfiile alternative
%<1 (22)
si

22 23)

definim respectiv mulfimile :
TOI = {x (=3 Rz‘le + xz S 6, —le + 2x2< O’ xl< 1; xl: x2> 0} (24)
si
Ty = {x e R212x1 + %, < 6, —5x1 “+ 2x,< 0, %2 2; xg?O}, (25)

Mirginind fiecare din cele doud mulfimi, ceea ce revine la rezolvarea respectiv
a urmitoarelor douid programe liniare:

max (—x; + %,) max (—2x,; + %.)
] 2%, + %,<6 2%, + %, 6
—5x;, + 22, 0 (26) si —5%, + 2%, 0 (27)
x, <1 X, >2
l %, %20 %, 4,20

obtinem (x;, x,) = (1,5/2); v(x) = 3/2 pentru problema (26) si (¥, x,) = (2, 2);
V(x) = 0 pentru problema (27). ‘

Asadar @0 : = {Ty, Ty}. Se determind max {p(2)|x € 4V} =9(1,5/2)=
= 3/2. Se observi ci x} = (1,5/2) & Z% Prin urmare mulfimea T, care con-
tine acest punct va fi mulfimea cireia i se va aplica regula de ramificare.

3. h:=2 T,:=T,. Singura variabild neintrcagd a solufiei 2 fiind
variabila %, = 5/2, muljimile T, T, obfinute ramificind mulfimea T, vor
avea respectiv expresiile :

Toy = {x € R*2x;, + %, < 6, —5%, + 22,< 0, x< 1, %,<2; (28)
xl; xz > O}
st '
Ty = {x € R*2%, + %,< 6, —5%, + 2%,<0, %< L %,2>3; (29)
Xy, X3 2 0} .
Mirginind cele dous mulfimi, ceea ce revine la rezolvarea respectiv a urmatoa-
relor douid probleme de programare liniard:

e (n n
1 =
2x1 + %, < 6 . ._.5x1 + 2%2$ 0 (31)
—5%, +24,<0 (30 s 1 = <1
xl < 1 1 x’ S 3
% < 2 X4y xg> 0
xl: xz 2 O




12 S. ROTARU

se gaseste solutia (%, %,) = (4/5, 2); v(x) = 6/5 pentru problema (30), proby
(31) fiind inconmsistentd. Prin urmare @®: = {Ty, Ty,}. Determingm -2
{v(z)|x € a®} = v(4/5, 2) = 6/5. Solufia 23 = (4/5, 2) fiind incz neintrea max
ea fiind confinutd in mulfimea T,,, aceastd mulfime va trebuj mmificat%a 7
4. h: =3, T, : = Ty Multimile Tgyyy, T gyy, care rezulta pri ies
mulfimii Ty, vor fi: : PN ramificareq
Toyn = {x € R*22) + x,< 6, —3x +2x,<0, x,<]1, %< 2, (32)
2, =0, 2,2 0}.
si
Toye = {x € R}2%, + 2,< 6, —5%, +2x,<0, %<1, <2 (33)
2712 ], xz> O}.
Mirginind cele doud multimi se gasesc respectiv urmitoarele puncte—solutie:
(%5, 25) =(0,0); v(x) =0 si (2, %,) = (1, 2); v(x) = 1. Prin urmare 4O : —
= {Tos, Tors1, Tono}- Calculind max {p(x)]x € A®} =1 = (1, 2) 'se obtine
cd x3 = (1, 2) € Z*; prin urmare accasta este solufia optima pentru problema
(18).
Arborele care se objine ca rezultat al procesului descris mai sus este:

Fig. 2

Algoritmul ,,ramifica §i exclude”. in scopul imbunatatiri metodei de dz

,,branch and bound”, in sensul reducerii volumului de ealcule si tim'p;ﬂ:;bo_
lucru la calculator, am ciutat un criteriu care si defineasca acea ramutra(ramura
relui —solutie pe care este posibild atingerea celei mai bune solujil curente e lizat
definiti de relatia (17)). In acest sens, in cadrul metodei anterioare, am
,,penalizarile” ”
Pine = min {fpo@0j/aslj : ap; > 0}

si _ (35)

Pyyp = min {(1 — fpo)aojf/ —ayls: ap < 0}
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1
oduse de a]j:_ernativele"(S) — (4), ,,penaliziri” 4 ii iti
t;ate explicatul_e necesare pot fi gésige in [6]. cﬁlijﬁmfﬁﬁ; anahthe, i
am definit un criteria de inlaturare a-unor ramificatii inutile ale a.rbore'l’P'mahzm'1
ramificatii care se pastreazi pentru consideratii ulterioare. Criteriul gl—solutle,
- este vorba a fost ob;xr{ut pe baza unei observatii: »»penalizirile” (g‘s"?re cg{e
xeprezi.n,té mdrimea cu cit scade valioa}'ea functiei obiectiv atunci cind restri: i(ilb)
deja existente li se adaugi o restrictie de tipul (3) respectiv (4). plor
fn baza gcestui criteriu, la fiecare iterajie 4> 1, se va considera pent
mirginire mulfimea care corespunde celei mai mici descregtéri a functiei obig:iivm
Algoritmul obfinut utilizind acest criteriu este de asemenea iterativ. -

boun](;ﬁraﬁa o constd in aceleasi ope;a;ii ca in metoda de tip ,branch and
Lao slerafic h,'oarecare, a algoritmului, de indati ce o mulfime T, se
ramificd, se calculeaza descrc§terﬂ§ corespunzatoare mulfimilor Ty, T}, obtinute
prin ramificare. Aceste descresteri si descresterea corespunzitoare ramurii pas-
tratd pentru COI.]SId.el:af_l.l ulterioare se compard intre ele; mulfimea corespun-
zitoare celei mai mici dintre aceste valori este mulfimea care se mirgineste. Se
gaseste astfel x} definit de relajia (17). Algoritmul se continui pentru o noui
iterajie h:=h + 1.
| éAY’ind in vedere modul de lucru, am numit acest algoritm ,,ramificd §i
exclude”.
8 S3 urmirim aplicabilitatea algoritmului pentru acelagi exemplu numeric
(18).

1. h:=0

R: = 99999 (aceasti valoare simbolizeazi plus infinitul); valoarea varia-
bilei R reprezinti descresterea valorii functiei obiectiv pe ramura pistratid pentru
concluziile ulterioare.

S: =0 (valoarea variabilei S reprezinti descresterea cea mai micd a
valorii funcfiei obiectiv pe ramura curentd).

S,: =0 (valoarea variabilei S, reprezintd descresterea pe ramura alter-
nativi). )
. Solutia obfinutd rezolvind (21) fiind neintreaga, mulimea T se va rami-
ica.

2. h: = 1 . . N1

Se obtin multimile Ty, Top (date de (24) — (25)) pentru care ,,perlsg!lz_a.rlll/ez
corespunzitoare sint respectiv Pit = 1/2, Pap =2. Prin urmare te Tor
1:=2, R:=2S, Mul{imea corespunzitoare descresterii minime este ok
Asadar S,: = S. Mirginind mulfimea T se obtine solutie neintreaga.
Urmare T, se va ramifica.

3. h:=2 R . <abil intregi

,»Penalizarile” produse de alternativele impuse Slllg‘l(lll'el vSa.rli se-f%l/lo i‘
¥2=5/2 sint respectiv Py = 3/10, Prup = 99999. dAsa azeri ‘inime se mar-
= 4/5 < R. Multimea T, corespunzitoare acestel escre§ erl ot
glne§t2 Sy:=S. Solutia fiind incd neintreagd, Toyser '
k= variabilei %, =4/5 & Z

. . n»Penalizirile’” produse de alternativele impuse s 1p=1 5=

SInt respectiv Py, = 6/5, Pap = 1/5. Prin urmaré S
int / ) sup
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S, 4+ 6/5 = 2. Mul{imea corespunzitoare descresterii minime (To110) sems
gineste; S,: = S. Se giseste solufia intreagd x* = (17, x3) = (I, 2)‘2 mar-
Asadar numarul problemelor de programare liniard care se rezolyy est
jumitate din numdrul problemelor necesare in metoda precedenti pentrus .
rezolva aceeasi problemd (18). a

Modelarea pe caleulator. Cele doudi metode de rezolvare a unei problem
de programare liniard in numere intregi au fost programate pentru calculatoru?
FELIX C-256. Programele corespunzitoare furnizeazd informatiile de rami.
care prin intermediul unei matrici ale cérei linii corespund nodurilor arbore]y;
iar coloanele in numir de sapte (pentru metoda de tip ,,branch and bound")'
respectiv opt (pentru algoritmul ,,ramiticd §i exclude”) furnizeazi informatiile
de ramificare corespunzatoare fiecirui nod al arborelui.

In scopul comparirii eficientei la calculator a celor doi algoritmi cu algoritmj
cunoscui ai programirii intregi, au fost intocmite programele in limbajul
FORTRAN IV pentru algoritmul ciclic al lui-Gomory |4] si pentru algorit-
mul lui Bealesi Small [2]. Pentru a putea face o comparatie a rezultatelor
relativ la volumul de calcule (in numdr de iteratii) si la timpul de lucru la calcula-
tor, programele corespunzitoare au fost rulate, pentru acelcasi probleme:

max (—x; + %) max (¥, + x,)
22, +x, <6 14%, 4 9x, < 51
—5x, +2x,< 0 — 6x;, + 3x,< 1
%y, %2 0 Xy, %2 0
X, X, €2 | X, %, €7
max (—3x, — 8x,) max (2x, + x,)
—4x, — Sx, < —2 X, — %, < 4
—3x, — Tx, < —2 3x, — x,< 18
%y, % = 0 — %, + 2%, <6
| %, 2, €27 %, %, > 0, intregi

pentru care numirul de iteratii i timpii unita}ii centrale necesari rezolvriila
calculator se dau in tabelul de mai jos:

I
Algoritmul Numairul de iteratii Timp UC
pentru cele patru exemple
B
Gomory 6 10 1 1 8,86 sec
Beale ﬁ Small 3 3 1 1 ]],54 sec
Branch and bound 3 3 1 1 7,60 sec
Ramificd gi exclude" 3 3 1 1 6,60 sec
:e  a ] . la-
Concluzru. Analizind rezultatele tabelului de mai sus, obfinute pé Acalzgest
torul. FELIX C-256, se poate trage concluzia ci metodele prezentate \¥ . my;

articol sint superioare, ca timp §i volum de calcule, atit raportate la met
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ale si Small '[2.],“ cit si raportate la algoritmul lui Gomor y [4]. In

B] ::s algoritmul ,,ramifici i exclude” este mai eficient, in acest sens, fati de

p toda de tip ,branch and bound”, dat fiind faptul ¢4 in cazul algoritmului
l-ﬁr(;miﬁCé si exclude”, la fiecare iteratie, volumul calculelor s

: VO : e reduce considera-
bil, ceea ce are drept urmare sporirea eficientei la calculator,
’

(Intrat In redactic 1a 9 Septembrie 1977)
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TWO METHODS TO SOLVE AN INTEGER PROGRAMMING
(Summary)

: . . 4
In this note two new methods to solve linear integer programming :ired pr%;;ots‘fdn.le:h ?;sth;e

of the type branch and bound and another of the type branch and exclude.

iterative, ) . adan-
ex’M“'Ie‘he first method of the type branch and bound is based on the W?Ifll:e [s}e]c'o:gdmtzth?:(‘l i fn
tation of the Balas Egon's principle to integer linear programguntgl; e e s e more

improvement of the same method. As the test problems showed, the:

efficlent than other known methods.
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UN PROBLEME DE PROGRAMMATION PARAMETRIQUE

MARCEL RADULESCU

Dans plusieurs articles a été posé le probléme de programmation avec
restrictions linéaires, dans laquelle la fonction économique est un produit de deux
fonctions linéaires [1, 2, 3] ou de p > 2 fonctions linéaires [4]. propos de
ce probléme on a construit des algorithmes pour trouver un point de minimum
local (1, 2], ou de minimum global [3, 4].

Dans cette notte nous considérons un probléme de programmation, la

fonction économique étant un produit de p > 2 fonctions lincaires dont chaque

facteur dépend linéairement d’'un parameétre qui varie sur un iutervalle'[u, v].
1. Soit '

Q= {x € R"|4Ax < b}
et
f:Q—R*, f(x, 1) =I—Il[0"rx+ o + t(dx + 8,)]
ol

teuv]CR I={,2..,p}, p22 o, B R, i<l
el = (o Ciny o os Cim); AF = (i1, digy ., din) BT = ('b,, 1}2, . by
cj dj € R, i1 el; je{l, 2 ..., 0
et A = (a;;) est une matrice d’ordre m X #, m > n. On suppose que
gtzt=clxt+ o+ (@x4+p8)t>0xeQ w0l icl (1)

Nous supposons en plus que Q est un polyédre nonvide et borné dans R*
Parce que la fonction f vérifie la condition (1), il résulte qu’elle est une fonction
quasi concave (4] sur Q, pour ¢ € [#, v]. Dans ce cas, en base du théoréme
de l'article cité, pour ¢ € [u, v] la fonction f touche son minimum local dans
un sommet du polyédre Q.

) On considére le porbléeme suivant: diviser Vintervalle [u, v] dans les sous
antervalles [wo, 1,], (wy, ppa), b € {1,2, ..., g — 1}, #o=1=4, =1 de sorte
que pour t € [ug, u,), t € (u,, wyy1), la fonction f ait wn minimum global dans
de méme sommet 3 € Q, h = {0,1, ..., ¢ — 1},

'Qn emploje pour resoudre ce probléme 1'algorithme simplex. Soit le syste-
e d’inégalités qui détérminent Q sous la forme
2

=—Ax+5b20
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v = (Y1, Y2 +- -+ Ym). En tenant compte des relati 1 1
gil:n';lex (%1':1 y;:roblémg s’écrit comme suit tons (1) et (2) e tableau

—“ cen -—" l

no=| G e |b

Im = Gmi--.  Guy | by

5 = "‘;; cen —61‘. ay

£ = | —Cppr ... —Cpy | @

E,. =l —d, ... —dyy B, °

p = -—dpl Ce _d’. ﬂp

On élimine les variables indépendantes x, & € {1,2, ..., n} & l'aide de » pas
Jordan modifiés (voir [5]) et on obtient:

e R R T |

Yni1=| Catti1 - o Cmbtf « o Omtam | Omtr

I = | Ot - lmf . Oy o

5 =l .7y ... N1 S

2p = | rpy L. TPf .. PO $p

i‘ = ;“ v ;1] een ;‘. "-l \
Bp =|Tp .. TPl ... Tpa 5

x, = —El(g‘jyi‘-f-gl)' keJ={,2 ..., 9
’-

Supposons que le point %0 pour lequel

yr=Ya=...=9=0 @)
et un sommet du polyédre Q; alors
atls -2 tm 20 )
et ,
s +15,>0, il tew vl, ®

Parce que dans ce point z; + 2, = §; + 5i, ¢ € I et de (1) il sésulte (5)
Soit %0 un sommet du polyadre ©, on considére

Ry=(ry), Ro=(Fy), *+€ I, j<]



18

et
R = R, + tR,
_ (1 1 )
- (s, 165 7 sp+ 15
Soit
i+ i Yin + Fin
=SR=( ratia ___ﬂ.
Q ; s + 55 se1l s + 155

Avec ces notations a lieu le

TutoriME. La condition nécessaire et suffisante pour que le sommet 0
soit un point de minimum local de la fonction f est que

Q<0. 6

La nécessité. Soit

f(x' t) =g(ylr e s Ym t) = I—.[ (— Eyl (rij + t;i]) + S; -+ t;i)

sal jel

alors

% = — 2+ ) [L(= 2295 (g + #7) + 5 + £5,) . )
J te] ;:; jal

On déduit ensuite que
g0, ¢ - - ~ . 7.
S 21 (rig + t7y) -1;1,,(3;. +13,) = —f(x0) Y,

ayj 1€ s&] $;+l§‘
kel
et donc
Vg(0, 1) = —Qf(x, 1). @
Parce que ;,, est un point de minimum
vg(0, ¢) = 0, e

gnﬁ?ﬁe& (1) il résulte f(x°, £ > O des relations (8), (9) nous obtenons la
La suffisance. Soit la relation (6) satisfaite. Dans ce cas, de la relation (8)

il résulte (9) et donc le point 2° est un point de minimum.
. 2. Pour la réfolution du probléme enoncé, on considére
mine un sommet x° du polyédre Q et soit Q le vecteur correspond

conditions (6) sont vérifides, alors 2 est un point de minimum jocal. Si po¥f
J =7Jo la condition (6) n’est pas vérifide, alors

¢ = u, on déter
ant. Si 1&

i, T Wi,
iel s 4 u5;

> 0.
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fajt un pas J‘or.dan modifié, avec la colonne ivot § i ifi
g:uve au si les relations (6) sont satisfaites. O Ptinue s b vt de

. n Contm 1 ’ » .
2 un sommet du polyédre Q qui est un point de mini;iluSQu 4 ce qu'on arrive

; e m local,
Supposons pour simplifier que pour £ = % dans le point 30 —
ditions (6) sont S?'tISfan.:es- On détérmine ¢; > 4, j « ]I.) cﬁmﬁe—ét:ox:i: lle: cc;n-
petite racine de l’équation plus
R L2
il s¢ + ‘j 3‘ : (10)
Soit ] I'ensemble des indices j < J pour lesquels ;> 4. On considére
%y, = min {¢,},
01 o {l} (ll)

Pour ¢ € [#, #%,] le point 21 est un point de minimum local de la fonction /.
La valeur minimum de la fonction f est dans ce cas

f(xOI' t) = I_I (Z‘ + tzo‘) = H (301 + tsm)- t e [“- “01']'

(L V¢ i€]
Pour ¢ > #,, dans le voisinage de %y, la condition (6) n’est pas satisfaite
au moins pour un indice j, et donc %°! n’est pas un point de minimum.
Pour déterminer un point de minimum global si { =% on va procéder
comme il suit: (voir [4])
Soit

gilys) =g0, ...,0,%4,0,...,0,u) = '1:; (—=yyrii + wrg) + s; + 45), y; >0

et 3} la plus petite racine positive de 1'équation

giys) — &l0) = 0. (12)

On considere le probléeme de trouver un minimum local de la fonction f(x, %)
sur le domaine Q,

= PN 2s

Q=QNjy<=R %{y; z
Remarque Si 1%¢ i Y n’ racine positive finie pour un indice
i . équation (12) n’a pas une € PV Q. est
1= 7Jo, dans la nouvelle restriction il manque le terme d'indice jo. Si Q; es

l'e.nséemb]e vide, la recherche d’un point de minimum global pour /= # est ter-
minée,

‘ o . inimum local %°%.
Pour le nouveau probléme, on détermine un pomt.td‘(:f:g. t) la plus Pegi.te_

Soit 4 e de (11) et soi
02 Obtenu de la méme maniére que #o, de (11) et Y
Valeur de la fonction pour ¢ € [u, %] On détermin® ainsi 4%, &% .-

You s, .., uor,; f(208, u), f(x°2, ), L fla, ). Soit

fula®, w) = min {f(z" %)}
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On considére I'ensemble des indices Jow C {1, 2, - .., ko} de sorte que
f(xoh' %) =f,,'(x°, ), k e Iom.

