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STUDIA UNIV. BABES-BOLYAI, MATHEMATICA, 1976

UNIFORM CONTINUITY ON SEMIGROUPS
AND GROUPS

DONALD MARXEN*

1. Introduction and Preliminaries. Generalizations of compact semi-
groups are often considered in connection with properties of compact semi-
groups, for the purpose of determining the extent to which these properties
hold in the more general setting (see, for example, [3], [4] and [9]). In
this paper we investigate the class uniformizable topological semigroups.
This class of semigroups contains the (subinvariant) metric semigroups
as well as the compact semigroups. Several important properties relating
to subgroups of compact semigroups are shown (§3) to hold for the more
general uniformizable or completely uniformizable topological semigroups.
For example, it is shown that subgroups of uniformizable semigroups are
topological and that maximal subgroups of completely uniformizable semi-
groups are closed.

In section 2 uniformizable topological semigroups are characterized
in terms of their continuous, subvariant pseudometrics.

Semigroups which have compactifications (these are necessarily uni-
forinizable) were studied by Dobbins in [3]. In section 4 we provide
necessary and sufficient conditions for a topological semigroup to have
a compactification..

For a set X let A(X) denote the diagonal of X X X, i.e. A(X) = {(x, #):
x € X}. If v is a topology on a set X we let [X, 7] denote the topological
space determined by X and 7.

A topological semigroup is a triple (S, m, ©) where [S, 7] is a Hausdorff
space and m is a continuous, associative mapping from [S, v] X [S, =]
into [S, 7]. We refer to m as the multiplication of S and we usually shorten
m[A X B] to AB and (S, m, 7) to either (S, 1) os simply S.

If # is a uniformity on a set X we let [X, #] denote the uniform
space determined by X and #, and we let 7(») denote the uniform topo-
logy relative to #. Given a topology « on X, # is said to be compatible
with © if and omnly if ~ = T(»). The gage of #, i.e. the set of all uni-
formly continuous pseudometrics on [X,#], will be denoted by E(u).

Given a pseudometric d on X and # €N, N the set of positive
1ntegers set

Vid, n) = {(xy): d(x y) <277}

For a family v of pseudometrics on X the collection {V(d,#n):d € v, n € N}
is a subbase for a uniformity on X. This uniformity, indicated by
#(v), is called the uniformity generated by v.
For a topological space [X, ] afamily v of pseudometrics is said to
separate points from closed sets if and only if for each closed set F and
each p € X F, there exists some d v such that

a(p, F) =inf {d(p, x): x e F} > 0.

* Marquette University, Milwaukee, Wisconsin 53233 .
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If d and e are pseudometrics on X, the pseudometric d v e, defined
by : ‘

(@ v ¢)(x, y) = max{d(x, y), e(%, )},
. is called the supremum of 4 and e.
The following theorem can easily be proved.

1.1. TrorEMA. Let X be a topological space and v be a family. of
pseudometrics on X such that each member of v is comtinuous on X X X.
Then u(v) is compatible with the topology of X if and only if the family of
supremums of finite subsets of v separates poinis from closed sets.

For details' concerning the theory of uniform spaces we refer the
reader to [7, Ch. 6] and [5, Ch. 15].

2. Uniformizable Topelogical Semigroups. The followmg deflmtmn is
taken from [9, §3].

2.1. DEFINITION. A topological semigroup (S, m, 1) is said to be
uniformizable if and only if there exists a uniformity # on S such that
v=T(u) and m is a umformly continuous function from [S, #]X[S, #]
-~ into [S, #]. 4

" If u satisfies these conditions we say that # is admissible on (S, m, 1)
and that (S, w, «) admits ».

2.2. Example. Let (S, ) be a compact semigroup, and # be the unique
uniformity on S compatible with 1. Then # is admissible on S.

If T is a topological ‘subsemigroup of S and if # is an admissible
uniformity on S, then T admits the relative uniformity {UN T x T:
U e u}. It follows from 2.2 thata topological semigroup is uniformizable
if it is a subsemigroup of .a compact semigroup. The converse, however,
is not true (see 4.5).

2.3 Example. If G is a topological group with equal right and left
uniformities #; and #%;, then up is admissible on G. In particular, each
abehan topological group is uniformizable.

2.4 Exam;ble Let W be the space of all countable ordinals and let
w denote the unique uniformity on W compatible with the interval topo-
logy. When provided with the multiplication (#, y) — max {x, y}, W be-
comes a topological semigroup on which w is admissible.

2.5 TurorEM. Let S be a semigroup and u be a uniformity on
S Then the following are equivalent:

(a) Multiplication is wuniformly contmuous with respect o u.
(b) For each Weu there exists a Veu such that VV < W,
(c) For each Ueu there exists a Veu such that

A@VUVM&QV;U;
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Prof. (a) « (b). The product uniformity on S X S has as a base
the family of sets VaA=={((s, ), (s",¢)): (s, §'), (¢, ¢') €V} (V €u). Moreover,
(m X m)[V=H=] VV where m denotes the multiplication of S.

(6) — (). G1ven U = u select Wy and W, in » such that W, W, < U
and W, W, < W,. Settlng Wy=W, N\ W, we have Wy, W, Ws c U.
Finally, set

V= A(S)Wa U AS)W, A(S) U W, A(S).

.(¢) = (b). For Weu choose Ueu and Veu such that Uo U < w
and ASY VUV AS) sV < U. If (s, §') and (¢, #) €V then

(st, s'¢') = (st, st')o (st', st')€UoU. . '
It follows that V'V < W.

We now characterize uniformizable topological semigroups in terms
of contmuous, subinvariant pseudometrics. Recall that a pseudometric 4
on a ‘semigroup S is said to be subinvariant [resp.’ 1nvar1ant] if
d(zx, zy) < d(x,y) and d(xz, y2) < d(x,y) [resp. d(zx, zy) = d(x,y) = d(x2,y2) ]
for all #,y and z in S.

2.6 TarorEM. A4 topological semigroup (S, ) is uwiformizable if
and only if the collection of subinvariant pseudometrics which arve continuous
on S X S separvates points from closed sets.

Proof. Let v be the collection of subinvariant pseudometrics which
‘are continuous on S X S.

Sufficiency. According to 1.1 the umformlty u(v) is compatible w1th T
Since the supremum of any two members of v is again in v, the col-
lection {V(d #): dev, neN} is a base for #(v). Furthermore, V{(d, n 4 1)
Vd, n-4 1) € V(d, n) for all 4 and »; forif d(x,y) < 2-*—'and d(u, v) <
< 2—1;—1’ .

d(xu, yv) < d(xu, yu) + d(yu ) < d(x,y) 4+ dlu, v) < 2=,

 Necessity. If u is an admissible uniformity an (S %) and if F is closed
in S and p €S—F, there exists an eEE( ) and n,=N such that e(p, F) >

= 2-m. Select a sequence {U,:# =0, 1,...} of entourages in # satisfying
the following properties for all neN:
@) U,=U;

() U,oU,oU, < U,y N V(e n,), and
(i) AS)U, UUAS) € U,. '

The existence of such a sequence is guaranteed by the axioms of a uni-
formity and 2.5. Define a nonnegative, real-valued function B on S X S
by B(x,y) =2-"if (x,y)eU, — U, and B(x,y) =0 if (x,y)€U,, for all
n. For z, yES set ]

a(x, y) = inf {ZeB(%;, Xig1) % = x4, Ty v ees Bmi =y}
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The function 4 is a pseudometric on S and
' U, < V({d, n) € Usi (N Ve, o)

for each » [7, Thm. 6.12, p. 185]. Furthermore, if (a, )= U and ceS,
(ca, cb)e U and (ac, bc) e U ((iii)), hence B(ca, cb) < B(a, b) and B(ac, bc) <
< B(a, b). It follows thatd is a member of v. Finally, we observe that
V(d, n) = Ve, ny), for all », implies that d(p, F)> 1

Using 2.6 we can now define admissibility of a uniformity in terms
of its gage. The following result is Theorem 2 of [9, p. 29].

2.7 Let (S, 7) be a topological semigroup. A uniformity U on S is
admissible on (S, 1) if and only if v+ = T'(#) and the gage of # has a base
consisting of subinvariant pseudometrics.

2.8 Example. Let A be a normed complex algebra with norm || ||
[10, Sec. 18.1]. Denote by S the topological semigroup whose space is
the open unit sphere {x=4 : ||#|] < 1} and whose multiplication is defined
by that of A. If 4 represents the norm metric on S then 4 is subinvariant
and #({d}) is admissible on S.

2.9 Example. Let (R, +) denote the additive group of reals together

with the usual topology, let | | denotethe absolute value metric and
let C denote the uniformity generated by the set of all pseudometrics
Ye(#, y) = [f(x) — f(y)| where f: R — R is continuous. Clearly, | | is

invariant and hence generates an admissible uniformity on (R, +). The
uniformity C, on the other hand, is compatible with the topology of R
but is, not admissible on (R, +). Consider the function g: R — R defined
by g(x) = % and let € > 0. Choose N such that 2-" < e and letmeN
be chosen arbitrarily. If e is subinvariant on R and x, y =R satisfy
e(x,y) < 2™ select a=R such that x +y 4+ 22> 0 and 2a |x — y| >
> 2-" — |x — y|(x + ). Then (a + %, a + y)=V(e, m) while Y a + %,
a+y) > 2"

It was shown in 2.2 that subsemigroups of compact semigroups are
uniformizable. This property does not characterize uniformizable topolo-
gical semigroups as we will see in §3. However, it can be shown that
each uniformizable semigroup is densely embeddable in a topological
semigroup admitting a complete uniformity.

2.10. DEFINITION. A topological semigroup S is said to be completely
uniformizable if and only if S admits a uniformity # for which [S, #] is
a complete uniform space. :

2.11. A topological semigroup S is uniformizable if and only if itis a
dense subsemigroup of a completely uniformizable topological semi-group.

Proof. If u is an admissible uniformity on S, the multiplication of
S extends to a uniformly continuous, associative binary operation on
the completion of [S, #].

3. Subgroups of Uniformizable Topological Semigroups. Several impof-
tant properties of subgroups of compact semigroups remain true if we
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assume uniformizability or complete uniformizability in place of com-
pactness. Theorem 3.1 below follows immediately from 3 of [9]. For the
sake of convenience we include its short proof.

3.1 THEOREM. Let .G be a topological semigroup which is also an
abstract grouwp. If w 4s an admissible uniformity on G then x — %=1 is
uniformly continuous with vespect to w. In. partzculm' G is a topologzcal

group.

! . Proof. If d is subinvariant on G then dis invariant and d(x, y) =
=d(x~1, y1) for all x, y € G. Therefore, V{d, n)~* = V(d, ») for
each #. . , : i

3.2 A subgroup of a uniformizable topological semigroup is a topolo-
gical group.

As a corollary we obtaln the followmg well-known result [6, 1.5,
p. 13].

3.3°A subgroup of a compact sem1group is a topologmal group.

3.4 Remark. Recall that 3.2 does not generalize to the class of all
topological semigroups. For example, the additive group of reals together
with the topology generated by {[r,s):7 <s} is a topological semigroup
but not a topological group. This example also serves to point out that
umforrmzablhty of the underlymg space does not imply' uniformizability
of the semigroup.

., We now turn our attention to the class of uniformizable topological
groups. Theorem 3.5 below, which provides a characterization of this class,
was proved independently by G. De Marco [2] and the author [8].

In view of 3.1 a topological group (G, 7) admits a uniformity » if and

“only if both operations are uniformly continuous with respect to u.
Let #, and #; denote respectively, the right and left uniformities on G.
It is Well-known [1, §3 Exer. 3, p. 306] that equality of these uniformities
implies the uniformizability of G; in particular, #, is admissible on G
if (and only if) ug = u;. Furthermore, equality of #y and #; is a necessary
condition for uniformizability and, in fact, #, is the only possible admis-
sible uniformity on G. Suppose w is admissible on G and let v, be the
set of invariant pseudometrics in the gage of w. Since v, is a base for

E(w), {V(d,n): devy, n=N} is a base for w consisting of invariant
entourages. According to [1, §3 Exer. 1, p. 306], w coincides with - .
This completes the proof of

35 THEOREVI Let G be a topological groujb and let g and uL denote
its ngkt and left uniformities respectwely The followmg are equivalent :

(a) G s tuniformizable.
(b) ugp and u; are identical.
(c) ug is the umique admzsswle umfoymzty on G.

Examples of topological groups with distinct right and Ieft umfor-
mities are found in [1, §3 Exer. 4, p. 306] and [7, 0(d), p. 210] (See
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Example 3:11). There’existence, of course, implies-that the class of uni-
formizable semigroups fails to contain the class of topological groups.
The next result is Corollary 1, §3.3 of [1, p. 245].

8.7 If G is a locally compact topological group then [G, #g] is a com-
plete uniform space.

-3.8 A locally compact subgroup of a uniformizable topological semi-
group S is closed in S.

3.9 A locally compact subgroup of a compact semigroup S is closed
in S.

3.10 A connected, umform1zable semlgroup has mno proper, open
locally compact subgroups. -

3.11 Example. Let S denote the topological semigroup whose under-
lying space is Fuclidean 2-space and whose multiplication is defined by
((%, ¥), (u, v)) = (¥u, xv + y). The open (but not closed) subgroup G =
= {(x, y)=S: x# 0} is a locally compact topological group. According
to 3.10 (or 3.8) S is not uniformizable. That S is not uniformizable also
follows from 3.5 since the right and left uniformities on G are distinct.

3.12, Let (R, X) denote the multiplicative semigroup of real numbers
with the usual topology. This semigroup is not uniformizable since its
subgroup R — {0} is locally compact but not closed.

The closure of a subgroup of a compact semigroup is'a topological
group [6, Thm 1.5, p. 13]. This 1mportant result follows immediately
from our next theorem.

3.13. TurorEM. The closure of a subgroup of a completely uni-
Jormizable topologwal sem¢grougb 1s a completely uniformizable topological
group.

- Proof. Let S be a topologmal semlgfoup and let # be an admissible
umfomuty on S such that [S,u]is complete, If G denotes the closure
. of a subgroup G of S and U the relative uniformity on G, then [G, U]
is the completion of [G, Ug] and (G, T(T)) is a , topological group ([1, Ch.
II1, 3.4]). Finally, U.is admissible on (G, 7(U)) since multiplication on
G is uniformly continuous with respect to Up. :

3.14 Each maximal subgroup of a completely uniformizable topolo-
gical semigroup is closed.

3.15 Example. Let Q denote the rationals and let S be the subsemi-
group {§ + n«/— gQ, n=0,1, ...} of the additive reals with the usual

topology. Then S is uniformizable but not completely uniformizable.
Observe that Q is a maximal subgroup of S which is not closed.

4. Compactifiable Semigroups. In [3] Dobbins investigates the
kernel of a locally compact, compactifiable topological semigroup and
provides a necessary and sufficient condition for a topological semigroup
to have a metric compactification. As we have already observed (2.2),
uniformizability of a topological semigroup S is a necessary condition
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for S to have a compact1f1cat1on In this section we characterize compact1—
fiable semigroups in terms of ‘their continuous pseudometrics.

Recall that a uniformity # on a space X is said to be precompact
if the completion of [X, #] is a compact space.

4.1 TarorEM. 4 toj)ologzcal semigroup S has a compactzﬁcaﬁon if
and only if there exists a precompact umformzty u admissible on S.

Proof. Let S be a compactification of S, let #, denote the.unique
admissible un1form1ty on Sy and let # be the relative uniformity on S.
Clearly, u is admissible on S and, since [S,, #,] is the completion of
[S, #], # is precompact. The converse follows from the proof of 2.11.

4.2 TarorEM. A topological semigroup S has a compactification if
and only if the collection of totally bounded, subinvariant pseudomemcs
which are continuous on S X S, separates poinis from closed sets.

Proof. According to 2.7 and 1.1 a uniformity # is admissible on S
if and only if the subinvariant .nembers of its gage separate points from
closed sets. The result now follows from the fact that # is precompact
if and only if each member of its gage is totally bounded [5, Thm. 15:16].

4.3 [3, 2.2]. Let S be a topological semigroup whose underlying space
is meétrizable. Then S has a metrizable compactification if and only if
the topology of S is determined by a totally bounded, subinvariant
metric. S L

4.4 Example. Let T be the additive semigroup of nonnegative reals
together with its usual topology and let d be the metric on I defined
by d(x,y) = |e—* — e?|. The uniformity generated by 4 is an admissible
precompact uniformity on 7. Given any ¢, x and yeT,

dx+c,y+c)=dlc+=xc+y =

_ 6“:[8_’: . e_y[ < Ig—x — g—yl = d(x, y),

hence d is subinvariant. Suppose now that d is not totally bounded. Then
for some ¢ > 0 there exists a sequence x, in T such that

n—1

w,eT —\J{x:d(x %) <e}
- L k=1 . E .

This is impossible since e=* is bourided on 7. The completion of
[T,u(d)] is precisely the one-point compactification 7" | { oo} of T. The point
oo becomes zero element relative to the extended operation on T' | { o0}.

4.5 Example. The additive group of reals (R, +), with the usual topo-
logy, has Uy as its unique admissible uniformity. Since R is complete,
but not compact relative to Uy, (R, -) fails to have a compactification.

Other examples of non-compactifiable semigroups include 3.4, 3.11,
3.12 and 3.15.
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A topological space X is called pseudocompact if every continuous
function of X into the reals is bounded. These spaces are precisely those
. for which every compatible uniformity is precompact [s, ISQ 1, p. 237].

46 A pseudocompact topological semlgroup has a compactlflcatmn
if and only if it is uniformizable. :

4 7 Example. The topological semlgroup W of 2.4 is pseudocompact
and uniformizable and ‘therefore has a compactification. The compact
semigroup W#* of all ordinals less than or equal to w; and multiplication
defined by (x, y) — max {x y} is the unique compactification of W.

( Received March 15, 1975)

REFERENCES

1. N. Bourbaki, General Topology, Addxson-Wesley, Reading, Mass., 1966.
2. G. De M ar co, Sulla uniformita naturale nei gruppi tapologwt Rend Sem. Mat Univ
. Padova 47 (1972), 167—169.
3. J.Dobbins, On the kernel of a locally compact se;mgyoup Duke Math J. 39 (1972),
327--331.
‘4. R. Ellis, A note on 'the continuity of the invevse, Proc. Amer Math. Soc. 8 (1957),
- 372--373.
5. L. Gillman and M. J eriso 1, ngs of Comtinuous Functions, Van Norstrand
Princeton, 1960.
K. Hofmann and P. Mostert, Elements of Compact Sengroups Chatles E. Merrill
Books, Columbus, Ohio, 1966.
J' Kelley, General Topology, Van Norstrand, Princeton, 1955.
. Marxen, Uniform Semigroups, Ph. D. Dissertation, Umverslty of Kentucky, 1971.
. «¥x Uniform Semigroups, Math, Ann. 202 (1973), 27 —36. .
W. Rudin, Real and Complex Analysis, McGraw-Hill, New York, 1966.
A. D. Wallace, The Rees-Suschkewitsch structuve theovem for compact simple sewi-
groups, Proc. Nat. Acad. Sci. U.S.A. 42 (1956G), 430—432.

2

Dt P
r9w¢N

CONTINUITATE UNIFORMA PE SEMIGRUPURI SI GRUP(iRI
(Rezumat)
Se studiazd semigrupurile uniformizabile §i acele subsemigrupuri ale acestora care sint

grupuri. Se dau caracteriziiri ale semigrupurilor topologice uniformizabile §i ale celor com-
pactifiabile.
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ASUPRA METRIZABILITATII SPATIILOR 4, T-RECURENTE
P. ENGHIS .

Fie 4, un spa’;lu cii conexiune afini cu tors1unea in care notim Th
componentele conexiunii afme §1 cu T = =I% — I‘* componentele ten-

sorului de torsiune.
Spatiul 4, se numeste 7-recurent, sau de torsmne recurenti [2] daca
existd un vector covariant ¢, astfel ca

Tjk! = CPYT . ‘» ‘ s (1)

unde prin virguld este notatd derivarea ¢ovariaritd in raport cu conexiunea
111 sy
Contractind. relaia (1) in 7 si § se obfine

Ty, = o, T, (2)

unde T, este vectorul de torsiune, deci [2] intr-un spajiu 4, T-recurent
vectorul de torsiune este si el recurent cu acelagi vector de recurenid.

