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MAGNETOHYDRODYNAMIC AND FREE CONVECTION JEFFECTS
ON THE OSCILLATORY FLOW PAST A VERTICAL PLATE

S. NARASIMHA MURTHY*, M. R. KRISHNA MURTHY** and
H. M. THIMMARAYAPPA**

Introduction. The experimental and theoretical studies on oscillatory
flows are important from the technological point, for they have many
practical applications. Stuart (1955) extended the study of steady
two-dimensional flow of an incompressible viscous fluid which has been
carlier studied by Lighthill (1954) in relation to a steady two-dimen-
sional flow past an infinite porous plate when the free stream oscillates
in time about a constant mean.

Recently Soudalgekar (1973) considered effects of free con-
vection on the oscillatory flow past an infinite, vertical porous plate with
constant suction. The free convection currents are caused by maintaining
the difference between the plate temperature 7T, and the free stream
temperature T4 namely T, — T, as fairly large. The free stream velocity
oscillates about a constant mean in the direction of the flow. He (1973)
observed that with constant temperature along the plate, the mean flow,
though not affected by the frequency of the oscillatory flow, is affected
by the free convection currents, Eckert number E and Prandt! number P,
He further observed that there is a reverse flow with small Prandtl number
in the boundary layer.

The object of the present investigation is to study the effects of trans-
verse magnetic field and free convection on the oscillatory flow past a
vertical plate. The fluid is considered to be elentrically conducting. Such
a type of study is not only of theoretical interest but also of aerodynamic
interest in regard to heat transfer characteristics in the aerofoil. Gupta
(1960, 1962), also studied the free convection and transverse magnetic
field effects on the flow past a vertical plate when the flow is not oscillatory
by using similarity variables. He found that the similarity solutions are
valid only if the magnetic field varies inversely as the fourth power of
the distance along the plate. The present analysis shows no such constraint
on the magnetic field. We present here only the mean flow. The oscillatory
flow phenomenon will be discussed separately.

Mathematical formulation. We consider the motion of a two-dimen-
sional, unsteady, viscous, incompressible, electrically conducting flow

* Department of Mathematics, College of Science, University of Mosul, Mosul, IRAQ

(To whom communications may be addressed)
** Department of Mathematics, College of Basic Sciences and Humanities Umversxty
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past an infinite, porous vertical plate with constant suction. The ... °
is taken along the plate in the upward direction, being the direct"c s
the flow and y'-axis normal to the plate. The applied magnetic f}on of
in the y°-direction. We also assume the well known Boussinesq a eld S
mation which implies that density variation with temperature is Conl;}gox1~
only in the body force term. The magnetic Reynolds number is also as; ered
small, wlpch is true in most of the laboratory conducting fluids soual,ed
t}le applied magnetic field is hardly affected by the induced 'ma t@t
field. _'I‘he physical variables are functions of ¥” and #. Thus the govegrn s
equations are: Momentum equations: g

[ Ou , ou’ ap’ ' o’
_— vV — )| = — = — z 2,,7
° ( w ay') o P &t R T B ()
o 1@
av o 3y 2
Continuity equation :
avl '
> = 0. (3)
Energy equation: '
. (3T | oy rT o’ 2
pl— F v =|=K— = 4
P ’(ax+ aT') ay'*+“(ay"’ ¥

where %', v’ are the velocity components in x’ and y’ direction, g, is the
acceleration due to gravity, o is the electrical conductivity, K is the thermal
conductivity, B, is the strength of the magnetic field. The other quantities
have usual meaning. The heat due to ohmic dissipation is neglected in
comparison with the viscous dissipation in the encrgy equation.

The boundary conditions are

' =0, T'=T, at y’=0,] (3)
w = U'(t), T'=T, asy —oo.

Equation (1) in the free stream is

L 4 ©)
't pwt oBsU e
Further from the equation of state
6.(ps — ¢) = &:B9'(T" — Ta). 0
Using (6) and (7) in (1) we get
ow’ , o’ ow’ ’ ' o’ oBj} ’ ' (8)
— —_=— T — T, — (U —u
P +v % o 4 gxp( ) +v 3y"+ g o ( )

where v = £, the kinematic viscosity. .

7’

e
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As there is a constant suction velocity v, at the plate, equation (3)
yields

v = — V. 9)
In view of (9) equations (8) and (4) now reduce to
ou’ au’ o’ oB2 ,
— — vy — — T, — — (U —u 10
Py Vo oy a‘, +ng( ©) +v Py + o o ( ) (10)
T ow’ 0w’
— —vy—= — — T4 . 11
= B e (T — T2) +v T (11)
Introducing now the following non-dimensional quantities :
¥'v, Vvl 4vo’
= — t = —, = —
Y v ' 4v @ v}
u=% U=, pg=L=-T= (12)
1, v’ Tw — T'o
G — Vé’xﬁ(T,',, - T:Q P — l"ﬁﬁ
U: vs 2 k )
— K r _ oBgv
ep(Two —Tc) ' e’

where G is the Grashof number, P is the Prandtl number, E is the Eckert

number and M is the magnetic parameter, in equations (10) and (11)
gives

1 du du _l_ _a_v *u _

4 53—/ T4 +60+2 oy? + MU —w), (9
P 30 a0 320 Jdu)s
e _pel ot = 14
4 & I oy T (6y) (1)

The boundary conditions are:

u =20, @=1m aty=0, =
= U(t), ®=0 as y —co (13)

In the neighbourhood of the plate we assume

Uly, ) = ols) + < craly) (16)
By, 2) = 04(y) + = e« 0,(y)
and the free stream
Uy, t) =14 € ¢,
where € << 1.
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Substituting (16) in (14) and (15), equating harmonic terms, neglectip
coefficients of €32, we get g

Ug + g + M(1 — ug) = — GO,, (17)

” 4 ‘i . 1w
“1+“1'—ﬁ42”1+M(1—“1)—_:-691: (18)
0 + POy = — PEug, (19)
i+ PO{—2 PO, = — 2EPuui,, )

where the primes denote differentiation with respect to y.
The corresponding boundary conditions are:

uo=0, u1=0, ®0=1, ®1=0 aty=0,

wo=1,u %0, 0,=0, ® =0 as y — . 1)
In order to solve the system of equations (17) to (20), following Sound-
alegekar (1973) we assume that the hcat due to viscous dissipation
is superimposed on the motion. This is achieved mathematically by expan-
ding the velocity and temperature in powers of Eckert number. Thus we
assume. '

() uo(y) + Eug(y) + O(E?),
u1(y) un(y) + Eus(y) + O(E?), (22)
0:(y) = Ou(y) + EO4(y) + O(E?),
0,(y) = Ouly) + E0a(y) + O(E?).

Using (22) in (17) to (21), equating to zero the coefficient of various powers
of E, we obtain the following set of equations (for the mean flow only)

o

wp + U+ M(1 — uy) # — GOy, (23)
tge + U — Mg, = — GO, (24)
with boundary conditions:
oy =10, ue, =0 at y =0, (25)
=1, % =0 as y —c0.
@1 + PO, =0, (26)
0% + POy = — Pug, @

with boundary conditions :

On=1 0p=0aty=0, (28)
®°1=0, @02=O asy—"w.



MAGNETOHYDRODYNAMIC AND FREE CONVECTION 7

The solutions for mean flow are

_ _ G —By_ Ge—2?ty
woly) = 1 [P(I—P)+M+1]e P—P_M
+ EGP_[(———E—- — 1)” e
P—P —M P(P — 2p) (4p* — 28 — M)(P* — P — M)

{e=87(P* — P — 48* + 2B) — (¢~2 P*— P — M — ¢~P4B — 2p — M)}

G -1
ops ()
(P’-—- P—-M

(P*—P—MpPB+ PR+ PP —(B+ P)— M)
X {e87(3 — 2BP — B?) — (e—@+Py s — P — M —
— e @EFP2— @+ P) — M)+

+ @ X
2(P'— P — My(4P* — 2P — M)

X {e=P (3P — 1) — (e-Py §PE—2P — M — ¢-2Py PT — P — M}] .

+

(36)

— ,—P G _ 1) __8”r —%y __ =P
Oolr) =< ’+E[(P'—P—M 1) w0 T

2PG G _ ~(B+Ply _ p—Py
+(P’—P—M)(B+P)((P’—-P-—M) 1)(8 ")+
PG? —py _ oe2pn].
+ 2(P'—P — M) (e — e=20) ] (57)

By letting M = 0 in the above expressions we get back Soundalge-
kar’s (1973) result.

G..3 PaoOn
€ M
I . 0.01 -1
10
L - 002 S '
9
I -o0m 10
¢ 'y . 002 10

U-o": \I

P ’_\

) .

Y

Fig. I. Mean velocity profiles
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G:9 P:0-71
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I'ig. 4. Mean temperature profiles

Discussion. The mean velocity #,(y) and the mean temperature O(y)
are plotted in figures 1 —4 for different values of M, G, E and P. Physically
G < 0 corresponds to an extcrnally heated plate as the free convective
currents are carried towards the plate. G > 0 corresponds to an externally
cooled plate and G = 0 corresponds to the absence of the free convection
currents. Figure 1, shows that the mean velocity increases with increase
in magnetic parameter when G < 0. This is due to the fact that when the
plate is being heated by free convection currents, the magnitude of the
magnetic force is so large in the x-direction that the velocity increases.
Even in the process of cooling of the plate (G > 0), Figures 2—3 the mean
velocity still increases with increase in magnetic parameter. Thus we
conclude that both in the process of cooling of the plate, and heating of
the plate, the tendency of the magnetic force is to increase the mean
velocity. The same behaviour is observed for other arbitrary values of
P suchas P = 3and 5 and for other stes of valuesof G and M, E (Figure 3).
Thus we see that there is no reverse flow both in the case of high or low
Prandtl numbers and when G < 0. In other words, the phenomenon of
separation is removed with the application of magnetic field. This result
is in agreement with the general behaviour of effect of magnetic field on
conducting flows.

The mean temperature profiles are drawn in figure 4. We notice that
because of the greater cooling of the plate, the mean temperature in the
boundary layer decreases with increase in magnetic parameter. In other
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words, the heat carried away from the plate by free convection Currents
is not affected by the mechanical force which is magnetic force. For Iar e
Prandtl numbers the decrease in mean temperature is not significant
The fact that the presence of magnetic field has no effect on mean tep,.
perature may be due to neglect of ohmic heating or ohmic dissipation
of heat. The fluctuating flow will be described elsewhere.

(Reccived June 20, 1976)
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EFECTE MAGNETOHIDRODINAMICE $I DE CONVECTIE LIBERA
ASUPRA SCURGERII OSCILATORII PESTE O PILLACA VERTICALA

(Rezumat)

S-au obtinut solufii pentru scurgerea bidimensionali a unui fluid viscos incompresibil
peste o placd verticald, infinitd, poroas3, in diferite ipoteze mentionate in lucrare. Se arati
cd viteza medie creste cu numirul lui Grashof si cu parametrul magnetic, in timp ce tempe-
ratura medie descreste.
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SUBSPATII INTR-UN SPATIU K3 (II)

Subspatii total ombilicale intr-un spajiu Kj recurent

P. ENGHIS

Un subspatiu ¥, a unui spajiu riemannian V, este total ombilical
[1], dacid in orice punct
Qpij = pp i (2,1)

unde p, sint functii scalare, iar Q,; componentele celui de al doilea tensor
fundamental date de (1,9) [5].

Pentru un subspatiu V, total ombilical a unui spatiu Kj recurent
cu vector de recuren{i neortogonal la subspatiu, relatiile (1,13), [5]$inind
cont de (2,1) si (1,10) devin:

Ri','_,Ri'=_r 82..__.‘_-'-
kA P jkh ? ; pPp(g,,,g,;, ghg,h) (2'2)

+ ; CpPp [2Pp.,(g,'kgjh - g,';,gjk) + pp,},(g,'],gj, - gjﬁg{y) +
+ pp.k(gjhgir - gihgjr) + 9p,j(gikgh, — &) T Py,i(ghjgh' - ghjghr)'
Din (2,2) prin inmulfire cu g* si Insumare se obtine
RJ"'-' - ‘P'R)"' =" (n - l)q)’gj" ; eﬁP; + ; eppp [2ngjhpy,r +
+ (" - 2) Y ).gj, + ("’ —2) Pp,/g).,]' (2,3)

Dupi o noud inmulfire cu g/* si insumare se objine:

R,— @R = —n(n— 1)9,;e,,p;+2(nz+ n—2) Zp:eﬁpﬁpp" (2,4)

r

ProprozITIA 2.1. Tensorul de curburd, temsorul lui Ricci §i curbura sca-
lard a unwi subspatiu total ombilical a unui spaftu K, recuremt cu vector
de recuremid meortogonal la subspatiu, verificd (2,2), (2,3) si (2,4).

Transcriind relagiile (1,16), (1,17), (1,18), [5] tinind seama de (2,1)

se obtine
?, R+ 9 Ry, + 048, = ; €03 (2,88 — 8abp) T (2.5)
+ P8y — 8,8 + ?4(8:,8 — 88,1

A;:”,?; = (2 - n)(q)/;gﬂ. - ‘Phgjk) ; eﬁpﬁ (2,6)

(R8;—2 Rl) i =(r—2(n—1) 0, 25¢,¢} (2,7)
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2,6) si (2,7) au fost obfinute pentru prima ot

. . i q
[8] pe o altd cale. Din (2,6) si (2,7) rezulty. J

Relatii de forma
M. Privarovih
Ay @ unui subspatiu V, total ombilicq) diny.

? 9.0, Tensorul S 2
ProrozZITIA de recurentd neortogonal la subspatiy Verifigy

un spatiu Ky, recurent c vector
relapiile :

2 i i _R_ —
A= — (K&~ Rig® + 75 (?,,g,.,, P48jn) (28

Daci subspatiul V, total ombilical este si el un spafiu K3, $inind seap,
ci in acest caz Aju¢; =0 [3], din (2,8) rezultd.

ProPOZITIA 2.3. Vectorul o; dintr-un suQs;ba,tiu K3 total ombilical, g
unwi spajiu Ky recurent cu vector de recurenjd neorlogonal la subspatiy st
solufie a sistemulut

[2(Ri&n — Rigx) + Rlgad — &1 8) 1o = 0.
Derivind covariant (2,4) in raport cu g schimbind indicii 7 si s intre
ei §i scizind relatiile obtinute, finind seama de (2,4) si de faptul ci g,
este gradient se obfine:

(; egpﬁ] Ps = (; eprzf) @,

4 $

din care rezultd relajia lui T. Myazawa [7]:

(E;/ epp;) =« 9, (29

14

unde « este o functie scalari.

Din (2,2) si (2,9) se obfine acum t i

Din (2,2) 9) eorema lui T. Myazawa [7)
potll;;"lt 1carela condifia necesari si suficienti ca un subs)l’)atiu v, totd
ombriical a unul spatiu Kj recurent cu vector de recurenfd neortogonal

la subspatiu si fie recurent este ca)e,p;=0.
3

Obsemat;'e In teorema lui ‘ i
ervatie. ui i { = :
subspatiul este tota] geod‘ezi<:.1\4yaza'v"a este confinut §i cazul pp =0

Dacd subspatiul ¥ . :
din (29) 5t teroma 1 roos, O MDersupratafs, deci n = m — 1, 3

Proroziyia o ; .
unsi spafiu I}:. r;.cfiz.‘rf;;zgcz;r;l: t}up ersuprafefe total ombilicale recurentt :}:
sint cele total geOdezicg, cLoy de Vecuren’ta" neortogonal la M?”supraf.

Dacd se considery ; ’
In (2 . :
( ’9) ’; eppz =const ¢ 0 se obtine din (2'2) :
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si (2,3), Wym,,» = o, Wy sl reciproc, de unde rezulti teorema lui My a-
zawa [7] potrivit cidreia conditia necesard §i suficienti ca un subspafiu
total ombilical a unui spafiu K, recurent, cu vector de recurent{i neorto-

gonal la subspafiu, si fie proiectiv recurent, este cazep.pg = const.
?

Observagie. Cum orice spafiu recurent este §i proiectiv recurent [2],
dar reciproc nu, din rezultatul lui Myazawa se deduce ci daci ), €,f;
’

const # O subspatiul este proiectiv recurent fird si fie §i recurent, consti-
tuind astfel un nou exemplu de spajii proiectiv recurente, care nu sint
$1 recurente.

Pe subspatiul V, a spatiului K3 considerind tensorul
Z,,,,,. = Rijen + (R.hg,k jhg:k + nguh ihgjh)

numit tensorul coharmonic [6], T. Myazawa [7] stabileste cd dacd
funcfia « in (2,9) este

o= e, p? 2,10
. +2; 07 (2,10)
atunci Zium,, = ¢, Zijm i de aci condifia necesard si suficientd ca sub-
spatiul V, total ombilical al spajiului K}, recurent cu vector de recurenfi

neortogonal la subspafiu si fie coharmonic recurent, este caE €,03 =

Ly
= Ce"*" unde C este o constantd iar f o functie scalari ce satisface
conditia “i = g,.

cxr

Dacid acum pentru subspatiul V, total ombilical relatia (2,10) are

loc, din (2,4) rezultd R,, = ¢,R si subspatiul este cu curburd scalari re-
curentd. Reciproc, dacd curbura scalard a lui V, este recurentd de vector
¢,, sau nula, din (2,4) rezultd cd in (2,9) functla « este datd de (2,10)
si deci afirmagia lui T. Myazawa poate fi reformulatd astfel:

ProrozitiA 2.5. Condifia necesard §i suficientd pentru ca un subspatiu
V,, total ombilical, a unui spatiu I, recurent cu veclor de recurentd_meorto-
gonal la subspapiu sd fie coharmonic recurent este ca subspatml sd fie de
curburd scalard recurentd sau nuld.

Presupunind subspatiul V, Ricci-recurent, de vector ¢,, atunci el
este si de curburd scalarid recurenti, deci coharmonic recurent §i din (2,3)
si (2,4) rezultd

—(n— 1)<p,g,,, e, + 2 €,0, [2n 80y, +
+ (n — 2) gerp y T —2) g,,,P” =0
——n(n—l)qJ,E P;+2(”'+”—2)E Ppppr_o‘

2,11)
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Daci in prima din aceste relajii se fine seama de a doua rezuly
Z/\eppp(2pp,r‘gjh — " pP,)lgi’ —n PP-J'g"’) = O (2p 12)
)
care daci se inmulfeste contractat cu g" se obfine (Zp) 6’9’2],:' =0 si di

teorema lui Myazawa rezultd
ubspatiile total ombilicale Ricci-recurente de wvecty,

PROPOZITIA 26. S ”
9, ale unm'Tspaﬁu K= “recurent cu vector de recuremtd @, meortogonal I,
T

subspatiu sint de curburd proiectivd recurentd, cu vector de provecliv recurent;
q),. . o . - . .

fntr-o lucrare anterioari [4] s-a aratat ca o cpndlpe necesard si sufi-
cienti pentru ca un spajiu V, Ricci-recurent sd fie de curburd recurentj
este ca spafiul si fie proiectiv recurent de acelagi vector de recurentj,

Din aceasti proprietate si din propozifia 2.6 rezulti

PROPOZITIA 2.7. Subspatiile total ombilicale Ricci-recurente ale wunui
spapiu Ky, recurent cu vector de recurenid neorlogonal la subspatiu sint
recurente.

