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LES ANNEAUX DE TYPE (m, #) (I)

I. PURDEA

Les groupes m-aires (ou sm-groupes) pour s > 2 ont été introduits
par Dérnte [1] comme une généralisation des groupes (bigroupes).
Plus tard on a publié plusieurs travaux sur les m-groupes. Une partie de
ces travaux ont été cités dans [2] et [5]. Les notions et les résultats de
la théorie des m-groupes utilisés dans ce travail se trouvent dans 1], (2]
et [5]. Nous rappelons quelques unes de ces notions.

DEFINITION. Soit m > 2 un nombre entier. On appelle m-semigroupe
une algébre universelle avec une seule opération m-aire -+ @ G"—G, 1'opé-
ration ,,J-" étant associative; donc, pour %, ..., Xeu—1€ G quelconque
eti=1,...,mon a' ((Fp ..es Xp)rs Fmils - os Xom—1)yp =
= (xp ey ity (x,-, ceey xi+m——-1){-: Xitms « s Xom—1) 4

Le m-semigroupe (G, +) est un m-groupe si pour k=2, ..., m — 1
et quels que soient ay, ..., @41, Apy1, ..., 4,, l'application G —G, x —
— (@, ..., Gp_1, X, Q51 ..., 4y,);, est bijective. Le m-groupe (G, 4) est
commutatif ou abélien si quels que soient #j, ..., ¥, < G et la permuta-
tion ¢ de I’ensemble {1, ..., m} nous avons

(o v Z) = (Ko, -+ o) Fam) 1-
Soit (G, -+) un m-groupe, m > 3 et a < G. La solution de I'équation :

(@ ....,a, %, =a
N——
(m—1)k

k i
s’appelle transversale d’ordre % de a et se note a . Pour o« nous écrivons
simplement 4. : _
Si dans le m-groupe commutatif (G, 4) il existe un élément e< G
tel que

(%, e, ...,¢) =2x -
pour ¥V x < G alors ,,¢”” s’appelle element neutre. Un m-groupe peut avoir
plusieurs éléments neutres ou peut n’en avoir aucun.

Dans ce qui suit nous donnerons une généralisation de la notion d’an-
neau. Nous supposerons que # > 2, # > 2 sont des nombres entiers.

» 2

DEFINITION. Une algébre universelle (R, -+, o), ,,+" étant une opé-
ration m-aire appelée addition, ,,0” une opération #-aire appelee multi-
plication, est un anneau de type (m, #) ou un (m, n)-anneau si:

a) (R, +) est un m-groupe abélien
b) (R, o) est un xn-semigroupe

18oit (#y, ..., %) € G™ Nous noterons -+ (%, ..., ¥pm) DAL (F1s « .+ -» Zp)te
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c) 1’0p‘ération ,,0" est distributive par, rapport a ,,+" c’est-a-dire
. 1
pour i =1, ...,%n et %, ..., %1, %, ..., %, %1, --., %,  Ron a:

(xll .. -., xf—l: (xilr.v e vy x;”)-{-: xi+1: ce ey x”)o =

= ((xll vees X1, xilJ x1+l: LRI x”)o, (le e, Xiea, x:”:‘ xt-{—l: ... )0)+

Un élément e¢<= R s’appelle élément zéro du (m, n)-anneau si e est
un élément neutre de (R, +).

L’anneau (R, 4+, o) de type (m #) sappelle corps de type (m, n) ou
(7, n)-corps si (R—O0, o) est un #-groupe, 0 étant I’ensemble des éléments
zé10s.

- Iies anneaux de type (2 3) ont été étudiés par W. G. Lister [3].

Exemples. 1. Si (R, +, -) est un anneau (un (2,2)- anneau) alors ‘R
est un (m, n)-anneau par rapport aux opérations ,,-+”’ et ,,0”" définies

comme il suit: .
@ oo X))y =%+ 2+ ... %,
o (% oo, X))o =% - Xg ... %,
2. Soit R = {2k + 1}k =0, &1, +2, ...}, m > 2 un nombre impair
et # 2 2 un nombre entier. Soit
(1 oo )y =2+ %+ ..+ X,
(F1s ovos Xy)o = %y - Xg o %,
(R, —l—, o) est un (m, n)-anneau sans élément zéro.
. Dans lensemble R = {a, b} définissons une opération ternalre IS i
(@, 4, a), =0, (2. 0,0), =15
(@ ab),=a (bbb, =
et une binaire ,, - ” ' ‘

™R
| oo

a
b
(R,+, -) est un (3,2)-corps sans éléments zéro.

“THEOREME 1. Soit (R, +, 0) un .(m, n)-annean et Xy, ..., x,< R.
a) Sim 2 3 alors pour tout kK > 0 entier et i =1, ..., n,

X | b
(Xyy -5 X)) = (Xh N CHR TR JP-CFE PR 5 Xu)'o .' . (1)
Ry e xﬂ)O' = {(Xp e X pour n pair )

(%3 ..., X,),  pour n impair
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c) St 0 est un élément zéro et.1 <i < n alors %y ++or Xicr, 0, Xy,
.., X,), est un élément zéro. - :
Démonstration. De la définition de la transversale d’ordre k£ il résulte
—k ' :
(Far - s Zaos + (B« s Fn)os (g o e L = (% - e es )
(m—1)k

_ La distributivité dé I'opération ,,0” par rapport de ,, 4" et la défi-
nition de la transversale d’ordre %, impliquent

k .
(Qal, v By s e (X, o, :c,,)<Z (xl, cees X1, % Xig1, -, x") ) =
(m=1)k . o F
L
= (xl, e Xi—1, ‘x,-, ses, x,: x‘-) > Xitl, « - o5 xn)o = (xl, sy x,,)o
: (m—1)k
Done
__k
(gcl, e X os e (X el Xy) o (A ...,x,,)o) =
~ — +
1)k
i
= ((il’ e, x”)o,;., (%1, ..., x,,)J, (H1, « - os Ticts 250 Xigls « o xn)o)+
(m—~1)k

(R, +) étant un m-groupe, il en résulte (1).

b) On sait [1] que si m =3 alors pour V %< R on a % = x. Par

conséquent, de (1) résulte (2).
¢) On sait [5] qu’'un élément ¢ < R est neutre pour (R, +) si et seu-
lement si il est idempotent, c’est-a-dire (e, ..., ). =e.

Comme l'opération ,,0” est distributive par rapport a,-+" ona:
(%1« os %, 0, Xign, oo, %) = (# o, %o, (0, .., 0) L, Xy, - x,,)°=
= (% o, %1, 0, Zig1, .0, X))o, o (xl, cees X1, 0 Xigls -+ o0 Fp)g
Donc (%, ... %i-1, 0, Zigr, .., %), est 1dempotent et il suit qu 11 est
neutre pour (R, )

Remarque. En général, I'élément zéro (x5, ..., %1, 0, x,-+1, e Xp)o
est différent de 0.

DEFINITION. Soit (R, -+, o) un (m, n)- anneau. Un sousensemble R’C ‘R
est un. (m, n)-sousanneau de R si les opérations ,,+" et ,,0” de R indui-
sent dans R’ une structure de (m, #)-anneau.

On vérifie aisément que l'ensemble S(R, +, o) des (m, #)-sousanneaux
du (m, n)-anneau (R, -, o) est un systeme de fermeture algébrique, Par
conséquent (S (R, +, ), ) est un treillis algébrique.

De la méme maniére on démontre:

THEOREME 2. Soit (Rl, +, 0), (Re, -+, o) deux algébres universelles avec
une opération m-aire ,,+" et une n-aire ,,0” et f: R, = Ry n homomor-
phisme. :
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. 1)°Si (Ry, +,0) est un (m, n)-annean alors la sousalgebre f(R,) &
lalgebre (Rs, +, 0) est un (m, n)-anneau.

2) Si (Ry, +.,0) et (R,, +,0) sont des (m, n)-anncaux et R; est un
(m, n)-sousannean de (R,, +, o) alors £~1R}) est un (m, n)-sousanneau de
Ry, +, 0).
( La catégorie des (m, n)-anneaux sera la catégorie dont les objets sont
les (m, n)-anneaux, les morphismes les homomorphismes de (m, #)-anneaux
et le produit des morphismes est la composition des homomorphismes.

THEOREME 3. La catégorie des (m, n)-anneaux a des produits.
Démonstration. Soit (R;, 4+, o) (# = I) une famille de (m, #)-anneaux

et R = ]| R;. Définissons sur 'ensemble R les operatlons »+ et,,0” de

la mam;é suijvante :
si (fuoesfm€E R™ (g, ..., 8,) € R” alors
(Fo o S @) = (£i0), - ful®) s Vi T (3)
(€1 - -+ 8a)ot) = (81(9). - - -, £a(0))o, Wi ST G

On voit aisément que (R, 4, o) est un (m, #)-anneau.
Mentionnons que, si fy, ..., fu—1, f€ R alors la solution de I'equation

(fo - o fmr &) =
g: 1 —);Le')t R, E(2) =

olt x; est la solution de I'équation

s s sl 55 = FCO.

On démontre (comme dans la catégorie des anneaux) que (R, -+, o)
est le produit dans la catégorie des (, n)-anneaux de la famille des (m, #)-
anneaux (R, +,0), (i< I).

Remarque. Si I est un ensemble et (R, +, ) un (m, n)-anneau alors
de RT = I{R;|R;, =R, i< R}
il résulte que RI est un (m, n) -anneau par rapport aux operatlons définies
par. (8) et (4).
" THEOREME 4. Soit (R;, +,0) (i€ I) une famille de (m, n) -anneaux et
(R, +, 0) le (m, n)-anneau produit de la famille considérée. Si j <= I' alors
(R, 4+, 0) aura un sousanneaw isomorphe avec R; si et seulement si il y
a une famille d’homomorphismes f;:R; » R,, i< I 14#].

est la fonction

Démonstration. 1 application

fi R > R, f(x) fI—>U o J2(7) {

.est un homomorphisme injectif.

x sl =7
fix) st i #j
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Inversement, si f: R; - R est un homorphisme injectif et p,7 R — R;
est la projection canonique, alors p,of R; - R; (= I) est une famﬂle
d’homomorphismes.

Remarque. Le théoréme est aussi valable pour les algébres univer-
selles.

TaEOREME 5. Soit (R, +, o) (i€ I) une famille de (m, n)-anneanx. Les
affirmations suivantes sont équivalentes :

a) Pour Yis 1 le (m, n)-anneaun (R;, 4,0) a un element zéro’ idem-

»

potent pav rapport a Uopération ,,0”.
b). Le (m,n)-annean ( LT R, -+, o) a un élément zéro idempotent par -
i1 . P

rapport & Vopération o”.

¢

c) Le (mn)-anneaun (LR, +,0) a pour N i €I un (m,n)- sousanncan
iel
R, isomorphe avec (R;, +,0) et (\R; a un seul élément.
iel
- Démonstration. a) =D). Si 0; € R;, + « I est un élément zéro idem-

potent par rapport & ,o“ de (R 1,-}- o) alora (0;);er €st un element Zero
idempotent par rapport 4 ,0“ dans (H R;, 4+, o). :

b) =¢). Si (0;)ier est un element zéro 1dempotent par rapport a
o” dans ((UR;, +, o) alors

JEI
=Ue£yuww=wﬁjeﬂ
est un (m, n)-sousanneau de ([ [ R; +, o) isomorphe avec (R, +,0) et
el
QE = { 0- ié]}.
¢) = a). Si ﬂB = {(0;);ez} alors {(0;)ies} est un (m, n)-sousanneau

de (IR, +, o). Il résulte que {0,} est un (m, n)-sousanneau de (R;, +, ),
d ott )11 suit que 0; est un zéro idempotent par rapport de ,,0”, dans (
, 0
Remarque. 1. La condition a) est équivalente avec .l'affirmation:
pour Vi< I le (m, n)-anneau (R;, 4, o) a un sousanneau contenant un
seul élément. Ce fait permet de transposer le théoréme precedent pour les
algébres universelles.
2. Des théorémes analogues aux théorémes 4 et 5 ont été dounés pour
les m-groupes par Timm [5].
' THEOREME 6. L'ensemble E(G, +) des endomorphismes du - m-groupe
abélien (G, +) est un (m, n)-anneaw pav rapport aurx opéations

(p o fa) (8 = (B, o Ba®)e ()
(8o 8o - - - Eol®) = &alEsl- - - (&) . ®

o f, g€ E(G, +), i=1...,m;j=1,...,n). Lapplication 15:G - G
16(x) = x est un élément neutre de (E(G), o).

£
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Démonstration. De (5) et (6) il résulte (fy, ..., [ n)r € E(G, +) et
&y ... 8,). < E(G, +). Par rapport a l'opération définie par (5) E(G, +)
est un m-groupe abélien. Nous démontrerons seulement que 1’'équation

(fl’ R L F,)_}_ =f

(oit f1, ..., fm—1. fE E(G, +) et E est l’inconnue) a des solutions dans
E(G, +) Pour Vzx < G Yéquation

(fa#)s -« oo fnaa(2), )4 = f(%) (7)

a une solution unique y dans G. Soit £(x) =y olt y est la solution de
I'équation (7). Démontrons que &< E(G, +). Pour chaque %4, ..., %, G
nous avons ' '

[ 21(C7VRE % ) Y ST ( €N 7 1) N - { €S Tp) 1)) 4 = .
: A = f((#1, - -, Zm)+) )
et . ‘ .
(%), « - s for(5), E(2)) s =f(2), =1, ..., m)

I1 en résulte o .

(il®2)s - Awmr(B2)s EED) s oo (FalB)s o oo s Bnde E(H) )4 =

= (flxa), - - .. fl#n)) .- B

Tenant compte du fait que f, ..., fu_1= E(G, +) et que le m-groupe
{G, +) ‘est abélien il suit ' s :

(fa((%2, - ‘e Zm) s+ Jnmt((Zr -0 H))s (B(%), -« os E(%)) ) =

. = f((%1, ++ s %))
De (8) et de la derniére égalité il résulte
‘E((xl: vaes xm)+) = (E(xl): e a(xm))+

- Donc E<= E(G, +). '

. THEOREME 7. Si (R, 4+, +) est un (m, 2)-anneau alors Z’aﬁfh’caﬁon‘
F:R - E(R, +) définte comme il suit: '

F(a) =1f,: R =R, f,(x) =ax

est un homomorphisme de (m, 2)-anneaux. Si (R, ) a un élément neutre
alors ¥ est un homomorphisme injectif. : :
Démonstration. Nous montrerons d’abord que f,€ E(R, +).

E:n effet, [
fl((xll et .xm)-i-) =a- (xl» A' A xm)+‘= (a.le sty axm)+ =

= (fa(%1), -, .f ("Em))+-
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Donc f, € E(R, +). Mamtenant nous montrerons que F est un homomor-
phisme. Pour Va,, ..., a,, x< R nous avons

f(a,,..; am)+(x) = (al-' M) am)+ X = (alx-' et amx)+= (fax(x)’ . '-'fam(x))+ =
= (farr + « s Sam) + (%)-
Juar(%) = (@a83)x = ay(ay%) = fo(fo.(%)) = (fo,0Lu)(%)-

Donc F est un homomorphisme. Si 1 € R est un élément neutre de (R, :)

alors
ay # ag=>ay + 1 # ay- 1= f, # f,.

Donc F est injectif.
Soit (R, +,0) un (m, n)-anneau, p une congruence sur (R, +, o),
a< R et
[a] = {x € R|apx}.
Dans R/p les égalités

([ oo [%a]) e = [(B1, -+ o) %) ]

([%1] - [%])o = [(%1 - -5 %4)o]

définissent deux opérations et I'application p: R — Rfp, p(x) = [x], est
un homomorphisme surjectif. Le théoréme 2 montre que (Rfp, +, o) est
un (m, n)-anneau. Dans cet (m, #)-anneau nous avons [x] = [%] '
d’otr il résulte :
xpy = %oy
THEOREME 8. Soit (R, 4) un m-groupe. St o et o’ sont des congruen-
ces sur (R, +) alors
e’ = p'p
c’est-d-dive les congruences d’'um m-groupe commutent.
Démonstration. Maltzev [4] a démontré le fait suivant: Les con-

gruences dans chaque algébre d'une variété d’algébres commutent si et
seulement si il existe un polynéme p(x, ¥, z) qui vérifie les 1dent1tes

(%, x, 2) = 2, plx,2,2)=x

pour toutes les algébres de la variété.

B. Gleichgewicht et K. Glazek ont montré dans [2] que
la classe @ des m-groupes est une variété d’algébres dont le domaine
d’opérations est constitué par I’opération m-aire ,,+’’ et 'opération unaire
x = X

Définissons sur @ le polynéme p(x, ¥, 2) = (%, 9,9, ..., ¥ 2)+. Pour
chaque m-groupe (R, 4, ~) on a

P(x, x%,2)=(x%% ...,%2) =2

Px 22 = (%22 ...,2 =2
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Comme les congruences de (R, +) sont les mémes que celles de (R, -+, )
il résulte que pour chaque m-groupe les congruences commutent. '

Conséquences. 1. Le treillis des congruences d'un m-groupe est modu-
laire.

2. Les congruences d'un .(m, n)-anneau commutent.

3. Le treillis des congruences d’'un (m, #)-anneau est modulaire.

4. Le treillis C(R, +, o) des congruences du (m, #)-anneau (R, 4+, o)
est un soustreillis du trellhs C(R, +) des congruences d'un m-groupe (R, -).

En effet si p, p'= C(R, 4+, o) alors

infor, +,0(p, ) = p N ¢ = infer4) (o, ¢°)
et

Supc(z,+0(p, p°) = ¢ - p" = supcx, (e, ¢)-
(Manuscrit recu le 13 septembre 1973)
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INELE DE TIPUL (m, n) (I)
(Rezumat)
Printr-o generalizare naturali a inelelor se introduc (#, #)-inelele si se studiazi anumite

proprietiti ale acestora. Printre altele se arati cd laticea congruentelor unui (m, #)-inel este
modulara.



SUR LES HOMOMORPHISMES DES STRUCTURES
RELATIONNELLES (II)t

MICHELINE FRODA —SCHECHTER

THEOREME 3. Sotent U= (A, IY), B = (B, I'y), € = (C I') des struc-
tures velationnelles telles que o€ Ly N Iy N I's et soient ¢: A — B,
$:B = C des applications. Si @ et § sont des p-homomorphismes le pro-
duit Yo: A — C est aussi un p-homomorphisme.

Démonstration. On a par hypothése selon le Th. 1 ¢p, < p,, donc
Yop, S Yp,; mais il résulte du Th. 2 (i), (p4, I';) étant sous-structure
de Bet ¢ un p-h. que dp,,; S pyy, donc Yop, S pyes c& qui prouve que
Yo est p — 4.

THEOREME 4. Sz U, B, € sont les structures relationnelles du théo-
réme précédent et ¢ est une p-factorisation de W dans B et § une p-fac-
tovisation de B dans € (respectivement dans L) alors (o est umne p-fac-
torisation. de W dans €, et aussi dans €y, = (Yod, 1) (respectivement
dans €).

Démonstration. Par hypothése, selon le Th. 1, on a ¢p, = pp Ypp =
= pyp -(respectivement pp = po), donc Yep, = $pp = pyp, (respective-
ment Yoo, = p.), c’est-d-dire o est une p — f. dans €, (respective-
ment €). Si Yo est une p — f. de A dans €, elle est aussi p — f. de A
dans Cy,. En effet ¢o4 = ¢B implique pyo, S pgp d'0l, avec Yoo, = pyp
on obtient p,,, S Ypp,; Uimplication inverse résulte du fait que o
est un p — A. : :

Remarque. Si @ n’est, dans le théoréme précédent, qu'une factorisa-
tion dans B, méme si ¢ est une factorisation dans €, il ne résulte
plus que o est une factorisation. Considérons en effet I'exemple suivant:

" Exemple 5. Soient A = {ay, a,, ag}, B = {by, by, bg}, C = {c1, Ca}, @:
A > B, §¢: B->C, ga, =0b;, o9a,= ¢a; = b, = ¢ e = $by = ¢
I'=T(2) = {o}, pa = {(a1 ), (@2 a3)}, pp = {(Br b1)s (br, Da), i(Ds, ba)} et
oc = {(cy. 1), (€1 €a), (o, €5)}; ¢ est une factorisation dans B, sans étre
factorisation dans B et ¢ est une factorisation dans € car ¢p, = {(b;, b1),
(b, b3)} =-poy C pp (inclusion stricte) et $p, = p,. Enfin Y¢ est un ho-
momorphisme qui n’est pas une factorisation car I'inclusion ¢pp, = {(c1. ci).
(ca, €2)} C pc = pupa est stricte. )

THEOREME 5. Sotent W, B et € les structures velationnelles du Th. 3.
(s) Si @ est une p-factorisation forte de W dans B, et yune p-factorisation
forte de B dans &, alors Yo est une p-factorisation forte de W dans €y,.
(¢0) Si ¢ est une p-factovisation forte de W dans B et- § comme pour (i),
alors o est une p-factorisation forte de W dans €. (¢5) Si @ est comme

" *La premiére partie a paru dans cette méme revue, tome XIX fascicule 2 (1974),
avec la bhibliographie des deux parties. : o ’ - -
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pour (v1) et b est une p-factorisation forte de B dans € alors o est une
o-factorisation forte de U dans G.
Demonstmtzon (i) Il résulte du Th.1 et de I’hypothése que a =

= cppM et pp = L})pq,B, selon le Th. 3 d¢p estun p — k., donc p, = cpq;pd,m

D’autre part selon le Th. 2 (ii), Ia restnctlon de ¢ a <pA est une p —If
—1 -1 —1—

et P_qalA = ‘]’PQJB» P_lals ? Ypgos S @ ‘PP&I}B = ‘PPepA = p, donc p; =9 LPPB'PA =

= {ppyoqs Cest-d-dire Yo est p — £.f. dans Gy,
i -1 —1 -1 -1 )
(i) On a p, = @pp pp = st donc py = ¢ Ypyp Cest-a-dire o
est une p-f.f dans @,.
1

(iii) De p, = ypB et pp = Yp. 1l résulte que Pp est p-f.f. dans €.

Soient ¢: 4 - B et Y: B - C des applications. Si {¢ est une sur-
jection, ¢ en est aussi une. Dans les deux théorémes suivants 4, B, C
sont les supports des structures relationnelles U, B, € telles qu'un pré-
dicat p appartient 4 lintersection de leurs domaines.

