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ASPECTE ALE CERCETARIT MATEMATICE LA UNIVERSITATEA
CLUJEANA IN ANII PUTERII POPULARE

. Scoala clujeand de matematicid este o componenta 1mportanta a scolii
matematice roménesti care de-a lungul vremii, si mai ales in anii puteru
populare, s-a- afirmat pe plan mondial ca una dintre gcolile noastre §t11n—
tifice cele mai reprezentatlve Desigur, s-ar putea scrie mult despre ‘invi-
tdmintul matematic superior la Cluj, despre marile personalitdfi si pro-
fesorii entuziasti care l-au slujit, pregitind atitea gemeratii de matemati-
.cieni. Este suficient si amintim pe D. Pompeiu, A. Angelescu, Gh. Braty;
N. Abramescu, Th. Anghelutd, care dupa primul tdzboi mondial au pus
bazele invid{imintului matematic rominesc la Cluj.

Instaurarea putern populare in fara noastrd a permis o dezvoltare
rapida si dirijatd — in scopul perfechonam continue a societdfii — atit
a invdtdmintului matematic cit §i a cercetirii matematice. Astizi in cen-
trul universitar clujean activeazd o pleiadi de tineri matematicieni care,
aldturi de profesorii lor mai in virsta, aduc o contnbujcle de seami la pro-
gresul matematicii roménegti. Majoritatea acestora isi desfigoari activi-

tatea in cadrul Facultfii de Matematici-Mecanicd a Universititii clujene.
' Orientarea tematicii stiintifice la facultatea noastra se face prin imbi-

narea armomnioasi a unor cercetdri cu frumoase tradiii la Cluj (ca cele
de Analizd numericd, Teoria functiilor, Topologie si Kcuatii diferentiale)
cu preocupdri mai recente din' alte capitole importante ale matematicii
moderne (ca cele de Algebrd, Geometrie, Analiza funcfionald si Informaticg).
Desi cu un alt specific, mentionim si valoroasele tradifii de cercetdri din
domeniul mecanicii si astronomiei. Dintre problemele Ieprezentatlve ce {in
de domeniul cercetirii fundamentale citim: teoria nodurilor, teoria geo-
metrici a functiilor analitice, structuri algebnce si geometrice, notlunea
de convexitate cu aplicatii la teoria celei mai bune aproximatii, teoria inter-
polirii, teoria calitativd a ecuatiilor diferenfiale, operatori diferentiali,
formule de derivare si integrare numerici, teoria algoritmelor, teoria con-
trolului optimal, probleme de mecanica fluidelor, probleme de astronomie
si astrofizici cu aplicafii la studiul migcirii satelifilor artificiali. In ulti-
- mul timp la facultatea noastrd se acordd o atentie din ce in ce mai maré
studiului unor probleme cu caracter aplicativ prin colabordri, contracte
si conventii cu o serie de intreprinderi productive.

Legitura intre Invdtdmint si cercetare se realizeazi in primul rind
prin continutul cursurilor spec1ale strins legat de tematica de cercetare
de la catedre. Un mare numdr de studenti sint antrenati in activitatea cer-
curilor stiintifice studentesti, care functioneazi pe lingd fiecare catedrd,
precum §i prin pregitirea lucrdrilor de "diploms. In urma acestor activi-
td4i susfinute mulfi studenii au obfinut rezultate originalevaloroase.

In cadrul fiecdrei catedre functioneazd seminarii speciale in care se
dezbat aspecte actuale ale creatiei matematice mondiale.

Pe lingi participirile la manifestirile stiinifice propzii, multe cadre
didactice de la facultatea noastri participd activ la o serie de alte mani-
festdri ca cele organizate de Institutul de Calcul din Cluj si Societatea de
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Stiinfe Matematice. Se cuvine sd mentionim de asemenea participarile
matematicienilor nostri la diferite congrese si colocvii internationale.

Un aport deosebit in valorificarea cercetdrii stiintifice il aduce Seria
Matematicd-Mecanici a revistei Studia Universitatis Babes-Bolyai, prin
care se fac cunoscute multe din realizdrile proprii §i se intrefine un larg
schimb internafional de publicatii.

Conditiile create dupd Eliberarea {irii noastre au permis ca rezulta-
tele valoroase ale matematicienilor nogstri sd péatrundd tot mai mult in
fluxul general al ideilor matematice contemporane, contribuind la creg-
terea prestigiului gcolii .roméinesti: de matematicd.



CONJUGATION RELATIONS IN y-CATEGORIES

GR. CALUGAREANU

Introduction. Considering the theory of abelian categories as ’’the”
natural generalization of the category of abelian groups, one can ask
himself which is ’a” corresponding generalization of the category of
non-necessary abelian groups.

More- precisely, such a generalization is required to have some “cano-
nic” properties: to be a conormal but not a normal category (in this
way we have to distinguish exact and coexact sequences), to be complete, .
cocomplete, etc.

In such a generalization one would expect to prove and usé N o e-
ther, Schreier, Jordan-Hoélder theorems and ’5”, >’9”, and
Zassenhaus lemmas.

There are plenty of such generalizations in the literature, two of these
being the “hofmanian” and the ’’y-categories”, the last ones beingintro-
duced by Burgin and Calenko.

In such categories, having about all the working” theorems, one
cun expect to give some kind of theory of formations in the Gaschitz
sense. A difficulty which appears at once is the fact that conjugation
cannot be defined globally (without elements) ; the author uses an abstract
conjugation relation proposed by S¢hunck which permits an easy app-
roach to the subject.

Let 4 be an arbitrary y-category in Burgin-Calenko’s sense
[1, 2] (for a more didactical exposition of these categories see [4])..

First, let us recall that a y-category is a locally small, conormal cate-

gory with zero and epi-mono factorizations, satisfying the following three
conditions : , '

vl. 4 has pullbacks of two morphlsms provided that at least one
of them, f; is mono and if f, is epi then so is g,. :

YZ.. If fisa normal mono and g' is epi then z'm(gf)> is a normal mono.

v3. In the following commutative diagram if f, g are epis and # is
mono then # 1is iso.
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:One shows that a y-category has kernels, cokernels for normal monos,
images, coimages, inverse images, finite intersections, that any morphism
f factors through coker (ker(f)) ans im(f) and that a y-category is balanced.

Essentially for what follows is that a y- category has unions of two
subobjects provided that at least one of them is normal and that in a
y-category the 5-lemma, the 9-lemma and the Noether isomorphism
theorems hold, the two last ones in the following form :

NI. If u: M - 4 and v: N -+ A are normal monos and. v < # then
AIN|MIN ~ A|M.

' N2. If u:A; > 4 and v.: A, - A are monos, the second being nor-
mal, then 4,/4, N 4, ~ A, U 4,/A,.

- We shall simplify the exp051t1on using, from now om, equalities in-
stead of isomorphisms, Wh1ch means in fact that we shall work in a ske-
letal category 4.

Finally, let us recall also from [4] (for instance) the followmg ‘two
lemmas :

L1..-If vu = ker(w) and v is mono then u = ker(wv). :
L2. In the conditions of N2, the pullback of cokgr( ) and im(coker(v).u)
over 4[4, is the unjon 4, U 4,. ‘

t A] . (l}fU)Ck

P~ |

2l

' — > AJA;
Ag‘—V—>A v R /c

Using the diagram describing this last lemma, where I = im(coker(v).u),
one easily shows that (as objects!) ¢m(v® - w) = (v° - w)! = v* = I where
the obvious notations are taken also from [4]. Consequently, we have
im(dy U Ay > A - AJdy) =im(d; - A, A, — 4 — A]4,).

“Following H. Schunck [6] we shall use the following definitions :

DeriNITIoN 1. A binary relation on obj &, % is called .a conjugation
relation 1if
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.(0) A.hA implies 4, < 4 ..
1) A;pA and AhA implies 4, = A
2) A, g4, A and A h4 1mp11es AhA, '
3) 4 hA 1mp11es (fl44) f/A) for every morphism f of domam A
In this case A4, is called k—subobject of A

DeriNiTION 2. A full subcategory %’ of @ is called homomorph if

% is closed under (epnnorphlc) images of morphisms of & with domain
in %.