Dacd spafiul V, este coharmonic recurent, atunci relajia a doua din
(2,11) are loc. Presupunind in plus ci si (2,12) are loc, atunci inlocuind
in (2,12) din a doua relaie (2,11) se objine ;epp: =0 daci ¢, #0 s
din teorema lui Myazawa rezulti:

ProroziTiA 2.8. Subspafiile total ombilicale coharmonic recuremte ale
unur spapiu K, recurent cu vector de recurentd neortogonal la subspatiu sint
recurente dacd relapia (2,12) are loc.

lPa(l:j. iln (2,9) fll)mcj;ia o este arbitrar din (2,2), (2,3) si (2,4) se obfine
rezultatul lui M. Privanovih [8] C. , = Cimn unde Ciu, este.
tensorul de curburi conformi. BT Cimr = & Cip &

Daci subspatiul ¥V, total ombilical este simetric Cartan, din (2,2) §i
(2,9) rezulti: ’
PrRipmy = q’r(Zp: erpp — ‘1) (Gt — Einkin) —
-1 1
2 “Ph(8ingjr — 8inir) — 2 %9y (gn&ir — 8in&ir) — (2’13)

1
- %P;(8ixgyr — Enily) — % “‘P.‘(gh:‘glu — &iilw)
este presupus neortogonal la subspafisl;

Daci vectorul de Tecurenti o,
ctorul ¢, la o form3 canonici, (2

din (2,13) rezulti ci reducind ve
se poate scrie de forma :

Ry, = 2 __
7k (; €rPp “) (g.'z.gﬂ, — &ixkir)
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si spafiul este de curburi constanti. Deci

Propoz1TiA 2.9. Subspatiile total ombilicale ale unui spatiu Kz recurent
cu vector de recurentd neortogonal la subspafiu sint simetrice Cartan dacd
51 numai dacd sint de curburd constantd.

Considerind cazul in care vectorul de recurenti ¢, al spafiului K
este ortogonal la subspafiul V, total ombilical din (1,25), [5], rezulti

R = 2 ep03(8irkin — Eirkin)
i subspafiul este de curburd constanti, regisindu-se astfel rezultatul lui

T. Myazawa [7].
(Intrat In redactic la 20 octombric 1976)
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DES SOUS-ESPACES DANS UN ESPACE K (II)
Des sous-espaces totalement ombilicaux dans un espace Ky récurrent

(Résumé)

On donne premidrement dans ce travail les relations qui sont vérifiées dans un sous-
espace totalement ombilical d’'un espace Xy, récurrent.

On donne ensuite les conditions nécessaires et suffisantes pour que le sous-espace totale-
ment ombilical soit récurrent, coharmoniquement récurrent, projectivement récurrent, Ricci-
récurrent et symétriquement Cartan, en étudiant la liaison réciproque entre les divers cas.
Pour le cas on le vecteur de récurrence est orthogonal au sous-espace, ou retrouve le résultat

de T. Myazawa.
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RE DE CURBURA RECURENTA INTR-UN

DERIVA
LEGI DE D VECTORIAL

PROFIRA SANDOVICI

T E — ibrat vectorial diferentiabil C* si local trivial
cu fi%)'rf l’fipnlé’f Vo?n{ rﬁiaﬁ}l))rin (M) modulul.stzc;.lunhlor fibratului [I' si
cu VT o lege de derivare in Z(II). Curbura derivarii V pe care o notim
prin RT este o secfiune 2 fibratului vectorial 4, (T(_M) ; L(EE)), [1).
Legea de derivare V1 induce in fibratul L(ILII) : L(E ;E) = M o lege de

derivare definiti pentru o secflune oarecare @ a lui L(IT;I1) prin
Vie = [Vi 0]V X e %(M) ()
unde
[VY, @] =Vio — oVk

Propozitia 1. Peniru X,Y,Z < ¥(M) arbitrari, R wverificd wurmd-
toarea identitate a lui Bianchi: .

S {VEERI(Y.2) — RY(1X.Y], 2)} = 0 (2)

unde ASZ indicd suma dupd permutdrile circulare ale lui X,Y,Z.
.

Demonstratie. Se expliciteazi VZ)}(RH(Y,Z)) = [V§, R"(Y, Z)] finind
seama de definifia lui R"(Y,2).

Identitatea (2) exprimd anularea diferenfialei exterioare a formei
de curburd R™ in raport cu legea de derivare V%, adicia dR™ =0 [1].

Vom nota in continuare cu V" o lege de derivare in fibratul tangent
T :’T(M) — M. Atunci perechea V* = (V°, v defineste o lege de derivare
V in fibratul Az(T(M); L(E; E)) prin formula

(V} U)(Y:Z) =V§'(6(Y,Z)) — U(V;{Y,Z) _ O‘(Y, V}Z) (3)

este o sectiune a acestui fibrat iar X\Y.Z e (M) arbitrari.

Prorozrpia 2. R" verificd in »
loarea idemtitate a lui Bianchi :

unde ¢

aport cu derivarea 7* = (V°, V") urmi-
* ~TI _ )
o2 WAR)Y.2) + RYT(XY),2)} = 0 @

unde T" este torsiumea Iu; \VAR

Demonstratie, 4 . ) .
de definifia | u{;ﬁ?[‘* .Vom fine seama de identitatea (2), de formula (3) 7
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Si notim prin R*, R™, RY, R® curburile derivirilor V~, v, vh vt
respectiv. Atunci avem pentru o secfiune arbitrard » a fibratului L(H )
si pentru X,Y,Z,V e % (M) oarecari

RYX, Y) -0 = [RY(X, V)] (5)
(R*(X,Y) - R")(Z, V) = RYX, Y) - R"(Z, V) — RY(R'(X,Y)Z, V) —
— RNz, R(X, YV)V) (6)

Prorozitia 3. Sectiunile urmdtoare ale fibratului L(ILII) :
RMNY, Z), Vi(RNY,2)), ..., Vi, --- V& (R (Y, 2), ... (7)

pentru Y.Z,X,, ..., X, € ¥(M) arbitrari 51 k=1, 2, ... genereazd in
fiecare punct x =M o algebrd Lie L (V1), subalgebrd a algebrei endomorfisme-
lor fibrei E, a fibratului I1.

Demonstrafie. Tinind seama de (1) si de identitatea lui Jacobi,
objinem

(VE(R"(Y, 2), ] = —[R"(Y,2), Vke] + VZ[R"(Y, Z), 0] (8)

si in general

[V%, - V&(RY(Y, 2)), @] = — [Vx,_, ... Vi(R"(Y, 2)), V3] +
+ V%, [V,_, - - - Vi (R"(Y, 2)),0]. (9)

Notim prin A, & (M) — modulul generat de RY(Y,Z) pentruY, Z
arbitrari §i, in general, notam prin 4% & (M) — modulul generat de

Vi, Vi (RUY,2)VY, 2%, ..., X, « ¥(M)
Avem din (1), pentru o secjiune arbitrard « a fibratului L(II;II),

[R(Y,2), 0] =ViVie —ViVie — Vi, 50
de unde deducem cid

[de, A*] C A* + AL  AM2 R =0, 1, ... (10)
Din (8) si (10) avem

[AY, A*] C A* + Ak 4 AR+2 L AR k=1, 2, ...

Continuind in acest mod, din (9) se obtine in general

[Ah, A*] C A% + AMY . Akth2, | <k
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4. Algebra Lie L,(V") este generatd de valorile in Duncyy

x ale urmdtoarelor sectiuni ale fibratului L(I1, IT) :

R(Y, 2), (VR)Y.2), - (V, --- VRO, 2), ...
., X, e %(M) arbitrari.
ucem prin inducfie completd

ProOPOZITIA

considerate penirs YZX, .-
Demonstratie. Din (3) ded
(Vi - VR, 2) =95, -+ Va(RU(Y, 2)) + @,

x=1

unde 4, ; e ZIA"

Observatie. Fie ¢ = (P,GL(F), M, T1,) fibratul p_rincipal al reperelor

fibratului vectorial Il : E — M de fibrd tip F = R™ si @ grupul de olo-

nomie infinitezimala al lui £ in raport cu conexiunea careinduce legeade

derivare V. Atunci, algebra L,(V7), intr-un punct x = M astfel cd x =
=II,(z), este izomorfd cu algebra Lie a grupului @

2. Depixiia 1. O sectiune nenuld # e X(IT) este recurenti in
raport cu o lege de derivare V1 (sau V7 recurentd) dacid existd o 1-formi

¢ pe M astfel incit
Vin =o(x)u VX < %(M) (1)
Secfiunea # < Z(Il) este V7 — paraleld daci Viu = 0.

Proroziyia 5. Dacd sectiunea u < I(I1) este ™ — recurentd, c
I-forma de recurentd @, alunct avem

RUX,Y)u = (do)(X,Y)u
(12

L L
{Vx, -« Vx (R(Y, Z))}u = X, ... X {(do)(Y, Z)}u
pentru Y2 X, ..., X, E(M) arbitrari §i kb =1, 2, ... .

Demonstratie. i .
o Rn §im:iser(_lzle:)’Rela;ule (12) se obtin finind seama de (1), de definifié

CoroLaR. Dacd o sectiun

¥ . v > e U E v . bm

L’(vc?n;ge‘?ﬁaﬁ;“bspaﬁul fibres EZ(?Jbie:ttfnsv;; ch('l;?)‘mta, atunci 08
I]. : ratul vectori x . .. . el

de (1), propozitia 5 are urmgtr:-,z;lr é(?ég)l lflla l’léagea de derivare 7t defin®

Propoziprs 5 5
A D. Daca 0 Secls . .
rentd. - Cliune ; . VL yechh
d. cu T-forma de recurenta';?‘ atzncai {113:;1 pubiis. L(TLTI) este ’

; "

] [RY(Y, Z), o] = (o) (Y, Z)w
VX, ... Vi(Ru(y, 2
" z‘ Xn P2 el =x, ... X {(do)(Y, Z)}o
L ] L ..., X.G‘I(M),k=l, 2, s
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CoroLAR. Fie V, subspatiul lui L(E,, E,) subintins de w(x). Dacd
sectiunea o este JL-recurentd, atumci avem

[Lx(VT), o(2)]C V, Vz € M.
In particular, daci 1-forma de recuren}d ¢ este inchisi, atunci
LAV, o(x)] =0 V=z <M.

~ Considerdm in incheiere o lege de derivare 7 * = (", \7!) astfel incit
RM s3 fie recurent, deci si avem

ViRI = o(X)RT VX e %(M) (13)

Prorozitia 6. Fiecare din relatiile urmdtoare este o conditie necesard
pentru ca RT sd fie 7 *-recurent

o(X)RI(Y, Z) + (Y)RA(Z, X) + o(Z)RM(X, Y) + RYTY(X, Y), Z) +

+ RYTY(Y, Z), X) + RYT*(Z, X), Y) =0 (14)
(RM(X, Y), R(Z, V)] = R(RY(X, Y)Z, V) +
+ RM(Z, R (X, Y)V) + (do)(X, Y)RY(Z, V) (15)

Demonstrafie. Condifia (14) rezultd din identitatea (4) unde se tine
seama de (13). Aplicind Iui RU propozijia 5, avem R*(X, Y)RI =
=(do)(X, Y)R1. Couditia (15) se obtine acum din (6) unde R:(X,Y)R(Z, V)
se substituie prin expresia sa datid de (5).

Urma lui R(X, Y) pentru X, Y arbitrari determind pe M o 2-forma
p cu valori scalare

o1 (X, Y) = T,.R1]X,Y)

p este o 2-forma inchisa.
Vom presupune in continuare p mnenul. Atunci, in ipoteza 13, din
(3) pentru ¢ = RT deducem

(Vi )Y, Z) = o(X)o(Y, Z2) VX)Y,Z < %EM)

si prin urmare p este \/"-recurent cu aceeasi l-formid de recurenti ca si
RT, Din (14) si (15) obtinem

(eAG)X, ¥, 2) + S (o(T"(X, ¥), Z)} =0 (14)

[do)(X, Y)o(Z, V) + o(R*(X, Y)Z, V) + p(Z,R*(X,Y)V)} =0 (15)
Din (14’) pentru 77 = 0, rezulti ¢Ap = 0. Avem astfel:

ProroziTia 7. O condifie necesard pentru ca R™ cu o #0 sd fie recurent
in raport cu legea de derivare \J* = (", V1) unde 7" este de torsiune nuld
(T" = 0) este ca 2-forma p sd fie divizibild prin T-forma de recurentd o.

COROLAR. Dacd T =0 st p #0, pentru ca RW sd fie 7 *-recurent. este
necesar ca rang p = 2. :
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Considerind propoziti
PropOZITIA 8. Daca
generatd de RMX,, Y,) unde X,

a 4 in ipoteza (13) avem:

R este 7 *-recurent, atunct 'alg.ebra Lx(vn) s
Y, sint veclors arbitrart ai spatiului tangey,

T,(M).
; o
CoroLAR. Dacdé RT este J *-recurent avem dim L (V1)< n(n—1), ypg,
n=dim M.
(Intrat in redacjic la 74 martic 1)
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LOIS DE DERIVATION A COURBURE RECURRENTE DANS UN FIBRE
VECTORIEL

(Résumé)

. Dan.s cette note on ‘considéte des sections récurrentes d'un fibré vectoriel doué d'use
loi de df‘.nvatlon. On établit des conditions nécessaires afin que la 2-forme de courbure d'une
telle loi de dérivation soit récurrente.
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THE, SECONDARY EFFECTS OF XZ CYGNI

VASILE rop*

1. Introduction. The main pulsation of a star, shown by tne light
curves and radial velocities periodicity and by a periodic variation of
some physical and photometric parameters too, is accompanied — in the
case of RR Lyrae stars — by secondary phenomena such as:

— the variation of the main period of pulsation;

— the periodic variation in the shape of light and radial velocity
curves ;

— simultaneous excitation of several pulsation modes ;

— multiple periodicities in the light curve variation.

Taking into account the pulsation theory and the horizontal branch
evolutionary tracings, we may assume that the RR Lyrae stars’ periods
increase or decrease during instability strip crossing. Pointing out the
real pulsation period variations, we obtain valuable information in the
evolution theory for stars with masses smaller than the solar mass. Moreo-
ver, it seems that this is the single observational evidence for the evolu-
tion in the horizontal branch phase.

The study about the stability of pulsation in the fundamental mode
and in the first harmonic shows that there is a domain in the instability
strip where the two oscillation modes are stable. In this common stabi-
lity domain, the star will oscillate in the first harmonic or in the funda-
mental mode, according to its evolution in the instability strip : from high
to low or from low to high temperatures, respectively.

These problems have not exact and complete solutions, neither theore-
tically, nor observationally. Therefore, Kukarkin [5]pointed out that
it is important and necessary to perform and analyse annual series of
observations about several RR Lyrae stars from the galactic field and about
some globular clusters with different metal abundance, but rich in stars
of this type. We consider that XZ Cygni-with a very rapid decrease
(after 1965) of its main pulsation ‘period (P o p, [9])-is suitable for such
research.

2. Secular Variation of the Main Pulsation Period and Oseculating
Photometric Elements of XZ .Cygni. Using the observations until 1953
of XZ Cygni, Klepikova [4]studied the secular variation of its main
pulsation period, determining the following parabolic elements :

Max.Hel. = JD 2417201 -241 + 0¢-4665878 E — 0.000107 x 10-¢E2, (1)
where E is the main pulsation cycles number, counted from JD 2417201.

