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PROJECTORS IN FINITE 7-SOLVABLE GROUPS

RODICA COVACI

1. The purpose of this paper is the study of the existence and con-
jugacy of projectors in finite w-solvable groups. We prove that some results
of H. Schunck [5] given only for solvable groups can be extended
‘to m-solvable groups and so we obtain a generalization of a theorem of
B. Brewster [2].

- All. groups considered are finite.

We give the following useful definitions: ’

DgrinrTION 1.1. a) [5] We call the class % of groups a ]zomomo;ﬁh
if. ® is closed under homomorphlsms

b) [4] A group G is primitive if there is a maximal subgroup H of
G, with coregH = 1, where coregH = N {Ht/g = G}.

c) [5(] A homomorph % is a Schunk class (or a-saturated /zomomorph)

if it is primitively closed, i.e. if any group G, all of whose primitive factor
groups are in %, is itself in %.

d) [5] If % is a class of groups and E is a group, a subgroup E of
G is called an ®-projector of Gt E € ®and E <V <G, Vo)AV, V[V,= %
implies V = EV,.

DerFiNitioN 1.2. Let = be a set of primes and =’ the complement to
7 in the set of all primes. -

a) [3] A group is m-solpable if every chief factor is either a solvable
n-group or a n'-group. When = is the set of all primes, we obtain the
notion’ of solvable group.

b) A class % of groups is sa1d to be n-closed ‘if

G0(G) € X =G = %,

where O (G) denotes the largest normal mn’-subgroup of G. We shall -call
- homomorph a m-closed homomorph and 7- Sc/mnck class a w-closed Schunck
class.

Let % be a homomorph. The following propositions of [5] are also
true for any finite groups:

Prorostrion 1.3. If E is an %-projector of G and E< H< G, then
E is an ¥-projector of H.

Prorosrrion 1.4. Let E be an E-projector of G and N a normal sub-
group of G. Then ENJN is an %-projector of G[N.

ProrosrTioN 1.5. If N is a normal subgroup of G, E/N is an %¥-projec-
tor of G/N and E is an ¥-projector of E, then E is an E-projector of G.

We shall use some theorems of R. Baer [1] which we give below.

THEOREM 1.6. 4 solvable minimal normal subgroup of a group 1is
abelian.

TaroreM 1.7. If S is a maximal subgroup of G with core, $ =1 and
N is a minimal normal subgroup of G, then G = SN and S\ N = 1.
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THEOREM 1.8. Let us suppose that G has a # 1 normal solvable sub-
group and let. S be a maximal subgroup of G ‘with corezS =1: . -

a) The existence of & # 1 mormal solvable subgyouib of S wnplws the
existence of a mormal subgroup N # 1. of S with (IN|, |G:8S|) = 1. - _

b) If S has a normal subgroup N # 1 with:(|N|, |G: S|) = 1, then S
is comjugate to any maximal Subgroup T of G with core T = 1.

2, All .groups- considered here-are finite and =-solvable.. . .

The main- results .of this note are contamed in the followmg two the—
orems o
THEOREM 21 If % is a n-komomorpk tken any two 9 pro]ectors of
a w-solvable group G are conjugdte in G.

Proof. By induction on |G|. Let - E and E, bé two "k—prOJectors of
G. If G %, using 1.1. d) we obtain E = E,.= G. So.suppose.G & %. Let
N be a. mmlmal normal. subgroup.of G. By 1.4.,.EN /[N.and E,N/N are
. %-projectors of G/N. By the 1nduct10n ENIN and. E(N/[N -are conjugate
-in -G/N- and:so-for some % <G, EN = = EgN. We distinguish "two \cases :

1) There is a minifal normal: subgroup M-of G with EM-#G. We
put N &M By 1.8 E and Eo are %- pIOJectors ‘of “EN, “hence by the

induction’ E' and ‘E§ are con]ugate it EN and : S0 E and- E _are con]ugate
in G.

2) For any m1n1mal normal’ subgroup N of. G EN = G ="EyN. Then
every minimal normal subgroup N of G is a solvable - - group Indeed,
since G is_m-solvable, N is either a _solvable =- group or a w’-group. Let
us - suppose that N is a ‘n’-group: It follows that N < 0y(G) afid. we have -

“GJ0z(6) = (GINI@GYN). -

But G/N EN/N E/Eﬂ N s %, tHence G/0x(G ) < "?c .which : 1mp11es,
by the w-closure of %,.the. contradlctron G =%. 800N is:a solvable TEgroup.
By 1.6.,'N is abelian. We shall prove that E and E, are maximal sub-
groups of G. For instance, for E: E <'G-sihce G & % and E < E* <G
implies E = E* because, if we suppose E <'E*, there is an element e* =
_&.E*\ E CG=EN, lence ¢* =en. with ¢ EE n € N, but we. see
that n.€ NN E* =1 (N is abelian), “which means the false ‘result e* =
= ¢ < E. Let us notice .that coreE = 1 = core;E,. If we suppose,
“for - example corecE # 1, putting N < coreGE we have G=EN=E
cotecE = E, a contradiction with E < G: Applying now. 1:8. a) ‘and b)

_(1t follows ‘that E and E, are con]ugate 1n G

THEOREM, 2.2. 4 =- -homomorph % 1s a4 Sclmnck class ’Lf ami only if
cmy n-solvable group. lms Q- pm]ectors '

.- Proof. If % is a Schunck class (not necessanly - closed) -we_prove
by induction on |G| that any Tc~solvable group G has %-pmJectors Two
possibilities_are considered here:

-1). There is a minjimal normal subgroup M of G such that G/M = %.

By the induction, G/M has an %¥-projector H/M. Since GIM & %. |H| < |G|

“and:so, by the induction, H. has an 63;’—pr03ector H Now by 15 H is an
%-projector: of- G.- :
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' 2) Any rrurumal normal subgroup M of G satisfies G/M % IfG