Pour 2 € I,wm on calcule la dérivée

?
fl(xok' t) = E E?k ‘]{;I (S}» + tg;n .
1=1 ’

Soit z° = #”m, de sorte que
f(%0, %) = (2", u) = :J.Jlin {f' (2%, w)}.

Dans ce cas 2% est un point de minimum gl_obal. Popr détern_niner un intervalle
[#, u,] tel que si ¢ € (%, u,] le point x° soit un point de minimum global, on
considére la plus petite racine % > 4, 1< k< ko k # &, de I'équation

S, ) —f o =11+ 653 =11 (si*+ 35" =0 (13)

4 j1a 1«
et soit I§C{1,2 ...,k} Ulensemble d'indices pour lesquels ¢ < u,
ke{l,2 ... Ry} alors

%5 = min {& }
rale
%, = min {uo , %5}

Pour ¢ € [%, u,] le point x° est un point de minimum global, et la valeur de la
fonction est
S, 1) = I1(s} + 157).

On continue de déterminer, de la méme maniére, les intervalles (43 “H,’.}
de sorte que pour ¢ € (u,, #;4,] x* est un point de minimum global, jusqua
ce que %4, 2.

3. Exemple. Soient les restrictions

2%, + 22, 7
x1 - 4x’ S 1
—2x) + 224,< 1 (14)
—22, — 2, < —1
- x‘ < O
et la fonction

S# %) = (% + 2%, + 2%, + %, + 1)]Bx, + %2 — 1)
ou ¢ « [0, 2]. ]

Il faut diviser intervalle [0, 2] 4 i ], (s, P!
\ ans les sousintervalles [0, #1], (¥» Q
he{l,2 .., q} et trouver les sommets correspondants du P°lyédre
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: iné 14) de sorte que x* soj : ..
déterminé par ( q soit un point de mi
tion f quand ¢ € (%3 #r41). En écrivant atm

V1= =2 — 2%, + 730
Ya=— %+ 4x%,+1>0

um global pour la fone-

Y= 2% =2z +1>0
Vo= 2m 4+ % —1>0
Xy 20

2 = x1+212

2y = 3x1 + %, —1
. =22+ % +1
on vérifie que
2+ 12, >0, 2, >0
pour ¥ € 9, ¢ € [0, 2], ott Q est déterminé par (14). Le tableau simplex pour
resoudre le probléme est

—% — 2 1

Y= 2 2 7
Yy = @ —4

Yy = -2 2 1
Ye= -2 -1 -1
Z, = -1 -2 0
17, = -3 -1 -1
z = -2 -1 1

On élimine la variable indépendante #,, en faisant un pas Jordan modifié
avec I'élément pivot marqué, et on obtient

—¥s —x, 1
¥ = -2 10
Vs = 2 -6
Yo = ()] -9
5 = 1 — 6
z’ = 3 ——13 2
7= 2 -9 3

ditio

550 —6-
2

m=—y+4a+] ‘
Le point y, = 0, x, = 0 est un sommet du polyédre &. On vérifie les con-
Bs (6) pour ¢ = 0, nous avons

3
14+2=

<0.
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tre que ce point n’est pas un point de minimym
pour j = 2. On effectue un pas Jordan mogific
et on obtient le tableau

1

La premiére relation nous mon
et que (6) n’est pas satisfaite
avec 1’élément pivot marque

— Y — X3
= 1 1 6
Yy = -1 ()} 2
1 9 1
yl= 2 —2 2
1 3 l
f= T2 T2 2
3 1 1
= T2 2 2
35 = -1 0 2

Les conditions (6) pour le point y, =0, 2, =0 ( %, = %

= 0 nous montrent que ce point est un point de minimum local. La plus petite
144 .
, £t 2 0. On calcule les racines des

,x,=0) et {=

valeur de la fonction f est en ce cas

équations (10) et on obtient ¢, = — -:— <0t = % > 0. On déduit alors que %, =
1 . . .. .

= ;et donc le. point x0! ( % , OJ est un point de minimum local de la fonction

économique pour ¢ € [0, %, Les équations (12) pour £ =0, ont les racines
. 4 .2 . L |
yi=-= <0, x; = 3 > 0. On ajoute la restriction

y5=3xz—2>o

et on obtient aprés un pas Jordan modifié le tableau simplex

~J —¥s 1
4 1 16
y= — —_— — —
! 3 3 3
Xy = —l -l— 3
3 3 3
3
Vs = -1 — 1
2 2
y = -1 1 0
2 = -1 i i i
2 2
S’= _i _l -l_.
3 6 6-
;l= _l 0 2
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écrivant les conditions (6 = L.
Enl —2_\’ est un point de( ).P.Our £=0 on déduit que le point y, = 0
vy =0 (E 7 3 ] P minimum local. La plus petite valeur de fa

344,50 '
, 2 0. On calcule les racines des équations (10)

fonction f est en ce ca
. L -l_g . .

et on obrien® fl = Tns 0 fs =~ 5 <0, donc uy = +oo.
Les équations (12) pour ¢ =0, ont les racines y§ = —2< 0,93 =2> 0

On ajoute la restriction
Ye=Y3—220
et aprés deux pas Jordan. modifiés on obtient le tableau simplex
—Y —9 1'
4
Y= 1 = !9
3 3
Xy = 0 - 1 2
3 3
1 , 5
Yy = 2 - >
Yy = -1 0 2
Y= -1 -1 ]
1 | 5
Zy = > >
3 4 19
5y = P _ = ¥
2 3 6
z = -1 -1 4

est un point de minimum

19(5 + 81) t> 0. Les

pui e
’

local. La plus petite valeur de la fonction fest en ce cas —
tacines des équations (10) pour ¢ = 0, sont négatives, donc tey = +00- Les €qua-
tions (12) pour ¢ = 0, ont les racines ¥s, ys négaftives. . L o
En comparant les plus petites valeurs de fonction f dans les points (‘2' ’ )'
=, 2 7 2 L i L 0 oint
(a ’ '3") et (-5 ) ;) on déduit que le point x°l [—2-, Ol est un p

) sont négatives et parce que %o = 5 %oy

oy . 7 2
On vérifie que le point yg =0, ¥5 = 0 (—6- ) 5)

de minimum

Les racines des équations (13

= ; , 1
T, uyy = 400 il résulte que %; = z
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1 . 1 .
En conclusion pour 0< ¢ < 2 le point x° (-2- , O) est un point de mip;.
1+ 4

mum global et la plus petite veleur de f est en ce cas

Pour > l nous considérons le tableau 3, les conditions (6) ne sont Pas

vérifiées pour la colonne de x,. On effectue un pas Jordan modifié avec J'¢i¢.
ment pivot marqué et on obtlent un point de minimum local pour y, = 0, y, =

=0 (xx = _;-, %y = ;) t> —, la plus petite valeur de la fonction f étant

3+ 4

12
ajoute la nouvelle restriction

, et %;; = +oo. Les racines des équations (12) sont y§ <0, y§ =4. Op

V=23 —420.
Apres trois pas Jordan modifiés on obtient le tableau simplex

—~Js —¥ ]
Yy = 0 -1 4
3 1 1
,' e —— -—— -—
§ 6 6

3

Yo = -1 -_—
« 2 1

4
h= - 3 10
3 3 3
5 = —_ 3

S -1 2
5= _4 _2 3
3 3 3
h= L _1 13

15 6

Les conditions (6) pour y, =0, y, =0 x, = ?53_ %, = %) , £> - sont

vérifides, donc ce point est un

point de mini valeur
de l1a fonction fest 15012 + 439 mum local. La plus petite
18

- On obtient des équations (10) que 1,, = 242 > 2.

Les racines des équations (12) pour ¢ > — sont y§ <0, y3 <0, donc ils n'ont

as d’
P autres points de minimum pour t> —. En comparant la plus petite

» 3 3 ’ 3 ! 3
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. ier boi . -
on déduit que le premier point est un point de minimym global pour ¢t~ 1.
L’éqﬁation (13) . ' 2

S12443) 3444
18 12
4 la racine négative donc #, = 242 > 2.

M 1 : o .
En conclusion, pour ¢ € [0, —2-] le point de minimum global .est x?
1

et pour ! € (—2- , 2] le point de minum global est x‘(l; 2)
6

(9

(Manuserst regu Lo 8 octodrs 1977)

3!
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O PROBLEMA DE PROGRAMARE PARAMETRICA
(Rezumat)

In lucrare se considery urmitoarea problemd: fiind dati functia f:Q— R*,

flx t) = H [c{ 4 a4+ t‘(d‘-Tx + Bi)]

saf

. . i B: ¢ € ], iar

nnden={,ERn Ax b}, te u‘v]CR,I={l,2,.-.;f’}-?>2. du?.eR-‘_E. 1

?’. d‘j b sint veceoli corespimzétor[i gi A o matrice de[ ordim;l Zn X “"2 )35}‘5; '{Tp;'a mt;r:a}!;'

% v] de variatie a parametrului ¢ in subintervale [wg, #1), Wk %asth L2 g

Yo =%, u; =y, astfel Eﬁ pentru ¢ € (14, #p41) functia f s ?{bé un minim gﬁzﬁe:l&mu an virf 5
. Pentru rezolvarea acestei probleme -se di o con@ltle necesard ?lt; un algoritm de rezol-

Svi fie un punct de minimum local pentru funcfia f. In continuare se prezin 8

4%¢. Un exemplu concret este tratat in ultima parte a lucraril.
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CUATII INTEGRA
REA SOLUTIILOR UNEI E ALE
APROXIMA U AR GUMENT MODIFICAT

M. AMBRO

1. Teoreme de existenfd §i unicitate. Considerim ecuatia integraly de tip

Fredholm cu argument modificat
b

o(5) = [ Ko 3 610), @), o) +/(9, = & [a, 0] ()

unde
K € C([a, b] X [a, b] X R3)

sau K € C([a, b] X [a, b] X J?), f € bC [a, b]. Ecuatiei (1) ii atasim aplicafia
4:B(f; R) = Cla, b] definitd de ¢ — f K(-, 3, (), 9(a). 9(8))dy + £() unde R

este un numéar real pozitiv ce satisface condifia

[p € B(/; R)] = [¢(x) € IC R].
Mt;!;i.mja solutiilor ecuajiei (1) coincide cu mulgimea punctelor fixe ale apli-
catiei 4.
In continuare vom asigura condifiile din teorema lui Picard-Banach.
Stabilim in ce condifii B(/; R) e o submulfime invarianti pentru A.
b

{2 002). oa), o) dv

< | 1K, 3, o), la). oy

a

ldo(x) — f(2)| =

Presupunem ci funcfia X e mérginitd si fie M > 0 astfel incit are loc
1K (%, 3, 4,0, w)| < M, u, v, w e J3 (%, 9, 4,0, w) € [a b] X [a, b] <J
Deci avem
5
do(x) — flx) < M - de = M(b — a)
. . .. a
51 atunci conditia de invarians a sferei este
R .
M — a)

.. Se poate defini apfiens:
fiind o s§§;§1§§£2];;clﬂ}catla notati tot cy A, A:B(f; R)— B(f; R),
153 2 spafiului metric complet Cla, b]. Pentru ?

Mb—a)< R sau 1<
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splica teorema lui Picard-Banach §1 a obtine o teoremy de existents si (o

a solutiei ecuatiei (1) trebuie ca aplicatia 4 s3 fie contractie 3l unicitate
i .

S [K(% 3, 910), @:(a), ,8)) — K(s, y, ®:00), 9s(a),

[Agi%) — APa(%)] =

b

< S|K(x, ¥ 01) 91(a), 91(0)) — K(x, y, gy(y), 92(a), 4(b))|dy

@1(0))] dy

Presupunem ci funcfia K satisface o condifie Lipschitz i i
trei argumente, cu constanta L, adici P " aport e ultimele

II((x: Y, %, vy, wl) - K(x' b Uy, Va, wt)l <
< L“ul -_ “’l + lvl - vzl + lwl - wzl): X, y € [as b]v ul: “21 Uy, Uy, wl: szR-

Deci avem
b

[Agi(%) — Apala)| < LS lea(¥) — @) + lgu(a) — q(a)} + 191(6) — 4(8)(]dy <

a

< L — a) ')T[a::b][l%(y) — ¢a(y) + loi(a) — P2(a)] + [91(b) — @,(8)]] =

= 3L — a)lley — @allc, 5
Trecind la normd §i in membru sting, avem
l1der — Agslicis, 0 < 3L(5 — a)llor — Pallcta, by-

Din condifia 3L(b —a) < 1 sau 1 < 3L(bl ) obfinem ci funcfia 4 este o con-
—a

tractie cu coeficientul 3L(b — a). Aplicim teorema Picard-Banach si obfinem o
teoremd de existen{d si unicitate pentru solufia ecuatiei (1) in sfera B(f; R).
* . TeOREMA 1. Dacd K este o funclie marginitd, iar numerele M, L, a, b, R
Satisfac conditiile

Ls =t ' (conditia de invarianfd a sferei)
M@ — a)
1< l (condifia de contracie)
af’um:‘: ecuatia (1) are in B(f; R)C Cla, b] o solufie 5i numas una, sollu;w G; paa(t—:e
é%’hnut& prin metoda aproximafsilor succesive, pornind de la orice clemen amnci
; R). Daci solufia ccuafics este @* §1 a n-a aproximagie SUCCESWa P

Qare IOC esh'marea . ”?* — 9 “C[a 5 < M . ”(po - ¢1”C[l. 2] Dacd K €
niiEiE 1—3L(b —a) onstanta L abunci

= Clla, 8] x [a, ] X R3) si satisface la o condifie Lipschitz, ct ¢ -
IK(x; Y, Uy, U;, wl) - K(x, Y Uy, Vo, w!)l < L(Iul - u" + Ivl - U,l +
+ ‘wl - wz])' X,y € [ai b]’ ;) v, @



ta mod analog- obfinem l
TroreMA 2. Dacd numerele i YT atunc
- ; e §t s una, solufic cc poate fi obtsnuty by
ecsatia (1) are in Cla, b o §olu;;e §§ numas un & prin
meha;{la cgp)roximaﬁilor succesive pornind de la un element o4 € Cla, b].

2. Aproximarea solufiei. Vom stabili in cele ce urmeazd un procedeu de
aproximare a solutiei ecuatiei (1). Pentru aceasta presupunem ci

K = (e, 8] X (4, 2] x}‘x}‘x}*],fe Cila, b], %,y < [a, b],

L, a, b, satisfac condifia 1 <

si ci sint indeplinite condifiile din una din teoremcle de existentd si unicitate
stabilite. Pentru fixarea ideilor_considerdm cazul in care ecuatia are o soluie
si numai una in globul inchis B(f; R)C Cla, b]. Notdm solufia aceasta cu ¢.
Pentru determinarea lui o aplicdm metoda aproximatiilor succesive §i avem

Po=1
b s
() = [K(5,3, 2a5), 2oa), @olb)ds +£() = ( K(x, . (). /(@) S )ds 41,

b
7n(2) = (E(x, %, 0moi(s). fmoi(@). @mosiB)) dv + f()
Vom aproxima termenii sirului aproximatiilor succesive folosind formula de cua-
draturd a trapezului ‘

b

Sj(x)dx ='62~;“[ﬂa) + Z:Z_:ﬂx‘) +f(/,)}+ Rlf), a=x< 2, <...<x,=b (2

§i am presupus f € C?[a, b], iar pentru R(f), restul formulei avind estimarea

IR(f)] < M(bl;:)', unde R(f) = 2‘ Ri(f). Avem

2o(%) = f(x). 90 < Cla, b]

w(®) = [ K(x, 5, /), fla), f®)dy + £
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wul®) = KG. 3. i), fl@), f@)ay + fip

Pm—1 (xb) = SK(xh' Y, ?--2(’)’),’ ?m—a(a)' ?-—2(b))dy +f{x,)

K(b, 5, om-2(y), 9m-2(a), @m_sof b))dy + £(b)

1]
gu-1(@) = K(@. 3, @n-s0), ¥m-s(a), gm_slb)dy + (a)
Qm—l(b S

Pm(%) = SK(x, Y @m=1(3), Pm-1(a), Pu-i(d))dy + f(x)

‘Pm(xb) = K(x,, b (P"'-l(y): ?M-l(a)l ?M—l(b))dy +f(tk)

B

Cu ajutorul formulei (2) vom putea calcula integralele ce intervin in sirul
aproximatiilor succesive. In caz general pentru ¢,(x,) avem

“[K(x,, 3, Gnos(@), Pmoi(a), Pmt(d)) +

P4

+2 ','E-:K (% Zi, Pm1(%:), Peum1(@), Pm1(8)) + K(%a, b om-1(8), Pm-1(4), 9--_:(17))]

+ f(%) + Rmp k= 0,n, meN 3

far [Rmal < €= . max |[K(%, 7, Pm-1(?), Pa-1(2) om-1(0)) 1.
12n ya(s,b)

Calculim derivata functiei K din expresia lui R, Derivata existd deoarece
K «Ci(a, 5] x [a, ] x RY).

aK ok , 3K a1

dK oK IK O9p_1 ?K 70 —ay
W o Gy deny W W ¥ Fat
oK opm—1
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Deci
n_ K
) m— b = 42— 0
(K (% ¥ q;,,,_,()), (Pm-x(a): ? 1(6) 17 " . % - e, Pm-1(y) +
3 7 9 oK "
+ 2K (om0 T 5 “ om-1(V).
Pn—1

a?m-—l

SK(x, 3, om-a(y)s om-2(2), Pm-2(0))dy + f(x)

‘P-—l(x) =
1
Ka(z: Y Pm— (J'), 9";—2(“)' Pm— (b))
pucr(?) = | o — &y +/'(x)
b
»” ( a'K(J', y' ? -_— (y)' ?m_ (a)' q’m— (b)) 1 (2
o1 (%) _—_S m—2 = 2 2 0dy - [7(x).

