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STUDIA UNIV. BABES-BOLYAL, MATHEMATICA, 2, 1877

7-SCHUNCE CLASSES
WITH THE D PROPERTY "

RODICA COVACK

1. The notions of this paper are those of [2] All groups consrdered
here are finite n-solvable. We shall say that a Schunck class % has the D
property, if for any finite n-solvable group G, every subgroup H of G with
H = % is contained in an %-projector of G. This definition has sense because
of [2], 2.2. It is easy to see that a -Schunck class ¥ has the D property if
and only if for any finite m-solvable group G, the %¥-maximal subgroups
coincide with the ¥-projectors.

The purpose of this paper is the study of the n—Schunck classes with
the D property. We prove that some results of J. G. Wood [4], given
only for solvable groups, are also true for the more general case of the n-sol-
vable groups.

We shall use the following theorems of R. Baer [1], given for finite
groups :

THEOREM 1.1. Any solvable minimal normal subgroups of a group is
abelian:

. THEOREM 1.2. If the group G has a maximal subgroup with core 1, then
the following two properties of G arve equivalent:

(7) There is one and only ome minimal normal subgroup of G; there is
a prime common dtvisor of the indexes in G of all maximal subgroups with
core 1.

(2) There is a s 7 normal solvable subgroup of G.

THEOREM 1.8. Let us suppose that G has a #1 normal solvable subgroup
and let S be a maximal subgroup of G with coregS = 1.
a) The existence of a #1 mormal solvable subgroups of S 'mqblws the
existence of a normal subgroup N # 1 of S with (|N|, |G:S|) =
b) If S has a normal subgroup N # 1 with (|N|, |G Sl) —7 then S
1s conjugate to any maximal subgroup T of G with core,T =
2. Examples of-"=-Schunck classes with the D property

Example 2.1. The class J of all unit groups is a w-Schunck class with
the D property.

Example 2.2. The class %W of all finite n—solvable groups is a n-Schinck
class with the D property. Indeed %, is a m-homomorph, because the
homomorphic image of a m-solvable group is a m-solvable group and the
extension of a w-solvable group is also a m-solvable group. Further, any
n-solvable group is its own “¥_-projector, hence (see [2], 22) %%9 is a =
-Schunck class. Clearly .9, has the D property.

Example 2.3. The class S, of all n'-groups is a n-Schunck class W1th
the D property. In order to prove this, let us notice that any =’-group is
. w-solvable and that the class'S, is a w-homomorph. We prove now that
Sy is a m-Schunck class, using [2], 2.2. Let G be a w-solvable group and
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H a =n'-Hall subgroup of G (the existence of a such subgroup is assured by
the theorem of Cunihin; see, for instance, [3], VI, 1.7.). H is a Sp-pro-
jector of G. Indeed, H e S andif H <L <G, LyAL and L|/L, e S,
we shall prove, by induction on |G|, that L = HL0 Two cases are consi-
dered :

1) L < G. Applying the induction for L, we obtain L = HL(,

2) L = G. Again, two cases:

a) Ly = 1. Then G = G/L, e Sy. Every w'-subgroup of G is contained
in a =n'-Hall subgroup of G (see the CUNIHIN theorem). It follows the
existence of an element ¢ & G with G < Hé. Thus G = H = HL,.

b) L, # 1. Let N be a minimal normal subgroup of G W1th N < L,.
Since HN|N is a ='-Hall subgroup of G/N, we may apply the induction for
G/N and from HN/N < G/N = GJN, L,/N AG|N, (G/N)/( ofN)~G[L, =
e Sy follows GJN = HN|N.Ly/N and so G = HNL;, = HL,.

Applymg now the CUNIHIN theorem, we conclude that the class S,
has the D property.

3. We give now two characterlzatmns of the wm-Schunck classes with
the D property.

DrrINITION 3.1. ([4]) Let G be a group and S a subgroup of G. The
subgroup S ,,avoids” the chief factor M/N of Gis S M < N. Particularly,
if N i$ a minimal normal subgroup of G, S avoids N if SN = 1.

DerINITION 3.2. Let ® be a Schunck class of w-solvable groups.

a) @ has the A property if for any w-solvable group G and any sub-
group H ‘of G with coregcH = 1, every ¥-projector of H is contained in
an %¥-projector of G. '

b) % has the B property if for any =-solvable group G and any mini-
mal normal subgroup N of G, the existence of an %-projector of G which
avoids N 1mp11es that every ¥-maximal subgroup of G avoids N.

. TororEM 33. Let ¥ be a n-Sckumk class. The following statements are
equivalent :

(1) % has the A property ;

(2) % has the D property ;

(3) % has the B j)roj)erty

Proof.

(1)= (2). '

Let G be a =-solvable group, H an %-maximal subgroup of G and S
an %- pmJector of G. We shall prove, by induction on |G|, that H and S
are conjugate in G. We distinguish two cases:

1) G e % Then H =S5 =¢.

2) G& %. Let N be a minimal normal subgroup of G. Applymg the
induction for G/N, we deduce the existence of an element ¢ « G with
H < S8N. Again, two cases:

a) SEN (_—_G The induction for S®N gives that H and St are con]u-
gate in StN, hence H and S are conjugate in G.

b) SN = G = SN. If core;S # 7, we may apply the induction for
G/core,S and hence H and S are conjugate in G. So suppose that core,S = -
= 7. G being w-solvable, N is either' a solvable w-group, or a w'-group.



7 — SCHUNCK CLASSES WITH THE D PROPERTY ’ 5

Let us suppose that N is a =n’'-group. Then N < O (G) and G/0.(G)~
~ (G/N)/(0(G)|N), hence, by G/[N =SN/N~ SISO\ N e % G/0(G) =
e ¥. But this leads to G & ¥, because % is w-closed. Thus we obtain a
contradiction with our assumption that G ¢ ¥. It follows that N is a sol-
vable m-group. Applying 1.1., we deduce that N is abelian. Let us prove
that S is a maximal subgroup of G. S << G since S « ¥ and G& % and
S < S* < G implies S = S* because, if we suppose S < S*, there is an
element s* € S*™\ S < G = SN, hence s* =sn with s €5, n e« N, but
we see that # =s1 s* « S¥* N =7 (N is abelian), which means the
false result s* = s « S. For H < G, there is a maximal subgroup M of .
G with H < M. By the induction for M, H is an %-projector of M. If
coregM # 7, we apply the A property for the w-solvable group G and for
M < G with coregM # 7, the %¥-projector H of M and the %-projec-
tor S of G and deduce that H < S¢, where ¢ € G, hence H and S are con-
jugate in G. Let core;M = 7. We shall prove that S has & % 7 normal
subgroup of relatively prime order to |G:S|. Let L be a minimal normal
subgroup of S. L is either a solvable n-group, or a wn’-group. If L is a sol-
vable w-group, by 1.3. a) S has a # 7 normal subgroup of relatively prime
order to |G:S|. If L is a n'-group, then even L s 7 is a normal subgroup
of S with |L| relatively prime to |G:S| = |SN:S| =|N:SNN|. With
these, we are in the hypotheses of the theorem 1.3.b) and so S and M are
conjugate in G. It follows that M e ¥, which, together with H < M,
implies H = M, hence H and S are conjugate in G.

(2)= (3).
The same proof as in [4]. The w-closure of ¥ is not used.
(3)= (1).

Let us suppose that % has not the A property and let G be a =-sol-
vable group of minimal order with respect to the condition: there is a
subgroup H of G with coregH # 1 and there is an %¥-projector T of H
such that for any %-projector S of G, T & S. We agree to choose H as
a subgroup of G of minimal order with respect to the above properties.
From the choice of T we obtain that G & ¥ and H < G. For corecH #.7,
there is a minimal normal subgroup N of G such that N < core;H.
Two cases are considered here:

1) TNC H. A contradiction is obtained like in [4].

2) TN = H. Let S be an %-projector of G. Analogous to [4], using
the minimality of G and the fact that (1)= (2), we deduce that for some
ge G, T < SEN. If we suppose that SEN (TG, we are led like in [4]
to a contradiction.. So S8N = G = SN. Now, N is either a solvable
n-group or a w-group. If we suppose that N is a w'-group, then N <
" < 0(G) and G/0(G) =~ (G/N)[(O(G)/N). But G/IN = SN|[N~ SISAN «
e %, hence G/0.(G) €« ¥ and, by the n-closure of %, G « ¥, a contradic-
tion. Thus N is a solvable n-group and by 1.1. N is abelian. It follows that
SNT = 1. This and TN = (SN H)N give SN H=(SNH)/(SN H NN)=
~ (SNH)N/N = H/N « ® For H <G, the choice of G and (1) =
< (2) lead to SN H < T* with 2e H. But % has the B property. So T N
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NN = 17. It follows, by considerations of order, that SNH = T* Hence
Th = S, a contradiction with the choice of T.
-4, Let us note with @ -the class of all w—Schunck classes with the D
property.
We define the compos11:1on of two ‘Schunck classes € and ¢ by :
- <% 9> = {G/G m-solvable group, G = <S, T'>, where S is an
#-projector of G and T is an 9-projector of G}. :
We notice that ¥ = <%, 9>, 9 <%, 9>.
. The purpose of this section is to prove

TuroreEM 4.1. The class D, partial ordered by inclusion, forms respect
to the operations of composition and intersection a complete Lattice.

As we can see in [4], the lattlce 9 is not modular hence not distribu-
tive.

In the proof of theorem: 4.1. we shall use the following lemmas.

Lrvma 4.2. If % cmd ¢ are w- homomorphs then <%,9> 1is also a
w-homomorph.

Proof. The proof of the.fact that <"3: 9> is a homomorph is like
in [4]. Let now G[O.(G) € <%, ¥>. This means that G/O.(G) =
= < S/0(G), T[On(G) >, where S/O(G) is an ¥-projector of G/O.(G)
and T/O.(G) is an 9-projector of G/0./(G). Oy (G) being a normal =’-sub-
group of S, we deduce that' 0.(G) = 0.(S), hence S[0.(S)= (S/0-(G))/
[(0(S)[0x(G)). But S/0.(G) & %, hence S/0.(S) & %. The class ¥ is
n~closed and so S « ¥, which implies that S is its own %-projector. From
S/0/(G) is an %-projector of G/O(G) and S is its own %-projector results
(see, for instance, [2], 1.5.) that S is an %¥-projector of G. Analogously,
it can be proved that T is an 9-projector of G. So G = <S, T>, where
S and T are %¥-, respectively 9-projectors of G, which means that G € < %,
9 >.

LEMMA 43. If ¥ and 9 are TC—SCk%ﬂCk classes, then < %, 9 > 1s also a
n-Schunck class.

Proof. By 4.2. we know that <%, 9> is a ‘rc—homornorph Using
[2], 2.2, it suffices to prove that any Tc—solvable group G has <%, %>
—pro]ectors This proof is like in [4].

Lemuva 44. If R = D and ¥ = D, then <%, %> e .

Proof. By 4.3., <%, 9> is a m-Schunck class. Let us prove that <%,
9> has the & property Let G be a w-solvable group and H a <%, ¥ > -ma-
ximal subgroup of G. We shall prove by induction on |G| that H coincides
with an <%, 9>-projector of G. Two cases are considered. :

@;l )G e <%, 9>. In thrs case, G 1s its own <%, 9>-projector and
H =G.

2) G& <%, 9>. Let P be a. <%, 9>-projector of G and N a mi-
nimal normal subgroup of G. Applying the induction for G/N, we deduce
the existence of an element ¢ & G with HN/N < PEN|N, hence H < P%tN.
If PENC G, then, by the induction for PN, we obtain H = (P%)& for
'some g; € PN, hence H = p* with x =gg, G If PPN =G = PN,
.we consider again two possibilities :
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a) core P # 1. By the induction for G/coregP, the <%, 9> -maximal
subgroup H coreyP[corecP and the <%, 9 >-projector. P[corecP of
G[core P, we deduce that H = P*, for some x e G.

b) coregP = 7. The minimal normal subgroup N of the w-solvable
group G is either a solvable w-group, or a =’-group. If we suppose that N
is a w'-group, we get a contradiction in the following way: N < 04(G),
GO (G) ~ (G/N)/(Ox(G)|N), GIN = PNIN~ PPN N e <%, 9> and so
GlO(G) € <%, 9> and, < %, 9> being m-closed, G € <%, 9>. Hence
N is a solvable m-group and so, by 1.1., N is abelian. It is easy to see
that P is a maximal subgroup of G. Now, the group G, having a maximal
subgroup P with coregP =7 and a solvable normal subgroup N # 7,
has, by 1.2., only one minimal normal subgroup N. We put M = HN.
It proves like in [4] that M = G. Let us notice that H and P are con-
jugate in G. Indeed, if we suppose that core;H # 7, by the induction
for GfcoregH and for its <%, ¥>-maximal subgroup H/core;H and its
<%, 9>-projector P core;H/[core,H we deduce that H and P are con-
jugate in G. If corecH = 7, we reason in the following way. H is a
maximal subgroup of G. Further, P has a # 7 normal subgroup whose
order is relatively prime to |G:P|. Indeed, let L be a minimal normal
subgroup of P. If L is a solvable n-group, from the existence of a solvable
normal subgroup N # 7 of G and a maximal subgroup P of G with
core ;P =7, where P has a solvable normal subgroup L # 7, wededuce,
by 1.3. a), that P has a # 7 normal subgroup of relatively prime order to
|G:P|. If L is a =’-group, then L # 7 itself is a normal subgroup of P with
(IL|, |G:P|) = 1. This is true because |L| is a wn'-number, while |G :P| =
= |PN:P| = |N:PNN| is a w-number. Applying now 1.3.b), we con-
clude that H and P are conjugate in G. 4

CoroLLARY 4.5. If ¥, €9, 1 € I, then <%, [t e I> = 9.

The following statements can be proved in the same way like in [4]:

Levma 4.6. If %, ¥, 9, 9" are Schunck classes with ¥ < %', 9 < ¢
and X' and 9’ have the ® property, then <%, 9> < <%, 9" >.

ProrosiTioN 4.7. If X, 9, 2 =« Dand X =%, 9 <%, < <% 9>,
hen % = <%, 9> .

ProPOSITION 48. If ¥ =« D and Y = D, then XN Y = 9.

Proof. Let G[0.(G) « ¥N 9, that is G/O(G) & ¥ and G[Ox(G) e
e 9. But the classes ¥ and ¥ are n-closed. So G = ® and G = 9, hence
G = ¥N 9. With this, we proved that ¥ N9 is n-closed. The rest of the
proof is like in [4].

CororLrARY 49. If X, « D, 1 I, then N%E;, = D.

. iel

From 4.5., 4.7., 4.9. follows immediately theorem 4.1. In the lattice -

®?, we have 0 (the class J) and 1 (the class °¥,), but an open problem is
to study if @ is or not complemented.
) . (Received Seplember 21, 1976
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MODEL CIBERNETIC AL RELATIEI ARTIST-CONSUMATOR
IOAN STAN si RXZVAN ANDONIE
Alegerea unei strategii de joc este legata de factorul congtiini. Si

concepem d1a10gu1 artist-consumator ca si un joc matematic cu doi parte-
neri. Din punct de vedere informational, avem structura simplificata :

artist I——-*’ creatie artisticd consumator |

codificare ' decodificare

critica

Vom presupune coincidenta perfectd a repertoriului artistului cu cel al

consumatorului (sau dacd nu, cel putin incluziunea: repertoriul folosit de

artist < repertoriul consumatorului). De asemenea vom presupune informa-

tia obiectivid egald cu cea subiectivi (caz extrem al adaptirii).

Adicd fie:

Z, ...Z,] a [Zl Z, ]
Vg=|" :

Py Py w,(8) .... @)

i;pf=1‘~ ;w,(t>=1

repertoriul comun de semne, cu probabilitifile corespunzitoare de aparifie.
Se stie cd w;(f) = w, pentru ¢ = 1, 7 intr-un interval finit de timp [4, p 104]
Presupunem deci ci w; = p; i =1, 7.

Fie N = lungimea mesa]ulul

V,,:l

N = Eni n; = nr. de aparitii ale semnului Z,,

deci
I{subiectivi')."= - szldﬁ, = '_‘N EP; ldw = oﬁiie;:tivé ‘

Ne vom referi de acum incolo la manrm ale entrop1e1 si redundanj:el
privind doar obiectul estetic. ;

Procesele parcurse 1n codificarea si decod1f1carea unei creatu artlstme'
sint- 1, 2, 47:

— sintetice (trecere Blrkhoff)

— analitice (trecere Moles)

Aceste procese se definesc ca si migcidri verticale ascendente, respectlv
descendente pe scara.ordine apropiati — ordine indepirtati.
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Fiecare treaptd a scirii se va caracteriza prin conceperea de supersemne
de ordin respectiv. Codificarea si decodificarea creafiei artistice se carac-
terizeazi prin salturi verticale de la un nivel la altul, cauzate de necesitatea
adaptérii la cantitatea de informatie.