" is not primitive; . we. conclude, by pr1m1t1ve1y closure™of %, that Ge® -7

heénce G is its owi’ %- pro]ector So we may assume that G is- pr1m1t1ve -

If G =%, G.is'its own %¥-projector, If G-& %, we reason in the following
way.. Let- S be a maximal subgroup of ‘G with coregS = 1. $ is an %- “pro-
jector of G. Indeed, we notice that S =g, because if M is a minimal

normal subgroup of ‘G it follows, by: 1.7., MS.= G and M [} S = 1, hence R

- S =SMN S ~MSM=GIM < %. Further if SV <G, . VOAV
VIV, €%, we have since S is a maximal. subgroup ofG V=SorV=¢.
V=3, 1mp11es V = SV;. If V'= G, we choose a minimal normial subgroup'
_MowarthM V(,,by17 MS =G; thus, V =SV, - ’
Conversely, let % be a n-homomorph w1th the property that any 7r-sol-
vable group has %- pro]ectors We shall prove that % is primitively closed. |
Stippose. %_is not primitively: closed and let -G be & =- ~solvable group- of
miniinal ordet with respect to the' ‘conditions:- G. g ¥ and any Pprimitive’
factor group of G.is in’ ¥. If M is a minital- normal subgroup of &, by’
the minimality of G G/M «%. G i§-a #- -solvable group and so thete is
at %-projector H.of G. Thus H < G = G, M AG, G/M < ¥ implies G=MH.
By the m-closure: of ¥ and - by the assumptlon G & %, we conclude, like
in the proof 2.1., that M 'is a' solvable m-group, hence by 1.65-M s
abelidan. So M N H = 1. Like in 2.1., H is a .maximal subgroup of G. .
Now suppose G is not primitive.- Then coreGH # 1 hence, by the mini-:
mality of G, G/corecH = %. By 1.4, H [core H is an % pI’O]GCtOI‘ of G/core H
and so H = G. But this is not p0551b1e because H e ¥ and G = %. Thus
G is pr1m1t1ve contrad1ct1ng the choice of G. -

( Receivet'l,'.szgzmbﬂ, 30, 1975)
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! IDEALS IN DISTRIBUTIVE QUASI LATTICES

" - o JUHANY \‘IE\IIVE\‘ ST

, 1 Intloduetwn and - basw coneepts I 47 Plonka 1ntroduced and
- considered & matural generalization .of. distributive Jattices: the concept

" of distributive quasi-lattices.. He. proved. that a distributive ‘quasi-lattice -

_cah be represented as a ceffain .direct spectrum of distributivé lattices - .
- and gave.a. characterlzatlon of 1ndependent sets in dlstrrbutlve quam-j ’
lattices. »

" By a quasr-lattu:e Plonka means “an algebra Q=(X, V. /\) where .
the. b1nary operations \/ - and - A satisfy- all the ordinary lattrce axioms

except ‘the absorption laws. So the properties of quasl—lattlces show the T

. power of.the, absorption ‘laws in Jatfice structures.

7 -In. this note-we sliall consider different kinds of ideals of dlstrlbutlve'
qua51—1attlces ahd give "a few charactenzatlons for absorptron laws in’ o

. distributive quasl—lattrces

In [4] Plonka calls ‘an -algebra Q (X, V N)-a qua51-latt1ce 1f 1tsi
_4fundamental operat1ons V and /\ satisfy the axiomis: :

Nrmn o avess W

C FAY =Y A 3 L aVy=yvaE . (@ -
(= AY) Nz=x Al Az, (V) Vz=2xV (y\/ 2. @)
C I, moreover the operatlons V and /\ satisfy the axlom R
AV A= @V AEY ) AV o) = ANV =V 2 2, (&)
the algebra Q is. called a distributive quasl—lattlce ‘and denoted by DQL

-Some of the  properties of distributive quasi-latticés proved by Plonka '~ h

_in [4] hold already for- modular ‘quasi-lattices as ‘Shown below.-A quasi-
. lattice’ QL is modular and:it is denoted by ]V[QL 1f 1t satlsf1es the axioms
(1),. (2); -(3) and the law -(5) given below : . ..

ANV A{x N2)= (x AV (‘x_"/\ Z), ‘

' 5 -
,xV(y/\(xVZ)) (xVy)/‘\(xVZ)' ()

LE'\I\IA l In a ‘VIQL the followmg weakened laws of absorptwn are .

fulfilled: x\'yN (x Ny)=xV yand xAY) AV ) =xAY.

Proof. x\ y = s\ (A (V-3 = 2V @A@YV (A9 =
% \/ YANN B Ax) = xV YV (% /\y) The-latter part of the. lemma
isproved. dually.
©LEMMA®2. If théreds an dement 1 in @ MQL, such that 1 Vx=1 cmd'
1 A X = X for every x MQL, or there exists an element O such that 0\/ x =
=xand 0 Ax=0 for e'umy X € MQL then MQL s a modular lattwe
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Proof. x =1Ax=2A(1V (x AN =EANV x Al =
= ANV r=(xVy) Al=zV 2 =(r Ay)V % and so the absorp-
tion laws hold in MQL and hence MQL is a modular lattice. The remaining
part of the lemma is proved dually.

Lemya 3. Replacing in the .set of axioms of a MQL the formula
X AX=x by the formula x\/ y\ (x \Ny) =xV ¥, we oblain an equiva-
lent set of axioms. Similarly, replacing x\/ x =xby B AY) AEV V) =
=x AV, we obtain an equivalent set of axioms for MQL,.

Proof. x =5\ x =2\ xV (x A%) = 2V (xA2) = 2V (# A (vV )=
=(xV %) A(xV %) = x A x The second part is proved dually.

The lemmas above are generalizations of Lemma 1, Theorem 2 and
Theorem 1 in [4], respectively. Obviously each DQL is a MQL, too. Unfor-
tunately, the law of modularity seems to be too weak for defining an
ideal concept by using the meet and join of MQL such that the join of
two ideals would further be an ideal in MQL.

Fach quasi-lattice can be ordered in two different ways: (i) ¢ < b =
<b=a\/ b and (i) a b <«a=a Ab If the orders < and < are
mutually reciprocal, i.e. a < b <+ a < b, then, as noted by Matsushita
[2, Thm. 3], both of the absorption laws hold, and the quasi-lattice in
question is in fact a lattice. So in all that follows, we shall use the first
order relation; i.e., if necessary, we assume that the quasi-lattices under
consideration are ordered according to the join-semilattice order. Note
that the structures called in [2] quasi-lattices do not coincide with th
quasi-lattices of Plonka considered here.

2. Ideals in distributive quasi-lattices, We shall consider two kinds
of ideals in distributive quasi-lattices: at first ideals based on join and
meet operations of a DQL and secondly ideals based on the join operation -
and the order relation of DQL.

© A non-empty subset I of a quasi-lattice QL is called an ideal, if (i)
a<sl and b &I imply a\/ b = I, and (i) a = and x = QL imply
@ N\ x € I. The operations meet A and join \/ are defined in the family

J(QL) of all ideals of the quasi-lattice QL as follows: x = I A J if and
only if x € I and x = J, i.e. A coincides with the settheoretical inter-
section (M), and x € I'\/ J if and only if ¥ =a\/ b for some a and b,
a landb = J. Obviously I A [ is an ideal of QL. For I\/ J we prove

LeyMa 4. In a DQL, 1\ J is an ideal.