Considerind [6] tensorii ce se obtin din tensorul de torsiune prin
produs tensorial sau produs tensorial contractat

ThT b T;tha, ThTs, ThTlh = Th 3)

se constati de asemenea [2] ci Intr-un spafiu A, T-recurent si ei sint
recuren}i de vector Zg,.

Dintre tensorii definifi de relafiile (3) considerdm tensorul
T = TiTh g : S 4

care este tensor simetric, numit [6] tensorul patratic de torsiune si aplicind
identitdtile lui Ricci obtinem :

s
Tkp, mn T Tkp, nm = Pk»m sp + PpmnTks _ T;mTkp,

Tinind seama c3 intr-un spa1;1u A, T-recurent tensordl patratic de torsmne
este si el recurent [2] de Vector 29, avem

2(<Pm, 5 Qu, m) Tkp = kmn sp + ijmTks - 2<Ps T»mTk_b
si cum

(Pm;n — Pum — au(Pm - am‘:Pn - Ps Tjam i
rezulti ‘

- PiomTsp + LopmnTas = 2(048m — Om®n) Thp (5)
iar dacid vectorul de recurenfi ¢, este gradient avem

P;mnTsp; + P;mnTks =0 B (6)
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Avem deci:

ProrozitiA 1. Intr-un spapru A, T-recurent, temsorul patratic de
torsiune satisface rela,mle (5), zar dacd vectorul de recurentd @, este gradient
atunci satisface relagiile (6).

Definind fntr-un spaiu 4, [4], [5] lungimea unui vector P(v¥) care
are ongmea intr-un punct regulat (¥*), printr-o funcpe analitica A(x%, %),
(¢=1, ...,m) ce satisface conditiile

a) A este o functie omogeni de grad unu in raport cu v’

b) A se conservi prin transportul paralel al vectorului *¢ dintr-un
punct (x*) intr-un punct infinit vecin (x* - dx¥)

c) A este invariantd la transformirile de coordonate se obtme sis-
temul :

i O

LIy
Ovi
) _8_7\___ Pz 7 a)\ =O
ok 61}.*
B OMB o
. P,"jk'l)’ E;' =0 ‘ (7)

3 A
(T5aTepy — T Teis) 7° 2
ovh

pe care trebuie si-1 verifice functia A, cu conditiile de compatibilitate :

BTl =0 m=1 2 . 0=0r=2
'2 ®
F%k' = p%?'F?Pq’ P’JkFSM 1PquJk = V;z;q:[‘?mn
Un astfel de spafiu se numeste spatiu 4, metrizabil.

S4 stabilim in ce conthn un spafiu 4, T -recurent este metrizabil,
adici admite ca invariant atasat unui vector o functie

A = Ve-T, ptor )

cu det. Ty # 0, funcfie ce si reprezinte lungimea unui vector, deci si
satisfacd sistemul (7), unde ¢ este deocamdatd arbitrard, iar T, tensorul
patratic de torsiune.

Impunind funcfiei A condifia ca sd satisfacd sistemul (7) se. constatd
cd prima ecuajie este identic satisficutd. Ecuatiile doi si trei devin:

20,9 T,,v"0" + 9, T, ™" — ,kT,,,,;qu — TRT, 00" =0

(10)
- Tpulhviv® + T, L™ =0
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In prima ecuatie (10) introducind-in locul derivatei parfiale derivata
covarianti si tinind seama de faptul cd T, este recurent cu vector de recu-
rentd 29, iar in ecuafia a doua permutind convenabil indicii de insumare
objinem :

(0sp — @) Tpuo™" = 0, (Topp Ty, + TappTy) v™" = 0. (11)

Ecuatiile (11) trebuind si fie identic satisficute in raport cu componentele
v ale vectorului si cum T, # O prin ipotezi rezultd ca pentru ca (9) si
fie o solufie a sistemului (7) trebuie ca

o si DTy + TopTim = 0 (12)

Prima relatie (12) impune vectorului ¢, dé T-recurenfd condifia de
a fi gradientul functiei ¢, iar a doua relatie (12) este relafia (6) care con-
form propozifiei 1 este satisficuti intr-un spapiu 4, T-recurent cu
gradient de recurenti. Se constatd imediat ci dacd gy = e~*Ty; atunci
gij,» =10 si avem:

Proroziyia 2. Un spafiu A, T-recurent in care det. Ty # 0 este metri-
zabil, dacd §i numai dacd vectorul ¢, de T—recm'en;a este gradientul unei
func,tm scalare o, tensorul metric fiind g; = e~%T;.

Introducind definifia dati de A .Haimovici [3] unghlulul a doud
direcfii (X?), (Y?), dintr-un punct al unui spatlu A, cao functle V(x,
X%, Y% ce satisface condifiile : :

a) V este functie omogeni de grad zero in raport cu componentele
Xi si Y separat

b) V este invarianti la transportul paralel al d1rec1;1110r X’ si Y’ de -a
langul unui arc de curbi infinitezimald

c) V este invarianti la transformirile de coordonate, se obtme sis-
temul

xZ_ogyLoogL_ I‘,.,(X T (Rl ) =0
oxi - aYs 0x1 i) &
(13)
P"k ( IXh + ayh) =

ce trebuie si-1 verifice functia V pentru ca spa1:1ul A, si admitd o metri-
cd unghiulard de forma

T, X'v?
cos V¥V = = L1 (14)

NT X XN T Y'Y

unde T este tensorul patratic de torsiune.

Spatiile 4, ce admit o metnca unghiulard de aceastd formd, au fost
numite [5)] H-metrizabile,
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Punind condifia ca finctia V definitd de (14) sd verifice sistemul (1)
se constatd cd primele ecuafii sint verificate. Pentru ecuatiile d01 ale
sistemului (13) se obtine. - :

@TwnTeTit; — TxTogTm i — TiTom Lo, )X’X"‘X"Y"Yf’Yq -0

Spatiul 4, fiind presupus insi T-recurent, tensorul patratic de torsiune
este si el recurent de unde rezultd cd aceste ecuafii sint identitati.
~ Pentru ecuapule trei ale sistemului (13) avem

2Tmnqu(Tsiij}t + Tsk ijh) - T‘ikTp;q(Tsm njl +-Tsn f)tjh) -
- TikTmn(TspP;jh + quP;]h) X X"X"YrRY?PY1 = 0
care dacd finem seama de (5) rezulti cd si ele sint identitdfi si avem

Proroziria 3. Spagitle A, T-recurente sint totdetmna H-metrizabile,
metrica unghiulard fiind datd de (14).

(Intrat in redactie ld 21 mai 1974)
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SUR LA METRISABILITE DES ESPACES 4, T-RECURRENTS
(Résumé)

Dans le travail on étudie le probléme de la métrisabilité des espaces A, T-récurrents.
On montre que les espaces ZI-récurrents sont toujours H—métnsables et si le vecteur de
récurrence est gradient, alors ils sont métrisables.
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SPATII METRICE 8(_(.-‘.,8! 1) (I1)
ANGELA VASIU

Tn aceastd notd se continui studiul spafiilor metrice asociate unui
grup abstract G, ce admite un sistem de generatori S format din elemente
de ordinul doi, introduse in [7].

§ 1. Snop Nermal. In acest paragraf vrem sd studiem mulfimea
planelor perpendiculare pe; un plan a. Teoremele pe care le vom demonstra
ne vor conduce la concluzia cid daci a'€C, centrul grupului G atunci mul-
timea planelor perpendiculare pe, . smt cuprmse intr-un singur snop de
plane. .

THEOREMA 1.1. Prin orice ;Mmct P( V5 a existd o dveaptd perpendiculard
pe: plarml a. Ea este unicd dacd P(y) nu este un pol pentru planul a.

. Demonstmtw Daci P(y) # P(y%), ad1ca daci P(y) nu este polul lui
a atunci conform teoremei 2.5 din [7] Py ) 'si P(y*) sint jonctibile si fie
%, y<€Py) N P(y*) atunci 2% y*<P(y*) ) P(y). Pe baza teoremei 1.2
din [7] D(x y) = D(x%, ¥ = D(x, y “) = D(x, y)*, adicd D(x, y) este unica
dreaptd perpendlculara pe planul a.-
~* Dacd P(y) este polul Iui a, atunci orice dreapti determinati de a4y,
@y, a3 unde a,,'a,, az< P(y ) este perpendlculara pe planul ¢'avind in vedere
teorema 4.4 din [5].

LEMA 1.1. Planele perpendwulare pe un . plan a nu apar,tm unui fas-
cieul. .

Demonsiratie. Dacd punctul propriu nesmgular P( Y= a, care conform
teoremei 2.3 din [7] existd, este un pol, teorema este demonstrati. In
caz contrar fie D = D(a,, bl) dreapta perpendiculard pe planul ¢ -prin
P(y). Punctul propriu P(y) iiind nesingular existd un-plan ¢;eD(ay, 1)
si ¢, |a;. Atunci ¢, | @. Fie P, punctul determinat de planul 4 si dreapta

D(a, bl). Atunci PSt este un punct cu propr1etatea ci Pilsagi Pl
D(al, 'b,). Dreptele perpend1cu1are pe a prin-P(y) si pit smt dlstmcte
ceea ce demonstreazd teorema:’ ‘

o TEOREMA 1.2. Daci a,b, c_Lu abceS 5i.Pab, 0)5% atunct oricare
ar fi d=Pla,b,c) este perpendicular pe u.

. Demonstragie.. Dacad we P(a, b, ¢) atunci avind in vedere teorema 14
din [7].din. d' € P(a, b, c) rezultd ci d*=P(a, b, ¢) dacid si numai dacd 4 Lu.
S3 ardtdm cd 4*<P(a, b, ). ‘

Avem abcd = ef €S2 atunci (abed)* = (ef)* = e, f; 5% dar (abed)” =
=.a"b¥c*d* = abcd* 5% si deci d¥=P(a, b, c) adicd d Lu. o
 TrOrREMA 1.3. Ddci a,b,c,d<S $i wEC atunci din alu, blu, clu,
dLu rezultd abcd =52 .
Demonstratie. Din existenfa a pafru puncte proptii necoplanare
(teorema 2.3 din [7]) avem un punct propriu P(y)s #. Atunci pentru doud
plane distincte @ # & existd un plan a’<P(y) astfel cd 4’ <D(a, b) deci
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aba’ =S, dar conform proprietitii de simetrie a relatiei ternare p definite
in S in [6], avem de asemenea a‘ab<sS. Fie a’ab = b’ deci ab = a'b’.

In acest caz abcd = a’b’cd cu a’ = P(y). In mod analog pentru dreapta
determinati de &’ §i ¢ existd un plan 4" = P(y) cu proprietatea 'c = b"’c".
Se obfin in acest fel relafiile;

abcd —_ alblcd — albl! Id — albl! Illdl Cu al bll IIIEP(Y)'

Planul ¢’ = D(a b) cu a, b Lu atunci conform teoremei 1.2 din [7]a’ Lu,
In mod analog.b”, ¢”’ sint perpendiculare pe planul .

Dacd P(Y) nu este un pol al planului #, atunci conform teoremei 1.1
a’, b", ¢’ sint incidente cu dreapta perpendiculard pe # prin P(y) si deci
albll I/Idl _ abcdesz

Dacd P(y) este un pol al planului # §i celelalte trei puncte proprii din
"teorema 2.3 din [7] sint incidente cu #, ratlonamentul nu poate fi condus
in acelas fel. In acest caz presupunem contrariul, c¢d abcd '€ S Sid ardtdm
ci atunci* # =C, contrar ipotezei. Co

Din abcd € S? rezulti ci nici un produs format cu trei elemente din
a,b,¢c,dnu apartme la$S conform proprietd}ii 2 a relajiei de inciden$d quater-
nare 0 definiti in S [6]. In acest caz cele patru plane determini patru
puncte necoplanare Py =p(a,b,c), P,= P(a,b,¢) Py = p(a,ca), P = P(b,c,d)
Deéodrece oricare trei puncte necoliniare nu confin planul #, % poate apar-
ine la cel mult doud din ele pentru cid in caz contrar % ar coincide cu
a,b,¢ saud in contradicfie cu ipoteza 4,b,¢,d diferit de # deoarece a,b,¢,d Lu.
Conform teoremei 1.2 orice plan prin punctele P; ¢+ = 1, 4 neincidente
cu # este perpendicular pe planul %. Printre punctele P; care sint neinci-
dente cu % cel pufin unul este diferit de P(y), punctul proprlu care este
un pol pentru u,

Notim @ = P, un punct diferit de P(y). Atunm dac # este un plan
oarecare ne1nc1dent cu P(y) sau Q, considerim dreapta determinata de
x sl un plan y € @, D(x, y). Deoarece P(y) este proprm, existd un plan
z € D(x,5) N Ply)- Platiele y, x aparfin dreptei D(x,y), sint perpendiculare
pe planul %, deoarece orice plan prin Qsi P(y) este perpendicular pe planul %,
deci conform teoremei 4.4 din [5] dreapta D(x,y) Lu, iar pe baza teoremei
1.2 din [7] si planul z L%. Aceasta Inseamnd.ca orice plan al spajiului asociat
este perpendicular pe # i deci # € C, care demonstreaza teorema.

DEFINITIAI 1. Dacd pentru un plan a existd un snop de plane P cu
proprietatea x*'= x este echivalent cu x = P sau x = a il numim snop nor-
mal al lui a st il notdm cu P(a).

Avind in vedere proprietatea de simetrie a relafiei de perpendiculari-
tate, pentru doud plane a, b€ C, a = P(b) este echivalent cu b < P(a).

§ 2. Propnetan metrice ale dreptelor si punctelor propru.

- TroreEMA 2.1. Dacd. aeC si D este o dreapta proprie. atunm exisid un
plan b,bla cu b<D,
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Demonstrafie. Daci a = D -atunci, deoarece D este proprie, "existd
un plan bEP()ﬂD si decid LacubdbeD. =

Dacd a '€ D, considerim un punct propriu Py, Py I D, atunci con-
form teoremei 1.1 existd o dreaptd D,, DyIP; §i D; L a. Dreptele D si
D, sint incidente cu-punctul P, proprlu deci existd un plan & € D, |J D,
atunc1 b este planul ciutat, avind in vedere teorema 1.2 din [7]

Consecintd. Din a,b I D §1 a,blc rezulta a=25bsau D Lc.

TEOREMA 2.2. Dacd P este un punct proﬁriu, atunci oricare ar fi D o
dreaptd, existd wun singur plan b, b I P si b L D.

Demonstragie. Conform teoremei precedente pentru un plan ¥ € D
existd o dreapta D,IP §1 D; 1 x gi la fel pentru un plan y, x =y, y < D
existd o dreapta D,, D,IP §i D, L y. Dreptele D, st D, fiind incidente cu
un punct propriu existd unplan b, b € Dy () Dy sidecib 1 » si b Ly adicd
b LD sibIP Daca PID atunci b este planul determinat de P, P(%)

si P(y).

TE OREMA 2.3. Snoﬁunle riormale ale planelor incidente cu o dreapta
dacd ni coincid sint coliniare. .

Demonstm}ze Daci doud snopuri P(a) si P(b) sint distincte atunci
conform teoremei 2.5 din [7] ele sint joctibile, adicd existd x,y = P(a) N
M P(b) adicd x,y L a,b. Conform teoremei 1.2 din [7] orice plan ‘care
aparfine dreptek D(x,y) este perpendlcular pe a si de asemenea pe b, deci
orice plan care aparjine dreptei D(x,y) = D(P(a), P(b)) este perpendicular
pe dreapta D(a,b) si invers, deci snopurile de plane perpendiculare pe
D(a, b) sint cohmare

, DEFINI’;‘IAZI Dreptele Dfa, b) st D(P(a) P(b)) dacd P(a) = P(b) se
numesc drepte polarve. '

. Observagie. Dreapta D(a, b) este polard D(P(a), P(b)) si D(P(a), P(b))
este polard dreptei D(a,b) si se numesc polare reciproce.

§ 3. Axiemele metricii neeuclidiene, euclidiene i supereueclidiene.
In § 1 al acestei note am vizut ci fiecirui plan a € C i se asociazi in
mod unic un snop normal. Reciproca acestei proprietdfi nu este adeviratd
in orice grup (G.S) care verificd sistemul de axiome din [5§]. Existd grupuri
(G.S) in care la plane distincte corespund snopuri normale distincte, dupa
cum existd grupuri (G.S) pentru care aceastd proprietate nu are loc.

Aceastd proprietate conduce la o difereniiere a grupurilor (G.S) care
satisfac axiomele 4, B,C din [5] prin axiome auxiliare. '

AxiomMa NE. Daci a,b,¢ L %,y atunci abc € S,

- Axtoma E. Existd cinci planea b, ¢, x, y astfel caa,b, ¢ 1 %Y, XFEY
si abc '€ S¢inu existd gase plane &',8’, ¢, #",)",2' astfel ca a b, La,y, 2
astfel ca @’0’'c’ € S si x'y'2’ = S si P(a b';¢") # P(x', 5, z)

AXIOMA SE. Existd sase plane 4,b,¢ L%, Y% astfel ca abc’€ S i
%z’ S cu P(a b,c) # P(x,9,z).

2 — Mathematica — 1979
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DEFINIIIA31 Planele a si & cu a#b, a,b<S se zic paralele dacd
P(a) = P(b) si le notim prin al|b. B

Planele #,y din axioma £ sint paralele deoarece P(x) = P(y) = P(a,b,c),
de asemenea planele %y sizsla, b si ¢ .din axioma SE sint paralele
adici zlyllellzsi allB]lcll.

xioma NE are locin cazul geome’crnlor de tip neeuclidian si vom
spune cd ea caracterizeazd metrica neeuclidiand, iar axioma E are locin
geometrii de tip euclidian i vom spune cd axioma E caracterizeazi
metrica euclidiang. '

Axioma SE caracterizeazi o altid clasd de geometru pe care le numim
geometrii de tip supereuclidian i vom numimetrica definiti prm axioma
‘SE metrica supereuchchana -

- (Intratinrédactiela 8 ianuarie 7074 )
VoL - . -
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ESPACES METRIQUES 8 (G, S, 1) (ID) I
(Résumé). o

Dans-, cette. note on étend Vétude des espaces métriques 8§(G, S, 1) introduits dans
[7]. Les théorémes établis conduisent & une division des espaces §(G, S, 1) en espaces avec
une métnque non-eitclidienne, euchdxenne ou supereuclidienne.
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SECTIUNI RECURENTE ALE UNUI FIBRAT VECTORIAL
IN RAPORT CU O LEGE DE DERIVARE (II)

PROFIRA SANDOVICI

3. Conditii necesare si suficiente pentru existenfa unei sectiuni # <X,
y-recurenti Homomorfismul Ay: @, — R\ {0} (=GL (1, R)) defineste o
reprezentare liniard a grupului @, in R:

Dy, X R — R: (a,7) — Ala— ). (8.1

3.1)
Vom nota prin ¢ (P[p,]) fibratul asociat cu fibratul de olonomie P[p,]
si de fibrd tip R, pe care grupul ®, actioneazd prin (3.1). Din (2.4)
rezultd :

Prorozrtia 3.1. Functia fy: P[p,] — R, cave se asociazd unei secfiuni

u < X V-recurentd prin (2.1), corespunde unes sectiuni a fibratului (P[;b .

in izomorfismul ce existd intre &(M)-modulul seciwmlor lui e(Plpo]) st
F(M)-modulul O, -functitlor P[p,] — R.

Prorozitia 3.2. Urmdtoarele doud condipiv sint condific necesare §¢ suﬁ'—
cienle pentru ca sd existe o secfiune u < = V—recmenm

1. Pentru un p, = P, grupul de olonomie @p, al conexiuniz I' invariazd
un subspagin de dimenstune 1 al spafiului vectorial F, deci existd iy < F
astfel ca g5 0,

R(a=1) Gy = Ao(a) Wy Va € @, (3.2)

2 Fibratul e(P[p,]). asociat fibvatului de olonomie P[p,] si de fibrd
tip R pe care @, actioneazd prin (3.1), admite o sectiune care nu se anuleazd
pentru nici un punct x € M.