Prin trecerea de la un nivel 4 la unul superior ¢+ + 1, in cazul decodifici-
rii, se produce o reducere a informatiei obiectului contemplat (din punctul
de vedere al consumatorului).

Informatia extrasi va fi atunci:

= H,‘ - Hi+1

unde

H,; = entropia obiectului considerati la nivelul de ordine <.

Vom porni de la supersemnele de ordinul I, care sint percepute incon-
stient. Trecerea la supersemne de ordin superior se efectueaza constient.
Vom considera deci doar extragerea constientd de informatie (care implicd
un anumit efort din partea consumatorulm) Pentru fiecare trecere la un

ordin superior de supersemne vom avea o redundantd astfel definitd: "

Hi —Hyyy
H;

R, =

2

Se pot considera si alte tipuri de redundantd. Plicerea estetici obtinutd
la un astfel de pas va fi:

R;

fi:H

i+1
N i
(este expresia plicerii estetice la nivel microestetic).
La nivel macroestetic (ordine indepirtati) avem o altd expresie a pla-
cerii estetice: . :

f' _ % _ * ordine

C; complexitate

Atunci vom putea concepe un vector al plicerii estetice la diferite nivele
de ordine. Acest vector va caracteriza creatia artisticd respectivi prin incer-
carea de exprimare a unor invarianti estetici. Acesti invarianti se pot con-
cepe referindu-ne la un cadru social-cultural bine determinat.

Vom considera repertoriul V, = V; ca si mulfimea supersemnelor
de ordinul IX. , )

Vom considera procesul de decodificare incheiat, cind nici o compo-
nentd f,, ¢ =1, # nu mai poate suferi modificari esentiale (suficient de
mari). ;

Vom numi stéri ale creafiei artistice, stadiile in codificarea (decod1f1-
carea) ei determinate in mod unic de anumite succesiuni de migcéri verti-
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cale pe scara ordine apropiati—ordine indepdrtatd. fAceste migcdri sint
determinate de necesitatea adaptirii la capacitatea de intelegere a consuma-
torului. A

A ' ' ' B
Proces Birkhoff" -
l Supersemne de ordinul 7 l l Supersemrne de ordinul 41

I Proces Moles

A, B, C — stiri
A, la nivelul 4
B, C la nivelul 7 4+ 1
Trecerea: ,,A— B— A— B”
nu ne va duce la starea B ci la o noud stare, C

A< deci ,,A-—» B> A4->C"

Cc

Acesta este procedeul de determinare 1terat1vaa stdrilor. Se poate
demonstra ci intr-o succesiune de miscdri verticale, ultima miscare este
un proces Birkhoff (deoarece acestea scad entropia informationald a mesa-
jului). Vom conveni ca miscirile verticale si se facd din pas in pas, fard a .
siri peste un nivel, cum se Intimpld practic. Pentru aceasta putem introduce
stari fictive. Deci stérile creatiei se obfin ca i virfuri ale unei arborescente,
terminalele fiind acelea pentru care procesul de decodificare ar fi practic
incheiat. In functie de distanta fata de v1rful initial, vom avea o impértire
in nivele:

Modalitatea de construcfie este de fapt o parcurgere a arborescentei.
Un virf (o stare) aparfine unui nivel daci st numai dacd ultlmul nivel la care

niueL 1 ) : m:uel I

‘SuPevsemn( 5uPev serne

\_ - .
QR ov'd’?um Z C'Ae ovdc.'n &
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ne-am oprit este chiar acesta. Fiecare nivel este caracterizat printr-o tratare
a unei clase de supersemne. Fiecare arc este de fapt ultima etapi intr-o
succesiune de micsdri verticale.

Evident, vor exista si anumite restrictii in trecerea de la o stare la alta
si, deci, In obf{inerea unor stdri.

Fie X = mulfimea stérilor §i U = mulfimea arcelor arborescentei,
si fie G(X, U) arborescenta obtinutd cu considerarea restrictiilor respec-
tive. :
Orice joc are anumite reguli care reglementeazd [3]:

a) variantele de actiuni posibile ale jucitorilor
b) cunostinfele fieciruia despre comportarea celuilalt
¢) succesiunea mutdérilor
d) rezultatul la care conduce orice succesiune datd de mutdri.
S3 studiem deci cum pot fi considerate aceste concepte in cazul nostru.

Avem doi parteneri: autorul
consumatorul .
Fiecare urmdireste un anumit scop. Dacad vom considera relatia autor-consu-
mator ca si un joc intre cei doi parteneri, atunci, imaginindu-ne o functie
de cistig fictivi, cel doi parteneri vor avea acelasi scop — cistigul maxim,

Conceptele a, b, ¢, d pot fi considerate astfel:

a) variantele de actiuni posibile sint succesiuni de stdri ale creatiei artis-
tice ;
b) cunostintele fiecdrei pirii vor fi astfel considerate:

— consumatorul nu are nici-o relatie suplimentard in decodificarea
creafiei artistice. decit ea Ins#si (adici el nu primeste ,,indicatii’ din partea
autorului) ; _

— artistul cunoaste posibilitidtile de infelegere ale consumatorului.
El va raporta creatia artistic la aceste posibilitdfi.- Vom elimina frecventul
decalaj dintre posibilititile reale ale consumatorului si viziunea artistului
asupra acestor posibilitdti;

c) Vom avea un joc cu doud mutdri: — codificare

— decodificarea

Succesiunea este cea naturald. Autorul fixeazd cadrul jocului, mutérile
posibile, si alege o mutare. Consumatorul va alege si el o mutare din
mutérile posibile fixate de autor.

d) Rezultatul la care conduce desfigurarea joculul este efectul produs
asupra consumatorului, apoi prin feed-back-ul criticii asupra autorului.

Fie A = A(X, F), jocul strategic cu doi parteneri astfel considerat:
X = multimea stirilor posibile la diferite nivele ale scérii ordinei apropiatd
— ordine indepértatd ;
F = mulfimea restrictiilor impuse asupra alternativelor de trecere de la o
stare la alta.

X, F se referd la consumatori. Ele sint fixate de autor, .determinind
cadrul jocului.
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‘Ne propunem si definim notiunea de strategie optlmala pentru cei

doi parteneri. o
Fie H = (H,, ..., H,> wvectorul entrop1e1

Ht = H1 = _‘N;Pil‘ipi

fie I =, .. . I,_1>  vectorul informatiei
I,—H, —H,,
Fie R = <Ry, ...., R,_1)> vectorul redundanfei
R, = Hi — H;
H;

file f={(fy, «+. fu—1p  vectorul plicerii estetice

R; -

J0le) = J6IR), £, = 5

i+q
n—1

n—1 ’
I, =H, = Z_\, (H;, — H,_\) = 21,-, pentru # suficient de mare,
=1

i=1

unde: I, = informatia maximi care poate fi extrasd
H, = nedeterminarea maximi existents la inceputul procesului de
decodificare

Valorile lui H, I, R, f sint valori pe care autorul le extrapoleazi asupra
consumatorului. Am convenit si identificim plicerea esteticd cu mdsura
ei, la nivel micro-respectiv macroestetic.

Fie I" mulfimea strategiilor posibile (mulfimea drumurilor de la virful
initial la terminale) atit pentru autor cit si pentru consumator (ele sint
aceleasi).

Fie G(X, U) graful atasat jocului A(X, F)

-DerFiNiTIA 1. Se numegte strategie optimald (purd) pentru artist,
solutia- problemei' de programare dinamicid

max f
(presupunind ci 3 solutie) { H, R> 0

F(H, R)< 0

unde F = vectorul restrictiilor
unde fntre elementele vectorului f exista o legdtura si unde n & N, suficient
de mare pentru ca H, = H(e) si fie suficient de mic. _

Aceastd solutie se poate reprezenta in graful G(X; U) sub forma unui
‘drum vy, € I', drum optimal.
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De exemplu, in cazul folosirii lanfurilor Markov simple, deci prin’ des-
crierea regulilor de sintaxi prin matrici de tranzitie (p4);; =i, avem:

maxf
25 20; p5 <1
' F(#)<0
) 1, n; p=(py)

Derinrpia 2. In graful, G(X, U) se numeste strategie optimald
(purd) a consumatorului (drum optimal) cel mai scurt drum pentru care
H, scade la o valoare H(s) suficient de mici (in cazul ci existd).

" TeorEMA: Condifia necesard st suficientd pentru ca v e T' sd fie stra-
tegia optimald pentru artist este ca:

a) vy =

b) lungimea (Y) =14, © & N, este 0 valoare optimd.

Consecingd : Perechea (Yar Yc) este punct de echilibru al jocului A,

SiYs =",

De fapt stérile creatiei astfel definite sint stdri potentiale, determinate
de cétre autor la inceputil fiecérui proces de creafie. Ele depind de alegerea
unui repertoriu V, de supersemne de ordinul I, si de restrictiile referitoare
la supersemnele de ordin superior. Aceasti snnphflcare este aphcabﬂa doar in
cazul esteticii generative. $i atunci, prin folosirea calculatorului, vom ciuta
punctul de’ echilibru al ]oculm Aceasta revine deci la o problemi de
programare sau de gdsire a unui drum optim in graf. Rezultatul va fi creatia
yartificiald” Insisi.

) l Intentionalitate (a artistului) I—————’| Fixarea cadrului (a jocului A) I
1

X VPRSI Calculatorul (gésirea
l Creatia ,,artificiald |‘_—“ strategiei optimale)

Siiatd o ) altd metods de folosire a acestui model in estetica generativa.
Este cazul 1n care calculatorul nu poate determina punctul de echilibru
al jocului.

I Autor I C'r(?a}&e —’, Consumator |
| E— ,artificiald” L
T ’ (1)
| Critica

Autorul va prezenta consumatorului mai multe creal:n Prin criticd
acesta se va exprima asupra lor. "Ciclul se repeti pini la gasnea punctului
de echilibru, a variantei optime. Este de fapt un algoritm de ga51rea punctu-
lui de echilibru pentru jocul A.
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Sistemul (1) se manifestd astfel ca si autoreglabil, tinzind citre o stare
de echilibru. Este un sistém cibernetic. Jocul are mai multe etape, mai
multe mutéri pentru fiecare partener, complicindu-se. Consumatorul poate
fi considerat ci este-insusi autorul, critica devenind atunci autocritici.

In cazul creatiei ,,neartificiale” intentionalitatea va acfiona si in timpul
procesului de creatle modificind continuu jocul astfel conceput. Deci nu
ne vom mai putea fixa la un joc, ci la o clasi de jocuri.

(Intrat tn redactic la 29 septembrie 1976)
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THE CYBERNETICAL MODEL OF THE ARTIST — CONSUMER RELATIONSHIP

(Summary)

This paper aims to comstruct a cybernetical model of the relationship between the
artist and the consumer, using the mathematical theoty of games. Based on the results of
the informational psychology the concept of strategic game with two sides (the artist & the
consumer) was defined as well as the optimal strategy for the two parts. It was also discovered
the necessary and sufficient condition that a strategy should be optimal for the artist, This
result is shaped as a theorem. The consequence of the theorem comprises the solution of the
game given, by finding the equilibrium point. At the end, the applicability of these solu=
tions in the generative esthetics was studied.
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SUBSPATII INTR-UN SPATIU Ki(I) -

Subspatu 1ntr -un spatm K3, recurent

P. ENGHIS

' Un spatiu riemannian V,, se numeste recurent [9] daci existi un vector
covariant ¢, astfel incit si avem '

Esﬁa o = Pa RYSE (1:1)

unde RESF_ sint componentele tensorului de curburd a spatiului iar prin
punct si virguld s-a notat derivarea covarianti in raport cu metrica spa-
fiului: o . -

ds? = a,y dy*dy" (1,2)
Daci in (1,1) se aplicd o contractie in raport cu P si § se obfine
Eya,m Pa Bve ‘ (L,3)

iar spa1;111e ce verifica (1,3) au fost numite Ricci-recurente [6]
Dacid in (1,3) se mai aplicd o contracfie se obtine

Ry =g R Y
unde R este curbura scalard a spaj:lulm iar spatiile ce ver1f1ca (1,4) s- au
numit de curburd scalari recurentd.

Daci in (1,1), ¢, = O spatiul se numeste 51metr1c Cartan.
Cons1der1nd identitatea lui Bianchi

RBY5§E -+ Rﬁss;v + ng;s =0 (1,5)
si $inind seama de (1,1) se obtine:
Pelivs + @y Rise + 05 By = 0 (1,6)

relatie verificatd in spatiile recurente. Spatnle simetrice Cartan 1in care
existd un vector covariant astfel ca (1,6) si aibd loc, fmpreund cu spatiile
recurente, au fost numite de A. G. Walker [9] spatii K},. Pentru spatiile
K;, se aratd [9], cd vectorul ¢, este gradient dacid spatiul este recurent si
poate fi ales gradient dacd spatiul este simetric Cartan.

Fie acum un spatiu riemannian V, de metrica
| ' dst = gydxidxt (1,7)
scufundat in spatiul riemannian V,, adici [1]

o :ya(xl, . xu) (cy, =1, m m> n)



SUBSPATIL INTR-UN SPATIU Km RECURENT 17

si rang ” “ = n. Pentru deplasiri in V, avem
Aupdy*dy? = g,,dxfdx’ si decl a3 o B &ii
ot aJV]

sau amgyf"yB = g“ unde prin virguld s-a notat derivarea covarianti in raport
cu metr1ca (1,7).

. Notind Ny (p ==+ 1, m) m—n c1mpur1 vectoriale normale la V,,
unitare si reciproc ortogonale avem :

apNENE = ¢,, agN=NE =0 p q
aaﬁy“N“ =0, ¢ = :i-_._ 1.

Tensorul lui Euler—Schouten pentru spajclul V, este definit de ¥y =
—yf} si daci se noteazi [10]

Vi = E%QMNP : - (L8)
atunci tensorul seciind fundamental a Jui V" este da’c de : oL
QPlU = .uNi’loc . - (1 9)

Eecuatiile lui Gauss si Codazzi pentru spatiul V,, scufundat in V,, se

vor scrie /

R =,; o QpiaQpiin— — QLoiQpin) + Fagra 535555 (1,10
Qypiiip — Qpping = Zq eoliapt Qi — WaptiQiin) + Fapyay 5y 5yuN

unde () = apNeN®  + [uv, ﬁ]y;N;Ns si
Wogli T pgii = 0, wppj =0 dar ~Ri, ~ sint componentele tensorului de
curburd pentru spafiul V,.

Daca spatiul V, este scufundat intr-un spatiu V,, recurent, notind cu
@, componenta. tangent1a1a a gradientului .de recurentd se obtine:

PeYE = P, ) : (1,11)
Derivind covariant (1,11) in raport cu (1,7) se obtire o
PV T PaYri = @r,
si tinind cont de (1,8) rezulti | . :
Pae YoY% + %E%Qm = Pr,i (1,12)
.. In relafia (1,12) permutind p si « si scizind relatule ob]:mute se regi-

seste rezultatul lui T. Myazawa [o] potrivit cdruia vectorul. cp, definit
de (1,11) este un’ gradient.

2 -- Mathematica.2/1977
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Pentru inceput se va presupune ci vectorul de recurentd ¢, nu este
ortogonal subspatiului V,, deci ¢, # 0.

Derivind covariant (1,10) in raport cu g;; si $inlnd seama de (1,1),
(1,8), (1,10) si (1,11) se obtine:

,Rijkh,f — QO g = — @, 2_31191)]13'!;]; -+ 2 eprl,-jk;,,, —
: ' ? ?

= 435 {Quan Qi 1+ Lo Qe i1t + (1,13)
5 _

+ 4 ; & ; € {qu(thlk]Upr + BapriQqi10 a1}

unde prin paranteza dreaptd s-a notat antisimetrizarea, iar
Qppiien = QopirCpijn — Lpiinsisn (1.14)
Rezultd deci ] ‘
Prorpoziyia 1.1, Subspatiile wunui spapin K, recurent cu vector de
vecurentd neortogonal la subspafin verificd relapiile (1,13).
Cel m — n tensori definifi de relatiile (1,14) verifici proprietdti ana-
loge proprietatilor tensorului de curburi. : ‘
Qpijrn = Qi = —Qpijien = — Qi
-Qpiijkh’—l- Qpinng + Qppinje. = 0
“Tensorii contractafi ai tensorilor Qypijen sint
Dot = Dpiy = U = QotQaiin — 25, Qpis (1,15)

unde Qp = Quug® este curbura medie-a lui V, pentru directia Nu. 1],
iar celdlalt nul Qf . = 0.
Relafiile (1,13) scrise intr-o altd formd au fost obfinute pentru pnma data
de M.-Privanovih [7].