The observations performed after 1965 verify neither elements (1), nor
linear elements given by G.C.V.S. (1969) :

Max.Hel. = JD 2436933.981 + 04-466579 E, (2)

* Astronomical Observatory, Cluj-Napoca.
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) ber 1975, we performed 3500 By
il 1972 — 29 October reflector of
B e :)gse}’;g;tions of XZ Cygni with the tsl?enclm we determixﬁgg
photoelectric ical Observatory. From TRAN 1V f
Cluj-Napoca Astronom ‘ares method (in FOR or the

o maﬁmia‘;;li,dfx .Cth gé%)le?: ?gund the following osculating photometric
computer - ’

elements :
Max.Hel. = JD 2441453 -3856 + 044664731 E. (3)

i i Isating in the funda-
ii Isating star. It will be pu '
ot Cydgn 1 gi?hRf gmgg speri(;gd P =0 - 4664731 daysl.. ’tl‘lzie m'ai‘x?]wm
mgntearlltsm:nglthe O—C differences calculated with (3) are listedin Table 1.
mom

Table 1
Max. Hel. 0—¢ o)

Max. Hel. _ E o

2400000+ 0-¢ 2400000+

41424.4425 —0.0218 —62 41967.4457 '5'0'3(,’; : :?3
453.3980 + .0124 0 974.4486 0126 HY
461.3390: | + .0234 17 982.3767 + 0108 1134
467.3851 | -+ .0053 30 988.4330 0028 147
468.3187 + .0060 32 41997.2900 : — .0032 12;1
507.5088 + .0124 116 42047.2115 + 0056 1275
515.4205 + .0030 133 161.5074 4 0156 1518
522.4295 + .0059 148 162.4356 <+ 0109 520
544.3180 — .0298 195 2454596 £ .0027 :_.”
622.2557 + .0068 362 280.4547 + 0123 1/90
834.4689 — .0252 817 288.3879 + .0155 17 0
835.4036 — .0235 819 308.4504 + .0196 183:’
849.4293 + .0080 849 331.3051 + .0171 1882
856.4236 + .0052 864 338.3027 + .0176 1827
862.4851 + .0026 877 .538.4000 - .0020 2326
869.4707 — .0089 892 543.5350 -+ .0018 2337
910.5357 + .0065 980 573.4026 + .015] 2401
913.3325 + .0044 986 579.4637 4 .0120 2414
932.4564 + .0029 1027 614.4458 + .0087 2489
933.3921 + .0057 1029 634.5004 -+ .0049 2532
939.4489 ~ .0017 1042 684.4146 + .0065 2639
947.3668 — .0142 1059 685.3517 + .0106 2641
960.4363 — .0056 1087 686.2820 + .0080 2643

41962.3079 +0.0002 1091 42712.3834 —0.0131 2699

maximum, the third and fourth colu

i _Q), diffe
rences calculated with (2), A mns contain E and (O—C),

s Figure 1 — 4000 (year
1965), there is a real and very r gure 1 shows, after E (y

. apid decrease of the main pulsation period:
_ The elements given by (2) and (3) are in accordancepwith the obser;
vations performed In a short time interval before JD 2438576 and arou
JD 2442686, Tespectively. Assuming that the pulsation period of XZ Cyeg®
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Tabkz
M
. " Max. | § 5 (0—c
ax. - el.JD : L - -
Hel.JD E E (0-0C) | (0=Ch 22)00'(];0_*. g h| (0 0,
2400000+ | & =
“ —
17074.793 | 15 | —42563] —0.181 | —0.003 392.375| 3 +gigg —0.011 | +o0ny
i1l 'o| “azo26| — .175 | + 005 [| 471.667 ) 3 : 037 | — o
2329 Pl 02|l 7isasi| 3| 5968 | — 043 | 4 oy
19248.158 | 33| 37905| — .1 200 3 2
oo7407| 8| 37002| — 136 | + .002 || 826.706} 3 6200 | — .065 | — 007
00758499 | 11| 34668 — .121 | + .001 || 8901717 1 6336 | — .055 | + .01
22032319 | 10| 30009 — .093 | — .004 || 40084.699 | 3 6753 | — .090 | — qop
501 | 15| 26842) — 073 | — 003 [| 40154.695 | 2| €903 | — .081 | + .18
063373 [ 12| 25656| — .057 | + .007 | 40211.616 ) 1 7025 | — .082 | + o
25146739 | 26| 25263| — .057 | + .005 || 467.726| 6 7574 | — .124 | + o019
418288 | 10| 24681] — .057 | 4+ .002 || 529.772| S 7707 | — 133 | 3 020
860.138 [ 15| 23734| — 057 | — 002 || 742.494 1 | 8163 | — .171 | 4+ 017
26181.613| 9| 23045 — .055 | — .003 || 885.702| 3 8470 | — .203 | + .010
982.271 | 3| 21329] — .047 | — .003 || 949.610| 2 8607 | — .216 | + .009
27713.406 | 5| 19762] — .041 | — .004 || 41177.253 |13 9095 | — .264 | + .006
32759.494 |23|  8947| — .005 | 4 .002 || 241.628| 8 9233 | — .277 | + .005
33531.682 |48|  7292| — .005 | — .001 || 461.339| 8 9704 | — .325 | + .004
856.418 | 6| 6596] — .008 | — .005 || 530.351 |20 9852 | — .366 | — .023
34194.224 [12| 5872 — .005 | — .003 || 586.321 |10 9972 | — .386 | — .029
634.680 (23|  4928] + .000 | -+ .001 604.504 (10| 10011 | — .399 [ — .039
36322764 | 1 1310] + .002 | + .001 683.357 | 2| 10180 | — .398 [ — .019
872.387| 1| — 132 — 005 | — .005 || 849.414| 6| 10537 | — 444 | - 0N
37372566 | 1| + 940 + .001 | + .001 908.662 [ 16| 10663 | — .451 | — .017
820.481 |11 1900 + .000 | + .001 979.574 | 18| 10815 | — .459 | — .008
38576.333 | 2| 3520 — .006 | — .004 | 42047.230 | 2| 10960 [ — .457 | + Ol
609.458 | 1|  3591] — .008 | — .006 162.436 | 4| 11207 | — .496 | + .002
702.312| 4 3790| — .003 | — .001 228.659 | 6 11349 | — .527 | — 012
935594 | 3|  4200| — 009 | — oog || 280453 | 3| 11460 | — .523 | + .007
30027.980 | 6| 4488 — 008 | — 004 || oogoon| 3| 16O | T o
324.692| 5 5124| —0.040 | —0.031 || 42686.277 | 4| 412330 | —0.623 | +0.022

decreases linearly between these e 39
: _ 1 pochs, there results a decrease of 0.000105
days in 8810 main pulsation cycles, corresponding to :

« = (1/P)(dPdt) = —20-156 in 10 years.

pheng-mgllgnm:}zhkol Effect. At some RR Lyrae variables, over the main
(the so-calledoBl pulsation, a periodic variation of the light curve shape
both the lisht azhko effect) 'is superposed. In the case of XZ Cygih
Such a secoidacurv:i] and the phase of maxima are changing periodically
Using thery pulsation cycle is specific to the normal Blazhko effect.

(6] and thos fmamma published by Bo gdanov (2], Kun che
€ irom Table 1, we respresented the O—C dif,ferences cal_Cll‘

lated wit ;
of O—0 versoy o5 fune Bons O £ (Figures 2, 3, 4). A periodic veriatiy
heights AV, versus E) alsoeshout' The upper part of Figure 3 (maxi®

tion of 0—C and AV ows their periodicity. This periodic oscile
tion cycle) or the Blanzmlrk\c,)ez}l:cf O}S}égeciigc&ndary pulsation (second puls?
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. dary pulsation maxima, fipq
i ments of 11 secon! .

We determined the mo

jc elements:
ing the following photometric €€ .
e Max.Hel. Sec. = JD 2441977 -886 + 58-532 N, "

11.540 £0.202

i les, counted f{
: ndary pulsation Cye rom
where N 1is thedmslénggé ngy:eflgb) ‘s the per}Od of .Blazhko effect, Table
JD 244}977thanobser-Ve d Blazhko effect maxima with dthe. corresponding
3 contains ?’ nd the (0—C)” differences calculated with (4).
secondary cycles & s 2 3 and 4, we find out that:

. M am .
&?a’lgﬁéngect:;dglr;g;ulsation cycle is not exactly reproducing ; although

i iod of 58.532 days.
there(b1§ ’?[‘ligeggccﬁfgaory pulsation period increases from P, = 57.38 days

(Klepikov a, [4]) ttzi 58.532 days, corresponding to the increase of
i ion period. .

the r&?"%ﬁfﬁz pﬁase-shift of 0.19 secondary cycles in the AV curve

as reported to the O—C curve (Figure 3). ' ) ‘

Till now there is no satisfactory theoretical interpretation of the
Blazhko effect observed at some RR Lyrae pulsating stars. I_"‘rom several
explanatory hypotheses (Pop, [8]), the one closest to reality seems to
be the one which considers the Blazhko effect as a result of a beat
phenomenon produced by the interference of two pulsations with near
periods.

If P is the main pulsation period and P, a pulsation period close
to P, with the above-mentioned hypothesis, we may write:

#P = (n 4 1)P, = P, (5)

\t\l']}:‘-tr.e # is a whole number and P, is the beat period. Out of (5) results

llﬂp = llpb’ (6)
nP = nP'1 + P,
Table 3
Max.Hel. JD ~C)”
24000003+ | N ((:laycs)
41160.441 | —14
460850 | — 9 Igggg
507497 | — 8| lg)3p
564407 "| — 7| _375s
852687 | — 2| _gjas
923591 | — 1| 4937
41973.970 0| -39
42031813 | 4 1 ~4'sog
569.190 | 110 [ 508
623301 | +11| 11sg;
42679217 | 412 | Lgges
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and
n = P,J(P — P,). (7
Replacing (7) in (6), we obtain:
1/P, — 1/P = 1/P,. 8

In the case of XZ Cygni, we determined: P = 0.4664731 days and
P, = 58.532 days. Substituting these values in (8), we find P, = 0.4627849
days. Considering P, a constant in (8), we get the following relation
between the variations of P and P,:

A(1/P) + A(1/P,) =0, ©)

whereby : if P increases, P, decreases and vice-versa. Because before
1965, P = 0.466579 days and P, = 57.38 days and now P = 0.4664731
days, it would result from (9) that for the time being P, = 59.028 days.
This value corresponds quite well to the observed value (P, = 58.532
days).

4. The Long-Period Variation. The ephemerides of maxima observed
before JD 2439027 may be calculated with (1). For the calculation of
maxima moments after the above-mentioned epoch, we determined :

Max.Hel. = JD 2441453.4046 + 0¢-4664772 E —
— 0.699 x 10-8E2.

The last column of Table 2 gives (O—C); calculated with (1) up to JD
2439027 and with (10) after this epoch.

The (O—C), variation in time (measured in main pulsation cycles num-
ber E) up to JD 2439027 is shown in Figure 5. The variation is periodic,
with an amplitude of = 0401 and a mean period II = 9.33 years. As
Figure 6 — where the (O—C), calculated with (10) are represented ver-
sus E-shows, the variation amplitude is =0405. Because only an oscilla-
tion cycle is covered, we estimated the period value at II = 6.46 years.
The rapid decrease of the main pulsation period is accompanied by a
substantial decrease of the long-period oscillation, from 9.33 to 6.46. years.

(10)

(0-C)3
N A /N\ -
+0.005 ! N RN / "\ / \ N 77N ~
[N 4 \ / AN ‘7 AN oo

000 N //. \ / N / \\ // \e I) . \ // \\c
0005} S N P2 N N "\ :\\:
- 0 L 1 N I 1 | I | . ! . ! . | R R 1 s Il PR O

01— 7 3 29 25 2 1 ) 9 s 1 7 E/w00
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5. The Evolutionary Stage of XZ Cygni. The pulsation is only a‘transi-
tory phase in the life of a star, as the evolution theory shows. The RR
Lyrae stars are in a rather late phase.of the general stellar evolution,
They left the main sequence with a luminosity closc to that of the Sun,
“they crossed the red giants region and the helium flash and are now in
the horizontal branch phase where the helium is in the nucleus and the
hydrogen in a shell burning. The pulsating stars of the horizontal branch
are situated in the HR instability strip. During its evolution, a RR
Lyrae star may cross — from the right or from the left, once or several
times — the instability strip.

Using theoretical models, Iben and Rood [3] showed that for
any value of Z (heavy elements abundance) there is a critical value of
helium abundance Y,(Z) so that if for a model ¥ < Y,(Z), it will evolve
owards the red and JEY > Yy(2), the model will evolve towards the blue
horizontal bragl::lrln’T];lermg ; qlll;t(? arge interval of time fron} ttle phase of
ger is the evolution tinl?eorgf thlélcreagef pieh Fspect to yl(l)' the 181‘];
corresponds Y.(Z) = 095 1 1 model towards the blue. To Z =1 _

e case of XZ Cygni, we find that Z

=0.002 and Y = i i i
towards '?l?e blue. 032 (P op, [10]) ie. this star may evolve a long time

It is known that betw i i
star g o that | :et\\eeu the period P, mass M and radius R of 3

Po M-12Ran (1)

Diff, iati ithmi
erentiating loganthmlcally the relation (11), we obtain for M constant:

@ = (1/P)(dP|dt) = (B/2)(1/R)(@R/ar), "

Ptmsaéion period is caused by tlﬁz
nary tracis Stated theoretically that, at

: Ty rac.lng tOWardos the blue, the deCr};asing rate ©

b 8 towards the relc(i) Oy()eg 15, and at the end of til:

erved rate of the i’ul.satio< «< +0.3 in 10° {C;R'
0 period variation 2@
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Lyrae stars in M 3 cluster with the theoretical one, Iben and Rood
[3] found out that the observed values are with an order of magnitude
higher than the theoretical ones. They explain this disagreement by a
great contribution of the ,,noise” to the observed value of dP/d:.

At XZ Cygni we pointed out the very rapid decrease of the main
pulsation period, whereby this star is evolving towards the blue in the
instability strip. In Section 2 we showed that the decreasing rate of the
period is « = —20.156 in 10® years, this value being with 3 orders of
magnitude higher than the theoretical one. Although the ’noise’” has
here a great contribution, being amplified in the Blazhko effect and long-
period variation presence. We believe that the observed a is really grea-
ter than the theoretical one.

Because XZ Cygni is pulsating in the fundamental mode, it passed
not beyond the blue edge of the transition region of the instability strip.
Its position is not far from the red edge of the instability strip and is
evolving towards the blue. For a more precise determination of the posi-
tion and evolution of X% Cygni in the instability strip, it is necessary to

determine their physical parameters.
( Received March 30, 1977)
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I

EFECTELE SECUNDARE ALE STELEI XZ CYGNI
(Rezumat)

Sint date 47 maxime de lumin¥ ale pulsantei X7 Cygni, pe baza cirora au fost deter-
minate elementele fotometrice osculatoare. Se pune in evidentd o descrestere foarte rapida
a perioadei principale de pulsatie dupd anul 1965 si se determini elementele fotometrice
parabolice valabile dupa aceasti dati. Din 11 maxime ale ciclului secundar de pulsatie am
stabilit c# perioada efectului Blazko este de 58.532 zile, interpretind-o ca rezultat al inter-
actiunii pulsatiilor de perioadd 0.4664731 zile yi 0.4627849 zile. Este relevatd o variafie
lung-periodici cu perioada de 6.46 ani. Ipoteza cd XZ Cygni este situatd in banda de insta-
bilitate nu departe de marginea rogie §i evolueazii citre albastru este justificatd de des-
cresterea perioadei fundamentale de pulsatie cu o ratd « = (1/P)(dP[d¢) ~ — 20.156 in 10°
ani,
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ASUPRA FUNCJIILOR SPLINE HERMITE DE DOUA VARIABILg

PETRU P. BLAGA

fn lucrarea lui D. W. Arthur [2] se dd o metodd de constructie

i i de doud variabile, folosind notiunea de nucley
a functiilor spline natural_e I?[iibert de functii de doud variabile si se day

duizant al unui spajiu : 2 o ¢
Z?g\?a uproprietiti aIep atcestora. Folosind aceasta metodd se construiesc
functiile spline Hermite de doud variabile §i se extind unele proprietiti

ale funcyiilor spline Hermite de o variabild la functii spline Hermite de
doud variabile.
Fie domeniul

D={(x,y) R, a<sx<bh csy<d}
st o diviziune A, a acestui domeniu, realizatd prin
Alia<x<%<...<2%sbsi
ANic<y,<n<.. <y <d,

unde nodurile x;, ¢ =U,—;'5 au respectiv ordinul de multiplicitate 7;, 1 =

=0, p, iar nodurile y;, j =0, g au respectiv ordinul de multiplicitate
Sj, 7 =0—,7 Notim m =ir'. sin =Zq:sj_

Considerim spajiul de'ﬂf‘l).m otii pur

?z.n).(D) ={f:D->R, cu proprietitile (i) — (iv)}

ég)f/(.(:)f;,;).() < C(D) pentru i < m st <.
pentru ] =Tq”§?g S?%So—lult. continui pe [q, b] si femi(., y;) € L*[a, b,

(idi) fin—) (5. ), este absol i
i) ut 5 i
et g ;o continud pe [¢, d]) i fem (x,,.) = L%[c, 4],

i (m—1,n—
(iv) f (.,.) este absolut continui pe D i fomm (.,.) & L¥(D)-

TEOREMA 1. S atiul d 7 gelmn
ct produsul scalay tﬁffnit ;Sii{:mc'm %™ (D) este un spatiu Hilbert in raport
Pe rimls,
[ l"l 1
/&=

5 &, f(h'l)(xi-yj)g(k")(xn ¥;) +

r.~
i1

» ¢
§=0 20 § f("r") (x,., y)g(h.n)(

+

wr

% ¥)dy +
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7 s-1 0 e e ;
+ 35 5§ 1m0 pgnn (z, ydn + ) S0 D)g s, D)dsdy,
j=0 =0 ht

D
pentru orice f, g € X" (D). .

Demonstrafie. Afirmatia este imediati daci finem seami de faptul
ci in spatiul de funcfii considerat putem scrie formula de interpolare
a lui Hermite relativd la diviziunea A,,

=15

/(= )i, ()f*(2,, 35) +

l.]=0 k=0

g
Y
_\

b
g 5! . o
+ ,>;o ,_Z“.g dy(y) S g(x, s)foni(s, y;)ds +

d

+ é :L::; cin(x) S Wy, £)f*%"(x, t)dt + SDS g(x, )h(y, t)fomm(s,t)dsdt,

unde cyp, 1 =0, p, k=0, r,—15i d;, j=0,49 1=0, s —1 sint poli-
noamele fundamentale de mterpolare ale lui Hermite de o singurd varia-
bild relative la diviziunile A} si Aj respectiv, iar. functnle de doui variabile
g 51 h sint date de formulele

‘ . . ’ P I

r;—1 m—k—1 :
(x_s):: 1 LA (v — s) L
R e T T

R R N Oy B
h(y, t) = =3 }__7 . da(y).

(n—l)l j=0 I=o (n—l—l)l

DeriNipia 1. 1. Numlm ‘nucleu reprodmzant al spatlulul Hilbert
de functii H = {f: Q - R, Q CR"} o functie . K definitd pe produsul
cartezian Q X Q cu valori reale si-care verificd proprietitile :

1° K(-, y) € H, pentru orice y € Q fixat,
° (K(x, -), f(%)) =f, pentru orice f € H.

Observajie. Nu orice spafiu- Hilbert admite nucleu reproduizant, dar
daci admite acesta este unic [1].

TrOREMA 2. Spafiul Hilbert X5"" (D) po;sedci nuclew reproduizant.

Demonstragie. Procedind ca in [6] se obtme nucleul reproduizant al
spajiului Hilbert considerat, ca fiind - -

K(X, Y) = Ky(% $)Kq(y, £), unde X = (z, 3), Y = (s, §),
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4}, iar pentrd K, si K, se obtin expresilie

x,se[a, b],y,te[c, b .
= ZP: "'2 ca(®)cals) T Sé’(x, t)g(s, t)dt si

dly)dalt) + Sh(y. Oh{t, s)ds

dats de C. de Boor si R. E. Lynch [5]. Se caley.

folosind metoda drept al fiecdrei formule si obfinem

leazi integralele din membrul

r.«—l
Ks ) = 3 Syl +

2m—k—1
k(x_ xl').‘.m

)

cals) |+

=1 2m—k—1
S Lk i 5 l_————“‘"‘” () + (— P
A+ {(2»;—1)1_2” sl@m—k— 1)1 al®) + (=W T

» ri-l,r’-— 1

+3 2 (=1

i,j=0 ki=0 2m—k—=1-1)1

I
i — 74 ca(%)cqn(s)}
si o expresie analogd pentru K,.

Prin calcul direct se verifici cele doui proprietiti din definitia nucleului
reproduizant.