,—\A,-\

Derinrrion 3. A subobject m,: A, - A is called a %-covering sub-
object if .

(i) 4, = obj %.

{(ii) For each subob]ect my: Ay -+ A such that m, < m, and each
normal subobject A" — 4,, if A2/A’ € ¥ then 4’ U 4, = 4,.

First of all, it is trivia] that S

THEOREM 1. If A, is a %-covering. . subobject of @ and A, = A, < A4,
then A, is %-covering for A,.

THEOREM 2. If h is a conjugation relation in a, then there is a homo-
morph X in & such that each h-subobject of A is %-covering for A.

Proof. Let ® be the full subcategory of @, consisting of all objects
4 such that AhA. Letting 4, = A in (3), it is teadily seen that % is a
homomorph.

Now let A, be a h-subobject of A. Letting 4, = A1 in (2) we have
A, € ®. Next, in order to verify (ii) for 4,, suppose 4, < 4, < 4,
A’ normal subobject of 4, and 4,/A’ = %.- The following diagram descri-
bes our situation where #’ = ker((»')°) and (#')° = coker(u’).

o
Y

AjJUA

17 (u ’)13

Using L1 we have v" = ker((u')° - u) = im((w')° - uy) = (u')°/4;, where
the middle equality uses 1.2.
.., Since from (2) we already have 4,hd,, letting A = 4, and f = (u')*°
in '(3), we obtain ((u')°/A)A((n’) (4,)) so that (4’ U A4 )h( of/A’). Bit

by assumption 4 of A" & %, hence (A,[A")h(A,[A’). A {final application

of (1) gives us A" U 4 /A = A4/A" and then using for 1ns‘cance the 5-
lemma we obtain A’ | 4, = 4,.

For the proof of the.the ‘ch1rd and 1ast theorem we need the follow-
ing two lemmas:
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Lremma 3. If the following diagram has exact rows then theve 1s a- sub-
object my: Ay — Ag with my < my such that X = A,[A ; of course A being
noymal subobject of A;, so will be A in A, too.

0—= A—> A —>A/A—>0

L

0—>=A——>A3—5>A3/A—>D

P

Proof. A, is the pullback of p and x so that m, < m, is then imme-
diat. It is also easy to show that 4 — 4; - 4, = ker(4, — X) and hence,
A, -+ X being epi, it follows by vyl that X = 4,/4.

Levma 4. If X — BJA’ is a normal subobject then theve is a normal
subobject B’ — B such that X = B'[A’.

Proof. If C = coker(X — B|A’'), we have the following diagram with
exact rows and columns '

i 0

S

A X
0—»&’—»5—[,—%1:—»0
T

—>0—>(——>C—
S
0 0 0 -

Hence, if B’ is the punllback of p and #, it is easy to show that
B' = B = ker(B — C). Using the 9-lemma. it follows that X = B’[4’.

TuroreM 5. If A, is F-covering for A and A’ — A is a normal sub-
object, then A’ \J A,JA’ is F-covering for A[A’.

Proof. Using U2 we have A’ ) 4,/4" = 4,/4’ N 4, = %, because
% is homomorph and A4,/4"N 4, is an eplmorphlc image of 4, = %,
and so (i) is verified.
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Using the two previous lemmas, in order to verify the condition (ii),
we suppose Ay|\JA'JA" < BJ[A’ =A[A’ and B’[A’ normal subobject of
BJA’ such that BJA'|B'|[A’ € %, and we have to show that (B’[4’), U
U4,y 4'/4") = BJ4". _

_In these conditions we have 4, < B < A and B’ normal subobject -
of B. Using N1, B/B’ = BJA’'|B'|A" € ¥ and hence B’ |J A, = B, be-
cause A, is %-covering for 4. Further, we have B’ |J (4, U 4') = B,
because A’ is a normal subobject of B'. '

Now let f: BJA" - X be a morphism and x: X - Y be a mono in &
such that squares 1,2 in the following diagrams are commutative.

B,——"- 87A —Y ‘A] UA' —_— A] UAyA' —Y

PR N

B—»B/A’—p»x B > B/A——X

_ Using the commutativity of the outer rectangles (filled up in a cano-
nic way) and equality B = B’ |J (4, 4) we get a morphism §: B - Y
which makes the following diagram commutative.

B 8

~Y

|

B——-—-—>[B/A"——a.>- X

P f

If finally k: A’ — B is the kernel of p, then p is the cokernel of '
k and from fpk = xBk =0 or Bk =0, we get a morphism 3: B/[4' - Y
such that B = 3p. Hence, p being epi, the following diagram is commuta-
tive which proves that BJ4A’ = (B'A’) | (4, U 4'[4"), q.e.d.

¢

g — 9 sy

X

( Received December 15, 1973)
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RELATII DE CONJUGARE IN y-CATEGORII-
(Rezumat)

Insplrmdu-se din teoria formatiilor (in sensul lui Gaschiitz) a grupurilor resolubile
finite §i utilizind ideea mai generalad (datoritd Iui H. Schunck) de a considera relafii de
con]ugare in locul relatiilor de #¥:maximalitate sau Ex-prolector, autorul da un punct de plecare
posibil in teoria formatiilor intr-o y-cdtegorie.. - ¢

Se scoate in acelagi timp.in evidentd aseminarea dintre- Y-categom 5i.G7, categona grupu-
rilor (non-necesar abeliene).

COOTHOIIEHHS COHPH}KEHI/IH B v-KATETOPUAX
: (Peswwme) ’

Hcexopst H3 TeopHH cbopmauuu (8 cmsxc.ne Taunona) Koneunnix paspemaeMrx Ppynm ® Hc-
nosb3yst Gojee OOIIYI0 HAEI0 (anHa}men{amyxo Tepmanny, IIIyHKy) paccMaTpHBaTh COOTHO-
- IeHMsl CONPSIKEHH BMECTO COOTHOLUEHHH %-MaKCHMAJBHOCTH. MM $-NPOEKTOPa, aBTOP naeT.
BO3MOJKHYI0O HCXOJHYIO TOYKY B TeOpHH (opMaluii B ~y-raTeropHH. -

BrisBasieTcs: OJXHOBPEMEHHO CXOACTBO MEXKAY y-KaTeropsmu n Gr; KaTeropnen rpynn
(e He06xommo a6e.neBbe) N



UBER EINE KATEGORIE VON HALBMODULN

- ELEMER KISS

Der Begriff des Halbmoduls wurde von K. Iizuka im Jahre 1959
eingefithrt [4]. Sein Ziel war die Verallgememerung des Jacobsonschen
Radikals fiir Halbringe. Dieser’ Begrlff war in dem letzten Jahren von
mehreren Verfassern wie I. Hajj [3], F. Poyatos [7], J. John-
son-E. Manes [5], M. P. Grillet [1] untersucht worden. In die-
ser-Arbeit wollen wir eine spezielle Kategorie von Halbmoduln untersuchen,
ihre charakteristischen Eigenschaften studieren, und’ zwar, mit Hilfe des
von uns eingefithrten Begriffe des zuldssiges Coideals’ und des normalen
Homomorphismus, die im laufe der Arbeit definiert werden.

Sei S eine nichtleere Menge in der zwei Verkniipfungen, ,,+4” und
»+", erkldrt sind. Das System (S, +, -) ist ein Halbring, wenn
1. (S, +) eine abelsche Halbgruppe mit dem neutralen Elemen‘c ,,07 ist,
2 2..(S, -) eine Halbgruppe mit dem neutralen Element ,, 1" ist,
. 3. die Multiplikation ;,-” ist gegenuber der Add1t1o11 T St dlstrlbutlv,
"4, fut alle s €S haben wir s-0=0-5=o0.