Proof. Let %, y = I\/ J. Consequently, x =a\/ 0 and y =cV 4,
wherea,celTandb,de J x\/y=(aV )V (bV d), wherea\/ ¢ .1
and b\ de]; so xVyelV J Let t<=DQL, then t Ax =1t A
AlaVbd)=0FtANa)V (¢ /\b) where t Aa <=1 and { Ab € J. Hence
¢t Ax 1V J, and the lemma follows.

In a DQL also the concept of a prmclpal ideal (p] generated by an
element p € DQL can be defined: x € (p] <> x =%k A p for some element
k = DQL. .

LeMmA 5. (p] s an ideal tn a DQI. Moreover, (p]lV (t]= (p \/ t]
and (p] A (t] = (p At] p, t = DQL.

‘Proof. Let %, y € (p]. So x =k ANp and y=h Ap, k, h = DQL.
£y =& Ap)V (h AJ) = (kN B \p, whence x\/ y < (p]. Further-
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more, for each ¢t € DQL, x At=1(k At) Ap, and thus x A¢ = {p];
so (p] is an ideal of DQL.

Tt x<(p]V (t], then x=(E APV (b AQ)={EV (k A)]A

NGV MY ARV 1) and so (1 (] £ (pV il If x < (pV £], then

x=r APV )= APV (# At), which shows the reverse inclusion,
and thus (p1V (] =(p V t] The remaining assertion is proved similarly.

THEORE\I 1. 3(DQL) is a distributive guasilattice.

Proof. Evidently the laws (1), (2) and (3) are valid in I(DQL), and
hence we shall show the validity of the distributivity laws in (4).

1°Tetx eI AN(JV K)wox<slandx=45\ kj<e Jandk € K =
r=xANx=x ANV (x/\k) where x Aje J, I and x Ak =1, K.

I x=uV w, €I AJ and w =
eJandwe K =>u\weland uy we

SsJVK =x=uVweslA(JV K). .

o B3 Letx e (IV AUV K). <sx=1iV\ j=1i"\ k wherei, i €I,

jeandbsK %=z Ax=GV) AVE=F AGCVIV

VIEAGY Q)= {6 AGN DIV A}V (BEAf), where

T AGYATY 6 Ad) < Tand kAT <] AK =5 STV (] AK)
4°Let x eI\ (JAK)<x=1\Vt €] and t = ], K. = x =

I

el\ Jand x € I\/ K, whence x € (IV J) A\

1° and 2° imply the first and 3° and 4° th
law. This completes the proof.

THEOREM 2. 3(DQL) s a lattice if and only if DQL is a lattice.

Proof. Let 8(DQL) be a lattice. Then (p] = (p] A ((p]1V (¢]) =

= ({p A\ (pV £)}], according to ILLemma 5. From the definition of the prin-
c1pa1 ideal it follows that p =k AP APV =k ARAP APV ) =
=k AP, and on the other hand, P Ap=p APV =2 ALADP=
=hADABVY. Hence, RAGAD=ENPAGBVH=p=hA
NEANP)="ANp=p A(pV 1. The validity of the second absorption
law is proved similarly ; thus DQL is a lattice. According to the definition
of an ideal in DQL, the converse proof is obvious.

An ideal P of a QL is called prime, if (i) x\/ y = P implies x, y € P,
and (ii) x Ay € P 1mplies that at least one of the elements x and y
belongs to P.

Let S be a subquasi-lattice of a quasi-lattice QL. An ideal M of QL
is called relative maximal ideal with respect to S, when M is maximal
among the ideals which -are disjoint from S, ie, if M\/ N = N, then
N ﬂ S #4.

Lemma 6. Let P be a prime ideal of a QL. Then QL, — P is a dual
prime ideal of QL.

Proof. At first we show that T'=QL — P is a dual ideal of QL.
Let %, y e T; if x Ay P, then x or y belongs to P, as P is prime.
Thisis a contrad1ct1on hencex Ay e T.Letx =T,k = QL Ifx\ kT,
then x\/ k = P, and so also ¥ = P ; a contradiction. So x\/ 2 € T,
and T is dual ideal of QL. Assume that x VyeTand v,y & T. Thus
%, ¥ € P, and as P is an ideal of QL, x \/ y € P, which is a contradiction.
Therefore at least one of the elements « and y belongs to T.Let x Ay e T

(IV K).
e second distributivity
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aid let x & T. Then x = P, and as P is an ideal, x Ay = P for each
y € QL; a contradiction. Hence %, ¥y € T, and so .T is prime.

Accordingly, every prime ideal P of a quasi-lattice becomes a relative
maximal ideal with respect to the subqua51-1att1ce QL —P. Ina DQL
holds the following property

- THEOREM 3. Let S be a subgiasi-lattice of a DQL. If N is a relative
maximal ideal of DQL, with respect to S, then for each x Ay € N at least
one of the elements x, y belongs to N. Simalarly, of x \/ v € N, then at least
one of ‘the elements x and y belongs to N.

. Proof. et x Ay € N and assume that ¥,y & N. As NV NV (x] =
=NV (], NV (x]) NS #©; the same fact holds for NV (y], too.
Let s, G(N\/(])mSandsy NV INS As NV (] and NV
(y] are ideals of DQL, s, A s, belongs both of them and also to (N \/ (x]) A
ANV (¥]). On the other hand, as S is a subquasi-lattice, s, \V s, € S.
Now, (NV (x]) (NV (3)]=NV (x Ay], and hence all the elements
of (NV (x]) ANV (y]) belong to N, s, A's, too. So N S # @, which
is a contradiction, and hence x or y belongs to N..

If xVyeN, A AlxVy)=5 Ay € N. So the latter part
of the theorem follows from the former.

A non-empty subset U of a QL is called a lattice ideal, if (i) a, b & U
implya\/ & € U, and (ii) ¥ < 2 and 2 € U imply ¥ € U. As well known,
the join of two lattice ideals is a lattice ideal again, if QL is a down
directed join-semilattice, i.e. for any two elements x, y € QL there is
a common lower bound % in QL to x and y. In other words, the family

UQL) of all lattice ideals U in QL is a lattice, if QL is down directed
join-semilattice.

According to Lemma 1, in each lattice ideal U of a MQL %, y € U
imply x Ay € U.