Dacd conditrile 1. si 2. sint sabisfacute ntr- -un punct p, < P, atunci
ele sint satisficute in orice alt punct al lui P.

Demonstragie. Ne intereseazd in primul rind in ce mésurd conditiile
1. si 2. depind de punctul p, = P. Fie deci p; € P un punct care nu
aparfine lui P[p,], deoarece in caz contrar avem ¥, = ®, si P[p,] =
= P[p;]. Putem s& presupunem fird a pierde din generalitate, cd p, =
= pog. Atunci ®, = g0, g si pentru ¢’ = g~lag = ¢, avem

fa=1) ity = R(g) ') &(g~7) 4o
Tinind seamd de (3.2) deducem cid @, invariazd subspafiul lui F submtms.-
de %, = o‘R(g-l)uo, §i anume avem
_ @'Y Gy = M(@) T, Va = Dy,
unde .
)\l(a = Aola) Va & O, Va' =g-lag & Oy, . (3.3)
S presupunem acum cd fibratul e(P[p, ]) admite o sectmne a cérei

D, functle este fo: P[py] = &,
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Definim in.acest caz functia f; : P[p,] — R astfel' cd fi(pg) = fo(p) Vp =P
[Po). Ardtdm cd f; este o D;, -funcpe Intr-adevir, “din deflmtla lui f,
avem pentru p' =pg = @y 51 a’ =g7lag = Dy, fi(p'a’) = fi(p'grag) =
= fi(pag) = fo(pa). Apoi, din faptul ci f, este o ®,-functie rezulti din
relafia de mai sus si din (3.8) fi(p'a’) = Ae(a) folp) = M(@) filp)) VB’ <
€ P[p,;] Va's ®,,. Rezulti de aici existenta unei sectiuni a fibratului
(P[plj) definitd de func}na fi. Am stabilit astfel ci dacd conditiile 1. 51
. sint verificate in punctul p, € P, atunci ele sint satisficute §i in
punctul p, = P.
Necesitatea condifiilor 1. §i 2. rezultd din propozifiile 1.8, 2.1 i 3.1.
Sd demonstrim suficienta lor. Presupunem ‘deci existenta unui element
%y = F avind propnetatea (3.2) si a unei secfiuni a fibratului ¢(P[p,])
a cdrui @,-funcfie si o notim prin f,. Admitem deci existenfa unei functii
Jo: Plpo]l = R _astfel incit fo(pa) = 7\0(“) fo#)VP = Plpo] Va < Oy,

In aceste condifii definim funcfia .
w: P —F, u(p) = fol#) “p;VP. € Plpe]l Vpo = P - (34)

Ardtdm ci u este o _G-funcfie. Fie p = P §i g .= G elemente arbitrare. 83
presupunem fintli cd p, 8 = Plp,]. Atunci avem din (3.4) si din (2.4),
(3.2),

u(pg) = fol£8) o = 7\0( ) fol£)%o =fo(1>) &(g~1) o = B(g~2) u(2)-

.~ Dacd p € P[po] e P[p,], atunci din (3.4), .(2,6), (2,5) deducem
u(pg) = fL(pg) #, = (;b) (g—l)u0 = &(g~1) 1u(p), de unde rezultd ci 7 este
o G-functie pe P cu valori in F.

‘Dar, dupd definifia (3.4), # este astfel incit valorile sale pe o varietate
de olonomie P[p;] sint proporfionale cu un element constant %, al spajiu-
lui vectorial F. Atunci, dupi prop. 1.3, rezultd cd secfiunea # = 2 asociatd
lui # este V-recurenta :;1 astfel este demonstratd si suficienta conditiilor
1. s1 2. :

4. V-recurenti cu I-forma de recurentd o gradient. ProrozrTia 4.1.
Fie uw = 2 o sectiune V-recuventd. 1-forma de 760%1’8%‘25“" ¢ este un gradient
dacd i numai. daci homomorfismul Ay: @p, — GL( R) din prop. 2.1, pen-
tru un p, € P, este comstant (hg = '

Demonstragie. a) Daci A, este constant, atunci A,(a) = 1 Va € @,
In acest caz, din (2.4) s1°(3.6), rezultd A = 1 pentru orice grup de olonomie
@, si functiile f au o valoare constantd de-a lungul unei fibre, aceeasi pen-
tru orice fibrat de olonomie P[p], si prin urmare aceste functn definesc
o functie g: M — R, f=gom Dacdi—p, este o curba. in P, atunc1
Puf = %.g Vi, unde z, = W(Pt)

Intr-adevir, avem p,f = ,(g0 ™) = my(f ,)(g) = x,g 'Dar atunci d1n
(1.5) rezultd (Vyu)(x,) = din g(x,),,uu(x,) de unde deducem (Vyu)(x,) =
= %,(n g) u(x,). Deoarece X, =%, avem in punctul x; (Vyu) (%) =
= {X({n g)u} (x,). Cum x, este un punct arbitrar al lui M, rezultd Vyu =
=(@ing)(X)uw VX € E(M), deci :

Vu=(ling) ®u o (1)
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si avem
p=ding (4.2)
b) Dacd Vyu = o(X)u §i ¢ = dm, m € &F(M), atunci ¢(%,) = dm(x) =

= %,(m) = dm(x,);x iar din (2.7), avind in vedere ca x, = #,, deducem
pentru orice a € @, ‘ ' .

dm (%)

Mo(a) = exp f &) = exp (m{z:) — m(zy)) = 1

Didm in continuare exemple in care homomorfismul A din prop. 2.1.
este constant. Vom considera pentru £ fibratul reperelor liniare B(M,)
iar pentru E(£) fibratul tensorial de un tip (7, s) arbitrar. In acest: caz
spatiul vectorial F este spatiul tensorial ®7 R" ' iar reprezentarea liniari &
a lui’ GL(n, R) in F este extensiunea tensoriali. Modulul 3 este modulul
cimpurilor de tensori de tip (7,s) pe M, iar legea de denvare v derivata

covariantd in raport cu o conexiune liniars T.

Propozryia 4.2. Dacd grupul de olomomie @, al umei comexiuni r
pe B(M,), (M, conexd), este un subgmp ortogonal, atunci, pentru orice

cimp de tensori; de tip (7, s) 7ecment in raport cu I', homomorfismul A
este constant (A = 1).

Demonstmz,’ze Daci # este un c1mp de tensor1 de t1p (v, s) recurent,
atunci 7, € ®’ R" este invariant prin &(a7!) Va < @, Cum ®p, C 0(n)
iar & este o extensiune tensoriali a lui GL(n, R), rezultd ci &(Dp,)
este un subgrup ortogonal al lui GL (®!R" in raport cu structura
euclidiand indusi de R” in ®I R".

Din (2.2) rezultd cd A(a) este o valoare proprie reald a ui 8(Dy,), dec1
avem A4) =+ 1Va € @, Cum din (2.7) avem A(z) >0Va € @,
rezulti A = 1.

Din. propozifiile 4.1 §i 4.2 rezultd imediat urmitorul enunj:

Proroziyia 4.8. Fie M un spafiu viemannian conex.
Atunci, pentru ovice cimp de tensori pe M, recurent in raport cu conexiunea
lui Levi-Civita, 1-forma de vecuremfd este un gradient.

Dim in incheiere o noud aplicatie a prop 4.1. Se stie cd dacid # este -
un cimp de tensori de tip (r,7) recurent in raport cu o conexiune liniard

I' si dacd Ci- -C;u # 0, unde C§ sint contractii, atunci 1-forma de
recurentd este un grad1ent Avem -in acest caz F = ®; R" §1 grupul
&(D®p,), Po = B(M), invariazd un element 4, = up ’reh@ - ®a ®

®eh@ ... @ersF unde ()7 = 1,7, (¢)i=1,n sint bazele duale
canonice ale lui R”, Daci @ — (@) si & = () este matricea inversd a lui g,

atunci deducem din (2.2)

ireeiiy Fa By =5 i —
Uip Gy @i oo gy o &) AMa) u:: ,,,,
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de unde, prin contractie complets, obfinem

B i
u = Ma) ui it Va € Oy,

Deoarece
uit i # 0, rezultd Aa) = 1Va = O,
(Intrat in redacfie la 3 aprilie 1974)
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SUR LES SECTIONS RECURRENTES D'UN FIBRE VECTORIEL PAR RAPPORT

A UNE LOI DE DERIVATION (II)
(Résumé)

- On donne des conditions nécessaires et suffisantes pour l’existence d’une section u= X%,

V-réciirrente. De méme on énonce une condition nécessaire et suffisante pour que la forme
¢ soit un gradient.
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JANOWSKI ALPHA-STARLIKE-CONVEX FUNCTIONS

NICOLAE N. PASCU

1. Introduection. Let f(z) =2z + as2® 4 ... be regular in the unit
disc D and fof 'x = R let ‘

R(@.f(2) = p(&) + azp'@[(1 — & + ap(z)), - (1)
where p(z) = zf'(2)[f(z). We denote by SCa the class of functions f(z), for
which Re K(a, f(z)) > 0, for z € D, and f(z) - f'(2) # 0 for z = D — {0}.
Note that SC, = S* the class of functions univalent starlike in D.

Functions in the class SC, are called alpha-starlike-convex functi-
ons, and-such functions, for « = [0, 1], have been shown to be univalent
starlike [8].

In [1], W. Janowski, investigated properties of the class S*(M),
of regular functions f(2) = z 4 @22 + ..., satisfying
L |p(z) — M| <M, (M>1) for 2z = D. - (2)

It is clear that S*(M) < S* and S*(o0) = S*.

In [5] are combined the notions of Janowski starlike functions
[1] and Alpha-convex functions, introduced by Petru T. Mocanu
in [6], and investigated in [2, 8,4, 7], to obtain a new subclass of starlike
functions. We denote the class of such functions by S*(«, M) and the func-
tions in the class S*(«, M) are called Janowski alpha-convex functions.

In this note we combine the notions of Janowski starlike functions
and Alpha-starlike-convex functions to obtain a new-sublcass of starlike
functions, and we denote the class of such functions by SC(e, M).

Note that S*(M) = SC(0, M), SC, = SC(«, co) S* = SC(0, o) and
for 0 < <1, SC(a, M) C SC, N S*(M.

" The integral representation of the functions in SC(«, M), « = (0, 1],
the distortion theorem, the coefficient problem and the relation of the
functions in SC(e, M) with those of S*(«, M) are discussed.

DerinrrioN. Let « € R and suppose that f(z) =2z + a,22 + ... is
regular in D, with f(2) - f'(z)# 0, for 2 € D — {0}. If
S K(o fa) — M| < M, (M>1) | )

for each z = D, the f(z) is said to be a Janowski alpha-starlike-
convex function. ‘
We denote.the class of: such functions by SC(«, M).

TarorREM 1. If « = [0, 1] then SC(e, M) C SC, N S*(M).

Proof. Let f(z ) S SC(oc M). From (8) we can see that ReK(«, f(z)) > 0
and hence SC(«, M « .

Suppose that f(z) = S*(M) Since at the point z = 0 condition (2)
is satisfied, there exists a point z, = 7ei*t (0 <7, < 1), such that

sz'(Z)/f(é) — M| < |z f'(20)/ flz)) — M| = M SN
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_ for all z]z| < 7. If we let p(2) = ()/f() then (4) becomes ‘
p(z) — M| < [p(zo — M| = M, and from (1) we obtain 5)
IK(%‘f(é)) — M| = |p(z) + o« 2'@)[(1 — « + ap(z)) — M[.  (6)

If p (zo) = 0 then by 5) and (6) we obtain [K(a,f(z,)) — M = M.
If p'(2,)# 0 then we must have arg zyp'(zo) = arg (B(z0) — M) = u,
and by (5) and- (6) we obtain Co

K (e, fza)) — M| = M + alzop' (@) /(L — o + add(1 + )] > M.

In both cases we obtain |K(«,f(z,)) — M] > M, Whlch contradu:ts
(2).
. Hence we must have |2f'(z) /f(z) — M| < M for all zED and f( ) :
= S¥(M). .

2. Integral representation. TrrorREM 2. If f(z) € SC(e, M) the solution
F(z), F(0) =0, F'(0) =1, of the dszerentml equation :

F@FE = /@) 1)
is in S*(M). ' - ‘ o
The proof is immediate.

We will consider the converse problem : given the funct1on F (z) = S¥(M)
and « = (0, 1]. Is the solution f(z), [f(o)= 0, of the dlfferentlal equation
(7) a function in SC(w«, M)?

THEOREM 3. If F(z)e S*(M) and 0 < a < 1, then the ' solution /(2.
of the dszerentml equation (7) with the condition f(O) =015 a functwn "
SC(e, M).

Proof By a formal integration of the d1fferent1a1 equatmn (7) we
obtain

f(z) llu—l Stl/u_oF( t)dt . - (8
FO R R

Because F(z) = S*(M), for each z € D |K(a, f(2)) — M| <.M, -there-
fore, in ‘order to prove this theorem, it is sufficient to show that f(2) is
regular in D, f'(0) =1 and f(z) - f'(z) % O, for each 2 = D, z% 0. ‘

Let be G(z) = z[F(2)/2]*. Because F(z ) e S¥M),M>1,0<a <1,
we have [2G'(2)/G(d) — M| = |(1 — )(1 — M) + oc(zF'(z)/F( ) M) =<
s(1—a)(M—1)+ o« < M.

It results that G(z) e S* (M)

The solution (8) can be written

F(&) = 2[h(z) /2]Ue, where h(z) — [l/ai GU=(t) t—ldz:]“ _ (9)
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For G(z) = S*(M) it results that A(z) €S¥(a, M), and-k(z) Az =1+
+ ... doesn’t vanish in D. Thus for [A(z) /z]”“ we can chose the branch
which equals 1 when z =0.

From (9) it results that f(z) is regular it doesn’t vanish in D and
- f(0) = 1. -

( We now show that f'(z) doesn’t vanish in D. If we 'suppose that
f'(zg) =0 for 0 < |zo] < 1, then p(zo) == 0 and using the same argument
as in the proof of Theorem 1 [8], we conclude that Re K(«,f(2o)) < O,
and hence |K(w, f(zy)) — M| > |Re K(a,f(2,)) =-.M| > M, which contra-
dicts that F(z) = S*(M). Thrs completes ' the proof of the theorem.

From the proof of the Theorem 3 we obtarn the following result:

D bgmormn 4. If A7) < SC(a M), 0 < a < 1, then there exisis a func-
tion h(z) € S*(a, M) such that f(z) = z[h(z) /21", where we chose the branch
which equals 1 when. g = 0. )

From Theorem 3 we obtain

COROLLARY 1. If F() eS¥M), M >1 and 0 < o <.1,. then the
. fzmctzon . - P .

ey | W) dt ds i S¥(M),

0

) Dlstortlon properties and coefﬁewnt problem. We willlet m =1 —
— 1/M and we denote by A(M, ¢:z)} the function defined by A(M,#;z2) =

- (ll ¢ z)(l m)fm 1f m > 0 and h(M’t’ 2') —-ze‘z lf m = O Where ltl = l
— )T

The function A(M,t;z) is in S*(M) and is the extremal function for

many problems.in, this class. If in, (8). we take F(z) to be #(M,¢;z) then
we obtam the Janowski alpha-starlike-convex function

Fla, M, t}3) = —l,‘—_TS glle—1(1 = tmu)=U+mingy, if m >0  (10)
) ‘ ;"; "-'r: M:Z “O’H ' .:' R ’ -! i . ‘\". . - <
- and F (a M t;2) = 1."/(Qzlla—l_):gtl/“,"iq"’di), if m = d;

+0

These functrons will serve as the extremal funct10ns for the class
SC (oc, M).:
In what follows use erl be made of the hypergeometrlc functions

ol 1 -
7 C o) = T(o) 4o . y\e—a— — —b
Gla, b, ;2 Ty P(c_a)s _(1 wee=i(1 — zu)—vdu, (11)

Wherg Re a>0- and Re (c —a)>0. These functlons are regular for
z € .
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In addition we define the functions !

LG(—I-, tim L, mr) if m >0,
o o m o . .
H(a,M:?’): B o
= f””“"ze’d‘ . ifm=0 .

Trxorum 5. If flz) = SClw, M), 0<a < 1, then for la] = 7(0<7 < 1)
we have '

CHE M) I £ B ()
Equality holds in both cases for the function (10). )

Probf. By Theorem 3 there exists a function F(z) .« S*(M) such
that S ‘ ' R

t - . : z y
H . \

e e L

0

If we take z =7 and integrate " anng the positive real axis, we
obtain

o fir) = lemwm RN
- ok NTEER P ) .
Since T() S S’"(M) we have ([1],, Theorem 7) . .
2(1 mx) (milm < ]F( )| < x(l —’mx) (L+m)fm, 1f i115 > 0, (18)
and : - RN | v
xe~* < |F(x)] < xe* if m = 0, and hence (14)

[f(r)] < H(«, M ;7) (making the change-of variables x = ru and using
(12) and (138)). Applying the above argument to e—#f(z¢*®) which is in
SC{a, M), if flz) is in SC(o, M), we obtain |f(z| < H(e, M ;7).

Consider the straight line L, joining 0 to f(z) = Re®. Since f(z) is
starlike, L is the image a Jordan arc l in D, connecting 0 and z =
= peif, . . .

The image of 1 under the mappmg zl/“ 1f(z), will in general consist
of many line segments emanating from the origin, each of lenghth -

St — ]zl/““'lf(z)l =S |d[pe-1f(t)]] = S.i‘&zﬂ,l dt‘l‘ —

= S | tUe=1F () dt| > qu«—l(l + )~ O g,

12 0
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By substituting x = 7« and using (1) a‘Lnd‘(IZ)," we obtain

@) > — H(a, M; ).

The case m = 0 makes use of (14) and is omitted.

Note that functions in SC(«, M) .are bounded for « = [0, 1] and
Mz 1. - :
THEOREM 6. If f(2) =z + ay® + ... is in SC(a, M), M > 1, then

N-1 : i
. [T+ #m : .

la'nl < ‘k=1 g .,ﬂ=2, v ey N, (15)
11 — « + on| (n — 1)1 ’

and

N-1
T+ km)
1 =

k=1 o : :
. S|1—ac+a.n['(n_l)(z\r_:z)!’ m=NAL . (16)

where a.is real, N € [2M, 2M + 1]4s natural, and m = 1 — 1/M. Equality
holds af f(z) ¢s the function F(e, M,t;z).

The proof results if we observe that, if f( ) 1s in SC(e&, M), then F(z) =

=z 4 7\(1 — o« 4 am) 2" is in S*(M), and using the estimations of the
coefflclcnts in S*(M ) [1].

( Received April 9,°1975)
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THE LAGRANGE INTERPOLATION OPERATORS ARE DENSELY
DIVERGENT

I0OAN MUNTEAN

In this note we shall show that the well-known Runge-Faber diver-
gence phenomenon for interpolation polynomials is ' rather a rule than
an exception. More precisely, we shall prove that the continuous functions
% on the interval [0, 1], for which the sequence of Lagrange interpolation
polynonnals (corresponding to a given matrix of nodes) does not converge
uniformly to x, generate an uncountable dense set in the space of all conti-
nuous functions on [0, 1]. A similar result for Fourier series was eatlier
been established in [2] and [5], page 102.

Consider a triangular infinite K matrix of numbers in [0, 1]

(1)

where the numbers of the same line (Or nodes) -are distinct: We associate
with the nodes of the #n-th line the Lagrange interpolation operator L,
C[0,1] — C[0,1] given by ,

L]

O A O R I ALC) £ e 00, 1] £ e [0,1]

where
(R I (R A N (R ) I ()
(= dh) o (- 670 (=87 o (- )
Here C[0,1] is the Banach space of all continuous functions x: [0, 1] —

— R endowed with the usual uniform norm ||#|| = max {lx( ) :¢ .= [0, 1]}
Our main result can be stated as follows. :

i) =

THEOREM Gwen an arbitrary matrixz (T denote by UTl the set of
all functions x<CJ0, 1] for which the sequence of interpolation polynomials
L, (%) s unboundad Then Ug is a Gg umoqmmble dense set in C[0, 1].

. COROLLARY 1. Given an arbitrary matyiz (T), denote by Dy the set
of all functions x < C[0, 1] for which L, (%) -~ x i1 C[0, 1] as n —co. Then
Dy s an uncountable dense set in C[0, 1].