Facem urmitoarele notafii

IK(x, y, u, v,
x| < 1, . » a
plsz, L os - oy ou b

Tinind cont de expresiile derivatelor lui @m-i(*) §i de aceste notatii avem
lom-1(%)| < (b — )M, + My |om-a(x)l < (b — a)M, + My jom-1(2)] <
< (b — a)M, + M,,
IK(%, 3, omo1(3)s w=1(a), Pmoa(®) 15| < My + 2M,[(b — @)M, + M,] +
+ My[(b — )M, + M, 4+ M,[(b — a)M, + M,] =
. : fv_fl + 3M, [(b.— a)J.VII + M,] + M,[(b — a)M, + M, 2= M,
0 epinde de m §i %, §i avem estimarca restului

l Rm, S M . (b — a)l

MMy -8y o Mk, DK, £, DY), <2

si o formuli d T

sive. Folosind fn::éill;l : prr: ximativ a integralelor din sirul aproximafiilor sut
proximatiilor succesive i formula (3) cu estimarea rest

lui dati d 5
e (4), dim mai j
ai :
{1). Pentru aceasta vom ]2:1 m; algoritm de rezolvare aproximativa 2 ecuafie
succesive si avem cula aproximativ termenii sirului aproz‘:irnat“lor

Po(%) = f(2).
[

%ln) =\K "
S (%13, £(9), f(a), f(B))dy + flx,) = b; % (K(%,, a, fla). f(a).f (o) +

T22 K(x,
;KO 20150, 10),10) + (s, 3,0, 10, SO0 +109F

R o~
+ L= (Pl(xh) + Rl,bi k = 07
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b
q);("'k) = SK(x,. Y, ?l(y): ‘Pl(a)» ?l(b))dy +f(x,,) =
b—a [ n-1
= LK(xM a, p1(a), ¢1(a), 01(6)] 4+ 2 ,24 K(x, =, ?1(%;), 94(a), ?1(%) +
+ K(% b, 91(8), 91(a), @:(0))] + f(x,) + Ry =
-::b;;a FK(xm a, 51(“) + Rl,O. Zh(a) + R)'o, al(b) + Rl,0)+
n—1 .
+ 2 21 K(x, %, @ulx;) + R,,;, ou(a) + Ry 9,(b) + Ry )+
+ K(%, b, &:(8) + Ry 3:(a) + Ry 3(8) + Rx,,.)J +f(%) + Ry =
n—1
= 2‘;'3 [K(x)u a, ?pl(a), 51(")» E{.’l(b)) + 221 K(x, x, (), ih(a). a(0)+

+ K(z b, 500), 3u(e). 3200 |+ 75 + Far = ule) + R,

b—a

n—1
= L@IRuol + 625 IRy + 3IRy.al) +

b—ar a8 _C—a 4 8L —a) +1].

12xt 0 12nt 1200

lkz,klﬁ

4 |Ra,al < 3(b —a)LM,

Se continui rationamentul pt. m = 3 si prin inductie obfinem

Palm) = 122Kl 0, Gnes(0), Fucsle), FaO) +

2

n—1

+ 23 K(% % $moi(%), m-1(a), om-1(b)) +

=]
+ Ky b, Gmea(d), Fm-s(@), Faoal®)] +S(20) + Rup k=0, 1,
Iﬁ’,,,,kl < (6 —ap M, - [31n—1(b_a)m—le—l + ...+ 11, k=0, n.

12n . _
Deoarece 1 < sintem in conditiile teoremei de existenfd §1 avem
. 3L(b — a) .
estlmarea
~ (b—at .
| R, 4] € =+ Mo

12nt[1 — 3(b — a)L]

i —_— i duri
% m obtinut astfel girul (Fa(%))men, k=0, # SiF C€ aproximeazd pe nocu
srul aproximatiilor succesive (@,)men Cu €roared
, b—aP .M
~ — e " &
l?m(xb) - ?m("n)l < 12n8[1 — 30 — a)L] 0
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Observagie. In cazul in care
I{(x' I ?(y): ?(a)r ?(b)) = K<x: Y ?(_‘Y))

objinem teoremele de existenta si unicitate date in [1] si procedeul de aproxi-
mare revine la cel dat in [2] §i [3].
(Intras bn redactic ia 10 eetombrie 197,
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THE APPROXIMATION OF THE SOLUTIONS OF INTEGRAL EQUATIONS WITH DELAY
' ARGUMENT

(Summary)
The paper contains several existence and umicity theorems for equation (1), using Banach’s

fixed-point theorem. Using the method of successive approximation and trapezoidal rule a method
for the approximate solution of equation (1) is established.
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ASUPRA SPATIILOR CONFORM RECURENTE

ADRIANA MANTIA si PAVEL ENGHIS

1. Preliminarii. Fiind dat un spafiu riemannian V, de metrici

ds® = gudxidxi (1.1)
fiului V,_ acele proprietiti cate sint in-
tr-un factor oarecare, funcfie de variabi-

se numesc proprietéti_ cpnforme.ale spa
variante cind se multiplicd metrica prin
lele %, ..., x".

H. Weyl [11] a aritat ci studiul invarianfilor conformi ai unui spatiu
riemannian se poate face studiind invariantii unei- conexiuni afine determinats
abstracie ficind de un factor arbitrar. Aceastid conexiune se determini impu:
nind condifiile : s& fie f&rd torsiune §i si conserve unghiurile. Din aceste conditii
rezulta :

‘ ” ‘ $p H
Tin = — [5R] + 8ty + s — gnd (1.2)

unde

[s'k) sint simbolurile lui Christoffel de a doua spetd a metricii (1.1), iar
}, componentele unui vector covariant oarecare.

Calculind componentele tensorului de curbura al acestei conexiuni obfinem
o expresie care depinde de un vector covariant oarecare ¢;. Eliminind acest
vector din expresia tensorului de curburd, obfinem:

Wi = T — —Lé (Tad — ;% + gal} — giTh) +
” —

T— (8gin — 3hey) = Rin— ,T%'E (8 Ra — 3Ry +gaRf — (1.3)
— s h __—E———- sh ' 8» ',
ngh) + T ( i8in *g‘J)

unde R, = RY, este tensorul lui Ricci, R = g"'R;k este curbura scalard, 1lar
A o :
Ta =T si T =g"Ty.
_ Cantitatile W, constituie componentele tensorului de gur't}ure; éﬁﬁﬁnﬁ
3 luj Weyl. El se exprimi numai cu ajutorul tensorului de curulu{pa, a
W Ricei i curburii scalare. Deci, este independent de vector A i entrn m =3
Se stie ci tensorul Wiy cste definit pumai pentru # :n' P
tste identic nul, iar tensorii sii contractajt sint de.asemenerezente.ue conforma
pe Studijnd conditiile in care un spafiu ¥, admite o T€p
U spatiu euclidian, se obgine:
Wity + ——Vin =0 (a4
KA n-2
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unde 1 R R
V= R — Ra,; t+ 2———'—(” ) (g R,j — &iR,)) (13)

m notat derivarea covariantd in raport cu metricy (11

3, conditiile (1.4) devin Vi = 0 si reprezintj condifi,

si unde prin virguld a
tru ca un spajiu V, si admitd o reprezentare conforyny

Pentru cazul # =
jui E. Cotton [2], pen

e un spajiu euclidian. . . o
P Inpcgz al > 3, jinind seama cd, §; este un vector arbitrar, conditiife

devin
Wi=0 st Vi =0 (L§)
Al doilea grup de ecuafii din (1.6) sint o comnsecinfd a primelor, rezultyt

ce se poate verifica dacd se calculeazi derivata cpvarinntz“x a tensorului Jui Wey],
se contractd in & §i 7 §i se fine scama de identitatea lui Bianchi, de asemene

contractatd. Se obfine:

-3
Wi +=—Viu =0 (17)
n— 2
din care rezulti teorema lui Schouten (8]:

Conditia necesari §i suficientd pentru ca un spatiu V, si admité o repre
zentare conform3 pe un spatiu euclidiau este ca tensorul lui Weyl sé fie nul.

Un spatfiu V, de metricd (1.1) se spune ci e recurent [10], sau de curburd
recurentd, dacd existd un vector covariant g, astfel incit si avem

R:'jk,r = QIR:‘}IG (18)
Daci relafia (1.8) se contracti in & si 4, se obtine

Rik.f = (PrRik (lg)
1 spafuile care verifica (1.9) se numesc Ricei-recurente. Din modul cum s-a dedss

(1.9), rezultd ci un spati C Rice : ; t-
) ! pajiu recurent este T \ fiind to
deauna valabils 3], [6}]. este s1 Ricci-recurent, reciproca ne

Daci 1 ok < .
n (1.9) se aplici o noux contractie in ¢ si &, se objine

R,, = (P,R (110)
1 spatii ific
§ PagzlzéVr,, lca{'e verifici (1.10) se numesc de curbura scalard recurentd.
ConsideerAat:ia (1.8), o, =0, spatiul se numeste simetric Cartan.
Ind acum tensoru] de curburd proiectivi
- . 1.11)
Pin = Rip — —— (Ry 3} — R,;3}) |
dacé avem -
(1,12)

h
. h
Puk,r = )"Ps'jh
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unde ), este un vector covariant, spafiul se numeste proiectiv recurent Un
apiu TECurent, din (1.11) se vede ci e si proiectiv recurent, reciproca nefiind
tdeauna verificatd [5], [7]. Notind

o __ b 1
Zip = Rip — P (Rad} — R.-,.Si + Riga — Rig,) (1.13)

tensorul de curburd coarmonicd [4], numim spajiu coarmonic recurent. un spatiu
V. in care este verificatd relatia »
n

Zipr = 0,2l (1.14)
2. Spafii Rieei. Un spatiu V, pentru care avem
Ry, =0 (2.1)

se numeste spagiu Ricci.
Din (2.1), contractind in ¢ §i j se obfine

R,=0 (2.2)
Deci avem
ProproziTiA 2.1. Un spafin Ricci este de curburd scalard comstantd.
Sa considerim un spafiu Ricci cu 3 dimensiuni. Dip (1.5), (2.1) §i (2.2)
rezultd V= 0, si deci
ProproziTia 2.2. Spatiile Ricci (n = 3) sint conform plane.
Fic acum un spatin Ricci ¥, # > 3. Din prop. 2.1 §i din (1.7) rezulti

Wips =0 2.3)
Tot din prop. 2.1 si din relagiile (1.3), (1.11) si (1.13) rezultd
Whr= Rl ,= Ph, =2, (2.4)

Avem deci

. Propozipra 2.8. lutr-un spafiu Ricci (n > 3), derivatq covariantd a tensoru-
lud de curburd cownc.de cu derivatele covariante ale tensorilor de curburd conforma,
proiectivd 5i coarmonicd, iar contractatul in h §i 7 al derivatei covariante a tensorului
de curburg conforma e nul. o o acelasi
H Observatia 1. Din prop. 2.3 rezulti ci un spajiu Riccl (n>3) estte in acelagt
IMp simetric, conform simetric, proiectiv simetric $i cparrnpmé Srltme Tic.

Observatia 2, Un spatin Ricci conform plan e simetric (artan.

Un spafiu ¥V, pentru care

% llu(r:negte Ricci-special.
ontractind (2.5) in 4 si j rezultd R =0. Avem L
ROPOZITIA §.4.)Spaﬁilz I%icci-speciale au curbura scalard ’i‘a“llaévem
in (1.3), (1.11) si (1.13) rezulta ci intr-un spafiu Riccl-spec
(2.6)

A
Wh = R= Phx=2Zip
Degj ik = Rip ik
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_PropozITIA 2.
coincide ch tensor?tlvd d
. nicd. o B . . o tema
curb“gb CffZZ’f Din prop. 2.5 rezultd ca spatiile Ricci-speciale sint iy e
. -;fetri’ce-.‘ conform simetrice, proiectiv-simetrice i coarmonic Sy
1]:Smfs:;lenea sint in acelasi timp recurente, conform recurente, proiectiv g :
€

pic recurente. .
Sa consideram un spajl

cci-special, tensorul de curbuyg

un spajin Ri e ul a
5. Inir-un spef I de curburd proiectivd si cy

Confa, -
¢ curburd, cu tensort mi

nsorul g,

Coarmo.

u Ricci-special conform plan, adici

i i i Rlp=0 si i euclidian. De aici:
2.6) si (2.7) rezultdi Rij .O §i spatiu e euc c
Din (Pszp%ziTm) 2.6. S/)a,tiz'lje Ricci-speciale conform plane sint spatii euclidiey,,

3. Spatii conform recurente. Un spatiu V, pentru care avem
h
Win,e = 0 Wi (3.1)

se numeste conform recurent.
~ Din expresia lui W1i(1.3) rezultd cd un spajiu recurent este si conform
recurent. L
Cu studiul spatiilor conform recurente s-a ocupat T. Adati si T. Miya-
zawa [1]. In cele ce urmeazi aducem citeva preciziari §i completiri la acest studiu.
S3 observim ci un spafiu Einstein este uu spafin Ricci. Iar dacd est
de curburd scalard nuld, el este un spajiu Ricci-special. Astfel, teorema (1.3)
din lucrarea lor [1] poate fi reformulatd astfel: ,
PrOPOZITIA 3.1. Penmtru ca un spajiu Einstein conform recurent si fic
recurent este mecesar §i suficient sd fie un spafiu Ricci-special. ,
In ce priveste spatiile Ricci sispatiile Ricci-speciale observafiile cu privire
la recggenta st conform recuren{d au fost ficute in paragraful 2. o
Sa presupunem acum ci spafiul ¥, » > 3 are metrica dcfinita §i este Ricc
r.ecuresznt de vector o Daci s,patiul e conform plan, atunci I«i'f-'jk =0 s din (14)
» 1 h . . . .
st (1.8) rezultd Rij,= ,Riu si spatiul este recurent, cu acelasi vector de
recurentd. Deci avem
Slan ;Rﬁiaiiiitn?'z.tl Conditia mecesard §i suficientd ca un spapis ‘07/':’;’,
J este ca sd fie cu metricd definita si Ricci- cu vector &
recurenti o, f etricd definita si Ricci-recurent,
Observatie. Intr i ctor
7o -un spatiu ¥, cu metrici definita si Ricci- ent Ve
. i si Ricci-recur
rul de recuren{i este dat de . . y
82

definits cu metricd
4 putem contracta in § i & $i rezultd (1.10). Din (1.10) rezultd (3.2)

Daci ac : ) - ci—
recurent cy agg‘a;f)itel:tlol/ﬁ cu metricji deflnlté este conform recurer.l't §i 8R)1CCU
acelasi vector P . € recurenfd ¢,, din (1.3) si (3.1) rezultd (1)

- Proprozr o o "
S, oo e S 5 sficints o spfin V2 o8 T
este ca sd fie Ricci-recurent, deozcg;; rsacpﬂe.recurent"cu acelasi vector de

"

I ¢ = (In R),,
ntr-adevir, spatiul fiind Ricci-recurent, are loc (1.9) si fiind
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fntr-un spatiu conform recurent si Ricci-recurent, si: consideram relatia
(1.7) care se poate scrie
. ’ "

k 7n—3 RQ
oxWiir + Y [‘Pth'i — ¢jRa + e _" " (gax 8} — g.‘jsf)] =0 (3.3)

tn relatia ({;3;,.3), .inlocuind Wﬂ}k cu expresia sa din (1.3), si dind factor comun
pe Px s€. obfine : ot .

Padin =0 .(3.4)

unde

Al = Rix — (Ru 3} — R;8%) — . (Rigix — Rhgy) +

n—-2 .

h h
22 (gan 8 — £:;3%) (3.5)

Din (3.4) rezulta .
ProrozITIA 3.4. Intr-un spagiu comform recurent si Ricci-recurent vectorul

de recurenfd este solutie a sistemului (3.4). : '
Sistemul (3.4) fiind liniar §i omogen, in raport cu componentele vectorului

de conform recurentd, pentru ca si admiti solufii diferite ‘de solutia banali tre-

buie ca rang "A:;’k " < n. Putem deci si enun{im urmitoarea .condifie nece-
sard ; -
Prorozitia 3.5. O conditic necesard ca un spafiu V, sd fie it acelass timp
conform recurent §i Ricci-recurent este ca rang " Adn ” <mn.

Tensorul Ay, definit de relafiile (3.5) arc urmitoarele proprietifi:

L A= _A:'.)‘j, echivalent cu Auj = —Anirj

2. Awipn # Aije 51 Apip # Ajini

3. Az'k + A),"ki -+ A:ij =0
4 In spatiile Ricci-speciale, W = Riap si Vie=0, . rezultd

ik Va avea aceleasi proprietifi ca si tensorul de curburd.
In ceea ce priveste tensorii, -,contrac.tati ai tenmsorului Af-',-,, avem :
A:ﬂ: =0,

ca tensorul

A = Ap = — = D —3) Ry + 2,(' P 32) Rgix

" 2 ! " - . .
T. Ada ti s i d nstrat cd un spafiu proiec-
. i T. Miyazawa [l] au demo 1 1 proiec-
:W i rent este §i$ conform zecurent. Pentru a vedea reciproc in cevcgnd;tx;t?ux}

I?atéu conform recurent este si proiectiv recurent, sa presupunem cd in sp

» uform recurent are loc relajia : .
Ra— —&aR| (2.6)

Rik, r— ; g,'kR,, = @, (R:’k " g.uR) )
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Relatia (3.6) o putem scrie sub forme echivalente:
| (R, — o, R)ga = n(Rix, s — &, Rix) 3.)
n(R; — 9.Ri) = (R, — &/R) 38
g (Rh, — o, RY) = 8i(Rui.r — 9, Ry) (3.9)

Spatiul fiind conform recurent, avem relat'ia (3-1)-_.1"10CUiﬂd in (3.1) cu
expresia lui Wf-',';, si derivata lui, ordonind si folosind relatiile (3.6), (3.7), (3.8) si
(3.9) obfinem:

R, — — (Ra,, 8 — Ri8) = o0 | Rl — - (Rad) — Ry
care, daci tinem seama de (1.11) ne aratd cd spatiul este proiectiv recurent,

Relatia (3.6), observdm ci estc verificatd intr-un spati}l proiectiv recurent,
cu metrici definiti, dupi cum rezultd din relafia (1.12), prin inmulfire contrac-
tatd cu g¥ si apoi schimbind indicele 4 cu 1.

Avem deci

Prorozitia 3.6. O condific neccsard §1 suficienid pentru ca un spafiv V,
conform recurent cu metricd definitd sd fie prosectiv recurent, cu acelasi veclor de
recurenfd, este ca relagia (3.6) sd aibd loc.