LemMa 7. In a DQL, which is also a down 'divected join- se1mlattwe
(a] A (b] < (a A b] for each two elements a, b « DQL. DQL is a distri-
butive lattice, if (a] A (b] = (a A b] for each two-a, b € DQI,; (a] and
(b] are principal lattice ideals of DQL. :

Proof. Let k = {(a] A (b]}. This means that £ < a, b, and so 2\ a =
=a and £V b=105. Hence a/\b—(kVa)/\(k b)=k\ (a \J),
whence ks (a A\D]

f (a] A(b) = (a Ab] for each two a, b € DQL, a/\b < a and
a N\ b < b, and the absorption laws hold in DQL

Let S be a subset of a DQL. By the closure S of S we mean the subset
{x| there is an element y = S such that x < y} of DQL. The following
theorem gives a connection between the ideals and the lattice ideals of

a DQL.

TrEoREM 4. If I as an ideal of a DQL, then 1 is also an ideal of DQL.
Furthermore, 1 is a lattice ideal of DQL. o

Proof. Tet %, y € I. Then x <aand y < b, a, b € I. In particular,

xVy <a\ b and so x\/yEI Further, x\/ a = a, and thus for
cacht € DQL, (x Af)V (a ANE) =a A, whencex/\t<a/\t aNtel.
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Therefore, x A ¢ = I for each ¢ & DQL, and- thus I is an -ideal of DQL..
Obviously I is a lattice’ 1dea1 of DQL. -

3. Remarks on congruence relations on a DQL. As in case of Iattlces,
one can easily show that an equivalence relation 6 on a quasi-lattice QL
is a.congruence relation on QL if and only if for each three elements
%, ¥, ¢t = QL the relation x0y implies x A 8y Af and x\/ 268y \/ £. The
meet and join of two congruences 0, and 6, on QL are defined as usually:

%(0; A 0,)y < x0;y and x0yy; %(0,\/ 0,)y <>there is in QL a sequernce
2q, %1, 23, - .., 2, oOf elements such that zje,th for each wvalue of 5 and
forsomevalueof¢ j=0,...,m—1 ¢=1,2 and zp=x and y = 2,.
As easily verified, 6, A 0, and 0,V 6 are congruence relations on QL
and the set of all congruence relations 0(QL) of a QL form a compactly
generated lattice (see e.g. [5, Thm. 85]).

LevMA 8. Let I be an ideal of a DQL and 8(I) a binary relation on
DQL defined as follows: x6(l)y e x =y, or x\/ 1=y V i for some i = L
Then O(I) is a congruence relation on DQL. If 1 is a prime ideal of DQL
or if I = J for some ideal J of DQL, then 1 is a congruence class modulo
0(I). If moreover DQL, 15 a down directed join-semslattice and I = T for some
ideal J = §(DQL), 06(I) is a minimal congruence relation with 1 as a con-
gruence -class. - _

Proof. Clearly 06(I) is an equivalence relatlon on DQL. If x 1 ="
—y Vi then (V4 Vi=(yV Vi and (s ADV EAD) = (¥ AD
V (¢ A %), where ¢ A< € I, and so 0([) is a congruence relation on DQL.

Clearly two elements of I are congruent modulo 6(I). If ¢ I and
i0(1)k, then i\ 4" =4"V\ &, ¢",7V ¢ 1. If I is prime, then & « [
and, if I =7, then & <4\/ ¢, and so # = I. Hence I is a congruence
class in these cases.

Let 6 be a minimal congruence relation on DQL havmg I as a con-
gruence class. As all’ the elements of .I are contained in a congruence
class modulo 6(1), 0 < 0(f). If now a and b are elements in DQL, which
is also a down directed join- semllattice,v such that a\/ i =0V i, ¢ € I,
then there are two elements ¢, 4"/ = I such that ¢ <@a, ¢ and 7" < b, 1.
In particular, ¢0i" = a\/ 70aq, and 04" = b V106 As a\/ i =0V 1, abb,
and thus 0 = 6(I), a minimum congruence relation having I as a con-
gruence class. Note that 4, i & I as I = J for some J < §{DQL).

-The congruence relatlons generated by an ideal I of a structure play
an important’ role when characterizing the properties of the structure;
the reader is referred to [1 Sect. 9] in case of 1att1ces and to [3] in case
of join-semilattices. _

TrEOREM 11. On a DQL the congruence relations O(I) comstitute a
distributive sublattice of the lattice 6(DQL).

Proof. We show 1°: 6(I;) V 6(L) = 0(I,V I,), 2°; 0(I) A 8(L,) =
= 6(I; A I,), and 3°: the sublattice 0(Z, DQL) of the ‘congruence relations

(I) on DQL is distributive.

1° If 2(0(1,).V 0(I,))y, then there is a sequence Zg, 2y, .. ., z,, of ele-

ments of DQL, zy = % and z, = y, such that z;0(1})z;1, or 2;0(ly)z4, for
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-

each value of. ] 'V Zit1 \/ i g1ves for each
1, € I z BV 41\ 2 = \/ 11 \/ 19, 1 ~,€ '11. l‘he case - is. similar’ with -
the. latter relation, and hence 210(11\/ T;)24r7for - eace.value of 5 S0

(I \ I)y. The relatxon e(z \/ I) (L) Voo ) is” o‘bmus “and- 19 - i

follows. o
o 20 Clearly G(I /\12) < (Il) /‘\ 0( ) Let x(0 ( ) /\ 6( 2))y- Conse—
: quently, AV RECAVE S and AN Ty =Y \ t,, from which it follows o

%\ iy A 55 )w—y\‘/ (41 /\4, ); Whe1e zl /\12 s Il /\I Hence xB(Il/\I) Y

and 2° follows: .
-39, follows™ “from 1° 2° and the dlst11but1v1ty o{ the quass1—1att1ce -
BDQE) T

T - -\(Received Mﬁch 30,_ 7976)&,»”
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IDEALE IN CVASILATICE DISTRIBUTIVE

‘_ 31'.' (Rezumat) ':-_:‘:-QTV' - ,,- K _-}: T

Toa -~ . .1

Cvasﬂa‘ucea dxstnbutlva este-o struc’cura algebnca éuwdoud - opexatn bmare 1de1npotente <
asoclatwe §1 comutative, astfel Adcit flecare dintre’ ele este dxstnbutiva fa’;a de cealalti In’
“Incrare?se: studiazi: Jdea,lele inei cvas11at101 dlstnbutlve $1 relatnle de congruent:a deflmte
pesteea oo e 0T . i .
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GENERALIZED MONOIDS OF F RACTIONS