COROLLARY 2 (Faber [1]). For every matrixz (T) there exists a combi-
nouos function x on [0,1] (even an infinite uncountable set of such- functwns )
with L,(x) = % m C[0,1]) as n —m, : . . '
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Let (X, {|-]]) and (Y, ||-||) be two normed spaces over the same field
of real or complex numbers. The set. (X,Y)* of all linear and continuous
mappings 4 : X —Y becomes a normed space with respect to the norm
[|14{] = sup {||4(%)]|: ||*]| < 1}. The proof of the above Theorem is based
on a result which is a less known generalization of the Banach-Steinhaus
theorem (see [5], page 98; [6], ch VII, §6) Next we present a direct
proof of a sharp form of this result.

LemMA. Let @ C (X,Y)* be a set for which {ll4]}: 4 = a} is unbounded
and denote by Ug thé set of all x = X for whzch {IlA(%)||: 4 = @} is
unbounded too. Then Ug is a Gy set, . e., it can be written as the inter-

section of a countable family of open and dense sets in X. Moreover, if
X is complete, then Ug is a dense and uncountable set in X.

Proof of Lemma. Given an # = N, denote by ‘X the set of x € X
for which there exists an 4 € & such that ||[4(x)|| > #. It is easily to
see that X, is open and Ug = (N {X,: # = N}. We shall prove that each

X, is dense in X. Suppose the contrary. Then there are an #, € N, an
%9.€ X and a closed ball By=.{x = X: ||z, — x[] < r} such that Bg()~

) Xs, = 9. For every x € X, x# 0, we have mx + %, € B,, hence

ﬁx + %y & Xn, Thus, for all 4 = @ we successively obtain :
|4 (@Hx) < o LA — (14 (=l] <m0 and @] <22 12

for all x = X. Consequently, ||4]| <%0 for all 4 = d, which contra-

dicts the hypothesis of Lemma.

Now, we prove that if X is complete then Ug is dense in X. To

this end, let us take an %, € X' and an arbitrary closed ball By = {x =
€ X:||xy — #||' < 7o} with the center in x, Since X, and intB, are
open and X, = X, there is a .closed ball B, ={x e X:||lxg — x|| <7y},

= 10,1[, such that B, C X, int By C X; (| By If the closed balls
]5’1 D. ) B, with the- correspondmg radii 7, = J0, 1], " 7y €

EJO l have already been comstructed, choose a closed ball B,,.,.l
n

={% € X: ||#y03 — 4] < #ppe} WithT,,, e] 0,?[ such that B,,, C .
”

CX,iNint B, C X411 B, and.so on. Since |[|x,; — %,|| <.7 for-
n<m, v,—0 as #—co and X is.complete, there emsts hm Ky =
=x<(){B,:n= N}, sowehavexEB A (M{X,: %EN}) ﬂUa,

that is Ugq is dense in X. |

The unboundedness of {|[A|| A. s a} 1mpl1es X # {0} hence from
Ug = X we derive the existence of an x,< Ug with %, # 0. Then the
uncountable set. {Axg:A € R, A # 0} is included in Ug because
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sup {lA(Ww)||: 4 = @} = |Alsup {|[A(x0)]|:A ea} — o for all % € R,
X # 0.

Proof of Theorem. The interpolation operators L n (1) are linear
and continuous. Moreover .

”I‘n]l - maX{E |l1()[t E [O: l]}

Aand

maxtz_, W)t = [o 1]] I“V’;

for all n &N (see [4], page 512). Thus

Clim ||L,)] = oo' | 2)
and the Lemma is apphcable with X Y =C[0,1]and & ={L,,:

= N}

- Remark. The above “Teorem and 1ts Corollarles are true for any other
approximation proceeding in which an equality of type (2) holds. So are,
e. g., the interpolation proceedings with a prescribed modulus of continuity
[7] and the Newton-Cotes quadrature: formulae [3].

(Received  June 12, 1975)
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'DIVERGENTA DENSA ‘A OPERATORILOR DE INTERPOLARE AI LUI LAGRANGE
"(Rezumat)
Se arati cd functiile contmue x:[0, 1] — R, pentru care girul polmoamelor de inter-

polare ale lui Lagrange L,(#) (corespunzitoare unei matrice date de nodun) este nemirginit
in. norma uniform#, conmstituie o mult{ime nenumdirabild de tip Gg densid in spatiul C[0,1].
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STUDIA UNIV. BABES-BOLYAI, MATHEMATICA, 1976
ON CERTAIN BOUNDARY VALUE PROBLEMS

ANTON MURESAN

Many papeis deal with bouﬁ&ary—value problems for ordinary and
partial differential equations. We mention here only [2], [5], [6]. [7]
which dlso contain extensive references.

In this note we make use’of soine maximum principles in order to
discuss some homogeneous boundary-value problems. In same cases we
have succeded to improve known results.

The author is indebted to Prof. Toan A. Rus whose ideas and sugges-
tions were very useful in the elaboration of this paper.

1. The case of the systems of ordinary differential equations.
Let _
Lly) ="+ By'+Cy =0 (1)

be a system of ordinary -differential equations, where
y* = (yy.... ¥,) and B,C = C([a, b], M, (R)).

Toan A. Rus (see [6], Th. 1.1, pag.'1512) established conditions on
matrices B and C so that the homogeneous problem

L(y) =0, y(@) =0, yb) =0 (2)

admits ouly the trivial solution, y = 0.

He also noticed, under a more restrictive cond1t1on that if we write
(*): B(x) = b(s) I + By(x), where I is the unity matrix of # th order, and
the matrix C is so that tCt* << — «?|7||? for any = € R*, with a positive -
constant o, which does not depend on =, then the problem (2) has only
trivial solution if (see [6], (1.3))

1Ball < 2e, '- G

where ||By]| = ||B — bl|| is.the spectral .norm of matrix B, (see [9]).
;. We want to find an expression for the scalar function b( ), -which
assures that [|B,|| has the minimal value, in the particular casé # = 2.

It is known (see [9], Th. 1.8) that ||4|| = [p(A*A) 142, where 'thé
spectral radius p of a matrix 4, p(A), is

p(4) = max|x],

L. . “f ‘ . ¢=l, L.
with 2, ¢ =1, #, %, the e1genvalues of matrlx A

If . - e } r 4 .. . I
C o b by by — b byl
5= [bn bzz]’ then B _'[bzl 'bza —’b] : and
— bm]

. . B =
' ! lbn bgo. — b
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The characteristic equation of matrix BIB; is A
2 — [20% — 2b(byy + Bys) + B%y - bfy + b3 4 B3]t 4
] . [512 a1 — (b — b)( 22 — O)F =0,
and as the ‘discriminant. A > 0 (thls can be easily proved)
© 252 — 2b(byy + bea) + bE + b2y - BE,
(B B = 2 (b + )-f—2 i+ bf + 2oy

+ ‘\/(2b _ bu - bzz)2 + (bn - bzl)2 [(blz + bax)n + (bu _ ba'a)a] .
. 2

It is easily seen that [|B4|[]* = p(ByB;) has the minimal value for

b(x) bui(#) '; boa(#) ;

ie.

_ _ By — Byl 4 2b%, + 283, +
T byy -+ bay -
Ve =g 4

min|| By||* = P(B1*B1)_

P -

‘\/(bzl — byy)? [(bm -+ b2l)2 + (b — b22)2] .
+ .

For the boundary value p1oblem
L) ="+ BY + Cy =0, 3(@).= 0, y(t) = 0 (@)
where - o S S . ;
'B,C = C([a,b], Mu(R), . - ¢ e
we can state the following theorem

. THEOREM 1. If the elements of matrix B wverify the inequality
(b1 — baz)? -+ 263, + 205, 4-2 4/ (bag — 012)2[(B1z + b2n)® + (b1 — 020)?] < 1602? (4)
where « is so that ‘ ' ' )

2C* < — |t ¥ 7 = R B

then the boundary value problem (2') has only the trivial solution, y = 0.

Proof. Note that relatlon (4) is the inequality (1 3) from [6] for the
problem (2').

2. The ease of the systems of partial dlfierentlal equatmns. In this
section we want to make similar considerations concermng the systems
of partial differential equations.

Let be the following system:

IR

= 3 Ayl L4 YA 2 - Aufrly =, ©)

=1 0x0xj  4=1
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where y* = (yy, ..., ¥,) is a vectorial function, y: Q — R, and
Ay 4y 4y €CQ MLR), - (D

Q being a bounded domain of R™ with boundary I' and the closure
Q.

Conditions are known (see [8]) under which the maximum principle
for system (B) takes place; when the homogeneous boundary value pro-
blem has only the trivial solution. We want to improvethese conditions,
in a particular case (see [2] and [8]).

We suppose .that for # = 2, matrices Ay A; are of the followmg
form :

Aij ='6ZijI, a; < C(Q,R), (8)
I uni1_:y matrix of 2 order,
4;=al+ 4P, a; « CQR), AP = CQMy(R), (9)

and that the following conditions are verified:

Z aij A x Y|IAll2, vy # 0, YA € R” (10)
i, j=1 .

Ayt < — o?||7|], w0, VT e R, (11)

The problem is to determin the expressions of the scalar functions
a;(%) so that2||A“’|12 be minimal.

This can be made by determining a,(x) separately for each i, Whrch was
already solved in section 1. Takmg therefore -

afi) + afn _ Tx(al)

ay(x) = 2 = 12

2 2

where T7(A) is the trace of matrix 4, then the norm HA(I)[] has the
minimal value, i.e.

M ) 2 (gl 2 (1
min H.A(l)ll — (alh aZZ‘L) + 4(“121) -+ (a’ZIz) + ‘
\/ D) Y2 (2 D)2 m _ <1)' (13)
+ (abi; — “12«,) [(ald; + aby)® + (at; — ab;) 7] ]
. 2

For the boundary value problem . ‘
L(y) = 0, 3lp = 0,. - : - (14)

where L(y) is given by relation (6) with the coefficients given by relat1ons
(8) and (9), the following theorem takes place:

38 — Mathematica — 1978
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THEOREM 2. If the elements of matrices Au) =1, m verify the ine-
quality

© 2o Ual — ab)? + 2 (af)? + 2 (af) +-

i=1
+ 2V (el — 2y [(aﬁlz), + a4 (ol — af)]} < dozye

where « and v are given by velations (10) and (11), then the boundary value
problem (14) has only the trivial solution, y = 0.

(15)

" Proof. Note that the first member of the inequality (15) represents
w
the minimum of the sum "of the squared norms, EHAP)[P, and this
- oi=1
minimum must not exceed 4o2y?

3. The case of system of » equations (# > 2): negative result.
3.1. Let :

Ly)=y"+ By +Cy=0. (1)
be a system of ordinary equations, where

y* = (yl' ey yn) and B-' C < C([a, b], Mnn(R))'

We suppose that matrix B is antisymmetric, i.e. B = — B* We
want to determin the minimum of function f(6) = ||B — &I|| in this case.
We consider the characteristic equation _

det[(B* — bI)(B — bI) tI1=0 (16)

which can be written under the form '
det[B*B — (t — b3)I] =0, (16')
or . ‘
det[B*B — sI] =0, . (16")

where s = ¢ — b2, Then it follows that

s =t—b k=1n, Y)

are eigenvalues of matrix B*B and they are independent of 4. From (17)
we conclude that the eigenvalues of matrix: (B* — bI)(B — bI) which
will provide the norm f(b), are given by the relation

t, = s, + b2 g (18)
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We have
) = 1B — bI| = max |t} = max |s, + b <
k=1n k=1n
< max (|s,| + 8% = max [, + &
k=1,n =1,n

and therefore f2(b) will have the minimal value for = 0. Then the follo-
wing negative result takes place:

THEOREM 3. If matrix B of the system of equations (1) is antisymmetric,
B = — B¥*, then decomposition (*) B = bl + B, with b ==0 leads to values
which are greater for f(b) than its minimal value, i.c. the decomposuwn ™
is the best one when b= 0.

In these conditions min f(b) = [p(B*B)]"? = |[B|] ie. it is exactly
the spectral norm of antisymmetric matrix B. Hence:

THEOREM 4. If the matrix B of the system (1) is"antisymmetﬂc and
18] < 2e, (19)

where a s so that
wCt* < — o?[t][2, Vv = R”, 70, (20)
then the boundary value problem (2) has only the trivial solution, y =0,

Proof. Note that relation (19) is exactly the relation (1.8) from [6]
and ||B|| = min ||B — bI|| for 6 = 0.

3.2. Let

L(y) = 'EAZ,() — +LA ) 2+ Agfx)y = 0 ©)

3,j=1

be a system of partial differential equations, where matrices 4;(x), 44(%),
Ay(x) are g1ven by the relations (8), (9) and verify the conditions (10)

(11).
We suppose, moreover, that matrices 4; are antisymmetric, i.e. 4, =

= — A4}, ¢ = 1, m. Making the same cons1dera1:10ns as in sectlons 2 and
3.1 we get the following negative result:

THEOREM 5. If matrices A; of system (B) ave antisymmetric, A; =

=—A¢, i=1,m, then the decomposztwn A, =al + AP wzth a;=£0, + =

m

=1,m lead to greater values- for S 1AL|12 than its minsmum,
: 3=l . .
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In this conditions the minimum of sum E [l A2 = 2 ||4;l]? is preci-

sely the sum of squared spectral norms of matnces A Therefore

THEOREM 6. If matrices A; in system (6) are antisymmetric and

2 4Pl =2l <4 oty (21)

(11), then the boundary value

where o and y are given by relations (10) an )
0.

d
problem (14) has only the trivial solution, y

Proof. The same proof of theorem 2 is followed, takrng into account
theorem 5, as well,

4. Remarks. 1. We can take into consideration the boundary wvalue
problems for parabolic systems, getting analogue results to those of theorems
2,4,6 (see also [3]).

2. In [1] it has been studied the problem of finding the function’s
minimum f(¢) = ||4 — ¢B]||, where 4, B are nxn complex matrices. It
is shown that the values of £, for which f(f) is minimal, belong to a com-
pact interval, whose extremities are solutions of an algebric equation or
a system of algebric equations. :

Unfortunately, even the actual writting of this equation or’ of the
system is very difficult (if not impossible) to realise, and even more their
solvation. In addition, there is nothing precise concerning the real minimal
value of the function f{¥) and even some estimations for this have been
never given,

The problems dealt with in this- paper are obtamed when 4 is a nan
real matrix and B = 1.

(Received June 25, 1975)
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ASUPRA UNOR PROBLEME LA TIMITA
(Rezumat)

In lucrare, folosind principii- calitative ale analizei (principii de maxim), se dau con-
difii in care anumite probleme la limiti omogene au numai solujia banali,
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TEOPEMBI CYIIECTBOBAHUS W EAMHCTBEHHOCTH PEIIEHUA
‘HEKOTOPBIX CUCTEM HHTEIPO-NUO®OEPEHIMAJIBHBIX
YPABHEHHWI CBEPXHEWTPAJIbBHOTO THIIA

T. CT. HUKOJIOBA*, J. H. BAHOB*
[. HNocranoBka 3agauu. PaccMmoTpum Haﬁanbﬂy}o 3afauy
#(t) = fit, #(8), % (), % (¢), % (s39) ; Z(2), #(0), #(A50), (1)
§ F [t, s, %(s), %(s), Z(s), % (vz)), #(s), %(s) £(s), %(A7) Jds}, | t> 0,
o :

x(t) = ¢(t), £(t) = ¢(t), 1< [0, 0] =3, (2)
rae x=(%y,.... %), f= (fo.-. fu) F = (Fy, &,)(» ul — narypaJbHEIe
YHCJIa) NPH KaXAM t € Iz = [ ,T] (T> 0), cp = (cpl, ..., ®,) — HavaJbHas

 byHKUHS, ONpe/eJéHHas I HelpepHBHO Nud(epeHIHpyeMast Ha CerMenTe Jy,
dx(2) 5 . =
(t) = (mox # (0) moHuMaercsi npaBasi NpoM3BOLHadA), % (f) =max x(u),
ue[0,t]

#(f) = max x (u), 4 > 0. IIpeoGpasopanusie aprymenthl w4 u Aj® ompe-
ualt—d,t]
IeJSIOTCS TPH IOMOWIM PEKYPPEHTHBIX COOTHOIIEHHH

7 = 1,(, (), () 20), w(vity), #(2), %), %), 2(A5)),

A = A, x(t), %(0), 2(t), %(<i), #(), ®(t), %(t), H(AFD))
E=01 ..., m—1 (m>1)

o) =5t 2@), 20), %), %), %), %)),
AR = AL, (), (), %), %(), 2(t) %(¢)).

IIpepnonozxum, uro dyHkuus f(¢, &, &, Ea. Ef. Ma Ma M5, %) ONpENENEHA
no ¢ Ha cerMeHTe J,, a MO OCTAJbHBIM APUyMEHTaM — Ha HEKOTOPOM MHO-
xkecTBe Gy C R*"X R*X R"X R"X R"X R"X R" X R} R — BeluecTBeHHas OCh);
oyaknus &2, s, &, &, Es E5, N1 Mo, M3, Mg) ONpELEJEHa "1II0 ¢ ¥ § Ha MHO-
xecTBe I, XI(0 < s<¢<17), a no ocrajgbHbIM apryMeHTaM — Ha MHO-
xKecTBe G, C R*X R*"X R"X R"X R*X R*X R* X R*; dyHxuuu t,(t, .21, s Ea,
S N1 M Me. i) B A W& Eu Ea Ea EE Mi, Mo Ma 714)(k =01, ..., m—1)
ompeJieJieHsl 1o { Ha cerMeHTe [y, a IO OCTaJbHBIM aprymenTam — Ha G,;
(byHKH‘HH Tm(t’ E,l, -Ez: Es: N1s 7121 713)) H Am((t El’ ‘521 ESJ N1 N2 7)3) onpeﬂe-
JeHbl no ¢ Ha cerMeHTe I, 2 MO OCTa/bHBIM APTYMEHTaM — Ha MHOXKECTBe
Gy C R* X R” XR'X R"X R* X R"; oy =min{d, min inf =,((g,),

k Cke IpxGy
min inf A(L), inf <,(%,.), inf AL R=01, ..., m—1),

k tke ITXG. Cme ITXG, Cme ITXG,

* Ilnospusckuit ynueepcurer mMenu II. Xunengapcxoro.
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Hauanbuas sagaua (1), (2) siBasercss oGoOlieHHeM HEKOTODHIX 3ajat,
KOTOpHIE BIIEPBhIE INOSIBHJIMCH B aBTOMATHYECKOM PEryJMDOBAHHM NpPH aHa-
JH3€ TAK HasblBaeMblx chcreM ¢ HaceunenweM [I]. Jois wactroro cayuas,
Korja f 3aBHCHT TOJbKO OT £, x() #(t) u %(¢), sapaua (1), (2) uccaeno-
Bana B [2] m [3]. _

Ilyere F = F(¢) — cxansipHasi, HeOTpHIATEJbHAsl ¥ OrpaHHUeHHas Ha
cermenTe Jp = [aq, 1] GyHKUMSA, uHTErpuUpyemas Ha Ip.

OnpejennM ciaeiylolHe MHoXecTBa H3 R":

mT={a:|a1<| 0)| +

Ol N

F(t) dt} r={n: 1] < F* = sup F(t)},
tsgp

8= U{ols)) O= seua {o(s)}

seg,

(| : | — HexoTOpass HOpMa B COOTBETCTBYIOIEM KOHEYHOMEPHOM IIPOCTpaH-
CTBE).

yctb Gy, Gy ¥ Gy onpejiesieHbl CAEAYIOMUM 00pasoM :
Gy = 0l X a® X 0 X 6 X Q8 X QO x Q0 X R,

Gy = ol X 0@ X 0® X 6 X QW x Q@ x QB x QW

Gs = o) X 6@ X 0® X QM X Q0@ x Q)

rie oM = 0@ .= o, o® = 0¥ = or U 8,

Q= Q&= Q. Q& = Q. | fz QW =Qra US,

a A > 0 — nexoropoe uHCJIO, KOTOpoe GyLeT OIpEjeJeHO HHIKE,
Bcroxy Aasblire IpHHHMaEM, YTo BEIOJIHEHE! C/IeAYIOlIHe YCIO0BHs, 0603-
HaueHHHIE yepe3 (A):

Al. B obnactu Qp = Iy X G, GyHKIUs f HenpephBHA 1O #, YIOBJET-
BOpSIET HEPaBEHCTBY

]f(t’ El) az» Es: &2} Nes Nas 7]2, M)l < F(t

¥ YCJOBHIO JIMNIIKLA 1O BCEeM aprymMeHTaM KpoMe IepBOro ¢ KOHCTaHTaMH
coorsercTtBeHHO L,, Ly, Ly, Ly, M, My M, «.