Din identitatea lui Bianchi (1,5) scrisi pentru subspatiul V, -si din
(1,13). rezultd :

@ Rijrn + 04 Rijny + @4 Rije = E 5P Qpiian + 91 Qpiinr + 4 Qp1iir2) (1.16)

Dacd in (1, 16) se Inmulfeste contractat cu g si se tine seama de (1,15)
se obifine:

Ajup; = ;%(Q;ukh — 3G+ 35 Dpim) : (1,17)

unde A}y = Rjw — (8iRp — SiRp), [2].
Inmultind (1,17) contractat cu g* se obfine:
(R& — ZR,, ) o; = 2% @,,8,, — 205) o (1,18)

unde @ — Q2 — 05 OF . Rezults deci:
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Propozryia 1.2. Tensorul de curburd, tensorul A"kh, tensorul lui  Ricct,

curbura scalard, tensoritc Quuu, st coniractatis lov dintr-un subspafin V, a
unwi spapin K, recurent cu vector de recurenta neortogondl la subsj)atm
verificd mlamle (7, 16), (1, 17), (1, 18).

Daca subspatlul V, scufundat in spatiul K}, recurent este si el recurent
de vector ¢,, atunci din (1,18) rezulta: :

@, 2 €pQppijen — 2 f’pﬂpmkhn + 4 2 @p{merlem[k m + ‘ _
(1,19)

+ Qa1 Qupppans, 1} — 4; € ; eq {ap 1115 + quuglqlinhglmmr} =0.

. Reciproc, dacd pentru un subspatiu V, tensorul secund fundamental
venﬁca (1,19) atunci din (1,13) rezultd s& subspatiul este recurent de vector
. Deci:
ProroziTiA 1.3. O conditie necesard si suficientd pentru ca un subspafiu
V., a unuwi spatin K}, vecurent cu vector de vecuventd neortogonal la subspagiu
sd fie recurent este ca tensorul secund fundamental sd verifice velagiile (1,19.)
Pentru un subspatiu ¥V, recurent, din (1,6) scrisd pentru subspatiul
V, st din (1,16) rezultd

;%(‘Prgplijkh + 0 Qppijr + P4 pp55r) =0 (1,20)

Deci :

ProrozrTia 1.4. Intr-un s]batm K3, rvecurent cu vector de recurempd
neortogonal la subspatin tensoric Quum din subspagiul 'V, recurent vemfwa
(1, 20).

Dacd subspafiul V, scufundat in spatiul Kj, recurent este simetric
Cartan, atunci din (1, 13) rezultd cd intre tensorul de curburd. si cel de al -
doilea tensor fundamental avem:

@, (Rijpn — Z_: epQpyiinn) —+ ; e Qppiinny =
= 4Z:Bp{9p[imgm,-1[k,z;1 + QpparQupmirigy} — (1,21)
—4 ‘; & ; Co{bap i uanirs Liplity T Lapri Qi ipiprr}

si reciproc, daci (1,21) are loc, din (1,18) rezulti ci subspafiul V, este

. . - »
simetric Cartan. Deci:

Prorozrtia 1.5. O conditic mecesard §i suficientd ca un subspatm Vv,
a unwi spatiu K, recurent cu vector de 1'ecurmta neortogonal la subs;ba;m sa
fie simetric Cartan este ca (1,21) sd aibd loc.

Observagie. Un spatiu simetric Cartan fiind si Ricci s1metr1c R;, =0,
adici un spatiu Ricci [8], rezultd ci subspagiile unui spatiu K3 recurent



20 : P. ENGHIS

cu vector de recurenti neortogonal la subspafiu ce verificd (1,21) sint sub-
spatili 43 introduse de Gh. Th. Gheorghiu [4].

" Din propozitia 5 si' din (1,16) rezultd cd pentru ca un subspatiu V,
simetric Cartan si fie un subspatiu Kj, simetric, pe lingd relatiile (1,21)
mai trebuie sd aibi loc si (1 20). Astfel, ultimele trei propozitii ar putea fi
sintetizate in:

PRopozrpIA 1.6. 0 comime necesard st sztfwwnm penzﬁf U ca un subspatm
V, a unui spagin K5, recur ent cu vector de recurenid neortogonal la subspam;
sd fw un spapiu K recurent este ca (1,19) sd aibd loc, iar pentru ca sd fw
un spapiu K5 simetric (1,20) si (7, 27) sd aibd loc. In orice subspatiu Ki
unui spapiu K, recurent cu vector de vecurenid neortogonal la subspajiu are
loc (7,20). ’

Intr-o lucrare anterioard [3] s-a ardtat ca in orice spatiu Kj vectorul
o, este solutie a sistemului Al o @i = 0 si verificd relatiile (R8: — 2R’)cp1 =0.
Din aceste rezultate si din (1 17) si (1,18) pentru subspatiile K% a unui spa-
pu K% recurent se deduce .

E% (Qpyjun — Sk%,ﬂ, + 81D p; =0 (1,22)

hg.\/ (D 5 — 2 Dpu)o; = 0 S (1,29)

- Deci :

Prorozrtia 1.7. Vectorul @; a unui subspatin K; dintr-un spativ K,
recurent cu vector de recurentd neortogonal la subspatiu este solufie a sistemulur
(7,22) si satisface (1,23).°

Un subspatfiu a unui spajiu riemannian este total geodezic [1], dacd
Qus = 0. Din (1,18) pentru. subspatiile total geodezice ale unui spatiu
K, recurent cu vector de recurentd neortogonal la subspatfit se obtine
rezultatul lui M. Prihanovich [7] si T. Myazawa [5] potrivit
cidruia subspatiu V, este recurent.

Se considers in continuare cazul in care vectorul de recurentd al spafiu-
lui K;, este ortogonal la subepatiul V. In acest caz din (1,11) rezultd o, =
= 0. inmultmd (1,6) cu 3=, 7,98, 4, yY k, ¥, h ¢l fnsumind in raport cu
& B, v 9, t1n1nd seama Cd Q)% = 0 rezulty .

0 Rupra¥y®ypys =0 (1,24)
din care dacy se fine seama:de prima relatie (1,10) se obtine
0o (Rijrn — Eepgpmkh) = 0.

‘Deoarece g, # 0 rezults , . .
) 1,jkh z: epr]ukh ’ ] . (1’25)
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Deci: :
ProroziTia 1.8. Tensorul de curbuvi a unui subspatin V, dintr-un
spatiu Ky, vecurent cu vector de vecurenid ortogonal la subspafiu este dat de
rvelagitle (7,25) unde Quu sint definigs de (1,74).

Observagie. Pentru temsorul secund fundamental al unui subspatiu,
dintr-un spatiu K, recurent cu vector de recurenid ortogonal la subspatiu,
dintr-o relatie analogi cu (1,24) si a doua relatie (1,10) se deduce:

Qprijn — Qppin = Z ey tapir Qi — tap1i€2q1ir)

Din (1, 25) rezultd ci subspatml V, in acest caz va fi In acelagi timp
simetric sau recurent, dupa cum tensorul sumi a celor m — » tenson Qp,,,k,,
definifi de (1,14) este simetric sau récirrent. Deci:

ProrpoziTia 1.9. Subspamle unut spapiu K, vecurent cu vector de recu-
ventd ortogonal la subspatiu sint simetrice Cartan daci st numai dacd tensorul
sumd a celor m — n tensori Qi este covariant comstant, vecurent de vector
v, dacd si numar dacd tensorul sumd a celor m — n tensori Qf,,,]k,, este veci-
vent de vector v, si subspatin K5 cu vector v, dacd §1 numai dacd tensorul
sumd a celor m — n tensors prkh este 1/.ecm'ent de vector v, sau covariant
constant si verificd relafia

vy Z ep Qppijin + v, Z ey Qpjijnr + vy Z ep Qpiijm = 0.

Observatie. Din 1e1at1a (1,25) rezultd ci in acest caz toate proprietatile
unui subspatxu exprlmate cu ajutorul tensorului die curburd se pot exprima
cu ajutorul tensorului suma a celor . — n tensori Qs i reciproc.

In particular, daci subspatiul este total geodezic din Q=0
rezultd R = 0 si subspatiul este euclidian. Deci:

PROPOZITIA 1.10. Subspatiile total geodezice ale unui spatin K, recurent
cw_vector de recurentd ortogonal la subspatin sint spatii euclidiene

(Intrat in vedacfie la 20 octombrie 1976)
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SOUS-ESPACES DANS UN ESPACE K% (I)

Sous-espaces dans un espace K» vécurvent

(Résumé)

Dans ce travail on étudie les sous-espaces ¥, d'un espace K* récurrent.

Dans le cas oit le vecteur de récurrence est-non-orthogonal au sous-espace, on donne les
relations (1,18), (1, 16), (1, 17), (1, 18) qui sont vérifiées par les sous-espaces V,,, par le tenseur
de courbure, par le tenseur de Ricci, par les tenseurs Q piijen €t Par la courbure scalaire. On
donne ensuite, par les relations (1, 19), (1, 20), (1, 21), les conditions nécessaires et suffisantes

pour que le sous-espace V,, soit K}, ainsi que les relations (1, 22) et (1, 23) qui sont vérifiées

par le vecteur g,.

Dans le cas oi1 le vecteur de récurrence est orthogonal au sous-espace, on donne I'expression
du tenseur de courbure, d'oit on déduit les conditions nécessaires et suffisantes pour que le
sous-espace soit K.
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METODE CONVERGENTE DE ORDINUL K IN SPATII
SUPERMETRICE -

S. GROZE si B. JANKO

1. Considerim ecuatia operationald
P(x) =0 , o (1)

unde P este un operator nehmar, definit ‘intr-un domeniu- S a spatinlui
complet supermetric X [1] si cu valori in spatlul de acelasi tip Y, 0 fiind
elementul nul al spa’;1u1u1 Y. Presupunem ci operatorul P admite derivate
de tip Fréchet pind la ordinul % inclusiv.

Pentru determinarea sclufiei ecuatiei (1) se foloseste o metodd itera-
tivi de forma , :

Xy = A(x,), n=0,1, ... (2)

%, fiind o aproximatie inifiald, iar A un anumit operator definit in spa;iul
complet supermetric X si cu valori in acelasi spatiu, operator ce va fi ales in
mod convenabil si care admite derivate de timp Fréchet pind la ordinul
k — 1 inclusiv. Presupunem de asemenea ci dacd x* este o solufie a ecua-
tiei (1), avem

x* = A(x¥).

Definim ordinul de convergentd al metodei (2) folosind ideea datd de
E. Schrdder {2] privitoare la functiile de variabild reald si extinsa
de citre B. Janké [3] asupra operatorilor definiti in spafii Banach.

Derinrria I. Metoda de iteratie (2) se numeste convergentd de ordinul
k dacd sint indeplinite conditiile :

a) px(x, — x*)— 0 pentru n—

b) A®W(x*) =0;, 1 =1,2, ...,k —1
unde 0; este operatorul nul ¢-liniar. .

Problema care se pune in continuare este de a substitui, in mod con-
venabil, operatorul P din (1) cu un altul, 4, definit prin

A(x) = F[P(x)] SN

astfel incit si fie indeplinite conditiile : '

1° relatia (2) si fie convergenti de ordinul %2 in sensul definifiei I.

2° ecuatiile (1) si x — A(x) = 0’ si fie echivalente.

Alegerea convenabild a lui 4 ne va permite si stabilim diferite clase
de metode iterative,

2. S& considerdm operatorul 4 deﬁmt prin

A(x)= % + «,P() | (4)
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unde « este un operator liniar p'eritrli x fixat, Considerind operatorul
* A*(x)= x + a,*P(x)
si punind conditia ' ‘
' A¥ (x*) = 6
rezultd cd pentru x* operatorul o * trebuie si fie de forma
o= — [P'(x%)]71 = —I'(x%)

dacd operatorul I'(x¥) exista.
Forma lul «,» nu se modifici daci se ia

—[P'(%) + B.P(*)]17 + v.P() - (8)

" oricare ar fi %, si daca B, sl v, sint operatori biliniari pentru x fixat care
_urmeazd si fie precizafi.”

Substituind (6) in (4) objcmem o clasd de metode iterative data de ‘al- -
goritmul

.xn-}—l = xﬁ - [P,(xn)'+ ﬁﬁ«'nP(xn) ]_IP(xn) + Y-’-’an(?cn)' (7)
Particularizind operatori B, si vy, obtinem diferite metode iterative

clasice. Astfel, daci considerém B, = v, =0, atunci (7) devine
Xng1 = %, — [P'(x,)]7'P(x,) (8)

regasmd astfel metoda convergentd de ordinul d01 a lui Newton-Kantoro-
vici.

Deoarece B, si v, pot fi alesi in mod convenabil, rezultd ci (8) nu - este
singura metodd convergenti de ordinul doi.
Dacd se considerd

A(x)= x — [P'(x) + B.P()]7P(x) + v, P(x) . (9)
si punen{" conditia A*"(x*) = O,, se giseste o relatie intre operatorii biliniari
B, st ova: ' :

(%) P (2*)mymg + 20 (x%)B,L P’ (x¥)mylnny + (10.)
B 1 '
2y, [P/ (x¥)n,) [P (2¥)ms] = O,

operatorul biliniar fiind luat in punctele #, si 7,
Dacd in (10) se-alege v,*= 0,

By = — — P ()L (x¥)m]ns.

Considerind expresia lui B pentru orice x « S, substituind aceasti
expresie in (9) regdsim metoda generalizati a iperbolelor tangente

uss = 3y = [ = L D) P/ ) D) P)] D) P) ()



METODE CONVERGENTE DE ORDINUL K .25

Dacd insd ludm B,» = O,, obfinem
Yooty = = D) P ()L (@) )]

care, considerati pentru orice x € S si subst1tu1ta in (9), ne conduce la
algontmul :

furt = %, — D) P(x,) — T(5) P/(@)D(x)P(s)F  ~ (12)

denumit ,,metoda generalizati a parabolelor tangente”.

Diverse particularizéri ale operatorilor biliniari B, si v, ne vor conduce
la diferite metods iterative convergente- de ordinul trei.

Considerind alte expresii pentru operatorul A decit cea datd de (9),
putem obtine alte clase de metode convergente de diferite ordine. Astfel
daci considerim pentru A expresia

A(x)= % — [P'(x)wx Px)TY(P(x) + v,PHx) - (9)

si dacd impunem conditia 4*'(x*) = 0,, se obtine urmitoarea relatie intre
operatorii biliniari B, si y, pentru x = x* =

P (x*)nq11, + 2B [P (2%)n]ny = 2y [P/ (x*)n, ][ P’ (x%)n,]. (10

Particularizarea operatorilor biliniari B, si y, ne conduce la d1fer1te
clase noi de metode iterative de forma :

Xpy1 = A( )
‘ Dacit se alege, de exemplu Buw1ymy = — P (x%)[T'(#%)m,]n,, din (10')
deducem vy #,8, = — P"(x“‘)[F(x*)nl][P( )712]

Tuind expresiile 1u1 B, si v, pentru orice x = 'S, atunci se regiseste
metoda lui I. V. Vohandu 4].

Mentiondm ci din aceasti clasi de metode iterative fac parte si me‘codele
lui Kaasik [3].

Pentru a obtine ‘metode convercrente de ordinul %* > 3, considerim
operatorul generator sub forma [3]

A(x)= x — [P'(x) + B P(%) + ... + Bipt P4 (x)]2P(x) +
+ 1 Px) + . g Pi() |

unde operatorii wniultiliniari B, §i o, s=1, ..., 141, k=1, ..., j
pot fi determinati din conditiile

AT (x*) =0p, p=1, ..., k— 1

" Aceste clase de mietode iterative reprezentate prin relatiile

(13)

x"+i = A(xn)’ gfl;l-ll = I‘I(’Zn)
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nu epuizeazd toate metodele convergente de ordinul k. Astfel, daci ludm
ca operator generator operatorul '

A(#)= 5 — [P'(x + «,P(x))]P(x) (14)
calculind A*'(x*), avem :
’ A9 (%) = P[] + 2o00 P (551100 (15)

relatie care, egalatd cu operatorul nul biliniar O,, ne permite si gisim
1 ;
Lps = — -2— P(x*) (16)

_ Considerind operatorul « pentru un % oarecare, se regiseste metoda
iterativi datd de B. Janké [3] pentru spatiul cu metrici obisnuitd.

Observa;n 1° A'(x) se anuleazd oricare ar fi o,
2° Dacd in (13) se ia «, = 0, regidsim metoda lui Newton-
Kantorov1c1

. 8. In continuare dim condi}ii de convergen{i comune pentru clasele
de metode prezentate mai sus. Demonstrim urméitoarea

TEOREMA. Dacd peniru aproximatia inifiald x, si prima aproximajie
%, calculatd cu ajutorul procedeului iterativ (2) avem indeplinite conditiile

7° px(A(x) — A(%)) < apl(x — xo)

2° aph(xg — %) <7
pentru a-5i k numere reale, tar k> 1 510 < a < 1, atunci ecuagia x = A(x)
are cel pupin o solupie x*, limita szmlm (%,) dat de algoritmul (2), ordinul
de convergentd j)recum st delimitarea eroris fund caracterizate de inegalitatea

PX(xu - x*) < al_k Hk [“l_k PX(xJ - xo)]kﬂ (17)

unde H, =1 —i—E [oph (%, — x JT¥.