' AURELIA TOCA

[

B. utts and Sp acht introduced in [1] the generahzed ring of
quotients of a commutative ring with:identity, A generalization in the
“like manner may also. be made in the case of a commutative monoid.
In the followmg S will denote a’ commutative monoid and M a honempty
- collection of subsets of S, which is closed under the set product (for E,,-
E,= M, the set product is defined as- E\E, = {e,5]e; SE,, ¢, E,}). Let’s
define apb (a, b= S) to mean that there ex1sts an element E<= M so that
ae = be for every e E.-
ProrosiTiON 1. The velation pis a congmence on S,
Proof. The reflexivity and symmetry are immediate. Now, let apbh
and bpc. Then’ there ex1s’c E,E'e M so that ae = be for every ¢< r
and be’ = ce’ for every ¢’ € E’, theréfore ae’’ = ce” for every e’ =e¢e' €
"€ EE' = E"<= M. The compatibility results at once. :
Iet S = S/p. S contains at least one cancellable element (the 1den—
tity) and @ = {s< S/spa} is “cancellable in S .if a is cancellable in S.
Indeed, let #5.= §5 with %, y,.s in S, s:cancellable. Then (#s) p (ys), hence
exists £ <€ M with (xs)e = (ys)e for every e< E. Hence xe = ye for every
e€ E, so that £ = Therefore by theorem of Vandiver [2], S admits
a -classical monord of quotrents, namely T(S) and S may be identified
_with its image ‘F(_), where ¥ is the canonical injection § — T(S).
Now, let S(M) = {x/x< T(S), xE C S for some E< M}; because
. M is closed under product S(M) is a submonoid of T(S), which contains S.
DEFINITION. The monoid S(M) is called the generahzed ‘monoid of
quotients of the monoid S with respect to M. -

. PROPOSITION 2. If every subset of M consists. of one clemeit of S and -
le M, then S(M) oS, where SM is the monmd of quotzents of S with
- vespect to-the submonoid M of S.

Proof. First one shows that S ( ) = S5 Let x & S(M), then
% = sfr, with 7 cancellable in S and exists e M so that (s/9)(e[1) = {1,
where ¢t S. Hénce §5/7 = f/¢< S;. Conversely, let. x < S, , hence x = /¢,

with s€ S, e M. Then x= S(M) because é is.cancellable in S. Indeed,
let %6 = yé, then (xe)p(ye), hence exists e¢’e M so that x(ee’) = y(ee’),
therefore # = j. Now, takmg into account the theorem of the universality
of monoids of fractions (see for 1nstance [3]), it easﬂy follows that S

is isomorphic to S,.

Let % be the embed&mg homomorphlsm of Sin S (M’) jie. h=1. ?,
. where ¢ is the canonical homomorphlsm of S upon S-and ¥ is the cano-

nical isomorphism of S in S(M). Let k -h be the congruence on S gene-
rated by 4. Then h h=p.
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TaroreM. Let Q the a monoid and M a nonempty collection of subsels
of S as befoye If there exists a homomorj)hzsm f: S — Q such that:

a) f f=p
b) Q = {x[x= T({(8)), xf(E) C {(S) for some E= M},

then there exists a unigue iscmorphism 6 of S(M) upon Q such that 0h =

Proof. Uniqueness. If such a hemomorphism 6 exists, then- 0(5/7) =
= O(h(s)/h(r)) = Oh(s)[0h(r) = [(s)[f(r) for every s, 7 in S, with # cancel-
1able in S, hence 0 is essentially unique.

. Existence. Let 0:S(M) - Q be defined as follows: for x& S(M),
x = 5{7, (%) = fs)If(r)-

0 is a homomorphism : if ¥ = §f7, y=3§,/#;, then 0(xy)="0((3/7)(5,/7))=
= fs)f(s2)[f()fr1) = 0(x)0(y). '

0 is well-defined :if s; € 5, 7, = #, then (s7y)p(rs,), therefore f(s71) =
= flrs,). Hence f(s)[f(r) = f(s1)lf(ra) and 8(5/r) = 8(5,/7).

6 is injective: if 8(3/7) = 0(3,/71). then f(s)[f(r) =f(s1)[f(r,) hence (sr,)
p(sy7), that is §[7 = 5,[r;.

0-is surjective: let x be an element of Q. Because Q C T(f(S)), «
may be written as f(s)/f(#)(s, 7 S and f(r) cancellable in f(S)). Obviously,
0(s/7) = x. We show that §fi = S(M). First §/r = T(S), because 7 is cancel-
lable in S when f(r) is cancellable in f(S). Besides, for some E< M, we
have xf(E) C f(S), hence for every e¢< E there exists an element = S

so that xf(e) = f(¢). Therefore f(se) = f(#t), hence §¢ = 7. This means that
for some E« M, we have (5/7)E C S.

Finally, from the definition of 0, it is clear that 6 - & = /.

Remark. If every element of M contains a cancellable element of S,
then S(M) C T(S). Indeed, in this case, p is the equality relation so
that §S = S.

(Received January 16, 1975)
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SUR LES ESPACES K,, DE WALKER

B ENGHIS T T
Un espace V,, de metnque “ _ s BN o
_ Cde = gpddad - - - (1)
estr réqurrerrt [51; [6]‘5’1"1‘4, existe un- Vecteur covariant o, ainsi que -

Rjkhr.‘- (Perkh " S (2) .

C..oit Riy sont les composantes du tenseur de courbure de l’espace et ol

la virgule des1gne la derrvee covarlante par.rappert au. tenseur metrlque _
~ de l'espace. - - - S T T -

1

Si dans (2) <p, = O nous avofis™ * - i - C e 2
. - . Rjkhr — 0 -’ : ’ ., — . l'_- . (3) -
“et l’espace est nommé: symétrique dans le sens de Ca rtan [1] Un'

E ;espace symétrique — Cartan est aussi chcr —Asymetnque donc R, =0,
Jet 11 est de’courbure scalairé constante.- .

En contractant la relatlon (2) en 7 et & on obtlent I
) . * Rp, = (PrRJh o o . s (4)
;Un espace V,, pour 1equel la relatron (4) est Vérifiée est nomrr'lé Ricci' e
recurrent [3] : - o

. .Un espace_récurrent est aussr R1cc1—recurrent la recrproque n etan-t .
pas toujours. vraie [4],-[5].. : . :

Sila —relatmn (4) est contractee en j, et h on- obtlent

-4

ot R est la’ courbure scalalre et l’espace V,, est- de courbure scalalre récur-
rente. .. N S

Dans un espace V recurrent si, dans 1’1dent1te de Branchr

: i , ” ]kh, + thr,k + :Zejk,h = O ., -- ' ’ i ) (6)
on tient :com_pfe de (2), on obtient = S ~ .
(Pf jkh + (Pk _1hi + <PhR jrk = =0 . ) - (7) . =

—

__':donc les espaces réctirrents. vérifient la relation _(/): -

Rr=gR . - 5

Les espaces V,, symetrrques dans lesquels on peut de’cermlner un vec-.

teur covariant o, ainsi que la relation (7) ait lieu, etles espaces récurrents,’. -
‘ont été nommés- par A G Walker [6] espaces K. - :
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.Dans la présente note nous nous proposons de donner quelques pro-
s raz *
priétés du vecteur ¢, dans un espace K,. - .. o .