A2. B obnactii Qr = I; X Iy X G, bysKiMA & HenpepreiBHA 1O £ H S
H YHOBJIETBOPSIET YCJIOBHIO JIMNIIMIIA 1O BCeM aprymMeHTaM KpoMe IIepBOro
H BTOPOTO C KOHCTaHTaMH cooTBercrBenno N,, N, N, N, P, P, P,
P,. :

A3. B obnacti Qp = Ip X Gy oyuruun v UAp (R =0,1, ..., m — 1)
HeNpephIBHEl 10 { ¥ yAOBJETBOPAIOT YCAOBHIO JIHIIINIA [0 BCEM apryMeHTaM ,

KpOMEe TIEPBOTO C KOHCTAHTAMU COOTBETCTBEHHO Ay, Az Agy Ag P1o M2 Ha p.,,
M OTpaHUUEHHUSsIM : :

min inf {f — 1 (§)}> 0, min inf {f — A; (§)} = A >0;
B t,e0p B te0p ’
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B obnactd Qp = Iy X Gy OyHKUHM T, U A, HENpEpLBHH MO £, yIOBJIETBO-
pAOT ycJaoBHIO JIMNIIMIA MO BCeM apryMeHTaM KpOMe I[1epBOro ¢ KOHCTaH-
TaMH COOTBETCTBEHHO Ay, Ag Ag [y, Mo, (g H OTPAHUUEHHAM

inf {t— 7, (G)}> 0, inf {£ — A, (§)}> A > 0.

tu=0Cr . Lms0r
A4. Ha unrepsasne J, (byHKnHH @(?) u '(t) YIOBJIETBOPSIIOT YCIOBHSAM :

lot) — o(t) | < Blt—E, |olt) — o) < BIT—t lo(t) | < F(t)

A5. BHITOTHEHO YCJIOBHE COTJIACOBAHHSA :

~

5 (0) = /10.9(0), 9(0) 5(0). #(:59). 5 (0), 7(0), $(45), 0).

Iycrb » = min {I,A} u J; = [aq, ]. OG03HauuM uepes C IpOCTPAHCTBO
(byHKu;m«I y:dJ, = R4 onpefe/i€HHble H HENPephBHbE HA ®CerMeHTe I, ¢C
METPHKOH, MOPOXIEHHOH HOpMOPI 4]

Iyl =supfly @ *:¢t =} (3
rae ' '
2a
P=>po= —bt ot da(l—0)
a

a=aNo+hNi®+ PBlag,  b="Lo+hgq (L + M) +
+ Poatpog a(Nyg @+ PyB), c¢=DMy+poq(Ls®+ MB),
Ly=Ly+ L+ Ly+ L, My=M,+ M, Ny=DN,+N,+ N, +
+ Ny, Py= Py + Py + P, =27+ 2+ A4 Ay

. Po = W1 + ta + s, @ = max {B, F¥},

p I el LT O
1= (% (I)_‘*' 4P)

MoxHO n0Ka3aTb, uyTo C — IOJHOE METPHYECKOE MPOCTPAHCTEO.

II. Teopemni cynlecTBOBAaHMSI M EXMHCTBEHHOCTH pelleHHS HAYaNbHOM
3agaun,

TEOPEMA 1. ITycmo euinoanenst- ycaogus (A). [Tycmy xpome mozo

=~ Mopg L O+MHI>0 - (@

Toeda Hauarvras s3adaua (I), (2) umeem eduncmeerHoe pémenue HQ uHmep-
saze J, 6 Kaacce Henpepolero Jugbgheperyupyemex pyrryul x(t), npoudsodras
#(¢) womopox ydoeremeopsem ycaosuro: | %(t)| < F(¢), i< I,
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JHoxasareabctso. Ilycts oneparop [1 nefictByer B C mo dopmysie
. A ;

Fle(), (@), 7 (), % (59), 50, v, 750, \Sl s ()2 ()

1T — ~ 0
PO 5 0w w506, 560 56, yag a8} 1= 1,
P (), ¢= , - | Q
rupe ) '
% () = olt) +| ¥ () ds ’

U nycTb Y, — MHOXKECTBO ¢yHKUUH y < C, yIOBJETBOPSAIOMHAE YCIOBHAM :
) < F @), teJy; vy =o (). t< .

Jlerko Buguo, uro 1Y, C Y.
Ha ocuose (5) u A4 mosyvyaem

) — ()] < Ot—FL tied, yeY,
[ycrs 34, ¥, Y,. Torma ‘ ‘
191 ) =52 @)] < llyn =321

. @ L7 COOTBETCTBYIOUUX %1, %; UMeeM
. e - ) 1 ‘ »
¢y (8) — %,(8) [ < ‘P““yl —yzlle"‘ T.e. % — xz < — ”y1 .')’2”

Hs. ycaoBust AI—A4, (5) u (3) caefyer .
TIy1(f) — W ya(t) | < Ly| 5y (£) — 22 (8) | + Lo %1(8) — %2 ()] + lexl(t)
— &y ()] + Ll (5:0) — %, (s0O)] & Mol 91 (1) — 52 @) + Ml |92 () —

{4

— P8 + Myl y, (Agx(’).) — ya (A5®) | + “S {N1|x1(s) — x%(s)} + N2|931(3) —
Fos) | + Na|%o(s) — Fas)] + Ny [#y (v29) — 2, (v30) | + Py 3 (S) -
—a(s) | +P'| yl(s) — Fa(s) |+P3|3’1(S) — Fa(s)] + Pl y1(AnS) —

— Y2 (A”(s))l} s < ko ”3/1 Yal] e + Mo”.yl — Yo|le?*+ Ly @ |75 —
¢

0] 4 M B AR — A0 | + o Wl —zlie + )

0

+ Pollyr — a1l & + N, O Tﬁ‘(s),— :g*‘s) | + P4 B Ag‘(s) — A(’f"“’l} ds.
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OGosnauas uepes yi¥ xakylo-uuGyab u3 dynxumit t:¥n A (2 = 0,1,
.., m) u3 A3 nonyuaem

| N .
b — g0 = 219z = alle” + wallyr — 2all e + M@ w3 — =il +
+u&|NM_Awwk=QL.”,m—1;' ' (8)

150 — 130 < 2EEE gy — o fle - poll —yalle. (9)

‘U3 (8) u (9) crenyer
g~ 130l < (2 o g1l —a Il e, (10)
IlopcraBasiem (10) 'B (7) u noayuaem
s () = Ty [ 0) < % (6) llya — e [l e,
TJe TOJIOXKEHO
%(p) '=fl$+b%+c

Hmesa B Buny (3), monyuaem

Hy, — Hye |l <% (p) Hyr — vell

Hs ycnosus (4) caenyer H(p) < ¥ (po) = 1. Caenosarenrvso II — ome-
paTop cXaTHsf Ha MHoxecTBe Y,. Torja cymecTByeT eIWHCTBEHHOe pelle-
HHe OIIepaTOPHOrO YypaBHeHHs ¥ = Il y, Koropoe MoKeT ObITh HAKIEHO
NOCJeI0BATENbHBIMH NPHOIHIKEHHAMH 1O CXeMe ¥,.; = Iy, #» =0,1,...
€CJIM TOJBKO Yy, € Y,. Orciofa ciaelyer yTBepKJIeHHe TeopeMsbl 1,

TEOPEMA 2. [Tycme evtnoanenst ycaosus (A) npu T = oo u ¢ obaacmu Qo

[8-‘ (t; S, gy s E:p glp N1 N2 N 7}4)[ <W (W = const > 0)
ITycmop kpome mozo pyrxyuu f, & v, (k=01 ..., m—1) u ¥,

coomeememeerino 6 06aacmax Qw, Qu, Qu, Qw YyoosremEOpaiom ycaosuio
Junwuya no t ¢ koucmanmamu E, 0, e, ¢, . [Tycmo Hawoney L, = Ly —=
=M2=M3=7\2=7\3=p.2=u‘3=0,

MO+ B <L, Cy— 2420, C C3>0, G20, (11)
20e
=[E+ L@+ a(W+0A)] (1 —2 @) +L, D (e + 2, D),
Co=M, (e +2MD) — s [E+L O+ a (W+ 06A)],

1
Co=1—-0O—mL,® Ci=ps+u M, ﬁ=2_c(cs—‘cz+

+ {C; = C)F — 4 C; Cy).
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Tozda, ecau B < B, mo HavamwHas 3adada (I), (2) umeem edurcmeeH-
Hoe peuwerue Ha urmepeare Jo, = [a, + ) 8 Kaacce Henpepoleno Oudpepen-
yupyemox Gynxyui x(f), npoussoduas x(t) xomopelx ydoeremeopsem yc-
aoguro: %) < F (), t € Je. : . :
~Moxasameibcmeo. PaccMOTPUM IIArOBBHIA IPOLECC NMOCTPOEHMS PEIIeHHS
c marom A. TloxakeM, yro HoJyyeHHOe TakuM obpasoM pemenne Oyner
o6/1aaTh NPOU3BOJHOM, YIOBJIETBOPSAIOMEH YyCIOBHIO JIUNINKIA ¢ KOHCTaH-
toit f. JleficTBUTeIbHO, JIETKO NPOBEPHThb, YTO M3 YCJIOBHI TEODEMBI 2 cie-
LYIOT ycjaoBusi TeopeMbl 1. ' CneloBaTesNbHO, CYIIECTBYET €IHHCTBEHHOE
pewenne x(f) wHayasbHOH 3amauu (l), (2) Ha uuTepBase Ja.

[lyers ¢, t%* < Jp. Torna u3 ycioBuit TeopeMbl 2 cjaefyer

1%(t) — % (%) | < E | ¢ — t* | + L, Off — #*] + L, @] v20— 207] 4

+MBIAD — AN + o« (Pt — % |+ 08— 15 (12)
Y{0 — 4§ 1S e f — %]+ MOl — 1% | 4 2 Dleft), — 1)l +
() — A(04)] + v B — AN B =01 m— 1,

i@ — i < elf — % + A @ ¢ — 2% 4 ] 2() — £ ()]

H CJeL0BaTeNbHO

e+ N @) [f — %] 4wl (8) —# (%)
1— (2@ + pB)

ITopcraBasis (13) B (12) u moawsysich (11), nmonyyaem

s =13 <!

Cy + C,B -
gl =B

[ %(t) — 2 (t*) < c_c,

HonycruM, yto npu nomomu N (N > 2) IaroB NOCTPOEHO pelIEHHE
HauyaJbHOM 3afauu Ha HHTepBase Jy,, PHYEM IIPOH3BOJHAS 3TOTO PeLIEHHS

yIOBJETBOpsieT YcjoBHIO Jlummuna c¢ nocroaHod B, < B. Torpa 3T0
pelieHHe MOXKeT ObITh NPOJOJAXKEHO Ha wuHTepBad Jyina. AHAJIOTHUHBIM
o6pasoM, KakK 3TO fenanoch I N — 1, MOXKHO TOKasaTh, UTO NPOU3BOJHAA
NPOJOJIKEHHOrO pelleHHst OYAeT yJAOBJAETBOPATH VCJIOBHMIO JIMnmmuua c
NOCTOSAHHOM

8 < max [B Ci+ G, E} ‘é

INF1 = a. N ~ = ]
Cy—C,p

T. €. HH}IyKuHeﬁ no N IIOKasaHo, 4To paccMaTpHBaeMoe pellueHHe 06J'Iaﬂ,aeT

NpPOHU3BOJAHOH, YJOBJETBOpAMOILEH YycjaoBHIO JIMnmHMnma c IIOCTOSHHOHR [
(va xaxgom unTepBaie Jya).

' larosblii mpouecc NMOCTPOEHHS pelleHHs MOXKHO NpPOJOJKHTH HO Gec-
koneunocty. IlonyueHnoe ck/eeHHOe pewleHHe OYJIET COOTBETCTBOBATH YT-
BepKJEHHIO TeopeMbl 2.

(Hocmynuao 15 11. 1975)
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TEOREME DE EXISTENTA SI DE UNICITATE A SOLUTIEI UNOR SISTEME
DE ECUATII INTEGRO-DIFERENTIALE DE TIP ULTRANEUTRU

(Rezumat)

In Iucrare se demonstreazi teoreme asupra existentei i unicititii solutiei locale gi
globale ale problemei (1)—(2).
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ASUPRA EXISTENTEI SOLUTIEI SLABE ALE UNOR PROBLEME
DIRICHILET NEIINIARE

C. KALIK

Considerdm problema .Dirichlet reprezentatdi de urmitoarele con-
difii
n

— 2 (w0 ] + s ) =g, x<=o M

. #lea =0, @

unde Q C R" este un domeniu méirginit. Dupd cum se va preciza mai
jos, in cadrul functiilor f admise de noi intrd functii cu neliniaritate de
tip exponential. : .

La inceput precizdm cadrul necesar formuldrii exacte a problemei.
Considerdm functiile @,(u) = e — |u| — 1 §i Yy(v) = (1 + |v]) In (1 +
+ |v]) — |v] definite pe R. @, si ¥; sint o pereche de functii Young, cu
ajutorul cérora putem genera doud spatii Orlicz Ly, §i L, [1]. Normele
din aceste spatii Orlicz lé vom mnota cu’ [|-||o, respectiv cu {|-||w,. Este
ugor de vizut cd au loc urmitoarele incluziuni algebrice i topologice

L, C Ly(@) C L%,

Fie Eg, inchiderea, in Lg,, a functiilor % : Q — R, misurabile §i mirginite.
Notdm cu V spatiul Banach

V = %3Q) N Eo,
llolly = [12llsg + llolla,

56;(9) este spatiul Sobolev obtinut prin inchiderea mulfimii Cg’(Q) in
topologia datd de norma

n 1/2
|wm=gwmwm}

Scopul acestei lucriri este de a da conditii, care si asigure existenta
si unicitatea unei fuhcfii #, € V, pentru care si avem

cll norma

SEa,,(x)a—u“ a—”dx-f—gf(x, %) -vdx:S'g -vdx, Yo €V, (3)
4= ! ] -
5 =1 ' Owxf Ox; a a .
unde g € £(Q) este o functie oarecare dati.

In cele ce urmeazi vom considera numai funcfii f: Q X R — R care
satisfac conditiile lui Caratheodory [l1]. Formulim i ipotezele
noastre de lucru: ' ’

I, 3a=£(Q), 36> 0, 38 > 0 astfel incit si avem
[f(%.8)|2*8 < a(z) + 0@, [(2 + B)s], Vs = R (L)
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L. f(#,s) > O pentru aproape fiecare x € Q si Vs € R. De asemenea
J este nedescrescdtoare in raport cu variabila s.

I. a; = CYQ); a;(x) = aj(x) pentru VYrxs Q si s € R: existd
v > 0 astfel ca 2 ai(%)E; ;2 y|E]? pentru Vxe Q si V£ .« R”,
4=
Observdm cd un exemplu snnplu de functie f care satisface ipotezele
I, s1 I, este datd de functia &'

Lema 1. Dacd are loc tpoteza I, atunci avem
1
;D(—; 0; L*l)—»szwsl,
S 215 S (€)

oo fw, u(x)),
unde D ( ;}L—p; 0; sz,,) este discul din L3, de razi -

; st cu centrul in 0.

Demonstratie. Fie u = D(z -:-B; 0; L?{,l) L =2+ B)ulle, <

Se §t1e din teoria spatiilor Orlicz, cd aceastd 1negahtate atrage dupi
sine §i inegalitatea .

§c1>1((2 + B)u)dx < 1,
Q-

ceea ce, impreund cu inegalitatea [I;], ne arati ci avem

S, F(, ul?+P dx < +-co.
Q

Q.e.d.

Observagie. Avind in vedere rezultatele din lucrarea [1], lema 1 atrage
dupd sine urmitoarele concluzii:

. 1y 2+'r5
f.vt[Eq,l, ZHJ £2+8(Q),

iar acest operator este continuu §i méirginit in Vue = (Eq)l, m) Cu W(Eq)l,

Py (3)’ am notat mulfimea acelor funcfii din L3, care se afld la o distanfid

- N 1
mai micd decit 3

de la subspatiul Eg,.

Lema 2. Dacd este satisfacutd. ipoteza I, atunci pewtru orice numdy
v asifel incit

1 1

248 Yo

+ <1<,
h'¢

1
2
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¥ . 1
§t pentru orvice u < -r:(E% m), avem

Ly, —&(Q), v—flxu) -0
iar acest operator este liniay $i combinuw.

" Demonstrafie. Aga dupd cum s-a vizut la lema 1, avem Sz, u) = S+8(Q).

Fie v = Lq) Deoarece Ly, C L*Q), avem v = L2?(Q) si tinind seamid
de megahtatea— —;——ITE <1< 1, rezultd f(x,u) - v = £7(Q), precum s§i
Y .
inegalitatea

Slf(x:”) oY dx < cf| fxu)|lgzrn - [lollee < CILA%M)Igerellollg,

Deci operatorul considerat este §1 mirginit. Linearitatea acestui operator
fiind evidentd, rezultd §i mdrginirea lui. Q.e.d.

Fie g € L*(Q) un element oarecare fixat si

F(u) = Fyu) + Fafw) — (g), » <V, ' (4
unde ‘
Fy(u) = S i a;(%) a%’ﬁ] %dx, Fou) = S dx S()f(x s)ds
; 4j=1 a 0
| @)= (g ax

Q

Notind cu Fi(u) respectw cu Fy(u) derivatele Gdteaux ale funcfiona-
lei Fy in punctul u, gisim cé

), o> = O ) 2 2
<Fi(u), v> _S 3 al®) 5 " dx, YoeV
Q »i=1
si
Filw) - 00) = = ago) & Paw, wev

Dacy ipoteza I, are loc, afuﬁci avem
Fi(u) - (02)> vllolly Vo<V, . )

de unde rezulti gi convexitatea strictd a funcfionalei F.
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LeMA Dacd ipoteza I, este satisfacutd, atunci func,tioﬁala F, este

oy 1 , . . 1 .
definit E,———} ti derivata & .
efinitd pe 7:( % e existd devivata ei in Yu < W(E(pl T p) st
< Fi(u),v > = Sf(x,u) -vdx, Y v €Lg,
Q

 adicd Fiy(u) = f(x,u).
Demonstragie. Notim
‘ %(%)
O (%) = S f(x,5)ds
0

® este tot o functie Caratheodory. {n acest caz, asa dupd cum se demon-
streazi in [2], existd o functie mdsurabili 6: Q — R, astfel incit si avem
0<bB(x) <1, x=Qsi

O(x,u) =D (x,0u) - v = f(x,00) - u.
De aici rezultd

Fo(u) = S f(x,zeu) - dx.

Q

Daci w €1t (Eq,l’ L), atunci si 0u = W(E(px, 1 ) iar pe baza lemei 1,
248 24 p o

putem trage concluzia cd f(x, 6u) = L2+f, Lema 2, insi, ne aratd ci f(x,
0%) - v « LY. Tinind seami de faptul cd y> 1, avem f(x, 6u) - v L(Q).
De uride, pe baza reprezentdrii de mai sus a funcfionalei F,, rezulti ci

aceastd functionald este definitd pe TC(E(I,], 2—1—[5)
Fie u# = W(Eq,x, —2—:-_;5) un element oarecare fixat. Vom afita ci are
loc egalitatea

lim P+ B — Fy) — frn)l _ (6)
[Bllg,~0 “””q;x

, 1 . - . . .
Deoarece 'lC(Eq;l, 2—4_;) este o mulfime deschisd, pentru orice % suficient

. ' S TR
de mic avem #+ 2% ex (E , ——) Insa
T ™ot

|Fy(uth) — Fa(u)—(f (%,u), B)| =

({0 +1) — 0w — f(xm) - B} dx| =

= |§ s+ 08) — S} - hax
2

< ClIf (e + O8) — f(2)llgayp - IVEllon
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de unde, {inind seami de continuitatea operatorului f, rezulti egalitatea
(6) si, deci,

<Fyu), h> = S flwm) - b dx.
. 3
Q.e.d.