Demonstmtw Vom arita pentru inceput ci sirul (x,) dat de algoritmul
(2) este fundamental. Intr-adevir, din ipotezele teoremei se deduce

ex(%2 — %) = px(4 (%) — A(%,)) < “Px(xl — %)

kn—1

k—1 ¥

ol SYORED

. k
Px(xu+1 - xn) =< “pX(xﬂ_xﬂ——l) Solthd e+ Px (xl_x0)=
Pentru un intreg pozitiv oarecare avem atunci inegalitatea

ex(Xntpr — %) S 0x(Fusp — Fnip—1) + Px(Fnip—1 — Fnyp—2) + ...+
1 1 '

+ ox(%us2 — Fna1) + px(Fazr — %) < @ k_l{[“k_lpx(xl - xo)ﬂk”

1 (g oty — 2P+ . e - (g (2 — 2R
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Notind H, =1 + Z ooy (%, — xo)]¥, avem
=1 . .

1
ox(Fntp — %) S @ I'Hk 0" ol — 20)]7". (18)

Spafiul fiind presupus complet rezultd existenta unui element x* X
astfel ca

= lim z%,.

n—+00
Din (18), facind p— oo, se obtine

1 1
ex{%, — %*) < « k_lHk [ak_le(xl — %) I

regdsind astfel relatia (17) ce caracterizeazi rapiditatea convergentei.

Pentru a ardta cd x* este o solutie a ecuat1e1 operatlonale x = A(x)
se observd cd

ox(* — A(5%) < py(a* — 5,) + oyl — A(2%)
< px(#* — 2,) + px(A(%or) — A(x%))

< PX(x* - xn) + apf‘f(x"—l - x*) <e

pentru # destul de mare.. Rezulti py(x* — A(x*)) =0 deci x* = A(x%).

Observagii. 1. Dacid condifia 1° este presupusi adeviratd pentru orice
cuplu de elemente z, y ale unui sir din spatiul X, atunci se demonstreazi
si unicitatea solufiei.

Intr-adevir, presupunind existenta a doud solutii x* # y*, avem
px(%* — ¥%) = px(A(x%) — A(y¥) < aph(x™ — y¥)
de unde rezulta
aph 1 (x* — y¥) > 1

contrar conditiei 2°. Deci x* este unici.

2. Teorema demonstrati de noi este mai generald decit cea datd de
L. Collatz [1] deoarece nu pretindem ca spatiul sd fie L-supermetric
si nici nu presupunem existenta derivatelor de tip Fréchet de ordin superior.

3. In cazul spatiului metric o teorem# analogi a fost demonstrati de
citre B. Janké si V. Pop [6].

(Intrad in redactie la 11 noiembrie 1976) ]
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CONVERGENT, METHODS OF K ORDER IN SUPERMETRIC SPACES
(Summary)
Using the definition of the order of the convergence glven in [3] the conditions for the

existence and uniqueness of the solution of the equatlon (1) is studied, generalizing the re-
sult of [6] by extension of the space.
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PRODUITS TENSORIELS DE #-MONOIDES

MARIA S. POP

La notion de #-groupe, plus preclsement le cas # > 2, est dfi & Dérnte
qui en donna la définition en 1928. Le sujet, ainsi que d’autres généralisa-
tions pareilles, fait ’objet d’étude d’autres ouvrages publiés plus tard,
parmi lesquels: [2], [5], [6], et [7]. Voici d’abord quelques notions que
nous utiliserons dans notre étude. - .

On appelle n-monoide, ude algébre universelle munie d'une seule loi
de composition #-aire 0: A®— A4, supposee associative i.e. ver1f1ant la con-

dition : pour tout a; € 4; ¢»—1 2, .., 2n —1 et k=1, 2, , won a‘)
((alJ c vy an) 01’ d,,+-1, .. ';' a2n—1)0 '.: (all e vy ak—l: (aky o0 ey ak+n—1) 0
. [lk+m .. aZn 1)
Un #-monoide (4, o) est dit commutatlf si pour toute permutatlon o de
Uensemble {1,2, ...., n} et tout.a; €« 4; ¢ =1, ,#, on a:
‘ (ﬂl, cea a )0 = (aom, ceaey dc(,,))
Le #»-monoide (4, o) sappelle un #n-groupe si pour tout 4, ¢ =2, ...,
n—1et tout ay, ...., a;_y, @441, ...., a, a = 4, I'équation

(@, v oey G0, %, Gigy e e ey @)y = @

posséde une solution unique dans A.

Soit (4, o) un n-groupe, olt #> 3, et a « A. La solution de 1’équation
{a, ...., a, x), = a s’appelle la transversale de a et se note 4. On peut
vérfier sans difficulté que & peut occuper n'importe quelle place dans I’ equa—
tion de définition.

On dit que ¢ A est un élément unité du #- groupe (4, o) si pour tout
élément a de A et quelque soit sa position dans le ,,produit” on a: (e, ...,
e, 4, ¢ ....¢e4y=a A ladifférence de 2-groupes, il existe des n-groupes
ne possédant aucun élément unité ou qui en possédent plusieurs.

Le produit tensoriel des #-groupes abéliens a été introduit par Siosson
[6]. Par la suite, nous donnons la définition du produit tensoriel des
" m-monoides, ainsi que quelques propriétés lides a cette notion.

1. Définitions. Existence. Soit (4,, 0,);er une famille de n-monoides
et munissons le produit [-] 4; de cette famille, de la loi n-aire ,,6"’, par:

ie]
VajedA,ieletj=12 ..,n

((@s)ier, (“iz)ieb coo (@2)ien)o = (@1, @ior v v oy @in)og)ier

1 Lorsqu’il n'y a pas de confusion & cramdre, on écrira, plus 51mp1ement (@ .., ay)
au lieu de (a;, ...., 4,), € 4. )
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Le couple ( I_I A4;, o) est, evidemment, un #-monoide.
Soit C ' un n-mono1de quelconque.
DrrinitioN 1.1, L’dpplication s: [ [ 4, — C est dlte I-linéaire, si pour
tout 19 = I et tout a; € 4,, © # 1,, l’:ipphcatmn
’ s,- : 4;,— C définie par:
sif@;,) = s((a;)ier)

est un homomorplnsme de monoides.
Par exemple, pour I'ensemble I = {1, 2} et les #-monoides 4, B et
c, lapphcatwn s: A X B—>C est bilinéaire si a, a; € 4; b, b; € B;
1 =12, , % on a:
s((@y, « .. a,), b) = (s(ay, B), ..., s(a,, b))
s(a, (by, «..., b,)) = (s(a, by), ...., 8(a, b))

Prorosition 1.2, 57 s:4 X B~ C est une application bilinéaive de
n-monoides, pour tout a € A,b = Betm = N, on a: s(a™, b) = s»)(aq, b) =
= s(a, b)), o a dénote la puissance m-éme de a, dans le sens de
Post [5].

Démonstration par récurrence, en utilisant la définition de la puissance
dans un »-monoide.

PROPOSITION 1.3. Soient A, B, C des n-groupes et s: A X B— C une
application bilinéairve ; povr tout m = Z on a:

s(a™), b) = stm(g, b) = s(a, b))

Pour m 3> 0 Passertion résulte de la proposition 1.2. Pour m < 0, on

rappelle que al”l est défini comme solution de I’équation

(%,a, ...,a) =a

le membre gatiche de 1'égalité ayant m(n — 7) 4 7 facteurs [5].
On a donc, al-11= 4, et on démontre par récurrence suivant —wm que
a1 est la solution de I’équation

(%, a, ....,a, al=m"1) = ¢
Ensuite, puisque s est bilinéaire, et en vertu de la proposition 1.2, on a:
' s(a, b) = s(a®l,.a, ...., a, a[—l;”—l), b) =

= (s{al"l, b), s(a, b), ...., s(a, b), s(al=7-11, b)) =

= (s(al"), b}, s(a, b), ...., s(a, b), st=""1(a, b)) =
donc, s(a[’”l b) est la solution de I’équation

(%, s(a, b), ..., s(a, b), st=m=1)a, b)) = s(a, b).

D’autre part, C étant un #n-groupe, on a:

s(a™, b) = si"l(a, b) pour m <0
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D’une maniére analogue, on montre que

s(a, b)) = s»i(a, b).

DiEFINITION 1.4. Soient (4;, 0;)icr une famille de #-monoides, T
un #-monoide, et ¢ : [ | A;— T une application I — linéaire. Ie couple (T, £) —

ie]
ou parfois le #-monoide T tout seul — s’appelle produit tensoriel de la
famille (A4;, o;)ier, si pour toute application I-linéaire s: ][] 4, —C

il
(C étant un n-monoide quelconque) il existe un homomorphisme unique
u:T— C tel que s = uol.

On utilise les notations usuelles; T = ® Ay t(ag)ier) = ® a;

TuforEME 1.5. Le j)rodmt temnsoriel d’ une famzlle de n- monozdes (A,, 0)ier
existe et il est unique & un isomorphisme pres.

I’unicité résulte de la définition du produit tensoriel en tant que solu-
tion du probléme universel.

I’existence sera démontrée par une construction analogue 4 celle donnée
pour les bimonoides (P. A. Grillet [3]). D’ailleurs, on peut utiliser cette
méthode pour prouver l'existence des produits tensoriels pour toute variété.

Soient F un #-monoide libre ayant || A; pour systéme de générateurs
is]
et linclusion %: [] 4; = F. ,
. el .
Désignons ensuite par & I'ensemble des couples de la forme

(((a;)ian), (((@nn)ier)s - - - Bl(@ia)ien))o)

oll
g€ d;;1l; =12, ...,n et -
2. — {(a,-ol, o Aiglt)o;, pour ¢ = 4,
;= v . .
A = .. = Qi pour 1 3% 1,

Si 8 désigne la congruence minimale sur F contenant &, g: F—» F/6 et
t = goh, nous montrerons que le couple (F/0, #) est le prodult tensoriel
de la famille de #-monoides, (4;);r

Par la définition de la congruence 6, il résulte que ¢ est I-linéaire. Soit

s: ][ A; — C une application I-linéaire, ott C est un n-monoide quelcon-

il
que. Conformément a la définition d’un #-monoide libre . F, il existe un ho-
momorphisme unique f:F— C tel que s = fo 4. Cela dit, le diagramme

I114; ——-F

iel | 4
.
Vd

¢ 5
est commutatif. I’application s étant I-linéaire on a ker g = 0 < ker f

ce qui implique I'existencé d’'un homomorphisme unique #:F[6— C tel
que f = nuog. Mais, s = folh = (uog)oh = uo(goh) = uoh) = uot, donc s =



39 ' M. §. BOP

= #of. S'il existait un autre homomorphlsme v tel que s = vof, on aurait
$ = vo(goh) = (vog)oh; d’autre part, vu l'unicité de f tel que s —f h on
obtient f =vog; On en déduit, v = u.

Remarques. 1. 11 résulte de la demonstra’aon que F/0 =®.4; est en-

eI
gendre par les éléments ® a;, ol a e A, 1
ierl
2. Tout élément ¥ € ® A4, peut s’écrire sous la forme
iel -
== (t[?; (411)1:51), R tFan]((di,n))iel)) ol pl, ey Pm S N,

m=1 (modnw—1);a;cd;;ieleti=12 ..., m

Exemple 1.6. Soient A un n-monoide quelconque et {¢} le #-monoide
réduit 4 un seul élément e. On a: )

A® {e} = E(4), ot E(4) désigne I'image homomorphe maximale idem-
potenté de 4. c

A® {e} est engendré par tous les éléments a® ¢ oft @ = 4. L'élément
a® e est 1dempotent car (a® e)lll =g® elll = a® e¢. On a également:
Pour tout . q; €4 1=12, ....,n; - - ,

(@,®¢....a, )M = ((a,....,a)Q )1 = (a5, ... )@ el =
=(ay, ..., 2,)Q0¢=(,Qe¢ ..., a, e h
done, tous les éléments de 4 ® {¢} sont indempotents.

2. Produits tensoriels'de n-monoides cyeliques.
DErFNITION 2.1. Un #-monoide A est dit normal si pour tout a; = A4,
1=12 ...,2 e me Non a:

(ay, ay, - .., @,)t" = (af®), al, ... ., al)

Tout #-monoide commutatif est normal.

La démonstration se fait par récurrence en utilisant la ‘commutativité
et I'associativité de la loi n-aire, ainsi que la définition de la pulssance
"méme dans le sens de Post. [5].

Soit <x> un n-momnoide cyclique infini (voir [7]), donc: {(x) = {x,
xM, L., w0 et étudions le produit tensoriel de (x> par un #-mo-
noide quelconque A. Soit Oy la congruence sur A contenant tous les couples
de la forme

(@, .. a,), (al], (.., al)); m e N

Cette congruence définit le z-monoide quotient A/6y noté N(A) lequel
n’est autre que I'image homomorphe maximale normale de 4.

- PRoOPOSITION 2.2. St A est un n-monoide et (x) le n- monozde cyclique
mfzm engendre par %, on a - : ,

A® {(x)x N(4)
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Démonstration. Soient f:A—»N (4) Yhomomorphisme canonique et
trAX{x>—> N(4) définie.par' Ha, xi’”i) = f(a"™) pour tout a e 4. ‘

I/application ¢ étant bilinéaire pour tout ;e 4 1=1, .. ,'n et m
entier positif, on a:

(@ oo @)y 20 =f((as, ... a)") = (f((as, ..., a,)))"] =
= (@, v F@NP = (@), ..., foa)) = (fa), ..., fla) =
= (H(ay, 2, ..., i(a,, x1)) |
et
t'(a, (2l ..., x0w)) = H(a, xlm+ oo Fme ¥ 1]) = flglmt ..+ mm+1)) =
=fllafml, ..., ab») = (flab™), ..., flaiml)) =
= ({a, xl™)), ..., Ha, xlml))
So1ent maintenent, C un #-momnoide quelconque, s:Ax{x)— C une

application bilinéaire, et g: A— C 'application définie par: g(a) = s(a, x)
pour tout a  4; g est un homomorphisme car: :

(e @) = (@ ve @), %) = (s(ay, 2 <. S(ay, 7)) =

= (glay), - - &la,))

Im g est un n-sous-monoide normal de C car, en vertu de la proposition 1.2,
ona,pourtout a, e 4,2=1, ...., »n:

(g(al)’ . g(an)) 1 = (g(ali .- ‘-I (l”)) [vm] = g((all sy an) [m]) =
= s((ay, ... a), x) =s((ay, ..., a,)x) =
= (slay, 20, ..., s(a, %) = (g(ay), ..., g™a,)

Comme f est I’homomorphisme canonique de 4 sur N(4) et g: 4—C
un homomorphisme de #-monoides, il existe’ un homomorphisme unique
#:N(A)— C tel que g = #of et pour tout ¢ € 4,’on a

sla, #7) = s{at, z) = g(a) = u{f(alm) = ultla, %)

c’est-a-dire s = #uot,

L’unicité de # est immédiate car s’il emste ) tel queé s = vof on obtient:
g(a) = s(a, x) = v{t(a, x)) = v(f(a)) pour tout a e'A; donc g =vot et
par conséquent, ¥ = .-

3 — Mathematica 2/1977
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. PRroPOSITION 2.3. S7 A est un n-monoide quelconque et B un n-monoide
cyclique infini du type (p, q) , le produit A® B est image homomorphe maxi-
male normale de A, vemfmnt la relation c?) = cl4l pour tout ¢ = N(A).
La démonstration est analogue & celle donnée pour la proposition 2.2.

De plus, puisque B = {x, x], ..., x®], .., xle=1}} et xl0] = x0], en
conservant les notations précedentes, on peut remarquer que l'on a
S#)a) = ful{a) pour tout a = 4. En effet:

fla) = 1@ = Ha, #) = Ha, 519) = f(at¥) = f13()

De méme, dans le n-monoide normal Img este vérifiée une relation
analogue car :

g[?](a) = g(a) :s(a’ x[i’]) = s(d’ x[i’]) _— s(a, x[i’]) = s(a[q], x) -
= g(al®)) = gldl(a ); ce qui achéve la démonstration.

COROLLAIRE 2.4. St A est un n-monoide cyclique fini du type (py, q1)
¢t B un n-monoide cyclique ﬁm du type (Pa, qs), A ® B est un n-monoide cycli-

que fini du type (p, q) ot p = wnf(py, pa); ¢ =7 + (g1 — D1 92 — Ps)-

(Icz, (91 — P1 g2 — P2) daszgne le ;blus grand commun diviseur des nombres
—~ 1 €t gy — Ps)

3. Produits teﬁsorlels de n-groupes. THEOREME 3.1. Si A-¢t B sont des
n-groupes, il en est de méme de lewr produit tensoriel 4 @ B.