Considerim o noud diviziune A a domeniului D, care se obfine prin
Airas<a<a<...<ap<bh Px2psi
Ay:b << < ... <b<d Q=g
}mde a;, 1 =0, 0, P au resp.ectiv ordinul de multiplicitate #;, ¢ = 0".?'
s S § SRATRESR! L e ittt vy 5 =00 85

{xo' X e, xp} C{ao, Ay oo ey ap} §i
{yoi Yu ey yq}c{bo, bl’ ceey bQ},

ia ax = i i
1 dacd x; = ¢; atunci i Sy si daci y, = b; atunci s; < 7;.
P
. Q
Notim M =) "u. si N =
Considerdm operatory) T definit in fely] urmitor

T: (Am.n) - 2
A" (D) -z = LD)X(L2[q, b))y X (L2[c, 4])"
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pentru orice f<X{™ (D) avem

Tf = (fomm(.,.); f(., 3;), 1=0,¢9 2=0,5 —1;

fhn(z, ), i=0, p, k=0, r, — ).

Spatiul Z este un spafiu Hilbert in raport cu produsul scalar definit prin

* b

(, 8z = (§ folz Deoln y)axdy + 2 { fileilmax +

a

+ 35 [ fossDewsi)d,

=11

pentru orice f = (fo; fir - Sfai SFatrr «+o» Jutm) €Z §i orice g = (go;
81y c-s Bni Bntrr - r oy gu+m) € 4.

Nucleul operatorului T este mulfimea polinoamelor de doud variabile
de grad m — 1 si # — 1 respectiv in raport cu prima §i a doua variabila,
deci

dim(XKerT) = mn < MN.
Fie vectorul » € RV+¥ si mulfimea de functii
U(r) = {f = %" (D), f*Na, b)=7l, i =0, P,
k=0,u—1,3j=00 1=0v;— 1}

DerINITIA 2. [3]. Numim functie spline Hermite de interpolare rela-
tiv la diviziunea A si vectorul 7, orice element s € U(r) pentru care avem

1 Tsllz = min ||T¥]l,
)

Existenta funcfiei spline Hermite de interpolare astfel definiti este
asiguratd de faptul cd nucleul lui T are dimensiune finiti, iar unicitatea
rezultd din U(0) N Ker T = {0}.

Si considerim funcfia de reprezentare ¢} a funcfionalei Hermite defi-
niti prin 3(f¥) = f*®)(a,, b;) si care se obgine cu ajutorul nucleului repro-
duizant dupa formula

ak-]-l

e = )

ds ot

pentru ¢+ =0, P, k=0, 4,—1,7=0,0,1=0, v; — 1.

Consideram subspatiul generat de aceste functii

. o* b4
[K(.,s; -, t)]‘,::;: = P [Kq-, s)~],=,'. . ;;‘ [Ks-, t)]“"i

S = span ({ef}, 1=0, P, k=0,%4—1, j=0,0, 1=0 v —1})

3 — Mathematica 1/1978
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si definim operatorul de proiecfie
pg: #07(D) = /= PfeS

unde Pgf este elementul de cea mai buni aproximare al lul / prin elemen,

din S.
PROPRIETATEA 1. PJ este funcfia spline Hermite de interpolare

: {m,)
relativa la diviziunea A pentru functia f € 5" (D).
onstratie. Pentru a demonstra aceasti proprietate ne folosim de

Dem
urmitoarele relatii
(Pof, & = (Ps, Psg) = U/, Pst), V1, & < XE(D) o
IfIE = 11f — PsfIIF + IPsfI% ¥/ < %®5"(D). @)
Notam

U(f) = (h = %¥07D), Mg, ) = [*a;, B), i =0, P,
k=0,%-1,7=00 =09 —1)
Scriem relatia (2) pentru g = ef,-‘
(Ps f, é) = (f, &) pentru i =0, P, k=0, u;, — 1, =0, Q,

l=0) 'U,"—l_

Tinind seama de modul de obtinere ii K
; ; a functiil Hoon
ajutorul nucleului reproduizant obtinem fiilor de reprezentare &; ¢

k! +1
[Psf (%,9)]sma, = 2

Oxkdyl /1 y)]y-:; Oxkgyl f(x ») ];::,

J

pentrui =0, P, k=0 u. —1. 4i=0 0 -
Mai rimine de arﬁtat(z:‘ﬁu' L7=0,01=0,v—1, deci Psf€ u(f)-

TP = mi
ITPefll; = min |7, 0

pentru aceasta scriem relatia (3) pentru % e u(f)

WAIE = || — P2
si deoarece Pgh = Pyf obfinem shl|* + || Pghl|2

lIPsfl| < W&, % e U(f) 6

cu egalitate dacy si .
ik s . §.numal dacy _ -
§1 sint din U(f) dm (5) rez::]iaé }1(4)_ PSf' ']:lnlnd seama de faptul ci PS}
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PROPRIETATEA 2. Fie f € %{"(D) si s = Psf, atunci
IT(f — 9)llz < IT(f —$)llzs Vs €S,

cu egahtate daci si numai dacd Ses + 2,,._.._1

Proprietatea este un corolar al def1n1t1e1 functiei spline Hermite de
interpolare cu ajutorul operatorului 7.

ProOPRIETATEA 3. Dacd F este o functionali din clasa

m—1 n—1

g = {F, Ff = 3 g;gﬂ 9z, 9)dug(x, 3), unde
‘'sint functii cu variajie mirginiti pe D}
atunci aproximanta optimal‘:‘i in sensul lui A. Sard [9]

P, u-l,o—l

F¥f =3, 2 A5/ Nay, )

1,j=0
se obtine prin aplicarea functionalei F asupra lui Pgf.

Demonstrajia este analogd cu cea datdi de D. W. Arthur [2],
iar restul R = F — F* are reprezentarea

r.—1
i d

Rf = iQSV*(t)fa m(x,, £)dt +

P>

§=0 1=0

B e o

U™ (s, ydds + (§ wis, 07 s, asae

unde

m—11
(1‘ - 3)+

Ui(s) = R [du(y)e(%, s)] = R [dﬂm —y ]. j=0,¢1=0 5—1

n—1

Vi(t) = Rlca(2)h(y, £)] = R[“k( )_(, )1+)|

(x =971 (y—t)::‘]
m—11 (=11

], i=0,p,k=07,—1

W(s, t) = R[

q ‘J'_l(y‘ _t)n—l -1 3 r.-—l s)m—k -1
~ 3 U E 2 V).
= = (n—1-1)! =0 £=0 m—k—l)l
Metoda de calcul a functulor splme Hermite de interpolare este cea
din [2], cu modificarea ci apar in diferentele divizate considerate noduri
cu un anumit ordin de multiplicitate.
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36 . i A sint identinn
3 diviziunile Ao 51 A sint identice oy
1°. Daca]fi,;;melor de doud variabile, detneam
. ctiv in raport cu prima var1abllla 1 l:il douai Variaj
mls ‘n;_llill;zsrlileermite de interpo la.rle se reduce la polinomul de Intey,
2 functllaluip Hermite de doud var1a.b1 e. 07 se obtin fune:
polare a —1 pentru i= 0,4 7=0U,49 fin unetijle

0 ~ L= S; ; . . A I
; 2°. Dtauc:;l 12. de] doud variabile, construite in acest mod e Ctre
spline na

D. W; ;&)r;hpu_r— ([)2](-1 0, ro=m, Sy=1n Se ob{in functiille spline
d d::ui ;:riabile re,lative la spagiul de functii 70" («, B) considerat g
e
field [7]). .
iu Hilbert de funcjii pentru care conditiile ~(11) si (iil) sint relatiy
Spatlaui la frontiera domeniului D, ceea ce simplifici mult forma nucleul
?é)r?oduizant precum si calculul efectiv al funcfiilor spline Hermite e

interpolare.

uri particulare. 1
spatiflzl‘zs cg fiind mulfimea PO

(Intrat In redactic la 10 mai 197;)
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SUR LES FONCTIONS #SPLINE" DE HERMITE DE DEUX VARIABLES

(Résum g

Dans cet artj - ;
santf 2 mé"hOdzrt:iceleI?n\géfrl:tllexsufongions ~Spline” de Hermite de deux variables e:ﬁ:’
ces fonctions, L r et R X inims®
reproduis :‘::3 d?::reobtenu les fonctiong ,,s]plinefndét‘;ldle quelques propriétés tion dv 20y"

SPace de Hilpert des ionction: ré:ﬁmne on utilise la xot
es,
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L'INFORMATION ASSOCIEE A UNE REGION DE CONFIANCE

E. OANCEA et M. RADULESCU

Le probléme posé, c’est la détermination d’un indicateur pour l'infor-
mation comportée d’une région de confiance.

On considére une suite d’éxperiences (E,), { =1, ..., n indépendan-
tes, pour la méme caractéristique X. Soient P T L xff:, t =
=1, ..., n les observations correspondantes a l'experience E et on
suppose qu’elles ont la méme loi de probabilité pour ¢ =1, ..., », la loi
normale. La valeur moyenne x, ¢{ = 1, ..., # détermine une distribution
statistique qui peut étre ajustée par la méthode des plus petites carrés.
La courbe d’ajustage théorique correspondante aux variables x, =y, ¢ =
= x, est d’équation

y=a+ bx (1)

et la forme estimative obtenue par la méthode des plus petites carrés:

>
Il
R
+
W
R

”n .
_ . 1 S
a=m+BE, m=—3y =9 E=-9 %, Pp=32,
n 1 n 1 Szx
”n %
Sxx=£vl:/(xi-_£)2' Sx}' =2(x‘_—x)(.‘y;_5’)
Si on considére aussi le facteur correcteur 7 qui représente la déviation
a la vraie valeur de y douné par (1), on a

N
y=otpr+n=y+n
oit 0 est une variable aléatoire normale N(0, o,). On observe que u est
aussi normale N(a + bx, ¢,). D’autre part, de la forme théorique (1)
de la variable, il résulte qu’elle est normale de parameétres w et o, (=

= a + bx).
Pour le calcul de la variation de y, en tenant compte que (1) on
peut écrire
y=3+bx—13) (2)
d’ott il résulte
o} = ol + oX(x — %)
Parce que
o2 = ¢ —, c§=cf,—l-
T on Six

on obtient
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La variable aléatoire Y

PN

oy

est évidemment N(O, 1). Pour estimer le paramétre p on peut consigg,

la statistique _—

Tn-s = .\/ ” - 2 ’ (3‘
Vit e .
" Vzz

5121='—‘1 2 [Sw "%]» Sy =E}(J’a — 9)?

qui est de type Student avec 7 — 2 degrés de liberté. En choisissa
la probabilité de risque ¢, on déte{mme dans le PlaP du (x, ¥) pou k
paramétre p ume région R, nommee ,région de confiance”, donne .

P[T,, = (_tv’ tq)] =1-q.

La frontiére de cette région s’obtient de la relation

:I:tq = y—¢ (4)

sn\/ =
" \/ n * Syx
qui représente une famille d’hyperboles de paramétre . (le paramétre s

est variable avec z).
1’équation (‘.4) peut étre rationnalisée et amenée a la forme

(x=30  (y—a-—bzp
Iy ,Y’ 82 p—

R Y fhshy2 | sk
8 = Sex | MRl B e
- xx Sex

3.2

1=0 i

2
i

?
1352
bt 135312 (23
= Sex \/(b’+1_ﬂ')+4u
Sex Sxx
228

1
g

Le lieu géometri
X ! )
sale détermine 15 fr%gi'\d ®S sommets correspondants 4 1'axe nontrans’®
tiére est Semblable Y l,ll'lere de la région R . (On observe que Cette fron ¢
n.:'l'esz c'est pourquoi cetteyp?ﬂ?ole, mais Se; axESu ne s ant pas OrthogO'
€ comm ‘o region s . e1d
€ une région ,,hypilrboﬁ;zggnnue dans la littérature de P

)
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De I’équation (4) on voit que R, contient la droite y = a + bx et
les pomts de la frontiére R, sont également éloignés sur une du'ectlon
paralléle a Oy, au point conespondan’c de la droite (1).

Y
T /
Jsatbx

~—— ! 4
/)'.-//__E-- S

x

)
&

Tig. 1.

On observe que pour un x, fixé, la droite x = x, intersectée avec
la frontiére de R,, détermine un intervalle de confiance I, qui en fait
est un intervalle de confiance pour p.

Pour déterminer l'information correspondante, apportée par la région
de confiance R,, on observe de la fig. 1, que dans le cas o1 les hyper-
boles de la famille d’équation (4) tendent vers les droites

y—u—ﬂ:th"

alors la frontiére de R, est formée de ces droites et l'information appor-
tée de région R, pour chaque X = %y, %o € R, tend a4 donner, la valeur
maximale.

Dans le cas oit les hyperboles s’approchent 4 la droite

X =2

I'intervalle de confiance I,,, pour chaque x, # £, devient infini et donc
I'information de la région R, est minimale.

I1 résulte d’ici que les situations limites avec lesquelles on compare
I'information contenue dans une région de confiance quelconque R, sont:

I y=u (R, max) (6)
qui représente la situation optimale et
II x=2% (R, min) (7)

qui représente la situation avec l'information minimale.
Pour établir un indicateur de la mesure d’information correspondant a
une région de confiance R,, on considére le vecteur
== *_) 8)
Woary' Jogye
dénommé le wvecteur d'information de la région de confiance R, avec le
niveau de signification g.
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5 et y? qu elles ne s’annulent

. la région de confiance ;

analyse graphique de o

t de liirflor?;ati%nelle donneg par le vectgur V,, relati
on tion associée & une r€glon de confiance, Cest 3

’ jon de
On observe de l'express

simultanément €t G
résulte la 51gn1f'1.cat1
a la quantité d’informa
dire: |
Si -
(1) Y~ 0, Vq - ( ,

les hyperboles (5) tendent vers la droite (7) qui correspond 4 la situatioy
d’information minimale.

Si
(2) § —~0, V= (0, 1)

les hyperboles (5) tendent vers la droite (6) qui détermine la situation
d’information maximale. ' . \

Pratiquement, le vecteur V, sera différent a ..ces 51tl|at1(?11§ _?xtremes
et donc le chercheur fixera un niveau de signification ¢>0, suffisamment
petit, pour accepter avec le risque ¢ la conclusion que l'information de
R, est minimale, si

Yy<e
ou l'information est maximale si
y>1—e

Dans ces intermédiaires on apprécie la grandeur d’information d’aprés
les valeurs des composantes de vecteur v,

Remarque : Pour une région de confiance quelconque R, on observe

gui l'intervalle de confiance 1y, avee I'information maximale correspond
0 = X.

(Manuscrit regu le 12 mai 1977)
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(Rezumg t)
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4 max . a :

coeficientul informa axIimi. In cazurile con,
matiei aduse de Rq.
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FUZZY CORRELATION

D. DUMITRESCU

The fuzzy sets theory (Zadeh [2]) was 1n’croduced in order to give
an instrument to describe those classes of problems exhlbltmg an impreci-
sion which is not of aleatory nature. Such problems appear in modelling
of so-called soft sciences (biology, psychology, sociology), natural languages
and in general systems theory. Many matheinatical branches, such as topo-
logy, probability, measure theory, formal languages and logic have been
enlarged in the context of fuzzy sets theory. There are many works dedica-
ted to fuzzy sets and their applications in pattern recognition, artificial
intelligence, medical diagnosis, switching circuits, control systems, mana-
gement information systems (for a complete blbhography up to 1976 see
Kandel and Davis ([G]).

In this note we consider properties defined on finite classes of objects,
such that every object can enjoy to a different degree a praoperty, and we
propose a measure for the correlation of two such properties.

A fuzzy set f (Goguen [1]) on a set X is a function f: X — L,
where L is a partially ordered set. X is called the carrier of f and L the
truth set of f. Generally one assumes that L 'is a completely distributive
lattice. In this paper the case L = [0, 1] will be considered.

Let X = {x,;, %,, ..., x,} be a class of objects and P a characteristic
of these objects. We assume that objects of X can enjoy to a different
degree the characteristic P. The measure of the degree to which x;
enjoys P is given by fp(x;) where fp is the fuzzy set fp: X — [0, 1].
In this way we can associate to every characteristic P a fuzzy set fp.
In the followlng no distinction is made between the characteristic. P and
the corresponding fuzzy set fp.

Let us consider a finite class of objects X = {x,, Koy vo o '%,} and two
characteristics f, g defined on it. ’

DrrinitioN 1. The correlation of characteristics f and g is defined
by :

&) = 3 Ulxlel=) + Fng(a) 0

where f is the complement of f f(x) =1 — f(x) for all x of X. In the
following we shall denote f(x;) = f;.

(=
From (1) we have C(f, f) = E(f) where E(f) is the energy of fuzzy
set f(Dumitrescu [3]). E(f) can be interpreted as a measure of non-

fuzziness.
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characteristics f and

DEFINITION 2. The correlationt coefficient of
is defined by '
«f, &) = 12 E(/)E(@))? "

& (4T 6 +ED
i=1 fo

) =1 and C(f» g) = C(f! g)'

We.have evidently a(f, f -
coefficient satisfies the 1inequq.

PROPOSITION 1. The correlation

Lities :
0 <alf, &) s 1

Proof. Using the well-known inequality

b |55
and the notations
‘_ilf}-—-a, Z:{g3=b, 'z:_}fi =c,g§.’=d,

we obtain
_ Jab +4cd
«lf &) = Grab+d

from which we have:
o g — 1 < W YT
(o) =1s —LTaora <°

Jo 1_1’20;0:;21?_2.16‘(1’, g) =0 if and only if we have fi = 0, g =!
T A =0, forj € J, where I\ ] =@ and 1UJ=

If C = st

I{et 1§£ ’ Ci)nsid(::r we say that f fmd g are uncorrelated charactertshics
system being x;, %,, IT(?‘?', };\f.as @ time evoluting  system the states !

DeriniTioN 3. Th
: NITION 3. The . o
is by definition retarded correlation of characteristics / 214 8

C1( ’ = -
5 /8 2 U(xi)g(xih_)+f(x)'g‘(x,-+,)], ¢
where = € {0, 1, ..., #} and
» X; ) = .
The retarded correlation fc(oe;fi)cieng f: FrhTem
a'(f: g) = _&L (5)

[C'(f:f)o(g,g)]llz )

We have C°(f, f) = C(f, f) = E(f).



FUZZY CORRELATION 43

DerinNiTION 4. The total correlation of characteristics f and g is

e(f, g = E (figi + @) (6)
:#J

where we assume that f; < fiyq

ProroSITION 3. The total correlation, the retarded correlation and
the energy of a fuzzy set f are conmected by :-

e(f, f) + E(f) =§)C‘(ﬁ /) (7)
Proof. From
g = ;C'(f. g) =§ C(f, 8 —C°(/, &)
and C°(f, f) = E(f) we obtain (7).
DeriNiTioN 5. The total correlation coefficient is defined by

_ e/, g .
“(f, 8 = e, /ele. g 1" ®

Drrinition 6. The correlation of the three characteristics f, g, # is

C(f & h) = }: (f&gh; + [&M), (9)
and the correlation coefficient is given by :
C(f, g h
«(f, & h) = e o

- . - - 10
l Qo +7 2+ Qo +;.:))] )
The generalisation for the case of # characteristics is obvious.