Observafie. Intr-un spatiu Einstein, relajia (3.6) fiind identitate rezulti

ProroziTia 3.7. Orice spatin Einstein conform recuremt este §i prosectiy

recurent.
In spatiul V,, si considerim tensorul de curburi coarmonici dat de

relaia (1.13). Contractind in raport cu 4 si j se obtine [4]:
ol (3.10)

Z'k=—‘_ .
[ ”._zgu

Tensorul de curburid conformi se poate scrie atunci sub forma :

Wik = Ziu — ”]j (Zud) — 2,583 (3-1)

Presupunind spatiul V, coarmonic recurent, adica

Z:;‘k,r = (PrZ?jh .12
$1 contractind in 4 si j, rezulty

A Zinyy = @,Zu @1
In care, finind seama de (3.10), avem
R, =¢R @1

deci

Proroziyia 3.8, Uy spatiu

v . ~ (i
recurents. V. coarmonic recurent este de curbura scalar
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Derivind covariant relatia (3.11) si tinind seama de (3-12) si (3.13) rezults
? .
Wg'k,r = @ Wijk' dect . :
PROPOZITIA 3.9. Orice vsj)a;m V., coarmonic recurent este conform recurenmt
ou acelasi vector de recurentd. '
sé.vedcm reciproc in ce condifii un spatiu ¥V, conform recurent este si
coarmonic recurent. Spatiul fiind conform recurent, are loc (3.1). Inlocuind

in (3.1) expresia lui Wy dati de (3.11) si $inind seama de (3.10), obtinem :

1

— ] k
(n — 1)(n — 2) (gik 5 — gijs")(R" — 9,R)

Z?jk,r - (Prz?jk =

din care rezultd ca spafiul va fi coarmonic recurent daci

R, —oR=0 (3.15)

deci
ProroziTiA 3.10. Un spatiu V,, cu metricd definitd, conform recurent este

coarmonic recurent dacd este de curburd scalard@ vecurentd.
Din (3.15) rezultd cd vectorul ¢, de conform recurenfi este dat de

¢ = (ln R),, (3.16)

Tinind seama de (3.16), prop. 3.9. poate fi formulati astfel:
Prorozitia 3.11. Spatiile conform recurent cu vectorul de conform recu-
renfd o, dat de (3.16) sint coarmomnic recurente.
(Intrat in redacjie la 2 decembrie 1977)
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SPACES CONFORM-RECURRENTS
(Résum é)

SUR LES E

Dans la premiére partie de ce travail on dqnn_e les relations et définitions nécessaires. Dan
la seconde on donne les propriétés des espaces de Riccl (Rij, e = 0) et des espaces de chci-spécia“xs
(R = 0). Dans la troisiéme on fait quelques précisions par rapport aux résultats de T. Ada t;
et T. Myazawa [1) en ce qui concerne Jes espaces d'Einstein, les conditicns pour qu'un espace

lan soit récurrent, les espaces conformément récurrents soient récurrents. On donne

conformément P
les systémes (3, 4) qui sont vérifiés par les ccmposants du vecteur ¢ de confcrm-récurrence. A cette
occasion on domne une condition nécessaire povr qu'un espace Vg soit en méme temps conform-

récurrent et Ricci-récurrent. On denne ensuite la condition (36) nécessaire et suffisante pour qu'un
espace conform-récurrent soit projectif-técurrcnt. On montre ensuite que les espaces  coharmoni-
que-récurrents (3, 12) sont conform-récurrents ct réciproquement pour gu'un espacc conform-récurrent
soit coharmonique-récurrent il est nécessaire et suffisent que les relaticns (3.15) ou (3.1€) aient licu
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STUD!

STRUCTURA BIQUASIUNIFORMA INDUSA
DE O G-QUASI-PSEUDOMETRICA

D. BORSAN

1. Este cunoscut cd unei quasi-pseudo-metrici, p: X X X <> R,; i se
asociazd simultan o .topol.ogle T, 5i0 qpasj-uuiformitate Af,. Mai mult, topologia
indusd de quasi-uniformitatea ¢, con;c1de cu cea generatid de quasi-pseudo-
metrica p,3a]1dicz’1 cu 7,. Se spune ci tripletul (X, U,, t,) este un spagiu quasi-
uniform [3]. :

Aplicatia p*: X X X — R, definitd prin p*(a, b) = p(b, a), pentru orice
(g, b)) € X X X, este de asemenea o quasi-pseudo-metrici, numiti conjugata
lui p. In definitiv putem spune ci quasi-pseudo-metricd p: X X X — R, de-
termind pe X atit o bitopologie (1,, 7,+) cit 5i 0 biquasi-uniformitate (W, ),
jar spatiul bitopologic obtinut este un spajiu biquasi-uniform, in sensui ca
cele doud topologii 7, §i 7., sint induse de quasi-uniformitifi, anume de 1,
respectiv. U, [3].

Prezenta lucrare isi propune sid arate ci spafiul bitopologic asociat unei
quasi-pseudo-metrici genceralizate, in sensul definifiei date in [1], este un spatiu
biquasi-uniform.

2. Fie (M, <) o muljime partial ordonatd si ,, <" ordonarea definitd
in mod natural in M X M prin:

(ay, ;) < (ay, b;) <> a;< a, 5i by < by, unde ay, b, a, b, € M.
Considerdm o aplicatie @: M X M — M, satisfacind conditiile
(1) ?(a, b) = o(b, a)
(e (@ by) < (a5, bs) = 9@y, by) < olas bo)
unde a,, 3, q,, b, € M.
In sfirgit, fie £ < M, cu proprietitile :
(E) ¢o €E, a € M,non (¢, < a) = 3¢ € E:oa, ¢)< ¢!
(E) (¢, ¢) €SEXE = e €E: (e ¢) < (o1 €a)

inte] Prin g-quasi-pseudo-metrici pe X (prescurtat g-q.—p.— metrici pe X)
Selegem ([1 1) o aplicatie p: X X X — M, care verificd urmétoarele axiome:

(91)

( (%, x) < ¢ pentru orice x € X si orice ¢ € E;
Pa)

(%, z) < @[p(%, ¥), ply, )], pentru orice %, ¥, Z, e X.
Cuplu] : i - i- do-metric. Muljimea

B (. PO (X, te spatiu g-quasi-pseudo

Ce:gtr’ 8)«= {r = X?/)p(x?ey) Iil?}?suzdepxte X si e € E, se numegte p-glob cu
Win 275i de razhe. S '
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ea [1], mcnjionatd mai sus, se demonstreazi & familia
{B,( ,;flle)-/ ;U;r?{f‘qe e[E% c9( X)teste o bazid de topologie pe X. Topologia t, definits
de accasts bazi se numeste topologia indusd de g-q.-p.-metricd p. Aplicatia
o* 1 X X X — M, definitd prin p*(%, v) = p(y, %), pentru orice (x,v) € X x X
cste si ea o g-q.-p.-metricd. p §l p* se numesc g-q.-p.-metrici_conjugate. Prip
urmare, o g-q.-p.-metrici pe X, permite inzestrarea mulfimii X cu o structury
de spatiu bitopologic (X, 7, Tpe). ' o ]
3. Fie acum (M, <) o multime Pa!’ﬂal ordonata, inzestratd cu o operaie
: M X M—M, cu proprietitile (@;) $1 (%)J iar E = M satisfacind, pe lings
conditiile (E;) si (Eg), §i urmétoarca cerinf{d

(Es) Ve E3 ¢, ¢o € E:iqe, )< ¢
Considerim o g-q.-p.-metricd p: X X X — M §i notim
Up,o = {(%5) € X x X]p(x, 3) <<}
TroreMA 7. Familia &, = {Uy, ofc € E} € (X X X) cstc 0 bazd de quasi-
uniformitate pe X.

Demonstragie. Cum se cunoagte (vezi de evemplu [3]) va fi suficient si
aritim ci familia &, satisface urnitoarele condifii:

(B,) A € U, o, pentru orice ¢ € E (unde A = {(x, x)jx € X7});
(B.) ¢, o €E=>3€E:U,ny<SUhaN U
(33) c€FE= 3" €Lk l/'(p. ) " L'(p. ) < (’.(D- o)

53 aratim acum ci in adevdr &, se bucurd de proprictitile (B,) — (B,).

Fie ¢ € E, arbitrar. Conform axiomdi (p,), oricare ar fi ¥ € X, avem
p(x, %) <, adicd (x, x) € Uy, 4. Urmeaza cd A < U, ,, pentru orice ¢ € E,
deci &, satisface condifia (B,).

Fie acum ¢,, ¢, € E. In baza conditiei (E,), existd atunci un element
¢ €E, astfel ca c<e; §i ¢< e,

Av N M v
em b(o- g €U ooea N l‘(c. a)-

In adevir, daca (x y) € U i i .
, %, 3 o, atunci p(x, y) < ¢, deci p(x,v) <o $t
%,5) < ey ' . sati 5 .
ggrin}t)a (By). prnurmare (x,y) € Uy, )N Ugp, . &, satisface asa dar st
astiel élasf1(r§1t, fie ¢ < E. Conform condiiei (E,), exista clementele ¢;, ¢; € Es
o aqta:fhl' ¢2) < e. Pentru €1 5l e, gasim, in baza cerintei (E,), un element
Stlel Ca e'<¢; §1 e'<e,. Vom arita ca U - U s U, -0

acest scop, fie (x,y) € U (o ©) (o) = Zlon 9
a (1,7 € U, , 1'3 0:¢) " Up, o). Inseamni ci existsi z e X, astiel
<c<e siopls )$ (5,9) € Ug,.; existi deci 2 « X, asa incit p(% 2) <
o0t 2) Sltp[é(g z.)y (fe S €. Folosind conditiile (ps) §i (¢p), urmeazd atunc
A +2), (5, 9)] < o(ey, ) < e. Avem deci o(%,y) < ¢, adicd (%,9) £

.o Ceea ce trebuia arj o y )
proprictatea (B,). aratat. Familia &, se bucura prin urmare, gt de

Vom nota quasi-unj : < $03
U, = {U < 2(X ;(1 le/ gglformltatea generatd de baza & cu ar, adica ([3]).

C®:BSUl=(UecaXx X)/3e < k: UpaS
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. yom numi quasi-uniformitate indusd de g-q.-p.-metricd p. Aceasti quasi-
0 % s : : -
?,lni{ormitate U, genereazd, la rindul ei ([3]) o topologie pe X, anume topo

Jogia
Ty, = {G € &(X)/Vx €G3 U € A,: U[x] < G}, unde

Ulx] ={y = X/(2.») = U}.

TeorEMA 2. Fic 0: X X X —= M o0 g-q.-p.-metricd pc X. Atunci lopologia
encratd de quasi-uniformitatea indusd de p, coincide cu topologia indusd de
gg-p-melrica e . .

Demonstrafie. Cu notatiile introduse, trebuie si aritim ci Tag, = T in
acest scop, % fiind un element arbitrar din X. Vom arita ci familia p-globurilor
cu centrul in %, {B,(x; ¢)fe & E} < &(X), care este 0 bazi de vecinititi pentru
x relativ la topologia 7, (deoarece 7, admite ca bazi familia {B,(x;¢)/x € X,
¢ € E}) este de asemenea o bazd de vecindtdfi pentru x §i relativ la topo-
logia Ta,-

In adevar, cste cunoscut ([3]) cd &, fiind o bazd pentru quasi-uniformi-
tatea A, familia {B[x]/B = &}, este o bazi de vecinitifi pentru punctul
%, in spatiul (X, 7q0), deci relativ la topologia generatd de quasi-uniformitatea
A, Avem &, = {Ug, o/¢ € E}, unde

Up g ={(x9) € X X X[o(x,5) <c¢}.

Si observim ci

Upo [#] = {y € X/(x,5) € Up,a} = {y € X/o(x,5) < e} = B, (x; ¢).

Deducem c3 T, = 7, Ceea ce era de demonstrat x.

Este cunoscut (vezi [3]) ci, daci AU este o quasi-uniformitate pe X,

atunci familia U™ = {(U~1|U € U} este de asemenea o quasi-uniformitate
Pe X, numita quasi-uniformitatea conjugatd lui W. Daci & este o bazi pentru
Y, atunci &1 = {B7}|B € &} este o bazd pentru U™ Doud tOpC:lOgl.l T, 5l
" P& 0 aceeasi multime X, se zic topologii conjugate dacd ele sint induse
€ Quasi-uniformitifi conjugate. .

. TEOREMA 3. Doud g-q.-p.-metrici conjugate pe X, induc quasi-uniformitdts
Mjugate 5i topologii conjugate.
Demonstraﬁe. Fie p: X X X—M o g-q.-p.-metricd si p*: X‘ xAX—>M ,
lg'q:TP-~m§tﬁca conjugati. Vom arita ci 61(‘,‘l =, §i cd 7, 5i 7, sint topo-
ogil Conjugate, ‘
0 adevir, f{amilia &, = {Up, qle € E} este, conform teoremei 1, baza
qQuasi-uniformitatea A,. Atunci &;"' = {Ug, ole € E} este o baza pentru
niformitatea ¢! ([3]). Insi

~1
Ualo =13, %) < X x Xi(x,5) & Upo} = {(3. %) = X X Xlplz,5) <} =
= {(y. x) € X X Xl; (y' x) < c} = U(P.")'

Pentry
Quasj.yy
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s si deci U7 ='ar,.. Pe de alty ;
X A t
SL Tagge = Too- Cum o, i . s a Parte,

; . e ot quac
. sint topologii conjugate, ¢y azlf::lib
Sta

Urmeazi ci &;' este bazd pentrur
conform teoremei 2, avem j‘"".,— 3
uniformiti}i conjugate, rczzulta cid 1, §1 T

a este demonstrata x*. ) . o ]
teorem unde Af; si A, sint quasi-uniformitsgi p, X

Un triplet (X, U, U,), € quasi T
numegte stfgctura' bi_quasi-um ormd. Pentru un spatiu bitopologic, in car
doui topologii sint mdqsc[?ﬂ)e
su-bi-quasi-uniform (vezl . . i .
# gon OLAR (3.1.) Orice g-q.-p.-metricd p : X X X — M, dcterming pe X
structurd de spafiu bi-quasi-uniform. ] L - 0

Afirmatia rezultd imediat din teorema 3, = si 7. fiind induse regpécﬁ‘.
de A, si Uy - *. i :

- "CorOLAR (3.2) Dacé p:X X X —M este o g-q.-p.-metricd pe X abungi
spatiul bitopologic (X, =,, Tpe) cste reciproc complet regular. ’ &

_In adevar, in [2] se stabileste cid dacd r, si 7, sint topologii conjugate
atunci (X, T, v,) este reciproc complgt regular. Afirmatia din enung rezyjty
imediat dacd avem in vedere cd 7, §i 7, sint topologii conjugate, conform
teoremei 3 .

Mentiondm cd studiul proprictdfilor de reciproc separagic ale spatiyly;
. . . - ul
bitopologic (X, 1, ), determinat de o g-q.-p.-mctricd p: X X X — )5 ! fa:el
obicctul unei alte lucriri. !

quesi-uniformitdfi se foloseste termeny) dec sc;le
Q-

(Intrat in redactie la 17 decembrie 1977)
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THE BIQUASIU N
QUASIUNIFORM STRUCTURE INDUCED BY A G-QUASIPSEUDOMETRIC
(Summary)

It is proved that a g-qu

a structure of biquasiuniforyy s“ipseudometric on X (in the sense given in [l]), determines on X

pace.
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ON SOME MEASURES OF NONFUZZINESS

D. DUMITRESCU

In their program of building a thermodinamic-like calculus on fuzzy

sets, A. De Luca and S. Termini (1972, 1974, 1976, 1977) have intro-
duced and invqs'glgated various measures ot_ fuzziness or entgopies. In the con-
text of the decision theory the entropy receives the natural interpretation as a
sure of uncertainty in decision taking.:
“In this note a measure of nonfuzziness (energy) (Dumitrescu, 1977)
of a fuzzy set defined on a finite support will be extended to L-fuzzy sets.
In analogy with the fuzziness measure introduced by Knopfmacher (1975),
we will give a nonfuzziness measure for fuzzy sets which are measurable as
rcal-valued functions and are defined on an arbitrary set X with totally finite
positive measure on a c-algebra of subsets of X. We must note that we shall
use the words ‘“cnergy of a fuzzy set” with a meaning related to Onicescu’s
concept of informational energy (Onicescu, 1956), which differs from that
of Capocelli and De Luca (1973).

Let us consider a set X and a lattice L. e

DerinitioN 1. (Goguen, 1967), An L-fuzzy set on X is.a map f: X —
— L. X is called the carrier (or support) of / and L is called the truth set
of f. If L = I, where [ is the unit interval, we obtain the original definition
of fuzzy sets (Zadeh, 1965).

Let £(X, I) be the lattice of all fuzzy sets defined on X. :

DerINITION 2. A nonfuzziness measure on £(X, /) is a non-negativ
functional E: £(X, I) — R, such that the following properties are satisfied:

Pl. E(f) is minimum if and only if f(x) = 1/2 for all x € X. :

0 Plz}) E(f) is maximum if and only if f is a sharp sct on X (ie. f: X—
- .

P3. E(f*) > E(f), whenever f* isa fuzzy set sharpet than f, i.e. f*(x) <

$f(®) for flx) < 1/2 and f*(x) > f(x) for f(%) > 1j2. o
hese properties are the natural requirements which must be satisfied
Y @ measure of nonfuzziness, and are inspired from what D e Luca and
€fmini (1972) have proposed for an “entropy’” measure of a fuzzy set.
d In a previous paper (Dumitrescu, 1977) a particular measure of the
“ieffree of nonfuzziness has been proposed. This measure has been called the
the L Mational energy” of a fuzzy set because of the formal similitude with
001e1 :erlformational energy introduced by Onicescu (1966) in the probabilistic

Xt. In the following we will call this quantity the energy of fuzzy set.

¢t us consider X finite, X={x,, %s, - . -, %y}, and f a fuzzy set defined on X.
EFINITION 3. The energy of the fuzzy set f is defined by

Eif) = 3 ) + /),

Wh 3 . . n. o
e flx) =1 — f(x), for all x € X.

mea!
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: E, satisfies the propertie
proposrrion 1. The functional 2 / properties P1. Py, p 3
and also:

e (1) = E,(f).
o E,(f) /)

P5 E,isa paluation on the lattice (X, 1), i.e.
E\fve) T E\(frg) = E\(f) + E(g) for all [ =X, 1), where

(fve)(x) = f(2) v g(x) = max (f(x), g(x)),
(f A &)%) =f(x) A glx) = min (f(x), g(x)).

A generalized nofuzziness measure of a fuzzy set defincd on a finite support
s given by the following statement. o
® gwf’l;mz)sn*erw 2. Letg ¢ be a function that s’uhsfzes :
i) ¢ is a strictly decreasing function on [0, 1/2],
#) elt) = e(1—1), ¢ < [0, 1].

The functional E, defined by

N
Ef) = L elf (),

is a measure of nonfuzziness which satisfies P1 —P5.

Let us now consider an arbitrary set X and a measure space (X, 4, y),
where 4 is a oc-algebra of subsets of X and u a totally finite positive mea-
sure on &. We will consider only those fuzzy sets defined on X which are
gmasxz;?)ble as real-valued functions. We denote the class of these fuzzy sets

y &F(X).
A nonfuzziness measure on §(X) must satisfy the properties P1¥, P2*
and P3, where P1* and P2* are:

Pl1*, E(f) js min@mum if and ouly if f(x) = 1/2 almost everywhere in X. ‘

P2*. E(f) is maximum if and only if { is sharp almost everywhere.