Observim ci in lema de mai sus s-a demonstrat,. de fapt, ex1stenta
derivatei Frechét a lui F,.

TEOREMA 1. Dacd sint satisfdcute ipotezele Iy, I st Iy, atunci functwnala
F arve un minim global unic pe V.

Demonstragie. Conform unor rezultate cunoscute [3] pentru a demon-
stra ex1sten1;a si unicitatea unui punct de minim global este suficient sa
aratdm cd I este convexi, marg1mta inferior §i coercivi.

Inegalitatea (3) me-a ardtat ci F,; este convexa. Ipoteza I, atrage
dupd sine inegalitatea

D(x,0) — D(x,8) = S f#s)ds > f(z, 1) (c — 1),
. ¢
caré inseamnd convexitatea lui’ @ in raport cu a doua variabild. De aici
rezulti in mod evident convexitatéa lui F,. In sfirgit, $inind seami de

convexitatea funcfionalelor F; §i F,, precum si de linearitatea lui (g,u)
rezulti convexitatea (chiar convexitatea strictd) a lui F.

Méirginirea inferioard a Iui F rezultd din urmétoarele 1nega11ta1;1.
F(u) 2 ylioellzz — llglles - ll“llsv?_ v - o - llulle — llgllgalioslles =

llgllge 2 llgll}e flgll3a
=7 Cllle -2 - Z > -2

Daci lim ||#]ly = 4-c0, atunci avem lim |Ju|lp, = 0. Insi din
continuitatea incluziunii L§, L, rezultd cad lim ||u||gz = +c0. Ultima
egalitate atrage dupd sine pe lim {y - c||#||z= ——'“gllg.o.”%llgz} = 00,
Tinind seami §i de inegalitatea

F(u) >y - cllulles — |lgllelo]]g2
din rationamentul de mai sus putem trage concluzia
lim ||#|lg = +00 = lim F(#) = +o0

"care inseamnd tocmai coercivitatea funcfionalei F. Astfel, ex1stenjca punctu-
lui de minim global este demonstratd.

Unicitatea punctului de minim rezultd din stncta convex1tate a functi-
onalei F, care la rindul sdu rezultd din stricta convexitate a lui. £

Q.e.d.

4 = Mathematies ~ 197§
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TrOREMA 2. Dacd sint indeplinite ipotezele I,, I, si I, atumci pro-
Zlema Dirichlet consideratd ave o solupie slabd unicd pentru ovice g = £2(Q)
at.

Demonstrafie. Conform teoremei 1, funcjionala F are un minim global
unic pe V. Notim acest punct de minim cu u,.

Cu ajutorul lemei 3 putem trage concluzia cd funcfionala F este
derivabild in #, §i cd

< F'(ug)y > = < Fi(ue) > + <F'(ug)v >~ (gv), VoY
Avind in vedere ci F este convexd, faptul cid #, este un punct de
minim echivalent cu identitatea )
. <F'(ty),v> =0, Yv eV,
care este tocmai identitatea (3) Q.e.d.

(Intrat in redactie la 10 mai 1975)
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SUR I/EXISTENCE DE LA SOLUTION FAIBLE DE QUELQUES PROBLEMES
DIRICHLET NON-LINEAIRES

(Résumé)

Dans cet article on étudie le probléme Dirichlet (1) — (2) pour les cas oil la fonction
f est non-linéaire de type exponentiel. Les restrictions sur I'équation (1) sont précisées dans
les hypotheéses I, I,, I,. On prouve l'existence de solution faible du probléme Dirichlet
4 l'aide de la fonctionnelle (4) en démontrant qu'il existe un minimum global de cette
fonctionnelle sur un sousensemble d’un espace Orlicz.



STUDIA UNIV. BABES-BOLYA!, MATHEMATICA, 1976

DERIVAREA PARTIALA NUMERICA A FUNCTIILOR DE MAI
MULTE VARIABILE

HOANG TRUNG DU

1. Introdueere. Problema construirii formulelor de derivare parfiald nu-
merici este deosebit de importantd in analiza numerici, aceste formule
servind in special la integrarea numerici a ecuafiilor diferenfiale gia
ecuatiilor cu derivate parfiale.

In cazul unei singure variabile problema este tratati in numeroase
lucrdri, dar In cazul a doud sau mai multe variabile numdirul lucrdrilor
publicate este foarte redus. O metodd generald pentru a construi asemenea
formule s-a bazat in special pe formulele de interpolare; mentiondm in
acest sens lucrdrile lui D. D. Stancu [6] si T. Tsuda [8].

In aceastd lucrare vom prezenta o noud metods, asa numita metods
a descompunerii Succesive pentru derivarea parfiald numericd a functiilor
de mai multe variabile, care se bazeazi pe metoda functiei ,,blending”
introdusid de W. J. Gordon [1-3].

Se considerd o funcfie f: Q, — R, unde Q, = [a,, ;] X ... X [a,, b,]
este un hiperparalelipiped din spafiul euclidian # dimensionale E,, despre
care presupunem cid admite toate derivatele parfiale care vor interveni
in lucrare. Mulfimea acestor fumcfii este interpolatoare, adicid orice ele-
ment al ei se poate interpola pe retele de puncte prin diferite metode, inclu-
siv metoda lui W. J. Gordon [2—38]. Prin aceasti metodd tunctia
JS(%y. .., %,) se exprimi ca o combmape liniard de funcfii avind o vari-
abild mai pujin. Acesteia din urmad i se poate aplica aceeasi metodd, astfel
se poate exprima ca o combinafie liniara de funcii de » — 2 variabile. Repe-
tind acest procedeu de #.ori, obfinem o aproximajie a lui f printr-o muljime
de scalari dafi, reprezentind valorile lui f pe retele-de puncte considerate,
Aceasta se numeste metoda descompunerii succesive [1].

Acest procedeu se poate aplica pentru a construi formule de derivare
parfiald numericd pentru funcfii de mai multe variabile.

In paragraful al doilea vom da forma generalé a procedeului bazat
pe formula de interpolare simpld (primul pas), iar in al treilea vom prezenta
tormula construitd cu ajutorul metodei descompunerii succesive i evaluarea
restului formulei respective. In ultimul paragraf se di un exemplu con-
cret pentru cazul # = 2.

2. Metoda interpolatoriea simplé.“ Pentru simplificarea expunerii vom
detalia cazul # = 2, cazurile # > 8 tratindu-se in mod analog.

Fie m,n doud numere naturale §i Q,= [a, b] X [¢, d]. Considerdm func}ia
J € Crtlntl(Qo) s diviziunile

A, = {x}ice Ay = {¥i}j=o
astfel ca

a<x0<x;<...<xm<b,c<y§<y1<...<y,,<d.
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Fie m = A,XA,. Vom considera urmatorii proiectori de aproximare (opera-
tori de aproximare liniari si idempotenti) : :

Pif]l= ;f (%5 Y)@4(%), Palf] =J_;0f (%y:)di(>) (2.1)
unde '
Ox) =1 225, 6= 0,1, ..., m; 43 =T12=2, i =01, ..., »
k=0%; — % =035 — 1
ki Iy
2.2)

sint polinoamele fundamentale de interpolare ale lui ILagrange, deci cu
proprietatea cid

D;(%) = 3y $i(¥) = i (2.3)
8 8j fiind simbolurile lui Kronecker. Operatorii rest asociafi lui Py si
P, se pot exprima sub forma integrald urmitoare (a se vedea [3]):
b :
Rylf] =f — Palfl = Kals; s)fo+19(s, y)ds

(2.4)

d

Ry[f] = f — Palf] = Koly; 1)f r+(a, ),

4

unde in general K;(%; s), Kq(y; ¢)sint functiile lui Green pentru anumite
probleme la limiti. Incazuldefafd constatim ci au urmétoarele expresii:

Kyw; 5 = == g,

ml . i=0 ml
(2.5)
. (y —_ t)" 7 (}’j — t)ﬂ
Ky(y; t) = -2 £4i(9),
. nl - =0 nl
cu folosirea mnotafiei de la functii spline:
;- [(#—v)k dacd u >0
(v —o)s = 0 in celelalte cazuri. .
In acest caz, printr-o analizi a Iui K; §i K, putem scrie [2]:
L . (m+1,0) ) ’
R1[f]=g(x — xi)_imf)'l—”: min #; < § < max
~ (2.6)

hid 0, 5+1) .
R[] =TIy~ ) L—22, min y; < 7 < max y;
§=0 (”+1)l i 7
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Se vede ugor ci Py, P, sint proiectori comutativi, adici PP, = Py Py,
iar resturile R;,R, au aceleagi proprietiti. Bazaji pe lucrarea [2] consi-
derim cele doud aproximante extreme

P, ® P, si P,P, - (27)

in care semnul @ indicd suma booleani. Deci orice f € C"+ln+l (Q,) se
poate reprezenta sub formele.

fxy) = (P, ® Pz) [f]+ R1R2[f]§ fxy) = PyPy[f] + (R, ® R,)[f]-
(2.8)

In vederea stabilirii unor formule de derivare partiali numerics, adici
a unor formule care permit si se calculeze in mod aproximativ valorile,
pe anumite puncte, ale unor derivate parfiale ale functiei f printr-o com-
binatie liniard a valorilor functiei pe planele x;, =0 (Z=0,1, ..., m) si
y;i=0 (f=0,1, ..., #), vom putea porni de la formulele (2.8). In cele
ce urmeazd ne vom ocupa de formulele (2.8); in special de prima egalita
te, iar cealaltd se obfine ca un caz particular al-acesteia.

Fie p,q doud numere intregi nenegative, astfel ca si avem 0 < p < m,
]

0 < g < n. Aplicind operatorii de derivare a; si 9 qasupra primei ‘ega-

litdti a lui (2.8), obtinem:

PHf(r,y) _ TP, @ PYI] | 0P TURRIS]
ax* 357 -3y as*0y’

(2.9)
Mai explicit putem scrie

PHfn 3 _ PHERLA | PRI PYUPPYIA | PHITERR) A
a2 ay? P A P a4 97 0+* 3y’

Dacd notdm 7%,(y) = f(x;, v), gi(%) = f(#, ;) si tfinem seama de relatiile '
din (2.1), obtinem: :

F(x,y) = 2 P (y) 0P (x) + ;0 g (@) () —

”

T3S e 9)OPU) + (RRYPILS] (210

=0 ]=:

unde am folosit notatia
oW (1,9) = 9% +7o(x, 9)[02*0y".

In ceea ce priveste restul (R,R,)®9 [f] din expresia (2.10), aplicind
un procedeu folosit de D.D. Stancu [6], sau direct din (2 6), putem
objine urmdtorul rezultat:
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LEMA 2.1. Dacd K(x; s) st Ky(y;t) nu schimbd semnul pe [a,b],
respectiv pe [c, d], atunci ﬁentm pefechea de numere (p,q), vestul formules
de devivare numericd (2.10) se poate reprezenta sub forma

u®) (#) V(Q)(y) :

(RyR,) 90 [f] = T JonLnth(g, ), (2.11)

unde

Ux) = I1(x — %), V() = lj (v — )
Observagii : 1) Condifia ca Ky (x;s) si Ky(y;?) sd aibd acelagi semn
pe [a, 0], 1espect1v pe [c, 4], se poate realiza, de exemplu cind ¢ [a, b],
respectiv y & [c, 4], cu alte cuvinte dacd (x, y) &Q,.

2) In cazul ci p,g iau valori 0 sau 1, iar x coincide cu unul dintre
punctele %, c¢ind p =1 §i y coincide cu unul dintre punctele y;, cmd
g = 1, atunci conditia din lema 2.1. se poate Inldtura [6].

Apoi, daci finem seama de (2.10) sau (2.11), rezulti ci are loc

Lema 2.2. Formula (2.10) este exactd pentru clasa functiilor de forma

”m

sz(y %) + ng(x ) bi(), (2.12)

unde functiile f(y), g;(x) sint funcii derivabile de toate ordinele care
intervin.

Conform definitiei gradului parfial de exactitate date in [6], formula
(2.10) are gradul parfial de exactitate (m,n). Aceasta rezultid ca un caz
particular al Iui (2.12) — si anume cind f;(y) = gi() = 1.

Formula (2.9) ne permite calculul aproximativ al derivatei partmle
Dar procedeul acesta este comphcat filndcd nu intotdeauna derivatele
SfO(x, v), f®O(x, y;) se pot gisi ugor, cu exceptia unor clase de functii
speciale, cum este clasa functiilor care au proprietatea de separare a variabile-
lor, adicd f(x, y) = %(x) g(y). Pentru a Inlitura aceste dificultiti vom aplica
metoda descompunerii succesive.

3. Derivarea prin metoda descompunerii succesive . Aceastd metods se
poate aplica in doud variante:

a) Se aplicd derivatelor partiale SOz, y) si f®Ox, y;) noi proiec-
tori, se obtin formule liniare de aproximare care fac uz de valorile functiei
f pe_anumite refele de puncte de bazi.

b) Se aproximeazid f(x, y) printr-o combinafie liniazd de valorile ale
funcfiei pe punctele considerate iar pe urmid se aplici operatorii de
derivare.

Vom vedea ci cele doud variante ale acestei metode sint echivalente.
"In acest paragraf vom trata varianta b si din echivalenfa dintre cele doud
se objine si varianta a.

Aici trebuie si folosim mai mulfi proiectori de aproximare pe mai
multe nivele, deci trebuie si indic&m indicele de nivel.
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Si considerim urmitoarele doud retele pe dreptunghiul Q,:

Ay = {m}%, Ay = {33}, _ 3.1)
astfel ca
) SR <H< e <A Sh <Y< .. <=4
si
AL = {xk}k 20 Ay={¥i}t0 (3.1°)
astfel ca '

E<HBI<B< ... < <b;0S9<yI<... <Y <4,

pentru orice m,, m,, %, #, numere naturale

- Fie
Uy() = L1 (x — ), Us(®) = I1 (¢ — )
1:0 k:o (3.2)
) =Ilv—. - V) =IIy—s.

~Luim patru familii de functii de bazi atagate celor patru diviziuni;: A},,
A% A, Al constind din polinoamele fundamentale de interpolare ale Iui

Lagrange : ®y;(%), @oi(%), ¢1,(y) $au(y). Cu acestea construim pentru pri-
mul nivel proiectorii: ‘

Palf] = 3ofhs9) Oute Palfl=2ofts ) du(). @4

iar pentru al doilea nivel proiectorii:

Pplf]l = gf(xg: y) Oau(x), Pyu[f] = l”;'of(x: ylz) Dz (y)- (3.4)

Se observi cd din cei doi indici de la proiectori, primul se referi la variabila
asupra céreia se aplicd, iar al doilea indicd nivelul la care se referi.
"Se pot stabili imediat relafiile intre proiectori:

P11P21 = “.P21P11’ PuPzz = P22P11; P21P12 = P12P21:
P13 Pyy = Py Pry. . (3.5)

Tn ceea ce priveste resturile asociate, ele se pot expnma sub forma
urmétoare :

b - . .
U,(#)
—_— . (m’+1,0) L4 (m +1,0)
Rulf) = {Ku(x; f 410G, 9) ds = 2220 flm 410(E,, ),

a

(3.6)

d
: Vs(9)
— . (O:V" +1) ._s—. (o, B +1)
st[f_] SKgs(y,t)f s ‘x, Hdt = P—— !f (% ),
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r,s=1,2; unde Ky, v =1,2) si &, £, 7y, 7. sint definite ca in al
* doilea paragraf Cu acestea putem enunta: -

LeMA 3.1. Pentru orice functie f& C+Lo+1(Qy), unde m = max(my, my),
n = max (ny, ny) avem urmatom ea schemd de aproximare

' fxy) = P(x,y) + R(x,y) = P[f] + R[f]. (3.7)
unde ' .
P[f]l= i\,;fu@u(x ) ba(y) + ngqu)zk g1 (y) —
— 232275 Duls) (o), (3.8)
o’
fa=floi, 91), fu = flxh 93), fu = F(%1, 9))
tar ’

R[f] = Ruolf] + Rualf] + RuRay[f] — RagRys[f]— RyaRy[f]. (3.9

* Aceasta rezulti imediat dacd finem cont de relatiile (3.4), 3.4), (3.5)
si o teorema ddtd de W. J. Gordon [2].

Vom introduce urmitoarele definitii:

Drrinrtia 3.1. Vom spune cd cele doud nivele de descompuneri sint
consistente dacd cele trei grupe de erori

RuRy, Rull — Rul Rull —Rul,  (3.10)
sint de ace1a§1 ordin de mérime, unde I este operatorul identitate.

DrriNrria 3.2. Formula obfinuti prin metoda descompunerii succe-
sive cu nivele consistente se numeste formuld consistentd. :

Lrema 3.2. Pentru myn, suficient de mari formula (3.7) este consistentd.

Aceasta rezultd din faptul ci daci m,,#, sint suficient de mari atunci
Ri[f] si Rp[f] pot fi fdcute atit de mici incit s nu depiseascd pe
[| Rya Rasll-

In cele ce urmeazi vom considera m, > m,, #, > n,, ca si nu avem
multe dificultd$i in evaluarea ordinului de méirime al restului. Cit de mare
sa fie m, fatd de m,, respectiv #, fatd de #,, depinde de ordinul de aproxi-
matie dorit. Un caz concret se obtine cind se iau ca functii de baza functiile

spline cubice [2]. :
' Vom aplica operatorul de derivare D®9 = 81’“”/ 0x? 9y? asupra for-
mulei (3.7), pentru p,g numere intregi nenegative si 0<p <m,, 0<g<n,.
Se obtine ' '

- f@a(x, y) = P@A[f] + ReA[f], (8.11)
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unde pe baza lui (3.8) avem

My B

pPralf] = Esz (D(P) x) q)(q) Z . (D(P) (9)(y) 4

ny Ny

+§32fq O (x) W’ (9). (3.12)

Problema care rimine de cercetat este restul formulei (3.11). In
acest scop vom folosi urmitoarea definifie: .

DrrINITIA 3.3. Pentru orice g € C7+L»+1(Q,) definim
|If1l = max | f(x, y)|. - (3.13)
(% Ny

Vom folosi acum o teoremd din {5, p. 289]

TrOREMA 3.1. Fie punctele de interpolare xy < %, < ... < %,. Dacd
forN(x) este continud, atunci pewtru ovice B < n (k numdr natuval) avem

- "
RO =TT 6 8
unde R,(x) este vestul formulei de. mtemﬁolare iar cele n + 1 — k puncte dis-
tincte t; sint independente de x si verificd inegalitdfile
%< E; < %jgn, §=0,1, ..., n—E
Cu aceasta putem enunta

) TeEOREMA 3.2. Dacd funcpiile K.(u,v = 1,2) nu schimbd semnul pe
[4,b], respectiv pe [c,d], atunce pentm orice f € Cmthmt(Q.), 0 < p < my,
0 <q < ny, avem

I = PU@ | = |R® ()] < eyl fort* T
-+ s,.,.,]lf“’» 1u+1)||(d . C)na-i—l—q -+ Emlpsn,q”f(’”*'"l' nx+1)“(b __a)1n,+1.—p(d _ q)1;1+1—p

+ el Ot (b — @)i=p(d — e

+ Sy |[ [Tl Mt (5 — @)mti=H(d — c)mti=y, (3.14)

unde pentru orice u,v numere naturale s-a folosit notagia
_ Ewy = 1/(s — v + 1)! ‘ (8.15)

' Demonstratia Diri 3.6), (3.8) si conditia teoremei avem

— U im0 Vo) (0, ny+1)
RIf] = =20 o 08y, ) 4 -0 0t mg)
. Ui( )V m1 7y
F T " (B )

_m (m141, ny4-1y Uz(x)V1(x) (g1, 5y 41)
(my + 1) (g + 1)1 U (& m2) — (m 2+1)l(n1+1)lf (F”’m)
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Conditia 1nvar1ab1l1tatu semnelor lui K., (#,v=1,2) pe [a,?b] §1 [e. 4]
ne permite s folosim procedeul dat de D. D. Stancu [6];
gidsim

b

Ua ) (q)( )
R#a[f] = e+ /9 (Ba ) +J’1 frmt(x, v,) +

U(i’) (% V(Q) ) U(p)(x) V(q)(y)
+ (m1 + 1)ny + 1);f(m‘+‘ (€, 0g) — (my + 1)1(n, + 1) L (B 712)
U(P) () (@) (%
ot 010+ 01 B ) - 619

fn virtutea teoremei 3.1 si definitiei 3 3 obfinem evaluarea (3.14).