Let us now consider an experiment in which for every element x;
of X the characteristics f and g appear with probabilities p; and g¢;

respectively|[p,> 0, ¢,> 0, E P = Zq, ) The correlation of characte-
ristics f and g is defined in thls case by

C*(f, & =‘z=:/ﬁ£qo'(fi & + f:’gi)' (11)

When f;, g, € {0 1,} , (11) reduce to Onicescu’s informational correlation
(On1cescu [4]).
The form of the retarded and the total correlation in this probabilistic

case is evident.
(Recerved May 15, 1977)
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CORELATIA FUZZY

(Rezum at)

3 Se considerd c:_xmcteristici imprecise (fuzzy) ale undi clase de obiccte §i se propu
miasuri ale gradului de corelatie intre astfel de caracteristici. ' propun citevs
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O GENERALIZARE A INVARIANTULUI LUI H. LEPTIN

CONSTANTA MOCANU

Fie G un grup local compact §i p o misurd pozitivi netriviald
relativ invariantd la stinga pe G de modul A*. Se stie ci In acest caz
are loc formula

| J(x)dp(x) = ( f2)A%(x)dz, VS = &(G), M

G G

unde H(G) este spatiul functiilor continue pe G cu suport compact, iar
dx este masura Haar invariantd la stinga pe G. Dacd X este o submuljime
a lui G mdisurabild in raport cu p atunci misura sa este datd de

w(X) = j %6(%)du(x) =§ Yo%) A% (x) dz,

G G

unde yx; este functia caracteristicd a Iui X.
Avem, evident, p(sX) = A*(s)u(X), Vs €G.
Notind cu €(G) familia submuljimilor compacte din G, vom defini

I(G) = sup inf 2O )
cegE Uveel) wU)
wU)>0
In cazul cind p este misura lui Haar, I,(G) este chiar invariantul
I(G) introdus de Leptin [l1].
Fie G si K doud grupuri local compacte si ¢:G — K un epimorfism
continuu deschis. Notdm H = ker (¢). Generalizind o inegalitate a lui
Leptin in [2], am aritat cd ‘

1(G) < I(K) - I(H) (3)

in cele ce urmeazi, se va da o generalizare a 1negallta;u (3), in cazul
cind invariantul lui Leptin se inlocueste cu I,. :

TEOREMA. Fie G 51 K doud grupuri local compacte 5i ¢:G — K un
eptmorfism continuu deschis, iar H = ker(p). Fie u st v doud mdsuri
relativ invariante pe G, respectiv K, de module Ax, respectw A, Atunct are
loc inegalitatea

1,(6) <« M - I(K) - I(H), 4)
unde \ este o mdsurd relattv invariantd pe H de modul A* definit de formula
M(s) = A¥(s)/A%(e(s), s =G, .

iar
M = sup AX(s).

seG
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- i tilizeazd doui le
Pentru demonstrarea teoremel se U Jeme apyy
cele din lucrarea [2]. Notim cu %, 3, # elementele generice dip g, 5
Fie dy si dz misurile Haar invariante la stinga pe H, TeSpectiy g’ é(

stie ci pe H se poate defini midsura A = /v, care este relatiy inVariént?
a

pe H de modul A* definit de egalitatea
A¥(s) = A¥(s) - A%(g(s)), Vs =G, 8
Misura X este bine definits, astfel incit mésura # este produsyl Omomorg

al misurilor A §i v, adicd p = A ® v.
Fiecdrei funcfii f = €(G) ii corespunde o funcfie unicy f < £(k)

cu proprietatea

Vs <G, flol®)] = [ fm)ary) = { S(x)d(zy) @y, o
iar ’ !
[ /3)utn) = { T)aves)
§ S@ae(=)dx = ( [e)av(s)de )

Leva 1. Fie C e €G), W e ¢e(H), Q=C-CNHe C(H). Atunci,
unde B(CW) < Movig(C)1a(QW),

M = max AMy),

x8C
[in a'éi'fz?ifdé‘fc’?ﬁ < ¥C)5i7 € 973e). Dack y < H, atunci 2y # CW
€ ¢(C)]. Dedi, x(zy) = 0’§i din (ép)(xrye)z;tg(x)cp(y) ol = <R
Forl) = Yowlo(x) = [ tenaar(y) = o,
H

Prin Urmare,

Fie x e ¢ Atun .z =9(C) = ic"(z) =0. ®
. 1 b}
=W, dewnde " TWNHCCCw g 2 (coe y BV =
Deci, Xew(2y) = x“‘cw(y) S Xow(¥).

icw(z) = icw (‘P(x)} ==S
H

ch(xy)A"(xy) dy < A\(x) j Xow(¥)A(y)dy =
= Al( "

%) - NQW) ¢ McNQw), &
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Din (7), (8) si (9) rezulti

B(CW) = xenl)A4(2)dz= ( Tew(2)A"(2)dz =
G K

= S Lew(2)AN(2)dz < M MQW) S B(z)dz = M MQW)v(9(C))-

%(C) 9(C)

LEMA 2. Pentru C € @(G) avem

mev[e(C)] < HCW) < Movo(CYIIy(H),
weaeH) AMW)

unde

M, = max A}x) si m; = min A(x).
xsC zeC

Demonstratie. Din (1) deducem

I(H) > inf 28%)
weeH) MW)
AW)>0

Tinind seama de Lema 1, objinem

v[9(C)1y(H) > v[p(C)] inf 2EM) _
weeH) MW)

MW)>0
. - A QIV 1 . 4
= inf v(9(C)) - AMQ )> LI u(cu)’
We@(H) () M, wegiy MW)
A(W)>0 AW)>0

de unde rezulti partea dreaptd a inegalitifii.
Pentru a demonstra partea stingd a inegalititii, fie x € C 5i W
€ C(H). Pentru y € H avem

Xew(%Y) = Xsmew(y) 2 xw()

deci
Yew[2(0)] = | xow()849)dy > { Yy (3)0N(xy)dy =
= 8(2) { xw()83)dy = A=W > moA(W),
adici a

Xew(2) = mcA(W) pentru orice z € ¢(C).
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De aici rezultd
s(CW) = § xon (2R { ren(a)8 @)z =
G x
_ (a3 ma() § Az = mer )V Ie()
%(0) 9(0)

Deci, , i

mev[9(C)] < “-)—((CTE)-) oricare ar fi W € €(H),

a stingd.

de unde, inegalitatea din parte
Vom trece acum la demonstrarea teoremel.

~ FieC si U din €(G) cu p(G) > 0. Din Lema 2 rezultd ci oricare
fi ¢ > 0, exista W < €(H) 1 MH) > 0, astfel incit a

e 6(CU)] = mev (o)) € HETE < Mewv[p(Co(UNRUD + 9

si
mpv[p(U)] < B2
W)
sau
W) 1!
. w(UW) '
De aici rezultd " v-[Q(U)]
#(CV) wCUW) (CUW
< = ) AMW) _ M
! — < — = . < My v(e(@ - o(U)]
':(l’)e>(60) k¥ wuir) W) w(Uw) = my ' v(o(U)) : [IA(H) + 5]-
D . =
ar, Mgy = McMy (deoarece max AMx) = max ANx %) =
= maXx A)‘(xfl) max A* .S.ECU . x,eC,x:aU 1X2) =
neC xev (%2), §i inegalitatea de mai sus se poate scrie
inf M <M MU V[?(C)
- <M, X6 o)),
::(V?(f')) I"(V) my V(Q(U)) [IX(H) + S].

‘Deoa .
rece ¢ este un epimorfism continuu deschis, rezultd cd
Luind in (10) infi eK) = {o(U): U = e(G)}.
n < :
supremul dupi C < e(gi Su?ad U <), adick 9(U) < e(K). 5 ¥
11ind seama ci inf My
=Y =1, deducem
1,(G) < MI mu
unde M = sup M. — S MI(K)[I,(H) + s],
cege) ©  soP AX(x). "

S I ’ em neg .

(Intrat in redaciie Is 2 iunié 1977
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A GENERALIZATION OF AN INVARIANT OF H. LEPTIN
(Summary)

Let G be alocally compact group and ¢ a (left) relatively invariant measure on G with
modulus A*. We define I,(G) by the formula (2), where € (G) denotes the family of compact
subsets of G. If p is the Haar measure on G then I,(G) reduces to the invariant I(G) of
H. Leptin [1]). Let G and K be two locally compact groups, ¢:G~ K, an open conti-
nuous epimorphism and H = ker (p). Let p and v be two relatively invariant measures on
G, with moduli A* and AV respectively. Then the inequality (4) holds, where A is a relatively
invariant measure on H with modulus A} defined by (5) and M = sup AX(s). This result

SEG

is a generalization of an inequality due to H. Leptin [1].
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MARQUES CONCERNA ’
PROBI%E:;'IES %E PROGRAMMATION QUADRATIQUE INDERpy,
ET LES PROBLEMES DE PROGRAMMATION HYPERBOLIQUE

LIANA LUPSA

die le probléme de programmation nonlingajr

Dans ce travail on étuc ; mm
suivant : déterminer le maximum de la fonction f, délinie sur I'espace pr

par
f(#) = (™% + o)(@x + B) + 7z + y pour tout x € R, )

pour les valeurs de x € R’, qui vérifient le systéme

Dans Iénoncé de ce probléme ¢, d, ¢ sont des éléments donnés de I'espace
R*, «, B, y sont des nombres réels donnés, A est une matrice de nombres
réels de type (m, n) et b est un élément de l'espace R™.

Le probléme ainsi formulé, que nous allons désigner, par la suite,
pour simplifier I'écriture, par (P), représente une généralisation immédiate
des problemes ot I'on demande la maximisation du produit de deux fonc
tions linéaires, sur I'ensemble des solutions du systéme (2) et quiont été
étudiés dans [4—8]. De plus, ce probléme est étroitement lié aux proble-
mes de programmation hyperbolique étudiés dans [3, 9].

_ Dans ce travail on met en évidence le rapport qui existe entre les
points de maximum local (respectivement maximum) de la fonction (1)
181?;1111: e;s:;}ble (2) ‘,1““6 part et les points de maximun local (respe’ct“'e‘

.mum) dgne fonction hyperbolique sur I’ensemble (2) d’autre
gz.‘:t' E.ns?:.lte ou reléve la possibilité de I'utilisation d’un algorithme de

el;”::: il;):r (21 maximum de la fonction (1) sur I’ensemble (2).

oduisons les ensembles suivants :

Q.={x € R |dx < B,

E={xe R*|dTx + 8 > 0}.
Nous allons supposer que Q CE

Pour caractériser les

nous définissons la fonctio points de maximum de la fonction f dans*

ng:EXR_,R' par

x, =M
£ aty 1 g Pour tout (x, ) « E X R. Y

On vérifie
que la foncti .
nction § peut étre exprimée aussi sous la forme

g(x) t) =ch+ 3Tx+Y_t 3:
' a+7r,+\p Pourtout(x,t)eExR. ()
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THEOREME 1. Soit 20 € Q ¢t t, = f(x°). Pour que x° soit um point
de maximum local de la fonction f en ) il est nécessaire et suffisant qu'il
soit un point de maximum local de la fonction g(-, t,) dans Q.

Démonstration. Nécessité. Soit x° un point de maximum local de la
fonction f dans Q. Il existe un voisinage ¥ du point x° tel que

f(x) £t, pour tout x € V' N Q.

En tenant compte de la définition de la fonction g(-, #,) il résulte que
g(x, ty) <0 pour tout x VN Q.

D’autre part nous avons g(x°, ¢,) = 0. Donc g(%, £,) < g(x°, ¢,) pour
tout x€ VN Q.

Suffisance. Nous supposons que x° est un point de maximum local
de la fonction g(-, ¢{,) dans Q. Dans ce cas il existe un voisinage ¥V du
point x° tel que

g(x, ty) < g(x°, ty) pour tout x € VN Q.

Parce que g(x°, t,) =0, nous avons g(x, ¢,) < 0 pour tout x € V' N Q.
En tenant compte du fait que 2° = Q et que Q C E il résulte

f(x) Sty =f(x°) quel que soit x € VN Q,

ce qui démontre que x° est un point de maximum de la fonction f
dans Q.

COROLLAIRE. St x° est un point de maximum de la fonctton S sur Q
alors max &(x, f(x°)) =0.

Demonslratwn. Soit x° un point de maximum de la fonction f sur
Q. Alors, du théoréme 1, il résulte que x° est un point de maximum
de la fonction g( -, f(x°)) sur Q. Mais g(x°, f(x°)) =0. Donc max g(x, f(x0)) = 0.

- TuizoriMe 2. Soit 20 € Q et t, = f(x°). Une condztwn suffisante
pour quw'un point de maximum y° de la fonction g(-, t,) dans Q soit un
point de maximum de la fonction f sur Q est que g(y“, to) = 0.

Démonstration. Soit y° un point de maximum de la fonction g(-, ¢,)
sur Q et g(y°, ¢,) = 0. Puisque y° est un point de maximum de la fonction
g(-, tp,) dans Q nous avons

g(x, ty) £0 pour tout x Q.
Cette relation implique
flx) £¢, pour tout x = Q.

D’autre part, de g(3°, £o) = 0il résulte que /, = f(»°). Donc y° est un point
de maximum de la fonction f dans Q.
“’\Q“Ech F‘”"lr;
CLUJ-NAPOCA
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de deux fonctions linéaires posit
pose la question: quelle auur:lhvts
e produit une fonction lipg.
ar le théoréme suivant. Arg;

Il est bien conut queé le produit

est une fonction quasiconcave. Il si pos
la fonction qui s'obtient en ajoutant ¢
La réponse 4 cette question est donnee P

THEOREME 3. Si la fonction g+, [(x)) est quasiconvexe suy Q, b
tout x € Q alors siconvexe sur Q. iy
»

la fonction f est quasicon
Démonstration. Soient 2%, 42 deux points de Q et

X={xeR”[x=tx‘+(1-—-t)x2, t = [0, 1]}.

Il faut montrer que
f(x) < max {f(z}), f(x#)} pour tout x € X. i

Supposons, par exemple, que max {f(="), f(**)} = f(*'). Puisque X

est un sousensemble convexe de Q, et g(-, f(x1)) est quasiconvexe sur {

il résulte que la restriction de la fonction g(-, f(x')) a X peut atteinds
son maximum seulement en #! ou en x% Si

max g(%, f(#) = &=, J(x),

alors du théoréme 1 il résulte que

max f(x) = f(x).

e X
Par conséquent la relation (4) a lieu. Si
max g(x, /() = gl f(=)),
alors nous avons

S(x) = f(+) < fx?) = ()
aTs+ 8 aTz* 4 8

pour tout x € X.

Compte tenu que f(x!) > f(a2), I'inégalité (5) implique
f3) = fly
aTx 4+ B
d .
onc f(x) £ f(x%) quel que soit x < X. Donc, dans ce cas aussi nous &'

(4). y
: es pOints x!, xﬂ a te 2 . .
quasiconvexe sur Q. yant été choisis arbitrairement, il résulte quef ¢

En nous a
et 2 nous Pouvg)n%uy:e‘nt sur les résultats contenus dans les théorén®
; 1S presenter maintenant Palgorithme suivant pour 12 v
Xim .
é" ;Zas 0. On prend 5 = 0um de Ia fonction f dans Q.
n étermine un . * X
polnt 2 € Q (en utilisant par exemple 1a méthod

simplex pour la résolut;
solut ) \

On contj lon d'un systéme linéaj g :
nue par le pas | aire d’inéquations)-

Le pas 1. On caleuje b= f(x9)

<0 pour tout x € X
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On détermine un point x*+! de maximum de la fonction g(-, ¢;) sur’
Q (en utilisant par exemple l'algorithme de Marusgciac, I. [3].

On continue par le pas 2.

Le pas 2. Si g(x*+1, ¢;) # 0, 7augmente d’une unité et on revient au
pas 1. Selon le théoréme 2, si g(x*1, ¢;) =0, alors x'*1 est un point
de maximum de la fonction f dans Q, donc x*+! est une solution optimal
du probléme (P).

THROREME 4. St Q est un  ensemble compact et max g(y, f(x)) =
.. . <q
= max g(y, f(x)) quel que soit x < Q, o Q est le pro_/!il de Q, alors en

y<Q

appliquant 1'algorithme ci-dessus on obtient aprés um mnombre fini de pas
une solution optimale du probléme (P).

Démonstration. Parce que max g(y, f(x)) = maxg(y, f(x)) quel que

y€Q ye:d .

soit x € (), nous pouvons supposer que les points x*, ¢ >1 obtenus au
pas 1 sont des sommets de Q. Mais le nombre de sommets de Q est fini,
donc pour montrer que le nombre de pas est fini, il suffit de démontrer
que nous ne pouvons pas revenir au méme sommet. Pour le faire, suppo-
sons que nous avons trouvé le sommet x*1. Il peut se présenter deuxcas:

1° g(x*+1, ¢,) = 0 et alors nous nous arrétons.

2° g(x+1,¢,) # 0 ce qui implique f(x*+1) — £ > 0, c’est-a-dire f(x'+1) >
> f(x') et alors nous continuous par le pas 1.

Il en résulte que nous passons dans l’algorithme a la détermination
d’un nouveau point '+, si et seulement f(x'*!) < f(x’), donc la séquence
(f(x*))i1s est une séquence de nombres strictement croissante, ce qui implique
que le séquence (x*),10 est une séquence d’éléments de R* distincts.

Exemple. On considére le probléme suivant: déterminer le maximum
de la fonction f, définie sur I’espace R? par

f(x;, %) = %%, — 1  pour tout (x,, x,) € R?
pour le valeurs de (x;, x,) € Q, ou
Q={(x, %) € R2| %, 2 %, % £2, 2, > 1}.
Premiére itération.

Le pas 0. Nous prenons 7 =0 et 20 = (1, 1).

Le pas 1. Nous calculons la valeur de la fonction f sur le point x° et
nous prenons £, = f(¥?) = 0; nous construisons la fonction

1

EZ

g(-, 0): Q — R, g(x,, %,, 0) = x, — — pour tout (x,, x,) = Q.