A measure of nonfuzziness on &(X), inspired by thc existence theorem of
2 measure of fuzziness (Knopfmacher, 1975), is given by

ProrozITION 3. The functional E;:§(X)— R defined by

Eq(f) Jetrt)duia).
whe x
y . .
isa i'ﬁafufe(ff) and ”’C'fimctwn’ e satisfies the conditions given in Propositio? 4
e nonfuzz_mess which satisfies P1*, P2* P3, P4 and P5. "
OW consider an L-fuzzy set fiX L,, where L is a lattice ¥ ;
) reatest element 1’. In order to give 2 r'nea;’a
a)sf we must define a map h: L — [0, 1]. The unit inter™.
a lattice with Tespect to the operations
AVY =
We must ¥ =max {z, y}, *Ay = min {x, y}. -
Jattices, DOW mention some definitions about the mappings bet¥e*

=1
®(X)
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The map 9 L,—L, from a lattice (L, <) to a lattice (L,, <) is
.cotone Map (order preserving) if a < b in L, implies that ¢(a) < o(b)
an is A lattice homomorphism is a map that is both a join-homomorphism
in hgmomorhpism) and a meet-homomorphism (A -homomorphism). It is easy
;‘ rove that meet-homomorphisms, join-homomorphisms and lattice homomor-

i are all isotone. ]
Phlsm,i\he map % : L— [0, 1] must be at least an isotone map preserving the

C]ements O, and ) s Y 3 1
DEFINITION 4. The measure of nonfuzziness on £(X, L) with respect

toa map h:L— [0, 1], » being at least a isotome map preserving the least
and the greatest element of L, is the functional E;: £(X, L) — R defined by

E\(f) = E(h o f),
where E(k o f) is the measure of nonfuzziness of the fuzzy set 4 o f.
Of course, this definition makes sense only if E(k o f) exists.

PROPOSITION 4. If h is a latticc homomorphism then E, is a valuation on
the lattice £(X, L), 1.e.

E\(/ve) + Exfrg) = Eif) + Ewlg), for all [, g = &(X, L).
Proof. Since / preserves v we have

ho(fveg)x) = h{f(x)ve(x)) = Mf(x)) v hg(x)) = (hofvhog)(x)

for all x € X, hence
ho(fvg)=hofvhog.

Similarly ho(f A g)=hof A hog since & preserve and A.
From Proposition 1 and the previous equalities’ we have

Ehof) + E(hog) =E(hofvhog) +Ehofarhog) =

=E(ho(fvg) + E(ho(frg)

We must note that if we consider independent properties defined on a

set [uzzi ‘ ! '
Vi X, then the nonfuzziness measure of the corresponding L-fuzzy set is a
ector- valued measure.

( Received December 31, 1977)
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ASUPRA UNOR MASURI ALE GRADULUI DE NON-Fuzzy
(Rezumat)

*. . In aceastd notd sc introduc citeva misuri ale or
. adului
(fuzzy) sl se stabilesc unele proprietafi ale acestor masuri de non-fuzzy Pentru mylgipy; ‘
. vagi
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sTUDIA '

ASUPRA APROXIMARII SOLUTIEI PROBLEMEI LUI CAUCHY
QELATIVA LA O ECUATIE DIFERENTIALA LINIARA DE ORDINUL #

GAROFITA PAVEL

1. in aceastd lucrare ne propunem si dam o metodd de rezolvare a pro-
plemei lui Cauchy pentru o ecuatie liniard cu coeficienfi variabili, de ordinul #,
metodd care sé fie adecvatd utilizarii calculatorului.

fn lucrarea [2] a fost aplicatd aceastd metodd, in cazul ecuatiei liniare
de ordinul al doilea.
Fie problema lui Cauchy

YO + iyt pyy =0
y(@) =Y, (1)

¥ Na) = 87"

unde p,, ..., p, € Cla, b]
Fie Aia=2, <2, < %, < ... < Zm1< %,, = b 0 diviziune, %, = x5 +
+ih, unde h =22
m

Metoda folositd constd in a atasa fiecirui interval [x;—;, %;] 4 =1, m,
0 problemd Cauchy relativa la o ecuatic cu coeficienti constanti, obfinuti din

(1) prin inlocuirea functiilor p; cu valorile lor pe mijlocul intervalului corespun-
zator, adica

X - X,
=1 .
Pij=P¢( 2 J)v""— , n

I;:ncgndltule_: la limitd sint date de valorile solutiei si a derivatelor sale, cores-
2atoare intervalului anterior, calculate in punctul X;_,.

bIEmeInC felul acesta rezolvarea problemei (1) se reduce la rezolvarea a m pro-
auchy, relative la o ecuatie cu coeficienfi constanfi.

Prima dintre aceste probleme, corespunzitoare intervalului [x,, x,], este
W+ ¥+ o+ D=0 (2)

yx(xo) =¥ - y(l"_l)(xo) — y(on—l)
unde

Pa =Pi(ﬁ—:xl)» L= 1,_”

4 <
Mnhemauu ~— 21978
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pleme. Cu ajutorul acesteia construim urmjtoare,

i olutia acestei probler
g:ﬁbﬁe%; Catuchy, relativd la intervalul [#, %a].

yg') + Pczyg"_l) + .o F )= 0

ya(#1) = Ra(%), y3(%,) = yi(%), <o YE0(x) = y¢N(x,) (3)

unde
+ K 2
Pn__-P',(fL.z——-!J"_l.ﬂ

Notim cu y, solufia acestei probleme. '
Contigtiind in acest mod se obfine, pentru intervalul [¥m—1, %,], problema

yg:)—*—leys:—” Tt +?nmym =0

Ylmr) =Ym-1(Em-1) ; Ym(%m=1) = s(Eme)y oo Y N (Emmt) =0T () (4)

unde

, B

—

Pim = P; (i"';l‘;:ﬁj: + =

a cirel solujie se noteazd cu Y. .
Notim cu §, funcfia definitd pe [a, b], a carei restrictie pe intervalul

[%-1, %;] este; y, 3 =1, m.
Fie y solufia unici a problemei (1). Urmind procedeul din [1] se obfine
estimarea :
1 — .(b—a)l.
ly — gl < ehe 5
“— 8)
unde
. L = max{l + IPII» IP!') vy IPMI}
5
e = max {[|p; — psll} iyl

Seobservd cd dacd A—0, 3 y si i i y ”

. N ) . § 3y si deci putem considera pe y ca 0apr

ximantd a lui y. 7= putem considers p27

cel Calculul aproximantei se face conform celor de mai sus, prin rezolvares

e uor _ md probleme Cauchy,.f_xecare dintre ele fiind o problemd relativa 12 ©

atlle) et ordinul # cu coeficieni constanti.

. coeﬁe{;xéru_ rezolvarea ecuafiilor caracteristice corespunzitoare aces
o E}lzlt)}ig&rjsta?n se foloseste metoda lui Bairstow [3]. di
2. dm in conti i in c iei de 07

nul al treilea. inuare metoda prezentati in cazul ecuajiel d

Fie ecua fia

tor ecufi?il

ylll + pyu + qyr + sy — O 6)
Ye)=y., y'(@) =y, y"(a) = y; |
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unde
$, ¢ s €Cla, b)
b] si-1 impirfim in m pir{i egale, atunci ecuafia (6) cu

onsideram [&, I i : \0) cu
¢ duce pe fiecare subinterval la o ecuafie cu coeficienfi

coeficienti func}ii se re
constanfl.
Notim

— b—a

%x=a+1th, +=0 m h=

m

Problemei (6) i se atageazd atunci nigte probleme in care ecuatia este o
ecuatie cu coeficienfi constanfi.
Pe [%i-1, %,] problema devine

Y+ Duyi + puyi + psiyi =0
Y ximr) =YY (%), 7=0,1,2

unde

X .+ X 4+ x % _ 1+ . —
Pn.-=p(-i%).‘bz.-=q(—"2——‘);Ps.-=s(—‘—'2-—‘);t=l. m.

Asociem ecuafia caracteristici
7+ Durt + pur + psu =0

solufiile cireia vor fi calculate cu metoda lui Bairstow [3]

In funcfie de natura ridicinilor ecuafiei camacteristice vom avea urmi-
toarele cazuri :
a) Ridécini reale si distincte (r,, 7, 7,) caz in care

(%) = Cyen* + Cyen® + Cyene*
et = 90, (5im), G =0, 1, 2

cute Cl?engané solufia §i vom obfine un sistem de trei ecuaii cu trei necunos-
L 2

.'
y(x) = Clcr.s 4 C,&"" + C,c'-‘
Y'(%) = 7,C17% + 7,C;6"% + 7,Cqe"*

yn(x) = r{Cle'!‘ + rSC,e’-‘ + r}C,e'-‘

#Toh FACULTZ
S
(" qLuaroch

EN-1C, 4 H-IC, + €10, = Y1 (%io1)
rler.x,'_lcl + r’er.x,-_lcn + r,e""."-lca =y§..x(x.--n) (7)

715

re"N=IC, + 73 -1C, + 7310, = yima(%-1)
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se obfine Ci, C,, Cs avem atunci solufia

) = Cyers + Coe™ + Caen*

se rezolvi sistemul $t
y(*

b) Rédicini reale, dintre -care una dubld (ry =7, =7 75) in care cq,

avem
o) = (Co + Car)e™ + o™
YO = 90y (%i4)s § =01, 2
Procedind ca mai sus obfinem
¢5-1C; + %185 1C, + €710y = yioa(%in)
rei-1C, + (1 4 rxi-1)e 710, + r3e™1Cy = yi-1(%i-1) @8)
726510, + (2r + 7*%i-1)e 7 71C, + 73" -1Cs = yi_1(%i1)
Rezolvind sistemul (8) objinem C,, C, C, si avem solutia
y(x) = (C, + Cax)ers + Coer
¢) O ridicind tripld (r, =7, =13 =7). In acest caz
¥(x) = (Cy + Cox + Cyat)e’*
y(%_,) =y2,(%ih), 7=0, 1, 2
de unde
€10y + 2,165 -1C, 4 f_1€51Cy = yi_1(%i-1)
re5i=1C, 4 (1 4 rx;-,)e™-1C, + (2221 4 72i_1)e™=1Cy = yia(2izr)  O)
*€”i1Cy + (27 + 722,10)e™1C, + (2 + drxi_y + 7222,) e -1C, =y:;1(?a-x)
Rezolvind sistemul (9) obtinem C,, C,, Cy si avem solufia
¥(%) = (C, + Cox + Cya2)ers
d) O ridicind reald si doui complexe (r, € R, ry5 = a + ip) caz i8
care y(ﬁg) = Cyen* + C, cos Bxe*s + C, sin pPres*
si obfinem sistemul Pn) = y2u(min) j=0,1,2
€TI0, + -1 o5 B%—1Cy + €*i-1 gin Bx;_1Cy = yioa(%im1)

y e’l’i-—lc v o : azs
1 1 (o« — Bsin Bx,_y)ess-10, 4 (¢ + B cos Bx;—1)e*1C, = yims (5i-1)
: (10)

110 4 (a2

e + of sin Bx;_, — B2 cos Bx;_,)e*—1Cy +
«* + af cos Bx;_, — B2 sin (31:.‘..'1)e“"‘—"‘Ca = yi-1(%i-1)
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Fie C].: 2,
Cauchy de mal sus este

y(x) = Cre + C,e%* cos px + Cqe** sin Bx

C, unica solujie a acestui sistem, atunci solutia problemei

1ui

3. Exemplu. Considerim problema lui Cauchy
ym + xy” + e’y' + x3y =0, x € [_], 1]
y—=1)=1;5(=1)=0 y'(=1)=0

Pentru diviziunea intervalului [—1, 1] corespunzdtoare modurilor.: —1 ;
_05:0:;0,5; 1; aplicind metoda de mai sus se obfine urmdtoarea aproximanta

pentru ¥
0 - e0809x | 2 2325 . 003005 cos (0,7211x) —
—2,2477 - 200z 5in (0,7211x) ; x < [— 1, — %]
0,6748 - €00325 — 0,9273 - e0114%s cos (0,8723x) — |
— 38,2651 - eoMi4= sin (0,8723x); % = [_%,;O]
y=\ _1.2041 - e-omizmn 1,2364 - =018z cos (1,1256x) +

+ 66,0907 - e-0M8x sin (1,1256x) ; x = [o, .;_]
___10,6869 . ¢ —0,2106x + 9,9020 . @—0,2697x g (1,3895}{) + ‘
+ 65,3880 - e—02697x sin (1,3895x); x € [21 1J

Calculele au fost efectuate cu ajutorul calculatorului Felix C—258.
(Intrat tn redactic la 5 ianuarie 1978)
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ON ALMOST SEQUENTIAL LOCALLY CONVEX SPACES 1)

CSABA NEMETHI

. ace (E,8) is called sqquenhal if every subset G of g
{ Ah to?(?lzﬂ;althzrt) for a(»ny sequence (xn) ln_ E' X, —> X € G lmply x, €6
with the prop on. These spaces have been studied by S. P. Franklin 5]
evegtuaﬂghlzlfg S Leader [2),S. Baron [1], A. R. Bednarek agq
?ﬁ M?lrzusiﬁski 3], P. R. Mever [7], F. Siwiec [10] and many
others.
i r our concern are those locally. convex spaces whose topology
is de‘é[;rmﬂinnseg ali): a certain semse by the (ordinary) null sequences. We ugﬂy;
these spaces ''almost sequential”’, and it turns out that they play the same
role in the category of locally convex spaces as the sequential ones in the
category of topological spaces. Our study is related to some papers of
R M. Dudley [4]), A Wilansky [12] and J. H. Webb [l1], who
have taken into discussion sequential properties of locally convex spaces.
Throughout the paper K will denote the field of real or complex num-
bers, endowed with its usual topology, and all vector spaces are assumed to
be over K. In our terminology locally convex spaces need not be separated.
Any sequence is indexed after the set N = {1, 2, 3, ...}.

The reader is assumed to have some knowledge of Category Theory, inclu-
ding the relatively recent theory of coreflections (sec for instance H. Herrlich
and G. E. Strecker [6], or G. Preu B (8]). We shall denote by LCS the
the category of locally convex spaces. It is known that any nontrivial separated
space is a generator for LCS, therefore a subcategory containing such a space
1s monocoreflective in LCS if it is coreflective.

1. General Properties and Characterizations of Almost Sequential Spaces.
Let X be a vector space. If & is a locally convex topology on X, we shall
denote by c(#) ‘the set of all §-null sequences in X. Conversely, given 3 set
Eo of sequences in X, let (€,) denote the locally convex topology on X which
as as a neighborhood base of the origin the collection 8(0) of all absolutely
;onvgx: absorbent subsets B of X with the property that (z,) € €, and. r ek,
neZlE if linply. M, < B eventually. Obviously, an equivalent definition 1 obtal-

varies only over an arbitrary cofinal subset of the interval (0,

I i : . e
D particular, if €, is the set of all §-null sequences for somes 3;:5

topology & on X, ‘then 8(0) si .

B » then &(0) simply consists of all absolutely convex ’

Vaifngythizie:zgct: 1]elvthe ?eﬁers of every &-null sequence eventually, o eqt

’ - S7€1Y d-null sequence. Loy

*(Co) gRro(lg;)s il § S8 implies ¢y(8) < cofg’), and €€ & imphes
In other words, the magpiect ) 274 S0 € Col(o))

S
o0 X and the set orrespondence between the set of all locally convex t'ol‘a:olo’gle'
Particularizi sequences in X, both ordered unde

"g some general Properties of Galois connexions we
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2. 7(@,) = t(co(7(C0))), and ©(C,) is the finest of all locally
f?:;,lj:g::{ s}' onr(XO)with (tlge pr‘:)perty that the members of C, are F-null
conve

sequences: % topology & on X and the space (X, §) are said to be
A lof;:t);-aco?veg —_—I—?(co(gs’};), ie. if every absolutely convex subset of X
almost :igins any §-null sequence eventually (or, equivalently, meets any F-null
that coce) is 2 §-neighborhood of the origin of X. By Corollary 1.2, § is almost
seqUEBS) e it §s of the form t(C,) for some set @, of sequences In X. The

ial if ( C
ii(rl::aen'l’czllzlimost sequential”’ is justified by the fact that any sequential locally

convex space is also almost sequential.

Another consequence of Proposition 1.1, based upon a general property
of Galois correspondences, is the following '

CorOLLARY 1.3. 7(co(§)) is the coarsest of all almost sequential locally convex

fopologies on X that are finer than &.
7(co(§)) will be called the almost sequeniial modification of §. If & is

Hausdorff, then so is its almost sequential modification, because of the relation
§ < 7(co(9))-
Now let X, Y be vector spaces and f: X — Y a linear map. Suppose that
§, §' are locally convex topologies on X and Y respectively, and €, @ are
sets of sequences on X and Y respectively. It is well-known what (&, J°)-cont:-
nuity of f means. f is called (€,, @q)-continuous if (x,) € C, implies (f(x,)) € €q.
_ProrositioN 1.4. a) If fis (F, §')-continuous, then 1t is also (co(F), ¢o(F”))-
roniz'mtous. Analogously, if f is (€, Cq)-continuous, then it is also (v(C,). ©(@4))-
conitnuous.
b) If & 1is almost sequential, then f is (co(F), co(§'))-continuous iff it i
| _ Inost ¢ , - 1t 1S
&, §')-continuous 1ff'1t is (&, ‘r(co(gl")))-continu:us. o) /1
3))]}"13 (Z(G,;O)), §')-continnous iff it is (@, co(F’))-continuous.
15 (cold), co(8'))-continuous iff it is (v(co(F)), F')-contin Anal
gously, f is (v(€,), ©(Cq))-continmons iff it is (& e onnnious. aAnato-
ll)’foof. 3 o) olgv(i)z))us. ous iff it is (&, co(v(Co)))-continuous.
) Using the relation §' < ! i
contingieg ng t : S 7(co(9’)) and a), we obtain that (§, <(ce(F")))-
’tililuiltlgli)tfyfm(l)phes g, & )-continuity, which in turn implies (co(& )(, O(S(J’(iog-cl)rz-
contingarl thn the other hand, if & is almost sequential and fis (c,(%) co(§'))-
o f hen by a) it is also (v(co(d)) = 9, (co(8")))-continuous.
Nuous, hencelsa](szfe(%' gc)zggutmuo'us, then by a) it is (co(7(Cy)), colF ’))-conti-
lmpllcatipn can be 501’10\311 )s)i-r;(ijlt:itl'llr}lflj‘ous' because € < ¢a(7(€a)). The reverse
1S an easy consequence of c).

Turorey 1.5. 4

every locally oy locally comvex space (X, §) is almost sequential iff for

e (g onvex ’ 1 ich 4
ol ));:;?ngous, o a?ﬁ;ac(i'r ' (glr/").foliﬁf, ul;z:ar map f: X —Y which is (co(F),
i Consideercis;flty follows from Proposition 1.4. b). In order to prove suffi-
§0( ), Co((co(8))) © space (X, t(cy(¥))) and the identity map on X, which is
the%-(T( o(8))} (one-contmuous, because, by the dual of Corollary l.é, co(J) =
e Wentity’ oo l;lay alternately use Proposition 1.4. d)). By the hypgthesis
erse inclusion n X is (g, 7(co(F)))-continuous, i.e. t(co(F)) < §. As th
Is also true, we infer that § is almost seq&entia]. . ©
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We shall denote by ASLCS the full subcategory of LCS whose objects

i es. .

are th'; Hig;;i{si?ge%'g}il ig?ez()ry ASICS is coreflective in LCS: given a lo-

cally convex space (X, 9 )S, the }zli:ztz:zt’_r %{:p(}l(x, ;)s a morphism from (X, "'(Co(g)))

o (X’Pfgbf’sCIinI?S(%g 1(63:(;))) €Ob(ASLCS). Moreover, if (Y, §') <Ob(ASLCS)

and f: Y-; Xisa linear map which is (87, § )-continuous, then, by Proposition

i ! -continuous.

h4 b()foiolemg{{ Tl(.c'})@.g‘;)SLCS is closed under the formation of extremal quo-

tient objects (i.e. quotient spaces) in LCS, and for cach category 3, ASLCS is
closed under the formation of 3-colimts in LCS.