THEOREME 6. Soit ¢ une p-factorisation de W dans B. (1) St Yo est
un p-homomorphisme (surjectif) de W.dans € alors LL est également p-ho-
momorphisme (surjectif). (i) Si o est une p-factorisation de W dans g,
(vespectivement §y) alors ¢ est ume p-factorisation de B dans €y, (res-
pectivement €p) (v41) St @b est ume p-factorisation (surjective) de U dans
C alors ¢ est une p-factorisation (surjective)-de B dans €. :

Démonstration. (i) On a par I’hypothése op, = pp et Yop, S pc
done dop, = \PPB d'olt $pp S po. (i) De op, = ps €& dop, = pyoy
(respectivement {ipp, = pyz) on obtient (pg = pyy, (respectivement
$pp = pyp) donc selon le Th. 1, ¢ est une p-f. (iii) De ¢p, = pp et
Ypp, = pp on obtient Ypp = pc. o

THEOREME 7. Soit ¢ ume p-factorisation surjective de W dans B.
(v) St o est une p-factorisation forte de W dans Gy, (respectivement €y)
alors § est une p-factorisation forte de B dans Gy, (respectivement dans
€y). (i) St Yo est une p-factorisation forte (surjective) de W dans € alors
U est une p-factorisation forte (sm']ectwe) de B dans C.

—1 ~—1 -1 —1

Démonstration. (i) On a py = 90 pyos = ¢ Vpyqs done gp, = 29 YPuea

-1

= Ypyoa car g est surjection, d’olt, avec gp, = pp, on obtient py = &ppwd ;
—1
—1
d’'une maniére analogue on obtient de p, —\P:ppq,B que pp = \)pq,B
-—1
: —1
- {il) py = q;(ppc implique comme plus haut pe = Ypc- :

Remarque. La condition imposée 3 o, dans le théoréme precedent
d’étre une surJectlon est essentielle. Considérons en effet ’exemple suivant :

Exemple . Soit 4 = {al, aj, ay, B = {b,, bz, o, C={cy, ca, g}, T' =
= I'(2) = {P} PA = {(a1, @), (a1, a5)}, pp = {(b2, B2)},_pc = {(c1, Ca)s (Co, Fa)
(02:63} A > B, 9o, =oqal=by, paz=0by, §:B>C, {b =c(i =
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=12 38). On voit que ¢ est unefactorisation non surjective sur la struc-

ture, car @p, = pg, Yp: A — C est une factonsatmn forte de (4, I') dans
=1

(994, IV, car $od = {or, ¢}, pyos = pc M (Y 4)* = {(cs. ¢2)} donc Pppye, =

=4 et ¢ n’est qu'un homomorphisme car l'inclusion $pz C o est stricte.

- On peut cependant montrer que ¢ est toujours un homomorphisme

dans ‘le théoréme 6 méme si ¢ n’est pas une surjection. En vérité de
—1-1 —1-1 =1

Pa =9 $pc on obtient ¢p, = @@ ; = Pp; mais ¢p, = pp donc ppC

= q;pc, c’est-a-dire ¢ est un p-h. On prouve de méme maniére que ¢
est p-h. dans les cas (i) et (ii). :
'Si ¢ est une équivalence sur le support d’une structure relationnelle

A = (4, T) on peut définir une structure relationnelle QI/s ayant comme

support l'ensemble quotient A/c et telle que la- surjection canonique

6: 4. > AJe est une factorisation. Pour cela il suffit de POSer puje = 6(p4)

pout tout p< I'; la structure Ql/s uniquement’ déterminée, s’appelle struc-

ture guotwnt de % par rapport a l'équivalence e.

DEFINTTION 7. On dira qu'une équivalence e sur le support Aa une
structure relationnelle A = (4, I') est une p -congruence si (ay, ..., 4,) < pa
et a, = ai(s) (¢=1,...,n) impliquent (a;, ..., a;) € py. Une comgruence
sur W (comgruence. velationnelle) est une equlvalence sur A qui -est une
-p4-congruence pour tout ps I

Soit ¢: 4 » B une application et Ker ¢ son noyau, c’est-a-dire,
pour @y, @S A:ap = a, (Ker o) < oa, = ¢a,.

THEOREME 8. Le noyau d'une o-factorisation ¢ : A — B est une py-con-
gmence si et seulement si ¢ est ume p-factorisation fovie, donc la condition
nécessaive ot suffisante pour gqu'une factorisation de U dans B (ou B,)
soit wne factorisation forie est que son noyau soit une congruence sur U.

. Démonstration. Supposons d’abord que ¢ est une p-factorisation dans
la structure et que Ker ¢ est une p,-congruence. Soient (bl, e 0,) € poa

et a, ...,a,= A quelconques tels que oa; =b; (i = 1, #). - L'appli-
cation ¢ étant une p-factonsatlon il existe des ¢léments al, e, AR €
tels que oaj = b; et (a1, ..., @) € p,. Mais alors, Ker ¢ étant congruence
on:obtient (ay, ..., a,) < pA donc ¢ est une p-f.f sur B, Si p est une
-factonsatlon sur la structure on raisonne de méme a partlr de (bl,
-+» b,) S'pg, car dans ce cas aussi il y a des éléments aj, . ,a,s 4
tels que @a; =06, (i=1,...,n) et (a;, ..., a,) € p,. Remproquement si
¢ est une p- factonsatlon forte de (ay, ..., a,) < o, et de a; = a; (Ker 9)
(¢="1,...,n) on a ga; = ¢a; donc (paj, ..., <pa,,) € g4 d'0lt (al, Dean) Sey

Cestia-dire Ker ¢ est une p,-congruence.
A Remarque Si le ‘noyau d'un’homomorphisme ¢ est une congruence,
'<p ! !est méme pas une factorisation. En effet con51derons I’exemple suivant :
Exemple 7. Soitv4 = {a,, 4y, az, az} "B = {by, by}, cp A —-"B, ay=
= @a; = by, ga, (P“ = by, I' =I'(2) = {P} pa = {(a1 @s), (a1, as), (a4, as),
(a1, a )}, Pg = {bl, » (Be, b1} On V01t que ¢ est.un homomorph1sme
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surjectif, Ker ¢ est une p-congruence sur 4, mais ¢ n ’est pas une facto-
risation car l'inclusion @p, C pp est stricte.
Le théoréme précédent permet d’obtenir ce

COROLIAIRE. La condition nécessaive et suffisante pour qu'une eqm-
valence e sur le support A d'une structure velationelle W soit une congru-
ence sur W est que la surjection canomique 0:A — Afe soit une factorisa-
tion forte de W sur la structure quotient le.

Ie théoréme 9 ci-dessous s’applique aux systémes . algébriques. On
dit que A = (4, I, Q) est un systéme algébrique de support 4 ayant I!
_ comme domaine de prédicats et Q comme domaine des opérations si (4, I')
est une structure relationnelle et si 4 chaque symbole @<  correspond
une opération m-aire? w,. Si I' =, A est une algébre universelle; si
Q = @, U est une structure relationelle.

On utilisera: pour les systémes algébriques la terminologie suivante

1. Une application ¢: 4 — B est un w-homomorphisme (o< Q) si
ploy(ay, ..., a,) = og(eay, ..., 0a,) (si =0 et ¢ est pour chaque
o< Q un w-homomorphisme, ¢ est un homomorphisme de ’algébre %A
dans l'algébre B dans le sens usuel).’

2. Une équivalence ¢ sur le support 4 d'un systéme algébrique 2
est une o -congruence si les relations a; = aj (s) pour ¢ =1, ..., m impli-
quent wy(a;, ..., a,) = w4a;, ..., a) (g) (si W est une algébre univer-
selle et ¢ est w-congruence pour tout © < Q, ¢ est une congruence (algeb-
nque) sur A).

Ces définitions impliquent les résultats suivants: Le noyau d’'un
w-homomorphisme est une ,-congruence et si ¢ est une w -congruence
on peut définir univoquement sur I’ensemble quotient 4/e une opération

wj; en posant
([aljv con [ ) = [")A(ab v )]a

telle que la surjection canonique 6: 4 — Afe est un co-homomorphlsme
[a], désignant la classe de a€ 4 modulo =.

Soient A = (4, I, Q) et B = (B, I, Q) deux systémes algébriques,
¢4 et g5 des équivalences sur les supports 4 respectivement B des struc-
tures données et ¢: 4 — B un s-homomorphisme surjectif. On peut alors
définir une application % : Afe; — Bfeg en posant glal, = [9als ol [al,
et [b]y désignent les classes modulo e, respectivement e des éléments
ac A et be B, et
(*) 50, = 059

olt 0,:4 - Aje, et 05: B —» Bfeg sont les stirjections canoniques corres-
pondant aux équivalences g, ¢; données. Avec ces hypothéses l'applica-
tion § préserve les propriétés de ¢ dans le sens suivant:

THEOREME 9. 1° Sz ¢, et e sont des congruences pour les opérations
m-aires o, respectivement wp(e S Q) et ¢ est un w-homomorphisme alors

2 Application de 47 dans 4, m nombre naturel.
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$ est aussi un w-homomorphisme pour les opérations w5, wgy sur les quo-
tients Ale,, Bleg.

2° St 6, et 6g sont des p-factorisations (p< I') et Papplication ¢ est
un ' g-homomorphisme (une p-factorisation) alors @ est un p-homomorphisme
(une p-factorisation).

38° Si 8, est ume p-factorisation, ey ume pg-comgruence et @ une p-fac-
torisation forte alors @ est également p-factorisation forted.

Démonstration. 1°) & ([a104 ) [@nls) = Blog(@n .., a,)]4 =
= [p(wan -.., a,)]p = [0p(pas ..., 94,)]p = oz((eas]p - - -, [¢4,]5) =
= op(Flarl .- 5la,1): ,

2°) L'application 6y étant une p — f. elle est aussi un p — k. donc
d’aprés le Th. 3, le produit 6zp est un p — 4., doir, selon (%), 36,
est également p — 4. En appliquant (i) du Th. 6 on obtient que 3 est un
p—h. Si @ est une p — f. on obtient de la méme maniére, en utilisant
successivement le Th. 4, (*) et le point (iii) du Th. 6, que  est une p — f.

3° Si e est une pp congruence alors 05 est une p — f.f donc, selon
le Th. 5 (iii), Oz est une p — f.f., donc %6, l'est aussi. Il. résulte alors
du Th. 7 (i1} que % est une p — f.f.

Peut-é&tre n'est-il pas inutile de conclure par quelques remarques sur
les homomorphismes bijectifs. Selon [3] une application bijective ¢ de
A 2 B est un isomorphisme si ¢ est, ainssi que son inverse, un homomor-
phisme. Cependant on ne pourrait définir I'isomorphisme, comme cela se
fait dans le traité [2] (page 74), comme étant un homomorphisme bijec-
tif. En effet on sait que I'inverse d’un homomorphisme (relationnel) n’est
pas toujours un homomorphisme — donc la relation d’isomorphie ne
serait plus symétrique. Mais une factorisation bijective est un isomorphisme.
En vérité st ¢: A - B est une p-factorisation donnée, on a selon le Th. 1,

-1 -1
ppy = pp d'oilt p, = @pp donc ¢: B — A est une factorisation et par con-
séquent aussi un homomorphisme. La derniére égalité montre aussi qu'une
factorisation bijective est un factorisation forte et d’ailleurs, son inverse
I'est aussi. '
(Manuscrit vegu le 11 février 1974)

ASUPRA OMOMORFISMELOR STRUCTURILOR RELATIONALE (II)
(Rezumat)
In aceasti parte a lucririi se dau proprietiti ale produsului omomorfismelor de diferite

tipuri ale structurilor relationale, se caracterizeazi congruenia relationali ca nucleu al unei
factoriziiri tari §i se obfine un rezultat asupra congruentelor sistemelor algebrice.

3 On utilise ce théoréme dans notre travail [7] dans le cas plus particulier olt ¢4 et
ep sont simultanément des congruences algébriques et des congruences relationnelles sur les
systémes Q[ respectivement B.



GRUPUL DE MISCARI AI, SPATIILOR K3}

P. ENGHIS

Fie V, un spajiu riemannian de metficé

ds2 = g,,dx’dx’ _ : M
si o transformare mfxmtezlmala : . .

Transformarea (2) se'numeste miscare a spafiului V,, daci invariazi -metrica
spatiului [1]. Invarianfa metricii (1) printr-o.transformare (2) este data
de anularea derivatei ‘Lie a tensorului metric [6] Sig,, = 0 adici:

£0,85 -+ 840,58 + 89,8 =0 G

Ecuatiile (3) sint ecuatilie Iui Killing [3] pentru un V,. Determinarea
grupului de migciri al spal:iului V, revine la integrarea sistemului de ecuatii
cu derivate parfiale (3) in func’;nle g%, deci'la determinarea operatorilor
Xf = &'0;f ai transformairilor infinitezimale ale grupului.

In lucririle lui Fubini [2] i Krucikovici [4] se dau cla51f1-
ciri ale spatiilor ¥, dup3 grupurile de misciri. Totusi determinarea efectivi
a grupului de migcdri al unui spafiu riemannian-dat se cere a fi ficuta
direct, intrucit nu se poate recunoaste ugor forma canonici in care se inca-
dreazi metrica respectivi.

Spatiile K3 introduse de A. G. Walker- [5] cuprind spa‘;nle rieman-
niene recurente, adicd spatu pentru care existd un vector covarlant o,
astfel ca

- (. ‘ . Rjkh r— (P,R]kh (4)

unde R,k;, este tensorul de curbura al spajc1u1u1 iar pfin virguld s-a notat
derivata covariantd in raport cu mietrica (1) si spatiile s1metr1ce Cartan,
adica .

Rj,r =0 (5)
pentru care existd un vector covariant ¢, astfel ca si a1ba loc relatia
o, R th + (Pk Jh' + <Ph 7rk = 0 - ©)

Spatiile recurente verificd si ele relatia (6) dupd cum rezulti imediat
din identitatea lui Bianchi.

Pentru spatiile Ki A. G. Walker [5] aratd cd metrica, lor {ntf-un
sistem convenabil de coordonate poate fi pusi sub forma

ds? —‘IJ'(x1 x3) (%) + 2dx*dx® - (dx®)? o (7)

unde W(x%, x3) este o funcfie oarecare de #? si 2,
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Pentru Spatiile K3 cu metrica (7) sistemul Killing (3) devine
goY + £20,¥ + 2¥0,8 + 20,8° =0
T‘az‘il —+ 6232:4‘ 6151 =0

Waa‘il + 6352 + 6153 =0 ) (8)
8,61 = 0
058 + 0,82 =0
toed 0,8 =0

Din a. patra si a sasea ecuatie a sistemului (8) rezulti ci E! nu depinde
de #? iar & nu depinde de x3. Din ecuajia a cincea deducem cid &! este
liniar fn #3, iar &3 liniar in %2, deci de forma

Bl = A(xY)x® + C(xY)

©)
£3 = —A(xY) %% + D(xY)
Din ecuatia a doua a sistemului (8) rezultd
g2 = — A4’ (x%)a%x2 — C'(x) 2% 4 B(x%, 3) (10)

Scriind acum cd (9) si (10) verificd prima si a treia ecuatie (8) rezultd
[A()2 + C(x) 10 + [—A(#) +

+ D(x%)]0,¥ + 2¥C’(x1) — 2C"'(xY) %% + 20,B =0

YA(xY) — 24" (x1)x2 + 03B + D'(#1) =0 : - (12)

Din conditiile (12) rezultd 4'(x!) = 0 si deci 4A(#') = a = const. Din con-
ditiile (11), tinind seama de acest rezultat avem

| a0, ¥ + 2C"(x1) = 0 (13)

CLoau).

si ecuatiile (11) si (12) ne dau

9,B = — % [a%® + C(x1)]0F — —;-D(xl) 8,¥ — WC'(xY) ‘
(14y
0,B= —a¥ — D’

In consideratiile noastre functia ¥ este arbitrari, deci in general nu
verificd conditii suplimentare. Astfel vom distinge mai multe- situafii.

a) Considerim funcfia W(x1, x3) arbitrard. Din (13) rezulti atunci
a=0si C"(xt) =0, adici

C(xY) = cyx + ¢, (¢; = const) (15)

2 — Mathematica — 1975
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In acest caz sistemul (14) devine
9,B = — % (e + cg) 0¥ — % D(x1)0,¥ — ¥C,

Scriind condiiile de integrabilitate ale sistemului (16) gisim

—D"(x) = — _;_ (e 4 09) 03 ¥ — %D(xl) 0¥ — 8,%c;,  (17)

Functia ¥ fiind presupusi arbitrari, rezulti ¢;.=c¢, =D = 0 si din (16)
avem B =0 =const. deci 81=0, =0, £ =0. Operatorn transfor-
madrilor infinitizemale se reduc la X, = 8,, grupul de migciri este un grup
de translafii de-a lungul axei x2. Avem deci: ‘

Prorozitia 1. Un spagin K3 cu metrica (7) st cu functia ¥V arbitrard,
adwmite ca grup de miscdri un grup de translafii pavalele cu axa x2.
" b) Ecuatia (13) este satisficuti dacid funcfia ¥ are forma:

¥ = fi(#1)#° + fuol#?) (18

Se observd cd prin schimbarea de variabilda x'2 = x? 5 Sfa(x)dxt

putem presupune f, = 0. In acest caz insi temsorul de curburi este nul
si spatiul K} este euclidian.

¢) Daci functia ¥ depinde numai de variabila x! spajiul este de
asemenea euclidian.

d) Si presupunem ci functia ¥ depinde numai de 3. Din (13) rezulti
cd a=0gic”" =0 adici C = ¢;2! 4 ¢,, pentru ca spatiul si nu fie eucli-
dian. Ecuatiile (16) in acest caz devin

9,.B = — —D(x1)6 ¥+ Yo, 0,8 =—D'() (19)
cu conditiile de integrabilitate
D"(x) = —;—D(xl) Bos¥ — 05%¥c; " (20)
Derivind ecuatiile (20) in raport cu #® avem
—D(x 0333 — 033Fc; =0 (21)

din care pentru fi1nc1;1a ¥ arbitrard de #° rezultd D = ¢, = 0. Din (19)
pentru ‘B avem B = b = const. si deci £1 =¢,, £2 =0 £ =0 si operatorn
grupului de miigciri sint X, = 9, X, = 0, grupul de migcdri fiind un grup
cu doi parametri abelian, grup de translatii paralele cu planul x%, x% Avem
deci
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Prorozitia 2. Un spajiu K3 de metricd (7) si cu funcfia ¥(x3) arbi-
trard, admite ca grup de miscdri un grup cu doi parametyi abelian, grup
de translatii paralele cu planul x%, x2

e) Condifiile (21) pot fi verificate dacd 045,% = 0 §i ¢; = 0, din-care
rezultd ¥ = oy(2%)* + apx® 4 o5 Dacd oy f=0 (in caz contrar spafiul este
euclidian) printr-o schimbare de coordonate se poate lua oy = 1 §i ay =
= a5 = 0 dacd facem abstractie de spatiile asemenea. Conditiile de integra-
bilitate (20) in acest caz se reduc la D" = D din care avem D = de* +
+ dye—# (d; = const)

Ecuatiile (14) in acest caz devin

0,B = —x3(d.e* + de—*)
0,B = —de* + dye—*
din care rezulti B = —dx%* + d,x%—* + d, si deci
El = ¢,, £2 = —d %% 4 dyxle—* + d,, E3 = de* + dye—*
si operatorii grupului de misciri sint |
‘ X, = 0y, X, = —x%*0, 4 70,

(22)
Xy = 2%—%0, + 678, X = 0, _
iar structura grupului este
(X X,) = X, (X1X,) = —X; (XiX,) =0 (23)

(XzXa) = 2X,, (X2X4) =0, (XaX4) =0

Grupul G, obtinut este rezolubil de tipul I dupi clasificarea datd de G. I.
Krucikovici [4]. Deci avem
ProroziTia 8. Spagiile X3cu metrica (7) in care funcfia W = (5%,
posedd un grup G, de miscdri avind structuva datd de (23).
Observatie. Grupul G, cu structura (23) este grup maxim de migcir
pentru spatml K3,
f) Conditiile (21) mai pot fi satisficute si daci ¥(x%) = e*. In acest
caz condifiile de integrabilitate (20) ne dau D = —2¢, si ecuatiile (14)
devin ;B =0, 3,8 = 0 din care deducem B = b si deci &' = ¢;2* 4 ¢y,
£2 = —cyx® + b. 3 = —2¢,. Operatorii grupului de miscéri vor fi
X, = 2410, — %20, — 20y, X, = 0, X3 =0, (24)
iar structura
(X1 X,) = —X,, (XiX5) =X, (X X3) =0 (25)
Grupul G; este rezolubil de tipul V dupi clasificarea datd de G. 1. Kru-
cikovici [4] ¢i deci avem:
ProroziTiA 4. Spatiile X5 cu metrica (7) in care ¥ = e, posedd un
grup de miscari Gy vezolubil cu structura datd de (25).
(Intrat in redackic la 20 mariic 1974)
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LE GROUPE DE MOUVEMENTS DES ESPACES K}
(Résumé)

On montre dans I'ouvrage que les espaces K} & métrique (7) admettent comme groupe

de mouvements un groupe de translations paralléles & V'axe #2 si la fonction ¥ est arbi-
traire, un groupe a deux paramétres, groupe de translations paralléles au plan #1, #2 si la
fonction ¥ dépend seulement de la variable #3, un groupe & trois paramétres résoluble avec
les opérateurs donnés par (24) et avec la structure (25) 'si la fonction ¥ = ¢*, et un groupe

4 quatre paramétres, groupe résoluble avec les opérateurs (22) et avec la structure (23) si
(2% = (#3)n



SECTIUNI RECURENTE ALE UNUI FIBRAT VECTORIAIL IN-
RAPORT CU O LEGE DE DERIVARE (I)

PROFIRA SANDOVICI®

Fie M o varietate diferentiabild conexd, &(M) inelul functiilor diferen-
fiabile pe M, %(M) &(M)-modulul cimpurilor de vectori diferentiabile
pe M (prin diferentiabil subintelegem diferentiabilitate C®). Daci E este
un fibrat vectorial peste M, vom mnota prin X & (M)-modulul sectiunilor
diferentiabile %: M — E si prin V o lege de derivate in X:V : ¥(M)xZ—
— X. Pentru n < X, aplicatia X — Vy # defineste o 1-formi pe M cu
valori in X, pe care o notdm prin V#. Avem (V#)(X) = Vyu ¥ X € ¥(M).
Vu este o sectiune a fibratului vectorial 7*(M) ® E.