" Demonstration. Remarquons d’abord que tout #-groupe peut étre re-
gardé comme -une algébre. universelle .(G, o, “—) munie de deux lois:

1. I,a loi binaire ,,0”’ — 'associative
2. La loi unaire ,,—” faisant correspondre & chaque élément a = G
sa transversale 4 = G telle que les relations suivantes [2] sont vérifides:

@ a, ... a8, 2= (%a, ....,a,d)=x
(@ d a ~.,a %= (=0a ..., 4 a),=2%

Par définition de 4 ® B comme produit de n#-monoides il résulte que
celui-ci est le #-monoide engendré par les éléments a®@ bott A = aetd = B.
Il reste & demontrer I'existence de la transversale.

A cet effet on utilise le fait que 4 et B sont des #-groupes et que appli-
cation tensorielle est bilinéaire:V @, x « 4; b,y B,

(@®0b, a®d, ..., a® b, x®y) =
=(d® b, a®b, ....,a®b, x® (5,5, ..., b, ) =
=(@E®0b, a®b, ....,a® b, (x®@D, x®5H, ...., x®@ b, xQ ¥)) =
= ((@®b, a®b, ....,a® b, x @), x®7F, ...., 2x® b, *Q y) =
=(aa ....,a, 2)@b, x@b, ..., 2x®b, xQy) =
=(*®b, 2x®0b, ...., 2@, x®Y) =x®®, b, ..., by =2y
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De la mime facon on montre qué:
. (*®y, a® D, ..., a® b, é@b)—x@y et
(6®, 4 b, ..., a® b, 1@ 3) = (4@ ¥, a® b, ..., 4® b, a® b)=1® ¥,
‘ donc a @ b = a® b, ‘

De plus, a® b =a@® b, car si ’on pose dans la relatlon demontrée ci-
dessus: ¥ =a et y = & on obtient’

«®F = (@b, 4 b, ....a®b, a®d) = (44, ... i, Q)®b,a®0b, ...,
a® b, a® b) = ((® b, a® by d® b, a® b),a®b, ..., a®b, a®b) =
— (@®b, a®b, ..., d® D, a®(b,.;.,b,5))= |
= (i®b,aQ®"b, ..., 4@ b, a@® b) G a..., 4 a)®@b=d®b.

Il en résulte: a® b =a®®b=a®5b et (par consequent) A®'B est
un #-groupe.

De la propriété 1 3 on déduit que pour tout melZ ac A et beB
on a: :

amM@b = (a® b)lml = a® bim

4. Produits tensoriels de n-monoides eommutatifs. Le. produit tensoriel
commutatif d'une famille de #-monoides commutatifs se définit d’une
maniére analogue au cas, 7 = 2. [4]. :

DerINrrIoN 4.1. Soient (4;, 0;);; une famille de #-monoides commu-

tatifs, T un #-monoide et ¢: [ | 4;— T une application I-linéaire; le couple
iel
(¢ T), ou 51mp1ement le #-monoide T, est appelé produit tensoriel commu-
tatif de la famille, si pour tout #-monoide commutatif C et toute applica-
tion I-linéaire s:[] 4;~ C il ex1ste un. homomorphisme unique #:T— C
“ier

tel que s = uot.

Nous utiliserons la notation.de Siosson pour les n—groupes abéliens’
6]; T = I X 4; et t((a;)ic1) = l a;. Elle differe de la notation - usuelle

pour le prodult tensoriel ® 4, pour mettre en évidence que celui-ci n’est
iel

nécessairement pas commutatif, méme si tous les #-monoides A4; possé-

dent cette propriété. La liasion entre les -deux types de prodmts est .donnée

par le

THE-OREME 4.2, Le prodmt tensoriel commutamf dune fmmlle de n-monoi-
des commutatifs (A; 0;)ier emste et il.est unique 4 un isomorphisme prés.
Plus précisément .

K4, = C(® 4)

B 2= SN 161
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c est-d-dwe & A; est isomorphe & Vimage komomorphe maximale commutative
el

du n-monoide ®A

Demonstmtwn S01ent (¢, ® A,) le produit tensoriel d’une famille de
iel ' :

n-monmdes (Théoréme 1.5) et s: [ ] 4; — C une application I-linéaire dans
terl
un #-monoide commutatif C. En vertu de la définition 1.4, il existe un homo-

morphisme umque u: @ A;=»C tel que s = uot, L'image homomorphe

el .
maximale commutative du n—monmde ® A,, notation : C (® A,), se définit
gel .
comme le n-monmde-quotlent par rapport 2 la congruence mlnlmale définie
sur ® A;, contenant tous les coitples la forme ((x,, ~. ., %,)0 (%ag) -+
iel : _
xU(”)) )UES;;; i€ ® A'] =1 sy B

Par extentlon du principe de 11mage maximale d’un type donné pour
les groupoides [1, p. 18] au cas des n- group01des, on montre que C(® 4;)

el
existe. . & !
Soit /:® A4; — C (® 4,) l'application canonique et définissons 'appli-
- eel el
catlon t: Il 4; = C(® 4;) par £, = fot. Ceci dit, le diagramme suivant
i€l sel . .

est commutatif

O te .
TTA = -C . > CI® A
el - : 1& iel

b D4;

. Du fait Que C esf un #-monoide. 4commutatif; il résulte I'existence d’un
homomorphlsme v C(® A;(—C tel que u =vof. On a donc, s = %ol =

er
= (vof) ot = vo (fot) = veof, ce qui nous montre que (C(® A,),t,) n'est

c

autreque le produit tensoriel commutatif (4;);e;. Son umc1te .découle de
sa définition comme solution du probléme universel.

Conséquence 4,3. Si 4 est un #-monoide commutatif et {e} le n-monoidé
réduit 4 un seul élément, on a:

A X {e}z E(4) .
Conformément aux 42. et 1.6 on a:
A R {e} = C(4®{e}) x C(E(4)) = E(A)
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Conséquence 4.4 51 A est un n-monoide commutat1f et (x) un #-monoi-
de cyclique infini, on a A ® (x> = 4. .
" En effet, puisque 4 est commutatlf on a Nd)~ 4; gnsmte, en ut111-
sant 4.2 et 2.2 on obtient ' Co

AR (x> C(A® (x) = CV(A) = ClA) = 4

Des théorémes 31 et 4.2 il résulte . ) : - o

Conséquence 4.5. Le produit tensoriel commutatif de deux n- groupes
commutatifs est un #-groupe commutatif. .

Soit (Z, o) le #n-groupe cyclique infini des entiers rationnels, ot la loi
0:2"—Z est définie par: .

ke Z;i=1,2 .on; (by i h)e =0 ki +2—n

=Y 4

On montre facilement que 'on a 1™ = m 4 1 pour tout m « Z et que -
Z est le n-groupe cyclique infini engendré par 1; Z = {1).

Sil'on utilise 4.4 et 4.5 on obtient :

Conséquence 4.6. Le produit tensoriel commutatif d'un #-groupe commu- -
tatif 4 par le #-groupe cychque infini des entiers rationnels est isomorphe
a A:ANZx A.

Nous .Ietrouvons ainsi le théoréme 12 de [6]. Siosson [6] définit
le produit tensoriel de deux m-groupes abéliens 4 et B en le construisant,
comme étant le #-groupe-quotient /6, ott F désigne le n-groupe libre sur
A X B, et 8 la congruence minimale sur F contenant tous les couples de la
forme:

B(@y - .. a), b), (g B), -.... , hla, b)) )

(Bla, (by, ...., 0,), (hla, by), ...., k(a, b)) (2
(B(a1 ,b), h(a, b)) s 3)
olt a, a; € A; bbeB 1;1.. ,netmel

Ensuite, ce méme auteur demontre que l'apphcatmn tensorielle est la
solutlon du probléme universel.

Notre définition appliquée aux n-groupes abéliens est équivalente a-
celle de Siosson. Cela se voit du fait que la condition (3) de I’énoncé du
théoréme 9 [6] (et, par conséquent les couplés du dernier type) n’est pas
-nécessaire ; en effet, elle découle des conditions (1) et (2) dudit théoreme,
en vertu de la proposition 1.3.

(. Mc;fmscrit regu Je 20 octobre* 1976)
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PRODUSE TENSORIALE DE #-MONOIDE
- (Rezumat)

In Iucrare se, defineste produsul tensorial al unei familii de n-semigrupuri. Se demon-

“streazd existenta i unicitatea lui pind la un izomorfism si in particular se studiazi produsul

tensorial al #-semigrupurilor ciclice. Tn continuare se introduce produsul temsorial comutativ
al n-semigrupurilor comutative. Se aratd cd pentru »-grupuri comutative deflm’;la produsuhn
tensorial este echivalents cu cea datd constructivde Siosson [6]cun observat.m cd in teorema
9 6] condifia c) nu era necesard, ea rezultind ‘din condifiile a) si b) conform propozitiei
1.3 din prezenta lucrare. -
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O FUNCTIONALA INTEGRALA DE ECHIVALENTA
PENTRU METODE VARIATIONALE APLICATE PROBLEMEI
STRATULUI LIMITA IN VARIABILELE Lot MISES ‘

PETRE BRADEANU

In acest studiu vom construi pentru ecuafiile stratului limitd in forma
lui Mises, folosind conceptul. de potential local, [2] {31, o functionald
1ntegra1a care sd echivaleze problema la limitd pusd asupra acestor ecuatn
cu 0 problemd Vana];lonala pusd asupra functionalei.

Ecuatiile migcarii, consideratd inifial nesta’uonara a unui fluid incom-
presibil, cu viscozitate §i conductivitate termici variabile, in domeniul D
al stratului limitd, in raport cu variabilele lui Mises sint:

t

XL Lu; 1) =—2, D x (0, T) . (1)
at . ox ) .
di . u\? 4 :
e 5 T L3 o) =par 2], i D x (0, T) @)
" 2y .
( I v a%))
(5o o ox " oY
={xdeRlx<x=<] 0 <o, >0}, £t [0, T]
unde x §i ¢ sint variabilele lui Mises, # — viteza in directia % ;7 — entalpia
unitétii de masd a fluidului, p — presiunea in fluidul din stratul limitd,
pm —. coeficientul de viscozitate, ¢ = pcy/A — numdérul lui Prandtl (A —
coeficientul de conductivitate termicd); L(-; «) — operatorul diferential

care actioneazd astupra lui # (cu « = 1) si asupra lui 7 (cu « = o).
Se construieste functia (i— Vi unde V este o vitezd standard)

Ou 0y, © ou dp u® g
= — L(u; 1 —L kil g
F() SDH{% (w3 1) + 5, LG5 o) +— = by 315(39) ]dxdg 0 (3)

unde semnul < se stabileste potrivit eu ecuatiile (1) — (2). Semnul egal
corespunde miscérii stationare in domeniul D al stratului limita.
Se aplicé, In (3), identitdti — i, formula lui Green — de forma:

pru, U, ='P(“2“t)x — pUtu,, — pun,u,

(%‘ iy m',)¢ = (% W) wi, + L iy, + £ udigiy,
(§ (@ — Paxdy = (Qiy+ Pax
D c

unde C este frontiera domeninlui D.
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‘Formula (8) se poate transcrie, apoi, in forma dezvoltaté. ‘
o= (e () - E 2
. -D : '
e E R a1 A R 1 F
aEA R A R AR LR

5 Ou 26u3u pu Ji* i g Ji Gi
+j(pu LR P e L )

1

S& notdm cu #°, 1°, ;b w°, o° parametrii fluidului in migcare stafionard
si si presupunem ci migcarea nestafionard a fluidului reprezinti o abatere .
micd de la starea stafionari. Atunci, se poate scrie ci

= uo(m B+ dulm b ), i = im0 + Silx b, 0
(S < u°, ¥ < i° ’

si cd, de exemplu,

wl a_“) ~uor & Q‘) =2 (mz a_“)
at' ox\ ot ot ox

Procedind in acest mod cu top termenii din (4), se obtine i)entru func-
ctia F(t) expresia S ‘

F(t) = a% J(w,4) <0
in care functionala J(u, 1) are expresia

J(u, 5) = SS O(x, §, w4y, thy; 4, 1, tg)dxdd +
D

' ' R (6)
+ S (pu°2ud4) + pou? 2 ydx + 2ogeial 4o ¥ yer & uix)
Z o 2 o c® ay
unde
(I)_——pu2a“ RN 2—}— u+u°u°(ai_‘°)2u—}—
ox 2 ox ot
N og(a“)z o0 B o o OU [1' g0 ud auo] .
—U% — ) — U1 — _ = — 1 — 7).
* 2 9 e * p‘ “ En _ @)

c® dd Vs 0b

_ p o 2 p.°u°2' (ai 2
2 ox " 20 \3Y
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Functionala J(#, 4), formata dintr-o integrald dubld §i o-integrald curbi-
linie, are proprietatea cd pentru migcarea stationard satisface condifia:de
extrem (staj:lonantate) o]/t = 0la care se adauga conditiile complementare
u® =u, 1° =1 etc.

Functlonala J(u, i) este extremi (minimd) in miscarea staponara a
fluidului descrisd de ecuatiile (1) — (2) cu d/dt =0 pentru U =u 1 =1°
P = $° etc. [in calculul varlatlel functionale J valorile #°, ¢° etc au valon
fixate, valori care nu suporta var1at11] ’

Afirmatie reciprocd: se poate arita cd conditiile de extrem (ecuatiile
‘lui Euler-Lagrange) pentru functionala (6) sint tocmai ecuatiile (1) — (2).
FEcuatia lui Euler-Lagrange corespunzitoare functionalei (6) relativ. la
functia 7 este

a_rb_g(acp)_ 8 acDJ 0o . 7)
di ox \ Diy 69 diy -

In cazul acestei probleme obtinem imediat expresiile:

@ : : ' :
?___p?i‘,b_wg(au) e on oy 1), ‘
di ' ox o c oY - :
‘ ‘ i (7//)
. 0 ' .
3_(1.) = — put, i iuzﬁ
iy ) diy o ad
dacd se aplicd si cond11;1a u® =u, 1° =1 ete.

Inlocuind (7") in (7') se giseste ecuatia energiei (2). In mod analog
se poate ardta cd ecuatia lui Euler- Lagrange, pentru (6), relativ la functia »
este tocmai ecuatia miscirii (1) cu 8/t = 0. '

S3 facem o modificare in integrala curbilinie a funcfionalei (6) cu aju-
torul conditiiler, la limitd. S& presupunem cd miscarea stationard a fluidului
in domeniul D:al stratulm limitd satisface cond1t111e la 11m1ta

W 0) =0, (s, 4) = m(®), w0 Y) =
(O<x<l0<y<¢w) - ,“‘“_(8)
(3, 0) = iy (2, b) =, 50, §) = B

unde indicii w si co indicd valori pe corp si la infinit (frontiera exterioari a
stratului limitd). Cu ajutorul acestor conditii se calculeazd integrala curbi~
linie din (6). Pe de altd parte, aceste conditii asigurd o solutie unicd pentru
ecuafiile cu derivate partiale. (1) — (2):in'.cazul . stationar pentru functii
p(x) acceptabile din punct de vedere hidrodinamic.

Se ajunge la urmdétorul rezultat: | }
.. Problema la limit4 pusi asupra ecuatiilor cu derlvate partlale ale stra—
tului limit3 stationar, (1) — (2) cu 9/dt = 0 si (8), este echivalentd .cu pro-
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blema variationald de extrem (minim) pusd asupra functionalei integrale
J Dy = R (potential local—functionald echivalentd) de forma

T, w‘).=g§ (5 4 110 w3, iy )5 Y+

D
Yoo . ! .
pS [0°%00) yoy — (4°20) ,—0 1A — us(""z% ?‘L:% x4 )
-0 0 .
Yo l
+ % S [(#°%) ey — (4°8%)s—0]dd — S(%: w %3 i)¢==¢w dx
0 : 0 )
cu condi,tiile. complementare :
u°=u,i°=i,1b°=15,kz°=u, 6° =0 C (10)

si In urmaitoarele conditii:

(a) domeniul de definitie D; este format din functiile »(x, ¢) si (%, §)
continue In domeniul D, care au derivate partiale continue in D cu exceptla
frontierei ¢— 0 (x — fixat) unde [4]: :

— u §i 1 au dezvoltidri analitice in raport cu \/47, adicd

4,1 = ¢, /¥ + o(Y), ¢, — independenti de ¢

— derivatele uy, ty (5i %y, Tgy)— ©

(b) functiile #, 1 & D; satisfac conditiile la limitd (8) cu frontiera
liberd x = I (aceastd frontierd pe care nu sint date functiile # si ¢ introduce
- integrala curbilinie din (4) ca si integralele simple din (9))
unde functia @ are expresia (7) iar #°, <° etc sint functii fixate (adica functii
care nu primesc variatii atunci cind se calculeazi prima var1a1:1e a functio-
nalei J(u, 7)). :

(Intrat in vedactie la 21 noiembrie 1976)
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AN INTEGRAL FUNCTIONAL OF EQUIVALENCE FOR THE VARTATIONAT, METHODS
APPLIED TO THE BOUNDARY LAYER PROBLEM IN MISES’ FORM

(Summary)

N

In this paper one constructs an integral functional, using the concept of local potential
which should be applied in the variational method for solvmg the boundary layer problem in
Mises’ form.
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A PARTICULAR STARLIKE INTEGRAL OPERATOR

SANFORD S. MILLER!, PETRU T. MOCANU, MAXWELL 0. )READEi

. 1. Introduction. Let f(z) be regular in the unit disc U.with f(0) =
and f'(0) = 1. The function f(z) is said to be starlike if Re 2f'(z)/f(z) > O
in U. We denote the class of all such functions by S*.