A more general property 1s contained in _ . .

CororLarY 1.8. ASLCS s closed under m@uctwc gencrations in LCS, ie.
if (X, §,):i € I} is_a| family of almost sequential spaces, Y is a vector spacc,
an} fo; eachi € I1f,: X; =Y is a lincar map, then the locally convex topology on
Y inductively gemerated by the family {(§;, f;):4 < 1} 1s almost sequential.

Proof. Although it is quite easy to prove this result directly, we shall
indicate here another method, which has a purely catcgorical nature.

Let 1,: (Y, §') = (Y, ) be the ASLCS-coreflection for (Y, §). We claim
that § = §’, t.e. 1, is (§, §')-continuous. Taking into account that § is induc-
tively generated by the family {(§,, f;):4 € I}, the desired property of 1, is
equivalent to the (§;, §')-continuity of each f,, which in turn follows from the
fact that 1,: (Y, §')— (Y, §) is an ASLCS-coreflection for (Y, §).

2. Relations to Bornological Spaces. In this section we show that borno-
logical spaces form a proper subclass of the class of almost sequential spaces.

ProrosITION 2.1. Let (X, &) be a topological vector space, Y a balanced
subset of X and (a,) a sequence of strictly positive real numbers, with «,—0.
Then the following three statements are equivalent :

(a) Y absorbs every bounded subset of X ;

(b) for cvery &-null sequence (x,), a,x,< Y cventually ;

nn

(c) for every F-mull sequence (x,), a,x, € Y for some n.

Proof. ('-1) = (b). Suppose Y absorbs every hounded subset of X, and let
%,—0in X. Then {%,: k € N} is a bounded set, hence by the hypothesis there
exists a X, > 0 such that A € K, 0 < [A| € %y imply {Ax,:k € N} < Y. As
a, =0, there exists an n, € N with o, < Ao for # > n, Then for every
nEquhn';nowehave{oc,,x,:keN}gY,thusa.x Y. ‘

((b)) =>((c)) is trivial, mr

€) = (a). Assuming that Y possesses property (c), let M be a bounded
subset of X which is not absorbed by Y. T}I:enpfor'ea(c})l, n e N there exists 2
z, € M with 332,, & Y. Taking x, = lzm #n € N, from the boundedness of

”

M -we lnfer that %, — 0, hence by the hypothesis «,x, = *z, €Y for some ",
which is a contradiction, "

For practical purposes it is sufficient to t
# € N. This will be the case i
THEOREM 3.2 Every bor

1
ake in this proposition & = 3"

1 the proofs of the next two theorems. .
nological locally convex space is almost sequentt-



(X, 9) is bornological and B < X is an absolutely convex set

rty
Proof. If g-null sequence eventually, then B possesses ‘prope
which Contaln25§¥:;y3.l,nol‘, eq%ivalent}y, absorbs every bounded subset of
(b) from PTOPa g-neighborhood of the origin of X.

X, hence it i;M 3.3. Lot (X, ||1l) be an infinite dimensional Banach space whicl
'I‘HEOR Je LA

; 3 logical dual. Then the almost

der basis, and let X* denote 1ts topolog ual ‘ oS

ﬁoss““-s;a,i;}é%zion of the topology o(X*, X) on X* fails to be bornological.

quuen;ﬂ of. We shall make use of some results concerning Schauder bases

r00f. _
i r [9], ch. I, § 3). N

see 1 21(; )glfe a[Schauder basis of X and (b} )the sequence of. coefficient funi-

i nalls:leassgciated with this basis. It is known that each b} belongs to X*.
fi?e may assume that

sup {||b,ll : # € N} < +0o0 (1)

and
inf {||b,]]: 7 € N} >0 (2)

(indeed, from any basis one can construct a normalized oue).
From (1) it follows that

inf {||ba]l:n € N} =7r > 0.
Let

Y o= {ax* 1 x* € X* ||x*|| <7}

Clearly, Y is an absolutely convex subset of X*.

., We shall show that Y absorbs every bounded subsct of X*. Here ’boun-
ed” is meant with respect to the almost sequential modification of o(X*, X).
However o(X*, X) and its almost sequential modification have the same null
:?q“enCeﬁ and hence the same bounded sets. By this observation and by Proposi-
“011 3.1 1lt will by sufficient to verify that xf— 0 with respect to o(X*, X)
Implies " % €Y eventually. Using the Banach-Steinhaus Theorem,
irom =0 in the scnse of o(X*, X) we infer that the set {|[x}||: 7 € N}
8 bOllnde:d, hence % {|xs || =0, and so 1 xn € Y eventually.
n
the Or’ilgilxel (Erggf will be complete if we show that ¥ is not a neighborhood of
BY o(X X) Sw1‘ch Tespect to the almost sequential modification of the topolo-
Subset B'of ;X'* uppose on the contrary that Y contains an absolutely convex
€ meant in tp which meets every null sequence. Again, "null sequence’”’ may
© (X%, %) }:’.sense of o(X*, X). From (2) it follows that b3 — 0 with respect
Tom thi ence by € B < Y for some #, contradicting the definition of Y.
almogt. Seque t§ theorem one can obtain a lot of examples !of non-bornological
ing for itrxlstlal Spaces. It is sufficient to particularize the Banach space X,
@ > 1), which ance any of the well-known spaces ¢,, ¢, I?, C[0, 1], L?[0, 1]
POssess Schauder bases (see I. Singer 9], ch. I, § 2

(Received January 18, 1978)
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DESPRE SPATII LOCAL CONVEXE APROAPT SECVENTIALE ()
(Rezumat)

1cd orice submuljime absolut convexs

Un spatiu local convex se nuwneste aproape secvential
irui sir obignuit convergent ctre 0.

Se stabilesc diverse proprietiti ale acestor spa iiosios —— s ,
i * aces < se aratd ca cl stiti ralizare!
ectivi a spatilor bornologice. pajil §1 s i ca cle constituie o general i



2; 1978
Al MATH‘EMATICA. .
NTV. BABES-BOLY
A VR

sTUD
DARKENING FOR CLOSE BINARY SYSTEM

COMPONENTS (I)
Partial eclipses

, SINE LAW OF LIMP

VASILE URECHE

i ight curve interpretation models of the close binary

. Inuzgt;laﬁtll}?nt;agg cing the conventiorll)al linear cosine law of limb darken-
?yStemsar:e 1912: Tsesevich, 1947; Kopal, 1959; Shulberg,
fp (R'i‘lhse rise c'>f the accuracy of photometric observations, by .the use of the
gigzal Astronomical Observatories and of the rapid photoelectric photometers

imposes the construction of some new theoretical models, having more accuracy

than the older ones. o . .

From a paper of Pustylnik, the possibility of a limb darkening law con-
taining a small sine term is suggested (Pust ylnik, 1970; Ureche, 1976).
So, we shall suppose that the limb darkening law has the from

J = Jo(l — 1 + wcosy —vsiny) (1)

where the notations are usual. In the last term we shall consider that the coe-
fficient v is a small quantity, constant (as a mean valuc) over the star disk,
for a given spectral range.

2. Partial eclipses. We shall study the influence of the sine term from the
law (1) on the light curves of the close binary stars, in the casc of the partial
e?‘I’Ses. Let be the distortions of the stars so small, that for the geometry
:h the eclipses we can approximate the two stars by two spheres. The loss of

e light during the eclipses is given by

AL=(] cos y do (2)
b>
Where Y i . .. . .
which ic Is that region from the visible hemisphere of the eclipsed component,

It aCdtually eclipsed at a given time.

. r < . -

tion ip tgeulc(gxsg tfhe. law (1) in the integral (2), we shall compute the varia-

loss o light giveo glght, corresponding to the sine term, with respect to the
D Dy the conventional cosine law. Taking into account that

dg Cos
S Y =dxdy { .
of sight, we ogtalisnthe element of area in the plane perpendicular to the line

-5 - ..
(AL) = J 019; S sin y cos ydo = [, SS sin y dx ay (3)
b D

Where th
e do : :
main D is the Projection of ¥ in this plane.



V. URECHE

60
y
0
‘AN
P a o 1 7 fz
; 1 -

< ¥ X ?“2 | x

R ! < {

line le— |

of ! '

sight
|
Pig. L. Fig. 2.

We shall use the index 1 for the eclipsed star and the index 2 for the
eclipsing star. From fig. 1, where 0 is the centre of the cclipsed star and 0:-
axis is the line of sight, for the point P(z, ¥, z) we have

.ELF )

ry

sin y =

where x, v are the coordonates in the plane perpendicular to the line of sight
(as in fig. 2). The projections of the components on thc plane perpendicular
to the line of sight will be two circles, having the cquations

A=y (=D =13 )

where I is the apparent distance of the component centres. This, as well as
the star radii 7,, 7, are exprcssed as fractions of the orbital radius. The ex-
pression of / as function of phasc angle 6 and of inclination angle 4 is (Kopal,
1959 Tsesevich, 1947)

/2=1 —sin%>icos® 0 (6)'

. The integration domain D in (3) is delimited by the circles (3) (fig- .2)'
l'or.tthe evaluation of the integral (3) it is necessary to know the integratio
sll?:\;lsc:h'gz of ¥ and y,(x), ¥2(%) of y. In order to explain these limits e
snall o nsider separately the partial eclipses, the total eclipses and the anow
Tgseg. In this paper we deal with the partial eclipses.
¢ Integration limits for x are in this case

Y]
]

x1=l-—r,, x2=rl

The integration limits fo ;
r y have different i interval [#v
and on [s, x,], where from (5) we have foy ix(;;rezssgg.lszyp the in

ntp— 8)
§ =1 73 (
2 ! 12 |ry — 7y
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A SINE LAW OF LI
s], from (5) we have

for # € [#v
Yz = 75— (x — 0%

So,

[s, %] we have
Y12 = :f:«/ff —

If we use the substitution
y = % sh 3

while for ¥ €

from'(3) and (4) we obtain

-wmu=fm%sﬂw@M%—M&MﬂM

1

where

K(E(%)) = &(%) + ch §(x)sh &(x)

and where

x

Ea(7) = Arsh 2, £y(2) = Arsh %)

From the formulae (9)—(14) we have

"
x
x

61

©)
(10)
(11)
(12)
(13)

(14)

—3(AL ____.’on"x ( H
(AL) —{ S x’lArsh ‘/"—“”’)’+~/'§~(x—l)’ i =Bt 20
. dx +

l—ry

N

s x x x

Where

I, = S:i:’ Arsh_"f:" dx

s
141
I, = P ——rY
2 ’1\/ff—x’dx
k]

s

Iy = S 2t Arshmd
dx

| x

I‘= o )
N/ - 3
S ! ( l)z‘/a—l’+2lx dx

12y,

+x1Mh44‘” =
S S + 4 -'—'-] dx =__J°‘Ul [[ + I
. 1 2+ I+ I,] (15)

(16)

(17)

(18)

(19)



9 V. URECHE "
6
The integrals I, and I, can be computed easily, obtaining

* -, n . Nl — b sy} — s
I, =— f:-;-Arsh —‘/—-"—s-— + E‘ [arcsm ” + ,‘. ] 20)
3 _ st Y
The integral I, can be put in the form
1] J 3 _ g 1 ,
I, = 5 Ash 2= o (22)
where
I = A e . Ix — (I — o} .

T S R N e L (28)

I—ry

This last integral can be expressed with the help of the elliptic integrals.
Indeed we have

' } p L
L=goh-—"f®m% (24)
where
R J = x"r ) -

" §‘\[(“—x)(x—b)(;_c) dx' " O) 1; 2, e (25)

and where
a=1l+r, b=l—yp, c=2="n 28)

2
c<b<s<a

For the computation of the j
(Cilugirea ntE 1963) of the integrals J, we have the recurrence formula

n—-2 —_— 1

s*=2 \JP(s) = (n — —2—) a3, + (» — 1)a,J,_, + (n - ;) ayJp-2+

.. +(5 — 28,00y, for 5 3 2 @

In which we have noted

. ' P(x) = qg2? + 12" + a,x + q, @
e polynomial which enters under the radical in (25). Its coefficients are

= - 5is —
4y 1 a = Jt — o} , By = _2(l| - rﬁ), a, = (gt — it (29)
2
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7) we obtain
jvely the recurrence formula (27) .
Applying success ' l i “
p J —E‘alal"’l"’a—azao———é—
173 \
e 31)
s 4a,ay + 682 _ 6s + 8a, P(S) (
g, = ‘2‘11,_;;.?-‘5!51 + and g, =
;p which We have ’ d o .
x 2 ?'
Jo(S) =SJ(a—x)(1~ b)(x — ¢©) fa — ¢
b
s xdx — 2 [(b — )1, %% %) + F(p, x)] (33)

Jl(s) = SVI(“ — x)(x — O)(x — c) \/“ - ¢
b

F(g, x) and II(g, 2, x) are the elliptic integrals of the I-st and of the III-rd
;cvil::irse thq':i't is (Gradstein, Ryzhik, 1962)

sin @

ax
F(Q, X) = S \/Tl—"‘ x‘)(l — ,‘n,n) (34)
0
sin @ dx
[(p, m, %) = S TRy (35)
0

In the integrals (34), (35) the argument @ which is a function of time ¢ through
the phase angle 6 = (2n/Pon)(¢ — ¢,), and the parameters x and 7 are given by
the expressions

(I + 1y)" . ==

O < Sin' P =
4ly, r:

<1 for
e —r| <l <ry +r4 (36)

OS x'=—il"—
(@ + 7,2

Introducing the ex i 32 in | . ing i
the pressions (32), (33) in (30), (31) and taking into account
e :gtl:fn(%) of the coefficients 4, b, ¢ and (29) of the coefficients a;, (s =0, 3)

<1, n=x

J,=V2 1-r [(1 — r )51 — #2)

3 gt 1 e, ¥, %) + (' — r})F (e, x)] —
2 -
~5\/w+")—s'][s—(l—ra)l[s~l';'=] (37)

1624 — 143 4 g8
Trn @ ) — (L 7)1 + )F (g, 0] -

2
2 100 _
5 (3s + =21

)V 10+ 70 — 16— 6 — v =254 s

J.=2JE, (’~r,)-[

5 Wi
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Then the expression (24) b
1 . M[w:—-a—'r: H(?, XZ' K) — (1 + ’,2)(712 _ 3)‘5)1:((?’ K)]

' — -
13_]5 I I+

ecomes

e T V) = sifs = ¢ = s = 521 (%)

Theréfore the integral Iy has the expression

A= 1, o I7z‘+zsﬁr:—- Sri
§

s? 2 AT
[a=;Arsh—————-—+ T, P, %%, %)

5 n
—( + o) (7 — 3r)F (9, )] —

8B (o5 2=V [0 ) sl 0= s = P @)

In a similar way, for the integral I, we obtain

o= L Ut I MR )~ P+ D, 6]+
+ 2 (6 =224\ [0 4 7) = s = 0= )] -7 @

If we put —1 < sin ¢ = sfr, < 1, where s is given by -
. : S < L y (8), from the equa
tions (15), (20), (21), (40), (41) we obtain for the variation of the loss of light
(which occurs because of the term in sin y in limb darkening law), the expression

2 (= t _,?
=380 =Janl5 (3 -4~ 5 - F AV EIP (=l +

(l — )t

n 4 ry)

2
+2. [+ Tr8)TH(p, 2% ) (¢ + 1ot (o, )1}

for |ry — 7] <1<7r +7, — partial eclipses. (42

ted ianlféeiz;Zitlhi Igss of th‘.’ light given by the usual cosine law must be corre
€fed case with the quantity $(AL) given by the equation (4

If the i i
resscﬁilp&nzjntv?itlz eclilpsed, then the loss of the light will also be given by ¢
€xp , the condition to interchange the index 1 with 2.

The ¢
We observssg E(;fet::lﬁ Ecotal and annular eclipses will be studied in a further paper
at the loss of the light due to the sine term in the JinmP

darkeni h: o
for the nc%ni?/‘:ntci%?]taai‘isosj:igz ?lhptlc,integrals of the I-st and III-rd kinds, whl}:
of the I-st and II-nd kindsaw this loss of light contains the elliptic int6 o
( Recsived Janvary 2, 1
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0 LEGE SINUSOIDALA DE INTUNECARE SPRE MARGINE PENTRU COMPONENTELE
SISTEMELOR BINARE STRINSE (D
Eclipse partiale
(Rezumat)
Aceastd lucrare se ocupi cu Influenta unui posibil termen sinusoidal in legea de intunecare

Spre margine, asupra curbelor de lumini ale stelelor binare strinse. Se studiazid cazul eclipselor
parfiale. Rezultatul se expriméd fn functie de integralele eliptice de speta I gi a III-g P
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ASUPRA ALURII UNOR FUNCTII. HIPERBOLICE

LIANA LUPSA

i F i i i i i d si e trei el
R* spatiul vectorial real # dimensional, iar ¢, ds ei elemente
date all.e Fs}?atiuluiplg", d diferit de vectorul nul. Se consideri multimea ;

E ={x € R"|dTx # 0}

si funcfia f: E — R definitad prin
f(2) = Tx + (¢Tx)(@T2) "

oricare ar fi ¥+ € E. Se mai noteazi cu
E,={x € ElcTx> 0, d"x > 0},
E,={x € E|cTx< 0, dx > 0},
s = {x € ElcTx< 0, dTx < 0},
E,={x € E[c"x> 0, dTx < 0},

E*=E,UE,,
E- =E;|JE,.
In lucrare se studiazi alura functiei f pe o submulfime Q a lui E de forma
Q={x e R"|Ax< b}, (2)

unde 4 este o matrice de numere reale de tip (m, n), iar b un element din R”
de tipul (m, 1). Rezultatele obfinute completeazi cercetirile mai multor mate- |
maticieni. Astfel un studiu al comportirii functiei f pe Q a mai fost ficuti in
1969 de citre Teterev A. G. [7), care a remarcat si importanta practici
deosebitd pe care 0 are un asemenea studiu. Functia care di sporul fondului
de salarii §i rentabilitatea intr-o intreprindere are forma (1), 1ar restrictiile sint
de forma (2). Tetergev A. G. [7, teorema 1] demonstreazi urmﬁtoarelg!
TeorEMaA 1. Dacd QCE, (respectiv QCE,), atunci functia f definitd prin
(1) se bucurg dc.urmiitoarele Droprietati } '
(P1) Admite win singur punct de minim (respectiv maxim) relativ la Q.
. (P2) Poate admite mar multe puncte de maxim local (respectiv minim local)
’elatwAlal Q ilare sint virfurs ale poliedrului Q.
picind aceasti teoremd, Mar y ci 3 in 1974
¢4 functi ; v Aradrugciac I [6] demonstreazd i
d‘; ;:gla f leste cvasiconexd pe Q si di un algoritm de determinare a punctelor
n 11;9%5 gn.mtlﬂ [ relative la’ Q bazat pe metoda planelor secante.
functiei / relati trehe J. [3] ocupindu-se de studiy] punctelor de minim ale
1 relative la Q, observi cj af; i : 5 s dd
in " » Va ¢d afirmatia (P1) din teorema 1 este falsd §i
4]acci)stt'sensv; c1tteg:1 contraexemple. In 1977 H rche J.si Ho Khac Tan
4 continud studiul proprietsti : ‘e A i obgin
prmtr'% altele urmétofrelle) lreetzatfll::?lzei}l nctiel f pe Q in ipoteza QC E+ §i obf
EOREM4 2. tia 31 Do _— ini
local al ly; S relat [?' 6’ opozifia 3). Daci QC E*, atunci orice punct de mim
v a8 se gseste pe o muchiy alw Q.
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41 ; Y puncte distincte %, X3

; . [4, propozitia 6]. Oricare ar St doud p '
TEORthMs:‘;usstrE'ct £nvexé sau strict concavd sau afind pe segmentul [x121 x,g.
Q.1 e 3 rezultd ci nici afirmatia (P2) din teorema 1 nu este adeva-
zultate ale lui Hirche

"
¢ _ Din teorema
ul acestei lucriri este de a generaliza aceste re _ he
entru functia f condifii

ratd.
o Khac Tan si de a da in acelasi timp p

§1 Ho A . . . .
ente de cvasiconexitate si de cvasiconcavitate.
demonstra o proprietate interesanti de care se bucura

sufici .