Le point de maximum de la fonction g(-, 0), dans Q obtenant 2
l'aide de l’algorithme de Marugsciac I. [3] est x* = (2, 2). Parce

3 . ta s
que g(2, 2) = Py # 0, nous augmentons ¢ d’une unité et nous revenong

au pas 1.
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Deuxiéme itération. fonction f i -
Ja valeur de la fonction f sur le point x g
Le pas 1. Nous calculons aNous construisons la fonction g(-,3): Q - R

enons ¢ = f(#') = 3.
nous pr (%1, %) € Q.

4
g(xl, X, 3) =% —;—pour tout ( 3) ) 5 L
i i de la fonction g(', ans Q est x? = (2,9
Parcgeqlf: lg(tz d;,nl"s)imotjn; —: 22 = (2, 2) sera une solution optimale de l)a

fonction f dans de P'algorithme décrit ci-dessus est semblable a celui utilige

1 prncipe M. et RobillardP. [2] pour réduire la résolution d'uy

par Florian L ) ; . A
probleme de programmation fractionnaire en variables bl\rale{ltes par
I'introduction d’'un paramétre & la résolution de plusieurs problémes de

programmation linéaire en variabiles bivalentes.
(Manuscrit regu la 27 juin 197))
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SUR LE PROLONGEMENT DES FONCTIONNELLES MAJOREES
PAR UNE FONCTIONNELLE SOUS-ADDITIVE

DUMITRU BARAC

1. H Nakano {1] a prouvé le théoréme suivant qui. montre que, pour
les fonctionnelles linéaires majorées par certaines fonctionnelles sous-addi-
tives, un théoréme de prolongement du type du théoréme de Hahn-Banach
reste vrai:

Sotent X wun espace vectoriel réel, Y un sous-espace vectoriel de X,
p: X = R une fonctionnelle sous-additive et f,:Y — R une fontionnelle
linéaire telles que les conditions sutvantes sotent vérifiées :

(i) 0 = p(x) pour tout x X ;

(i) llm p(tx) = 0 pour tout x < X;

(iti) fo(y) S py) pour lout y = Y.
Alors 1l existe une fonctionnelle linéaire f: X — R qui posséde les propriétés

sutvantes :
f(y) = foly) pour tout y €Y.
f(x) S p(x) pour tout x = X.

Dans cette note on démontrera une généralisation de ce résultat,
gc’-néralisation qui s’obtient, d’une part, en affaiblissant les conditions (i)
et (ii) imposées & la fonctionnelle p, et, d’autre part, en permettant que
fo soit aussi une fonctionnelle affine ou convexe.

2. Dans ce qui suit, nous désignons par X un espace vectoriel réel.

Une fonctionnelle p: X — R est dite
a) sous-additive, si
P(x +y) = p(x) + p(y) pour tous x, y € X;
b) sur-additive, si
p(x) + p(y) = p(x + y) pour tous %, y € X ;
c) radialement supérieurement semi-continue, si

lim p(tx) < p(x) pour tout x € X ;
1—1 .

d)' radialement inférieurement semi-continue, si
p(x) £ lim p(tx) pour tout x € X.
i—~1

PropositioN 1. Soient p: X — R une fonctionnelle sous-additive
et ¢ un nombre réel. La fonctionnelle x € X — p(x) — c est aussi sous-additive

st et seulement si

¢ < inf {p(x) + p(y) —p(x +3): % y = X},
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i immédiate.
démonstration est immeé Ny |
;,a POSITION 2. St la fonctiomzelle sous-additive p: X — R sqy;
fait a;xo conditions suwantes: .
$(0) = inf {(x) + py) —plx+2): %Y 3 ()
Tim pltx) S p(0) pour tout * € X, 0
t—1

adlors elle est aussi radialement supérieurement semi-continue.
Démonstration. La fonctionnelle ¢: X — R définie par
q(x) = (%) — p(0) pour tout x € X,

est sous-additive en vertu de (1) et de la proposition 1. Il en résult
que pour tout x € X on a

g(tx) < g(x) + ¢((¢ — 1)x) quel que soit ¢ € R,
.d’oﬁ, conformément 2 la condition (2), on déduit
lim g(tx) < g(x) + lim g((t — 1)2) = (%),
c’est-a-dire ¢ et p sont radialement supérieurement semi-continues.

PROPOSITION 3. Si la fonctionnelle p: X — R est sous-addili
alors, pour tout x € X, le nombre

inf {n=1p(nx) : n € N} @

est fini et la fonctionnelle j;‘ : X — R, définie par
(%) = inf {n~'p(nx): n « N} pour tout x < X, t
est sous-additive. De plus, si

. . : T
A p est radialement supéricurement semi-contin
alors p est sous-linéaire. ’

Démonstrats s el . . €
< ration. La sous-additivité de p implique, pour ne N et *

02 20) £ p(2) + p(—n2) < p(nx) + np(—2)

d’ott on déduit —p(— - .
P:ouEdmt ? ( %) £ n~p(nx). Par conséquent le nombre (3) est ﬁn;.

vons maintenant N e e, A . R

m, n N, alors on peut égir:_ous additivit¢ de p. Soient %, ¥ € X

Px+y) < (mn)=3p(mn(x + 5)) < (
S (mn)=2[np(mx) + mp(ny)
d’olt on obtient jAb(x +y) g ;t;(x)

mn)=1[p(mnx) + p(mny)]
")) = m=1p(mx) + n-1p(ny)-
+ 2(y).
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On remarque que pour tout nombre rationnel £ = mn-1, avec m, n €N,
on a

ﬁ(x) < moip(mx) £ nm-lp(mn=lx) = t-1p(lx) pour tout x € X.
Considérons maintenant ¢, > 0 un nombre réel positif quelconque. Il
existe une suite (t4)nen décroissante de nombres rationnels qui converge vers
t,. Puisque p(tx) <t,' p(t,x) et lim 4,65 = 1, de la semi-continuité supé-
rieure radiale de p on déduit e

plx) s T b'pl6 ) = 6" T (6 to)p((tals Nto%) S 85 'Plbo¥)
n—

U—+ 0

pour tout x € X. De cette derniére relation on déduit que;b est sous-linéaire.

COROLLAIRE 4. Si la fonctionnelle q: X — R est sur-additive, alors?
pour tout x € X, le nombre

sup {n~¢(nx):n € N} (5)
est fint et la fonctionnelle Iq\: X — R, définie par
g(x) = sup {n~'q(nx): n € N} pour tout x € X, (6)

est sur-additive. De plus, si q est radialement inférieurement semi-continue,
A
alors q est sur-lincaire.

THEOREME 5. Sotent Y un sous-espace vectoriel de X, p: X — R une
Sfonctionnelle sous-additive radialement supériewrement semi-continue et
fo: Y — R une fonctionnelle linéaire (respectivement affine, convexe), telles
que les conditions suivantes soient vérifides:’

(1) fo(0) = inf {p(x) + p(y) —p(x +): % y < X};
(13) foly) = p(y) pour tout y €Y.
Alors il existe une fonctionnelle linéaire (respectivement affine, convexe)
f: X — R qui posséde les propriétés suivantes:
f(3) =foly) pour tout y €Y,
f(x) = p(x) pour tout x € X.

Démonstration. Supposons d’abord fo(0) £ 0. La convexité de f, et
(jj) entrainent, pour y € Y et n € N quelconques,

Sol¥) = foly) — (1 — n71)fo(0) S n=fo(my) + (1 — n=1)£4(0) —
—(1 = 5 )fol0) = n=Yfo(ny) S #1p(ny),
donc
fol) S P(y) pour tout y €Y,
olt j; : X — R est la fonctionnelle définie par (4). Vu la sous-linéarité de
ﬁ donnge par la proposition 3, on applique le théoréme pourle prolonge-
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g i t affines, convexes) y,:

. s (respectivemen , S) majy

fonctionnelles linéaire ] .

g ct'e?me fonctionnelle convexe (voir, par exemple, F. A,dv alen tins
rées pa t l’existence d’un prolongement f e fo de méme

(2, p-29]) et on obtien € eut / de
type, defini sur X et majoré par p. En employant (4), il résulte

flx) S p(x) S }(x) pour tout x € X.

i 0), alors go(y) = foly) — fo(0). es}: affine (respectivemep
conviie?, jé{gfuzle dans gl’ori'gi_ne et es’t majorcée Pcéllr g(x) =,15('x) — fol0j
qui est sous-additive (proposition 1). L‘apphcatlon u'cas Pr(icedent con-
duit 2 un prolongement affine (respectl.\{emen’t convexe) £: X — R de g,
majoré par ¢. Pour f(x) = g(%) + f4(0) I'énonce est vérifié. -

Remarques. 1) La condition pour p d’étre radialement supérieure-
ment semi-continue ne peut pas étre omise. Pour le montrer, considérons
d’abord R comme un espace vectoriel sur le corps @ des rationnels. Si nous
désignons b, =1 et b, un nombre irrationel sur-unitaire, alors b, etb,
seront linéairement indépendants. Soit B une base de R avec {b,, b,} ¢
€ B. Maintenant nous définissons une fonction %2: R — R de la maniére
suivante : chaque ¥ € R a une représentation unique

n
x=) ab,oub;€B a<€Q i=1, ... n;
i=1

nous posous

On voit aisément que % est additive. Choisi P 2fini
: e. oisissons X = R2, définissons
f°'1R@{0}1—’zR par fo(x!, 0) = 0 pour tout x* = R et p X =R par
fi(:e’ 7 st 11(':‘ ) pour tout (#1, %) € R, 1 est clair que p est (sous) addi-
, Jo est lindaire et (1, '0) = 0 = p(m, 0) pour tout x* = R. Mais

3§r:i€t: Eoubrr; %37(P§010;1ge1— fo- En effet, supposant le contraire, on trov
=f on' obtiem'i f::, x ) = ax! + bx? pour tout (xl, xz) e R2 . de fR@(O) =
S ho(xz) pour tourt&ll 2 ae= 0; de /10, ) <, (0, x?) on obtiendrait 4% £
ce qui exige b = lx. R, par conséquent, aussi pour x% = b, x* = —bv
ce qui est une cont enfin, en remplagant 22 = p bti drait b £

. ontradiction. »» On obtiendrait 0.

. 2) Dans le théoréme
qui, visiblement,
~ R, définie par

5 on ne

est remplie si f, peut pas renoncer & la condition (/)

est linéaire. La fonctionnelle p: K*~

)1 pour tout (22, x?) € R?;

0’ alement sypgrs - . ]
e deun prolongement affine pob. CeMeNt semi-continue, maiS

oy 22" Jol 0= 312 pouy 3, B, 14 fonctionnelle fo: R @ (0} ¥

iculi - Nag : . ¢

un cas particulier dqy théoréme Sa. Iiﬂ' ;&Egelsi %1111 début dde la(ﬁz;o;e,’ ea
: pose dans
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on obtient p(0) = 0. Grdce 2 la proposition 1 on obtient alors inf {#(x)+
4 () —p(x+y):x y € X} =0, donc la condition (j) est vérifiée. De
la proposition 2 on déduit la semi-continuité supérieure radiale de ».

THEOREME 6. Sotent Y, Z sous-espaces vectoriels de X, p: X ‘- R
unc fonctionnelle sous-additive radialement supérieurement semi-continue,
g:Z — R une fonctionnelle sur-additive radialement inférieurement semi-
continue et fo:Y — R une fonctionnelle linéaire. Alors les affirmations
swivantes sont équivalentes :

1° foly) + 9(z) = p(y + 2) pour tout (y, 2) €Y @ Z.
2° 11 cxiste une fonctionnelle linéaire f: X — R telle que

f(y) = foly) pour tout y €Y,
f(x) + q(2) £ p(x + 2) pour tout (x, 2) € X ® Z.

3° Il existe une fonctionnelle linéaire f: X — R telle que

J() = Joly) pour tout y €Y,
q(z) £ f(2) pour tout z € Z,
f(x) £ p(x) pour tout x € X.

Demonstration. Supposons 1° remplie. Pour tout x € X et tout z € Z
on a:

—p(—=2x) = —p(—x) + p(2) — 9(2) = p(x + 2) — 9(2).
Par conséquent, on peut définir la fonctionnelle p: X — R par
p(x) = inf {p(x + 2) — q(2) : 2 € Z} pour tout x € X.
Pour tous », y € X et tous 2, 27 €Z on a
Plx+y) splx+y+z+2)—qz+2) <
S plx+2) —q@@) + ply + 2] — () ;

il en résulte la sous-additivité de p. Prouvons maintenant la semi-conti-
nuité supérieure radiale de p. Remarquons d’abord I’égalité

P(x) = inf {p(x) + sz) — g(sz): s € R, z € Z} pour tout x € X ;
pour tout € R et tout x < X on a
ptx) < inf {p(tx + 12) — q(tz) : 2z = Z},
par conséquent,

Tim p(¢x) < inf {lim [p(tx + tz) — q(tz)]:2 € Z} <

t=1

< inf {(p(x + 2) — ql): 2 = Z} = B(),

puisque p et —g sont radialement supérieurement semi-continues.
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7 -
e foly) S ply) pour tout y < ¥,
. vt 20.
o cont f: X — R qui vérifie
d’aprsés ISOZSZZr;ﬁ?niezzn%bg"ensaésfaite. Pour m, n € N, (%, 2) € X @7
up

" flx) + m-1g(mz) = (nm)‘l[f(mnx) + ng(mz)] <
< (mn)"[f(mnx) + g(mnz)] = (mm)=2p(mn(x + z)) S
< n-1p(n(x + 2)),
donc

112) + qi2) < f(3)+ 90e) £ Bla + 2) S pla + 2) pour tout (x.2) < X@

®Z, olt jAb et 2 sont données par (4) et (6). En remplagant x=—z et z =\,
on obtient 3°. . o
Le fait que 3° implique 1° est immédiat.

(Manuscrit regu le 16 jullies 1977)
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ASUPRA PRELUNGIRII FUNCTIONALELOR MA JORATE DE O FUNCTIONALA
SUBADITIVA

(Rezumat)

In nota de fati este del t ur O onstituie o ge"
nonstra
urmit rul rezultat, care con

Fie X wun spafiu vectorial real ; . . ¢ 1i-
onald subaditivd §i fy : Y — R o fu:::l.ionyalim subspafiu vectorial al lui X, p: X — Rofurd

toarele condifii s& fie indeplinite : # tiniard (respectiv ofind. convexd) astfel el .
@) fo(0) <inf {p(2) + p(y) — p(x
W L0 < “PxF +y)ia y e X},
(n) }1_13 PUx) < p(2) pentru orice re X, }
(i) fo(y) < p(y) pentru orice y e v,

Atunci existd o Sunctionald liniayg
n ? i
7 cu propritme tard (respectiy afind, convexd)

JO) = fo(9) pent i
10500 pentrs i L =%
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CONSTRAINT QUALIFICATIONS IN NONLINEAR PROGRAMMING
IN COMPLEX SPACE

DOREL DUCA

1. Introduetion. Let us consider the problem :

min Re f(z, 2) (1)
subject to
glz, 2) €S (2)

where: f: C?** - C, g: C* - C™ and S is a polyhedral cone in C™.

Considering that the vector function g satisfies the Kuhn-Tucker’s
complex constraint qualification on the local minimum point (29, 29),
Abrams, R. A. and Ben-Israel, A [2] proved a Kuhn-Tucker
type necessary condition for the (1)—(2) problem.

Considering int S # ¥, Craven, B. D. and Mond, B. [5] have
éstablished a nccessary condition of the Fritz John type.

In this paper, some other complex constraint qualification conditions
are given for which a necessary condition of the Kuhn-Tucker type are
then derived.

2. Notation and preliminaries. Let C*(R") denote n-dimensional com-
plex (real) vector space, R} = {x =(x;) € R*[/x; 20, j =1, ..., n} the
non-negative orthant of R* and C™*" the set of mxn complex matrices.
For A =(a,;) € C™", A=(4,;), AT = (a;) and A¥ = AT denote conjugate,
transpose and conjugate transpose of A respectively.

For z = (zj), # € C": < zu > = ulz — denote the inner product
of z and wu.

For a vector function g:C" X C" — C™ analytic in the 2x variables
(2, u?) at (20, 2°) € C" X C":

ag,, ‘ )
v.g(2°, 2°) =(_1(2°. #)],k=1,...,m;j=1...,n
ouj
and

%, .

V:g(2°, 2°) =(¢;u;(z°, 2), k=1...,m;53=1,..., n
J
DEFINITION 1. A nonempty set S in C™ is a:

(a) convex cone if S+ SC S and aS C S for 2 0,
(b) pointed convex cone if it satisfies (a) and S U (—S) = {0},
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(c) polyhedral cone if, for some k
s — AR, ={Ax[x € Ry}

For any nonempty set S in C™ let
S*={w € Crfv € S*=) Re (wpy = 0}

positive integer & and A4 € Crxh

be the polar of S, and
intS* ={w e C"f0 #v S = Re (w,v) > 0},

the interior of S*.

It is known that S* is a closed convex cone [3]. Since S = S*+ j
and only if S is a closed convex cone (3], it follows that for a closed con.
vex come S, int S can be expressed by

intS ={fv €C"f0 #w € S* = Rew, v) > 0}
and is nonempty if and only if S* is pointed convex cone [4].
We define the manifold :
Q — {(ul,uz) = Czn/uz —_ ‘17‘1}.

DeriNiTION 2. The vector function g:C?" — C™ is concave with
respect to the polyhedral cone S (C C™ on the manifold Q if for any
2' and 22 from C" and 0 < A < 1,

gMt + (1 — N2 Azt + (1 — N)z2] —
— Mg, 2) — (1 — Mg(e?, 22) € S. i
When ¢ is analytic, a condition equivalent to (3) is:
(V.8 2) )7z — 22) + [Vag(, 2172 — 22) + g(22, 2) — g, #) €S-
3. Complex constraint qualifieation.
DerinitioN, 3. The vector function g:C™ = C™ is said to satisly

Slater” . e
coieer Ss Ccog}”plgx constraint qualification with respect to the polyhedral
n @, if there exists a point (z1,7') € Q such that:

b g(zl, zl) € int S,
the str?gtmclgllx?ge; 'c;rél i vector function g: (2 — ™ is said to satisfy
cone S (Z C™on Q, if t}51 raint qualification with respect to the polyhedral
# (2 2 with g(zl’zl) ?;e ~t:mst two points (#, 21, (22, 22) < Q, (24 )
that : %), 817, 2%) & § and if there exists,a0<7\<15u°h

8D + (1 — 2, 3
( )2, a2 4 (1— AN22] — Ag(d, 21) — (1 — Ag(z2,22) € jnt S

Remark 1. If g is stri
. . trictl :
the strict co lg S strietly concave with the?
satisfied. . . Constraint qualificationreirri)tegtrgs)pfcto%oQS [Z)l]l' 0"
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THEOREM 1. The strict complex constraint qualification with respect
to the polyhedral cone S on the manifold Q implies Slater’s complex con-
straint qualification with respect to S on Q.