DEFINITIE. O sectiune # < X se numeste recurenti in raport cu o
lege de derivare V (sau V-recurentd) daci existd o I-formd gp:xs M —
- o, TyM) C T*M) astfel incit

Vu = ¢ @ .
¢ se numeste 1-forma (sau clmp de covectori) de recurenti.

1. Generalizarea teoremelor lui Y. C. Wong [1] pentru V-reeurentd
in modulul 3. In cele ce urmeazi vom considera fibratul vectorial E
asociat unui fibrat principal £ = P(M, =, G), iar V o lege de derivare in |
X indusd de o conexiune I' pe £. Vom presupune ci fibra tip a lui E este
spatiul vectorial F de dimensiune finitd si c3 & este o reprezentare liniard
a grupului structural G in F. In aceste conditii existd un izomorfism intre
sectiunile » < % si &(M)-modulul & al funcfiilor »: P - F cu proprie-
tatea cd u(pa) = &(au(p)Vp= P Va< G, definit prin

. u(z) = pu()) Vp < P, x =(p) (L.1)
unde p:F — E, este izomorfismul indus de p intre fibra tip F gi fibra
E,alul E in x. Pentru V avem .

Vou = KXo+ 8 (X5 (1.2)

unde X este un cimp de vectori pe P proiectabil pe X, © 1-forma cone-
xiunii I' iar &, reprezentarea liniari indusi de & in algebra Lie G a
Iui G. Daci X coincide cu ridicarea orizontald X a lui X avem

(Viu)(x) = pXu) Vo= Py, = (p). (1.3)

V. C. Wong [1] di o caracterizare a cimpurilor de tensori de un
tip (7, s) oarecare, recurente in raport cu o conexiune liniard I' pe o varie-
tate diferentiabild conexd, considerind functiile pe fibratul reperelor liniare
ce definesc cimpul tensorial si restrictiile lor Ia fibratele de olonomie in
raport cu conexiunea I'. Urmitoarele trei propozi}ii transpunrezultatele
lui Y. C. Wong in cazul V-recurentei in modulul Z.
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ProrozitiA 1.1. Dacd us X este V-recuvent, atunci vestricfia functici
us §; la o curbid ovizontald a lui P tn vaport cu comexiumea T este pro-
portionald cu un element constant u,< F.

Demonstragie. Fie c¢: [0, 1] C R - P, ¢t —c(t) = p, o curba orizontald
diferentiabild. Fie X  ¥(P) un cimp de vectori orizontali astfel ca X, =
=4, Vte [0,1]. Dupi (1.3) avem (Vyu)(%) = p,(X,u) ¥ ¢ <= [0, 1] unde
X =mn, X si x, = n(p,) iar din V-recurenfa lui » rezultd cd Vyu = ¢(X)u.
Din aceste formule si din u(x,) = p,(%(p,)) obfinem )_(,,tu = [o(X)(x,) Ju(p,)
Vi< [0, 1] de unde, tinind seami cd X,, = p,, deducem

2D — [p(X) (w)Ju(p) VES [0, 1]

Astfel, functia vectorialdi ¢< [0, 1] - u(p,) = F verifici un sistem
diferential de forma % = f(¢)v, unde f(¢) = ¢(X)(x,) este o functie diferen-

fiabild cu valori reale. Aplicind acestui sistem teoria sistemelor diferentiale,
deducem ci dacd #(p,) = 0 pentru un ¢,< [0, 1], atunci #(p,) =0 Vi<

< [0, 1] si u(p,) este proporfional cu elementul nul al lui F. Daci #(p,)
nu se anuleazd pentru nici un ¢< [0, 1], atunci avem

ip) = (exp | ) d1) uo

unde uoe F este un element constant.

PROPOZITIA 1.2. Dacd ue I este V-recurent si varietatea difereniabild
M este conexd, atunci u(x) # 0 pentru ovice x € M.

Demonstmtw 54 presupunem ci pentru x,< M avem u(x,) =0< E,.
Fie %, & M un punct arbitrar diferit de x4 si c:2< [0, 1] - c(t) = %, o
curbd diferentiabild pe port1un1 astfel incit x, = ¢(0), %; = ¢(1) (o varie-
tate diferentiabild conexd este conexd prin arce). Fie po€ P deasupra lui
%o, T(po) = %,. Existd atunci o ridicare orizontali unicd c:¢< [0, 1] -
- p,€ P alui ¢, astfel incit ¢(0) = p,. Deoarece prin ipotezi u(x,) = 0,

avem u(p,) 1{;0 Wu({xy)) = 0 iar din demonstratia prop. 1.1. deducem
cid %(]5,) = 0V¢<= [0, 1] si in particular #(p,) = 0. Tinind seama de faptul

cip,:F > E, . este un izomorfism de spatii vectoriale si ci u(x,) = pi(%(py)),
rezultd u(x;) = 0. Astfel, dacd u(x,) = 0 pentru un x,< M, atunci » =0,
‘ceea ce contrazice presupunerea cd #.este recurent.

Notim prin P[p,] subvarietatea de olonomie a lui P in raport cu
conexiunea I' care trece prin punctul poe P In ipoteza cd varietatea M
‘este conexd, avem wi(x) () P[p,] # @ pentru orice x< M, p, < P.

ProrozrTia 1.3. Fie M o wvarictate diferenfiabild conexd. O .secfiune
ue I este V-vecurentd dacd st numar dacd restrictia lui. us Fe la o sub-
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varietate de olonomie P [p,] nu se anuleazd si este proportionald cu un element
constant al lui F.
Demonstratie. a) Dacd u< X este V-recurent, atunci dupid prop. 1.2,
u(x) # 0 Vx = M iar din prop. 1.1. rezultd ci u(p) = f(p)u(p)Vp = P[bol.
unde f: P[po] - R si f(p) # 0V p< P[p,].
Prin urmare, restrictia lui » la P[p,] este proportionald cu un ele-
ment constant #(p,) < F.

b) Presupunem acum ci #< 3 este astfel incit restrictia lui u < &g
la P[p,] este nenuld in fiecare punct si este proportlonala cu un element
constant u,< F, deci ci

w(p) = f(p)wo, f(p) #0  Vp= P[p] (1.4)

Fie X< %(M), x,= M arbitrari i c:¢ —c(t) = x, 0 curbd integrald
a lui X prin punctul x; = ¢(1). Fie ﬁle P[p,] astfel incit =(py) = x; $i
fie ¢ : ¢ ~—» p, ridicarea orizontald a lui ¢ prin punctul ¢(1) = ;. Avem atunci

din (1.3): (Vyu)(x,) = p,(p,#) V¢t si tinind seama de (1.4) objinem

') T 'dl
(V) =L 5 i) =TT (), (L5)
de unde, pentru £ =1, avem A
(V) (%) = & - (). - (1.6)

Cum x,€ M si X< ¥(M) sint arbitrari iar membrul intli din (1.6) este
&(M)-liniar in raport cu X, rezultd ca

V= o(X)u | (17)

unde ¢: X € (M) - o(X) & F(M) este o 1-formd pe M. (1.7) exprimi
V-recurenfa lui #. :

. 2. V~-reeurenta si grupurile de olonomie. In prop. 1.3. s-a formulat
o conditie necesara si suficientd ca secfiunea # € 3 sd fie V- recurent.’

Vom nota cu uy< F valoarea constanti cu care este proportionald restrictia

lnize & la'o varietate de olonomie P[p,]. Astfel, avem pentru # V-recu-
rent

u(p) =fo(?)7zo: fo#) #0 Vp< Plp,). (2-1)

In continuare studiem conditiile (2.1).
ProroziTIA 2.1. Dacd ®,, este grupul de olonomie in po< P, atuncs
Ba g = M@y Vas @y, - (2.2)

unde rg: Dy, = R este un homomorfzsm al lui ®,, in grupul multiplicativ
al numerelor reale nenule.
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Demonstratie. u(;ﬁa) éi{(a—l)}}(p) iar din (2.1) 77&(?”) = folp) 51(“_1')”;0
de unde deducem ci . ' ’

aa ), =’;—‘(’;’u Vp < P[py]Vas O, (2.3)

Membrul doi al formulei (2.3) depinde nuﬁai de a si prin urmare avem
fo(pa) = ro(@)fo(p), Aol@) # OV p= Plpy] Vas @y, (2.4)
Deoarece (pa)a’ = p(aa’), din (2.4) deducem ci
Ao(ad’) = No(@) 2o(@') Va, &' € Dy,

Observagie. Din (2.2) rezultd cd grupul de olonomie @, invariazd sub-
spafiul vectorial al lui F subintins de #,.

Vom avea in vedere faptul ci varietatea P este reuniunea disjunctd
a varietdfilor de olonomie P[] si dacd p,, 1€ P nu se pot uni cu un
drum orizontal, atunci pentru p, = p.g, g= G, avem Plp,] = P[polg
51 Qp, =71 Qp 8.

Fie py = pog si o = u(py), %y = u(p;) elementele lui F cu care sint
proporfionale restricjiile lni # la P[p 1, P[p,]. Atunci, din w(pog) =
= Qg Yu(p,), rezulta

Uy = éR(g Yz, (2.5)

Prorozryia 2.2. Pentru p, = pog astfel ca P[p,] N Plpo] = I au loc
velatiile :

f1(P8) = folp), MlgTag) = Ko(@)Vp = PlpIVas @y, (2.6)

Demonstratie. Din u(pg) = &(g~u(p) si din (2.1), (2.5) deducem ci
u(ﬁg) Folpyu,, si prin urmare f,(pg) = fo(p). Avcm apoi, pentru p" = pg,
lag unde p € P[p,], a& @, fi(p'a’) = fo(fa) = ola) fo(p) = Nofa)
fl( ) Pe de altd parte, din (2.4) avem fl(p "} = M(2') f1(p'), siastfel rezultd
Do(a) = W(a'). ‘
PrROPOZITIA 2.3. Fie us X o sectiune V-recurentd cu covectorul de recu-
renta ¢ $i Ao: Dp, » R\ {0} homomorfismul din prop. 2.1. Dacd c:te<
[0 1] - p, € Plp,] este drumul orizontal care unesie punctele Po 2
P1 =Pod (as Dy), atunci
1 (
Mo(a) = exp ({ o(z)dt] - 2.7)
-0
unde c:te [0, 1] - x, S M este proiectia lui ¢ pe M (x, = w(p,))-
Demonstragie. Din (1.5) §i (1.7), unde X,, = %, rezulti ci

dln f(py) _
o ?(®),
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de unde, integrind de-a lungul.lui ¢, obtinem

720 = exp ( go;(x‘) ).

(2.7) rezulti din aceasti formuli si din (2.4).
' (Intrat in redactic la 3 aprilic 1974)
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SUR LES SECTIONS RECURRENTES D'UN FIBRE VECTORIEL PAR RAPPORT
A UNE LOI DE DERIVATION (I)

(Résumé)

L’auteur introduit la notion de section récurrente dans un fibré vectoriel E par rapport
2 une loi de dérivation y définie dans le module X des sections différentiables de E. On
dit. que la section #< I est y-récurrente s’il existe une 1-forme ¢ sur M telle que on a
Vi =9 @ u.

On généralise les théorémes de V. C. Wong [1] pour cette notion de y-récurrence.
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ANGELA VASIU -

In nota [5] se di un sistem de axiome pentru un grup abstract
care admite un sistem de generatori format numai din elemente involutive
(de ordinul doi). Submulfimea elementelor lui S de forma:

Plo) = {x|X = S, ax< S, o« =abc,a,b,c< S, abc< S}
0 numim un snop, iar submultimea elementelor lui S de forma :
D(x,y) = {2]z€ S, xyze S, x # y}

o numim un fascicul.

Cuplului (G, S) i se asociazd o structurid geometrici numitd spatiul
asociat grupului G, notat prin 8 (G.S). El consti din ansamblul (%,
@, S, 1), al mulfimii snopurilor, fasciculelor, sistemului de generatori
sirelatia de apartenenta (<) definitd intre ele. Elementele lui € le numim
in 8 (G.S) puncte, cele ale lui @, drepte iar elementele lui S plane.

Din teoremele stabilite pentru grupul (G, S) se deduce cid spatiul 8
(G.S) este o structurd de incidentd in care prin trei puncte necoliniare nu
trece totdeauna un’ plan; prin doud puncte trece cel mult o dreaptd;
printr-un punct §i o dreapti neincidente nu trece totdeauna un plan. In
spatiul 8 (G.S) se defineste un grup de deplasdri G* care este izomorf
cu grupul G cind centrul acestuia este format numai din elementul unitate
al grupului.

Pentru a sublinia generalitatea spatiilor de incidentd introduse, obser-
vim cé ele sint independente de axiome de ordonare, de axiome de con-
tinuitate, de axiome de tranzitivitate; adici fiind date doui puncte dis-
tincte nu existd totdeauna o deplasare care transformd unul in celilalt.

Geometria metricd plani sub forma lui Bachmann [2] a fost gene-
ralizatd pentru spatiul treidimensionalde Ahrens in [1]. Spatiile metrice
introduse generalizeazi planele metrice introduse in [4] si spatiile metrice
introduse in [3].

Doud plane a4, b, @ # b se numesc perpendiculare gi notim a | b
dacd in G, produsul ab este involutiv. Spatiul asociat 8 (G.S) impreuni
cu relatia de perpendicularitate | il numim spatiul metric asociat grupu-
lui (G.S) si se noteazi § (G, S, 1).

1. Proprietiiti ale spatiului metric asociat 8 (G., S, 1).

DerINITIA 1.1. O dreaptd D(x, y) se numegte perpendiculara pe planul
a,a< D(x,y) dacd D(x, y)* = D(x, y) unde D (x, y)* = {z%|z< D(%, 3)}.

TEOREMA 1.1. Fie z un plan s7 D(x,y) o dreaptd astfel ca z< D(x, y)
atunci z* < D(x,y) dacd st numai dacd a< D(x,y) sau a | z.

Demonstragie. Presupunem z,2°< D(x,y) si a< D(x,y) atunci din
2a2° = zaaza = zza = a rezultd

z,2°< D(x, y) N D(a, 2)
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Deoarece a< D(x,y) rezultd D(x,y) # D(a, z) atunci conform teoremei
2.8 din [5] rezultd z = 2* si deci az = za adicd z | a.

Invers, dacd a <= D(x, y) atunci din a, 2, a € D(x, y) rezultd aza €D(x, y)
conform teoremei 2.7 din [7] §i deci 2°=D(x,y). Dacd z | a atunci
2% = zgi deci 2°< D(x, y). : .

TEOREMA 1.2. Dacd D(a, b) | ¢ atunci ¢ | x, ovicare ar fi x < D(a, b).

Demonstratie. Dreapta D(a, b) fiind perpendiculardi pe planul ¢ in-
seamnd cid D(a, b)° = D(a, b). Deoarece c< D(a, b) Inseamnd cd abcs S
si deci existi un punct Py, = P(a, b, ¢). Fie P, # P, un punct care con-
tine planele «, b care conform axiomei B din [5] existd. Avem a4, b<
€ P; N P,. Atunci pentru un plan x < D(a, b) rezultd conform teoremei
3 din [6] x= P; si x<= P,

Planele ¢ §i ¥ mai au un punct comun P; # P,. Planulx°< D(a, b)
deoarece dreapta D(a, b) = D(a, b)° si deci x°< P; (N P,. Punctul Py=c¢
si rezultd conform teoremei 4.8 din [5] c& P, = P¢ adicd x°s P,

Am obtinut in acest fel urmitoarele relatii:

x€ PPN PN Py, x*s PN Py Py; ¢ P, NP

Dacd prepunem x % x° atunci conform teoremei 4 [6]c= P, si din
a,b,ce P, P, rezultd conform axiomei 4 din [5] abcE S ceea ce este
in contradictie cu ipoteza c¢c= D(a, b) si deci x = x° adicd xc = cx, si

x 1 c.

TEOREMA 1.3. Dacd y=abc §i d< P(y) atunci din a | d rezultd
P(y) # P(y).

Demonstragie. Deoarece a 4 d rezultd a # a% Presupunem ci P(y) =
= P(y%) atunci avem a, a®< P(y) deci D(a, a?)I P(y). Avem D(a, a%)* =
= D(a? u) ceea ce conform teoremei 1.1 §i teoremei 1.2 nseamni ¢cd D(a, a%)¢
este sau fix3 element cu element, ceea ce nu se poate deoarece a | 4, sau
d< D(a% a). Avem a% a< P(y) si d< D(a% a); rezultd conform teoremei
3 din [6] cd d< P(y) contrar ipotezei.

TEOREMA 1.4. Dacd b e P(a) atunci b* € P(a) este echivalent cu a < P(«)
sau a ] b.

Demonstratie. Dacd a,be P(«) atunci din 4, b, as P(x) conform
teoremei 2.5 din [5] rezultd aba = P(a) si deci b€ P(«). Sd ardtim acum
cid din b<s P(«) si ab = ba rezulti b°<c P(«). Avem ab< S% 5i ab = ba
atunci ab® = aaba = abaa = ab= S? si deci ad®*= S
. ' Invers, daci b, b*<= P(e) atunci trebuie si ardtim ci a= P(«) sau
@ | b. Presupunem contrariul ¢ a= P(a) si b # b* Din b # b* rezultd
conform teoremei 1.1 c¢i D(b, %)= a ceea ce impreund cu b, b*<s P(a)
implicd pe baza teoremei 3 din [6] a < P(«) contrar ipotezei.
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2, Te(()éeléle d;e existentd asupra punectelor si dreptelor spatiului metnc
8 L
LuMa 2.1. Oricare ar fi x un plan, existd un punct P(a) astfelcax< P(oc).
. Demonstragie. Conform axiomei B din [5] pentru planul x si un plan
y existdi doud puncte distincte P, si P, astfel ca x,y= P, (| P,. Cele
doud puncte fiind distincte existd un.plan a< P si ae P,
Planele @ si y, conform axiomei B, aparfin unui snop Pj; # Pi. Pla-
nul x< P, Intr-adevir presupunind contrariul avem:

%ys P P, Py; as PN Py
si conform teoremei 4 din [6] a = P,, contrar ipotezei.
TrorREMA 2.1. In orice plan x existé trei puncte necoliniare.

Demonstragie. Fie % un plan oarecare atunci conform lemei precedente
existi un punct P(«) astfel ca x < P(a). Fie o = abcE S atunci abxs S
deoarece in caz contrar abxc € S? de unde x¥ € P{«) contrar ipotezei, rezultd
cd existi un punct P(a, b, ) > x. In mod analog obtinem punctul P(a, ¢, x)
> x 51 P, c, x)> x.

Presupunem P(b, ¢, x) = P(a, ¢, x) atunci am avea a< P(b, c, x) si
deci abcx € S? contrar ipotezei. Deci cele trei puncte sint distincte.

S4 ardtdm cd cele trei puncte sint necoliniare. Presupunem contrariu,
cd existd x,y cu x # y astiel ¢d x,y< P(a, b, x) N Pa, ¢, x) N P, ¢, x)
atunci din c< P(a, ¢, x) (| P(b, ¢, x) conform teoremei 4 din [6] am avea
c< P(abx) deci cabx < St ceea ce conduce la o contradictie.

Conform definifiei sale un punct propriu este jonctibil cu oricare alte
doud puncte necoliniare cu el, printr-un plan. Vom demonstra acum cid
un punct propriu este jonctibil cu un punct oarecare, adicd printr-un punct
propriu gi un punct oarecare existd o dreapti.

TEOREMA 2.2. Dacd P(x) este un punct j)ropym atunci ovicare ar fi
P(B) un punct existé x,y< P(a) N P(B).

Demonstratie. Fie P(a) un punct propriu si @ un plan astfel ca a € P(x)
atunci daci P(B) P(y), P(y) sint trei puncte necoliniare incidente cu a,
existd planul x< P(«) M P(B) N Ply) i planul y= P(a) N P(R) N P(S)

. 51 deci existd x, y= P(«) N P(B).

Derinitia 2.1. Un punct P(x) se numeste un pol pentru un plan a
dacd oricare ar fi ¥ P(«) avem ax = xa.

TEOREMA 2.3. Existd patru puncte proprii necoplanare.

Demonstragie. Conform axiomei C [5] existdi un punct propriu P(y)

sive P(y) astfel ci P(y) nu este un pol pentru planul #, atunci conform
teoremei 1.3 punctul P(y*) # P(y) si conform teoremei 4.5 din [5] P(y")
este de asemenea un punct propriu. Conform teoremei precedente un punct
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propriu P(y) este jonctibil cu orice punct si deci existi dous plane b, c=
P(y) N P(y*). Fie a planul neperpendicular pe b prin P(y) care con-
form axiomei C din [5] existi, astfel ci abce S. Deoarece b< P(Y) si
b+ a rezultd conform teoremei 1.3 ci P(y*) # P(y*). Punctele P(y),
P(y*) si P(y**) sint necoliniare deoarece in caz contrar conform teoremei 4
din [6] orice plan incident cu doud ar fi incident si cu al treilea. Planul-
be P(y) N P(y*) dar b€ P(y*) deoarece a< P(y*) si b 4 a deci cele trei
puncte sint necoliniare. Fie d planul incidentcu aceste trei puncte (care
existd deoarece P(y) este un punct propriu). Notdm cu e planul prin P(y)
neperpendicular pe- planul 4. Acest plan este incident cu cel mult unul

din punctele P(y*) si P(y*’). Presupunem ¢ P(y"*) atunci conform teore-
mei 3.1, P(y*) # P(y*") deoarece e< P(y*) si ¢ + d.

- Punctul P(y"“ﬂ) d deoarece de P(y**) deci punctele P(y), P(y*),
P(y¥*) si P(y*=) sint patru puncte proprii necoplanare.

Putem acum demonstra ci doud puncte oarecare P(a) si P(B) distincte
sint jonctibile,

TrEOREMA 2.4 -Dacd P(x) # P(B) existd x, y< P(a) () P(B).

Demonstragie. Fie P(y) un punct propriu, atunci oricare ar fi P(«) #
# P(B) existd un plan x< P(a) () P(B) N P(y). Dacad cele trei puncte
sint coliniare atunci existd a, b< P(x) N -P(B) N P(y) i teorema este
demonstrati. In caz contrar conform teoremei 2.3 existd un punct pro-
priu. P(S) astfel cd P(8) = x. Atunci existd un plan y< P(a) N P(B
N P(3) si y # x deci existd #, y= P(a) () P(B).