An (integral) operator defined on S* is said to be a starlike (integral)
operator if it maps S* into S*.

‘In a recent paper [2] we studied a general class of starlike integral -
operators I:S*— S* where F = I(f) is of the from. :

BT 1o w o

= *(f)(t)43— ldt U, 1

Fe) =[ L2 retti-iat[*, 2 < T M
0 .

in which we obtained the following general result

THEOREM A. Leét fe S* et © and ¢ be regular functions in U with
. ®0) = ¢(0) =1 and D(2)o(z) # 0 in U and let «, B, vy, S be real numbers.
satisfying the relations ,

>0, 82 20, «a+3>0and B+ v =a-+ 8. (2)
If there exists a real number J = 0, such that '
];y—}—Ref—q—)—@,zeU, (3)
@(2) '

B+y>J, (4)
5 + Re Z‘P(()” > max (0, ] — A(J), z € U, : (5)

where . | ,

1 s JB+r—J J ] C_

)\ = — 1 y Ly )\ 0 = O, 6
() = g min [FHE=L, ], 50 @
thew theve exists a umique function F(z) =2z 4+ A28 + ..., satisfying (7),

which belongs to S*.
In this paper we shall apply this general result to the particular operator
defined by

Fj) =2 jf(t)g.'(t)dt, zeU, )
f;(_t)0 : . '

1 This work was carried out while these authors were USA-Romaé’:xia Exchange Scholars.
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where ¢ is a regular function in U with g(0) =0, g'(0) =1, g(2)g'(z)/z # O,
z & U. Our aim is to obtain sufficient conditions on g so that the operator
(7) is a starlike integral operator

For g(z) = z the operator (7) is the well-known 1ntegral operator stu-
died by Libera [1]. :

2. Main result. TuroreEM 1: Let f e S* and let g be a regular function
wn U with g(0) =0, g'(0) =1, g(2)g’'(2)[z. # 0, z & U. If there exists a real
number | such that '

. Re®E) < J 2 < U, ' ' )

\ ' i . gla) - .
1+ReZ@ 57 L1 oy @
£) J o2’ - o ’

then the function F defined by (7),

F(z) = é% Sf(t)g{(t)dt,. ze U,

~

0o .
belongs to S*. . . . .

Remarks. (i) If we let z =0 in (8) and‘ (9) we find that ] satisfies the
condition 1 < J < J,, where J, = + 417 /4 = 1.2807.... is the
positive root of the equation 2j% —

(i) Since J — J71 4 271> 0, cond1t1on (9) shows that gis a convex
univalent function. : .

Proof. The operator (7) is obtained from (1) by takmg a=pf=yv= 8=
=1, ®(2) =g(2)/z and ¢(z) = g'(2). We have @ (0) = ¢(0) = 1 and @(2)
o(2) # 0, z € U; moreover conditions (2) and (4) of Theorem A are ob-
viously satisfied. We also have . -

1 4 2% _ %) L, 1+ ) 14 %,
@(2) g2 o(2) &'(@)
so that condition (3) follows from (8). Since 1 < J < 2, we obtain
D)= tmin (=L, L)L L,
W)_zmm( T 2-1) T2
and J — 7\(]) J—J +2*1> 0 for 1 < J < J,.s0 that (5) .follows

from (9). Thus all hypotheses of Tkeorem A are statlsﬁed and Tkeorem 7
now follows from Theorem A.

3. Some particular examples. TrEOREM 2. If f = S* and IN Por
where oy = 0.127 ... is the smallest positive root of the equatzon 293 + p —_
— 8p —f— 1=0, then the functwn F defined by -

Flz) = 2L+ ”’g g :cU
: (.1_-*_)“)2 s ! - »

belongs to S*.
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Pr'oof. Let g(z) = ﬁ » [Al = ¢ < 1, in Theorem 1. Conditions (8) and

(9) become ' ‘
ReZ& _pe 1 < 1 <7
‘ gy 14 1-—p
and
-1 Re 2" =R 1—% > 1-p¢ > ] — l 1
R TR T T Tt
If we take ] = ——, then the last inequality is venfled provided 2p%-+

—{— p? — 89 4120 holds, and this last holds if 0 < p < p,. Hence, for
0 <p < po conditions (8) and (9) hold so that Theorem 2 now follows from
Theorem 1.

TaroreM 3. If f & S* and |) s 0y, Where oy = 0.1 4 ve.. 1S the
smallest positive root of the equation 4p — p? — Sp —[— = 0, then the function
F defined by

F(z= S (1 + M)eMdt, 2 e U,
0

belongs to S*. : :
Proof. Let g(z) = z¢¥, |A| = p < 1, in Theorem 1. Then if we let | =
=1+ p, then conditions (8) and (9) become

"Re®® _ Re(l4+n) <140 <]

&)
and
| 4 Re 0 -~ (10)
£
=Re( u) 1—-p——1_p ]-——+—

respectively The last inequality in (10) ‘holds when 4 —p2—8p+1 2
and this last holds if p < p,. Theorem 3 now follows from Theorem 1.

THROREM 4. If fe S* and |\ < ps, where o, = (4/105 — 7)/28 =
= 0,115 .... s the positive root of tke equatzon 1402 + 70 — 1 =0, then
the fumtwn F defined by

4

2
H(1 -+ 22)ds, U,
zu+m(§f(_)( + 2, z =

Fz) =

. belongs to S*.
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Proof. Tet glz) =z 222, [N =p < %, in Theorem 1. If we let J=
= (1 4 2p)/(1 4 p), then conditions (8) and (9) become
. | Re®@) _pelt2a _ 1-|—2pS]

8lz) 1+ a2 1+p
and
28" (2 14 4n 1—4 1 1
1+ Re é;,'(i)) Reli27\z>1-—2:>]—7>;. (11)
The last inequality in (11) becomes “
1— 4p 1+ 7p + 8¢2 .
1—29 2 (14 3p + 2p%

which holds if 142 + 7p — 1 < 0, that is, if p < p.. Hence Theorem 4
.now follows from Theorem 7.

(Received November 22, 1976)
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UN OPERATOR INTEGRAIL STELAT PARTICT'JLAR

(Rezumat)

Se aplicd un rezultat general obtinut in [2] la studiul operatorului integral definit de
(7). Se obtin conditii suficiente asupra funcfiei g astfel ca acest operator integral si fie stelat
(adicit F si fie stelatd daci f este stelatd).



'STUDIA UNIV. BABES-BOLYAI, MATHEMATICA, 2, 147

e

DETERMINAREA VARIATIEI PERIOADEL CVASINODALE A
SATELITULUI ARTIFICIAL AT, PAMINTULUL
APLICATIE.LA SATELITUL EXPLORER-19

. T. OPROIU, A. PAL, E. RADU

- . 1. Introducere. Problema determindrii elementelor orbitale ale satelitu-
lui artificial al Pamintului §i a variatiilor acestora din observatii astronomice
sau misurdri telemetrice constituie 6 problemi-de bazd a mecanicii ceresti
si a dinamicii zborului spatial, cu numeroase aplicafii practice. Pentru
rezolvarea acestei probleme, potrivit cu genul si precizia observatiilor sau
masurdrilor, au fost elaborate diverse metode. Una din acestea se referd
la utﬂlzarea observatiilor simultane obtinute la ‘doui sau mai multe statu
de observare din cadrul unei refele de trlangu_latle cosmicd. In acest scop
s-a creat si programul de colaborare internationald ,,Atmosfera” (initial,
INTEROBS) [1], care are, ca obiectiv determinarea variatiilor scurt-
periodice ale unor parametri de stare ai atmosferei terestre, in corelatie cu
activitatea solard si geomagneticd. Programul se realizeazd pe baza unor
observatii sistematice (vizuale, fotograﬁce etc.) asupra unui numir de sa-
teliti artificiali anume ale§1

Experienfa a ardtat cd parametrul orbital care se determind: cel mai
precis din observatii simultane si nesimultane este perioada cvasinodala
a satelitului (T'gy). Suficient de precis se determini si alte elemente orbitale
ca: semiaxa mare (@), inclinarea orbitei (4), longitudinea nodului ascendent
(Q). In lucrarea de fa}i se prezinti metodica determinirii perioadei cvasino-
dale si a variatiei acesteia la Observatorul Astronomic Cluj-Napoca cu
exemplificare la satelitul Explorer-19. ‘.

Aceastd metodicd comportd o succesiune de etape pe care le prezentam
in cele ce urmeazi.

2. Determinarea coordonatelor geoeentrlee .ale” satelitului. Pozitia
geocentricid a satelitului S se considerd, de obicel, fatd de un sistem de
referintd drept Oxyz (fig. 1), avind: originea O in centrul de mas3 al Pi-
mintului, planul Oxy confundat cu planul
ecuatorului, axa Ox indreptatd spre punc-.
tul vernal, iar axa Oz -orientatd dupa axa
de rotatie a Pamintului. In acest scop se
folosesc atit observatii simultane (de la doud
sau mai multe statii) cit si nesimultane (de
la o singurd statie).

In cazul folosirii observatiilor simulta-
ne, de exemplu de la dou# statii, determina-
rea pozitiel geocentrice a satelitului este
posibild prin folosirea ecuatiilor fundamen-
tale ale geodeziei spatiale,. care au forma:

=R’1+E;;=R’2+32 (1)
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unde: Ry(Xy, Yy Zy), R (Xz, Y, Z,) reprezinta razele geoceﬁtrice ale

statiilor de observare M, si M, ; Pl(mle 7101, P101) Pz(mzpzx Qs Papy) — 1A~
zele vectoare topocentnce ale satehtulul S (la care'se cunosc cosinusii directori -
m, n, p din observatii, iar r(xs, Y, &) — raza-vectoare geocentricd a
satelitului S (fig. 1).
Sistemul (1), format din 6 ecuafii scalare cu 5 necunoscute: (%, ¥,
, P1 P2), se rezolvd, de obicei, prin metoda celor mai mici pa’crate ca, de
exemplu in lucrarea [2].

Observatiile simultane fecesare in aceasti metodi se determini in
practici din observatil cvasisimultane (obtinute de ambele statii in acelagi
interval de timp) folosind metoda grafici sau o metodi anmaliticid. In cazul
metodei analitice este recomandabild aproximarea prin polinoame algebrlce
de gradul trei. Metoda folosirii observatiilor simultane are avantajul cd nu
necesitd cunoasterea in prealabil a nici unui element orbital.

In cazul cind dispunem de observafii numai de la o singuri statie,
pozitiile geocentrice ale satelitului se determini din relatia [3]:

-

— l—é ﬁ-no

.=

P 0, (2)

Po'”o

unde po si #, sint, respectiv, versorii directiei topocentrice i ai normalei
la planul orbitei osculatoare a satelitului-S.

Acesti versori, dupd cum se stie, au componentele :

m sin ¢ sin Q

- -

Po=|n |, To=|—sin ¢ cos Q (3)
P cos ¢

in cazul observatiilor raportate la sistemul de coordonate ecuatoriale,
cosinugii directori ai direcfiei topocentrice sint :

m=cosb‘cosa,n=_cos851noc,15=sin8 : (4)

Pentr py-7y = O (treceri zenitale), determinarea pozitiilor geocentrice
cu formula (2) nu este posibild.

Se observid c#, in cazul folosirii observatulor de la o singurd statie,
este necesar si cunoastem doud elemente orbitale: inclinarea 7 si longltu—
dinea nodului ascendent (Q).

In cazul observatiilor vizuale de prec1zle medie (0°1 in pozltie si 051
in timp) este suficient, asa cum s-a dovedit in practics, a se lua in conside-
rare numai variatia seculard in longitudinea nodului ascendent cauzatd de
necentralitatea c1mpulu1 gravitational terestru. In acest sens, foarte practici
este utilizarea formulelor lui Yu.V. Batrakov [4]:

Q'() =, + Q("l - to)s (5).

4 — Mathematica 2/1977



50 T. OPROIU, A. PAL, £. RADU

unde -'Q,. cu precizia de ordinul J2 si ¢, are expresia
- . 4

Q= 2acosing y BYRc0siner g0 176 gint 4o e2(—232 -+ 281 sin® 4)]  (6)

2p 32 at
Parametrii care intervin in ecuafia (6) au urmitoarea semnlflcaj:le
_Jz — a doua armonici zonald din dezvoltarea potentialului terestru, #, —
migcarea medie -diurnd a satelitului, ¢ — excentricitatea si p = a(l — &2

— parametrul orbitei.
Elementele orbitale inifiale (la epoca #,) necesare in formulele (5) — (6)
se iau din publicatfiile centrelor de control orbital (Kosmos, Slough etc.).
3. Determinarea perioadei de revolutie ecvasinodaie. Pentru fiecare
moment din seria de observatii datd se determini coordonatele geocentrice
ecuatoriale .ale satelitului dupa relatiile :

7 COS ¢ cOS A X
7 cos @ sin A| = |y, -(7)
7 sin @ - 2 4
‘unde # — raza-vectoare geocentricdi a satelitului S, ¢ — latitudinea
punctului-subsatelit, A — longitudinea punctului subsatelit.

Pentru un sir de #» momente de timp se obfin urmitoarele serii de
valori ale acestor parametn

.{t]: 7’]: _7; (Pj}, ] = 1, 2, P (2

Folosind aceste valori, se poate determina valoarea celui mai probabil
moment (£,) al trecerii satelitului la paralelul ceresc de latitudine ¢,. Pentru
aceasta, la fiecare moment #; trebuie addugatd o corectie care se deter-
mind din relagia [5]:

(Vz)m

;m —t ) ) 8
T P — W ( )
unde po §i p; se determind din formulele:
sin po = 2, sin p; =9
sin . sin 12
jar & = 631.35 km’s sec™l, (#?), — valoarea medie a pitratului razei-
vectoare in intervalul de la #; la ¢,. Lulnd media valorilor £, obtinem :
: _ A)
- n

* Abaterea medie pitraticd o determindm din relatia:

[vv] -
7} v”(n _ 1) R (— )
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unde v; = £, — #). Relatia (10) este valabila in ipoteza ci abatenle v; sint
mdependente

In caz ci observatiile sint efectuate.in aproplerea apexulul orb1te1,
¢ variazi lent §i prin urmare relatia (8) 'dd o valoare incertd pentru #{.
Neajunsul poate fi inldturat considerind trecerea punctului satelit nu Tla
un paralel, ci la un meridian ceresc de longitudine A,. Un sistem similar de
formule, analoge cu (8), a fost propus de A. P4l [6].

Relatiile obtinute au forma :

B — ¢; 1:’\/)’; (vo — v4), (11)

unde v, §i v; se determlna din formulele

tg A

tg vj=COS’[
1 = '
tg v0=:——_tg Ao, ‘ (12)
o= — O
X O—Q

In relatiile (12), longitudinea nodului ascendent (Q) se consideri con-
stantd pe durata unei treceri. Atit in relatiile (8), cit si in (11), daci (#2),,,
p — sint exprimafi in kilometri, (no — W) respectlv (vo — v;) in grade
si &£ = 36 176.0, intervalul (#%) — ¢;) va fi exprimat in secunde de timp.

Avind un sir de valori f,, perioada de revolutie a satelitului se obfine
din relatia:

i |
To =20 . 1
o= "= (13)
unde N reprezintd numarul de revolu}ii ale satelitului in intervalul consi-
derat. Abaterea medie pétraticd a lui T este datd de relapa

- €rg = ~

In cazul in care momentele 7, sint determinate in raport cu un paralel
de referintd ¢, dat, relatia (13) ne da perioada de revolutie cvasinodald a
satelitului, care, in limitele preciziei observatiilor vizuale, diferi nesemnifi-
cativ de perioada nodald [2], [7]. Atunci cind momentele 7, sint determinate
In raport cu un meridian ceresc de longitudine A, rélatia (13) ne di perioa-
da de revolutie sinodicd a satelitului [8]. Rezultatele experimentale.din
programul , Atmosfera’” aratd ci, in general, perioada de revolufie a sate-
litului se poate determina cu precizia de - 07001.