Proof. If the strict complex constraint qualification with respect to
S on Q is satisfied then there exist two points (21, 2!), (2%, 22) € Q, (2, 2') #
# (2%,2%) with g(z%,z!), g(%,2%) € S ‘and there exists a 0 < A <1 such
that: 0 # w € S* imply Re < w, g[Az' + (1 — )22, Azt + (1 — A)22] >
>ARe<w,g(z,2) > 4+ (1 — 1) Re < w, g(22 2% >.

Since g(z!, 2!), g(z2 z?) = S, it follows that
0 #w<=S* imply Re< w,g[)v:fl + (1 —A)z2, Azt 4 (1 — N2l >> 0,
hence the point (z,2) = (A2 4 (1 — A)z%, Az 4+ (1 — A)z2) € Q has the
property that g(z,z) €int S, consequently Slater’s comple‘{ constraint
qualification with respect to S on @ is satisfied.

Derixirion 5. The analytic vector function g:C?** —C™ is said
to satisfy the weak complex constraint qualification at (2?, 20) € Q with
respect to the polyhedral cone S C C™ on the manifold Q, if

v.8(2°, 2°)w + Vig(z*, 2)p =0
Re < w, gz, 2°) > =0 imply w =0.

w € S*

TacorsM 2. If the analytic veclor function g:C* — C™ is comcave
wilh respect lo the polyhedral cone S C C™ on the manifold Q, then Slater's
complex constraint qualificalion with respect to S on Q implies the weak
complex constraint qualification at all point (2°,2°) € Q for which g(z0,2°) € S
with respect to S on Q.

Proof. Let (21,z')' € Q be such that g(z,2!) € int S, or, equivalently,
0 # w € S* imply Re < wg(#, ') > > 0. 4)

If the weak complex constraint quallflcatlon is not satlsfled at the
point (22, 2°) € Q for which g(20,2°)= S, then there emsts a w' € S*,
w' # 0 such that:

v.g(z°, 2°)w' + V;g(z". o)t =0 (5)
Re < w, g(2°, 2°) > = 0.

On the other hand g being concave with respect to S on Q,“for any
w € S* we have
Re.< w,g(z', ') > < Re < wg(e?, 20) > +
(6)
+ Re < w,[V,g(2°,2°)]7(z* — 2°) >+ Re < w,[V; g(2°,2°) |7 (2* — 2°) >.
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Re < wh, g, 1) > < 0.
for w = w! # 0.

Taking in (6)

. "
is 1 lity contradicts (
This 1ne1qualy conditions of Kuhn-Tue(;(el::I ;yrll“:i gve[s]sl}all -
foll :r'inl\gei?s?lg of Craven, B. D. an . B. .

ollo

. = C and g: C*" — C™ be analytic Functiy,
TugorEM 3. Lét g;ﬂi drt;; cone with nonempty interior. "

and f:t ,fgcgsfz::y bzo:dgion for (¢, 2°) to be a local minimum of the (1)

(2) problem is that there exist © < R, and v € S*, not both 2er0, g;
that : _
W[, 2) +1Vif(2, 2°) —

— V82, 2 + Vig(z®, 2°)v =0
Re <, g(2*, 2°) > = 0. i

M 4. Let f:C" —=C and g:C™ = C™ be analytic fu
ons, Tgiiopzz[SCC’" b£ a polyhedral come with nonemply interior.
(#,2) « C* a local mimimum of the ( 1) — (2) problem. -

If the vector function g is concave with respect to S on Q and sahge
one of the following three conditions - ‘

(1) the strict complex constraint qualification with respect 1o S on {0

(i) Slater's complex constraing qualification with respect to S on (.0

S (D) the weak complex constraint qualification at (2°, 2°) with resped:
on Q,

then there exists g 3 < S* such that
VSEF) + vif(, 20) — Ve, Pyw — vigeo, 2)@ =0 ¢
Re < w, g(20, #)> =0. (
Proof. In view of Theorems 1 and 2 we need only to o

theorem under assympt;
; m
Since th ption (ii). o

o . up
# (1) e %coumti(,ns of Theorem 3 are satisfied, there exists 2 o
If + =0 X 5% such that (7), (8) are satisfied. i
Contradictioy We have that 4 — 0 (since g satisfies (iii)), whiC
Dividing z;; " (5:‘”) # 0. Consequently > 0. g* we
(9) and (10). nd (8) by v~ ¢ and setting w = (l/x)v € "
Remark 9 1

2. If th . ) ect 10
o Q [6] ang the v:cfrxe):lfgigcigi f Is pseudoconvex with 1eSP. 4f

. t to 3
€ conditig & 1s concave with respec el
e the o] tion ttl)1 s(l()g)_(g;ld (10) are also sufficient for (2° %
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subject to
z
e =(, 3 ) s

S ={p=@uv) < Cllargul < 3 Jarg vl < 5}

where

which has the optimal solution 20 = (3 — 5)/(1 4+ 4/3).
The vector function g satisfies Slater’s complex constraint qualification
with respect to S on Q, because

g(5,5) = (5,5 + %)T = int S.
It is easy to show that the vector

w=2/(1 +323—14(3—4/3)i, 4 — 4) = S* =

={" < Cllarg v < 7, |arg vy < %}

fulfils the equations (9) and (10).
(Received july 26, 1977)
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CONDITII DE CALIFICARE N PROGRAMAREA NELINIARA DIN DOMENIUL
COMPLEX

(Rezumat)
fn prezenta lucrare se dau trei noi conditii complexe de calificare (definitiile 3, 4, 5)

pentru problema (1)—(2). Daci una din aceste conditii complexe de calificare este inde-
plinitd, S are interior nevid, functiile f i g sint analitice, iar g este concavd in raport cu

conul S; se stabilesc conditii ca un punct (2 2% € C®* si fie optim,

§ — Mathematica 1/1978
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R THE BEST L, APPROXIMATION IN THg

GORITHM FO
AN AL COMPLEX PLANE

I. MARUSCIAC

1. Introduetion. In this paper we describe a new algorithm for the
best L, approximation to a function on a @screte set of the complex
plane. It is an adaptation of Newton-Raphson’s method. In the real case
a similar algorithm has been given recently by‘ Kahng, S. W. [1]. In
the same case another algorithm for finding the ‘['chebycheff approximation
on a finite real point set was constructed in 1961 by L awson, C L.
[2] and then extended (in 1968) by Rice, J. R. and Usow, K. H
[6]. The algorithm proposed here is based on a special explicit form of
the L, approximation with a weight p, > 0, given by the author in [4).
Our method can be used as well for finding the L, approximation to a
continuous function on a rectificable curve in the complex plane.

2. Best L, approximation. Let f be a continuous function on a com-
pact point set K C C and let ¢ = (¢;)} be a system of functions, conti-
nuous and linearly independent on K. Let €(p) be the set of generalized
polynomials of the form:

Pa; z) = ’2 a;9i(2), 0y

where ¢ = (a,, a,, ..., a,) < C*

We consider a finite sub = {z = i
Tchebycheff system on Z,?l = {B] C K such that ¢ = (o)) I8

Let p €12, + o[ and let o= (g,

w=0 Z w = 1. Boy ooy y’m) be a Weight, ie

DEFINITION 1. The pol ;
, ) polynomial P(a*: ;) e ; ; be the
best Ly, (or L,) approximation o the(fzmczt)ion }? (c?n) le ;fa S

& wlf(z) — P(a*; )< :21 wIflz) — Pa; z,) @

Jor all a e C»,
Let us denote

m
F(a) =
(a) glf (@) — P(a; z,)J2.
To minimize th ; : '
the system ¢ fanction F it is Decessary to find the solution of

o _ . .
aﬂ“o"t:li 2:--., n. (3)
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But we have

- _2 (F&) — Pla; ) " @) — P a)* outa)

a a; 2 y=1
4)
8F p % . % P
= > VE (fl) — Pla; 2,)% (f(z) — Pa; z))*  o(z)
and therefore we see that the system (3) and
OF o . _ /
-3—5-‘—0,1—1, 2,...,n. 4')

are equivalent.

We will solve the system (4') by the Newton-Raphson’s method. So
the system (4) will be solved iteratively by finding the solutions of the
system

ORlaY) y SNEFETY Ak 0 51, 2,
da; j=1 dajoa;
where Aah* = g* — a*~1,
From (4) we find that

n, (5)

? pd

PO _ 255 (fa) — Pla; 2} (F@) — P 2)° ee)ed) =

dajda; 4 321

2SN fm) — Pla; ) ez) @) 6)

4 &

wy(z) = |f(z) — P(a*71; 2)i72,
where P(a*"1;2)€ 9(p) is the best L,,,_, approximation to the func-
tion f on Z, with the weight

Wy = (@_1(21), ©,_1(22), - - -, @4_1(24)),

If we put

then we have

217 (gk —1 2 2 —
PLED 25 w,(2)0(2)7:(2)
dajoa; L e

LI 23 ) fle) — P 5) - o

Substituting (7) in (5) we obtain

225w 2 ein)ad) =
®)

=£:wk(zv)(f(zv) — P(a*—1; zv)) q’—:(;i_)' i=12,...,n

Y=
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If we denote
HI: = (Z wh(zv)m)?j(zv))v i:j =12,..., 7 (9)

v=1

v=1

b, = (S mtefte) #b) > )/ ()8
then the system (8) can be written under the form

.t k= —_ A=
5 HkAa D,, H,,d L (10)

.Now, if P(b*;7) = 8(9) is the polynomial of the best L., approx
mation to the function fon Z, then it follows that o '

F(5h) - -
To =—Lmia P a)ee) =0 i =L 2
hence
| D, = Hp*. 1y
Substituting D, from (11) in (10) we obtain

?
EHpd = BB — a7, (1

If the matrd i i
obtain matrix H, is nonsingular (as we will show), from (12) w

Aa":i bk_ ]
or 1’( @)

ak = ah—l r 1 .
+ Aa* = " ((p — 2)ar1 4 20%). (13

From above it f
L above it follows therefor : .
m the initial coefficient 4 ‘1511 Iéf x finite set:
0 .

Step 1. =
ep 1. Set w, = (wy(z)), wy(z,), ..., w,(z,)), where
©y(2) = |f(z) — P(a*1; 2)je-e.

Step 2. Find th
; . 1
function f on Z, w?theats}‘lceSQuares approximation P(b*;z) € P(o)

to f on Z,) weight w,(i.e. the best L, approXt
2w, -

Step 3. Set a* = 1
7 (& — 214 oy,

3. Conver.
H. is nopsi gence of the alqorj
A onsingul _gorithm, Fi . .
(4, thap | Buer For this we wil First we will show that the %
ne of our results contai®

to the
matioﬂ

det H, =1
p==—2
212 ol (14]

Z) . Wy(2y,) | D(z,,..., 2,,; 9%
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where
e1(%1) .. a(x,)

D(xll x2; 0 ey x”; ?) = ?z(xl) LI ?2(x”)

q)n(xl) s ?n(xn)

Lemya 1. If det Hy> 0, then det H,> 0 for all k « N.
Proof. We denote by

Wt ={z €Z,|w(z) > 0}.

Then the proof is by induction. Assume that det H, > 0. Then from (14)
it follows- that W, contains at least # points. If W*+1 = W* then no
polynomial p € £€(p) agrees with f on the set W*+1 = W* and therefore
W*+1 contains at least # + 1 points. Because ¢ is a Tchebycheff system
on Z, (and hence on W**1 too), from (14) it follows that det H,, , >

If WA Wkl 3 O, then it is seen that P(b*; 2) € &(¢p) is the best
L,,, approximation to f on W+l as well as on W*, because w,(z) =0
for z € Wk+r\ Wk This shows again that no polynomial P € £(¢)
agrees with the functions f on W#+1 Therefore W*+! contains at least
n + 1 points, and from (14) it follows that det H,,, > 0. This con-
cludes the proof.

Remark 7. This lemma together with the assumption that ¢ is a
Tchebycheff system on Z,, implies that

() W+

k=1
contains at least » 4 1 points.
Leyvya 2 If f & (o) on Z,, then the function

J@) = ¥ wifte) = Pla; 2}

is strictly comvex with respect to a, for every p > 1, and p, > 0.
Proof. If a', a” € C" and ¢ € ]0,1[, then from Minkowski’s inequa-
lity we have

m 1p
(1= + e = (35 )~ = 0P 2) — 1P 2] =
m 1/p
= (St = AU) = Pl s 2]+ £/ ) = Pl 2)TF) <

m 1/p ”m 1/p
< (Bt — s P 2p) o+ (B wlre) — Plat ) =
= (1 =@ + )],
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Therefore J(a) is convex. It is strictly conve

i ex. oK.
ll;::ﬁsy g\?{)i;l:lfovlvilg?: vinequality becomes equality if and only there

exists a constant A> 0 such that
(1 —t)[f(zv) - P(a;zv)] = MU(ZV) - P(a ;Zv)], v = 1' 2, .

or
P((1 — 1)’ + Ma";z)=(1—*¢— Mfla), v=12 .., m
which contradicts the assumption that f & &(¢) on Z,,,.. .
Lemmas 1 and 2 show that the convergence condltlon_s of Newtop.
Raphson method are satisfied (see for instance ([5], pp. 501—-506), so

we have.

THEOREM. If the matrix H, is nonsingular, then the algorithm
described at 2. is always convergent and the convergence of the iterations
is quadratic.

Obviously that in the case when f € &(¢) or m < n, the algorithm
is finite. In this case there is a polynomial from £(¢@) which agrees with
the function f on Z,.

Remark 2. We note that this algorithm is valid for p > 2, so when
p tends to infinity we obtain Lawson’s like algorithm, which gives us
the best uniform approximation (L., approximation) to a complex func-
tion on a discrete set Z,.

Remark 3. This algorithm can be extended to the case when instead
of a ﬁmt_e set Z,, we tqke a rectificable curve T', replacing the operator
nsummation over a discrete set” by the operator ,,integration on r

(see [1]).

4. An explicit form of the hest L cimati B

| ) » approximation. In our paper (%

p. 330] has been given an explicit form of the best L,, approximation

%n a fmllti IFOII;; set lof the complex plane. So, if u=/(u;, o, - - - k) 2"

ty = 1, then the polynomial P(b ; z) € (o) of the best Lo approximation
to the function f on Z,, is given by t}gg) fornnﬁa oot Tew S

Pb;2) = —tn PPl n i QLG 2y 05 Sl (13)
El-'-,,l uv”|D(zvl, R )
where L(%;, %, ... % 0 fls i . fal
1 Xy oo, %5 95 f]2) is the ; : jynomid
from €(p) to the functi generalized interpolatory polyf™"s
is taken for all v, v‘:’ lf)f:x-f vonfrglrlg_ imt%tsmxl. X, ..., %,. The sum?®
Now combining the alons m. o
the following varicat of fﬁ?ﬁfggﬁ described at 2. with (15) v obtai
fary polynomial (a0 ; z) e P(g).

= (0)(z), w,(z,)

Wiz) = | f (zv)_P(

Start from an arbit
Step 1. Set W
A ) v, wk(zm))’ where

aagp | 2 1/) — P@t; a) ™ "
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Step 2. Write the best L,, approximation to f on Z, under the
form (15).

In this variant of the algorithm at each iteration it is necessary
to calculate only the weight (16). The polynomial of the best Ls,s, approxi-
mation to f on Z,, is written explicitly. We note that in (15) the determinants
D(z,, ..., z,,; ¢) and the interpolatory polynomials L(z,, ...,z ; ¢; f|2)
are unchanged at -each iteration. So they are calculated only once, at
the beginning of the algorithm. At each iteration changes only the
weight w,.

Remark 4. Obviously the convergence of the algorithm depends on
the starting point @°. To accelerate the algorithm we may take for the
starting polynomial P(a°;z) € £(¢), the best L,, approximation to f

on Z, with the arbitrary but given weight p.
(Recesved September 1, 1977)
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UN ALGORITM PENTRU CEA MAI BUNA Ly — APROXIMARE IN PLANUL
COMPLEX

(Rezumat)

Se did un algoritm pentru calculul celei mai bune Lyp-aproximiri a unei functii pe o
multime discretd din planul complex. Algoritmul propus este o adaptare a metodei lui Newton
Raplhson si se bazeazd pe o formi expliciti a polinomului de grad cel mult » de cea mai
bund L.-aproximare a unei functii pe o multime finitd de puncte din planul complex, datid
de autor in lucrarea [4]. Metoda propusi poate fi utilizati de asemenea si pentru calculul
celei mai bune Lp-aproximiri a unei funciii pe un arc de curbd rectificabili din planul

complex.
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ALGEBRES PARTIELLES ET STRUCTURES RELATIONNELLES

MICHELINE FRODA— SCHECHTER

orphismes relationnels se présentent aussi bien dans I'¢tyq,
des sé?cgfr?so :;d?r)mées (groupes ordonnés) que dansla théorie des modgles,
Deux particularisations principales on été mises eln évidence dans ceg
mémes domaines sous des appellations tres dlyerses. Dans des Ouvrages
antérieurs ([2], [3] et [4]) j'al essaye de faire une ¢tude systématique
de ces homomorphismes et de leurs particularisations, la factorisation
(terminologie empruntée 2 Cohn [1]) et la factorisation forte, ».dans”
ou ,sur’ la structure? ainsi que de la congruence relat_lonuelle (si @ est
une factorisation forte, ker ¢ est une congruence relationnelle).
Si on tient compte du fait qu'on peut faire correspondre a toute
opération n-aire w, sur A, éventuellement par]:ielle, w,:S — A4, o S"cd,
une relation (# + 1)-aire sur A4, p,, & savoir

(all Qyy ..., a,, ao) € P4 ¢>mA(a1, Ay ..., (1") = a,

on peut se demander quelles liaisons existent entre certains homomor-
phismes des algebres universelles partielles considérés par Gratzer [5] e
tous ces homorqorp}nsmes relationnels par rapport a4 une relation quand
elle est une opération. La méme question se pose pour les congruence.
Un r;zsu]tat dt:.]J ce tgpe est connu, c’est la partie 1°) du th. I dansle
cas plus particulier d'une opération sur A4 (non partielle, cest-a-dire
S =A"):Malcev [6)]. ( P
| Dirinrtions I ([5] p. 81) Soient w, et @y des opérations partie-
es sur 4 respectivement sur B, ¢g:A > B et a,, a,, a., a, des éle-
men’c(§) quelconques de 4, )
1) ¢ est w-homomorphisme si du fait ciste’
o fait que w,(a,, a,, ..., a,) X1
il résulte que wy(pa, ¢a,, ..., ¢a,) existe et 1'égalité suivante est Ve

fice:
M an)) = (’)B((?aly ¢a2: R ] C?an)' (”

tel que oy(on, oa -homomorphisme plein si o est un co-homomorphisme
X3 ..., x: cpxohEQAz; t-e-lsu Cpa,,) = @4, 1mphque Iexistence d’éléments :’::l’
Xy, . - x”); que (Pxi = q>x'.(1, = 1' 2' e, H) et Xy = w3

() o est un w-homomorphism

tel que w,(a,, a .
existe. A( L%y an) existe si e

* nr

Q(wd (ﬂl, a,, .
(ii) o est un o

i fsme
fort si o est un c-homomorphs®
t seulement si wp(ea,, @z - ol

' Une bibliographie g’
phie d’ouv: . o
les congruences relatj Tages utl{xsant ces homomoplu‘smes se trouve dans 2 o
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_ DeriNiTions II (cf. [2]). Soient p, et pp des relations (n 4 1)-
aires sur A respectivement B, ¢: A — B, et a,, a,, ..., a,, a, des élé-
ments quelconques de A,

(i) ¢ est un p-homomorphisme si 1'on a

(ay, @z - .-, @, @g) € py = (9ay, 9, ..., 94, §ay) € pg (2)

(ii) ¢ est une p-factorisation dans la structure relationnelle < @4,
{e}> si ¢ est un p-homomorphisme et (pa,, ¢a, ..., 9a,, ¢a,) € pg im-
plique l'existence d’éléments x;, x,, ..., %, %, € A tels que ox; = ¢a;
(t=0, 1,2, ..., n) et (%, %y ..., %, %) € py;

(iii) @ est une p-factorisation forte dans la structure < B, {p} > si
@ est un p-homomorphsime tel que pp < (pA)*+t et (by, by, ..., ", by) €
€Spp et oa,=b (1=0,1,2, ..., n) implique (a4, a,, ..., a,, a,) € p4.