3. 0 alta definitie a dreptei D(x, y). In paragraful precedent ca o con-
secintd a existenfei a patru puncte necoplanare am vizut ci doud puncte
oarecaré P(a) si P(P) sint unibile printr-o dreaptd D. Vom demonstra
acum cd singurele plane incidente cu cele doud puncte sint planele incidente
cu dreapta D. (

THOREMA 3.1. Pentru doud puncte distincte P(a) # P(B) cu x,y€
< P(a) N P(B) avem urmdtoarea relagie: '

{tlxyz = S} = {zlz = P(a) N P(B)}.

Demonstratie. Fie z astfel ca xyz< S, conform teoremei 3 din [6]
rem}l}tﬁ) z€ P(a) deoarece %, ys P(a) si la fel z€ P(B) deci z€ P(a) N
N P(B). ,

Invers fie z< P(a) M) P(B) atunci avem x,y,z< P(a) ) P(B) si
conform axiomei 4 din [5] xyze S.

" Deci dreapta prin doui puncte existd §i este unicd deoarece si dreapta
prin doud plane x, y existi gi conform teoremei 2.8 din [5] este unica.

Vom nota D(x y) = D(P(«), P(B)) daci vrem si numim dreapta prin
punctele P(a) si P(B).

Consecinga 7. Conform teoremei demonstrate oricare ar fi P(y) si
P(8) doud puncte incidente cu x, y

~
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D(x, y) = D(P(y), P(3)) deci aceasti définifie a dreptei prin mulfimea
planelor incidente cu doud _puncte nu depind de alegerea punctelor pe dreapta
r;spectwa Putem spune deci cid din P, P21D1, D, rezulti Dy = D, sau

1= P,.

Consecinta 2. O altd consecin{i este cd daci P,, PyIa, si P,, P,ID
atunci alD.

Consecinta 3. Din D, PI a, b rezultd 4 ="b sau DIP,

(Inirat in redaclic la 8 ianuarie 1974)
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ESPACES METRIQUES 8 (G., S, 1) ()
(Résumé)

Dans cette note on .étudie les propriétés métriques des espaces § (G.S) introduits en
[5], associés & un groupe G, qui admet un systéme de générateurs S formé d’éléments invo-
lutifs. La seconde partie est consacrée a la déduction des théorémes d’existence pour l’espace
associé § (G.,S).
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ASUPRA NOTIUNII DE O-LIMITA A UNEI APLICATII iNTR—UN
PUNCT

D. BORSAN

1. In cele ce urmeazi, se consideri aplicajii definite pe un spatin
topologic X si cu valori intr-o multime Y dotati cu o structura de latice
completd, in raport cu o relatie de ordonare part1ala ,» <. In lucrare se
introduce si se studiazi nofiunea de 0-limitd (limitd in raport cu ordonarea
din Y) a unei aplicatii f: X - Y, intr-un punct x4 X. Se compard apoi
aceastd 0-limitd cu notiunea uzuald de limitd a aplicatiei f in x,, relativ
la anumite topologii de tip special, definite pe Y cu ajutorul relatiei de
ordonare.

2. Fie X un spatiu topologic, Y o latice completd relativ la ordonarea
partiald ,,<” si f: X »Y. Pentru x,< X notim cu °Y, filtrul veciniti-

tilor punctului %, §i cu ?,, familia vecindtifilor stricte nevide ale lui x,.
O-lin.tele extreme ale aplicatiei f in x, (0-limita superioard notatd 0-L(x)
si O-limita inferioard, 0 — I,(x,)) se definesc in modul urmitor ([3]):

0' _ L(xg) = [f(x,) dacd x, este punct izolat in X

| inf {sup {f(x)}| daci %, este punct de acumularein X
I}EJ?% ze¥

Jf(x,) dacid x, este punct izolat in X

sup {inf {f(x))} dacd x, este punct de acumulare in X
;}E“'on zeV .

0 — byiwe) = [

DErFINITIE (2.1). Fie X un spafiu topologic, Y o latice completd,
f: X oY si xy un element din X. Un element 2< Y, este prin definitie,
O-limita aplicatiei f in punctul x,, dacd %2 =0 — Ls(xy) = 0 — I¢(x,).

Evident O-limita. unei aphcatu intr-un punct este unicd. Vom folosi
notatia 2 = 0 — lim f(x)

T,

TroREMA (2.1). Fie X un spatiu topologic, Y o latice completd {:X Y
st Xo un punct de acumulare din X. Dacd h = 0-lim £(x), atunci oricare ar

=z,

fi sirul gemeralizat (Xa)aca, Strict convergent cdtre x,, in spapiul X, sirul
genemlzzat (f(X))aca O-converge, in laticea Y, cdtre h.

Demonstratie. Fie (x, Xg)aea UD §iT generalizat din X, strict convergent
[6] catre x,. ‘Urmeazi ci oricare ar fi Ve 9., existd o, < A astfel ‘ca

ay <40 si implice x, = V' (am notat cu ,, <, ordonarea parjiald din

A). Folosind notatnle yv =sup {f(%)} si yy= inf {f(#)} avem atunciy? <
zel zel

< f(#,) <yppentru o> ,a,. 4Cum °‘§’,, este superior flltranta fafd de ordo-

narea ,,—” definiti prin V 4 U < UcV, unde V,U-e °‘?,,,, ([31),

putem vorbi despre sirurile generalizate (yV)VEe? si (yy)Veey
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Aceste giruri generalizate se bucurd de urméitoarele proprietdti:
1. (y V)Ve°s~? este nedescrescitor si (yV)Ve"? este necrescétor ;

2. sup {yV} = 0 — lg(%,) iar inf {yp} =0 — "Li(xo) ;
Ve‘? Ve“‘sa
3. pentru orice Ve P existi o, < A, astfel ca ¥y < f(%,) < yv,
pentru a >, a,. Cum, prin 1poteza 0— lf(xo) =0 — Lixy) = h, cum se
cunoa§te din teoria O-convergentei ([8], [1]) proprietétile 1—38 aratd cé

fx) 5 :
in 1poteza cd Y este un lanf complet, dens in sine ([1]) este valabild
si reciproca acestei teoreme:

TEOREMA (2.2). Fic X un spagiu topologic, Y un lani complet, dens in
sine, £: X >Y si xo un punct de acumulare din X. Daci pentru orice sir
generalizat din X, strict ‘convergent citre X,, sivul generalizat al valorilor cores-
punzatoare ale functwfl, O-converge cdtve he Y, atunci h este O-limita func-
tiei in punciul x,.

Demonstragie. Vom demonstra ci 0 — Ly(x,) = A. In mod analog se
aratd cd si 0 — Jy(x,) = %. Rationind prin contradictie, presupunem 4 #
# 0 — Ly(x,). Atunci h<0— Lf(xo) (vezi teorema (2.3) din [3]). Ordo-
narea din Y fiind densd, existd A, <Y, astfel ca & <h <0 — Ly(x,).
Conform teoremei (1.2) din [3] pentru orice ¥ e %, exista xp & V, astfel
incit f(xy) > hy. Sirul generalizat (x3),_ §,, converge strict. catre %,, deoa-

rece ‘daci Ue "‘?,, xwpelU pentru orice VC U, deci pentru U —] V. Prin
ipotezd, avem -atunci O-lim f(xy)=4h. Cum insi f(xy) > 4, pentru orice
Ve, % urmeazd cd O-lim f(wp) = h =h,. Contradlctla la care am ajuns
dovedeste cd 0 — Ly(x,) = A.

3. In laticea completi Y ordonarea parfiald permite introducerea
unor topologii de tip special, cum sint: interval-topologia, topologia ordo-
ndrii. Ne intrebdm daci existi vreo legatura intre O-limita unei aplicatii
f:X »Y, intr-un punct x,< X si limita in x, (m sens uzual) a aplica-
tiei f, privitd ca aplicafie a spatiului topologlc X, in spatiul topologic Y.
Intrebarea este legitimi deoarece avem in vedere topologii pe Y, definite
cu ajutorul ordonirii.

DgrintTIA (3-1). Y fiind o latice completd, topolog1a care are ca sub-
bazi a multimilor fnchise familia tuturor intervalelor inchise [a, §] =
={yeY|a <y < b} din Y, se numegte interval-topologia pe Y. O vom
nota cu v,;([4]).

DeriNtTIA (8. 2). Topologla pe Y, relativ la care o multime M.c Y
este inchisd ‘dacd §i numaidacd 0-limita oricdrui gir generalizat O-conver-
gent de elemente din M, aparfine de asemenea lui M, se nume§te topolo-
gia ordonirii pe Y. O vom nota cu =, ([8]).

Pentru o aplicatie f: X —»Y, unde X este un spatiu topologlc iar
Y o latice completi putem vorbi despre 0-limita aplicatiei f intr-un punct
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%o€ X, 7;-limita aplicafiei f in %, (daci dotim mulfimea Y cu topolo-
gia 7;) §i 7, limita Iui f in %, (limita in raport cu topologia 7, pe Y).

TrorEMA 3.1). Fie £: X - Y, unde X este un spapiu topologic, iar
Y o latice completd. Dacd h< Y este O-limita aplicagies £ in x,< X, atunci
h este §i tilimita §i xvy-limita aplicagier £ in x,.

Demonstragie. Dacd x, este punct izolat din X avem 0 — Lg(x,) =
=0 — lf(xo) = h = f(x,) i de asemenea =; — lim f(x) = %, — lim f(x) =
___f(xo) = }. 2, 2%,

Daci x, este un punct de acumulare in X, atunci, conform teoremei
(2.1), oricare ar fi sirul generalizat (%,)yc4 din X, stnct convergent citre
%o, avem f(x,) 5 A. -

Se cunoaste insd ([8]) cd convergenf,:a in raport cu topologla ordonrii

(ro-convergenta) este mai generald decit 0-convergen1;a Avem deci f(x,)>
In ipotezele teoremei putem deci afirma ci.oricare ar fi sirul generahzat
(%4)aea, strict convergent citre x,, sirul generalizat (f(%,))«<4 T,~converge

" citre k. Se cunoagte atunci ci & = 1, — lim f(x). Cum topologia ordonarii
X3%,

este mai find declt interval-topologia ([7]) urmeazd imediat cd » = v; —

—lim f (x) si teorema este complet demonstrati.
2%y

TrorEMA (32) Fie X un spajiu topologic, Y wun lant complet dens in
sine st £: X - Y. Dacd (Y, ) este spapiu T, atuncs h =z, — lim f(x)

2=y

dacd si numai dacd h = 0 — lim f(x).

Z—r%g
. Demonstragie. Tinind seama de teorema (3.1), rimine si demonstram
cd h ==, —lim f(x) implicd » = 0 — lim f(x). Cazul cind %, este punct
2%, 5%,
izolat in X  este banal. , ‘
- Fie x, punct de acumulare in X, Si presupunem ci 4 = v, — lim f(x). .
X%,
Se cunoagte atunci ci oricare ar fi un gir generalizat din X, strict conver-
gent cétre x,, sirul geueralizat al valorilor corespunzitoare ale funct1e1:
T,-converge citre 4. In [3] am aritat insi (teorema (2.2) din [3]) ci existd
un sir generalizat (x,),c4, convergent strict  cdtre x, astfel ca f(x,)
2,0 — Le{(#,).
0-convergenfa fiind mai restrictivi decit <, convergenfa, putem scrie
in definitiv ci f(x,) 3 0 — Ly(%,). Avem finsi, in baza ipotezei, si f(#,)>
Spatiul (Y, r,) fiind presupus T,, ©,-limitd oricdrui gir generalizat conver-
gent din Y este unicd, deci 2 = 0 — Lg(%,). Un rafionament analog aratd
ci avem de asemenea 2 = 0 — [(x,).
" 4. Unei aplicafii f, definitdi pe un spatiu topologic X si cu valori

inti-o latice completi Y, i se asociazd ([2]) aplicatiile f i _f definite in
modul urmitor: '

f(x0) =Vi11-§ {jgg {f®)}} st flxo) = sup {mf {f(x)}}

ve? ze ¥
pentru %, X.

83 — Mathematica — 1975
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TEOREMA (4.1.) Pentru o aplicapie T definitd pe spagiul topologic X
st cu valori in laticea completd X, avem f(x,) < 0 — [(x,) < 0 — L(x,) <
< f(xo) pentru orice x,< X. -

Demonstrajie. Deoarece oricarear fi V = 9.V <V, avem sup{f(x)} <
=V

< sup {f(%)} si 1nf {f(x }21nf {f(x } Urmeazd cd f(xy) < 0 — Jfx,) si

f(xo) 20 — Ly(x ) Daci fineam seama cd 0 — [(x,) <0 — L (%) ([3]).
teorema este demonstrata,

TEOREMA (4.2) Dacd aplicatia £, definitd pe spapiul topologic X si cu
valori in laticea completd Y este O-continud tn xo= X ([2]), atunci { este
§i Ty-continud in X,.

Demonstragie. Presupunem ci f este O-continui, deci f(x,) = f(#,)
= f(%,). Conform teoremei (4.1) avem atunci 0 — lg(x,) = 0 — L(x,) =
= f(%,); prin urmare, 0 — hm f(%) = f(%o). Urmeazda (teorema 2.1) ci

T,-lim f(x) = f(x,), deci f este » T, - continud in %y
(Intrat in redactierla 21 septembric 1973)
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ABOUT THE O-LIMIT IN A POINT

(Summary)

The paper defines and discusses the concept of O-limit in a point, for mappings defi-
ned on a topological space X with values in a complete lattice Y. Then. a comparison bet-
‘ween the usual limit of an application and its O-limit in a point is done, in some special
types of topologies.



AILPHA-CONVEX FUNCTIONS AND DERIVATIVES .IN THE
NEVANLINNA CLASS

SANFORD S. MILLER* and PETRU T. MOCANU

1. Introduction. In this paper we determine whether or not the »%-
derivative of an a-convex function belongs to some Hardy class or the
Nevanlinna class.

o]
DEFINITION. Let o be real and suppose that f(z) = z -+ 2, a,2"is regu-
2

lar in the unit disc D with f(2) f'(z) # 0in0 < |2] < 1. If Re[(1 — a)2f'(2)[f(2) -
+ a(zf”(2)[f'(z) + 1)] > O for z= D, then f(z) is said to be an alpha-convex
function. We denote the class of these functions by II,.

It is known that if f(z) = 81, then f(z) is univalent, starlike [7].
_Moreover if f(z) = M, and |a| > 2 then f(z) is bounded [4, 6].

In what follows we denote by K, (z) the Koebe function z/(1 — e®z)?,
where 7 is a real constant. In addition we define the function f(«, 2) as

K. (2) for =2 < « <0, and
ol ) = l[lSKT(C)I/“C_IdC]ufor 0<a <2
0

27

If f(2) is regular in D and the integrals S log*|f(re?®)|d6 are bounded

. o .
for » < 1 then f(z) is of bounded characteristic and f(z) is in the Nevanlinna
' 21

"class N. If $ >0 and Slf (r¢®)|? 46 remains bounded as 7 — 1, then f(z)

0

belongs to the Hardy class H? . H* is the class of bounded regular func-
tions in D. Note that H~ ( H? C N. .

If f(z) is univalent then it is known [1, Theorem 3.16] that f(z) € .H
for p < 1/2. Moreover, the #u*-derivative of the Koebe function K. (z),
which is the extremal function for so many problems in the theory of
univalent functions, has the property that K{(z) = H? when p < 1/(2-+n),
for n =1,2,3, ... In[5] an example is given of a univalent function f(2)
for which f’(z) & N. In this paper we will show that if f(z) = &, then
f'(2) for any a and f(z) for « # O are in some Hardy classes. We will
also show that there exist functions f(z) = 8, for which higher deriva-
tives are not even in the Nevanlinna class.

1 The first author acknowledges support received from the National Academy of Scien
ces through its exchange program with the Academy of the Socialist Republic of Romania



36 . ‘ S. S. MILLER, P, T. MOCANU

2. Preliminary Lemmas. Leyvma 1. If £(z) € H* for A < p and g < H*
Jor A < q then f(z)g(z) = H* for A < pq/(p + q).
Proof. By Holder’s inequality we have

| 2gnff<z)g<z>wze < [Zf lf(Z)l*‘d9]1/S|2§ e)as] " = L) 1)

where 2 = 7%, 1/s 4 1/t = 1 and s > 1. The first term I,(r). will be boun-
ded as » - 1 if As <p and I,(r) will be bounded as [ 1if M <yq.
These ‘inequalities will hold if A < pg/(p + ). '

‘Note that the inequalities in Lemma 1 can be replaced by other
combinations of inequalities and equalities. For example, f< H? and g< H*
1mply that ng Hpalp+4),

As an iminediate extension of Lemma 1 we obtain :

Lmna 2 If §() S B for A<pui=12 ...n then [] ()< HA
fora<TIp/d pips - - - . Pas where p, mdwates that the term p; s omitied.
=1 i
Levmua 3. If P(z) ¢s rvegular in D and Re P(z) > O thm P(z) = H?
Jor A <L

LEMMA 4. Iff'(z) e H?(0 < p < 1) then {(z) = Ho-),

TTrona 5. () Ifi(@) < R, and |o) > 2then i(z) < He. (i) Iff(z) < 9N,
# 1.(a, z) then f(z) = TP where :

T

0 if &« =2,

b= 1/2—a)+e if0=<a<2,
1/2 4 ¢ if 2<ax<0, .
w0 o= —9

i () T f(5) = (0, 7) then flz)< B for all

>0 ‘ if a=2
P<1@2—q H0s<a<2
_y : j) << 1/2 if —2 < « < 0.

A\
“Lemma 3 is well known, Lemma 4 is in [1, Theorem 5.12] and the
various parts of Lemma 5 are in [2, 3, 4, 6]

3. Main Results. Turorem 1. (i) If ~f( ) e oM, and a.< —2 or 2 <
L « then f'(z) « H2 for all.p < 1. . o
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() If f(z) € M,, —2 < a < 2 and £(z) # £, (¢, z) then f'(z) = H? for
all p < 1 when a« = —2, and £'(z) € HP where ' :

V'P— 1/B— o) +eif 0<a<2
_{1/3+s if —2<a<0

and = = e(f) > 0.
(i) If f(z) =1, (o, 2z) then £(z) € B? for all

p<1lB—a if 0<a<?2
p<1/3 if —2<asx0.

Proof. Since f(z) = 9, implies that f(z) is starlike we can write f'(2) =
= f(2) P(2)/z where P(z) is regular in D and Re P(z) > 0. By applying Lem-
mas 1, 3 and 5 we obtain our result. Note that the ¢ of the theorem need
not be the same e as in Lemma 5.

THEOREM 2. If f(z) € &, « # 0, then £'(z)/f'(z) € H? for all p <1
and In f'(z) « H? for all p > 0, where In w represents some single-valued
branch of the logarithmic function. A

Proof. If we set J(a, f(2)) = (1 — a)zf'(z ( ) (2) + elzf”(2)[f'(z) + 1) then
J(a, f(2)) is regular in D Re J(e, f(z)) > 0 and hence by Lemma 3 J(«
f(@) € H? for all p < 1 '

Since f(2) = M, 1mp11es that f(z) is starlike we must have zf'(2) /f(z)—
= P(z) where P(z) « H? for all p < 1

If « # 0 then
776 L Jw f2)) — E=2 Pz) — 1
. @« «
and
21 f () » 1 2n
#f"'(2) 1 5 d0
{ a0 s (L7t 1a1P a0 +
0 . 0 s
“or
1 ll — e SjP(z)]Pdﬁ—}-Zrc
(1]

for 0<p<1 and z = 7e®, From the H? properties- of J (oc, f(z )! and
P(z) we obtain f''(2)/f’ (z) e H? for all p < 1. '

If we set g(z) = In f'(z) then g’(z) = f”(z)[f'(z). Applying Lemma 4to
g(z) we obtain the desired result. S

THEOREM 3. (i) If f(z) € Sy and o < —20r 2 < athenf'(z) = H?
Jorallp < ]/2 : _ Cie
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() If f(z) e, —2<a<<0 or 0<a<2 and (i(z) # £, («, 2))
then £''(z) « H? for all p < 1/2 when o = —2, and {''(z) « H? where

Y4 —a)Leif 0<a<?2
14+  if —2<a<0,

(i) If £(z) = £.(a, z) then £(z) = H? for ail

P<l/4—a) if 0<a<<2
p<1/4 if —2<oa<<O.

- Proof. Write {"(2) = f*(z). [1"(2)[}'(z)] and use Lemma land Theorems
I and 2.
Note that if f(z) = 9, and o % 0 then f”(z) belongs to some Hardy
class. The value o = 0 is critical as we shall now give an example of a func-
tion f(z) € 81, for which f"(2) & H? for any p.

" THEOREM 4. There exists a Junction f(z) = gy such that f”(z) & N.
Proof. In [5] an example is given of a regular function g(z) which is
bounded (|g(z)| < &) with g(0) = 0 and such that hm g'(ve®®) fails to ex1st

almost everywhere. If we let P(z) = (b 4 g(z ))/b then P( 2) is regular, Re
P(z) > 0, and hence by Lemma 2 P(z) « H* for A < 1. Since P’'(z) =
= g'(z)/b we see that lim P’(re®%) fails to exist almost everywhere.

r—1
Consider the function f(z) defined by
2f'(z) _ P(z)

1) :
Clearly f(z) = 1Ly and suppose f'’(z) € N. By differentiation we obtain
#f"(z) + f'(z) — Ple)f'(2) — P'(Z)
1 :
Since f(2), f'(2), /" (2), P(z) € N and fe) =0 l1m P’(re'®) exists almost

everywhere [1, Theorem 2.2]. This is a contradlctlon and hence f’(z) g N.

Remarks. (i) Because of Theorem 3 we see that the function f(z)
constructed in the last theorem is in 8N, only for « = 0. This function is
unusual in being ,,purely starlike’” and having no form of convexity. -

(ii) Since 8, — S*, the class of starlike functions, and H? C N, by
considering Lemma 4 we see that there exists f(2) = S* such that f(”) (z) &
& H? for any p >0, for =2, 3, 4...