ProrosirioN 1. Dans un esjmce K, . le vectewr o, est solution du
systéme homoyéne :

1

[R;:kh ( 31 Jh 8;; Rfk)] P; = 0 (8)

En effet, de la définition des espaces K, nous savons qu'ils vérifient
la relation (7). Si dans (7) nous appliquons une contraction en 7 et 7,
nous obtenons ’ ;

;R — @R + 9, R =0 ‘ I ()
d’otr il résulte immédiatement (8) ) : S -
_Noto,ns_.: |

On peut énoncer. |
‘ ProposrTION 2. Une condﬁtwn nécessaire pom qu un espace V, soif
“espace K, est que l.e rang de la matrice || Al soit plus petit que n.
Le tenseur Ajy défini par (10) vérifie les relations
jkh '+' Ajhk - O Ajkh + Akhj + Ahjk - 0

et ses tenseurs contractes les relations
=0, Aﬂh = Ay = (2 — ”) R
"ProposrrIoN 3. Dans un equce ,K: le vecteur ¢; satisfait les relations
(R8, —2R})o, =0 : ' 1

) On obtient les relations (11) de (9) par une nouvelle contraction en
j et k.

_ ProposITION 4. La dérivée covariante du vectewr o, dans un espace
K, satisfait les relations :

‘Pi,fR;.l = —;‘ Ph,r (12)

En effet, par dérivation covariante de la relation (11) on obtient

(R, 8 —2Ri)¢; + (RS, — 2Ri)o;, =0 (13)
B¥  Si l'espace K, est récurrent, il est aussi Ricci-récurrent et de courbure
scalaire récurrente et dans (13), en tenant compte de (4) et (5) nousavons

(RY, — 2Ri) 9,0, + (R&, — 2R})g;, =0 (14)
Si dans (14) on tient compte de (11) il en résulte (12).
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" Si l'espace K: est §ymétrique-Cartan, étant aussi Ricci-symétrique

et de courbure scalaire constante, la relation (13) devient

(RS;t - ZR;.;)(Pi,r =0

qui est en fait la relation (I12).

e o o= W

(Manuscrit regu le 3 avril 1975)
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ASUPRA SPATIILOR LUI WALKER K’

(Rezumat)

In notd se dau citeva proprietifi ale vectornlui ¢; dintr-un spatiu K: Se arati cid

vectorul ¢; este solutie a sistemului omogen (8) §i verificd relatiile '(11) si (12)." Se intro-
duce tensorul A;'kh dat de (10) cu ajutorul cdruia se d4 o condifie necesari ca un spafin V,

- . * i
si fie K, : rang [A;.kh] <=n
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CO\TFIGURATION THEOREMS IN CERTAIN INCIDE\TCE
: STRUC,"I‘URES

VICTORIA GROZE

We have defined in [1] and [2] an incidence structire, called G-plané
in the following way:

Let (2, 9, I) be an incidence structure. If for 4, B € € there is
exactly one line d = D such that AId, BId, then the line d will be denoted
by <4, B). Similarly <{a, b)> stands for the point incident with the lines
a, b provided that there exists such a unique point. Points 4, B, C will
be called collinear if there exists a umique line a such that 4, B, C I a.

Notice if we had required for A, B, C only the existence of a line
incident with A4, B, C then we would have got another concept of colli-
nearity and the subsequent closure conditions of Desargues and .Pappus
would have assumed another meaning.

The incidence structure (€, @, I) is called a G-plane if the following
properties hold : : -

There exist 04, 0,, 0;,, £ = € such that ’

1. There is no line incident with three of the points 0Oy, O, 04, E;

04 EY= :a

2 For any P = @\ {0,} there exists (P, 0,). '

3If pg D, p10, p #q, then there exists {p, ¢>.

4 If 0,1 then there exists {p, a).

5 (1) For any. P = 2\ {0,} there exists (P, 0.).

(2) If MT <0,, E) then there exists (M, 04).
(8) If PI <0, 0,), P'I 0, 0,5, P-# P’ then there exists’ (P Py,

6 If M €8, M #E = {0, 0,), a), then there exists (M, E'>.

7" 1f 0,14, 0;1d" and d # d’ then there exists <{d, d’).

Generalizing M. Hall’s method [3] we introduced coordinates in
a G-plane (c.f. [2]). The coordonatizing algebraical structure is called a
ternary ring (Q, T). For the ternary operation T :Q® —Q the following
conditionshold: 3 1,0 € Q,0 # 1, Vm, b € Q, T(0, m, b) = T(m, 0, b)=b,
T(1, m, 0) = T(m, 1, 0) = m.

The points of the G-plane are: (%, y), (m), (©), %, ¥, m € Q and the
lines are: [m, b], [x], [c0]. :

In [1] we have defined addition in (Q, T) in the following way:

x4+ v =T(x,1,9).
Define now another addition: .
x @y ="T(1, %, ).

We have Vx €Q, 0 @x =2 ®0 = x.
We shall give a condition for the two kinds of additions to coincide
using the closure condition of specific. Desargues configuration. Here by

2 — Mathematica 11977
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Desargues configuration we mean ten distinct points S, 4,, 4;, B,
=1, 2, 3, such that 4;, 4;, S are collinear for+ =1, 2, 3 and 4,, 4;, B, ; -
4i, 4;, B, are collinear for every permutation ¢, 7, & of 1, 2, 3. The lines
A;A! S supposed to be distinct, are called supporting lines, while the points
B; are called supporting points; S is the centre of the configuration and
the line through the supporting points is called axis. If centre and axis
are incident we speak of a minor Desargues configuration. -
TaeorEM 1. We have X +y=x @Yy, for all x,y € Q if and only
if those minor Desargues configurations close for which the centre is Oy, the
_axis 15 0,0, two of the supporting lines are 0,04, O.F, and two of the supporting
“points are 0, E'. ‘ ' .
’ Proof. Let x, b € Q, a, = {1, 0], a, = [%, 0], ay = [0, x], b, = [, 8],
b2 = [x, b]‘ D = (x, x)l b3 = <<b1; 02D>; 01> (Flg‘ 1)
The condition of theorem 1 may be written as

{{bg, 0,ED, 01> = by, . (1)
- Supposing (1) we have _ : |
[x, 51N [1] = ((1), T(L, #, b)
since (1, ) I[x, b] <>y = T(1, %, b).
(L8]0 (%] = (% T(x 1,0))

since (x, y) I[1, 8] =y = T(x, 1, b).
Hence .

a
)

T(1, %, b) = T(, 1, b)

that is x @b = x + b, for all x, b-=Q.
. It is easily seen that the converse is also true.
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B5 . THEOREM 2. In the ternary ring (Q, T) we have for_all x, m,b = Q,

By T(x,m,b)=x-m+b )

if and only if those minor Desargues configurations close for which the centre
18 0y, the axis 1is 0,0,, two of the supporting lines are 0,05, 0.E and one of
the supporting points is 0,.