(S, +, -) sei ein Halbring und (X, +) eine abelsche Halbgruppe mit
dem neutralen Element oy. X.wird ein linksseitiger S-Halbmodul (kurz
ein S-Halbmodul) genannt, wenn eine Kompositionsregel ¢:SxXX—-X
(die mit (s, x) = sx bezeichnet erd) definiert ist, so dass fiir alle x yeX
und alle s, sy, s,' € S folgende Axiome: 1. s(x +3y) =sx +.sy; 2. (s; +
+ éz)x = S + so; 3 S1{se%) = (s - ¢ )x 4 1x= x; 5. 0x = oy erfiillt
sin

* Firalles € S ist sz = 0y [7]:'Die Unterhalbgruppe X, des S-Halb-
moduls X ist ein S-Unterhalbmodul' des S- Halbmoduls X wenn fiir
beheblge Elemente s € S und %, = Xy sk, € X, ‘ist.

Es seien X und Y zwei S—Halbmoduln Die’ Abb1ldung Fi XY
heisst ein S- -Homomorphismus von Halbmoduln (kurz ein S-Homomor—
phlsmus) wenn fiir alle x;, %, e X und alle' s S

2 1° f(x1+x2) f(x1)+f(x2) ST

2° fsx) = sflw): - - DU |

Wir haben floy) = oy [7] Das Unterhalbmodul f(X) von Y ‘wird
das Bild von f genannt, und das Unterhalbmodul f-1 (oy) von X heisst
der Kern von f und wird mit Kerf bezeichnet. Das Ideal I der Halbgiuppe
X 1heisst ein zulass1ges Ideal des S-Halbmoduls X, wenn fiir alle s
e S(s # 0) und 7 € I, s -1 = I ist.

Die Xlasse ‘aller SiHalbmoduln als Ob]ekte und d1e ‘Klasse aller
S-Homomorphismen als Morphismen bilden 'eine Kategorie, die - mit €,
bezeichnet wird. In ‘dieser Kategorie ist die Entwicklung einer Theorie der
exakten Folgen nicht méglich, so wie dieses in der Kategorie der R-Moduln
der Fall ist. Darum miissen wir eine Unterkategorie der Kategorie &
bilden in welcher die Existenz der exakten Folgen giiltig ist. Zu diesem
Zwecke fiithren wir den Begriff des zuldssiges Coideals ein.
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DrrNrTioN 1. X sei ein S-Halbmodul. Eine nichtleere Untermenge
C des S-Halbmoduls X he1ss}z zulédssiges Coideal von X, wenn X\ C ein
zuldssiges Ideal von X, oder wenn X = C ist.

Man kann leicht beobachten, dass der folgende Satz giiltig ist.

Satz 1. Es sel X ein S-Halbmodul und C sei eine nichtleere Unter-
menge von X. C ist genau dann ein zuldssiges Coideal von X, wenn fiir
beheblge %, %y € X aus %, + %, = C, %, € C und x, = C folgt, und wei-
ter aus x € X\C und s € S, sy = X\C folgt.

Sarz 2. Es sei X ein S-Halbmodul und X; C X, C X. Dann ist

a) Wenn X ein zuldssiges Coideal von X, und X, ein solches von X
ist, dann ist X, ein zulidssiges Coideal von X

b) Ist X, ein zuldssiges Coideal von X und ist weiter X, ein Unter-
halbmodul-von X so ist-X,; ein zulidssiges Coideal im X,.

Beweis. In dem Beweise dieses Satzes werden wir den Satz 1. mehr-
mals beniitzen. Nehmen wir an, dass fiir alle %;, %3 € X, % + 3 € X,
ist, also auch x; + x; € X, ist. Aus der Tatsache, dass X, ein Coideal
in X ist, folgt, dass #; € X, und x; € X,. Des weiteren, da X, ein Coi-
deal in X, ist, folgt aus x; + %, € X; und aus x;, 5, € X,, %, € X; und
%y € X, Andererselts folgt aus x = X\X und aus s € S, dass entwe-
derx € X /Xyoderx € X\ X, Istx € X /X,soistauchsy & X\ X, C
C X\ X, und weiter folgt aus x € X\ X,, sx = X\Xz . X\ X,. Fol-
glich X, ist ein zuldssiges Coideal in X.

Die zweite Aussage kann man dhnlich beweisen.

DrrINtTION 2. Esseien X und Y zwei S-Halbmoduln. Ein S-Homo-
morphismus f: X — Y heisst ein normaler S-Homomorphismus wenn die
folgende Bedingungen erfiillt sind '

3° f(X) ist ein zulassiges Coideal von Y,

4° ist das Unterhalbmodul K von X auch ein zulidssiges C01dea1 von
X, so ist f(K) ein zuldssiges Coideal von f(X).

Wir bemerken, dass unsere, Def1n1t1on mit der, in der Arbeit {7]
gegebenen Definition des normalen Homomorphismus nicht identisch ist,
Ein Homomorphismus f: X — Y von Halbgruppen, fiir welchen Y\ f(X)
 ein Ideal in Y ist, oder f(X) =7 ist, wurde bei P.-A. Grillet ein
,,consistent” Homomorph1smus genannt [2].

Man kann durch Beispiele zeigen, dass die.Bedingungen 3° und 4°
wesentlich sind im Sinne, dass nicht jeder S-Homomorphismus normal
ist, und dass auch diese Bedingungen voneinander unabhingig sind. Wir
bemerken ferner, dass wenn X und Y R-Moduln sind, der Homomorphis-
mus f: X — Y genau dann normal ist, wenn f eine Surjektion ist.

Satz 3. Es seien X, Y und Z S-Halbmoduln. Sind X . y—¢.7
zwei normale S-Homomorphismen, so ist auch gof ein normaler S-Homo-
morphismus.

Beweis. Man sieht leicht ein dass gof ein S- Homomorph1smus ist, also
geniligt es zu zeigen, dass die Bedingungen 3° und 4° durch gof erfiillt
sind.
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.. 83° Weil f ein normaler S-Homomorphismus ist, ist f(X) ein zuldssiges
Coideal, sowie auch ein Unterhalbmodul in Y. Die Bedingung 4° fiir g
beniitzend, erhidlt man dass g[f(X)] = (gof)(X) ein zuldssiges Coideal in
g(Y) ist; aber g(Y) ist auch ein zuldssiges Coideal in Z, also ist (geof)(X)
ein zulidssiges Coideal in Z.

4° Beweist man #hnlich wie die Bedingung 3°.

Aus diesem Satze und aus der Tatsache, dass fiir ein beliebiges S-Halb-
modul X, 1, ein normaler S-Homomorphismus ist, folgt der

Satz 4. Die Klasse aller S-Halbmoduln als Objekte und die Klasse
aller normalen S-Homomorphismen als Morphismen bilden eine Kategorie :
@s,.
Hs sei X ein S-Halbmodul und E(X) = {x € X |3x', x 4 2" = 04}.
Die Abbildung f:0 — X, definiert durch f(0) = 04, wo 0 der Null-
halbmodul und X ein beliebiger S-Halbmodul ist, ist ein normaler S-Homo-
morphismus, wenn f(0) ein zuldssiges Coideal in X ist. Dieses trifft genau
dann zu, wenn X ein S-Halbmodul mit E(X) = Oy ist. Ahnlicherweise
die Abbildung g: X — Y definiert durch g(x) = 0, fiir beliebige x € X,
ist ein normaler S-Homomorphismus, wenn g(X) ein zuldssiges Coideal
in Y ist, was nur in dem Falle geschiet, wenn Y ein S-Halbmodul mit
E(Y) =0, ist. Von diesen Bemerkungen ausgehend folgt, dass es im
Folgenden geniigt sich nur auf die Untersuchung der S-Halbmoduln X
mit E(X) = 0y zu beschrinken. '

Satz 5. Die Klasse aller S-Halbmoduln X mit E(X) = 0, und die-
Klasse aller normalen S-Homomorphismen bilden eine Kategorie, die wird
mit €, bezeichnet. : .

Es ist bekannt, dass in der XKategorie €, der Halbmoduln, ein Epi-
morphismus nicht notwendigerweise eine Surjektion ist (Johnson-Manes
[5]). In unserem Falle aber gilt der folgende Satz:

Satz 6. In der Kategorie €, ist ein normaler S-Homomorphismus
genau dann ein Epimorphismus, wenn er eine Surjektion ist. .