If P(z) is a regular function with Re P(z) > 0 then in general P’(z) &
“¢s HA for any- A (see- Theorem 4). However, if f(2) € M, o # 0, and P(z)
= 2f'(2)[f(2) we can show that P'(z) & H* for A < 1/2. .
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Lewa 6. If £(z) = 0%, o # 0, then zi(2)/i(z) and (2f'(2)[E(z)) are
en H* for A << 1/2. '
’ Proof. We can set

o£6) _ [0 fQ)

o e fe)

and use Theorem 2, LLemma 1 and Lemma 3 to obtain the first result.
Since

(Q’E)' =7, rea_, (ﬂ
f@) flay 1@ fle)
our second result follows from the H? properties of f''(2)/f(z) and }'(2)/f(2).
THEOREM 5. There exists a function f(z) = M, o > 0, such that
'"(z) & N,
Proof. Because of Remark (ii) we need not consider the case « = 0.
If we take P(z) as defined in Theorem 4, and define f(z) as the solution of

1— 2f'(2) | (Zf”(z) 1) = P(2),
e v )
with « = 0, f/(0) = 0 and f'(0) = 1, then f(2) is well defined and f(z) =
= 9, [8]. '
Suppose that f"’(z) & N. By differentiation we obtain
1 — (Zf'(Z) )’ + o LAEE + @] = (@R pry,
= (e @
Since (z1'(2)[f(2)), F'(2), f"(2), ' (2) & N and f'(2) # 0, lim P’(re®) exists
r—1
almost’ everywhere [1, Theorem 2.2]. This is a contradiction and hence
f"'(2) € N.

Remarks. (i) The problem of proving the theorem for o << 0 remains
an open (uestion.

(ii) In light of Lemma 4 we see that there exists a function f(z) = I,
a > 0, such that f"(z) ¢ H? for any $ >0, for # =3, 4,5, ...

(Received July 27, 1974)
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FUNCTII ALFA-CONVEXE SI DERIVATELE LOR IN CLASA NEVANLINNA

(Rezumat)

- In aceasts lucrare autorii studiazi pomblhtatea de scufundaxe a functiilor alfa—convexe
si derivatelor in anumite clase Hardy sau in clasa lui Nevanlinna.



ON THE CONTROLLABILITY OF CERTAIN
NONLINEAR EQUATIONS

IOAN MUNTEAN

1. Introduetion. Consider a control system governed by the nonhnear
ordinary differential equation

% = [ %, u), (1)

where ¥ « R” is the state vector, # = R™ is the control vector, f:
[to» + o[ X R* X R"—>R"is a continuous function and ¢, R Here R?is
the real Fuclidean space of dimension p of all vectors z = (2%, ..., 2?)
endowed with the morm |z = [(%)2 + ... 4 (#)*}2. Let T > to be a
given number. The equation (1) 1s said to be T-comtrollable if for every
%y € R" there exist a continuous function #:[¢,, 7] — R™ and a solution
%(t) of the equation & = f(¢, x, u(¢)) defined on [#,, T] such that x(f,) = x,
and x(7) = 0. The equation (1) is said to be controllable if it is T-controllable
for each T > ¢;. It is easy to see that the T-controllability implies the
global controllability in the sense of K. B. Mirzaand B. F. Womack
[9]; and that the controllability is implied by the periodic controllability
in the sense of D. L. L, ukes [8)] and by the controllability in the sense
of A. G. Kartsatos [6].

In this paper we investigate the influence of the controllability or
T-controllability of the linear differential equation

&= A(t)x + B(t)u | @)

over the controllability or T-comtrollability of the nonmlinear differential
equations .
%= A({)x + B(t)u -+ g(t, x) (3)
and .
& = A{t)x + B(t)u + h(, x, u) (4)

obtained by a perturbation of linear equation (2). This investigation is
motivated by the following example. »
Example 1. The scalar linear equation # = # is controllable since for

each T >, and each x, € R the constant control #(f) = — :rl

Xo

—
t—h E w1th %(ty) = x, and x(7T) = 0.
%
However, the perturbed nonlinear equatlon x = u + |u| is not T-controlla-
ble for any T > ¢, since for x, > 0 and any contlnuous function % : [to, T] -
- R' we have

produces the solution x(f) = %, —

#(T) = %o + | [wl) + 1) 10t > g > 0.

In § 2 we state a variant of the Kalman s criterion for the controlla-
bility of linear equations. In § 3 we give some sufficient conditions for
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T-controlability and for controllability of nonlinear equations with the
perturbing nonlinear term not depending upon the control vector. More
general equations with the perturbing nonlinear term depending upon ¢, %
and # are investigated in § 4. We end with a simple example to illustrate
the connection between- our results with those recently obtained by G.
Aronsson [1] and A. G. Kartsatos [6]. In deriving our results
the controllability problem is trahsformed into one of showing the existence
of a fixed point for a suitable mapping, which is then solved by using the
Schauder’s fixed point theorem and the Banach’s contraction principle.
Earlier, the controllab1l1ty problems were studied by means of the fixed
point technique by E. TLee and L. Marku's [7], p. 392, V. A.
Ceprasov [2], E. J' Davison and E. C. Kunze 3], X. B.
Mirza and B. F. Womack [9], D. L. Lukes [8] and many other
authors.

2. Controllabhility of hnear equations. In the sequel we are in need of
a variant of the well-known criterion of R. E. K alm an [5] for controlla-
bility of linear equation (2), in which' the matrices A(f) and B(f) ate of
dimensions # X # and # X m, respectively, and their entries are real con-
tinuous functions on [¢,, 4 co[. When a vector x, € R”, a number T > ¢,
and a continuous function w: [¢,T] —» R™ are given, the solution x(f)
of x = A(t)x + B($)u(t) with x(f,) = %, is defined on [f,, T] by

¢
#(t) = o, t) %0 + {0l ) Bls)u(s)ds
to
where ¢(Z, s) is the transition matrix of dimensions # X # defined for ¢, s =
& [to, T], that is, g—t(p(t, s) = A(t)o(t, s) and (s, s) is the identity matrix
in R*. For T >, we define the Gramian matrix ' -
T T
W(T) =\ olte {)BEO)B*€)o* (o )42,
. t°‘

where M* denotes the transpose matrix of M. The matrix W(T) is symme-

tric and nonnegative definite, and it is positive definite if and only if it is
nonsingular. :

THEOREMI a) Let T > to. The equation (2) is T-controllable. if and
only if the matvix W(T). is positive definite.

b) The equation (2) is comtrollable if and only if the matrix W(T) <
positive defimite for all T > ¢,.

The proof of this theorem is based upon the same argument asin [7],
p. 186 — 188, by observing that the control function

) = —B*()g*(to, HWHT)%,

is continuous and steers: the initial state vector into the: origin.”
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3. Controllability of nonlinear equation (3). In this section we give
sufficient conditions for T-controllability and for controllability of non-
linear equation (3) with the perturbing nonlinear term not depending upon
the control vector. We suppose that the matrices 4(¢f) and B(f) in (3) satisfy
the assumptions in § 2 and the function g:[¢,, 4+ 0[X R* - R" is continu-
ous. When a vector x, € R*, a number T > ¢, and a continuous function
u:(ty, T] - R™ are given, then every continuous solution x(f) on [¢, 1]
of the integral equation

#(t) = o, to) %o + { 06, S)[B(s)u(s) + gls, #(s))1ds (5)

to
is a- solution of % = A(f)x + B(@)u(t) + g(t, x) with x(¢y) = %,.

THEOREM 2. a) If theve exists a number T > to such that (2) vs T-control-
lable and g(t, x) is bounded on [ty, T] X R”, then (3) is T-controllable.

b) If (2) is controllable and g(t, %) is bounded on [t,, T] X R* for all
T > t,, then (3) s controllable.

Proof. To prove our theorem the following well-known Schauder’s
fixed point theorem will be used: If X is a nonempty compact comvex set
in a normed space and P: X — X is a continuous mapping, then P has a fixed
point in X.

Let %y =(x}, ..., #%) € R” be a given vector and let X be the
set of all functions x:[¢,, T] — R" having the following properties:

a) x(ty) = %y, b) x(T) =0, c) |#()] < K, for all ¢t < [t, T],

d) |%(t) — x()| < K|t —¢| for all £, £ € [¢,, T]. -

We regard X as a subset of the Banach space C,[{,, T] of all continuous
functions =x: [{, 7] > R* endowed with the uniform norm |[x|| =
= max{|x(f)|: t< [t,, T]}. Here the numbers K; and K, are given by

K, = max {|z,|, a(l + o)[|%o+ oM (T — )]},
Ky = max {0 gl] 4 (aoM + BN) [+ YT — 1)1},

where o
M =sup {|g(t, )| :t = [to. T]}, N = o[|xo| + aoM(T — ¢p)],

o = max {|o(t, o)1t = [y, T} - B = max {|o(t,, 2)B@)|:t = [t,, T}
¢ = #. max { max l %t @ii(t o) |- [to:.T]}3 Lje{l, ..., n}}
o = max {{WE)WT):¢t = [t, T]}..

%y = max {lo(te, )1t = [t T1}, _ }
o = max {|B*(t)e*(t,, t)W—l(T)| 2 - [to, T 1}

6)
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and _
c)] = {Z @ + ... + 2 Laps(t) T3

is the norm of a matrix C(f) = (c;(t)) of dimensions p X ¢. Since the transi-
tion matrix (¢, s) = (¢;(¢, s)) is continuous together with the partial deri-

vative %t ¢(t, to). we derive from Theorem 1 that all the above numbers
are finite, _

The function (x'(¢), ..., #"(?)), given by x°(t) = :_ ix(‘;, t e [t, T,
i = {1, ..., n}, belongsto X, so that X is nonempt}g. In view of the
properties ¢) and d), the set X is uniformly bounded and uniformly equi-
continuous hence, by the Ascoli’s theorem, X is compact in C, [fo, TJ.

We define the mapping P: X —» X as follows: for x €« X and ¢ =
[to, T] we put '

(PENE) = ot )20 -+ {9t 5) [BE)uls) +8ls, %()1ds. (@)

12

where the continuous function #: [, T] - R™ is given by
T .
ut) = — BHA)9*(to YW HT) [%0 + [ olto s)els, a(o)ds|. . (8)

to

From (7), (8) and ¢(2, £,) 9(¢o. S) = ¢(% s) we derive

3

(P(2)@) = olt, to)%0 + o(t, to)g 9(to,s) [B(s)u(s) + g(s. x(s)) 1ds =
= o(t, t) [xo — WOW—(T)x, — WE)W—YT) 5 o(to, De(t, x(1)dt +

te

+§ ol s)els. ss)as] - o

to

To prove the continuity of P, let %(¢) be a given function in X and let ¢ > 0.
Since g(#, x) is uniformly. continuous on the compact set [£,, 7] X Q, where
Q@ = {x € R": |%| < K,}, there existsa § > O such that |g(t, ') — g(¢, ”)|<
<e[l 4 aay(l 4 p)(T — ¢5)]2 for all ¢ [4, T] and all &', #' = Q with
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Ix 2 < 8 Then, according to (9), for all functions x(¢) in X with |x(f) —
()] < & we get
(P(x))(t)r— (PENO)N < lo@ to)l IWEWT)| x
x| {etto et 5 — et 20010¢) +

it
13

+1<p<tt>|§1<p(to )l lgls, %(s)) — gls, #(6)ds <

< [paao(T —40) + Mo(t ~t)Je[(I oo (1 + oN(T —t)J* <.

In order to prove that P[X] (C X we have to show that P(x) satlsﬁes
the above properties a), b), c) and d) for all x & X. The first three properties
are immediate since (7) and (9) imply (P(%))(¢,) = %o, (P(%))(T) =0 and
P@)|] < afl] 4 plxol + paoM(T —125) + aeM(T —£0)] < K, If we
set a(s) = ¢(f,, 5)B(s) #u(s) and b(s) = @(fy, s)g(s, #x(s)), the property d)
can.be derived from the first equality (9) as follows (see [10]):

CIPENE) — (PENE = | Tol. o) — @, o) 150 + olt to) | als)ds —

—o(to) | als)ds + olt t)S b(s)ds — o(F, t,) S s)ds

tﬂ 0 D

——\[(Ptt)—wt][xo § §
+ [§a(s ds + § b(s)as| < lo(t, o) — o(F o)l [xol +
b BT — 10 + (T — 1] + o[pNlE— 1)+ oy — 1] < Kylt.— 1,

becatse Jo(4 to) — o(f, to)l < . max {lgut, ) — @yl tol % je -
(o) = max (|2 oyt + F— 00, 10|k —F:05

s{l,..., n}} < {|t — f|, where 0 < 0, < 1, and because 8
yield |u()] <. ollxe] + coM(T — to)] = - ’
- Now, the Schauder’s fixed point theorem is apphcable hence there 1s
a function x, € X with x, = P(x,), thatis,
:

#xlt) = ot L)% + Yot 5) [B(s)u ( s) + &(s. x*( ))1ds,

o
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where the function #,(f) corresponds to x,(¢f) by (8). Consequently, x.(¢)
is a continuous solution of (5) with x,(f,) = %o, %4(7) = 0, and the proof
of the first part of the theorem is achieved. To prove the second part of the
theorem, take an arbitrary T > ¢, and repeat the proof of the first part
with this T.

Remark 1. Theorem 2 includes a criterion of H. G. Herme s[4]
for the controllability of the equation # = B(¢)u -+ g(¢, x), where the con-
tinuous function g(¢, x) is bounded and satisfies a Lipschitz condition in x.

4. Controllability of nonlinear equation (4). Now we present sufficient
conditions for T-controllability of nonlinear equation (4) with the per-
turbing nonlinear term depending upon ¢, x and #. We suppose that the
matrices A(f) and B(f) in (4) satisfy the assumptions in § 2 and that the
function %:[ty,, +0[X R* X R™ — R" in continuous.

THEOREM 3. If there exists a number T > t, such that

(i) the equation (2)-is T-comtrollable,

(i1) A(t, x, u) is bounded on [t,, T] X R* X R",

(iii) for every compact set Q in R” there are L > 0 and K > 0 zmth
|h(t, x, u) — h(t, %, u) | < Llx — %| + Klu — %| for allt € [t, T], x,% €
€Q and u, u = R™,

(iv) aqoK(T — to) < 1 with a, and o given by (6), then (4) is T-control-
lable.

Proof. We make use of the same argument as in the proof of the flrst
part of Theorem 2 with the following changes.

The number M is replaced by M =sup {lA(t, x, u)l: (¢, =, u) S
[te, T1X R*X R™}. To define the mapping P :X - X with X as in the proof
of Theorem 2 we begin by constructing an adequate control function. Given
an x € X we define the mapping S,: C,[t,, T] — C,, [¢,, T'] by letting

T
(S:(1)(#) = —B*@t)e* (o, YW H(T) [xo + S P(to, S)A(s, %(s), %(S))dS]
: H
foru = C,[t,, T]and ¢t = [¢,, T]. It is easy to see that S, is a contraction
mapping with the contraction coefficient g = a,6cK(T — ¢;) < 1. Indeed,
for any u, » = C,;[¢,, T] we obtain
IS, () — S, (@)l < max {{B*({t)e*@, ) WHT)I:£ < [t T}

| loto 1A 20), w@) — e 20, BN <

f
Soag(T — to)K. max {lu(f) — u(t)| 2 < [to, T} = qll u — ul|. (10)
By the Banach’s con’cractmn principle there is a single function #, =

C,[te, T] with S,(u,) = u,.
Now, the mapping P can be defined by
: 1

(PE)E) = @t toxo + | @l 3) [Bls)s(s) + h(s, #(s)., ()1ds (L)
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for x € X and ¢ € [¢,, T], where
uy(t) = (S,(u,)) ()) = — B*@)e*(to, YWHT) X

)
[xo+ S o(to S)h(s, %(s), u, (s))ds| .

o

Substitute (12) into (11) to obtain

¢

(PE) = ot 16) {xo+ {olte, ) TBEI,(S) + Als, #(6), w.(s) Jds} =

to

= o(t, 1) [xo — WOWT)xg — WEHW—T) S oto, Dt %(2), u, ()dt +

1)

9 (tas)i(s, #(s), u,(s))ds] . (13)

ty

In order to -verify the continuity of P we associate to the compact set
= {# € R": |x| < K,} the numbers L and K in our condition (iii). Then
101' every pair of funct1ons %, % in X we have

T

< Sl (to, )IIA(t, x(2), . () — ht, (), uz(t))ldt <

< coco(T — )L || x — 2 ||+ Kl|lu, — u3]]),

whence ||lu, — u3]| <

K(l — )Hx — %||. But the first equality in (13), we
get \
[(P@)(8) — (P@)O] < «[B(T — to)ll, — usl] +

+ ol T — ta) (LIl — 31| + Kl — ugl]) < SHEL2D L= 5 — g

and now the continuity of P is immediate.
We conclude the proof by performing the obvious changes in notations

and repeating the argument at the end of the proof fo the first part of Theo-
rem 2.

Remark 2. When A(2, 0, 0) = 0 and the derivatives — B(t) — h (t x, u)

and a— h(t, x u) are continuous, an 1ncomp1ete proof of a
“ :
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variant of Theorem 3 was given by K. B. Mirza and B F. Womack
[9), 1972, Theorem 1. See also [10].

Remark 3. Recently, G. Aronsson [1] obtained some criteria of
controllability (by measurable and bounded controls) of (4), ;in which no
Lipschitz condition with respect to # is requ1red for A(¢, x, u) However,
as the following example shows, the Aronsson ’s results do not include those
in Theorem 3.

Example 2. Consider the scalar nonlinear equation

k Iul

x—u—[— ,O<E< L o (19

Here m =n =1, A(t)=0, B{) =1and i, x u) = %. We have

W(T) = T, — ¢, > 0 for every T > t,, hence, by Theorem 1, a), the equation
% = u is T-controllable. Since oy =1, ¢ = —Tl— K =% and «y6K(T —

— ¢9) = k& < 1, Theorem 3 is applicable, hence (014) is T-controllable for
every 1T > t,. Therefore; .(14) is controllable.

Remark 4. The same example shows that the recent results of
A. G. Kartsatos [6] do not include those of Theorem 3, since
T : .

Thp

lim inf ( sup {|i(t, % #)|: ul i =1 Th> 0 .when
L in S p {I4@ % ) lxl-H%l 2} Jim PE=Thk> 0w

0 .
T > 0 and condition 3.1 in [6] is not fulfilled.

Remark 5. Example 1 in § 1 points out that the boundedness hypothe-
sis of A(t, x, u) in Theorem 3 cannot be dropped. .

Acknowledgment. I would like to acknowledge the st1mu1at1ng discus-
sions about this paper with Professors I. A. Rus and N. Vornicescu.
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REFERENCES

1. Aronsson, G., Global éonlrollabzhty and bang-bang steering of certain nonlinear systems
SIAM 7. Control 11, 1973, - 607—619.

.Ceprasov, V. A, On controllability of nonlinear systems, Vestnik Moskov. Univ. Ser.

I mat.-meh., 23, 1968 no. 4, 55—64.

Davison, E. J. and Kunze, E. G, Some sufficient conditions for the global and

- local-controllability of nonlinear time-varying systems, SIAM J. Control, 8, 1970, 489 —497.

. Hermes, H. G., Conirollability and singular problems, SIAM J. Control, 2, 1964,

241—260. Tt ’ ’ Co : : e

K almamn, R. E., Contributions to the theory of optimal control, Bol. Soc. Mat. Mexicana,

5, 1960, 102—119.

. Kartsatos, A G., Global controllability of perturbed quasdmear sysfems Problems of

Control and Information Theory, 3, 1974, 137—145.

. Lee, BE. B. and Markus, L., Foundations of Optimal Control Theory, John Wiley,
New York, 1967.

N e oo s w1



THE CONTROLLABILITY OF EQUATIONS . ’ 49

8. Lukes, D. L., Global controllability of nonlinear systems, SIAM J. Control. 10, 1972,
112—126; Erratum, ¢bid., 11, 1973, 186.

9. Mirza, X. B. and Womack, B. F.,, On the controllability of a class of nonlinear sys-
tems, IEEE Trans. Automatic Control, 16, 1971, 497 —498; ibid., 17, 1972, 531—535.
10. Muntean, I, Comments on "On the controllability of a class of nonlinear systems™,

IEEE Trans. Automatic Control, 19, 1974, 459--460,

ASUPRA CONTROLABILITATII UNOR ECUATII NELINIARE

(Rezumat)

Se studiazd influenta controlabilitdfii ecuatiei liniare ¥ = A(f)¥ 4 B(¢)» asupra controla-
bilititii ecuatiilor neliniare perturbate # = A(t)x 4 B()u-+ g{¢, ) si % = A(t)x + B(t)u +
4 R(¢, #, u). Cind g(¢, x) §i A(¢, #, w) sint mirginite iar A(4, #, u) satisface condifia lui Lip-
schitz in raport cu x si #, se stabilesc citeva criterii de controlabilitate, a ciiror demonstrafie
utilizeazi tehnica teoremelor de punct fix.
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PRINCIPIUL MAJ'ORANTEI $I METODA COARDEI

SEVER GROZE

1. Fie ecuatia oprai;ioné.li
P(x) =0 (1
unde operatorul P(x), neliniar §i continuu, transformi spatiul supermetric

X, [3], in spatiul de acelasi tip, Y.
Pentru rezolvarea ecuafiei (1) vom folosi algoritmul.

Tnt1 = %, — A, P(x) | (2)
unde A, = [P,m,,”_l]—i, #=0,1,2, ... cunoscut sub denumirea de

,,metoda nemodificatd a coardei”.
"Considerim de asemenea ecuafia reald

Qfz) =0, : (3

unde Q(z) este o funcfie monotond definitd pe un interval I, ecuatie majo-
rantd {1] a ecuatiei (2), pentru rezolvarea céireia folosim algoritmul

2y 2,
Ipgr =2, — =221 _0G) 5 =0,1,2, .... 4
+ Q(zn)—Q(zn-l)Q( ) *)

Privitor la existenfa solufiei ecuatiei operationale (3) se poate demonstra

TEOREMA 1. Dacd ecuagia (1) admite ca majorantd ecuagia (3) st dacd
pentru aproximatiile inifiale z2_y, 2o € I, 2_3 < z,, vespectiv x_,, %, au loc
velatiile ;

1° Existd operatorul imvers Ay = — [P, ,_, ]

2° Normele gemeralizate ‘ale elementelor AP %o) §t AoP(x%_y) verifici
relapiile px(AoP(%0)) < BoQ(z0) 5 px{AoP(21)) < oQ(Z 1) wnde By= —

Zg — 2
— [] —1 > 0
Qlzo) — Q(z_)

3° Pentru orice triplet x2, %%, %3, vespectiv zl 22, 28, avem pxr, x(NoPn, 2t ) <
BoQs, s, 0, unde px(2* — x,) S 22 — 20 < 2" —2,C1, i=1,2,8k=—
Py w0 fiind dzferenm divizatdé de ordinul II, atunci, ecuagia majo-
rantd (3) avind o riddcind in intervalul I, vezultd cdi st ecuatia opemtzonala
(1) admite cel pugin o solutie x*, solujie citve care comverge sirul dat de (2),
aproximagia fiind datd de
ex(8* — %y < 7 — 2, C 1.