Proof. Let a;, = [my, 0], let D be an arbitrary point on. a, different
from 03 and 0,, hence D = (x4, xym,) (if D = (x4, y;) and DIa; then
Y1 = T(%y, my, 0) = 23my). Let a, = (D, 01), a3 = {{0.E; a5y, 03); let b,
be an arbitrary line through the point <0,0,, a,)>, b, = {{DO0,, b,>, 0>,
by = ({040, b,>, 0,0y, a3>>. It follows that a, =[0, x,m,], az = [xym,, 0],
by = [my, b], by = [0, T(xy, my, b)], by =-[xym,, b].

The condition of theorem 2 amounts to

(COE, b, 0> =b, . @)

Supposing (3) we have [1]1N [xmy, 0] = (1, %), (1, ¥)I[xymy, b] <
< T(1, xym,, b) = y. The relation (3) becomes T(x,, mq, b) = T(1, xymq, b)
=2, M @b, Vmy, %, b € Q.- Putting m, = 1 one obtains T(x,, 1, §) =
= T(1, %5, b), hence %, + b = x; ®b. Thus formula (2) is established.
-(Fig. 2). . -

It is easily seen that the converse is also true. v T

THEOREM 3. In the ternary ring (Q, ') we have for all x, my, m € Q
T(x, my, x - m) = x(my ®@m) (4) ¢ and ounly if those minor Desargues
configurations close for which the centre is 0,, the axis is 0,05, two of the
supporting lines ave 0,0y, 0,F and one of the supporting points is Q.

Proof. Let D be an arbitrary point different from 0, ¢ an arbitrary
line incident with 0, a; = (05, D), a, = {{0,E, a,), 0,), az = (D, 0p);
by = <003, 45>, 0,0, 3>, by = {L0,E, %, 03> and b3 = {040, as),
(0,0, c>> o »

The condition of theorem 3 may be written as

0y DY, by Thy ' (5)

Fig. 2. R



0,
b‘f
a,
Qa,
[e]
3 > .
b, S 6,
0y / S 04
b3 i‘g. 3. ' '

‘ It follows that: ¢ = [mg, 0], a, = [my, 0], D = (%, PR m,) (since

D = (%, y) 1[my, 0] =y = T(x, m,, 0) = xml), a, = [0, ml] ((1, )X [m,, O]

<y =T(1, my, 0) = my), ag = [0, xm,], by = [m,, m,], by = [mo @ my, 0]

(since (1, ) I [mq, my] =y = T(1, my, my) = my @ my); by = [mg, xm,].
Supposing (5) we have

(%, x(mg @ my)) I [y, xmy] = x(my ®my) = T(x, m,, xm,).

It is easily seen that the converse is also true.

In our structure by a Pappus configuration we understand 9 distinct
points 4;, 4;, B;, 1 =1, 2, 3 such that: 4,, 4,, 4;; A1, A3, 43 are collinear
and A4, A’ Bk are collinear for any permutation 4, 7, £ of 1,2, 3. The
lines A, A As, AjA;4; are assumed to be distinct. If B,, B,, B; are collinear
we say the Pappus configuration closes. The lines 4,4,4,, Aj43A4;, B, B,B,
are called supporting lines. If they are incident with a common pomt we
speak of a minor Pappus configuration.

THEOREM 4. In the ternary ring (Q, T) we have for all, y, x € Q
X@Yy=Y ®X

if and only if the minor Pappus configuration close whenever the supporting
lines are 0,0,, 0,0, and 0,E.

Proof. Let a,, a, two distinct lines incident with 0,, b, = {{a;, 0,E >,
08> 1= 1: 2; bl: b2 < @: C; = <<b£: _0102>; <air 0203>> ’L:j = 11 2’ 1 a .7!
¢, €2 €9, d; = (¢, 0,E, 0y, dy, d, = D. (Fig. 4).

It follows that

= [0 ,n.], a, = [0, n,], by = [nl, 0], by = [n,, 0]
¢y = [#, #g], Co == [y, m;], dy = [0, n, @'y,
dy = [0, ny ® n4].
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Fig 4.

The condition of theorem 4 amounts to

. dy = dy (6)
Supposing (6)- we have #; @ 7, = 1y @ 1y #y, By € Q
The converse is readily proved.
' ( Received Stj;tefizber 15, 1976)
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TEOREME DE CONFIGURATIE IN ANUMITE STRUCTURI DE INCIDENTA

(Rezumat)

In lucrare se studiazi teoreme de inchidere in' G-plane [2]. Sint date condifii pentru
ca operatiile ,,+"" si ,,@" sd coincidd, precum si conditii de liniarizare ale tetnarului folosind:
inchiderile unor anumite configuratii Desargues. Proprietatea de comutativitate a operatiei
@ are loc dacd se inchide o anumitd configuratie Pappus.
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ASUPRA UNUI INVARIANT AL LUI H. LEPTIN
CONSTANTA MOCANU
1. Fie G un grup local compact si fie dv o m#suri Haar invariantd

la stinga pe G. Notdm cu £YG) spatfiul functiilor integrabile pe G in raport
cu misura dx si cu €(G) familia multimilor compacte din G. Daci E

este o submultlme misurabild a lui G, notdm |E| = |E|; misura sa.
In [1] H Leptin introduce urmitorul invariant pe grupul G
definit de
I(G) = sup inf [CUlg ' (1)
C=@(G) U=eG) Ul .
|U|>0

Acest invariant este deosebit de util in teoria misurilor invariante
pe grupuri local compacte sau pe spatii omogene. In mod special, el joaci
un rol 11np01tant in caracterizarea grupurilor mediabile (care admit o medie
invariantd in raport cu translatiile). Astfel, s-a aritat cd I(G) = 1 este
o condifie necesard §i suficienti ca grupul G si fie mediabil.

Un prim rezultat relativ la invariantul I(G) este urmétoarea inega-
litate a lui Leptm Daci H este un subgrup normal al lui G, atunci

I(G) < I(G[H) - I(H) (2)-

De fapt aceastd inegalitate a fost demonstrata fard a impune conditia
ca H si fie normal. In aceasti situatie trebuie modificatd definitia (1)
pentru cazul mai general cind grupul local Compact G se inlocuieste cu
spatiul omogen G/H.