~ Beweis. Nehmen wir an, dass der mnormaler S-Homomorphismus
¢: X — Y nicht eine Surjektion ist. Es ist klar dass ¢(X) ein zuldssiges
Coideal in Y ist. Nun sei S ein Halbring und (Z, 4+) sei eine Halbgruppe
wo Z = {0,, z} ist und dessen Strukturtafeln (T,) ist. In bezug auf die
Operation definiert durch die Strukturtafeln (T,) ist Z

+]0; 2 | 0z 2
(Ty) 0,]0, 2 (Ts) 0 0,0,
z |z z s |0,z

fiir alle s =S ein S-Halbmodul. Wenn man die Abbildungen f:'Y — Z
durch f(y) =0, fiir alle y €Y, und g:Y - Z durch

0, wenn y € ¢(X)

g(y)=‘z .y =Y\ olX) o
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ausdriickt, bemerkt man dass f und g-normale S-Homosmorphismen sind,
fiir welche’ fop = gog ist, und doch f # g ist. Folglich ist ¢ kein Epimor-
phismus. Wir haben also bewiesen, dass; wenn ¢ ein Epimorphismus ist,
¢ éine Surjektion ist. Die entgegengesetzte Implikation ist klar. T

Bemerkung. Die Kategorie €, ist nicht conormal.

Folgender Satz ist. bekannt: wenn in einer conormalen Kategone
der ‘Morphismus «:X — Y ein Ep1morphlsmus mit Ker o = 0 ist, dann
ist « ein Isomorphismus [6]. Wir werden  zeigen, dass es moglich ist in
€, einen Epimorphismus « mit Ker o = 0 zu bilden, welches kein Iso-
morphismus ist. Zu diesem Zwecke bilden wir den Halbring S und die

Halbgruppe (M, +) wo M = {0, x, ¢} und die Operation in M durch die

~o.
. +lox e b x e '
. v v ’ iy - o :
v VoWV NV 13
(Ty)- ojoxe . (T) 3§ |3g3 gliralles<S:
oo XX X X ca S x e
: 0
.e‘- )

it bezug auf die Operation gegeben mit (T,). Andererseits.sollen wir ‘den
S-Halbmodul Z aus dem: Satz 6 betrachten. Die Abbildung %: M — Z,
definiert durch %(5) =0, und h(x = h(e) = z ist ein Epimorphismus,
fiir welcher- Ker # =0 gilt, aber sie ist kein Isomorphlsmus

“ Auf Grund dieser Bemerkiing haben ‘wir ‘den folgendén Satz:

~Sarz 7. Die Kategone e, 1st mcht exak’c also 1st sie mcht abélsch.

' DEFINITION 3. Es sei

f-X Loy E.z-

eine Folge von S—Halbmoduln und normalen 'S-Homomorphismen. "Wir
sagen, 'dass diese Folge eine exalkte Folge ist, wenn f(X) = Kerg 1st

' Sarz 8. In der Kategone @,, gibt es exakte Folgen.

Bewers. Wir werden zeigen, wenn X und Y S-Halbmoduln' sind- und
wenn f:X — Y ein belitbiger normaler S- Homomorphismus ist, dann
gibt es ein S-Halbmodul Z und ein normaler S- Homomorphlsmus g:Y»Z
so dass die Bedingung f(X) = XKer g erfillt ist. In der Tat, weil f ein
normaler S-Homomorphismus ist, ist f{X) ein zuldssiges Coideal in Y.
Andererseits haben wir 0, € f(X). Sei Z das in dem Satz 6 betrachtete
Halbmodul, und g: Y —'Z der oben betrachtete normalen S-Homomorphis-
mus. Man sieht, dass g die Forderungen unseres Satzes erfiillt

Die folgende Aussage ist evident.

Satz 9.'Wenn X und Y beliebige S-Halbmoduln aus, der Kategone
€, sind, dann sind die folgenden Aussagen giiltig :

a) Die Folge 0 — X LY ist exakt, wenn f ein Monomorphismus ist.

b) Die Folge X L. Y_———» 0 ist genau dann exakt, wenn f ein
Epimorphismus ist. ‘
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¢) Die Folge O XLy 250 ist exakt, wenn f ein Isomor-
phismus ist.

Bemerkung. Im Gegenteil zur Theorie der R-Moduln sind in unserem
Falle " die Umkehrungen der Aussagen a) und b) im allgemeinen micht
giiltig. In der Tat, sei M der oben betrachtete S- Halbmodul D1e Abbil-

dung f: M — M, welche durch die Gle1chungen f( )—0 und f(x) = fle) -—e
definiert ist, ist ein normaler S-Homomorphismus, fiir Welche Ker f = Oy
ist, aber doch ist er kein Monomorphismus. S

- ) ) (Eingegangen am 28. Dezember 1973)
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ASUPRA UNEI CATEGORII DE SEMIMODULE
o

BN

Rezumat)
. .- 5 .

Se constriieste o categorie speciald de semimodulé si se studiazd unele proprietiti ale
acestei categorii. Dintre acestea subliniem urmitoarele: un morfism al acestei categom este
epimorfism daci §i numai dacd este o surjeciie; in aceasta categorie existi giruri exacte;
conditia Ker f = 0 nu caracterizeazi monomorfismele. -

OB OHO¥ KATETOPHU TTIONTYMOAYJIEHA

(Pesio M e) .

Crpontesa ocobast. kateropusi noaymonyJieli ¥ Hayyawrcs HEKOTOPEIe , CBOACTBA 370l Ka-
Teropu. Ma'aTHX CBOMCTE aBTOp BhIENAET ClELYIOMIHE Mop(bnsm 5TOl KaTerOPHH -BJISETCS
SNUMOPQHSMOM €CJIH U TOJIbKO €ClH sBJSIETCS CIOPBEKIMEH ;. B 970l KaTeropuu AMeIoTCH T04-
Hble noc/iejoBaTenbHoCTH  yeosue Ker f = 0 He- XapaKTepH3yeT Mox—xomopQ)HSbe v



Q-SEMIGROUPES DES FRACTIONS D'UN Q-SEMIGROUPE

1. PURDEA

Dans la note suivante on introduit les Q-semigroupes des fractions
d’un Q-semigroupe, qui généralisent les anneaux des fractions d'un anneau.

1. Les résultats suivants sont connus (voir par ex. [1]):

TaiorEME. St (4, +) est un semigroupe commutatif avec uwité et S
un Sous-semigroupe de A qui contient U'unité de A, alors la rvelation ,, ~"’
définie sur A X S de la maniérve suivanie: .

(@1, 81) ~ (@5, 33) © qs €S, a;5,5 = 55

est une congruence du semigroupe (A X S), -).
DfFINITION. Le semigroupe avec unité (4 X S/~, .) s’appelle semi-
groupe des fractions de 4 avec des dénominateurs dans S; il se note Ag.
Si (a,5) € 4 X S, alors (a, s) est la classe d’éqmvalence de 4 X Sf~
qui contient (g, s). L ’homomorphisme : ,

. f:4 >4 fla) =(a, 1)
est ’homomorphisme canonique. ,
TufortiMe. 1. Les éléments de f(S) sont inversibles et pour ¥(a,s) =

s As on a B
@s)=fla) - fl*

2. L’homomorphiswie canonique est injectif si ot seulement Si a5 —= a,5 ;
a, a8, €4; s €S =a = a,
3. homomorp}nsme canonique est bijectif si ei seulement st chagque

élément de S est tnversible.
4. Pour chaque semigroupe avec umité B o chaque homomorphisme

«: A — B pour lequel les éléments de «(S) sonmt inversibles 1l existe un
homomoyphisme wmtaire unique «: As — B tel que

5. Pour Y(a, s) € As on a a((a,s)) = oc(a) - afs)~t

2. DerINITION. Une algébre universelle (4, -, Q) ol ,,-* est une opé-
ration binaire associative et commutative et Q un ensemble d’opérations
dans A dont le type (arité) est < 1 s'appelle Q—semlgroupe distributif si
pour Vo € Q et Va,, ...,a,,a =4 on a

a- o@, ..., a,) = olaa, ..., aa,) A - (2) -

n étant le type de o.
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THEOREME. Soit (4, -, Q) un.Q-semigroupe dzstmbsz Sz le semigroupe
(4, -) a une unité et si S < A est un sous-semigroupe de (A, -) qui con-
tient I'unité, alors il existe sur le semigroupe (As, ) une sewle structure de
Q-semigroupe distributif avec unité, tel que U application canonique f: A > 4,

. fla) = (a, 1) est un homomorphisme de Ualgébre (4, -, Q) dans (4s, -, Q).