Demonstratie. In baza algoritmelor (2) si (4) si $inind seama de conditiile
1° §i 2° ale teoremei se deduce

px{# — %) < BoQ(z0) = 21 — 2. (5)
Tot din (2) se deduce cd x; — x_, = —AP(x_,) si deci putem scrie
' px(%1 — 21) < BoQ(z1) = 21 — 21 (5"



PRINCIPIUL MAJORANTEI $I METODA COARDEI 51

S& ardtim ci trecind de la aproximatiile x,, x_, la #;, %, conditiile
teoremei rimin valabile, Pentru aceasta considerdm operatorul

I+AP3’110=A(P7‘11%—P%;’ 1)=AP‘n”o» (xl_x )
pentru care avem, adoptind acceasi notajie si-pentru diferenfele divizate
.ale functiei reale Q(z) ca si pentru operatori,

Px, X(I + AOPxn I.) = OQIJ, L™ S_x(zl - ——1) = BO(Q':. 20 T Q'.., i, =

Q‘lr 2

Din conditia 3° avem Q,(l) . > 0, iar Q(z) fiind presupusi mono-
. toni rezulti Q, . , <O si deci ¢ < 1.

Atunci, in baza teoremei lui Banach, [2], [3], este a51gurata existen-
ta operatorului invers Hi' = [I — (I -+ AyP., )]t a cirul normi geme-
ralizatd verificd relatia

1 Q‘Oy '—1
ex, x(HTY) = px, x[(AoPr, 2) 71 < 1—q oo
-4 Qs
Deoarece Hi'A,= A;, rtezulti A; = [—AP, ., A= —[P,,l ,,]‘
Inmultind relafia Py, ., — Pu s, = Py, s.2 _l(x1 — %)
cu %_; — %, §i tinind seama ci in baza algortimului (2) avem %; = -, —
— [Py, »_,J2P(x—,) se giseste

P(xy) = Py sy 5_o(%1 — %o) (% — %_4) G
si avem atunci : :
px(AoP(%1)) < BoQsyn, 2 (21 — 20) (21 — 24) (7)

relatie care, tinind seama de algontmul (4), ne conduce la pX(AoP(xl))
€ ByQ(z,). Rezulti atunci cd

px(ALP(%yy)) = PX(AIA_IA P(x)) = px((AATY) AP (%)) <
< oQ(zl) = — BQ(z)

Zor 23
unde B, = — 275 deci si condifia 2° din enunful teoremei 1 este
verificats,  ° 9
Pentru, verificarea conditiei 3°, avem relatia
Py, x(M1 Py o ) = 0y (A1 AT Ao Py Ly ) <
< oy x (R0 AT)1 A Py Lo o) S B1Qm o, 0
pentru py(x — xg) < 20 — 2, < 2 — 24, © = 1, 2, 3 unde

px(#9 — xg) < 29 — 20 < 2" — 2o, ¢ =1,2,3.
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Continuind aceste evaludri, prin inductie completi, obtmem ex(%nip —
— x,) < Zntp T By Deoarece {z} este monoton mérginit, converge spre o
solutie z* < 2’ a ecuatiei ma]orante (3) si dec1 rezultd ex1sten§a lim x, = x*
. #=00 *
iar pX(x*—xo) <z —z0<z — 2,
Pentru a arita cd x* este o solu1;1e a ecua1;1e1 (1), tinind seama
de (2), din relatia P, — P, =P , (#y1—%, 15 deduce

n+1 1 n+_1’ n’
P(x,41) =P Tyt Ty Ty (B — x,,,l)(xn 1 %,-1) §i avem atuncl px(AeP(%n41)) <

< OQZ,,.H, Zp 2, (z”+1 - z"—l)(zﬂ+1 - zn)' .
Deoarece 2,41 — 2,—1 $i 2,41 — 2, tinde spre zero pentru # — oo, rezultd
cd lm py(AgP(%s41)) = 0. Pe de altd parte lim Px(AoP(%n11)) = px(AoP(x*)

de unde rezultd py(AP(x*)) = 0 adicd A P(x*) = 0 fapt ce’dovedeste cid
x* este o solutie a ecuatiei P(x) = 6.

Observagii. 1. In demonstrarea teoremei 1 s-a stab111t inegalitatea
exl{%, — x*) < z¥ —2z,. Ba caractenzeaza rap1d1tatea convergente1 pro-
cedeului.

2. O teoremad analoga a fost demonstrati de cdtre L. V. Xan t oro-

.vici [1]si B. Jank 6 [4] in cazul operatorilor P(x) def11111:1 intr-un spa-
fiu liniar normat. In ambele cazuri, spre deosebire de noi, pentru rezol-
varea problemei se foloseste notiunea de derivati in sens Fréchet.

2. In demonstrarea teoremei 1 am utilizat diferentele divizate de ordi-
nul doi pentru operatorul neliniar P(x). Acest lucru poate fi evitat folosind
pentru demonstrarea exlstenjcel solutiilor ecuatiei date numai diferente
divizate de ordinul intii.

TEOREMA 2. Dacd pentru aproximatisle inifiale %, x_; ale ecuatiet
(1), respectiv z,, z_, ale ecmmm magjorante (3) sint verificate condititle :
1°. Emsm operatorul Ay == — [Py, 1" §i ox, x (o) < By unde By =
e
2° ox(P(x) < Q(z), i = — L0, |
3% px,x (P o — P ) < Qo m— Qe 0
oricare ar fi ¥ < S, unde S este definiti de

p(x~x)<z—zo,j>entrum—1 23

atunci, din existenfa solugiei 2* = [zo, 2'] a ecuatiei veale (3), rezultd existenta
cel pugin a unei solutii x* < S a ecuafiei (1), solugie ce se poate obtine folosmd
procedeul convergent (2), mpzdzmtea convergentet fwmi dam de pX(x* x,) <
< 2% — z,.

Demonstratw Tinind seama de condltnle teoremel precum 51 de algorit-
mul (4) deducem .ci {z,} este un sir crescitor. -

De asemenea, in baza algoritmului. (2) si a condl‘;nlor 1° si 2° din
enunful teoremei 2, rezulta p051b111tatea construirii aprox1mat1e1 % §1 apar-
tenenta ei la S, - -
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Ca si In cazul precedent, ardtdm ci trecind de la perechea de elemente
%o, %_y la perechea x,, %, conditiile teoremei rdmin valabile. _

Pentru aceasta consideram operatorul I + AP, », = Ao(Pazy — Pryr,)
pentru care, in baza ipotezelor, avem

ox(Bo (Pays— Prve) < BolQeun — Quued = 1= g™ = gy

Y

Deoarece, conform conditiei 3°, avem Q,,, — @,,., > 0, rezultd ¢; <1,
fapt ce dovedeste existenta operatorului

Hit= [I — (I + AoPs, )17t = [— A Py, 70

, déoarece A1 H1 Ay, rezultd existenta lm A, sicd

. _ - N
exx(Ay) = pxx(Hi' Ag) = — ! _ B,, deoarece, pyx(Hi") = Zfukt.

sz 3 Z0s 21

Pentru verificarea condifiei 2°, consideram relatia P(x,) = (Py,r, —
— Py,2)(%1 — %,) care, in baza ipotezelor, ne conduce la

px(P(#1)) < (Qapze — Qren) (1 — 20) = Q(21) 8)

Condifia 3° este evident verificata. :

Din cele de mai sus rezulti ci folosind algoritmul (2) putem construi
si aproximatia x, « S. Urmind aceeasi ideie, se poate arita cid si pentru
perechea x,, x; conditiile teoremei rimin valabile,

Folosind inductia completd se demonstreazd p051b1htatea obfinerii
aproximatiei x, cu a]utorul metodei iterative (2), oricare ar fi #, iar pentru
perechea x,, x,_; conditiile teoremei sint verificate.

Putem stabili atunci relatia py(%nyp — %,) < Zntp— %, 2*< 2 fiind
limita sirului monoton mérginit {z,} obfinut cu ajutorul lui (4), rddacind
a ecuafiei majorante, rezultd ci existd si lim x, = x* pentru care avem

#— 00
px(¥* — %,) < 2% — 20 <2 — z,..

Ci x* este o solufie a ecuafiei operationale (1) se aratd comsiderind
relatia oy P(x,)) < Q(%,), care se stabileste In mod analog cu (8) si din care
se deduce, pe baza continuitdfii lui P(x) si Q(2), ci py(P (%*%)) < Q(z*%) = 0.

Rimine si ardtim ci oricare ar fi #, x, = S. Considerdm pentru aceasta
relatia

\

ex(%s — %0) < px(%, — #n—1) + ... F px(® — %) < 2, — Z1 ot e +
+ a2, —z2=12,— % <2 — 2.

Astfel teorema 2 este complet demonstrata.

(Intrat in redactie la 6 martic 1974)
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THE PRINCIPLE OF THE MAJORANT AND THE METHOD OF CHORDS

(Summary)

In the paper the sufficient conditions for the existence of solutions of an operator
equations (1) are given, by using the iterative method (2). The results of the papers [1],
[4], and [5] are generalized by improving the hypothesis of the theorems and extension of
the spaces.



ON k-THIN SETS AND THEIR RELATION TO GENERALISED
RAMSEY NUMBER

ZOLTAN KASA

In this article we generalize a result of S. Zndm [4] coucerning
k-thin sets and m-extensive graphs.
1.Letn, p, k, ky, Ry, ..., By be naturals with 2, 2, 23 (=1, 2, ..., )
DEFINITION 1. We calla natural number set M k-thin if from the condi-
tion
ay, A, ..., 1€ M

it follows that a, +-a, 4 .... 4+ a,_; &€ M.

(The elements #; may also be- equal.)

Denote by f(n; %y, ks, ..., k,) the greatest natural number for which there

are p disjoint sets S;, S,, ..., Sp, so that S; is k,-thin ¢ =1,2, ..., p)
»

and {m,n 4+ 1, ..., f(n; Ry, oy ..., Bp)} = Us..
i=1

Remarks: 1. The existence of f(n; ky, R, ..., By) for arbitrary %, > 3
(t=12,...., %), n and p follows from (7) and (8).
2 For by =ky=...=ky=Fk f(n;k, ks, ..., k) is identical to f(k, #, p)
introduced in [4].

It is difficult to find the precise value of f(n; Ry ks ..., k). We
give here a lower estimation of it.

THEOREM 1. Letn, p, by kg ..., By benaturals with3 < by < ks S ... < kp,
then we have:

Fo; by By oo, By) = Rof(n; Ry Ro oo, Bpy) Ry —n—1 (1)

Qutline of proof. The proof of the theorem 1 is analogical to the proof given

by Znam [3] in the case k2, = %y = ... = &, that is why we outline it

only. Put f(n; ky ks, ... kp_1) = N. Suppose S={n,n+1, ..., N} ="
p—1

=JS, and S;(!=1,2, ..., p — 1) is k-thin. The set denoted by S, =
~ :

—(N+1, N+2 ..., (k— )N+ k, — 2} is k,-thin. It is enough to
show that the numbers

(hy ~ON +bp—1, (b —ON + kp, ..., iy N+ kp—n—1 (2

can be splitted into sets S;, S,, ...., Sp—r in such a way that each S; .re-
mains k-thin set (=1,2,....,p—1). ‘

Put (k, — 1)N + k, — 2 = a. Each number x from (2) is equaltoa + 7,
with 1 €7 € N —# 4 1. We put the number x = 2 - 7 from (2) in the
set S; ifr4+n—1eS;, (=12, ....,p—1). The proof that these
new sets are % -thin is completely analogical to this in [3].
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THEOREM 2. Let.n, p, Ry, ko, ..., ks be naturals with 3 < ky, < ky <
< ky. We have :

: P =1 —
f(n;kl,kz,...,kp)2(1_I1ki—zzlqlkj——l)n—l (3)
1= =1 7=1

Proof. Applying succesively (1) we have.’ A
Jms ky ko oo k) 2R By By, o By ) LRy —n— 1 2
Rplkp—rf(n; By Ry oo Bp2) F Rp 1 —n— 1]+ Ry —n—1=
= Rpky1f(m; Ry Bos ooy Rpg) + Rphys — R —n — 1 >
2 kb . R Ry Ry oo Red) F RpRpa R, — RpRy g Repn —

=7

— —-—'kpkp_ln-—-kpn'—ﬂ—l_‘(nk) 'ﬂ k1:k2:--4-;k1—1)+

+Hk —nZ‘ I b —n—1

=t j=i4+1
Since f(n; k) =(k — 1)n — 1, in the case ¥ =2 we have:
J by By . By (I_[k) fm; kl—}—]_—[k—nz ITkh—n—1=
=2 j=i+41
p=1
=(1‘Ik,-—2 I1 k]--—l)n—l qu.e.d.
i=1 i=1 j=i+1 -

Remark: If ky =Pk, = ... =k, =k we have ‘ :
f(n:k, k... k) =f(k p.m) > (kf’—zk%-«l)n—l_ (kf’—l) n+

T
+ n — 1. Hence we get in this case a result given by Zndm [4]. '
In the following we give the exact value of f(1; 3, k) and of f(2n ; 3 k).

THEOREM 3. Let k > 3 be natural. We have:

| 3k — 5 if k is odd )
H(13 3, k) = {3k—6 if k is even. 4)

Prcof. From (3) it follows: f(1;8, k) > 2k — 2. Let be {1, 2, .2k —
-—2}—51US2, where S; = {1, 2k—2} is 3-thin and S, = { 3 ...
2(k — 1) — 1} is k-thin. The next natural number after 2k — Z sy

be wnttcn 2k — 1= (k—2). 84 1.8. Thetefore, if we move the number
3 from S, into S,, and 2k.— 1 give to S,, 2k to Sy, both sets keep the 3-thin
;espec’avely k-thin property We proceed smn]arly with all odd naturak‘
s — 1 un’c11 :

>

2s—1<k‘—1 . 2(5).
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(It is for keeping the 3-thin property of S,). We move the numbers 2s — 1
into S;, give the numbers 2k +2s —5=(k—2)-2+1.(25s— 1) to
S, and 2k — 2s — 4 to S;. The condition (5) is identicalto 2s — 1 < 2 — 2
if 2'is odd, and to 2s — 1 < 2 — 3 if &2 5 even. Whence it follows that:

3k — 5 if & is odd

2k+23_45[3k—61fkis even.

Theréfore §ve have:
1-3 & 3k — 5 if % is odd.
J1; 8, &) > 3k — 6 if & is even.

Now we demonstrate the contrary inequality, i.e. that the set {1, 2, ...,
3k — 4} for k odd, and {1, 2, ..., 3k — 5} for % even resp. cannot be splitted
into two sets, one 3-thin, the another 2-thin.

a) Let £ be odd. Suppose that S = {1,2, ..., 3k — 4} = S, J S, with S,
3-thin and S, k-thin. We distinguish two cases: al) 1 € S, and a2) 1<S,.
al) Let be 1 « S;. Because S, is 3-thin it follows 2 € S,. 2k — 2 € §,
since S, is A-thin. 1 € S,, 2k — 2 € S; = 2k — 1 « S,. Because of (k¥ —
—2)-24+1.83=2k-1we have 3 S,, 2k —2<5,, 3 8§, =2k +
4+ 1S, Since ((—2)-24+1.-5=2k4 1, we have § € 5;. Suppose
that all odd naturals smaller than (¢ — 2) belong to S;. Hence £ — 4 € §,,
but 22 — 2 « S; and then 8k — 6 € S,. From (A —2)- 24+ 1. (B — 2) =
= 3k — 6 there results that # — 2 « S,. From this and from 2k — 2 € §,
there follows that 3k — 4 e S,. Likewise & « S;, because (¢ — 2)-2 4
+1-A=383k—4 But b+ (k—2)=2k—2, with kS5, k—-2¢€5,
and 2k — 2 = S, which is a contradiction because S, is a 3-thin set. '

a2) Let be now 1  S,. Since S, is &-thin k — 1 € S;. S; is 3-thin = 2k —
— 2 e S,. Because S, is k-thin and (k— 1)-2 € S, we have 2 e S,.
k—1eS, and 2e S,=k+1€S, But k—2)-1+1-(B+1) =
=2k — 1, hence 26— 1« S,. From (k—2)-14+1-2=2k—2, 1 =
€S, 26 —2e S, we obtain k= S;. Since ke Sy, k—1eS;, S; is
3-thin, and 2 4 (R — 1) = 2k — 1 « S,, we have a contradiction. Because
2k — 1 < 3k — 4, S cannot be splitted into two sets, so that one would
be 3-thin and the another A-thin.

b) Let £ be even and S={1,2, ...,3k — 5 =S5; US, S; 8thin, S,
k-thin. We distinguish two cases.

bl) Let be 1 « S;. Then, because S, is 3-thin, 2 € S,. S, is k-thin set,
therefore (k — 1):2 € S,. This and 1 € §; =2k —1€S,. (b—2)-2+
+1-83=2k —1=3 e S,. As in the case a, we suppose that all odd
naturals smaller than %2 — 1 belong to S,. Therefore £# — 3 « S,. This
and 2k —2e S, =3k —5e S,  But (k—2)-2+1-(k—1)=38k—35,
2S5, 8t—5e<S, we have 2 — 1 € S;. Since S; is 3-thin set, from
(b — 1) + (¢ — 1) = 2k — 2 it follows 2k — 2 & S,, which is a contradic-
tion.

b2) Let be 1 € S,. The proof is identical to the proof of the case a2) Thus
the Theorem 3 is proved.
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THEOREM 4. For n even and k > 3 we have .
f(n 3,R) = (2 — 1)n — 1. ' (6)

Proof Suppose that S = {n, n+1, w2 —1n}=S,US, S is
3-thin and S, kA-thin.

a) Let be » « S,. S, is k-thin, then k» — # e S;. S, being 3-thin we have
2kfn —2n € S,. 2 —2n=2n-(k—1)=>2ne S, =>4n « S,. From
(—2).m+1-8n=~Fkn+ n there follows 3n « S;. kn —#n = S; and
MmeS;=>km+2neS, But (A—2)-u+1-4n=Fkn -+ 2¢ and =,
4n, kn + 2n are in S,; this is a contradiction.

b) Let be # & S;. Then we have 2n e S,. S, being &-thin we have (8 — 1) -

-2n € S,. (2nk — 2n) + n = 2nk — n, hence 2nk — n  S,. From (k — 2)

-2n+1-3n = 20k — n we have 3n € S;. Butn+(2nk~3n)-—2nk—

— 2n = 2nk — 3n € S,. We have (8 —3)-2n + 2. —_2nk—3n with
2n, 2nk — 3m in S,, then%" e S5;. Sy is 8-thin, hence 3n = S,. This is

a contradiction. For # odd and # > 3 we can prbve that (6) is true only for
k < (n + 1)/2. But it is probably that (6) is true for all 2 > 3 and #» > 2.

2, In this part we give an application of the above theorems in the graph
theory.

DeriNITION 2. We call a graph of N vertices n-extensive, for arbltrary
naturals N and #, if we can denote all vertices of this graph with numbers
0,1, » N — 1 so that two vertices denoted by 7 and j resp. (z i=0,1,

N — 1), are connected by an edge if and only if [+ — 5] >

We shall denote by K, the complete graph of s vertices. A graph is called
monochromatic 1f all its edges are coloured in the same colour. ,
Let N, n, p, k; >2 (6 =1,2, ..., p) be naturals. We shall denote by
r(n; ky Ry ... kp) the least natural number for which any mn-extensive
graph of N ( > n) vertices in arbitrary edge-colouring with p colours,
contains at least one monochromatic K, for some i =1, 2, ..., .

The existence of r(n; Ry Ry .., k) follows from the paper [4] (Theorem
I1I).

Remarks: 1. The 1-extensive graph is a complete graph; »(1; &y, %, ...,
k) is identical to n(ky, ks, ..., Ep) (the generalised Ramsey number) intro-
duced in [1], while 7(n; &y, k g ceees Bp) Lo g(n; P Ry Ry ool Rp)+ 1
introduced in [4].

ke 2. In [4] (Theorem III) S. Znam proved that

Lo ,
f(n;kl, kg, e ey kﬂ) < 27’(” kl’ s o0 ey k;‘._l, k‘i— 1, ki+1, s ey kp) +

+n—p+1 M
THEOREM 5. Let k, p and k,(k; 23, 1 =1, 2, ..., p) be naturals. W=

have
7B Ry, Ry, oo Ry) 2 Ry B o, Ry) 2 8

A
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The proof is completely analogical to the proof given by Zn 4 m [4] in the
case Ry = ky = =
From (13) and (8) “the followmg theorem gives a lower bound for 7(n; &y,
2 o o0y 19p)e
THEOREM 6. Lot n, p, 3 < By < Ry < ... < ky be naturals. We have

b =1 p
r(w; by Bay e, By) >(Hk,.—2 IT & — l)n-}— 1
i=1 i=1 j=i+1
Certainly, this is not a good lower bound.
From theorems 3 and 5 there results a better lower bound for #(1; 3, ).

The author expresses his thanks to Dr 8. Z n 4 m for his useful suggestions.
(Received January 30, 1974)
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DESPRE MULTIMILE %-THIN SI LEGATURA LOR CU NUMARUL GENERALIZAT
. AT, LUI RAMSEY

(Rezuma f)
Se generalizeazd un rezultat al lui 8. Zndm [4] privind mulfimile k-thin §i se face

legitura lor cu numirul generahzat al lui Ramsey din teoria grafelor. Se di o delimitare
inferioard pentru acest numdr.

1S



PREINTERPOLATORY BEST L,-APPROXIMATION GENERALIZED
"POLYNOMIALS

I. MARUSCIAC

1. Introduction. Let ¢ = (¢;)? be a Tchebycheff system on [—1, 1].
We design by £(p) the class of generalized polynomials with respect to e,
i.e. the set of linear combinations of the form:

plo;a; ) =J§0m;(x): a = Rl (1)

Let f € C[—1, 1] and let p:[—1, 1] —» R, be a continuous weight-
function. Then the problem we will deal with is the following : given a sys-
tem of points x; & [—1,1],2=0, 1, ...., m, and a system of real numbers
v, +.=0,1,....,m (0 <m < n), find a polynomial p(p; a*; -) = 2(p)
such that

() Blosasx) =y i=0, 1, ..., m;
(i) Jelfx) — ple; a; )i dx =

— inf Sp(x)lf(x) — plo:a; x)| #dx.

as RnJ,-l
-1
The polynomial p(p; a*; . ) satisfying (i) — (ii) will be called preinter-
1Eolat07y best Ly-approximation (or Ly ~approximation) to the function f on

-1, 1]. .