THEOREME 1. S7 w, el wp sont deux opérations partielles sur A respecti-
vemenl B el o, ¢ op sont les relations correspondantes et ¢: A — B une
application alors

1°) @ est un w-homomorphisme si et seulement si o est un p-homo-
morphisme,

2°) @ est un o-homomorphisme plein si ct sewlement si ¢ est une
p-factorisation dans <od, {p} >,

3°) Si ¢ est une p-factorisation forte dans < B, {p} > alors ¢ est un
w-homomorphisme fort.

Démonstration : 1° Soit ¢ un w-homomorphisme et supposons que

(a1, as, ..., a, a,) € p,; il résulte que a, = w,(a,, a,, ..., a,) et donc
w,(a,, a, ..., a,) existe’. Par I’hypothese wy(ea,, ¢a,, ..., ¢a,) existe
aussi et 'on a (1), c’est-a-dire (pa,, ¢, ..., oa, ¢(o,(a;, @, ..., a,)) €

€ pp donc (9a;, ¢a, ..., 94, 9a,) € pp

Réciproquement, supposons que ¢ est un p-homomorphisme et que
wy(ay, @, ..., a,) € A, donc qu'il existe un élément a, € 4 tel que
wy(ay, @y, ..., @,) = a, On a par conséquent (a,, as, ..., @, @) € p,
et, par I'hypothese, aussi (pa;, ¢4, ..., 94, @@ € pp. Mais selon la
définition de py ceci équivaut 2 gay = wy(ea,, @a,, ..., ea,), ce qui prouve
que ¢ est un w-homomorphisme.
2°) Soit @ un w-homomorphisme plein ; par définition ¢ est un w-homo-

morphisme donc, selon 1°), un p-homomorphisme. Considérons maintenant
(0ay, 9as, ..., @4, 9a,) S pg, donc eay = wg(pa,, ¢4, ..., ea,). Mais,
par I'hypothése, des éléments x;, %, ..., %, %, € 4 existent tels que
ox; = oa; pour 1 =1, 2, ..., n et %y = w (%, %, ..., %,), donc (x,, x,,
..y X, %) € py, C'est-a-dire ¢ vérifie la définition II (ii).

Réciproquement soit ¢ une p-factorisation, elle sera donc un p-homo-
morphisme et par conséquent, selon 1°) un w-homomorphisme. Supposons
que wp(pay, 9dy, ..., 9a,) = @a,, c’est-d-dire (pa;, ¢as, ..., 9a,, 9a,) € pp,
d’ol par la définition II (ii), il résulte qu’'il existe %}, %,, ..., %, %y € 4
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) = 2~~-:"’) et (xli Koy o vey Xy xo)EP.C.
a, = X (14 = O, 1; » X 4 QCI
;ﬂthgzcgré s’éqc)ri're Xy = C')A(xli Koy« 01 xn)’ donc ¢ est un w hOmOmOr_
phisme plein. f isation forte il en résulte selon 1°) guq
est une p-factoris L : °) que
st Sn) f_‘h(?:nomorphisme. 1l reste seulement a prouver que si “a(@af
4y, ..., 94, existe alors wy (@1, @z s a,) existe aussi. L’hypothsse
3 ‘gif.ie ’qu'ilnexiste un élément b, € B: tel que (‘P‘}p Pas, ..., P4, by)
egp Mais pp S (pA)"*? implique I'existence d’au moins un élément

B c

a, € A tel que pa, = b, et Ton a (a5, @5 --or @y @) < 4 Cest-d-dire
w,(a, @, ..., 4,) existe.

Remarque : L’implication contraire de 3°) 11’est’ pas vraie; en effgt
considérons l'exemple suivant: A = {a, @, a0 @}, B = {b1, by, b))
¢p:A—>B, ga;,=b (1=0,1,2), 9(a) = be, 0),!(111,, ;) = o, oy(by, by) =
= b, olt ¢ est un w-homomorphisme fort mais n est. pas une p-factori.
sation forte car @a, = 9a; = by, (b15 by, bo) € pp mais (a;, a,, ay) & 04

On définit pour les algébres (partielles), les congruences de la maniére
suivante (cf. [5], p. 35, 82): _

Défimitions II1. Soit y une équivalence sur 4 et x;, x,, ..., 1, 3,
Yo - --» ¥, des éléments quelconques de A4 :

(i) Si w, est une opération m-aire sur A, y s’appelle w-congruence

si
%=y (y)pour i=1, 2, ..., 5 9
implique

(‘)A(xl: xz: cey xn) = 0’4(3’1» _)’2: c ey yn) (Y) (4)

( ) A € 1
2 g ( ) CSL tE da (S Et du falt que w{(:t]' :‘2' MR n
)2’ e y'l) Ecnt dEiinls' ) ) (

ot f(;;'lt)e Ssl1 ma4 esft 'téne opération s-aire partielle sur A, une ® -congruenc
il résulte que o (v L€ @a(%1 % ..., 2,) existe et que (3) est vérifié
que (91, ¥y ..., y,) existe aussi.

. une équivalence y sur A4 une p -6
Y satisfait la condition suivante po¥f

(t, % .., 5, x) e
o Sy et =90y pour =0, 1,2 ..o

= (yl,y2, ceey y”’ yo) € pd

Tutoriug 2. S5

X . 1 () 3 .

la relation correspondants igtutune 0pération partielle n-aire sur A ¢
En particulier s ws st ume zp"."j‘.’"gmwce est une o 4-congruence foﬂ;‘-
o , érati ¥
4-Congruence. oM sur A4 toute o -comgruence ¢S

Démonstration, Soit Y une

(3) et que w,(x, Xy o.uy ) o

Pa-congruence et gy e |
: L _ pposons qu
€Xiste, Cest-a-dire qu'il existe %p € A
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que © (%, %p, ..., %,) = %, donc (%, Xs, ..., %,, %,) € pq. Mais x5 = x,
(y) donc (y1, ¥a - -s Y %) € pg ce qui montre que wy(yy, Yo -, V)=
= %, et donc, a fortiori, (4) est vérifide.

Remarque : La réciproque n’est pas valable, d’ailleurs la congruence
algébrique qu’on obtient 4 partir d’une congruence relationnelle est trés
particuliére. On peut aussi donner un contre-exemple simple, comme suit :
Soit y la congruence modulo 3 sur I’ensemble Z des entiers, par rapport
a l’addition. Mais y n’est pas une congruence pour la relation ternaire
p, correspondant a l’addition car l'on a:24+3 =5« (2, 3, 5) ep,,
2 =8 (mod 3), 3 =0 (mod 3), 5= 11 (mod 3), mais (8, 0, 11) & p,
car 8 4+ 0 # 11.

(Manuscrit recu la 10 septembre 1977)
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ALGEBRE PARTIALE $I STRUCTURI RELATIONALE
(R'c zumat)

Se considerdi operatii n-arc (pargiale) care se privesc §i ca relatii (» + 1)-are aritindu-se
legitura dintre diferite tipuri de omomorfisme fatd de aceste operatii §i unele omomorfisine
relationale studiate de autor in lucridri anterioare. Acelagi tip de problem3 se rezolvi si
pentru congruenie.
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i i is established, by i

a fixed point theorem 1s i , by whig

In thi gff;gteﬁ{?t)gce and uniqueness theorem relating to a Syste
4 an ge v :
‘(;fe icnteggral equations of Fredholm type

th the generalized mely;
D _Let X be a set endowed with i
d S?F&E?(R?[JR". eIf the conditions are fulfilled :

(1) d(xy) < d(xy), VY xy<sX

(2) (X,d) is complete ! . '

(3) the application f: (X,d) — (X,d) is continuous

(4) there exists a malrix convergent toward O

A e M, (R) such thatl
8(f(x), f(y)< A3(x, ), ¥V x, ¥y € X

then the application f has a unique fixed point x*, which can be oblaind
by the succeswve approximations’ method starting from anmy element %, € A
Moreover, the following estimation takes place :

8(%,, x*)) < A™(I — A)=18(x, xy)

Proof. Let %, « X. By plotting the sequence of successive appros
mations x, = f(x,), x, = f2(x,),

ceey Xy = f™(%), ..., we get

BUMP (i fr(x0) < 8(/492(xy), frro(ng) +

(™72 (xy), freemi(eg)) 4Ly 3(f™(%o), f™+1(x0)) <
< A'"“_ls(f(xo)r %) + A"'+p-28(f(xo): X)) + ...+ A'"S(f(xo). %) 7

=A"I14+ 44 .. 4 42717 §(f(x,), %)
As A" = 0 it follows that $(f" 2 (xo), f™(%0))
The sequence (f"(x4))

) But d(x,y) < §(
1s fundamental re

—_
#n—+00 . 8
meN 15 fundamental relative to the metf

x’ ) " i.\'
lat-iy\)re Ycox,{hee X. L?cfoélmvs that the sequence (f (% o))

The metric space (X, 4 metric 4,

is convergent. being Complete, the sequence ( f"'(xo))w“"

(= =f’£l-i’x2 f"'-1(x0)) = f(x%)

Let x* = lim o
m—0
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Accordingly x* is a fixed point for . We suppose that x** is
another fixed point of the mapping f, x* # x**. Then J§(x* x**) =
= §(f(x*), f(x**)) < AJ(x*, x**)< A2(x*, x**)< ... < 4™ J(x*, x**).

It follows that 3(x*, x**) = 0. Therefore x* = x**, the fixed point
is unique.

3%, x%) = 3(/"(%0), 2*) < A¥(f""Hx0), #*) <
< A23(f"72(x,), x*) < ... < A™(%, x*)
3(x0 x%) < 8(%o, %) + 8(x1, 2%) < 3(xo, %) + A3(xo, 2%)
= §(x, x*) < (I — A)~L 8(xo, %)
Then §(x,, x*)< A™(I — A)-1 3(x,, x,)

Remark. The conclusion of theorem 1 does not change if condition
(1) 'is replaced by the condition (see [4])

3C > 0:d(f(x), f(») < Cd(xy), VzxysX

From theorem 1 we obtain the following two known results:

THeorEM 2. (Maia [1]). Let X be a metric space with the following
metrics d: X X X =R, and §: X X X = R,. If the following conditions
are fulfilled :

(1) d(x, y)< 8(x,59) V xy<sX

(2) (X,d) is complete

(3) the mapping f:(X,d) — (X, d) is continuous

(4) f:(X,8) = (X, 8) is contraction
then the mapping f has a unique fixed point in X.

Proof. f: (X, 8) — (X, 8) contraction means:
Ja < J0,1[: 3(f(x), f(¥) < ad(xy) V 2y € X

o< ]0,l1[=a" =0

Theorem 1 is applied using » =1 and 4 = «

THEOREM 3 (Perov [2]). Let (X,d) be a generalized complete
melric space with the metric d: X X X - R" and f: X — X an mapping
such that there exists a convergent matrix toward 0, A € M, (R), having
the property of d(f(x), f(y)) < Ad(xy), V xy € X.

Under these conditions the mapping f has a unique fixed point x*
which can be obtained by the successive approximations’ method starting from
any element x, € X. Moreover, the estimation d(x,, x*)< A™I — A)~*.
«d(xy, %) takes place.

Proof. We consider a sequence (x,)neny C (X,d) convergent toward

an element x € X. It means that d(x,, ) —
m—~> 0
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< Ad(%n, %) it follows that '
f(z )As—f (;((:)T), ifh(:z) means( That f:(X.8) = (X,d) is continuous.

for d = 3
iti of theorem 1 are checked i
;I‘Jl;iengcoﬁilg—?;f 1 we g tence and uniqueness theorem f,,

et an exis
the integral equations system of Fredbolm type.

o(x) = 2 5’ K(% y, o)y +f(%) (*)

n —_—
where A € R, K € c@Q x axR", R™), f <€ C&, R™) and Q € R" boyy.
ded domaine. _

Let 4:C([Q, R") = C(Q, R") be the operator defined by :
Alg)x) = A [ K(x 3 ob) dy +/(2)

n
We consider the generalized metric space
X = C{@, R™) containing the metrics
d(o, ¥) = llp — Yllc@a™ = (lox — dulle@, -+ s 11Pm — Pamllcim)
8o, ) = llp — Yllaam = (ler — dillesay - -5 [1Pm — bmllra)

where ||#;|lcq = max {|%(t)|:¢ € Q}
1

1%l [y = (S |%;(¢) |2dtJ2
Q
We get . . .
don. e get the following existence and uniqueness theorem of the solu-
THEOREM 4._ If tfz_e following conditions are fulfilled :
(2) K < CQxQXR" R"), feC(Q R"), A e R
(2)3L:Q x Q- M, (R) nonnegative,

and SU ( . 1 —_—
ng §|Ls;(x: ¥ 2 dy) hh oo, Vij=1m

so that (K(x,y,u) — K(x
W :y.v S L -
Kty 0)|< o(n) where b oM 3, ¥ 2y 0, ¥ wp < R ol
(3 p ) 876C(QxQ Rm™
: ) there exists q convergent mal;ix tc?wz;?é‘noagative.
S <M, (R) : 1
w(R) such that ([)\I L (%) zm
. (%)t dx dy} J < S then the system of
e?);mlions (*) has in C(0, 1{1:)0 "
obtained by th o one ;
ment fromyC(ﬁe'l::)ccﬂsszve aPProximat?:ri'm:rlt};t}? n; Solution which cn
takes place; = Moreover, if ¢ 45 4, nod starting from any ev,
¢ solution the following estimaho®

eI
Iellea,um < (7 ~ S)"l(l)\lnsf(-»y) dy " + ”f”umn"‘)) g
o) ) l

(Received October 10,

LI(Q'nM
1977)
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O TEOREMA DE PUNCT I'IX DE TIP MAIA-PEROV
(Rezumat)

S: did o generalizare a teoremelor de punct fix stabilite de Maia §i de Perov si o
aplicatic a acestora la rez.lvarca sistemelor de ecuatii integrale de tip Fredholm.
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19Z*‘or }:he sake of a general presentation of

the numerical solving of equations, the z.aut?]t::
develops at first the fundamentals in

theory of linear normed spaces, which permits
he to present the approximation of solutious
of the linear operational equations of solutions

of the linear operatorial equations in the

sense of L. V. Kantorovic. There are given
then some applications to the.solut.lous of
infinite systems of linear equations, integral
equations, many-point boundary value pro-
blems for differential equatioms, etc.

The investigations of the author about
the inverse interpolation method in solving
of equations in normed spaces have an impor-
tant role in the monography. Thus a uuitary
approach is given in the treatment of the
methods of Chebyshev and Steffensen type,
and those obtained from the Lagrange’s
inverse interpolation formula. The conver-
gence problem of these methods are comsi-
dered by using a general convergence criterion
given by the author, from that as particular
cases are obtained convergence criteria for
the methods of Newton, Cebyshev, Stef-
fensen, etc.

The combined methods. are presented in
a gex}eral setting Here are studied the
in which the )i'nv)e'l:se m:ﬂ;pds aud methoc!s
determined. ¢ ©of linear operator is

The author studies finally the stability

problems of the iterative methods, the pro-s
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blems of order of convergence and the cop,
gence of the Gauss-Seidel method for go “:r
operatorial equations. g
There are given various applicatiopg of
the considered iterative methods in solvip
algebraic and differential equations, System
of linear and mnonlinear cquations, et

A. B. NEMETY

Beitriige zur Numerischen Matematik 4, VEp
Deutscher Verlag der Wissenschaften, Berlig,
1975.

Dieser Band, der Herrn Prof. Dr. — Ing
habil. Dr. tech. h.c. Helmut Heinrich zum
70 Geburtstag gewidmet ist, enthilt eine
grosse Menge Arbeiten aus  verschiedenen
Gebieten der Numerischen Mathematik, wie
zum Beispiel : Optimierungsaufgaben und
Rand-Kontrollprobleme (8. Ulm, W. Krabs,
H. Kleinmichel), Eigeuwertprobleme (L. Bou-
belikova, 1. Marek, I. Necuman, W. Diick,
G. Hiammerlin, W. R. Richert, F. Kuhner,
T. Riedrich, T. Stoer), Numerische Verfahren
fiir Differential — und Partialdifferentialglei-
chungen (S. Dietze, R. Ansorge, H. Kreth,
E. Lanckan, T. W. Schmidt, A. N. Tichonov,
W. Térnig) Programierungsaufgaben (W
Terke, W. Schiebel, T. Terno, G. Unge)
Aproximationsverfahren fiir algebraische Glei
chungen (K. H. Bachmann, S. Filippi, W. C
Rheinboldt, Ch. K. Mesztenyi, P. H. Miiller
G. Richter) Numerische Analysis (G. Brauns
L. Elsuer, G. Merz, A. A. Samarskii, I V
Freazinov, H. Schwetlick).
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