Démonstration. 1. Unicité. Supposons que sur As il existe une struc-
ture .de Q-semigroupe telle que l'application canonique f: A — Ag soit
un homomorphisme de Q-semigroupes. Soit o = Q une opération #n-aire

et (@, ;) € Asii=1,...,n De (1) il résulte: (a, s;) = f(a;) - f(s;)"1 =

= fla;Sy - - Si—1Si41 - - - s,,) flay ... s,)?
Donce ((ay, $1), - .-, (@,.5,)) = o(flas, .. )f(s1 cee ST, flasy -
. s,,_) f(s1 s,, ) = (f(als2 s,,), , flaysy oo Su1)) - f(S1 ..
f(o)(als2 el Sy, e, @Sy .. s,, ) < flsy ... 8,) ="
= ((@18g .. .Sy 0., B,y - .. s,,'_>) Sy .e. S,

et cela signifie qu’il .existe une seule poss1b1111:e de déf1n1r © dans As tel '
que f soit un homomorphisme.

2. L'existence. Soit ® € Q une opération #-aire et (a;, s;) € As;
t,=1, ..., n. Soit

o((@g 51, - (@, 5,)) = (0155 . .5, S By - Spo1),S1- - < Sp) (8)
Tout d’abord nous démontrerons I'indépendance de .(3) du choix dés

representants des classes. Si (af, si) € (a5, 8); ¢ =1 ..., 7, alors Ju; = S
tel que ajsu; = a;siu;. ’ '

DONC @y1S1. -+ S;—1Si41- + +SySTo - - Sulhye o Uy == AiST. . . S{_1Si41. - .S, s1 LSty . U,
En . utilisant (2), 11 résulte m(als2 R 7. . 1)s s,,ul u,, =
=" (@S5 - LSm e e ApSTe e Sp_1)Sy « e e Sy ... Oy,
Par suite (o(3S5. ... Sp oo @81 .o Spi), S5 ... S,) =

= ((@152 + -+ Spy « - o) @nST v Sp_1), ST ... i)

Donc la rélation (3) est indépendante du choix des représentants.
Démontrons que le Q-semigroupe A est distributif. Pour chaque
opération n-aire @ € Q et (a,s), (a;, s;) € Ag; ¢ =1, ..., #n nous avons

@, 8) - o((ay, 81), - .0, (@ 08,) = ‘ I
=(a,5) - (@183 .. Sy v o) ySy. . Su1), Sp ... 8,) =
= (AW(A1Ss +« v Sy oo, BySy oo s Spe1)s SSp ... S,) =

= ((AB1Sy . .. Sy o0, BBLSy o o Sp—1), SS1 ... S,) =
= o((eay, ss1), ..., (aa,, ss,)) =

= o((a,5) -(a,51), ... 3) - (2, 5,)

Mamtenant nous montrerons que l’application canonique f A - Ag
est un homomorphlsme de Q-semigroupes. Pour Topération ,,-” I'applica-

2 — Mathematica—Mechanica fasc. 2
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tion f est un homomorphisme. Si w € Q est une operatlon n-aire, alors
pour Val,.. a, €A on a .

flolay ... a) = [0y - a) 1) = oy 1, ..., @ D) =
~ = o(f(@), ... fla,).

Donc f est un homomorphisme.

DapiNiTION. L’Q-semigroupe (4g, -, Q) s appelle I'Q-semigroupe des
fractions du Q-semigroupe. (4, -, Q) avec dénominateurs en S.

TuROREME. Pour chaque Q-semigroupe B distributsf et avec unité et
chaquie homomorphisme de Q-semigroupes o.: A — B pour lequel les éléments
de a(S) somt inversibles dans (B, -), i existe un homomorp}nsme unitaive
unique de Q-semigroupes w:As — B lel que « = aof.

Démonstration. (As, -) étant le semigroupe des fractions du semigroupe
(A, -) avec des dénominateurs dans S, il résulte qu’il existe un homomor-
phisme unitaire unique de semigroupes w:4s — B tel que oo == o f. Pour

chaque opération n-aire o € Q et'chaque (4, s;) € dg;i=1,...,# ona

wo((@y 1) - - (@ 52) = A((@(@Ss -+ Sp <o Sy - Suc1)Sy .- 8)) =
= w[f(@(@1Sy e Sy vy @Sy e Sum))f(S1 - 8] = .
= [(a@ o f)(w(@sSs ... S, - GBSy - Su—1)] - [(Eof){sy ... 8,)] =
= [a(0(@1Sg + -+ Spy ervos BySq « - Su—1)] * far(sy ... ST =
= o[((aSg ... S,), + . (@,S; .. Sp1)] - asy)? ...'bc(sn)fl =
= w[al@)e(sy) ... afs,), ..., al@,)alsy) ... al(ss1)]a(s) ™t ... afs,)"t =
= ela@als) T - w@)als) ] = ol@e f)a) - @efls)h -
5o f)(@) - (@o A1 = Folfla) - fs) ... fla) - fls))] =

)—
— E[m(%—s—l), .. R CTERNE

Donc o est un homomorphisme de Q-semigroupes.

Observation. Si Q = {+} et (4, +) est un groupe abélien, alors
(4s, -, +) est I'anneau des fractions de 1 anneau (4, 4, -) avec des déno-
minateurs dans S.

(Manuscrit regu le 27 septembre 1973)
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 SUR LES HOMOMORPHISMES DES STRUCTURES
. RELATIONNELLES. (I) :

MICHELINE FRODA-SCHECHTER

"Sofent T' un ensemble de symboles relationnels, p: I''— N une appli-
cation donnée dans I'ensemble des nombres naturels et pour p = I, p.(p)
le rang de .

Dirinrrion 1. On dira que o= (4,1, A #J, est une structure
relationnelle de type p, de support’ A et ayant ' comme domaine des pré-
dicats si une application est donnée qui & chaque p = I' fait correspondre
une relation p, de rang p(p) (c’est-a-dire .p, = Aw@).

On peut considérer les structures relationnelles comme etant des
généralisations des algebres universelles & opérations finies, peut-étre par-
tielles, des structures algébriques ordonnées ainsi que des systémes algé-
briques, ([13]), éventuellement partiels (c’est-a-dire un ensemble doté
d’ opera’mons partielles et de relations finies). En effet on peut faire cor-
respondre 4 toute opération n-aire une relation (» —l— 1)-aire. On se.propose
d’étudier ici divers types d’homomorphismes des structures relationnelles,
les résultats obtenus pouvant sans difficulté s’é tendre aux systémes algé-
briques partiels, non pas en regardant les operatmns comme des relations, -
mais plutdt en les juxtaposant aux résultats bien connus sur les algébres
partielles (cf. par exemple [9]). Cette étude se justifie par le fait que les
homomorphismes considérés ici sont connus et interviennent ausst bien
pour les structures ordonnées que dans divers travaux de théorie' des mode-
les. Aimsi 'homomorphisme faible introduit dans [18] est une factorisa-
tion de 'ordre strict (et homomorph1sme de groupe) et, ce qu'on appelle,
dans [8], O-épimorphisme est la méme notion pour 'ordre dans un groupe.
Le B-homomorphisme ([4], [17]) est une factorisation forte de la relation
d’ordre strict. Enfin, on retrouve 1’homomorphisme relationnel dans [15] -
ou [16], [11], [9], [2], [13] etc., la factorisation dans.[19], [10], [12]
et [13] (ot on Tappelle homomorph1sme fort) et aussi dans [14] et [3]
et enfin la. factorisation forte dans [11], par exemple. Mais ces notions
n’avaient pas été systématiquement envisagées et les propriétés des fac-
torisations, surtout fortes, ne sont presque pas connues. Remarquons aussi
qu’on considére souvent uniquement des surjections, mais le cas des appli-
cations quelconqdes n’est pas dépourvu d’'intérét aussi oien pour les groupes
ordonnés, que pour les factorisations.