My, =f(%),t=0,1 ...., m and m = n, then p(¢p; a*; -) coincide
with Lagrange’s interpolatory generalized polynomial. If (¢) is missing
then p(p; a*; .) is the classical best L,-approximation generalized poly-
nomial to the function f on [—1, 1]. A

In this note we describe a new algorithm for determining the preinter-
polatgry best L,-approximation polynomial to a given continuous on [—1, 1]
function f in the case when p > 2. It isan adaptation of the well-known
" Newton-Raphson’s method. In the classical case of the best L,-approxima-
tion such an algorithm has been given recently by Kahng, S. W. [2].

2. Best L, ,~approximation. We complete the system #%,, %y, ..., %,,
by other arbitrary different points »; « [—1, 1], 4=m+ 1, ..., n, and
let Ym+41, ..., ¥, be arbitrary real numbers. Then

L(p; y; %) =§yels(<p; %),
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where - .
e D‘%. ceor Picgs Pis Pit1n ce o %)
l’(cp,x) — E7Y cees X1 ¥ Xidqy <oy ¥y
D(%. Py v ees %‘)
xo, Zl ceny, Xy

is the generalized interpolatory polynomial with respect to the system
9 =1(g;);. Here - ,
D(‘PO' O ‘P")=det(<p,.(x,-)), 6i=0,1,...,0
Xos Fys e os Xy

First we consider p = 2, i.e. we have to minimize the function
1

F(y) = g o(x)|f (%) — L(g; y; )2 dx.
Frpin the system - -

1
o= 20l () — Llesy; ANils Mx =0 i =m+Lo.n (2)
we have - . | ' ~

S p(%)L(p; y; %)i(e; x)dx = S e(x)f (%)li(e; x)dx, ©=m +A1,. e, B

—1 1

or
Zn; ny p(0)lile; %)i(e; #)dx = S o(#) [/ (%) — §m)yjij(<p; %) Yi(o ; x)dx
j=m+1 7 ' A j=0

i=m4l, ..., 0

If we denote: 4 = (ai5), b = (bwsr, - .., b,)T, where
1

as = otlle; Milo; Ndn i j=m+ 1L ...om
s, o &)
b= (o) [}(x) — Lovililes MWiles Hdx, i=m+ 1 ... m

-1
then the solution y* (¥%41, ...., yx) of the system (2) is the solutlon of the

linear system
Ay =b.

Now let p > 2. Then we have to minimize the function:
. :

Fly) = (el f(#) — Ligs y; 2P da.

. -1
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To minimize F it is necessary to find the solution of the system: -

B—F—:—pg @) H @) —Lle; y; #)[2=1 (e; %) sgn [{(x)—L(g; 3; #)]dx=0 (4) -

i=m+1,....,h.

We will solve the system (4) by the Newton-Raphson’s method. So
the system (4) will be solved interatively by finding the solution of the

system:

OF(p*7Y) - FPEGF Aok 0 i=m-1 n 5
ay,- +j—m+l ayjay‘ y] 2 + RS tl ( )
where Ay* = 3f — 4! = (Voin e ).
From (4) we find that
FF - o2
=5, = 20 — D e@If () —Lle; y: m)e* hle: A)lo; Az, (6)
ayyayi it
If we put ‘

wy(%) = p(x)|f(x) — L{o; y*~1; #)#~*
where L(gp; y%~1;-) e &(¢) is the preinterpolatory best weighted L, w,

approximation to the function f on [—1, 1], then (4) and (6) can be ertten
under the form: ) :

aFéyk—l) p (@@ [f(x) — Lig; 515 9)lile; X)dx
Vi -
aa;;(j';;:) _ p(p - 1) ka(x)l,((p; x)lj((p, x)dx (7)

-1
Substituting (7) in (5) we obtain the system:
1

¢ —1) '[ \ @, ()li(e ;s 2o x)dx] Ayt =
j=m+1 -

—(wk — Lig; 3 D)hle; D)dz, i=m+1, ...,m,

or the equ1va1ent system :
1

> § el (o5 2 (o; %) dx [(p — VAYE + 2311 =

J=m+1 21

wn(x [f(x) E;v, i (95 x)]l,- (p; %)dx, s=m+41, ..., n,

Ly
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If we denote:
1

A= (@) = (o hle; D blesm))  j=m+ L.
~1 N
b (bm+1J ey b:)T)
where

o= { w0 - S ;)1 to:

then the system (8) can be written under the form: i
- A [(p — DAY 4 31 = b, (9)
Now, if L(p;2*; -) = 2(p) is the preinterpolatory best weighted
L, w, — approxlmatmn polynominal to f on [—1, 1], then it follows that
1
OFEH _ _ 9 w,(x)[f(x) — L(p; z*; x)] l,(p; %)dx =0, 1=m+1,.
ay k i
-1
hence b* = A*zF. Therefore, system (9) can be put under the form: .
AR [(p — DAY* + 1] = Ak 25, (10)
If the matrix 4A* is nonsingular (as we will show), then from (10) we
obtain (p — 1)Ay* + y4~1 = 2%, or

P=t — [+ (p — 210 (11)

" 3. Description of the algomthm. From above we have the following
algorithm for the preinterpolatory best weighted L, — approx1mat10n to a
continuous on [—1, 1] function.

Starting from the initial vector y° = (39, ., ..., ¥) < = Ro-m

Step 1. Set_w, (x) = p(@)f(x) — Lip; 1 ; )P~

Step 2. Find the preinterpolatory best welghted Ly, w, — approximation
to f on [—1, 1], L(p; 2%, -) € €(g).

Step 3. Set

C [ (= 200

=
-

and go to Step 1.

4. Convergence of the algorithm. First we will show that A% is nonsin-
gular for each £ = 0,1, ... Indeed, because, clearly /, (¢; - ),2=0, 1,

, #, are linearly 1ndependent on [—1, 1], if f & &(¢), the weight function
wk is continuous and w, () 2 0, x € [—1, 1]. But then it is known (see
for instance, [5] pag. 32) that

ﬂA’*=(S M6 Lo 2 s ) dx), h G mk L
: LR
is nonsingular. '
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Because
1

(S ’wk () | £ (%) — L(cp Sy , X dx)llp

is strictly convex for p > 1, the convergence conditions of Newton-Raphson
method are satisfied, and so we have

THEOREM. If the inmstial weight function is comnlinuous and p(x) > 0,
x & [—1, 1], then the algorithm described at 3 'os always convergent and the
convergence of the tterations is quadratic.

Remark 1. Because our algorithm is valid for each $ > 2, when p tends
to infinity we obtain Lawson’s like algorithm, which gives us the preinter-
polatory best uniform approximation (L, -approximation) to a continuous
function on [—1, 1].

Remark 2. This algorl‘chm can be extended to the discrete case, when
instead of the interval [—1, 1] we take a finite point set, replacing the
operator ,,integration on [——l 177 by the operator ,,summatmn over a
a discrete set”.

{ Received September 15, 1974)
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G WD

POLINOAME GENERALIZATE PREINTERPOLATOARE DE CEA MAI BUNA
- Ly-APROXIMATIE

(Rezumat)

Fie f o functie continui pe intervatul [—1, 1], ¢ = {qaj}’f, un sistem Cebisev pe [—1, 1]
si xe [—1, 1] ;i€ R i=0,1,...,m (0 < m< n) date. Un polinom generalizat.

n -
P(@ a;%) = I a9
j=0
se numegte .preinterpolatoi' de cea ma.i-buné'Lg-aproximai;ie a functiei f pé [—1, 1] dacd
! . L
Pleiasxy) =Y. t=0,1,...,m

5i el este de cea mai buni aproximatie a functiei f pe [—1, 1].

In aceastd lucrare se di un nou algoritm pentru calculul polinomului generalxzat de cea

mai bund L,-aproximatie a functiei f pe un interval dat. Algoritmul este bazat pe cunoscuta
metodd a lu1 Newton-Raphson pentru rezolvarea aproximativd a ecuatiilor eperationale. .



uN ALGORITM PENTRU DETERMINAREA p-STABILITATII UNOR
METODE DE INTEGRARE NUMERICA

S. FAGARAs

John J. H. Miller [2, 3] di un aIgontm pentru determinarea
tipului unui polinom in raport cu cercul unitate (teorema 2). Am adaptat
(teorema 3, 4) rezultatul lui Miller la teoria generali a p-stabilititii metodelor
pas cu pas de integrare numericd a problemelor cu valori inifiale (teorema 1),
datda de M. N. Spijker [1], dind un algontm pentru determinarea
p-stabilitdfii unor metode de integrare numerici.

In spatiul vectorial real normat ¥, considerim problema

X = F[X] . A
_ X(a) =co XW(a) =c¢y, ...., XY (@) = cp_y (1)
uﬁ‘d’eX‘[a b]o>V:abeRa<b,psZp=20c<sV,i=12
, p — 1, X fiind a ¢—a derivatd a lui X (q =0, 1 P F fiind

0 functlonala nehmara din V in V (pentru definitia derivatelor func‘;nlor
abstracte vezi [4], pp. 261). In (1) intr3 ecuatii diferenfiale ordinare, ecuafii
integrale si integro-diferenjiale, ecuafii cu derivate parfiale, etc. De
exemplu, ecuatia cu denvate part1ale cu conditii inifiale:

au N
< @)= (x: £, 20"
(x 0) = u,,(x), 0<x<1,
e ac tipul (1) daci considerim V = {u/u = C°[0, 1], |l%[| = max /u(x)/}
Notim cu x, aproximatia lui X la ¢, =a +nh, n =0, 1 2 .

unde 0 < 2 < ho, ko € R, hg>03si considerim pentru rezolvarea proble-
mei (1) metoda

2a¢x,.+,--'-= P, (%o, %ap v or Bpo el + v os Xniks 1), (2)
=0

unde #n=0,1,2 ..., a+m+hb<b ksZ k=20, hesl0h]
;=R i=12 Lk (a, = 1) si ¥, satisface nigte condﬁ;u de tip Lips-
chitz (vezi [1], condl',cnle (7a), (7b)) condltu in care stabilitatea metode1(2)
depinde numai de membru sting, ([1], pp. 164).

DgrINITIA 1. Metoda (2) e p-stabild dacd exxsta numerele > 0,
h, 0 <l < /zo, astfel cd daci:

Yo = W, ‘l-”o, ceos Vi1 = Wh_ 1+”k—1. Yntr = —2“;3’1‘*‘]1 n(yo:---
e Iniwh) Vg

.)70= 7:1}0 +q;01 .. )yk—l ‘_wk ]+uk 1 yn-’-k ’_— 2“,}’,'*‘]7' "(yo:_ c ey
. -,yn+k h) - un+k :

5 — Mathematica — 1975
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pentru #=0,1,2, ..., si a+ (n + k)Ah < b, unde 0 < % < k&, atunci

llyy — yxll < o - max |jw; — %], dack p =0,
0gisN

sau’ ‘
. N ’ .
llyw =TIl < - (V4 1pp=4 D3|y — 4|, dack p > 1
pentru fiecare N, cu 0 < < (b — a)/7 (]| - || notind norma lui V).
Metodei (2) ii atasam pohnomul caracteristic
flz) = Eaizi-' (@, =1, ay = f(0)). (3)
DrrINITIA 2. Radaclmle polinomului f(z) satisfac condma p-stabili-
tatii daca:

a) au modulul < 1,
b) multiplicitatea rédicinilor de modul 1, nu depiseste ;b

TEOREMA 1. Metoda (2) este p-stabild dacd si numai dacd rdddcinile
polinomului  f(z) satisfac conditia p-stabilititis.
(vezi [1], pp. 168—170).

Corespunzitor polinomului f(z) atagim polinoamele:

S*z) = zk.@‘—) =+ 12+ .. -- + @, 227 +a ?k: (@, = *(0)),
f@&)=ay4 2az+ ... + (R — 1)a,_, 22 + ka2t
o) = = [f*(0) &) — £0) f*@)] =

= (@ a1 — Ay ty—q) + (@, 85 — @gay—3)z + ... + (a2 — a3) 2*-L.

Dupi gradul lui J(z) si semnul lui |2, — |ao| = | f*( )| — [f(0)] distingem
urmitoarele patru situatii: ,

@) la,) — lao] > 0, (f(z) de gradul maxim % — 1),

(i) &) — 120l <0, (f{z) de grad maxim & — 1), (4
(i) lay] — laol = 0 si f2) = #1g(2), (O <q < 7] s@ %0,
(iv) |ay] — |aol = 0 si f(z) = 0.

Observagia 1. In situatia (iv) f are acelasi numar de zerouri in interiorul

si inafara cercului umtate iar :f/(z) = 0, dacd §i numai daci a;a, = aya;_;,
§j=12,
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Incepind cu f, = f introducem sirul de polinoame de grad descfescétor
£}, prin:
j\"; , In situatia (i) §i (ii),
fic1 =1 b, in situafia (ii), ()
l fi, in situatia (iv),
unde %(z) e definit ca in [2]. :
DEFINITIA 3. Polinomul f(z) are tipul (s, (o ..., q,), #) dacd si

numai daci are s ridicini in cercul unitate §i # ridicini fnafard (numdirind
si multiplicitétile) si m rddécini de ordinul lg;, ...., g,, pe cercul unitate
n

Algoritmul pentru determinarea tipului ynui polinom are la bazi
urmitoarea teoremd (vezi [2, 3]):

TroOREMA 2. Polinomul f, are ’ti;ul (S, (qu, - +» Q) 7), unde s +v -+
+ 39 = i, dacd i numai dacd fi_, are tipul
=1 :

(s—1, (g2 -+, @n), 7)., tn situatia (3),

(r—1, (g1 .-, q,). S), in sttuagia (i3) st (39),)

(s+m—1 (g1, ... g, 7), in situagia (iv), wnde q; = ¢, — 1 si w’
este numdrul zevourilor cave vdmin pe cercul unitate (s =7 .in cafml (iv)).

Observagia 2. Un polinom care verifici conditia p-stabilitdtii (p > 1)
are tipul (s, (¢, ..., ¢,), 0) unde ¢, < p, ¢ =1,2, ..., m, iar in cazul
O-stabilitatii tipul (s, (0), 0). ,

TrorREMA 3. Fie p > 1Y Polinomul f(z) verifici conditia p-stabilitdtii
dacd st numas dacd: )

(@) lazl > lao| (LF*(0)] > 1£(0)),

(b) f verificd conditia p-stabilitifii, sau
(©) aya; =agan_y, j=1,2 ...k (f=0),
(d) f" verificd condifia (p — 1)-stabilitdfii.

Demonstragie. Necesitatea: Dacid polinomul f verificd condifia p-sta-
bilit#$ii rezultd cd ridicinile lui notate z, 4= 1,2, ..., k, verifica relajia
2] <1, 1=1,2, ...,k Avem f(z) =a,(z — 2)(z — 25) ... (2 — z), de
unde f(0) = a, (—1)*2, ... z,

1 1

f*@) = zkak(% "21](: —-22] (— ——Zk)=

Z

= a, (1 — 2z,)(1 — 22,) ... (1 — 23), de unde f*(0) = a,.
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Atunci N : : C ,

@il — 120l = If*(0) "= 1f(0)] = las| — || Dt s = -
- / o= l“/él(l — (2] - |Z2] <. 17l)
Cum 2] <1, i=1,2, Lk sl oa, # 0, din (6) rezulti |a,| — |ag| = 0
adicd, |ak| > |a,| sau ]akl = ]a .

1°. Dacd |a,] > |a,| (situatia (i), adici avem (a), in baza relat1e1 (5),
a teoremei 2 si a observatiei 2, rezultd ().

. 2°. Sau daca ]akl = Iaol si aceasta are loc in baza relat1e1 ( ) si a faptulul‘
cid |z]<1 i=1,2, ... k numai daci |z]=1,4=1,2,...,% atunci avem:

) =L 1F1 O fe) — 70) 721 =

= Lladz—2)...(z—2) — @(—1)tz...z (1 —zz)...(1—2z)] =

2 N

=Sz —z)...t—2)— (- (—2) ... (3,—2)]=0,

adicd am obfinut (c). Cum |a,| = |a,| si ﬁz) = 0, (situatia (iv)) in baza relatiei

(5), a teoremei 2 si a observatiei 2, rezultd (d). \
Suficienta : Fie verificate conditiile (a) — (b) sau (¢) — (d).

1°. Dm conditiile (#) — (b) rezultd ugor ci f verificd condifia p-stabili-
tatii.

2°,. Sau din conditiile (¢c) — () rezultd cd f are t1pu1 (s, (o - - 5 qm) 0)
unde.g; <p—1, 1=1,2, ,m, $i cd sintem in situafia (iv). Atunci
in.baza teoremei 2 si a observatlel 1, rezulta cd f are tipul ©, (9, - -, g5u1)s
0),unde ¢; =¢; +1 < pl¢=1,2, ..., m'. pentru cdp > 1 (presupunind
g; =0, pentru ¢ > m, aceasta avind loc cind s >m — 1) §i deci f verificda
conditia p-stabilitatii. C

TEOREMA 4. Polinomul f verificd condifia O-stabilititii dacd si numai
daci: () |ay) > |ao),

(B) f verifici conditia O-stabilitifi.

Demonstratie. Condifia (o) rezulti din relatia (6) datoritd faptului cid
a, # 0, si ridicinile lui f satisfac in baza O-stabilitdfii condifia |z;] <1
1=1, 2, , k. Din () In baza relatiei (5), a teoremei 2 si a observapel 2,
rezulti (B)

Invers, ‘'din (d) si () in baza teoremei 2 (situafia (i), relafiei- (5), si a
obseérvatiei ‘2, rezultd usor ci f verifici condifia O-stabilitdtii. -

"Observatia 3. In baza teoremei 1, teoremele 3 si 4 dau o conthle nece-
. sar} si suficient pentru p-stabilitatea (p > 0) metodei (2), a cérei verificare
se face In urmditoarele etape:

1. se verifici (a) (privitor la f),

© 2. dacd se verifica (a) trecem la (),
3. dacd (a).nu e verificatd trecem la (c),
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" 4. daci se verificd (c) trecem la (d),
5. daci (c) nu e verificati metoda nu este p-stabild. Verificarea lui (b)

sau (d) se face dupd etapele indicate mai sus referitor la _\f/ respectiv la f’.

Observatia 4. Programind algoritmul la calculator am aritat, de exem-
plu, ci metoda de tip (2) cu polinomul caracteristic

flz) =42* — 422 — 322 + 42 — 1

este I-stabili.
(Intrat in redactic la 30 mai 1974)
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AN ALGORITHM ESTABLISHING p-STABILITY OF SOME NUMERICAL
INTEGRATION METHOD :

(Summary)

The algorithm concetns the verification of the rcot condition for the stability of ini
tial value problems.



ASUPRA UNUI MODEL DE SORTARE

ELENA OANCEA FRATILA

Lucrarea prezintd un model de sortare a unei multimi E de m elemente
care pot fi caracterizate de # atribute, fiecare putind avea anumite ponderi.
Se considerd cazul cind toate atributele pot avea acelea§1 ponderi, exprimate
prin numere intregi, nenegatlve finite.

Se introduce o misurd de proximitate pentru doui atribute, definiti
cu ajutorul unei variabile aleatoare Poisson sau aproximativ de tip normal
redus. Folosind aceastd misurd se di o clasificare a atributelor, in ordinea
cresciitoare a valorii medii a proximitafilor unui atribut cu celelalte,

Se indicd, de asemenea, anumite teste pentru testarea ordonirii fixate.

1. Generalititi. Se consideri o mulfime E cu m elemente: obiecte,
indivizi, care pot fi descrise prin o mulfime A de » caractere sau atribute;
fiecare atribut avind o anumitd pondere relativ la prioritatea atributului
respectiv! sau la gradul-misura in care atributul respectiv este prezentla
un anumit element. Se presupune ci toate atributele pot apare la orice ele-
ment din E cu aceleasi ponderi. Se presupune ci ponderile atributelor sint
" exprimate prin numere intregi nenegative?, finite. Atunci multimea E poate
fi descrisd prin atributele multimii A printr-o matrice de incidentd :

B = (bg)i=1, ...,
J—l , M,
unde by este ponderea atributului ¢ pentru elementul j. In cazul b; = 0
elementul § nu prezinti atributul 4, deci ponderea este nuli.

In aceasti descriere a mulfimii E se face ipoteza ci, daci existi doui
linii identice in matricea B, atunci una din ele se suprimi.

Se observid ci fiecare coloand din matricea B descrie un element din
multimea E, iar fiecare linie a matricii B reprezintd modul de repartlzare
a unei caracteristici la elementele din E. Deci fiecdrui element din E fi
corespunde un vector coloand b'(by, ..., by), 7=1, ..., m, si fiecdrul
atribut-caracteristici un vector linie b,(b;, ..., b,,), =1, ..., n. -

Doud atribute se zic pozitiv asociate (megativ asociate) [2], relativ la
obiectul 7, dacd sint prezente, respect1v absente simultan la acest obiect,
adici dacd ponderile corespunzitoare sint ambele pozitive, (respectiv nule).

Obiectele multimii E se pot clasifica in functie de atributele multimii
A, dupd diferite criterii (vezi [1]).

53 considerdm o primd clasificare a mulfimii Ein submultimile E_, si
E, h=1, ..., n unde: :

— submulpmea E,, este formati din acele elemente ¢ « E, care nu

posedd atributul 4, adicid pentru care b, =0, i e {1, ..., m},
— submuljimea E, este formatd din acele elemente ¢ = E care poseda
atributul %, adicd pentru care b,; # 0, i e {1, ..., m}.

1 Tn ceea ce priveste prioritatea unui atribut, se pot considera diverse criterii pentru
aprecierea acesteia. (vezi [3]).