9. In prealabil vom ) !
orice submulfime convexi nevidd M a lui E.

Leya 4. Dacd M este o submultime convexd, nevidd a lui E, atunci are loc

una si numai una dintre sncluzsunile MC E+ sauw MC E—.
Demonstratie. Presupunem prin absurd ¢d M ¢ E+ si M ¢ E—. Atunci

cxistd cel pufin un punct x € M NE* si cel putin un punct% € MNE—

Aplicind [1, propozitia 9.6.1.], rezulti existenfa unui numir ¢ O, 1) astfel

incit
Dar atunci, pe de o parte din (3) rezulti ci
ce M- . a punctul z = ¢ . .
Ia’go l{);lgzc;iie altd parte, £ & (0, 1) rezults c3 7 < [x y]cxﬂ (11& dt)y & E deci
Ccam Eit;%-EP_resugun.erEa A M@ E*sicif & E- e §falaur am ajuns
A = s1 +UE— =F o o alsa.
Apl . » Tezultd ci M
Plicind aceastd lemd, vom demonstra ufmét:a rlefx (:ggl Zr:i’:lilzlaM C E-.
Ie a teore-

8i(%) = (— )7y + ((— e)Tx) (dTx)=1

iichia g, st
rice punce ze © functie de
ui € minj Orma (l 1 {
ec ilcm loca] al func;iiﬁ verificy toate 1poteze]
rel;;ltl laly e Il)uHCt de maxim %l re1Iatlv la Q se gése e’cteoreme1 2. Deci
iv | 1 Telatiy |4 ocal al Jyj 5aS€ste pe
M , S N rel O muc
S% preg ne e§t§ Pe o mueh?ed: l?lfeQCa 0r1cefpunac$:né;a Q este Punc}?edi
cum cj 2 . maxim ]
- . (x Q E Defimm func ocal al lui
Cat tia &> est = (e %) ((— d)Tx) Prin
Pefx'x fezulty céo funcyj de for
Este ; hiije Iuj QI-)UHCtele de milgfm(l)' Ipotezele teo .
Pe g it de pjpr; —%0arece origq | local ale fupceoromel 2 fijng
Uchj m Joc € pun ncfiej . .
€ a Iy al a] ¢ Junct de m &2 relat ou ve
u Q unctiej a loca] f lcVe 1 e gésr;f 1
SC

&2 relatj n al fy . s
ViaQ, rezulty gé t;il j;:re]ativ la O
s €sta
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Rimine de vdzut ce Se intimpld cu punctele de minim local ale functieif

Ie. .

oricare ar fi # € E. . 1). Ipotezele teoremei 2 sint din ifi

i te o functie de tipul (1). Ipots ; 10 nou verificate,
gucgcgi?cgsgjnit de minim local al funcfiei g, relativ la Q se giseste pe o mycy;
i . Cum insa f = g, rezultd ca orice punct de minim local al funcfiei f estg
si punc.t de minim local al funcfiel g3 relativ la Q §i deci se giseste pe o muchie

a lui Q. .
3 fn continuare ne propunem si rispundem la urmdtoarea intrebare, py

cumva teorema 3 este adeviratd si in ipoteza mai slabi QC E? Pentru a ras.
punde la aceastd intrebare reamintim urmitoarea lemd bine cunoscuti.

Lema 6. Fie x, y doud puncte distincte din E pentru care [x, y]CE
si fie Fpy: [0, 11— R funcfia definitd prin
Fo(t) = f(tx + (1 — t)y) oricare ar fi ¢ [0, 1]. (4

Atunci sint adevdrate wrmdtoarele afirmafii :

(a) f este afind pe [x, y] dacd §i numas dacd F,, este afind pe [0 1].

(b) f este strict convexd pe segmentul [x, y] dacd §3 numas dacd F ,, este stric
convexd pe [0, 1].

(c) f este strict concavd pe segmentul [x, y] dacd si numai dacd F ., este siricl
concavd pe [0, 1].

() f este cvasiconvexd pe [x, y] dacd §i numas dacd F,, este cvassconvexd
pe segmentul [0, 11.

(e) f este cvasiconcavi pe segment i st Y i este cvasi-
concavi pe [0, 1] pe segmentul [x, y] dacd si numas dacd Fy

Observatia 1. Dacy in hi ; jar x1n E
: corvapa 1. Daca y se alege in hiperplanul de ecuafie d7x = 0 iar # 18
zg;ggcg;zﬁw hy definegte Pe_SegmentuII) (g, 1], atunci gfirmatiile din 1ema16
cu (0, 1), ete dack se nlocuieste segmentul [, y] cu [x, y) 5i intervalul [0

Folosindu- x x :

TE(?:;I;:U 1'178 ge avcea‘sta lemd vom da o generalizare a teoremel 3 0

A 1. Dacd O'C E, atunci oricare ar fi doud puncte % 39 ¥

are loc ) 3 )
(a;u;?uf:ct?:mm una dintre wrmdtoarele afirmatis :
ha feste strict conyexg be segmentul '[x, ¥l

(b) F unctia f este strict concayd be segmentul (x, y].

Demonstraﬁe Din E*
. . lema 4 w “ _ o Q ]
a’cu11<:1P teorema 7 ge Teduce la treeozrltlel;z %a QC E+ sau QC E—. Dacd C

res A . )
fupc;ia.p :pu[g.enll cle;ck Cilesf)‘c‘ {"“ si fie %, y dous puncte din Q. Cousid
on derivabily pe [0, 1 si ;333 Prin formula (4). Funcfia F, este

o1
doui

Fiylt) = 2 @R dT(s — y) _ (aTsy o1(s
) eT(
[dTy + tdT(x — NP

. N gr(x —
Oricare ar fite [0 lﬂ ( y)
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Observim cd functia Fj, pastreazi un semn constant pe [0, 1]: dec;i
funcfia F,y este sau afind sau strict convexd sau strict concava pe [0, 1]. Dacid
F., este afind pe [0, 1], atunci conform afirmatiei (a) din lema 6 rezultd ci f
esxte afini pe [#, y]. Dacd F xy este strict convexi pe segl_nentul [O,v 1], atunci
conform afirmatiei (b) a aceleiasi leme se deduce ci f este strict convexd pe [, ¥].
in sfirgit dacd F., este strict concavd pe [0, 1], atunci conform afirmatiei (c)
din lema 6 rezultd ci f este strict concavd pe [x, y]. Deci poate avea loc una
si numai una din afirmatiile (a), (b), (c). ) ]

4. In continuare, ne propunem si vedem in ce condiii suplimentare impuse
coeficientilor functiei f este valabild teorema lui Teterev. ]

Mai precis, daca x, y sint puncte din E pentru care [#, y]C E, dorim si
vedem in ce conditii f este cvasiconvexi pe segmentul [#, y]. In acest scop, daci
df(x — y) # 0, vom nota in cele ce urmeazd cu z punctul in care dreapta ce
trece prin punctele x i y intersecteazd hiperplanul de ecuatie d7 x = 0. Deoarece
in baza lemei 4 stim cd [, y]C E+ sau [x, y]C E—, putem presupune firi a
restringe generalitatea cid punctul x se giseste pe dreaptd intre punctele z §i y.

Lema 8. Fie x, y doud puncte distincte din E pentru care [x, y] C E.
Atuncs sint adevdrale urmdtoarele afirmatii :

(a) Dacd d¥(x — y) = 0, atunci f este afind pe [x, y].

(b) Dacd dT (x —y) # O si este indeplinild wuna dintre conditiile urmd-
loare

T1dTy> 0, (6)
T2 dTv<0sicT(y—2)20, (7)

atunci funcfia f este cvasiconvexd pe (%, y].

Demonstratic. (a) Si presupunem ci dT(x—y) = 0. Atunci objiiiem pentru
funcfia F,, definiti prin (4)

Ty T(x—
Foll) = 0 o G [Tl =) + =50

oricare ar fi ¢ e [0, 1] . .
Confogm afirmatiei (a) din lema 6, deocarece F,, este o funcfie afini pe [0, 1],
Tezultid ci f este afini pe [x, y].
o 1 b) Sa presupunem acum ca d7 (x — y) # 0. Fie H,, restrictia functiei FI}
@ Intervalul (0, 1]. Functia H,, este de doud ori derivabild si derivatele ei sint

' T 1
Ha)=a(—a -2t L ®

Pentru orice ¢ e O, 11.

. H(t) = 2¢Tz(dTy)=1 t=2
Oficare ar fj ¢ (0, 1]. '
ar fj ; o 2 Presupunem ci este verificata relajia (6), atunci Hj,(f) > 0 oricare -
e € (0, 17 5i deci H,, este strict convexi pe (0, 1]. Conform observatiei 1,
2 f este atunci strict convexd pe (z, ¥). i
H.(6) 003 presupunem ci este verificati relatia (7), atunci din (8) rezultd ci

> 0 pentry orice ¢ e (0, 1]. Rezulti cd H, este monotond pe (0, 1]
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ceea ce implicd ¢ H,, este cvasimonotond pe (0, 1] si deci implicit cvasiconv‘axa

iei i te cvasiconvexi pe (
m observatiei 1, functia f es - pe (z, y].
pe (Obl ]i igo:xfx(l)bele cazuri f este cvasiconvexa pe (2, _}’]- Atuvncg f este Cvasicon-
e i(z, y], dect / este cvasiconvexa si pe [z, ¥).

ice submulfime a lul > -
vexd lﬁ Oxlz-llod analogtse poate demonstra Jema urmatoare:

e x, y doud puncte distincie din E pentru care (x, y] —E.
Daci Iéf‘(‘; f‘yf':;g z este indeplinitd una dinlre condifiile urmcitoarec

alunci functia f este coasiconcavd pe [%, ¥ ]. L
F{Jlosilndflema 8 si lema 9 vom putea da acum condifii suficiente pentru

cvasiconvexitatea, respectiv cvasiconcavitatea functici /.
TroreEMA 10. Dacé QC E, st sistemul

aTu =0
eTu > 0, u € R (12)
cTu <0

este incompatibil, atunci funcfia f este cvasiconvexd pe Q.

Demonstraie. Fie x, y doud puncte oarecare din Q. Daci dT(x — y) =0,
atunci conform lemei 8 functia f este afind pe [x, y], deci si cvasiconvexi pe
(%, ¥). Dacd d7(x — y) # 0, atunci notdm cu z punctul in care dreapta ce trece
prin punctele x §i y infeapd hiperplanul de ecuatie d7# = 0. Pentru fixarea idei-
lor presupunem cd punctul x se giseste situat pe dreaptd intre z §i y.

Sistemul (12) fiind incompatibil, rezulti ci se pot ivi urmitoarele situafii:

L Avem d7z =0, ¢z <0, e72< 0 si atunci T(y —2)> 0 §i Fz-dTy<0;
deci conform lemei 8, f este cvasiconvexi pe [z, ¥].

L. Avem dTz =0, ™22 0, e7z > 0 si atunci eTz-dTy > 0; deci conform
lemei 8, f este cvasiconvexi pe [z, y).

i‘n acelasi mod se pot demonstra urmitoarele teoreme : ./

EOREMA 11. Dacd Q  E, si sistemu 2 ; tibil, atunc
este cvasiconcavd pe Q. C %o gt sistemul (12) este incompahits

TrOREMA 12. Dacd QC Ey 51 sistemul

dru=0
cTu>0, ueR* (13
eTu>0

te 4 L .
este f’flfg’:l{;‘;itl,l éztugct Junctia f este cvasiconcapi pe Q. : tundlit
/ este cvasiconyeng peacs.ﬂc E, 5i sistemul (13) este incompatibil, atunci f
respe”

Pentr ; ; .
tiv cvasicoﬁcit%irtles a;’tlcul'ar.e ale vectorilor ¢, d si ¢ cvasiconvexitatea stoares
consecinty ; uncliei f rezulty imediat. Astfel obtinem uri®

C yirt
rela;iileO’zSiC;NTcA_M. (@) Dacg @ CE,UE, §i este indeplinitd und z:fd(fz
= o= 4 ¢c=0, ¢= 0, atunci f este cvasiconvexé
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(b) Dacdi QC E,U E, §1 estc indephnitd una dintre relagiile c = d, ¢ =
——d e=—4d, e=4d, ¢c=0,e=0, atunci f este cvasiconcavd pe Q.
" in general, incompatibilitatea sistemelor (12) §i (13) se verificd greu. De
aceea putem inlocui aceastd condifie, {inind cont de teorema lui Motz kin
[4, teorema 2.42], cu verificarea compatibilitd{ii altor sisteme pe care le pre-
sentim in continuare. Fie in cele ce urmeazi ¢, v, w variabile reale.
CoNSECINTA 15. Dacdé Q C E, 1 sistemul

’dt—cv+ew=0

v> 0, w>0 (14)

admite cel pufin o solufic diferitd de solufia banald, atunci f este cvasiconvexd

e Q.
P CoNSECINTA 16. Dacd Q C E, 1 sistemul (14) admite cel putin o solufie

diferité de soluiia banald, atunci [ este cvasiconcavd pe Q
CoONSECINTA 17. Dacd Q C E; §i sistemul

du +~cv +ew =0 (15)
v 0, w> 0

admite cel pufin o solupie diferitd de solufia banald, atunci f este cvasiconcavd

pe Q.
ConsEcINTA 18. Dacd Q C E, st sistemul (15) admite cel putin o solutie
diferitd de solufia banald, atunci f este cvasiconvexd pe Q.

Observatia 2. Dacd QC E,\|J E, respectiv QC E,(JE; si (15) sau (14)
admitec numai solufia banald, atunci funcfia f de forma (1) nu mai este in
general cvasiconvexd respectiv cvasiconcavd pe

53 considerdm de exemplu mulfimea

E={x e R|x; #0}
si functia f:E— R definitd prin
f(x) = x, 4 2,25 pentru orice x = (x,, x,, x,)T € E.
Multimea
Qfx = Rz,2 0,5, 0< 5,< 1, %205, % + 2,< 3}

verifici relatia Q C E,, iar sistemul

v =
—w=0, v>0, >0
) t=0
ad‘mte' numai solutia banali.
Q Fie punctele x = 0,5, 1, 0,5)7 si y = (1,5, 1, 1,5)7. Ele aparfin mulimii
déci S segmentul [x, y] funcfia f admite un maxim in punctul z = (1, 1, 1),
cvasiBCtla f nu este cvasiconvexi pe segmentul [#,y]. Rezultd ci f nu este
aSlcoanxé pe Q.
Xemplul acesta ilustreazi si faptul ci afirmafia (P2) din teorema lui

Teterey este falsi.

(Inirat in redactic la 20 februaris 1978)
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Nowm » WM

SUR I'ALLURE D'UNE CLASSE DE FONCTIONS HIPERBOLIQUES
(Résum é)

Dans ce travail on étudie Iallure de la fonction (1) sur I'ensemble (2). O

' s . On généralise |
résultats’ de Hi{che J. et Ho Khac Tan [3], [4) et on donne des condltiofs suffhfnt:
pour que la fonction f soit quasiconvexe ou quasiconcave sur I’ensemble (2).
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NOTES ON THE CONVERGENCE OF THE METHOD OF CHORDS AND
’ OF STEFFENSEN’S METHOD IN BANACH SPACES

M. BALAZS

Let X be a Banach space and F:X — X an operator. A fixed point
x* of the operator F is a solution of the equation

x = F(x). (1

An iteration method for solving equation (1) consists of the construction
of a sequence (x,)< X, which converges to x* (if a suitable initial x, approxi-
mation and a procedure of calculating %,4;, once x, is known, are given).
The form of the equation (1) suggests a procedure of constructing the sequence
(x,) (with the initial approximation x,), as it follows: :

Xy =F(x,), n=0,1,2, .... (2)

Sufficient couditions for the convergence of the sequence (x,) to.a solution
of the equation (1) arc well-known [4].