DiyINITION 2. Soit % = (4, T') une structure relationnelle et 4, = 4,
‘Ty'c I. On dit que A, = (4, T'y) est une sous-structure particlle de U,
si pour tout p & I'y(n), oy = p4 U 4. Si I' = T';, A, est une sowus-siruc-
ture et si A = A,, alors W, est une parire de .

On utilise dans ce qui suit les mnotations suivantes: % = (4, T),

B = (B, IT') sont des structures relationnelles ayant le méme domaine
des prédicats, p = T' est un prédicat (symbole relationnel) quelconque de
rang #, p, et pg les relations m-aires données correspondantes sur 9,
respectivement 8. Si ¢: 4 — B, on note par ¢ également I'application

1
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de -A* a B* qu ‘élle 1ndu1t par .gp, I'image de p, dans B, ppu = me

N (q)A et <ppq,A et cppB de51gnent respectivement les images rec1proques
-1 .

de ces relations par ¢. Mais. on voit que PPoa = cppB Eafin cp%[ est la
structure sur B determinée par les relations ¢p, quand p € I, a distin-
guer de B, = (¢4, I'), sous-structure de B, donc determinée par les rela-
tions pea- Enfm on pose I'(n) = {p € T' | u(p) = #}.

DEFINITION 3. Soient ¥; et U, deux structures de méme support
et méme domaine, les relations correspondant a p € I' étant notées p,
respectivement p,. Si pour tout p € I' on a p; < p, on dit que U, est
plus petite que U, noté A, < W,.

DErFINITION 4. L’application ¢ est un p-homomorphisme si (ay, .. ., a,)
€ o, implique (pay, ..., 9a,) € pes, et ¢ est un homomorphlsme si cette
propriété est valable pour tout p = T

DirINTTION 5. L’application ¢ est une p-factorisation dans B, (dans
la structure) respectivement dans B (sur la structure) si ¢ est un p-homo-

morphisme et si (8, ..., b,) € poa respectivement (by, ..., d,). € pp impli-
quent l'existence d’éléments a,, ..., a, € 4 tels que (ay, ..., 4a,) < p, et
pa;, =b; (1 =1, n). Une factorisation dans la-structure, respectivement

sur la structure est une p-factorisation dans (respectivement sur) la struc-
ture pour tout p = I

Toute (p—) factorisation surjective dans la structure est une (p—)
factorisation sur la structure, mais une (p—) factorisation sur la-structure
peut ne pas étre une surjection. Ainsi: ‘ ’

Exemple 1: A= {ay, @y, ag}, - B = {by, by, b3}, @:A - B, oa, = by
9ay = 9ag = by I' = {p} = I'(2), oy = {(as, @2)}, e = {(by, bs)}. ¢ est une
factorisation sur la structure qui n’est pas surjection.

~ Toute factorisation ést un homomorphisme mais la réciproque est

fausse. Considérons en effet I’exemple suivant d’un homomorphisme sur-
]ect1f qui n’est pas une factorisation : v

Exemple 2: A= {al, ay, as, a4},, = {bl, bz; by}, I'={p} = T(2 );_
ea = {(a1 a3)}, 05 = {(by, ba), (b2 b3)}, @ A ~ B, 9a, = by, a, = ¢a, = by
¢a; = by. On voit que ¢ n’est pas factorisation car (b bg) = Pod = 05 mais
(a0 as) % o4 et aussi (a, a) & p; .

DEFINITION 6. 1/ apphcatlon ¢ est une p factomsatwn forte dans B,
(dans la structure) si ¢ est un p-homomorphisme et si de (b, ..., 0,) pq,A"
et de ga;, =b; (i =1, ..., n) il résulte.que (a,, ..., a,) S p,. Si de plus,
Pod == pg ON dit que ¢ est une p-factorisation forte dans B (sur la struc-
ture). Si . ppa = pp = Q on dit que ¢ est une p-factorisation forie triviale.
" Une factomsatwn forte (dans ou sur la structure) est une p-factorlsatmn
forte (du méme type) pout tout p = I.

Abréviations. On écrira ¢ est p-h., ¢ est p-f. %q,, ¢ est p—f B, <p est
o-f.f. B, etc., au lieu de ¢ est p—homomorplnsme ¢ est p-factonsatlon
dans B, etc. , :

1
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‘ Une f. injective est un f.f. et une f.f..est aussi une f. Mais ces notions
sont bien distinctes' ainsi qu'il résulte de 1exemp1e ci-dessus:

Exemple 3: A = {@1: g as}, B = {b, by}, = {p} = P( ), pa=
= {(a1, as)}, o5 = {(by 02)}, 9: 4 - B, ga, = b, <paq = @az = b;. Cette
_application est une f sur]ect1ve qui n’est pas forte car (a,, a;) & ou-

Une f.f. surjective ést f.f. sur la structure mais une f.f. sur la ‘struc-
ture peut ne pas étre surjection. En effet:

Exemple 4. On choisit 4, B, ¢ et pp comme dans lexemple 1 et
pa = {(ay. a5), (a1, a5)}; alors ¢ est une L.f. sur la structure.
TuEOREME 1. L’application ¢ est '
- -1
1.1. p-homomorphisme <> Qpy S Poa < P4 S PPpd

1.2.  homomorphisme < ¥ < B, & A < _@Qi@

1.3. p-factorisation dans (sur) la structure <> @p4 = poa (P4 = pp)

1.4.  factorisation dans (sur) la structure <> ¥ = B, (¥ = B)
—1 .

—1
1.5. p-factorisation forte dans (sur) la structure <> p, = cppq,A (pg = <PPB)

. -1
" 1.6, factorisation forte dcms (sw) la structure < A = B, (91 = @%‘)

Démonstration. O voit que 1.2, 1.4 et 1.6 résultent respectwement
de 1.1, 1.3 et 1.5.
-1

"1.1. La deuxiéme équivalence est immédiate ét s’obtient de o, = 9@ p,
ah .

et de P P Pod = Pod (cette derniére est’ conséquence de p,4 < (94)"). Pour
la premiére équivalence, supposons d’abord que ¢ est p-h et que (b, ...
.., b,) & ¢p,; ils existent donc pour 7 =1, ,n des a;, € 4 tels que
(@ ..., a,) = p4 et b; = ¢a,, d’olt par hypothese (tpal, ce . 00,) 'S pga et
par su1te PP4s S Poa- Rec1proquement si gpy S Pods de (a, ..., a,) € py
on a (¢ay, ..., a,) € pp, donc aussi (pay, ..., 0a,) € pou €t o es’c un
1.3, Si ¢ est p-f. B, on a par 1.1, <ppA—p¢A Si pq,A——Q on a aussi
oy = D et donc gp, = pq,,i—@ Soit ppu # D et (by, ..., 0,) € p¢A, par
. hypothése il existent des ay, ...,a, € 4 tels que ¢a; =b,(t =1, ...,n)
et (@, ..., a,) =g, donc (by, ..., bn) S 9py, d'0U pou. S @py. Récipro-
quement si @p, = p,4 alors ¢ est p — h. Si pyp =@ on a aussi p; = I
et pest p — 1. Si poa # D et (by ..., 0,) < pea alors (by, -... 5,) = PP
et ¢ est' donc p —f. ' '
Sigest p—f.Bonagc @p, et . comme ¢ ‘est aussi p — £. B, il
résulte o@p, = Ppa; MAis po4 S Pp donc ¢p, = pg. Réciproquement so1t
¢py = pp donc, ‘Qp, S pos, Cest-a-dire] ¢ est p—h. Si pp # @, pour
tout (b, ..., d,) Spgona (b, ..., b,) < gp, donc ¢ est p — 1. % ce qui