4. Determinarea variatiei perioadei de revolutie. Existd mai multe
metode pentru a studia var1a1,'1a perioadei de revolutie a satelitului art1f1c1al
din care mai rdspindite sint urmitoarele trei:
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Metoda_Jomgolovici. Aceastd metodd a fost propusé in 1964 de
I.D. Jongolovlc1 siaplicatd de T. V. Kasimenko [9], in acelasi an,
la studiul variatiei perioadei cvasinodale a satelitului 1960 ¢ 3. Ea consta
in a lua pentru forma analiticd a perioadei cvasinodale un polinom de gradul
doi (pentru serii suf1c1ent de lungi -ale’ valorilor lui Tg):

Ta =a + bt + c2, (15)

unde coeficientii (a, b, ¢) se determini prin metoda celor mai mici péitrate,
Vanatla perioadei este datd atunci de relajia

Ta=10+ 2t ' (16)

b° Metoda graficd. Aceasti metodi consideri perioada cvasinodald
ca functie de forma Ty = T (#), unde # reprezinti numirul de revolutii
. ale satelitului. Intr-un sistem cartezian plan se reprezinti valorile TH in
functie de #. Printre punctele obtinute se traseazd o curbd medie, d1n care
apoi se scot valorile perioadei cvasinodale din 10-in 10 revolutii. In acest
caz, variatia perioadei este datd de relafia

ATq — %Ta _ Talr + 1) — Taw 17)
an 10

Metoda ,,0—C”’. Aceasta este o variantd a metodei ,,0— C » 01051ta
la stud1u1 stelelor variabile [101.
‘Mirimile” observate pe care le notim cu O; sint momentele {t“)}
Momentele calculate le vom nota cu C,, iar dlferentele 0, —C,; le vom
folosi sub notatia (0—C),;. Ca epocid 1inifiald se considers pr1mu1 ‘moment
observat din seria datid £{V, adici:

C; =0, (wf

Dacd presupunem cd perioada satelitului este constanti si egali cu TQ,
atunci momentul celel de-a n-a treceri, misurat la I, va fi:

~Q+W—Uﬂ)mﬂjwn. (19)

© In general, momentele observate O, diferd de cele calculate C,, deoa-
rece perioada cvasinodald a satelitului suferd unele variatii.

Pentru satelitii avind inil{imea perigeului nu prea mare, datoritd in
special frindrii atmosferice, perioada cvasinodald a satelitului descreste
cvasiliniar. Acest lucru se poate verifica usor pe cale graficd : se reprezinta
valorile 0—C 1in functie de #. Dacd curba obfinutd se poate aproxima cu o
parabold, atunci perioada descreste constant. In acest caz variatia perioadei
pe revolutie poate fi calculatd prin relafia :

A =%a_ _ 20=0C4 (20)
R “afn — 1)

.. Daci A nu este constant, dar oscileazy in jurul unei valori constante,
atunci este recomandabll si determinim valoarea T@, care ‘apartine
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momentului observat al ultimei trecer1 0,, din seria considerats, si si
folosim aceeasi metodd in sens invers. in aces’c fel avem :

Cz'_‘oz
‘{c —C,—~mTE (m=0,1,2"..)

Valorile A se obtin prin acelasi procedeu ca §1 A,. Lumd medla pon-
deratd a valorilor A, si A, obtinem:

(21)

A — nln — 1A, + m(m — 1)A,, ’ : (22)
aln — 1) + m(m — 1)

Precizia de determinare a variafiei perioadei pe o revolutie este in jur
de 4- 070001 [11].
Fiecare din metodele de mai suis permite determinarea variafiei glo-

bale a perioadei cvasinodale (-d— | , variatie cauzatd cu precidere de influenfa
" : :

a doi factori perturbatori: rezistenta atmosferei si presiunea radiafiei solare
directe. Daci inilfimea perigeului .satelitului este micd (%, ~ 300 km),
rezistenta atmosferei este preponderentd, iar pentru satelifi cu Indlfimi mari
ale perigeului (k. =~ 600 km) si avind raportul aria secfiunii eficace/masi
mare (satelifi — balon), presiunea radiatiei solare directe nu mai poate fl
neglijatd si poate deveni chiar preponderentd.

Efectul acesteia din urmi in perioada cvasinodald poate f1 evaluat cu
formula [127:

(55, = Kldim T/ =R — 7 = RY) (23)
L dn)srp T E £
unde : A
- A — aria sectiunii eficace a satelitului, m — masa satelitului, 7,,
7, — razele-vectoare ale satelitului la momentele intrarii, respectiv. iesirii
din conul de umbrd al Pammtulul R; — raza medie a Pamintului (=
= 6 367,5 km).
Parametrul K este dat de relatia:
=% (24)
(2= MG)2/3¢
~unde: S — constanta solard, G — constanta atracfiei universale, M —

masa Pdmintului, ¢ — viteza luminii.
. L . . . . (4T
Variajla perioadei cauzati de rezistenfa atmosferei, (d—} , se deter-
7 'ad

mind in acest mod din relajia:

(;z ad an' ¢ (dn)srp . (25)

5. Aplicatie la satelitul Explorer-19. Vom da un exemplu de aplicare
a metodicii descrise mai sus la satelitul Explorer-19 (cod COSPAR:
1963 53 A). Acest satelit a fost lansat la 19 decembrie 1963. Are forma
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sferici cu diametrul de 3,65 m si masa de 7 kg. Observatiile' optice
folosite se referd: la pericada 2. iulie — 30 julie 1970 si au fost efec-
tuate de urmditoarele statii de urmdirire, din reteaua , Atmosfera” : 1042
(Riazani), 1024 (Chisindu), 1062 (Cerniuti), 1182 (Cluj-Napoca). Pre-
cizia m3surdrilor este .de 0°1 in-pozitie §i 0°,1 in timp. Folosind metoda
graficd, s-au format un numér de 82 perechi de. coordonate orizontale
simultane, din care s-au determinat apol pozitiile geocentrice in spafiu,
momentul cel mai probabil Z, al trecerii satelitului la- paralelul ceresc
¢o = 55°, pentru fiecare trecere consideratd (In total 11 wvalori).

Pentru determinarea variafiei penoadel s-a aplicat metoda ,,0—C”,
descrisd la punctul precedent. Drept epoci inifiale (date in MJD = JD —
— 2400 000.5, JD — data Juliand), necesare in formulele (20) si (21),
s-aut luat primul moment ¢, determinat 0, = C, = 40 769,91 946 030 (MJD)
respectiv ultimill O, = C, = 40 797,79 696 667 (MJD). -

Perioadele ‘cvasinodale (date in fractiuni de zi solari mijlocie) cores-
punzdtoare acestor momente sint: T = 0%, 07809 154 respectiv T =
= 07,07 808 635. Pentru determinarea lor s-a reprezentat grafic (la scard
mai mare) variafia perioadei cvasinodale in functie de timp. S-a trasat
o curbd medie de pe care s-au determinat apoi valorile de mai sus. Perioada
cvasinodald are tendinfa generald de descrestere. Aceasti tendintd a fost
testatd si grafic, reprezentind valorile (0—C); in functie de n; (numdirul
de revolutii socotit de la epoca initiald). Rezultatul este dat in fig. 2.

Unele elemente orbitale necesare in calculele noastre au fost obfinute
pe cale graficd, utilizind valorile acestora din efemeridele SAO (Smithsonian -
Astrophysical Observatory, Cambridge, Massachusetts S.U.A.). De exemplu,
in fig. 3 este datd curba medie a variajiel excentricitifii (¢) a satelitului
Explorer-19 pe perioada-15. mai — 15 august 1970.

ex 103

! [ I

100}~ E£XPLORER ~ 19 VA EXFLORER 13 -
10-2- 7
{SEC3 2 Vi S30 VI 1970 ,
§0— - $3— -
60— . ) — s2— —

. ] DAT2
~>] | - - gL [ R B N L]

. .0 00 1! i . 1By LRV I AV A A I A ]

T Fig 2. ) T Fig. 3.
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In fig. 4 sint reprezentate in s .
functie de timp urmdtoarele mé- -50 P T T 1T 1T 771
rimi: fluxul solar pe lungimea de _,qo|SEC _ ]
undi de 10,7 cm (Syo7), variatia glo- —f ﬂ) 210%  EypLORER-19
. . . ar =g VN /ad
bald a perioadei cvasinodale (d—) - 30— , -
U]
precum §i variatiile acestora cauza- -20— -

te de rezistenfa atmosferei, [{Z—T) 10l O/{(;-o‘; <10 \\®7~‘4 _
ad dn

L.
respectiv preslunea radiafiel so- 0 TN

lare directe, [ﬂ) . .
stp . . #18f— NrdT A —
6. Coneluzii. a) La inilfimi - )zl
mari, cum este cazul satelitului +2¢— —
Explorer-19 (%, ~ 950 km), efectul 7 e :
presiunii radiatiei solare- directe 200

~

asupra perioadei cvasincidevlle” este . J/H\ ¢ FLUX SOLAR
comparabil cu cel al frin#rii -at- 180 2600 Mo
mosferei (fig. 3). 180L— D J/
- b) Din cauzd cid numdrul de S10.7 \&\e
observatii simultane de care am 30— \k%
dispus este prea mic, nu putem o
afirma cd existd o corelatie evi- 12— RiLIE 1970 Toef MiD o

dentd intre fluxul solar pe lun- Lo poo
L. SN S R N

gimea de undd de 10,7 cmsivariatia (5765772 73 80 5L 89 92 98
perioadei cvasinodale. In aceasti
situajie se impune folosirea si a Fig. 4.
observatiilor nesimultane. . '

c) Precizia de determinare a penoadel cvasinodale este de 070 005 —
— 07001, iar a variatiei perioadei de 0700 005/rev. — 070 OOl/re;v. Va-
lorile obtinute pentru variatia perioadei cvasinodale a satelitului Explo-
rer-19 sint comparabile cu eroarea de determinare a acestei.variatii, ceea
ce confirmi rezultatele din [11].

(Intrat tn redactie la 10 tanuarie 1977)
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DETERMINATION DE LA VARIATION DE LA PERIODE QUASI-NODALE
DU SATELLITE ARTIFICIEYL, DE LA TERRE. APPLICATION AU SATELLITE -
EXPLORER-19 ¢

Résumé)

On présente les méthodes de travail employées & I'Observatoire Astronomlque de

Cluj-Napoca (Station No. 1132) pour déterminer la période quasi-nodale, ainsi que sa variation,
des satellites artificiels de la Terre. Dans ce but, on a employé des observations quas1-s1mu1-
tanées effectuées dans le cadre du programme ATMOSPHERE. Une apphca’aon numenque
pour le satellite Explorer-19 est présentée. i .
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A DEFINITION OF AN INFORMATIONAI, ENERGY IN FUZZY SETS
THEORY 4

D. DUMITRESCU

A.De Tucaand S. Termini [1] have introduced a concept of
entropy of a fuzzy set as a measure of its degree of fuzziness. This quantity
can be interpreted, in analogy with the Shannon’s entropy, as a measure
of a quantity of information. The notion of informational energy, as an
alternative way of building an Information Theory, was introduced by
O. Onicescu [2]. In this note we propose the concept of informational
energy of a fuzzy set. The informational energy of a fuzzy set can be inter-
preted as a measure of the degree of nonfuzzmess

Let us consider a set X = {x;, %;, ...., 2y} and a lattice L. An L — .

" -fuzzy set f (Goguen [3]) on the set X is a function f: X— L. The case

L = [0, 1] is the particular case of fuzzy sets in the original senseof Zadeh
[4], and will be considered in this paper. We define (follows [1]) the entro-
py of the fuzzy set f by the functlonal

A d(f) = H(f) + H(f) = K;S(f(x,-)), (1)
where H (f) is the functional given by -
= —K Ef - (2
K is a positive constant, f is the complement of 5 defined by flx) =1 —
— f(x) for all x of X, and S is the Shannon’s function S(x) = —x In ¥ —
— (I — %) In (1 — x). The entropy d(f) satisfies the following - properties
[171:
i)d(f)—Olfandonlylff()—Oo1f()—lforallxofX, .
i) d(f) assume the maximum value if and only if f(x) = 1/2 for all »
of X, :
ifl) d(f*) < d(f) if f* satisfies the following 1nequa11t1es

0<f*() f()<1/21f01f0<f()<1/2 -

1> f*(x) 2 f(x) > 1/2 for 1/2 2f(x) <

We introduce now a new functlonal E{ f) which we call the informational
energy of the fuzzy set f: .

= 35 L) + Pla)] = 3o elstea), ®
where '

e(x) = 20 — Bx + 1. .
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The equalfty (8) can be written as
E(f) = (/) + 2

Sy

),

where

=3 fitx

_ The informational energy E(f) satisfies the properties :
D E() = E(D)
i) E(f) assume the minimum value if- and only if
f( ;) = 1/2 for all x;of X, .
E(f) assume the maximum value if and only if
x,) 0 or f(x;) =1 for all x; of X.
iii) E(g) < E(f) where g is any fuzzy set such that

g(x) - f()lfzé’()>1/2
g(x) > f(x) if g(x) < 1/2.
" PrOPOSITION 1. $( f) s a 1sotone valuation on the lattice £(X) of the fuzzy

sets [:X— L, v.e. p(f)+ p(&) =2(fV &) +5(f A g) for all fig of £(X)

Prorosrrion 2. E(f) is a valuation on the lattice £(X).

Proof. E(f) + E(g)=£(f) + 2(f) + p(e) + #(8) =

—P(f/\g)+z>(f/\g)+;ﬁ(f/\g)+;i>(fvg)
=E(fA\g) +E(fAg).

Let us consider the problem of making a classification of the elements
of X in two classes. We consider f(x,) (f(x;)) as the degree to which. x;
belongs to the first (second) class. The incertitude present When we must
decide to which class «; belongs can be measured by S(f(x;)) (follows
R3S

The certainty present when we make a decls1on concerning #; can be
measured by e(f(x;)), and the total certainty is the informational energy
N N - -

IA |/\

> el f(). |
Let us now consider an experiment in which the elements xl, KXoy + e
%y of X may occur with the probabilities p,, gbz, . pN (p; =0, 2 pi=1),

and a fuzzy set f is defined in X.
The informational energy will be, in this case, defined by:

E(fi pu b -ooo ) = DBV 0

In the classical (non-fuzzy) situation, f(x;) = {0, 1}, we obtain from
(4) the Onicescu’s informational energy.

By using the informational energy we can organize £(X) as a pseudo-
metric space, with respect to the pseudometnc ’

olf, &) = IE(f) — E@),
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Let us define in £(X) the equivalence relation f ~.g iff E(f) = E(g). Then
the quotient space L(X) = £(X)/ ~ is a metric space with respect to the
metric :

of & = 1E(f) — E@)I = 1BE() — EG@)l,

foranyf gofL( )andfoff

In conclusion, the informational energy previously defined can play
a relevant role in the problems of making decision to classify the elements
of a fuzzy set into two classes, having, opposite to the entropy, the advan-
tage of a very simple evaluation. .
(Received January. 22, 1977)

REFERENCES

1. A. De Luca, 8 Termini, 4 definition of a Nonprobabilistic Entropy in the Setting
of Fuzzy Sets Theory, Information and Control, 20, 4, 1972, 301—312. .
O. Onicescun, Energic Informationnelle, Comptes Rendus Acad. Sci. Paris 263, 22, 1966,

841 —842. -

J. A. Goguen, L — fuzzy sets, J. Math. Anal. Appl, 18, 1967, 145—175.

L. A. Zadeh, Fuzzy sets, Information and Control, 8, 3 1965, 338—353.

. G. Birkhoff, Lattice Theory, Amer. Math. Soc. Collog. Publ. 25, 1967,

B

Rl

O DEFINITIE A UNEI ENERGII INFORMATIONALE IN TEORIA MULTIMILOR VAGI

(Rezumat)

Se propune o notiune de energie informationald a unei multimi vagi (fuzzy set) si se
dau citeva proprietidfi ale acestei energii.
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NATURAIL UNIFORM CONVERGENCE STRUCTURES
FOR CONVERGENCE GROUPS

CSABA NEMETHI

In this paper we show that natural uniform convergence structures
can be defined on convergence groups and establish several properties of
. them. The left, right and two-sided uniform convergence structures ‘we
introduce are useful for the study of convergence groups, because, as can
be seen from the last section, a number of results concerning convergence
groups can be deduced from the theory of uniform convergence spaces, and
in addition these natural uniform convergence structures make possible
the complétion of convergence groups.

- 1. Terminology and Notations. Let X be a set. The collection of all
(proper) filters on X will be denoted by F(X). For a nonempty 4 < X
let [A] be the principal filter on X -generated by the set 4; when 4 =

= {x}, we shall write [x] instead of [{x}]. The diagonal of X will be deno-
ted by A. For any P, Q € X X X let P! = {(x, %) EXXXI(y, x) =
€ P} and PoQ—{xy € X X X|(3z = X)[(%, 2) = Pp (3, € Q1.
If & = F(X X X), then 07! = {P71|P = @} is again a filter on X X X.
For @, ¢ € F(X X X) theset {PoQ|P = ®, Q = {} is a filter base iff all
the PoQ are nonempty ; in this case it generates a filter denoted by ®od.

Let f:X—Y be a mapping, where X and Y are sets. If § < F (X)
the image of & under f (which is a filter on Y) will be denoted by f(§). If .
fis onto and @ = F(Y), we shall denote by f1(§) the counter-image of (;3
under f (which is a filter on X)

If § € F(X) and § € F(Y), then § >< @ denotes the product filter on
X X Y, obtained from & and C‘} For f,:X;— 7Y, and f,: X,—~ Y, we define
the mapping f; X fo: X, XX,—Y; X Y, by (fi X fo) (%1, %2) = (f1(x1) Jalx2)).