Further on we shall note by [«, »; FF] a divided difference of the ope-
rator F in the point (#,v) € X X X [9]. As it is known any operator F has
divided differences (even symmetrical ones) [2]. According to these, it’s always
possible to construct a sequence (x,) by the formula

Znp1 = %y — {[ — [u,, v,; Fl}7'[x, —F(x,)], n=0, 1, 2,..., (3)
where I denotes the identity operator and x, and the sequences (u,), (v,) are
suitably chosen. Special cases of (3) are: the method of the chords (u, = x,,
Un = %n_y) [6] and the modified form of the method of the chords (u, = x,, v, =
0 Yoy [1]. If (w*, v*) € X x X is a solution of the equation [u, v; F] =0,
aniln the method given by (3) reduces to the method given by (2) for u, = u*
[ gu ? v‘l"] In case of u, = x, and v, = F(x,) we obtain Steffensen’s method
fOrml;rrh};e) di\éided_ difference [...; F] of the operator F is said to be uni-
al (4 v)Ol‘IEn )?dx 1;{ .a constant « > 0 exists such that ||[x, v; F]||< « for

TrrOREM 1. If
i v; Fll<a< 5 (i.1)

then the Sequence

uation (7] o a(xn) defined by (3) comverges to the unique solution x* of the

rbitrary choice of x, and (u,, v,) and we have

2a — F(x, .
”x* — x “ < l—aa, . llxo (x)”' ”=O, 1, 2’ e (J.l)

l—«a
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Proof. From the condition (i.1) we obtain
IF(x) — FII = Iz, »; Fltx — ol < [z y; Fll-llx — 2l < alls — y)). ()
Because « < 1, the contraction mapping principle leads to a unique solution
«* of the equation (1) and we have

%0 = Flxo |
Jax — woll € —7—— (%)

1 —a

It also follows from (i.1) that the operator I — [, v,; F] has inverse for

all (s, v,) €X X X and

1 s
”{I - [“m Uy F]}_l“ < l—:' = 0' l’ 2' Tt (6)

For all y € X the following identity is. true:
gy = {I — [tby, Vu; Flyy = —{I— [u, v, Fl}~'[u,, v,; Fly. (7)
Indeed, from the evident equality
(I = [, v; Flly =y = — [t vs; Fly
and the existence of {I — [u,v,;F]}™* results (7). From (3), using (7) and
the cquality x* = F(x*) we obtain
Ngog — &% =&, — 4% — {I — [u,, ¢,; i} Vx, — a% + I/(x*) — I(x,) .=

=] =y, 0, FY =ty v, B )y — %) + {0 =, v, s IV F()— )
S = L = [, v FREF() — F(x%) — T, 0,0 Fi(x — 24}
From (8) using (4) it follows
2ailzy — 1 (9)

" ‘ 1
Ty — ¥¥|] € o — A% X
H¥s+1 “ < 1 — a(a'“"n l*“ + ’.lhl" - A’x”) =

l -«
from which (j.1) results by (3) i i i iti
. . ) and mathematical induction. The condition
(i.1) g;exarantees the convergence of the sequence (x,) l;ou;*.on
=F'(u)em[z§r]k. tllf the operator I has a Fréchet derivative and [#, #; F1=
Let’s érestf;efrgmt Theorem 1 the Theorem 1 of [5] results.
lowing property hat a divided difference of the operator I has the for
(10)

f 1% u; F] — [%,v;F]|| < K|lu — v]|
or all x,4,v € X. In this case, because

F(xg)—F*; - T . .
we -obtain (x ) [x,,, Uy r](xn - x*) —_— ([xm x*; F] _ [xm v, F])(x” X ),

lF(x,) — F s
From ((10) O = L i Flle, = < il — o, - 15~ #1 )
\ ) follows that F'(x) exists for all x € X and lim [# #:F ] =F(A
[2]. Thus from (11) we have Uz '
(12)

IF(%,) — F(2%) — F'(x,)(x, — )| < K||x* — %,|I%
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If the operator F has a uniform bounded derivative: F'(x) (see (i.1)), we
have ‘ .
— x* = [I — F'(x,)]7{F(x,) — F(x*) — F'(x,)(x, — %)} [5, pp. 14]. (13)
TaeorREM 2. If F has a divided difference with the property (10) and
u, v;Flll€ « < 1, then Newton's method given by

Xpy1 = X, — [I - F,(xn)]—l[xn —F(xn)]: n= O: 1; 2; oo

converges to X* slart ing from anmy X, € X which verifies the inequality

Xn41

K |2y — F("’o)l” =h< 1 (12)
(1 — «)t

and the convergence is quadratic:

1%, — 2*|| < hz"-lﬂf-"f%ﬁ’—”-, n=012 .... (i.2)

Pyroof. From (13), using (12), results
|2, — 2%|12, (14)

K
”xn+l - x*“ <
1—-«

which leads to (j.2) by (5) and by mathematical induction. The convergence
of the sequence (x,) cvidently results from the condition (i.2).
) Remark. In the proof of Theorem 2 we did not assume that F’ is Riemann
Integrable [5].

CorovLLARY. Under the hypotheses of Theorem 2 the convergence of Newton's
method to x* is quadratic for all starting values for which the inequalitv

1 -« .
X, — X*|| < 1.2/
ll2to — 4] < 1= (.2)

is truc.
Indeed, from (14), by mathematical induction, we obtain :

K
ux.—x*us[
l —«

2y — 1" 1 — ¥

\!;hich together with the condition (i.2’) guarantees the quadratic convergence
of the sequence (x,) to x*.

< TrEOREM 3. If a divided difference of F satisfies (10) and ||[u, v; F]|| <
S @« <, then the Steffensen’s method, given by B

*n+1 = %, — {I -~ [x,, F(x,); F]}7'[x, — F(x,)], n=0,1,2, ....

cony . ‘ - | . . . .
is tri:fis to x* for any starting value X, € X, for which the following inequality

_ Ka_ |l — Flxyll .
h°—1-¢ — <1 (i.3)
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and the comvergence is- quadratic : ”
d on"F(xn) =012 .... .
Iy — € B T i3

Proof. We have |
|z — Fx)l| = IIF(¥*) = F(x )l < alls® — Zll,

and using (11) it follows
- |IF() — F(#*) =

and so we obtain

(1, F(x); Flltn — 29I < Klia* — zJp

Ka

- &

2, — 2*]1% (15)

”xn+l - x*H < 1

The inequality (j.3) results by the inequalities (5) and (13) and mathematical
induction. The convergence of the sequence 1S guaranteed by the inequality

1.3).

69 COROLLARY. Under the hypotheses of Theorem 3, the convergence of Ste-
ffensen’s method 1s guadralic for any starting value x, € X which salisfies the
inequality

ol (i.3)

Xy — ¥¥|| < —
130 = 341l <
Indecd, from inequality (13) by mathematical induction we obtain:

K2

Moy, il
e = woll < [l — 01| 7 o — 20
which, together with (i.3') guarantees the quadratic convergence of the scquence
(%) to x*.

(Received Aprit 3 1978)
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OBSERVATII ASUPRA CONVERGENTEI METODEI COARDEI $I A METODEI LUI
STEFFENSEN IN SPATII BANACH

(Rezumat)

Se consideri ecuatia x¥ = F(#), unde F:X — X este un operator $i X un spatiu Banach.
Se studiazi metoda iterativi de rezolvare a ecuatiei, datdi prin formula %, = x, — {I —
— [t%n Vn: F1}7'[*p — F(x,)], unde [n, v; F] este o diferentd divizatd a operatorului F in punc-
tul (¥, v) € X x X. In lucrare sint demonstrate urmitoarele afirmatii: 1. Daci diferenta divizati
a lui F este uniformd mirginit, adici are loc inegalitatea (i, 1), atunci girul (x,) construit prin
formula precedentd converge ciitre solujia unicd x* a ecuatiei pentru orice (1, v,) $i ¥, € X.
2, Dacid diferenta divizatd a lui F este uniformm mirginitd §i lipschitzian3, adicd este verificatd
relatia (10), atunci girul comstruit prin formula x,4, = x, — {I — F’(»,)}"'[*, — F(x,)] converge
pﬁtmgic Fﬁtire(gt‘.f?. Daci ddi{ferentn divizatd a lui F este lipschitziand gi ||, v; Fl|| < a < 1,
atunci giru Steffensen efinit prin formula # = Xy — — : -1 -
converge piltratic citre ):r‘. P e = (Fa Flxn); EY7[wn = Flxa)]
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Brideanu, Mecanlea fluidelor,
973, p. 453.

s équations ct les méthodes
écanique des fluides, ainsi
pplications techniques et
aux disciplines qui en dérivent ou en sont ap-
parentées ; la théorie de la couche limite, la théorie
et la technique des fussils ete.

Aprés une introduction, ol sont exposés les
&léments de la théorie des milieux continus dé-
formables, le livre comprend deux grandes parties.
Daps la premiére partie sont traitées les pro-
priétés, les formules et les équations du mouve-
ment des fluides et dans la deuxéme partie sont
présentées les méthodes générales et particuliéres
pour résoudre les divers problémes de la méca-
nique des fluides indéaux et visqueux. On trouve
ainsi exposées tant les méthodes pour I'étude
du mouvement des fluides idéaux incompressibles
(mouvements potentiels plans, mouvements &
surface de discontinuité de la vitesse. mouve-
ments tridimensionnels etc.) et compressibles
(mouvements subsoniques, supersoniques et hyper-
sonique) que les méthodes pour I'étude du mou-
vement des fluides visqueux (solutions exactes
des'éq'untions de Navier-Stokes; couche limite
ls')m.mmre incompressible et compressible, couche
limite tourbulente compressible).

A la' fin du livre, I'auteur donne, sous une
forme dal_mexes, quelques ¢léments spéciaux de
n;:thématxq\f&‘s (la théorie des champs, le pro-
e e D oot St
de la mécanique des ‘1{ luig::,s problémes resolus

‘Le livre peut servir aussi bj ' ;
et dla rechgche scientiflilqs:le l:ixear?qfxini‘:ntl:;};gg
que, qu'en tant que manuel daus le pro
d.e Préparation didactique. I s'adresse nuxp m‘::ssu's
st Dhysiciens, hydrauliciens, énergéticiens, con-

'3, aussi bien qu'an corps enseignant,

aux candidats au doctorat i
s respoetives et aux étudiants des

Petre
Tehnic#, Bucuregti, 1
‘ouvrage présente le
fondamentales de la m
que leur emploi aux 3

A. TURCU

Stange Kurt p /
» _Bayes-Verfahren. Sec'i(z-
:‘le::lz;rel:hrzl; rb;:l Be:;lekslehtlgung vo: i/z;‘lfn;;:l
v S er- i i
New York, 1077 i :lgfé 7 Heidelberg—
Die vorliegende Monographie

Grund eines iny wissenschaftlichen ntstand  auf

Nachlass des

Ed.—1974 verstorbenen Autors K. Stange vorgef
# Manuskripts und wurde von getundeney

T. De

P. Th. Wibrich herausgegeben. Sie ‘:.tel:;i;;ld
eine Einfiihrung in die Schitz-und ’l‘estverfa].uet
bei Beriicksichtigung von Vorinformationen e?;
Gebiet dessen Bedeutung fiir die vcrschiede;zsten
Anwendungsbereiche der Mathematik (Natus-
Ingenieur-, und Wirtschaftswissenschaften) ays.
serordentlich gross ist.

Das Buch ist in zwei Teile gegliedert. Im ersten
Teil werden Paramcterschiitzungen mit Vorinfor.
mationen (Bayes’sche Punkt- und Intervallschit.
zung) bchandelt. Nach ciner allgemeinen Einfiil-
rung werden Bayes'sche Paramcterschiitzungeu
fir in der Praxis héufiy auftretende Verteilungen
(hypergeometrische, Binominal-, Poisson-, und
Normalverteilung) hergeleitet und mit den Para-
meterschiitzungen ohne Vorinformationen verg-
lichen. Die a priori-Verteilungen sind dabei so
gewihlt, dass sich die a posteriori-Verteilungen
explizit angeben lassen.

Der zweite Teil. weitaus kiirzer als der crste,
enthilt vom Autor sclbst crarbeitete Priifpline

- fiir messende Priifung mit Beriicksichtigung von

Vorinformationen. Es werden dabei sowohl Ein-
fachplane als auch Folgepline ohne und mit
Beriicksichtigunyg von Kostenparametern gebracht.
Fiir die im Buch behandelten Verfahren wer-
den sowoll die theoretischen Grundlagen beschrie-
ben, als auch verschiedene .~\1l\\‘endungsmoglichkcl-
ten. Dic in den Text cingestreuten zahlreichen
Beispiele (vor allem aus der Techuik und der
Qualitiitskontrolle ausgewiihlt) spielen eine wichtige
Rolle beim besseren \Verstindnis der Theorie.
Das Buch kann Mathematikern (der ange
wandten Richtung), Ingenicuren und Wirtschafts-
wissenschaftlern bestens empfohlen werden.

E. OANCEA, M. RAD’ULESCU

Beitrage zur algebra und geometrie &
VEB Deutscher Verlag der Wissens
Berlin, 1976. iche der
Das Heft welche in der Schriftem'e’cheer
Martin-Louther-Universitat Halle- Wittenberg vfas-
ffentlicht wurde, originelle und Zusnmmenbxa,
sende Arbeiten anf den Gebieten VOD Algfhalt.
Geometrie und algebraische Topologic ?nendei
Die konkrete Fragestellungen sind die fo g"entie'
regulire Ringe, Idealen in A.C — Laticen. anreiﬂ’
rung in affinen Riumen, Gleichungen i

chﬂft&ur
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: 0 preSSure
ous surfaces with zer -
i per Orteschemas, lineare 0% dq'n:ﬁ,ot?he Crrocco integral for turbulent eb octllils:-
ﬁaibgmppm'l elll,‘pg?s:fheent Hyperflichen, massive gﬁylela);ers meanvelocity and ten}&ef‘:er“; pres-
Raume auf algebr ografische Arbeit vou mehre- o7 vion in compressible flows Wi X
. . tribution in adient on
Knoten u.a. Ein mox Modulprobleme in der alge dient, effect of pressure gra
rerfassern iiber ,,Modulprobi=i® ist die sure gradient, €7 . . compressible flows.
Lc:;;s\éﬁif Geometrie .tII' it(pcienzsoelbﬁo)i'itel die 1nean-vfelTlcxt%ndgls?"il;“z'}‘::pzrs (cha%ws five and
. Arbeit 1 n . The follow:
Folgerung einer AXDC 3_150, veroffentlicht
h 1975) p. 9 )
in das Heft 4 (
wurde. M. TARINA

A. M. O. Smith, Anulysis
vers, Academic Press,
London, 1974, XVII+

Tuncer Cebeci,
of Turbulent Boundary La
New York — San Francisco —
40:}a‘;;3d on their elegant nun'lcxjical .lu?t}IOdS
and an extensive study of existing sxgmﬁcan?
literature, the authors present an excellent book
for one interested in the numerical method's qf
laminar and turbulent boundary layers. This
work refers to the steady incompressible and
compressible flows.

The scope of the book can be best evaluated
by reviewing its content. The Introductory chapter
includes: turbulence-miscellaneous remarks, the
ubiquity of turbulence, the continuum hypothesis,
measures of turbulence-intensity, measures of
turbulence-scale, measures of turbulence-the energy
spectrum, wmeasures of turbulence-intermittency,
the diffusive nature of turbulence, the paramcters
of primary interest, some consequences of tur-
bulence, the impossibility of calculating turbulent
flow from first principles, background literature.

Chapter two entitled Couservation Equations
for Cowmpressible Turbulent Flows contains : intro-
duction, the Navier-Stokes equations, conventional
time-averaging and mass-weighted-averaging pro-
cedures, relation Dbetween conventional time-
averaged quantities and massweighted-averaged
quantities, continuity and momentwn equations,
energy equations, mean-kinetic-energy equation,
Rcyxlxolds-stress transport equations.

L I‘hs follqwing_ chapter entitled The Boundary
ha);er Lquathns u}cludes: introduction, boundary

Yer approximations for compressible flows
contmufty,. momentun, and energy eqnations:
;ﬁtﬁ;ﬁ;ﬁm{;ﬁy eq:lation’ Reynolds-stress trans-
layer. , Integral equations of the boundary

The next :
viour of Tuiii‘l’iii (fous) sotitled General Beha-

: oundary Layers cont :
1ntroduction, composite t ains :
boundary layer, edd r-vi nature of a turbulent
concepts, meal'l-vclo)c i 'sc0513y and mlxing-length
butions in iucompressi:i)l al} shear-stress  distri-
f9ce5, mean-velocity diste _blO\'vs on smooth sur-
sible turbylent flows Tibutions in incompres-
“6f0 pressure gradient ::: rough surfaces with

, anvelocity distribution

sula-

six) entitled Va:iou% Apggchﬁyﬁstg;dcﬁ::is -

tion of Turbulent Boun 4 Laers
icjients in Turbulent Boundary .

port Coefficients 11 1 Bt Do aifferen-
in: introduction, integral m , @

:&‘Itax;ethods, short-cut metl;ods, coefficients of .

momentum transport, coefficients of heat trans

suinmary. . .
po’li‘tl'lc seven?l‘xychapter entitled The Cebec1-Sm}th
introduction, the governing

CS) Methods includes : ) 1
£qu2:tions, transformation of the equations, fluid

properties for air, Keller's Box method, gell?r s
Box method for the momentum equation, bOlutlo’“
of the momentum difference equations, Kell<?rs
Box method for the energy equation, solut.xon
of the difference equations of the energy equation,
procedure for solving mor.nentum and energy
equations simultaneously, higher-order accuracy :
Richiardson extrapolation, estimation- of boun-
dary layer thickness, boundary layer parameters.

The last two chapters (chapters eight and nine)
entitled The CS Method for Laminar Boundary
Layers and The CS Method for Turbulent Boun-
dary Layers contain: introduction, incompres-
sible laminar flows, compressible laminar flows,
predication of transition, two-dimensional incom-
pressible fllows, axisymmetric incompressible flows,
two-dimensional compressible flows, axisymmetric
compressible flows, some applications of the CS
method.

In the opinion of the reviewer the authors’
development of topics is logical and the com-
positiou of contents is excellent. Iach chapter
i1_1 the book is developed rigorously and the mate-
rial is presented in a concise manner. Figures
ure clga.r and pertinent. The book comprises a
vast bibliography (281 items) which is especially
helpful for researchers. “I'he text incorporates
1tn:my f)f the authors’ original contributions (chap-
] :;: ;l’z:k tOThIZln:i;’ié}:l in all, this is an .exce]-

- er has no reservation in
recommending this fine book to all research
workers in the field of boundary layer flows,

IOAN POP

J QRS O Bencdetto, B, G. Teubner, Real

variable. and inte ratio fut
127 28, n, Stuttgart, 1976,

This book is concer
ned
part of the basic graduat
The centra) notion of th

i+

with the fundamental
e real variable course,
e book is the absolute
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continuity which has the role to unify the ‘major
results of the theory, the Lebesgue doxpmated
convergence theorem and the Radon-kaodyr.n
theorem. This new organization of the basic
notions of the measure and integration theory
makes the book different from the usual text-
books on real variable and integration.

An excellent feature of the book is the exten-
sive historical and motivational comments, which
show that the integration did not develop in a
vacuum. There are also presented information
on the development of Fourier series because
of its clase relation with many of the notions
from real analysis. At the end of each chapter

. 7,0\
Curocy 7
O o P
e VaTewarich

are large problem sets with different degrees ¢

difficulty. .
The material of the book is organized in s}

-chapters and three appendices. Iirst are expost

the fundamental classical problems which led t
Lebesgue’s definition of integral and afterwar
the theory of integration and the structure ¢
measures in a measure theorctical format ar
developed. The appendices contain cqually impo
tant subject-matters which don't fit in perfectl
with the singular theme of absolute cont)'nuity;

The book can be used with great profit fo

classroom teaching.
. WIESLEl
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