.reste vrai si pp =@
i

1 On affirme, par erreur, dans [11], leur équivalence. L’ auteur ne s'occupe en réalité
que des factorisations fortes sinon les résultats ne seraient plus valables (cf. [6] et 177).
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1.5. Soit ¢ o — £.f. B, donc aussi p —f. B;,. On a vul que, ou bien

P4 = Pod = @, ou bien les deux relations sont non vides: II reste & prou-
-1,

ver que 1'égalité o, = o pM est vraie aussi dans le deuxleme cas. Comme
—1

o est p — h on a p; < cppq,A et @ ppa 1'est donc pas, vide. Soit (a,, ..
o) € <pp¢A donc (¢ay, ..., <pa) S ps et, o etant p — f.f, on obtient

(ay, ..., a,) = py Supposons maintenant P4 = cp Pod- Si posa = Y alors
pa = O et ¢ est p — f.f. triviale. Si pq,A # O, ¢ est, selon 1.1 p — h. Soit"
(by, ..., b,) € ppa, on a donc (by, ..., d,) € (ed)" et il existe 'des a; = 4
(z=1,...,n) tels que cpa- = b; et on peut écrire (oa,, ..., 9a,) ‘e Poa

c’est-a-dire (a,, a,) < cp pes, d’ol1, par hypothese (al', an) € p,.
Sigest'p —11%, on a par définition ¢@u4 = pp, d’oti, d’aprés ce qui

vient d’étre prouvé, p, = <ppB La réciproque est aussi évidente. .
COROLLAIRE 1. 1) Sv Uy et U, sont deux structures relationnelles de
méme type et méme support A, on a W, < W, st et seulement st l’apph‘.—
cation tdentique de A est un homomorphisme de U, dans W,. (i2) St Ay <
< Uy et o: A - B est un homomorphisme de N, dans B alors ¢ est-aussi
un homomorphisme de W, dans B,. (112) Si B; < B, et ¢: A — B est un
homomo;’ﬁnsme de A dans By, alors ¢ est un homomoyp}nsme de U dans B,,

" Démonstration. (i1) U, < A, implique oW, < ¢¥A; et comme cp%Il < &,
on a ¢, < B. (iii) B, < B, implique By, < By, et comme oA <
on obtient oUW < By,.

" Remarques : 1. Si.¢ est un homomorphisme de ¥, dans B, et A, < U,

il ne résulte pas-en géneral que ¢ est homomorphisme de %, dans ?Bcp;
ainsi dans I’ exemple 2 si U, est la structure donnée sur A et ¥, celle qu’on
obtient en posant p% = p, U {(@2 @4)}, ¢ n’est pas homomorph1sme de U,
dans' B car (ea,, ¢a,) = (b, b)) & o5 :
' 2. 8i ¢ est un homomorphisme de U dans By, et B, < %1 11 ne
résulte pas toujours que ¢ est -aussi un homomorphisme de % dans B,;
en effet si dans le méme exemple 2, %‘1 est la structure donnée sur B
et B, celle qu'on obtient en posant p2 = {(b,, b5)}, ¢ n’est plus un homo-
morphisme de % dans B,, car (ga,, @a,) = (by, b)) & ¢%.

CorOLLAIRE 2. (1) Si o est une p-factorisation de A dans B, (res-
pectivement B) on -a pg = pou = O (respectivement o, = pp = J)" o bien
ces relations sont non-vides dans les deux structuves. (12) Si @ est une p-fac-
torisation de U dans B on a pyq = pp. (441) Soit ¢: 4 — B une sur]ection
A une structure velationnelle sur A et S Uensemble de structures de méme
type sur B telles que o soit un homomorphisme quand U est fixée; on
peut alors définir sur B “une seule structure velationnelle B telle que ¢
soit une factorisation, d savor B = oW ; cette structure este la plus petite .
de M. (w) Soient o, U-et M comme pour (iii); si B*-est une struciure
minimale dans A alors ¢ est une factorisation de U dans B* et B* est
donc la plus ibeme structure de M.

1o
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Démonstration. (i) et (ii) résultent de la démonstration de 1.5. (iii) -
1.4 montre que ¢ est une factorisation, mais, quel que soit 8B, € M on
a oA < B;, donc, comme o = B, B < B;. (iv) Il suffit de tnontrer que
la structure B = oA pour laquelle ¢ est une factorisation coincide:avec
B*; en effet B* = M donc B = o¥ < B* d'oit B =B* car B* est mini-
male.

CorOLLAIRE 3. (1) St ¢ est ume (p—) factorisation forte dans B, et
une (p—) factorisation dans B alors elle est aussi une (p—) factorisation
forte dans B. (it) Soit 9: A — B une surjection, B une structure relation-
nelle sur B et (U Vensemble des structurves sur A telles que ¢ soit un ' howio-
morphisme quand B est fixée; on peut alors définir sur A ume seule struc-

N

tm'e relationnelle W telle que ¢ soit wune factorisation forte, a savoir A =

= <p$ cette structure est la plus grande de (. (iii) Soient o, B ef G
- comme pour (1); st U° est wume structure maximale dans 9 alors ¢ est
une factorisation forte de U° dans B ot donc U° est la plus gmnde
structure de (L.

Demonstmtwn (i) De 1.5 et de (ii) du Corollalre 2 on obt1ent 01 =

—1
= PPga = <ppB (it) Selon 1.6, ¢ est en effet une £.f., donc, comme pour 1 tout

W, = on a A; < @% et Y = cp% on obtient U; < A. (iii) Il suffit de
montrer que la’ structure U = <p2§ pour laquelle - ¢ est une factorisation

forte coincide avec A°; en effet A° = M donc A° < qﬂi D) ma1s A°

étant maximale on a Y° = Y.
THEOREME 2. Soit @: A — B et @, sa rvestriction & A, < A () St

¢ est un p-homomorphisme de A dans B, ¢, est un_p- homomorphzsme de

(A1, T) dans (9,41, T') et Pon a @pa, S poa, € pa, S (ppq,A (71) Si o est
une p-factorisation forte dans B, ¢, est une p-factorisation forte (peut-étre
triviale) dans (9,4, T').

~ Démonstration. (i) Il suffit de montrer que Qp4, S Po4, CAT P1p4, =
= @p4, et pou, = Pos, d'oll on obtient par 1.1 que ¢, est un p-h. Mais
ona epa, = ¢(pa N (41)") S epa N (941)" S peaN(@4y)” = pa,. (£) L résulte

du point précédent que p est un p-h. et que p4 = cppq,Al. Si ppu, = 9,

¢ est f.f. triviale car <ppq,,4 = et donc aussi ps, = @. Supposons main-~
tepant que pga, # D et que (by, ..., 0,) € pga, donc que b; € d; (1=
=1 ...,n) et (by ..., b,) = pp; il en résulte ga; = b; oit a; = 4, (¢ =
=1, ...,m) et, comme ¢ est une p-ff., (@, ..., a,) € pAﬂ ( V" = P4y
C’est-a-dire @, est une p-ff. :

Remarque. La restriction d’une factorisation m’est pas toujours une
factorisation. Considérons en effet dans I'exemple 1 la restriction de la
factorisation ¢ alensemble 4, = {a,, a5}; celle-ci n'est pas une factorisa-
tion car (by, bs) = (pay, P43) € peq, Mmais (ay, as) & p4,

(Manuscrit regu le 12 décembre .1973)
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ASUPRA OMOMORFISMELOR. STRUCTURILOR RELATIONALE. (I)
(Rezumat)

Se dau proprietdfi ale omomorfismelor relationale i ale unor particularizdri ale acestora,

factorizirile si factorizérile tari. Acestea.se folosesc mai ales in teoria modelelor.