Let (G, +) be a (not necessarily commutative Jgroup. The left and right
‘subtractions are the mappings S;, Sg: G X G—G, defined by S,(x, v) =
=—x+y Sp(x,9) =% —y. If & § = F(G), we shall write —@ 87—]—@,
—& + G, § — @ rather than —(é’F), +(F X §), S, X ), ( X §)
respectively. Of cowrse, —§ - § = (—§) + ) and §F -G =§ + (—G).

A convergence structure (CS) [2] on the set X is a mapping o: X — Z(F(X

such that for any x € X, o(x) is an (N-ideal in F(X) and [#] € o(%). In
this case the couple (X, o) is called a comvergence space. If (X, o), (Y,
¢’) are convergence spaces, a mapping f: X— Y is said to be continuous at
the point x =X if § = o(x) implies f(F) = o'(f(%)); f is called continuous
if it is continuous at every point of X.

A uniform convergence structure (UCS) [1] on X is an (\-ideal 8 in
F(X x X), such that [A]=& O® 8 implies &1 <8 and @, ¢ =8
imply ®of = 8 whenever the composition ®o} exists. Then the pair (X, §)
is called a uniform convergence space. If (X, 8), (Y, 8') are uniform convergen-
ce spaces, a mapping f: X— Y is said to be uwniformly continuous if ® = §

=
~—
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implies (' X f)(®) € 8’. Any UCS $ on X induces a CS o(8) on X, where
c(8)(x) = (F < FX)|5x [x] «8=(F=FX)| [s] x& <8} for
each ¥ & X. We remark that the verification of the axioms of a CS for o($)
does not make use of the last property of $ (concerning the composition of
filters). _

By a convergence group (CG) [2] we shall mean a triplet (G, +, o),
where (G, +) is a group and o is a CS on G, compatible with the group-
structure of G, i.e. the mappings (%, y)— x + » and x— —x are continuous.
This means that 9 € o(x), G € o(y) 1mp1y 9—}—@ < o(x + y) and —F =
e o(—x). »

2. Uniform Convergence Struetures on a Convergenee Group.

DrrintTIoN 1. Let (G, +) be a group and 8 a UCS on G. 8 is called left
invariant if for any ® €8 and f:¢G X G— G we have f,(®) € 8, where
f1:GXG—GXG is defined by f.(x, ) = (f(», ¥) +=%, f(x y)+y). Analo-
gously, 8 is called right invariant if for any ® = & and f:G X G— G we have
fr (@) € 8, where f,: G X G—= G X G is defined by fi(#, y) = (x + f(%, »),
5+ f(x, ).

’ THEORE‘VI 1. Let (G, +, )bea
SL_SL —{(DEFGXG‘HSL() s(0)};
Sz = 8glo) = {D = F(G X G) | Sy(®) = o(0)}.
Then 8.(Sg) is the unique left (vight) invariant UCS on G that induces o.

Proof. §; is a UCS. Indeed, if ®. = §;, and ® = ¢ « F(G X G), then
y 8§, becatse 8,.(D) = S, () ; if'<I), ¢ € §,, then the equality S (® N
ﬂ*#) = 5;(®) N8.(¢) implies that ® MY = 8,; [A] € §;, as §([A]) =

; © =&, implies @72 = §;, because of the trivial equality 'S, (®77)
= —S L( ®) ; finally, supposing that @, ¢ = 8§, and P o ¢ exists, it follows
that ®of € §,;, as one can see from the obvious inclusion S, (®) +S,({) =
S Sy(Po ¢).

In order to prove that o(8;) = o, it is sufficient to observe that for
any § € F(G) and x € G we have the equivalences:

F e o(8)(x) = [x] X Fe§ <
< S([x] X F)=—[x]+ & = c(0) <& = ox).

The statement that §; is left invariant is easily seen from the eqiality
SL(f(®@) = S (D), which is true for any ® € F(G X G) and f: G X
X G—=G.

CG whose neutral element is O and define :

Now let 8§ be another left invariant UCS on G such that ¢(8) = o.
Let f, g: G X G— G be defined by fix, y) = —x, g(x, y) = x. Then for any
" ® € F(G X G) we have the 1mp11cat1ons

O = 8= f(D) = [0] XS (P) =8 =8 (f(P)) = @ =8,
that is, ® = § is equivalent to [0] X S (®) = 8. But: _
[0] X 8,(®) < 8 8,(0) = 5(8)(0) = ol0) = D = &,.
Thus we have shown that 8 = §;.- ' ‘ '
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- DEFINtTION 2. Let (G, 4, o) be a CG. The UCS §,(8;) is called the
left (right) UCS of (G, -+, o). We also define the fwo:=sided UCS S; =
= 8;(0) of (G, +, o) by the equality 8, = §,-NS;.

It is obvious that &, induces o, too.
TaroreEM 2. Let (G, +, o) be a CG.
a) Any left (vight) translation % — a 4 x(x — x + a) s both 8, — §,

and 8z — &, — uniformly continuous, hence it is also Sy — S, — umformly
contmuous

b) The symmeiry %— — x is both 8, — & ‘and 8 — 8, — umiformly
continuous, hence it is also S; — 8 — umformly contmuous

The trivial proof is omitted.

TurorREM 3. Let (G, +, o) and (G', +, ') be CG. If a group-homomor-
phism f: G— G’ ts continuous at a point x € G, then it is both 8§;(s) — 8.(c”)
and 8g(c) — Szxlc’) — uniformly continuous, hence it is also Sp(c) — 81(c”)
— uniformly continuous.

Proof. We denote by 0 and 0’ the neutral elements of G and G’ respecti-
vely. Let (D € §,(0), l.e. Sy(D) = o-(O) Then [x] 4 S (®) € o(x). thus
FU[x] + S1(®)) = [f(%)] 4 Sif f><f)( )) € o’(f(x)). However this im-
plies that SL((f D)) = (0, ie (f X f)(D) = Si(s”). Thus it follows
that f is 8,(c) — 8,(¢") — umformly contintous.

THEOREM 4. Let (G, +) be a group and (6:)ier a family of CS on
G, compatible with the group-structure of G. Then 8;( MNierc;) = NierSL(0;),
Er(Mie10;) = NierSg(o:) and 8x(Miero;) = MNierSr{oy).

The proof, being trivial, is omitted.

It is obvious that for a commutative CG 8, = 8= 8;. In order to
extend this result we introduce the following notation : 1f (G, +) is a group
and & € F(G),& * will denote the filter on G for which a base is formed of
the sets F* ={x4+a—2x|x <G, a<F} with F €§.

THEOREM 5. For any CG (G, —}—, ) the following statements ave equi-
valent :

(a) 8, = &;
b) 8, = 8;;
¢) 8, < 8;

e) The symmetry x— —x 1s 8 — 8, — uniformly continuous,;

f) § = o(0) implies §* = o(0).

Proof. The implications (a)=> (b) = (d). and (a)= (c) = (¢) are ob-
vious. .
(d) = (f). We denote the mapping x— — x by s. Suppose & € ¢(0).
Consider the filter ® on G X G generated by the filter base formed of the
sets {(x, *x —a)|x =G, a = F}, Where Feg As §(0) = —F, we
have ® =8;, thus (s X s)(®) €§,, ie S (s X s)(P)) = o(0). The
filter (s X s)(®) is generated by the sets {(—x, ¢« — x)|x € G, a € F},
with F & & Then S;((s X s)(®)) = &*, hence F* = 5(0). :

(e) = (f). Analogously. .

(
(
(d) The symmetry x—> —zx 1s 8, — 8, — uniformly continuous,
(
(
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(f) > (a). Let © =8, ie. S;(®) =0c(0). Then, denoting S;(®)
by &, we have §* € ¢(0). §* is generated by the sets of the form {x— a4
+b—x|x<=G,(ad) = P} where P € ®. Thus. we have §* c — Sg(®),
hence — Si(®) = o(0), ie. ® = &, Consequently 8, < 8, A similar
argument shows that 8, < §;.

When 8, and 8 are equal, they will be denoted by 8§(a).

3. Uniform Convergence Structures on Subgroups. Direct Produets
and Quotients. If X is a set, Y < X and ¢, & are a CS and a UCS on X,
then we denote by o|y and 8|, the relative CS and UCS on Y, obtained
from ¢ and § respectively (see [2], [1]).

Analogously, if (X;);e I is a’ set-indexed family of sets and o, 8; are
CS and UCS on X;, 7 1, then we denote by Il;c;0; and ILEI 8,
the product CS and UCS on II;;X;, obtained from 6;, + € I and S,,
1 € I respectively (see [2], [1]).

. TurorEM 6. Lét (G, +, o) be a CG and H a subgmup of G. Then
8.(oly) = Si(0)|m Sploly) = 8p(o)ly and 8i(oly) = 8r(c)|y.

TasoreMm 7. Let ((G;, +, o;))ier be a set-indexed- family of CG.
Tﬁeﬂ SL(HieIGi) = Hf;EISL(Gi)J ng(HieIGi) = H.;est(O'i)- ﬂ’l’&d ST(HiEI; =
= I os8,(cy). -

The proofs are trivial, hence omitted.

Now let X be a set and p an equivalence relation on X. We denote by
X/p the set of all equivalence classes and let ¢ : X— X/p be the correspon-
ding canonical mapping. If ¢ is a.CS on X, we denote by ofp the quotient
CSof wi’ch respect to the equivalence relation p- ofp isa CS on X/p, such
tha.t (G/p)( ) is the ﬂ-1deal in F(X/p) generated by the set {¢(F)| ¥ € o(x),
(%) = x} for each % = X/e (see [2]).

A similar notion can be introduced for uniform convergence spaces.
Namely, let 8 be a UCS on X and let us denote by 8/p the ()-ideal in
F(X[e x X/p) geuerated by the set {(¢ X ¢)(®)| @ = 8} As one can
easily see, §/p = {(D e F(X/[p X X/[p)| (3D = §)(o X. <p)( < ®}. 8§/p sa-
tisfies all the axioms of a UCS, except the last of them (regarding the com-
position of filters). If this axiom is also satisfied, we call 8/p the gquotient
UCS of 8 with respect to the equivalence relation p. It is not hard to see
that ¢(s)/p < o(3/p). Without entering into details we just mention that
the notion of quotient can be defined also without any restriction on the
given uniform convergence space, but the case considered above will be
sufficient for our purposes.

TaeoreM 8. Let (G, +, ) be a CG and N a normal divisor of G. Let
be the equivalence rvelation on G associated with N Then 8;(clp) =

= 8(a)/p and 8x(c/p) = 8x(o/p).
Proof. We shall denote by O and 0 the neutral elements of G and Gfp

respectively. Let d < 8,(clp), i. e. S (CD < (o/p)(O ) This means that
there ‘exist #,, ..., %, €G and §, € o(%,), ..., §, € o(x,) such that

Wm) = ... = gln) =0 and o) (1 ... N0, < 8(8). Let G =
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— %]+ &, .. G =—[x,] +F, 'l-‘Elen *(4,) = o(F1), : ‘P(@u) =
= (%), thus @) :-. N @(@s) < S(®) and hence ,
SpHeGIN .- N 9(Ga)-= (o X @) (STHGIN --- N S7HG) =

< S71(S(D) < ©.

But S7U8Y),  + .., S7UG,) = 8.(c), because S, (S;YGy) = G < o(0), .
SuS7!(Gn) = G» < o(0).- Tt follows  that & =8,(a)/p.

Conversely, let (D S 8 :(c)/p. Then there exists a filter @ < 8; (o)
such that (¢ X o)(D) < c ®. But @ = oL(c) means that SL( ®) e ¢(0). We
have S;((pX ¢)(®)) = 9(S,(®)) £S,(®), thus S,(D) =(o/p)(0), iie B 8, (o)

- Cororrary 1. Under.the hypotheses of Theorem 8 8;(c Ve and 8x(o)/e

are UCS on G|p, thus they are the quotient UCS of 8,(c) and 8 (0‘) respectively
under the eqmvalence relation p.

COROLLARY2 Under the hypotheses of Theorem 8 let 8 = 8,( ) (8
= 8z(0)). Then o(8)[p = o(8/p) = ofp.

P; oof. Let 8 = §,(c). We have o-(&’») =0 (Theorem 1), thus 0(8)/
= gfp. In addition 8/p = 8,(o/p) (Theorem 8) thus o(8/p) = o(8.( G/p)
= o/p (Theorem 1).

4. Uniform Convergence Struetures on Funetion Groups. Let (Y 8)
be a uniform convergence space, X a set and Z < X. The UCS of umform
comvergence in Z [1] is a UCS on YX, defined by

élﬂz_“u’z —{(I)EFYXXYX)I[(D Z]l =g},

where [(I) Z]is the filter on Y generated by the filter base composed of the
sets

|

II lI

[P, Z] = {(f(x), &) | (&) = P, x = 2},

w1th B = &.-We shall write vz Or vz (8) in place of o(U )
- If % < 8(X), then U, = UY8) = N,.xUs(8) is called the UCS

of uniform comvergence on the collection %. Again we shall write vy or vg (8)
instead of o(Uy), and we remark that vy =, 5 uz

Now suppose that we are given a commutative CG (G, +, o) and the
role of (Y, 8) is played by (G, 8(s)). It is easy to see that for any Z <
S X Uy(8(c)) is compatible with the natural group — structure of G—X '
and hence so i5 vg(8(s)) for any % < £(X).

- TaroreM 9. We have 5(uz(s( 6))) = ULS ( o)) for any Z < X
Proof. We denote by O and 0 the neutral elements of G and G respec-
tively. Let (D & F(GX X GX). Then the following eqmval_ences ‘hold :

D = 8(u;(8(0))) = SL(B) = (v,(8()))(0) = -
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< SA(D) x [07 = U(8(0)) > [S,(B) X [0], Z] € 84(c)<>

. < Sa([S4(B) x 161, Z]) = 5(0).
On the other hand

O <= Uy(8(c) « [B, Z] < 8(0) « S,([B, Z]) <= 5(0).
To finish up the proof it is sufficient to observe that

S([S.{®) x [0], Z]) = S,([®, Z)).

COROLLARY We have 8( %(8( ©))) = Ug(8(0)) for any collection % <
< £(X). '

Proof. By Theorems 4 and 9 we obtain:
8(vg(8(0))) = 8 (MNzez v2(8(0))) = N 58(02(8(0))) =
= Nzez Uz(8(c)) = Ug(8(c)).

5. Applications. If (X, 8) is a uniform convergence space and § €
€ F(X), then & is called an 8-Cauchy filter [1]if § X & < 8.

Similar notions have been defined for CG: if (G, +, o) is a CG whose
neutral element is denoted by O 'and & € F(G), then & is said to be a left
(right) Cauchy filter [2] if —& + & = ¢(0) (F — & = o(0)).

TaroreEM 10. Let (G, +, o) bea CG and § = F(G). Then & is a left
(right) Cauchy filter iff it is an 8.(Sz)-Cauchy filter. :
- The proof is trivial.

Paragraph III Section 4 of H. R. Fischer’s paper [2] contains
several results concerning left (right) Cauchy filters on CG. We also men-
tion Lemma 6 from the work [3] of H. H. K eller. Taking into account
our Theorem 10, it follows that all thesel statements can be reobtained as
particular cases of corresponding results regarding Cauchy filters on uni-
form convergence spaces, established by C. H. Cook and H. R. Fi-
scher [1]. _ ’

Keller ([3], Korollar to Satz 1) has shown that given a uniform
convergence space (X, 8}, among all UCS 8’ on X for which any 8-Cauchy
filter is also an 8'-Cauchy filter, there exists a finest one (i. e. least under
the inclusion), say $* ; § and 8* possess the same Cauchy filters, and hence
they induce the same CS (a slightly weaker statement is contained in Theo-
rem 19 of the paper [1] of Cook and Fischer). Using our Theorem 10
we obtain :

TaeorEM 11. Gwen a CG (G, +, o), among all UCSS’ on G for which
any left (right) Cauchy filter is also an 8'-Cauchy filter, there exists a finest
ome, say SE(Sk); the left (right) Cauchy filters ave precisely the Si(8%)-Cauchy
filters, and hence o is induced by 81(8%).

§ — Mathematica 2/1977
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The construction from § 6 of the woik [1] of Cook and Fischer,
as well as the proof of Satz 4 from K eller’s paper [3] yield just 83(8%)
for CG. The purpose of the mentioned authors was in fact to prove the
existence of a UCS whose Cauchy filters are exactly the left (right) Cauchy
filters. As Theorem 10 shows, 8§,(8;) is such a UCS. Its construction is
much simpler than that of 8$;(S}), and, as we have seen, it is workable
enough, having several useful properties. :

Application to the completion of CG will be given in a subsequent paper.

_ (Received January 22, 1977)
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