CoroLARUL 3.1. Dacd functia f are derivate parfiale continue de ovice
ordin, atunci pentru myn, fixate st myn,> my + n, - 1, avem

[R® 9| < M[(my + 1y + 2 — g — p)! (3.17)
unde M este o constantd depinzind numai de f st Q,, adicd
M = M(f; a, b; ¢, d).

COROLARUL 3.2. Dacd m, = m, = m, Ny = ny =0, atunci avem urmd-
toavea formuld de devivarve ;bm',tmlc‘i numericd de tip produs.

f9(x, y) EZﬂ;‘D‘”’(x W) + R*? [f1, | (3.18)

unde

(q)o,)
R® q)f (m+ 1)|f(m+1 ) (g ) + Y f(?. + )(x "))

U® (%) bratil ()
— mf(m+l. #+1)(E, ) (3.19)

care a fost gésiti de D. D. Stancu [6] pe alti cale.

Deci cu formula (3.12) putem calcula aproximativ derivatele parjiale
ale funcfiei f pe orice punct exterior lui Q, cu o eroare dati in (3.16).

Observagie. Domeniul de valabilitate al formulei este in general, dupd
cum. am precizat inainte, exteriorul lui Q,. Totugi, In cazuri particulare,
se poate aplica §i pentru puncte interioare ale lui Q,. Se poate chiar ca
punctul de derivare si coincidd cu unul dintre noduri (observafia a doua
din paragraf doi). ‘

~ In ceea ce priveste cealalti varianti de a construi formule de deri-
vare parfiald numericd, vom face urmitoarele observafii:
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‘Pentru » = 1,2 avem

DO.9P,[f] = P;,DO9[f], D& OPy,[f] = P;,D(?- O[f]
' | (3.20)
DOOR,[f] = Ry, D@ 9[f], D®OR,,[f] = Ry, D®O[f],

unde D® 9, pentru p,q intregi nenegativi, este operatorul de .derivare
definit mai fnainte. Deci, se a]unge la aceeagi formuld dacd se foloseste
si varianta a.

Pentru funcj:n cu un numér de variabilé mai mare ca.-doi putem con-
strui In mod analog formula de denvare parfiali numerici.

Aceastd metodid cere un numaér mare de puncte de bazi pentru ca
si.obfinem o aproximatie buni, ceea ce implicd sd se efectueze un numéir
foarte mare de calcule; aceasta.se poate reahza cu agutorul calculatoarelor
electronice de mare vitezi:

4. Exemplu. Vom prezenta acum o aphcatm la caleulul cu aprox1mat1e
al derivatei partiale de ordinul (1,1) al unei functii de doud variabile.

Sa cons1deram Qz [0,11%x[0,1] si retelele de puncte ¥ =9y5=0,

=y =12 s=9=1, pentru nivelul intti si 42 =93 =0, 23 =31} =
=13, 22 =4y = 2/3 %3 = »5 = 1, pentru nivelul al doilea. Atunci, con-
form teoriei ficute in paragraful trei, obfinem pentru derivata parfiald
de ordinul (1,1) in origine formula de aproximare:

‘ f1(0,0). =~ P%1(0,0),
unde

PG1(0,0) = 3[6(0,0) — 97(0, 7] + 5 /(0. 2] - «n>94—Q+
R(EUR R R R R E R
+f(5 )= 210 )+ or(E 1) =4[ )= A2 |+
+ [0 =9 (L 3)+ 2A(L 2] ALY + 2A0.1) — 97 (5. 1)

~ o) 3o(3 1)

Pentru- delimitarea erorii se obfine inegalitatea :

IR D]} < (2L f®9]] + 2L£09]] + SI17@]] + |1/ ]] + 1o 9]).

(Intrat in redactie la 10 martie 1975)
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NUMERICAL PARTIAL, DIFFERENTIATION OF FUNCTIONS OF SEVERAL
VARIABLES

(Sumina.ry)

In this paper the author has constructed a new general formula for the numerical

partial differentiation of functions of several independent variables of interpolatory type.
This formula has been obtained by using the method of succesive decomposition and is
based on a method for multivariate interpolation of W. J. Gordon [2], [3].
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EXTENSION DE LA FORMDLE DE QUADRATURE DE NEWTON
D.V. IONESCU et P. PAVEL
D. V.Ionescu a fait une théorie de la formule de quadrature

de Newton [1] en partant de la formule de quadrature avec les noeuds
a,%.,b de degré d’ exactitude au moins 2, qui pour f € C® [4,b] est

5 x1_2a——b . xl—-a+2b
{ Sy = P — > fla) + PP - - (‘;"’_ —/m) " [+
+{o@ s man (1

a

Dans cette formule la fonction ¢ s’ obtient par un probléme aux limites.

2b
Pour x, = et

la formule (1) se réduit & la formule de type Gauss avec

le noeud a et le noeud at2

gf<x) =272 fla) + 7 (7)) + Sb@(x)f’”(x)@ @

D’ aprés le cas général étudi¢ daus le travail [1] la fonction g est positive
sur l'intervalle (2, b) et on a

h

— b — a)t — a)* ‘ .
.Scp(x)dx=( L Gl ¢

36 -6 216

a

% + b
POIII x1= a+

, la formule (1) se réduit & laformule de Gauss
%2 + b '

avec lle noeud b et le noeud

_b— ap(2a+ B - R

gf(x) =~ 0 + 5 ()] + gcp( R)f"(3)d @

D’ apreés le travaﬂ cité [1] la fonctlon $ est négative sur l'intervalle (a, b)

et on a ‘ .
b

(aan =

[

_pb—at
218

(5)
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En ajoutant les formules (2) et (4) membre & membre on obtient
la formule de quadrature

“[f(a) + 3f (

b

{fa)ax =

a

2+ () ]+ RUT O ©)

olt

Nous sommes arrivés 2 la formule de Newton dont le degré d’ exacti-
tude est 8, parce que d'aprés les formules (8) et (5) on a.

b .

{ 13(2) + F(s)12% =0 | ®)

Si f = C%[a, b], on peut mettre l¢ reste de la formule sous la forme
b

R = 4@V (wdz. - ©)

a

et d' aprés ce qu'on sait [1] la fonction ¢ est négative sur l'intervalle
[@,b] et on a

) :
(b — a)

S¢(x)dx T a0

a

(10)

ce qui montre que le degré d’ exactitude de la formule est 3.

Nous avons eu l'idée de construire, en suivant la méme méthode, une
formule du type Newton (6) mais olt les noeuds intérieurs sont multiples
comme dans la formule de quadrature de Turan [3].

Nous traiterons dans 1l'avenir le probléme en général mais pour voir
T'intérét d'une telle formule nous 1’ exposons dans ce travail seulement
pour le cas des noeuds intérieurs triples.

Nous montrerons qu'une telle formule a le degré d’exactitude 5.

1. Considérons pour commencer la formule de quadrature de la forme
Sf(x)dx = Af(a) + Cf#%) + Cf'(x1) + C'F"(3) + BA(B) + R[f] (11)

oil ¥, € (a,b) .et les coefficients 4,C,C’, C”, B se calculent de maniére’
que R[x”]:Q, pour k=1,234 o

Nous calculerons particuliérment les coefficients 4, B qui seront impor-
tants pour ce travail,
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En procédant comme dans l'introduction de ce travail, remplagant
dans la formule (11) la fonction f par f(x) = (¥ — 0)(x — x,)® et ensuite
par f(x) = (x — a)(¥ — #;)® nous aurons :

A — a)(x, — a)? = \ (x — b)(x — x,)%dx. (12)

et

B(d — a)(b — x,)? = S (x — a)(x — x,)%x. . (1A3)

ce calcule donne

4= 2<jliaa)a,{(_"1'.“ aft — (b — a)(r — @) + 5 (b — a)*{m — @) — (b—a)a}
(14)
.

20 — %) {(b — %) — (b —a)(b — x,)% % (0 — a)(b = %) — 1_16 (b—a)a}

2. On peut choisir %; de maniére que 4 soit nul. Cela a été montré
en général par D. V. Ionescu dans le travail [1]. On obtient
I’équation

(12— @) — (b — @)t — @t + 1 (0 — sy — @) = (0 — ap = 0

qui a une seule racine réelle comprise entre @ et b. En posant

% —a=(b—an
on a l’équation en # -
s _grp ty 1 o
u® — u? 4 4T 5 0 (15)

" dont la seule solution réelle est

1 140 ‘ B) — . /6)
1 _3_0{\/50(— 2 + 3 4/6) — \/50(2 + 3 /6);

Uy

Il

ce qui donne
=a+ (b — a)u, (16)
3. On peut choisir aussi. %, de maniére que B soit nul. On a
(b — 2 — (b — a)(b — 2)* + 5 (b — afi(b — m) — (b — )t =0
(17)
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En posant

. b— % =(b—a)

on a l’éguation
1 1

-2t -y —=—=0
+2 .10

qui est identique a I'équation (15). Elle a une racine v; = #, réelle comprise
entre a et b

Donc
X=b—(b—a) vy =0b— (b— au

Les noeuds #, Z sont symétriques par rapport au milieu de l'inter-
valle [a, &].

Gt r=(04a) (18)

En prenant dans la formule de quadrature (11) x; = %; que nous désig-
nons toujours par x;, la formule (11) devient
b’ b

[70adx = Cuflm) + Cif () + CL L") + BAO) — ( @)/ O(x)dx
’ (19)

a

On démontre que la fonction @ est négative sur lintervalle [a, b] I1
b

est utile de calculerScE(x)dx.

En posant dans Ta formule (19)

_(x—x)'(x—b)
fo) =——
nous obtenons
b

fomar = — BT — 20— o — m) + 5 0 — w0 —a)t —
—Le—mpp - L e—mre—ad 0
En remplagant le noeud x; par ?vz nous avons la ‘formul'e"
(A()in =4 f@) + Co flza) + Cif () + CE'f" () — (0() 7 ().

(@)
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oit la fonction ; est positive sur lintervalle (, b) et hous avons
b

fotain = L[0T+ 26 — 0t — m) + B —a)f @ —m) +

+ 50— 2 + (@ — =) ETH

En ajoutant les formules (19) ét (21) nous obtenons la formule

(/m)x = L 14f(@) + BAO) + Cuflm) + CLr'(m) + CLf" (i) +

12

+ Co flm) + Cif'lm) + Y ()] — | P22 o (o)

En tenant compte de la propriété (18) on voit que

b_ — . . . : .
S‘P(x) + ¢(®) dx =0 -
2

a

ce qui montre que la formule de quadrature de Newton-Turan (22) ale
degré d’exactitude au moins 4.

On démontre que cette formule a le degré d’ exactltude 5 parce qu'en
remplagant f(x) par (¥ — #;)%(x — #;)® on obtient la formule

61| ¢ (x)dx = (b — a)7[§) +2lou'§]aé 0.

(Manuscrit regu le 9 juin  1975)
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O EXTINDERE A FORMULEI IN CUADRATURA A LUI NEWTON"
(Rezumat)
In aceasti lucrare se conmstruieste, dupd metoda folositi in [1] o formuli de cuadra-
turi de tip Newton, in care nodurile interioare sint multiple. Rezultatele obtinute sint

prezentate in cazul nodurilor interioare triple. Se obfine formula de cunadraturd (22} cu
gradul de exactitate 5. -

5 — Mathematica ~ 1976
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AN EFFICIENT REALIZATION OF AN AILGORITHM TO COMPUZTE
THE FIRST EFFICIENT POINT OF A LINEAR MULTIOBJECTIVE
PROGRAM

L. MARUSCIAC

1. Introduetion. Let 4 = (a;;) and C = (ci;) be mXn and kX#n matrices
and b, ¥ = R” column vectors. In this paper we use the following convetion
for vector inequalities. If #,v € R", then

uw S uu<<v)iff Vie{l,2, ..., n}=>u v (4 <v);
u <v iff w Sv and u# v.
We denote: S={xr s R*:4dx=10b; x = 0}.

DrrFiNITION 1. A point x° € R”is an efficient point of S (W1th respect
to C) if .

@ =« e=S;

(ii) there is no x & S=Cx> Ca®.

" Let E be the set of all efficient points, called efficient set (Wlth respect
to C).

In order to compute E a general algorithm has been given recently
by J. P. Evans and R. E. Stewer [1]. This algorithm has three
phases.. In phase 1 one proceeds to a basic feasible solution (b.f.s.) if
one exists or terminates if the problem is inconsistent. Phase 2 of the
algorithm proceeds from a b.f.s. to an efficient basis if one exists or detects
that E = . At each interation a linear programming sub-problem is used
to. test for efficiency of a b.f.s. Once the first efficient basis has been
identified, in phase 3 one enumerates the list of efficient b.f.s. by means
of another sub-program to test for efficiency of an adjacent b.f.s.

The purpose of this note is to give a new method for realization of
phase 2 of the latter algorithm. In this algorithm no sub-programs are
needed as in options 1,2,4 and 5, p. 66—67 of [1] to test for efficiency.
There is a strong connection between our method and the sequential maxi-
mization idea of [1]. The difference consists in the fact that in this method
one can always find an efficient extreme point if one exists or terminates’
with the indication that E = @, without comstructing the sequence S,
S1 +.., S, of sequential maximizing subsets of S (see [1], p. 64).

Generally the notations and definitions we will use will be the same
-as in [1].

2. Efficieney eriteria.. By renumerating variables if necessary and
partitioning 4 and C, we have

%p = B-1b — B~ Nzy, 2 = CgB~1 — (CzgB~IN — Cy) zy,
where B and N denotes respectively basic and nonbasic column vectors
of 4. Denote: ) :
D = B-N, R = — (CygB~IN — Cy); @ = B-1, r = CyB~%
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and assume that xy = (%1, ..., %s-m)", %p = (Fa-m+1-.., %,)7. For the
present pupose it is convenient to express our mult1ob]ect1ve program
in the following s1mplex-11ke tableau

—%y —%g +o. —Xp—m 1
Xp—m+1 = du d12 e dl,n—m. d:l
Xn = dml dmZ . e dm, n—m dm (1)
%4 =| *u %12 Y, n-m| ¥1 :
2y = Yri ¥r2e oo Pron—m| ¥y

We will use the following- efficiency criterion. which can be derived
from Lemmas 2.1, 2.3 and Corollary 2.2., p. 57 of [1].

THEOREM 1. Let 2°(0,d) (4 2 0) be a b.f.s.in S. Let Q = {s: Xy = _0}=
= {i:d; =0}. Then x° € E if and only if
Ru <0, Do 20, # 2 0 (2
8 inconsisteﬁt, where
DQ—(du) 1€Q,7=12 ..., n—m.

Remark 1. If . x° = (0,d) is a nondegenerate b..s., then Q & and 2
becomes

Ru <0, u=0. - (2)
Row-vectors and column-vectors we denote:
@ = (s ey diynen) 49 = Ay .., d)T,
= (i, «.., 7 ;,_,,, , v = (71,-; cees i)

Levuma 1. If dn (1) there exists h.s {1,2, .. .,m}‘ such .that d, <0
and d* z 0, then S =10 (i.e. the problem s inconsistent).

Proof. From (1) we have that

v

Kp—mih = — A%y + 4y < 0, Vay =0,
ie. S=0. '

LeMMA 2. Assume that d Z 0. If in (1) there exists s < {1, ..., n — m}
such that r* <0 and d° <0, then E = O (each criterion is unbounded).

Proof. We consider _
% =t>0, ,=0,7<{1, ..., n —m\{s}. - (8)
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Then .
Vi€ {L2 .. M} = Tpmpi = — di +d; 20, V>0 4
and ' '
()= —rt+r;—>+4+ 0, t >4 00, 2=12 ...,k

In what follows we will assume that Ss¢ J (i.e. the problem is consistent)
and therefore that 4 2 0.

Levma 3. If there exists s € {1, ..., n — m} such that r* < 0,45 20
and FH,<€{1,2, ... .k} 720, then E =D (criterion z;_is bounded).

Proof. We consider again xy € R*~” as in (3). Then from (4) it fol-
lows that %, 20, j=n—m~+1, ..., n, V¢>0, and if 7;;, <O

2,(t) = —rit +7; > +c0, t > 0.

But from assumption 7 < 0, so at least one such a coefficient 7, <O
exists. Since 7;; = 0, we have :

max zi (%) = 7.

Therefore £ =@ and z; is bounded.

LuEmMA 4. If there exisis 1 < {1,2, ..., k} 2 7" > 0, then 2° = (0,d)
e E. . _
Proof. If vi* > 0, then it is clear that the system
Ru <0, uz0

has no solution # € R"™, and from Theorem 1 it follows that x° <
e E. -

Let 43,85 ..., 4, (1 £ 5 £ k) be distinct numbers of {1,2, ..., &}
such that :

7.5 20,7 e]o'=.{1,2, ces b —m}, Jy=1{j € Jo; ;5 =0},
720, 7 € Ju Ja={j s J1:7ig=0}

Y 20,7 € Jpmo Sy =17 € Jp-1:75;= 0}
Obviously Jo2J;2 ... 2 J

(OL;))MM.%S If JuJo ..o Ja—1 are not empty and J, = O, then x° =
=3 , (=] . .

Proof. If x* = (0,d) & E, then there is % = (%5, £p) = S such that
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Let H = {7 € Jo: Zsi > 0}. From (6) it is clear that H# . First
we prove that H < J,. Indeed, if there is h € H\J; then from 7;, >0
it*follows .

7’" "'\”S E 71,]«”5] > O

which contradicts (B). Therefore H < J;. Denote by
' s=max {{ €{1,2, ..., B}: H < J}.
Then we have 1 £ 5 </ and Jo1# Jo

Since

g >0 7T\ Jon
Pt xB—E ¥;

s+1j25j >0,

which again contradicts (6).
From the proof of Lemma 6 it follows

CorOLLARY 1. If Jy.Ja ..., Ju—1 arve nonempty then x° = (0, d) € E.
As a special case of Lemma 5 we have

CoROLLARY 2. Let 7+ >0 and J,= {] € Jo:r=0} If there is
s = {1,2, ..., B} \ {¢} such that Vjie Ji=>r5>0, then 20 = (0d) =
e E. o

Ievma 6. If Ji,J0 - Ju-v Ja are‘nonemj:ty and Is € J, o Vi €
{12, ..., B} \ {lnta ..., G} =7 <0 and d° £ 0, then E = O (func-
tions z;, i iyt ..., %, are unbounded on S).

- Proof. It is similar to the proof of Lemma 2.
Denote by .
Sy={y:6;,y=max {o,5:% < Sidh B=1L2 ..., k Sy=S5.

LEMMA 7. If JuJo .., Jy—yare nonempty and criteria 2z, 1. € I =
= {12, ..., B} \ {Int ..., t4=1} ave unbounded on S,-,, then E = O.

Proof From the definition of S, it follows that S, = @. Now, if
P ..., P, is a set of positive weights, then the function

Z?izi(x) 2 min z(x)
iel tel .
is unbounded on S,-;, and from Lemma 4.5, p. 65 of [1], it follows

that E = .
Summarize these results we have
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THEOREM 2. Lot A,C,b,S and E bé as defined in introduction. Then
after a finite number of Gauss-Jordan elintination steps we obtain an efficient
extreme point if one exists or we terminate with the indication that E = @.

3. Deseription of the algorithm. In describing the algorithm which
follows from Iemmas 1—7 it will be assumed that the vector x contains -
any artificial variables which were added to aid formation of an initial
basis as in tableau (1). The general outline of the algorithm is as follows.

Step 1. Starting from an initial basis proceed do a b.f.s. if one exists
or terminate if the problem is inconsistent (Lemma 1).