Scopul acestei lucrdri este de a demonstra urmditoarea teoremd, care
constituie o generalizare a inegalitédtii (2). ,

TroOrREMA. Fie G st K doud grupuri local compacte st ¢ G — K un
epimorfism continuun deschis. Notam H = her (p). Atunci,

I1(G) < I(K)I(H) 3)

Pentru demonstrarea teoremei vom folosi-doud leme analoge cu
cele dm [1]. Notdm cu %, ¥, z elementele generice din G, H, K si cu dy
si dz misuri Haar invariante la stinga pe H, respectw K. Fiedx = dy ® dz
produsul omomorf al masurilor dy si dz. Se stie cé fiecdrel functii f € €4(G)

fi corespunde in mod univoc o functie / € $1(K) cu proprietatea

v =G Flo)] = flw)dy, 4)
iar !
§ f0)ax = ( Tz, )
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LeMa 1. Fie C € @(G), W-= €(H), Q'=C'CN H s €(H). Atunci
ICW[s < o(Q)£lQWl o

Demonstratie. Fie z & ¢(C) 51 ¥ € ¢7%(2). Dacd y = H atunci xy =CW
(in adevir, daci xy € CW atunci p(xy) = ¢(x)o(y) = p(x) =z = o(CW) C
C (P( )) Dedi, ch(xy) 0. si din (4) rezultd Xow(?) = Yew(e(®)) =

Prin urmare,
x € o(C) = xowl2) = 0. (6)
Fie x = C. Atunci
T ICWNONHCCACWNH=(C'CNH) =QW

de unde
ch(xy) = Yuicw( ’) < xow(y)
deci '
Xowle) = Xowle chw #)dy. <\ xow)dy = 1QWla, ¥z < (C) - (7)
. - . . . H N H . i N .

Din (5), (6) si (7) rezulta
CWie = rent2)ix = { Faniords = § xowle)dz < 10Wly { ds =
G

#(C) . ?(C)

= QWi - 19(C)lx-
LeMA 2. Pentru C € C(G) avem

ICWia .
le(Olgx < W;CfH) |W|H < o(C)lx - I(H)

Demonstragic. Din (1) deducem

1(H) < int M-
weew [Wig

Tinind seama de Lema 1 avem

iew : IQWIH
O)I(H) = nf inf
I<P( )lK ( ) o ( )IKWE@(H) IWIH We@(H)l ( )]K Wi
> inf - [CWle 1@Win __ inf - ICWlg

weem) |QWlg (Wlg -~ weed Wiy

de unde rezultd partea dreaptd a inegalitafii.
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S& demonstrim acum inegalitatea din partea stingi. Fie x € C si
W = @(H). Atunci avem pentru y € H.

Aow(2y) = %smiew(y) Z (),
deci
Xew[o()] = § xorlm)dy > {ls)dy = Wiy ¥z < C
H ) H
s‘au
Xewlz) > Wla, ¥z < o(C).
De aici rezulta . ‘
CWle = xon)dx = { Fow(e)dz = { Tenle)dz > Wi~ dz = [Wig+ 16(O)ls.
G K @(C) %(C) .
Deci

ICWie

W = eH
e ¥ (H)

le(C)lx <

3. Vom trece acum la demonstrarea teoremei. Fie C'si U < €(G)
cu |Ulg > 0. Din Lema 2 rezultd ci oricare ar fi ¢ > 0 existd W < @(H)
cu |W|,; > 0 astfel ca

19(CU)lx = lo(C)o(U)|x < % < [9(C)e(U)Ix(I(H) + ¢)

si

De aici rezultad

iaf Ve  ICUW|g 1 :
inf —F¢ < < AWlg - le(C)e(U)x(I(H <
Jint [0 < B < e Wl 9(C)p(U)IA(TUEY + <)

< le(C)e(U)lx (I(H) + E).
le(U)Ix

Deoarece ¢ este un epnnorflsm continuu deschis, rezultd ci €(K) =
= {e(U)IU = €G)}.

Luind infimul dupi U < €(G) (adici dupi o(U) = @(K)) si apoi
supremul dupd C = @(G) deducem ’

I{G) < I(K) I(H) + €]
Deoarece ¢ este arbitrar, rezulti inegalitatea (3).

(Intrat in redacjie la 8 decembrie 1975)
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ON AN INVARIANT OF H. LEPTIN

(Summary)

For a locally compact group .G the invariant of H. Leptin is defined by (1), where
@(G) is the class of compact sets in G and |E| = |E|; is the measure of the measurable
subset E of G with respect to the Haar measure dx on G. In this note one proves the ine-
quality (3), where G and K are two locally compact groups, ¢:G ~» K is a continuous open
epimorphism and H ='ker (¢). This is a generalization of the inequality (2} of Leptin.
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ASUPRA UNOR CLASE DE FUNCTII BAZILEVICI

OTTO FEKETE

1. Fie f(z) =z +Zaz” olomorfi in discul unitate, cu f(z)f’(z) #

In 0<zl <1 §1 fie B un numar real. Daci
Re J(8, F(z)) = Re[(1 — p) £ #7(e) 1] 0 (1
S =Rt —p TR+ TR+ 1)]>0

in A = {z/|z] <1} atunci f se numeste funcfie B-convexd [6]. Vom nota
cu Mg mulj:nnea acestor functii. M, = S* este chiar clasa functiilor stelate.
Se stie cd My C My C S* pentru 0 2p"” 2@, Mo = {2} [4].

Notdm cu € clasa functiilor P(2) = 1 4 ... olomorfe i cu parte reald
pozitivd in A. Vom considera clasa functiilor "Bazilevici B(«, 8, S*) adicd
a functiilor olomorfe care se reprezinti sub forma .

fl) = (ag P(c)g“(mc—ldc)? —r @

[

in A, unde P €@, g € S* si o> 0. Se stie ci aceste functii sint univa-
lente. Se pot obfine subclase de functii Bazilevici B(«, Q, §) formate din
functii de forma (2) unde P €Q C2 si g €9 C S* «>0. Ne vom
ocupa in mod special de cazurile § =8, 0 £ B 200 si Q = {1} sau
Q=2.

2r

Daci f este o functie olomorfd In A, p > 0 si lim-S [f(re®)|? dB < o0,

atunci se spune cd f aparfine clasei Hardy He, Menponam cd H* este
clasa functiilor olomorfe si mdirginite in A, iar pentru 0<p' <p' 20

r—+17

avem H?" (” H*'. Daci f este olomorfd in A si 11mS