2 Evident se poate considera cazul cind ponderile sint date de numere nenegative,
subunitare.
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In anumite conditii, matricea de incidentd B poate fi adusé la o formd
speciald, astfel incit orice submulfime E,, %=1, , #, si constitue
un interval in mulfimea E. In acest caz matricea B se prezintd sub for-
ma (c): :

R
//////////ﬁ;ﬂ/?/ . 3:&)% %Zr;iu§ile ]?a§urate sint formate cu

00...0 /////////

PROPOZI;FIAI Conditia necesard $i suficientd pewtru ca matricea B
sd poatd fi adusd la fomm (o) este s existe o permutare a- tuturor coloanelor
lut B, astfel ca pentru orvice h = L ..., n, submultimea E, si i fie un interval
din multimea E. [2]. '

Pentru matricea B adusi la forma (o), se poate defini functia c(),
respectiv #(%), si anume: _

0, dacd 7 < .c(h), sau j > c(h) + 7(h),

# 0, dacd ¢(h) <7 < c(h) + 7(h),

unde #(h) este. numdirul elementelor by # 0, din linia 4.

Se observd cd c(h), 7(h), k=1, ..., n, determind intervalul [¢(%),
c(h) 4 7(h)] care formeazd submulpmea E, din forma (5) a matricii B.

Ordonind acum liniile matricii B adusi la forma (s), astfel incit #(1) <

< 7(2) < ... < 7(n), se obfine forma (¢') a lui B.

2. Misura proximititii. Pentru definirea proximititii relativ la atri-
butele elementelor lui E, se presupune cd numai o asociatie poz1t1va 1ntre
doui atribute contribuie la proximitatea-asemé#narea lor.

Fie :

h =

s(k, k) 2 buby (1)
si
= 2 bil T,
unde T = 2 by + P, + Y Ps fiind numdrual elementelor nule din linia h

a matricii B iar #, un numér 1ntreg nenegatlv ‘astfel inéit valoarea lui T .

sd fie aceeasi pentru orice 4 = 1, ..., #.
F1e ipoteza (I) care presupune ca multimea E este
" E= U Ei,
=1

unde E¢ ¢ E este acea submulfime a lui E care confine elementele ¢e<E,

ce posedd ¢ atribute, ¢ = 1, ..., &, k n, $i n, = card (EY), iar Zn —N
N numir natural fix. Se atribuie Iui £ -probabilitatea 7, /N Atunci

/



@

79 E. OANCEA FRATILA

ipoteza (I) constd in aceea cd aceste probabilitdfi sint uniform repartizate
pe multimea partilor lui E. o

n aceastd ipotezd, dacid p,u,T = comstant, pentru orice T numir
-natural, variabila aleatoare-statistica s(#, k) este de tip Poisson, de parametru

ity T2 L.
Statistica

— T ’
S h, BY — s{h, ) [ s 9
, (. 2) Nuner T : : @)
pentru T suficient de mare, in special pentru p,p, T — o, este de tip nor-
mal Nf(9), 1).
Se observi ci daci In matricea B se face schimbarea de misurid
by — iy

Vus T

T
S(h, k) =Y bibs.
=1

4
by =

statistica (1) devine

Intr-adevir:

T
. — b, —
Z (blu l"'h)( ki l"')k T b p.— “'h”; T

T .

=1 hi ki
3 b by = =3 :
i=1 t !lg!l-kT t=1 ey T

T T T i
deoarece ), by, = T, D by = w, T, 2 b, - b, = 0 by, by, tinind cont ci
= =1 =1 =1

vectorul cu m componente (by, ...., b,,) s-a Inlocuit cu vectorul cu T
componente (b, ..., by, 0,...., 0), ultimele T'—m componente fiind nule.

Dupid cum se vede T este in general un numir natural destul de mare,
deci statistica S poate fi considerati de tip normal N(0, 1).

In cazul particular cind b, ia numai valoarea 0 szu 1, se vede ci S(4, k)
se reduce la statistica corespunzitoare din [2]. .

Observagie. Statisticile s, S permit definirea unei misuri a proximitatii
corespunzitoare atributelor 4 gi k. Evident problema poate fi pusi si relativ
la elementele mul{imii E, folosind in misura proximitéfii vectorii coloani
din matricea B.

3. Ordonarea matricii B dupii gradul de proximitate al liniilor. a) Pre-
ordisie bazatd pe functia r. O ordcnare a mulfimii E dupi atritutele din 4,
se poate face prin aducerea matricii B la forma (o). .

Aceastd preordine a matricii B in forma (¢') ne d4 o imagine asupra
proximitdtii intie doud atribute 4, %, decarece #(h), h =1, ...., n, in o1do-

‘narea (¢') este o frrctie crescitoare de 4, cu care se poate ccnstrui o masurd

8 Intr-adevir piodusul sy T extinde fn mod identic produsul pzuzp din [2] pentru o
N ”

matrice de »x¥T dimensiuni, in care se vor comsidera pe linia &: E elemente de unu,
. ; L .

iar py 4 my elcmente pule. Deci in cendifiile ipotezei (I) enuniate, §i y,us T = const., pentru

orice T natural, s este de tip Poisson. ) .
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de proximitate pentru doud atribute 4, k. Dar aceastd ordonare nu este
suficient de concludenti, pe de o parte pentru cd, daci %, k, corespund ace-
leiasi valori alui 7, intre ele nu se mai face o altd clasificare, pe de altd parte,
si in cazul cind %, k corespund unor valori diferite ale lui 7, in aceastd ordo-
nare nu se {ine cont de ponderile asociate diferitelor elemente pentru
atributele respective.

. b. Preordine bazati pe o misurd de proximitate. Fie misura de proximi-
tate pentru atributele %, %, %, k=1, ...., n, & # k, dati de:

T
Nk, & 1
mih, k) =i‘T—’ =2 2 b By : )

care satisface axiomele misurii de proximitate [1]. Se observd ci s(k, k)/T
este o functie crescitoare in raport cu card (E, n E;) si cu ponderile atri-
butelor %, k. Atunci luind media proximitifilor lui A:

”»

1
——2 (W R), =1, ...,mn

(” — l) Tk2=1 ( » )) E] » >

. k#h

se poate ordona matricea B relativ la linii, dupé valorile crescitoare ale lui
§,. S& notdm aceastd preordine cu (z), adicd pentru care avem: §; < S, <
< <s : ‘

xR e 9,

Analog, considerind méasura de proximitate

S’l=

'h,k — s(h, k) : - _ 1 = '
' (h, k) Ns(h, Bys(k, k) ¥ = » £ m'(h, B).

se obtine o preordine ().
Aceastd preordine (r) este mai eficientd decit cea daté de (¢'), ordonarea

dupa valorile §,, incluzind in expresia lui §, atit numérul elementelor care
posedd atributul 4, cit si ponderile respective.

Preordinea (r) se poate considera si folosind in relaia (4) statistica S,

in locul lui s. Relativ la aceastd preordine (r) avem : bR Y
"TEOREMA 1. Dacd matricea B are forma (w), alunci éxistd o reprezen-
tave a ovdinei liniilor prin pumctele 5, h=1, ...., n, aparyinind unui

interval finit al axei veale si ale civor distanje sint date de $,—S5,, b, k=1,..., n.
TEOREMA 2. In condifiile teovemei 1, aceea dintre liniile matricii B

a cirei medie a distanjelor la toate celelalte linii, respectiv a cdrei dispersie a

proximitdfilor la toate celelalte linii, este maximd este o linie extremd a lui B.
Demonstrafia este analogi lemei 1 din [2], relativ la functia ¢(s).

intr-adevir ’ :

(5) M) — M) >0, pentru h =1, ...., n/2, daci n este par, §i pentru

1 - .
h=1...,"% : , dacd # este impar, unde

M) =155 )

=1

h

M(3) =%[§h @ —m)— 35 + 3 §]

i=1 ishq1
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Se obtin rezultate analoge si pentru dispersie dati de

1)=iid;{—( Ed) d, =5, — s,

7n =1 7 og=1

si corespunzitor pentru D2(%). . .
Cu alte cuvinte teorema spune ci atributul corespunzitor liniei extreme
este de cea mai slabd proximitate fatd de celelalte de rang pind la #/2,

(n + 1)/2.
4. Analiza dispersiei globale Fie § = 1/14,23',-, media globald a pro-
1

ximitdfilor. Diferenta s/, — 5, unde s/, = 1/T s(k, k), se poate scrie
Sgp—S=¢8,—85,+5 — 5

Atunci dispersia globald D? este
1 ki , _ » ” , _
2 (= SP=1n331m—1) 3 (55, ~5)° ()
htk

n(n — 1) pE=1
h#k

D2 =

+ 1/”:2{ (Sp — 5)%
si exprimd dispersia atributelor in mulfimea partilor Iui E.
Observatie. Dispersia D? se poate comsidera §i in cazul cind in locul
statisticii s(4, k) se pune S(, &). -
Formula (6) se utilizeazi In anumite testdri relativ la structura matri-
cii B fatd de ordonarea (r) sau fatd de ordonarea §; —§ < .... <5, —3,
analoge celor din [2; 3. 1] '

(Intrat in redactie la 5 tanuarie 1974)
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SUR UN MODELE DE SERIATION
(Résum é§)

Le travail présente un modéle de sériation d’un ensemble de m éléments E, qui peu-
vent présenter z caractéristiques, chacune pouvant avoir certains poids. On considére le cas
ol toutes les caractéristiques peuvent avoir les mémes poids qui sont exprimés par des nom-
bres entiers, nonnégatifs, finis.

On introduit une mesure de proximité pour denx caractétistiques & I'aide d’une variable
aléatoire. On doune un ordre des caractéristiques d’aprés la valeur moyenne croissante des
proximités d’une caractéristique avec les autres.

Enfin on indique des tests pour tester l'ordre fixé.



STUDIUL A PATRU VARIABILE TIP RR LYRAE. (II) XX $I WW
BOOTIS

GH. CHIS, D. CHI$ si I. MIHOC

1. XX Bootis. Steaua var1ab11a XX Bootis a fost gdsiti de P. Tsese-
vich [1] pe plicile fotografice obtinute la Observatorul Astronomic din
Moscova In anii 1926, 1939—1940 si pe plicile obfinute la Observatorul
Astronomic din Odessa in anul 1952. P. Tsesevich a addugat la aceste
observafii observatiile sale vizuale din 1957, .deducind dm ‘toate acestea
patru maxime §i elementele -fotometrice :

Max.hel = JD 2429366.646 +- 0.5814016 E S (1)

date in catalogul general de stele variabile [2]. .

Atlasul stelelor RR Lyrae [3] di harta regiunii variabilei.

Ia Cluj, steaua XX Bootis a fost urmdritd in anii 1959—1962,
1964—1966 fotografic 1a telescopul Newton, obtinindu-se 535 poze de cite
4 minute. Observatiile au fost efectuate de colectivul dé stele variabile
(25.8%, — I. Popa; 189, — I. Todoran; 17.2% — I. Mihoc; 17% — Gh.
Chis; 99 — V. Ureche; 7% — S. Radu 3.5% — E. Botez; 25%
— N. Lungu).

Pentru stelele de comparatie au fost alese 5 stele'din vecinitatea varia-
bilei, presupuse constante ca strilucire, pentru care am obtinut magnitu-
dinile (cu ajutorul se-

cventei polare nord) (v. @
tabelul 1, fig. 1). Din |, 6z .
totalitatea observatiilor : ¥,
efectuate la Cluj, am . .
dedus momentele a 17 [* %4 %4
maxime ale strilucirii, . o5 &
indicate in tabelul 2. 4o 9.5 . N
Grupind observatii- .
le .dupi fazi, cite 3—4, F” " e " g5
am obtinut. curbele de v @ WP :
lumind §i anume: = 30° X,
ss ae P
_ -0 : S N
Tabel 1 a5 89 9.2
F20 )
ito‘if;;r‘ie Maguitudinie
tie \'30‘ 9.0
L 40 T 9
A A i
b qz06x 3 | M e w45 40 4 48
c 12,313 3
d 1273+ 5 Fig 1
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Tabel 2
Nr. | Max. hel. '
ert. | JD24a... | P E 0—-C, | 0—c, | 0—c, Obs.
1 | 24609,6100 | 1 |—8189 | —0,0081 | —0,0161 { —0,0027 Tsesevich
2 | 29366,6570 | 1 0 +0,0110 | --0,0023 | 40,0090 R
3 | 29725,3770 | .1 4613 | 40,0062 | —0,0025 | 4-0,0037 "
4 | 341184330 | 1 | 48173 | —0,0083 | —0,0178 | —0,0176 "
5 | 36714,4090 | 2 12638 | 40,0096 | —0,0004 | —0,0057 | G. Chis pv
6 | 36803,3660 | 2 12791 | 40,0121 | 4-0,0022 [ —0,0013 ., DE
7 | 37132,4450 | 2 13357 | 40,0178 | 40,0078 | +0,0039 o
8 | 37160,3550 | 1 13405 | 40,0206 | 4-0,0105 | +0,0066 »w DV
9 | 87174,3040 | 3 13429 | -+0,0159 | 4-0,0059 | 40,0019 o
10 | 37732,4600 | 135 | 14389 | 40,0264 | 40,0162 | +0,0115 | Mihoc-D. Chig pv'
11 | 37839,4204 | 2 14573 | 40,0089 [ —0,0013 | —0,0061 N \
12 | 37843,4809 | 2 14580 | —0,0004 | —0,0106 | —0,0155 " "
13 | 37867,3418 | 1 14621 | 40,0230 | 40,0128 | 40,0079 " "
14 | 37871,3909 | 1%, | 14628 | +0,0023 | —0,0079 | —0,0128 " "
15 | 38596,4165 | 1 15875 | 40,0201 | +-0,0098 | -0,0039 " i
16 | 88624,3178 | 1% | 15923 | 40,0141 40,0038 | —0,0021 " "
17 | 386353880 | 15 | 15942 | 40,0877 | 40,0274 | 40,0214 " "
18 | 38642,3195 | 15 | 15954 | —0,0076 | —0,0179 | —0,0239 " "
19 | 38953,4300 | 2 16489 | 40,0336 | 40,0427 | 40,0363 | D. Chis pg
20 | 39821,4280 | 114°| 17122 | 40,0238 | 4.0,0134 [ 4-0,0065 v
21 | 39353,3930 | 2 17177 | 40,0107 | 40,0013 | —0,0057 o
m
-90 - »
4 - ‘
®
20 ot %970, © 19594954 (pv)
o 0 .o 0 1959 -1960 (pg)
50 *°agoe X 4905 ~ 1966 (pg)
o o5 O .
T e (Y )
80 o ®
b o ® °
42-- Ty o ® o~:°° 9" . © °
x ln"&e‘x oxp
xx X, x’,: ® o
- 40 ® x n * o
. x e © *
Q
o x
. X o -2000 4000 6000 8000 *

Fig 2
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— o curbi de lumind fotovizuali din pozele pe plici Isopan ISS
(1959 1964) (fig. 2);

— o curbi de lumind fotografici din pozele pe pldci Agfa Astro
(1959—1960) (fig. 2); . :

— o curbi de lumini fotograficd din pozele pe plici Guilleminot
(1965—1966) (fig. 2).

Gh. Chis a dedus noi elemente din cele patru maxime ale lui P. Tsese-
vich si primele cinci maxime obtinute la Cluj:

Max. hel = JD 2429366.6547 + 0.5814017 E : (2)
1-87 +11
D. Chis, din toate maximele obtinute, 21, a dedus noi elemente :
Max.hel = JD 2429366.6480 + 0.5814025 E (3)
+273 418

Pentru a observa tipul acestei stele, am ciutat asimetriile si ampli-
tudinile in curbele medii obfinute pentru anii 1959—1960, 1962 si 1964 in
magnitudini fotovizuale (tabelul 3) si in anii 1959—1960, 1965 si 1966 in
. magnitudini fotografice (tabelul 4).

Din aceste date rezultd cd steaua ar fi de tipul RRy,.

2. WW Bootis. Steaua WW Bootis a fost observatide C. M. Hanley
si H. Shapley [4], care dau pozifia stelei, indicatia cd este de tipul
R R Lyrae si amplitudinea variatiei "de lumina Intre 12.8—14.0 mag-
nitudini fotografice.

P. Tsesevich [5], din pozele obfinute la Moscova in anii
1912—1913 si 1937 deduce prin evaludri 4 maxime, iar din observatiile

vizuale din 1957—1958 stabi-

Tabel 3 legte momentele a Incd 7 ma-
Perioada . xime, pe baza acestora dedu-
efect. My, Mipy A 3 cind elementele variafiei de
obs. Jumini :
- Max.hel= JD 2419483.529 +
1959—60 | 10,93 11,68 0,75 . — :
1962 10,95 12.11 1.16 0,092 +'0.47926659 E (1)
1964 | 10,94 11,49 0,55 — Tabel 5
Tabel 4 Stelele de Magnitudinile
Perioada comparatie Mpg €
efect. My iy Y 13 .
obs. ¢ ¢ A  12,29--0,09
B 12,4740,10
0K, 1230 | 1300 | 070 | 0,380 a 13,25220,05
1959—60 | 11,96 | .12,45 0,49, 0;109 b 13,640,05
1965 11,87 12,68 0,81 — ¢ 13,8840,06
1966 11,55 - — - d 13,884-0,05
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Tabel 6
Nr, Max. hel.
pary J.D. 24... P E 0—¢, 0-C, Obs.
1 19483,4900 1 0 —~0,0390 —0,1831 Tsesevich
2 19858,3900 1 782 40,0745 —0,1068 '
3 19913,4000 1 897 -0,0310 —0,1835 "
4 28660,3700 . 1 19148 —0,1557 +0,0022 »
5 36050,3330 1 34567 —0,0042 +0,0109 ”
6 36347,4720 1 35187 ~-0,0105 —0,0011 »
7 36362,3890 1 35218 +0,0492 +0,0583 "
8 36372,3970 1 35239 ~0,0074 +0,0015 "
9 36373,3540 1 35241 -—0,0089 +0,0000 |- »”»
10 36395,3910 1 35289 —0,0182 —0,0097 »
11 36396,3610 1 35289 ~0,0067 +-0,0017 »
12 36741,4319 1 36009 -—0,0077 —0,0060 G. Chig
13 36751,4961 2 36030 —0,0081 —0,0066 '
14 36765,3944 2 36059 --0,0086 ~—0,0073 »»
15 . 36788,3953 Ya 36107 -—0,0125 —0,0116 »
16 36789,3558 2 36109 ~0,0105 —0,0097 ,,
17 36790,3162 2 36111 -—0,0086 —0,0078 »”
18 37134,4315 % 36829 | —0,0067 —0,0126 »
19 37781,4715 1 38179 +0,0234 +0,0050 D. Chig
20 37803,4997 Y% 38225 +0,0153 ~0,0135 »
21 37816,4580 2 38252 -+0,0234 40,0044 2
22 38591,4495 1 39868 -+0,0404 |. +0,0068 »
23 38605,3243 134 39898 -+0,0169 —0,0174 M
24 38616,3690 1% 39921 +4-0,0385 +0,0040 ”»
25 38949,4700 1 40616 40,0492 40,0083 ”
26 38972,4645 2 40664 -+0,0389 —0,0025 ”»

Atlasul stelelor RR Lyrae di harta regiunii variabilei.

La Cluj, aceasti wvariabildi a fost urmiriti in anii 1959—1962,
1964 —1966 fotografic la telescopul Newton, obtinindu-se 220 poze de cite
4 minute. Observatiile au fost efectuate de colectivul de stele variabile
(25% — 1. Mihoc; 20% — V. Ureche ; 199, — Gh. Chis; 15% — 1. Popa;
9% — S.Radu; 7% — I. Todoran; 59, — E. Botez). Stelele de compa-
ratie utilizate sint cele din fig. 3, iar magnitudinile lor au fost determinate
cu ajutorul a 20 stele din secventa polard noid si sint date in tabelul 5.

Grupind observatiile in puncte normale (in medie 6 observatii), am
obtinut curbele de lumind pentru cele douid perioade de observatie:
1959—1962 (fig. 4) si 1964—1965 (fig. 4). Din totalul observatiilor am
dedus momentele a 15 maxime de strilucire (vezi tabelul 6). Din acestea
si ultimele 8 maxime obtinute de Tsesevich in anii 1937—1958, am
obtinut elementele variatiei de strilucire: :

Max.hel = JD 2437816.4536 - 0.4792758 E 2)
+44 492

Tipul RR, al variabilei rezulti din amplitudinea variatiei de strilucire
(vezi tabelul 7). '
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Tabel 7
Perioada .
efect. Mpg Mpg A A Tip .-
" obs. .- : .. .
O.K. . 12,80 14,00 - 1,20 RR —
1959—60 12,29 13,97 1,68 — 0,130
1962 12,34 13,72 1,34 - 0,117
1964 12,64 13,87 | 1,28 — 0,154
1965 12,85 14,30 1,45 RRa 0,093

Datoritd valorilor mici ale diferentelor O—C (aproape de limita preci-

ziei de deternnnare) nu s-a putut pune in eviden{d o variafjie sistematica
a lor, o :

[*\] [ =B

[

" (Intrat in redaciie la 28 septembrie 1974)
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' THE STUDY OF 4 RR LYRAE TYPE VARIABLES. (II) XX AND WW BOOTIS

. Summary)

In this second bapei are reported results of the photographic observations of ‘the

XX and WW Bootis variable stars. The observations have been carried out at the Astro-
nomical Observatory of the Cluj-Napoca University, during the 1959—66 period.

The photometric elements are as follows:

Max. hel = JD 2429366.648 + 0.5814 025 E (XX Bootis)

+27 +18
Max, hel = JD 2437816.4536 + 0.47927585 E (WW Bootis)
+44 £92

The XX Bootis star seems to be of RRay, type and WW Bootis star seems to':be‘ ‘of

RR, type:
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In cel de al XX-lea an de aparitie (1975) Stwdia Universitatis Babes— Bolyai cuprinde
fasciculele:

matematica

fizica

chimie
geologie—geografie
biologie

filozofie

stiinte economice
stiinte juridice
istorie

filologie

Ha XX roay uspanus (1975) Studia Univeysitatis Babes— Bolyai BHIXOZMT CJERYIOIHMH
BbINYCKaMH: .

MaTeMaTHKa

¢a3nka

XHMHS

reonorxs —reorpaduns
Gionorus

¢dunocodus
9KOHOMHYECKHE HayKu
IOPHIHYECKHEe HayKH
HeTOpHSA

¢unonorus

Dans leur XX-e année de publication (1975) les Studia Universitatis Babes— Bolyai
comportent les fascicules suivants:

mathématiques

physique

chimie

géologie—géographle

biologie

philosophie

sciences économiques
. sciences juridiques

histoire

philologie



T

Abonamentele se fac la oficiile pogtale; prin factorii postali si
prin difuzorii de presa
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