Step 2. Set ¢: =1y, Jii=Jo={L2 ..., n —m}

Step 3. Maximize 2,(x) = — ; ri%j + 7; on S. If max z; <40 then
go to Step 4, else go to Step 5. '

Step 4.Set 1:=1d;q Jii= Jisa={i e],. » _0} I ., =0
or t+ 1 = % then terminate, x° = (O d) €« E (Lemmas 5,7 and Corol-
lary 1), else go to Step 8.

Step 5. Verify the conditions of Lemmas 2,3 and 6. If the conditions
are satisfied then terminate E = ¢, (at least one criterion 2; unbounded)
else set ¢: =14;,.,, J;:=J; and go to Step 3.

Remark 2. To maximize 2; = 21’,,76 -+ 7; it means to ,,positivize”

the coefficients 7;, 7 € J; in Tableau (1) by a number of Gauss-Joxrdan
elimination steps.

Remark 3. Generally we obtain another efficient point if we start
1nstead of z;, with another criterion z2;

Example. Find an efficient point of the criterion fﬁnctions

: 2y = Xy — Xy, 2 = — %1 -+ 2%,
subject to ' -t

— %t %=L %t 2
% — %=1, 2, 20, %, = 0.

Starting from the simplex tableau

_xl —’xz 1
x4: 1 1 2
Xe=| 1  —I 1.
2 =|—1 1 0
22: 1 _‘2 0
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with b.fs. #° = (0,0,1,2,1), we maximize z,. After 4 Gauss-Jordan step
we obtain :

—xs _xz 1
%=1 1 0 2
%, = |—1 2 1
= 1 —1 1
z=| 1 0 1
Z, =|—1 —~1 —1
bis. xl_ (1,0,2,1,0) & E because 7y = — 1 < 0. So we’ max1m1ze 22'
= %, — 1. After a new Gauss-Jordan step we have
—x5 —x° - 1
%3 =] 1 0 2 -
x, = |—1/2 1/2 1/2 .
% = 1/2 1/2 . 8/2°
zy=| 1 0 1
2o =|—8/2 1/2 —1/2

As Corollary 1 shows b.i.s. x% = (3/2, 1/2, 200) € E.
If we maximize z, we obtain

— Xy — %y 1
x,=| 1/2 1/2 3/2
X = |—1/2 1/2 1/2
7= |—1 0 -1
2z, = | 82 1/2 5/2

and from Lemma 5 it follows that b.f.s. x3 = (1/2,3/2,0,0,2) = E. It is

clear tha in tis case there is no other efficient extreme point. So E =
= [#257]

(Received  Septowber 10, 1975)
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O REALIZARE EFICIENTA A UNUI ALGORITM PENTRU CALCULUL PRIMULUI
PUNCT EFICIENT INTR-O PROGRAMARE LINIARA CU MAI MULTE FUNCTII DE
SCop

(Rezumat)

Se dd o nouid metodi pentru determinarea primului punct eficient intr-o problemi
de programare liniari cu mai multe functii de scop. In algoritmul prezentat se eviti com-
plet folosirea unor subprograme pentru testarea eficienfei la fiecare iterajie, cum se intimpls
in alte metode cunoscute. Algoritmul 'permite totdeauna determinarea unui prim punct
eficient extremal (daci un asemenea punct existi), sau se opregte cu indicatia cd multimea
eficientd E = . Pentru determinarea altor puncte eficiente extremale adiacente se poate
folosi, de exemplu, algoritmul lui J. P. Evans §i R. E. Steuer [1].
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REPARTITIONS CUMULATIVES

ELENA OANCEA

I/article présente le probléme pratique de déterminer la répartition
d’une caractéristique X étant donné un échantillon stratifié. C'est a dire,
soit '

(@) - 1. E=1, ..., 7

les valeurs d’échantillon correspondant & la classe %, pour la caractéristique
X. On cherche la répartition théorique. de la variable aléatoire dont I'’ensem-
ble des valeurs: est la réunion de toutes les valeurs d’échantillon.

I. Le eas discret. Soit X et Y variables aléatories discrétés, définies
suf le méme espace de probabilité (Q, K, P), avec la répartition res-
pectivement :

. x.
X(f’:')i=1, et

Y(Z';:)j=1, S

La variable aléatoire cumulative Z des variables X et Y est définie
sur le méme espace de probabilité (Q, K, P) avec I'ensemble des valeurs

Az i=1, ., B ={x, i=Ln}U{y,j=1 ..., mh
ott h < n + m. :

,nk;

(1)

Pour déterminer la fonction de répartition de la variable aléatoire
cumulative, soient les repart1t1ons données par (1).

1. On considére le cas oit x; € [4,0], 1=1, ..., n, y;€[c,d], j =
=1, ..., m, [a,0]N\[c,d] =, etx <wypi=1 ..., nj=1 ..., m
. Alors la répartition de Z sera '

(xpi)k 1,..,n+m,

olt I'ensemble des valeurs z, k=1, ..., n+ m est en fait'la réunion
des valeurs ordonnées des %, 1 =1, ..., n, vy, =1, ..., m.

Pour les probabilités ¢, k=1, ..., n 4+ mon a

Prorosrrion 1. Les nombres donnés par

l—ﬁﬂl—;,k=l, ve, M,

ny + my

Th=nt L E=n+1, ..., m

n1+m1

Pl'v=l

ot ny, m, est respectivement le dénominateur commun des p;, /) constztuent
le systeme de probabilités de la répartition de Z.
"

On voit facilement que pj>0, k=1, ..., n4m, et), p, =
. 1 .
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PROPOSITION 2. La fonction de répartition de Z sera:

0, %< 2
Fy(x) e S <% <y
Fyy =4 = mtm N
FX(x) 1 : +FY(x) 1 ’ _'yl<x< ym
ny +my oong 4oy
1, _ X < Yy

ouw Fy, Fy sont les. fonctions de vépartition de X et Y.

Evidemment on peut construire la fonction de répartition dans les
-mémes conditions, pour le cas de plusieurs variables aléatoires discrétes.

2. On suppose que les variables aléatoires discrétes X, Y ont les
répartitions données par (1), ot x; = [a,8], =1, ..., n, ¥y; = [c, d],
et [4,0)]N [c.d] # D. Alors la répartition de Z sera

k]

2.
( ‘/) » h <n + m,
Pi i=1, ...,k

Coftr z; = x4, ou z; = y;, ou z; = x%; = ¥,, les valeurs z; étant ascendantes.

PrOPOSITION 3. Les probabilités p. de la répartition de Z sevont:

pim s
, sloz; = x;
7y + ny
Cpi={ T sa—y
T _—, i = J'
%y +my
L
motmy ARG

h
On vérifie facilement que $}> 0, ¢ =1, ..., het ), pi = 1. La fonction
1

de répartition de Z dans ce cas s’écrit analoguement comme dans le
cas précédent, étant connues les wvaleurs z;, 2= 1, ... A, ascendantes.

3. On considére le cas oft les valeurs des variables aléatories discrétes
X, Y données par (1), satisfont les conditions

% s [ab],y;<[ab] t.j=1 ..., n({m=m)
xi =y", 'i=1, .-., n,

et X et Y sont indépendantes?.

1Te cas ol X, Y ont les valeurs dans [g, b], mais ¥; # yj, alors la répartition de
Z s’obtient comme au point 1, respectivement 2, si quelques-uns de x; = y;.
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ProPOSITION 4. La fonction de vépartition de la variable aléatoive Z
sera ’ ' i

0, . x < % =Y
Fy(x) = Fy(x) + Fy(x) — FX(x)FY(x)) zk=<1x < xk;'l_ i 3

)

1% . : ’x>xn=.yn' .
La fonction de répartif:ion F, peut étre exprimée aussi avec les proba-
bilités p;, 'g;, 4+ =1, ... n, sous la forme
’ L k k k
o Fa(x) =i=l'f’i +; 9 _;?ii;qi
% <% X k=1 ..., n : 4)

"Démonstration. On voit immédiatement que F, est une fonction de

repart1tlon parce que par construction il résulte qu’elle est nondecro1ssante '
continue a4 gauche et

lim Fy(%) = 1, lim Fy(%) = 0.

Py X+ — 0

Pour vérifier que F 7 est nondécroissante, aoit x' < x”, #', " € R

et &' € (x;, %], 2" € (xj, %) a<4, kR j=1, ..., n. Alors de’
(4) i1 résulte

Py — Folt) = 33 1 —Eg,)+2 aft- )

1
On voit que quelconque sera j, k=1, ..., n
Fy(x")— Fy(#)> 0. | ()

Si‘a', &' € (%, %, 1], alors. Fy(x") — Fy(x') =

Pour %', x"" & [a, ], I'inégalité (5) reste valable. Donc F, est nondécrois-
sante. Par construction F 7 est. contmue a gauche pour v = R.

Les probabilités p; = P(Z = x,), k=1, ..., n peuvent étre calculees
avec la fonction de répartition F,:

b= P(Z =_xk) = Fy(%,11) — Fz(%,) =
Pl =g — @) + (1 =1 — ... — P,
k=1, ..., n . |
On 'ﬁoit que $:2 0, k=1, ..., n et

;?IL = 1 — %2?; _'Qz;ﬁi T oeee T qnﬁn +

+qx‘+'qz'§;b,-+ e+ qp,=1.
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Par conséquent ph k=1, ..., n constituent le systéme de probab111tes
de Z, c’est & dire la répartition de Z sera:

(k)k__l

Remarques. 1 La répartition de Z ainsi obtenue correspond 4 la maniere
de comstruction de la variable aléatoire cumulative du point 2, oit x; =
= y;. En fait, dans ce cas, on avait

Pl = mp; + mg;
7y -+ m,
et on voit que les quantités associées 3 p,, respgctivement agq:
L my

4
7+ my #ny + iy

sont dans cette formulation respectivement :

1"(91"".--- +a), 1— (pr+ ---“f”ﬁi—l)-

'2. Analoguement on peut construire la répartition de la variable cumu-
lative Z dans le cas de plus1eurs variables aléatoires X,, ..., X, indé-
pendantes.

3. Le procédé peut étre utilisé aussi quand l’ensemble des valeurs’
des variables X;, ¢ =1, ..., 2 k> 2, est infini, mais dénombrable,

II. Le cas eontinu. 1. Soient X, Y variables aléatoires continues avec
la dénsité de probabilité, pour X :

fi%), % = [a, 8], 0, x & [a, D],
et pour Y: '

fo(%), x € [c, d] 0, » & [c, d]
On suppose que [a, 8] U [c, 4] =

TaforREME 1. La variable aléatoire cumulative Z aura la densité de
probabilité f donmée par:

ki fi(%), % < [a, b]
f(#x) =\ kafa(%), x < [c d] (6)
0 , x & [a 0] U [c 2,

kl—]ZIIL kz—-hz/L L—h1+k2, h]_:b‘_"a kz d—c
Démonstration. On voit que f donnée par (6) satisfait les conditions:

f(x)= 0 pour x € R, et Sf(x)dx =1,
‘ ' . R



REPARTITIONS CUMULATIVES ' 5%

parce que
(alax =1 (Amis=1

donc f est densité de probabilité.
Un cas particulier est le suivant: Soit X avec la densité:
A#), xe[n Bl 0 %g[wpl [40]C [l

et Y avec la densité

L%, z=[v3, 0, x&[v,8] et [6d]C [y, 3]
La variable aléatoire cumulative aura la densité de probabilité donnée
par: .
kifi(x),  x <= [a b]
J(x) = kafo(#), x < [cd] .
0 , x e [a, 0] U [c dJ
ot [a,8](N[c,d] =20, et

by =hyfol, ky=rIufo,l, hi=b—a, hy=d—c, L =Dh+h,
d

= §f1(x)'dx, Uy = sz(x) ax

a

2. On considére les variables aléatoires X et Y données au point précé-
dent, et on suppose que [a, b} [c, 4]# . Pour fixer les idées, soient les
points a, b, ¢, 4 qui déterminent les intervalles [a, 0], [¢, 4] situés comme
il suit: '

‘a c b d
Alors on a: .

THEOREME 2. La densité de pwobabzhte f de la variable aleatowe cumula-
tive Z sera:

S

ko f1(%) ’ x < [a, c]

_ Bio[ f1(x) + fa(%) 1, % < [c b]
) = k:fz(x) T rebd
, % & [ad],

01«“ k1 = hI/UIL k12 == hm/me k2 = hz/sz hl =c— Q, hlz = b — C,
d_b L—h1+h2+h12,

=(Awax v15=grf1(x> + Az v = Al ax

4
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3. Le cas ot X a la densité _
Ax), z<=[e Bl 0, % [of]
et Y a la densité = '
falx), % <= [w Bl O, x-& [o B]
et soit lintervalle [a, 8] C [«, B], alors:

THEOREME 3. La variable aléatoire cumulative Z aura la densité de
probabilité

[fi(%) + fe(#) ], % < [a,b]

f(x) = {”‘* U2
' 0 , % & [a,b)],

b

0= Ailx) dx; szm dx.

a

Dans le cas [a, b] = [a, B], Ia denszte de probabilité de Z sera:
B {llzm(x )+ L8] % < [a B]
f(x) - 0 , x [0( B]

4. Soient X et Y variables aléatoires indépendantes dont les dens1tes
de probabilité- sont f;, respectivement f,. Alors:

THEOREME 4. La vm'mble aléatoive cumulative Z aura la -densité de
probabilité :

fx) = fi(x) + folx) — [L(#)F:(%) + fo(x) Fi(#)],
% € R, (7)

on F,, F, sont les fonclions de vépartition corvespondantes a X, respecti-
vement @ Y. .

Démonstration. On voit que f(x) > 0 pour ¥ € R, parce que
fHx)Z20 fo(x) 20 et 0 <Fy(x) <1, 0< Fz(x) <1 x<€R
Alors quelque soit ¥ = R, on a:
Si(%)F3(%) + fa(x) Fu(2) < fi(#) +f2(x)

c’est a4 dire f(x)> 0
De I’'intégrale

Viwan = { 100) + Ax) — 400 Fa() + A Fo(0)]1d
R R '
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il résulte-
S Ax)dx =2 — S A[Fy(3) Fa(9)] = 1.
R . R

Donc f est densité de probabilité.

Remarques. 1. La densité donnée par (7 peut étre écrite aussi sous
la forme

f#) = fi(x) [1 — Fyo(x)] + fo(%) [1 = Fa(2)].

2. Pour X, X, Xa variables aléatoires 1ndependantes avec les densités
respectivement f;, f., fs et les fonctions de répart1t10n Fy, Fy, F,, la
variable aléatoire cumulative Z aura la densité:

f(%) = £1(%) + fol#) + fs(x) = [ful#) Fal#) + folx) Fa(x) +
+ £s(®) Fa(#) + £(#) Fo(®) + folx) Fa() +.fo(x) Fo()] +
+ /1(#) Fo(x) Fy(x) + fo(%) Fi(#) Fa(x) + fo(x) Fi(x) Falx)
x € R.
Analoguement ou peut construire la densité dans le cas d’'un nombre -

%k de variables aléatoires indépendantes (& > 3).

(Manuserit regu le 23 juillet  1975)

REPARTITII CUMULATIVE

(Rezumat)

Se definegte variabila aleatoare cumulativi prin reuniunea mulfimilor valorilor unor
variabile aleatoare date. Utilizind, in cazul discret, probabilititile corespunzitoare variabile-
lor cumulate, jar in cazul continuu, densitifile de probabilitate, se construieste repartitia
variabilei cumulative, respectiv functia de repartitie, pentru diferite situatii posibile,

Problema repartifiilor cumulative prezintd mare interes in practica statisticii.



IN MEMORIAM

ACADEMICIAN TIBERIU POPOVICIU

In ziua de 29 octombrie 1975 s-a stins din viatd academicianul TIBERIU
POPOVICIU, ilustru reprezentant al scolii matematice roménesti, profesor la Facul-
tatea de Matematici a Universitétii ,,Babes-Bolyai“ din Cluj-Napoca.

Nascut la Arad la 16 februarie -1906, isi manifestd talentul sdu excepfional
inci din frageda tinerete, devenind, incd de pe béncile liceului, unul dintre cei
maj activi colaboratori ai ,,Gazetei Matematice“, editind el insusi revista ,Jurnal
matematic* care a ajuns sd fie cunoscutd peste hotarele {arii.

Dupa obtinerea licenfei in matematici la Bucuresti, intre anii 1927—1930 este
elev al Scolii normale superioare din Paris, Tot la Paris, in anul 1933, obtine titlul
de doctor in matematici cu teza Sur quelques propriétés des fonctions d’une ou
de deux variables réelles in care introduce nofiunea de funciie convexd de ordin
superior, care s-a dovedit fundamentald in teoria aproximarii functiilor.

Intors in tard, Isi pune intreaga capacitate si intreg talentul in slujba dez-
voltdrii invatdmintului matematic roménesc, urcind toate treptele universitare
la universitdfile din Cluj, Bucuresti si Iasi. In anul 1946 se stabileste definitiv la
Cluj, unde a creat o prestigioasi scoald de analizd numericd binecunoscutd si apre-
ciatd in intreaga lume matematicd. In acelasi timp si-a adus o contributie deose-
bitd la organizarea inva{dmintului matematic, in calitate de decan al Facultidtii de
matematici si fizied din Cluj intre anii 1950—1953 si sef al Catedrei de analizd
pind in ultimii ani ai vietii.

. Ca o recunoastere a meritelor sale stiintifice deosebite, in 1948 este ales
membru corespondent al Academiei Roméne, iar in anul 1963 — membru titular.
In aceasta calitate a organizat si condus Institutul de Calcul al Filialei Academiei
din Cluj-Napoca, la baza activitiiii cdruia a stat ideea de integrare a cercetdrii
matematice cu productia, idee pentru care academicianul Tiberiu Popoviciu a
militat cu deosebitd energie si competenta in timpul intregii sale vieti.

Ca savant, a contribuit la cresterea prestigiului matematicii roménesti in
lume, prin participarea sa activd la viata matematicd internationald, precum si
prin organizarea la Cluj-Napoca a unor manifestiri  stiintifice de recunoscut
prestigiu.

Prin rezultatele sale remarcabile, concretizate in peste 300 de studii si mono-
grafii, s-a impus ca un specialist de frunte pe plan mondial in domenii ca analiza
matematicd, analiza numerica, algebrs, teoria numerelor si ecuatii funciionale.

Ctitor al scolii roménesti de analizi numericd, aduce contribufii importante
in teoria calculului numeric. Astfel, fundamenteazia calculul cu diferente divizate
ca un calcul prediferengial, stabileste o formulad generald de medie, care permite
precizarea structurii restului in formulele de aproximare liniard ale analizei,
initiaza studiul conservarii diferitelor proprietdii de alurd prin anumifi operatori
care intervin in teoria celei mai bune aproximatii.

Profesorul si savantul Tiberiu Popoviciu si-a cistigat mari merite in popu-
larizarea stiintei matematice, in calitatea sa de presedinte al Filialei din Cluj a
Societdtii de Stiinte Matematice.

Pentru meritele sale deosebite a fost distins cu inaltul titlu de. ,,Om de
stiinta emerit“, precum si cu ordine si medalii ale R. S. Romania.

Prin disparifia academicianuluj Tiberiu Popoviciu stiinta si invatimintul din
jara noastrd pierd pe unul dintre cei mai de seaméi reprezentanti.



tn cel de al XXI-lea an de aparitie (1976) Studia Universitatis Babes— Bolyas cuprinde )
fasciculelele : o .

matematicd

fizicd

chimie

geologie —geografie
biologie

filozofie

stiinte economice
stiinte juridice
istorie

filologie

Ha XXI rony usaaunns (1976) Studia Universitatis Babes— Bolyai BEIXOJHT clieyIOUHMH

BbINYCKAMH :

- MaTemaTHKa
dusuka
XHMUST-
reonomﬂ—-reox:paq:m
GHOJIOTH ST
dunocodus
IKOHOMHUECKHe HayKH
IOPHIHYECKHE - HAYKH
HCTOPHSA - )
dHI0JI0THA

Dans leur XXI-e année de publication (1976) les Studia Universitatis Babes— Bolyai

comportent les fascicules suivants:

mathématiques

physique

chimie

géologie — géographie

biologie

philosophie

sciences écotiomiques . N
sciences juridiques '
histoire

philologie
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Abonamentele se fac la oficiile postale, prin factorii postali
si prin difuzorii de presa.-
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