O TOMOMOP®U3MAX PEJIALMOHHBIX CTPYKTYP. (I)
(Peswome)
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0-LIMITE EXTREME ALE UNEI APLICATII INTR-UN PUNCT
: :
D. BORSAN

1..Fie X un spatlu topologfc Y o latice compléfa in r'apoft cu ordo-
narea partiald ,, <" si f: X - Y. Pentru x, € X notdm cu °¥,, familia
vecinititilor punctului %, si cu 9, familia vecinititilor reduse (stricte)
nevide ale punctului x, [4]. :
DeriNiTia (1.1). Se numeste O-limitd superioard a aplicatiei f in
punctul x, € X, elementul 0 — Lg(x,) din Y, definit prin: 0 — Li{#x,) =
[ f(%,) dacd x, este punct izolat in X .
inf {sup { f(%)}} dacd x, este punct de acumulare in X.
Ve'-‘? er R
'DEFINITIA (1.2). Se numeste 0-limitd inferioard a aplicatiei f in punc-
tul x, € X, elementul 0 — //(x,) din Y, definit prin:
0 — Lix) = flz,) dacd x, este punct izolat in X __
7ze -t sup {inf { f(#)}} daci x este punct de acumulare in X
vey, z=V E

Y fiihd o lat1ce completd, pentru fiecare punct %, = X exists 0 — Lf( 0)
si 0 — l(%,). Putem  deci vorbi despre aplicatiile 0 — L;: X — Y. si

7

0 —1/;: X - Y, asociate aplicafiei f.
Observatia (1.1)." Se aratd cu ugurinfd ca in definifiile (1.1) si (1.2)
in locul familiei °9,, a tuturor vecindtitilor reduse nevide ale punctului

%,, putem folosi o subfamilie éwx < %9, care provme dintr-un sistem funda-
mental de vecinititi ale punctulu1 %, U,

In cele ce urmeazd vom folosi notatiile [2]:

[0, »] ={y €Y |a <y}; [« a] ={y EY!y o}
(0, »1={ysY|la<y}; (. oa]={y =¥V |y <ah

TrorEMA (1.1). Fie X un spagin topologw Y o latice completd, f: X —>Y
st %y € X, un punct de acumulare al spatiului X. Avem :

(1) non(a < 0 — Ly(xy)) = AV, € Vo VI N (o =] =
(2) non(B > 0 — Li(xy) = VV €0, (V) O (Y — [«, B])

Demonstrajie. 1. Notdm cu (a) conditia non(« <0— Lf(xo)) st cu (b) -
proprietatea IV, €%, : f(V,) N [e. -] =@. Vom arita ci non(b) =
= non(a). Presupunem cd in orice vecinitate redusi a punctului %, existd
cel putin un punct a cirui imagine prin f este mai mare sau egald cu a.
Urmeaza cd, oricare ar fi V &, sup {f(%)} > o, deci inf {sup {f(x)}} =

ze¥ Vec? : xEV
=0 — Lyx,) > « adicd conditia (a) nu are loc, _

2. Notind cu (c) condifia non(p > 0 — Lgx,)) si cu (d) proprietatea
YV €%, (V)N (Y — [+, B] # &, vom arita ci non(d) = non(c). Pre-

=3
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supunem deci ci pentru 8 € Y, existd V €9, astfel ca f(Ve) N (Y— [«.B]) '

= . Urmeazd cd, oricare’ar fi x < Ve, flx) < B, deci sup {f(x)} < B si

. er

prin urmare, infi{sup {f(%)}} =0 — Lg(x,) < B, deci condifia (c) nu este

. Ve ¥, *< 14
0
satisfdcuta.

. Observatia (1.2). Proprietdtile (1) si (2) (teorema (1.1)) nu caracteri- -

zeazd 0-limita superioard a aplicatiei f in punctul %, Exemplu: Fie X
axa reald dotati cu topologia naturald, si Y format din partea vidi a axei
reale si din intervalele (Inchise, deschise si semiinchise, méirginite sau nu)
de lungime cel putin 2 de pe axa reald. Y este o latice completd In raport
cu relatia de incluziune. Detfinim aplicatia f: X — Y, prin f(x) = (x—1, x+1)
pentru orice x € X. Atunci 0 — L(x,) = [#y — 1, %, -+ 1] pentru x, € X.
Se observd insi cd elementul y = (x0 — 1, %+ 1) €Y se bucurd de
proprietatile (1) si (2) din teorema (1.1). Aceste proprietiti nu caracteri-
zeazd deci pe 0 — Ly(x,). - )

TeorEMA (1.2). Fie' X un spajin topologw Y un lant complet, dtms
in sine, f: X =Y, st x, un punct de acumulare al sﬁut'mlm X. Atfl,mcz

- (D) a>y=3V, =P f(V)N [0, 2] =0
3’;0.—Lf(x°)©{()p<y=VV€°5?xu f() (B -1 # 9.

. Demonstragie. Tinind seama de teorema (1.1), este suficient sd aritim
cd, "daci pentru un y €Y, sint satisficute cerintele (1) si (2) din enunt,
atunci y = 0 — Le(x,). Ratmnam prin contradlctle Presupunem ciy & Y
satisface conditiile (1) si (2) si cd y # 0 — Lg(x,). Y fiind lant, sint posibile
doud cazuri: ( ) 0 — Ly(xg) <y si(b)y<0— Lf(xo) Vom face rationa-
mentul pentru cazul (a), pentru (b) procedindu-se in mod analog Fie deci
0 — Ly(x,) <y.CumY este densa in sensul ordondrii [1] urmeaza ci existd
z €Y, astfel ca 0 — Ly (xy) < z<y. Folosind (1), din 2 <0 — Ly(x,)
rezultd existenta unei vec1nata1:1 V a punctului x,, astfel incit, oricare ar
fi x €V, si avem f(x) < z. In baza. conditiei (2) in V existd puncte in
care functia ia valori ‘mai mari decit z, In contradictie cu faptul ci f(x) < z
pentru orice x = V. . - ,

Teoremele "(1.1) si (1.2) privesc O-limita supericari a unei aplicatii
intr-un punct. Relativ la 0-limita inferioard ddm doar enuntul teoremelor,
demonstratiile fiind intru totul analoge. .

.. TroreMA (1.1'). Fie' X wun spatiu topologic, Y o latice completd
X —»Y s %y un punct de acumulare din X. :

" dvem: (1) mon(e > 0 — b{xg) = AV, & .1 f(V,) N [«, o] =

_ (@) non(B<0—lz)=>VV e, fV) (N (¥ — [8, »)] # G

TrorEMA (1.2°): Fie . X wun spapiu topologic, Y un lm;,t complet dems
in sine, f1 X - Y §i % un punct de acumulare din X.

—
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Atunci: ‘ | o
.&—D—ZM)évn“<y”3mewkﬂﬂﬂﬁkuﬂﬁﬁ
. f \Fo) S 2 B>y=>VV €9, /)N [«, B) # ..

2 In continuare vom avea mereu in vedere aplicafii definite pe un

k spafiu topologic X si ¢u valori intr-o Iatice ‘completd Y. In Y, ordonarea

permite introducerea unei nofiuni de convergenid, asa-numita O-conver-

gentd (vezi [1], [5]). ' o

~ TroreMA (2.1). f fiind o aplicatie definitd pe spagiul -topologic "X

$1 cu valori in laticea completd Y, O-limitele extreme ale aplicaties f intr-un

punct x, € X(0 — Ly(xo) 57 0 — I(x,)) pot fi reprezentate ca limite, velativ
la O-convergentd, ale umor siruri gemeralizate din Y.

Demonstratic: Dacd %, este un punct izolat din X, afirmatia ‘este
banald. Fi¢ x, un punct de acumulare al spatiului X. Mulfimea %¥,, se
aratd cu ugurin{d, este superior filtrantd relativ la ordonarea parfiald
»—{" definitd prin VU<« U <V unde U,V €%9,. Notind y'=
=sup {f(x)} si y,=inf {f{x)} aplicatiile V w»y; si V >y}, definite pe’
.. xSV, ze? '
¥, §i cu valori in Y, sint siruri generalizate din Y, pe care le notdm, cum
se obisnuieste, (yI;)I-,‘E;?% si (y{;)f,e;?x. Se vede imediat cd VHU=y; <

: ° . . . -
 SY sl Y52y, ceea’ ce aratd ci sirurile generalizate (y;)poi st
4 . w0
(J’If,)f,egy sint monotone ; mai precis, primul este necrescitor, iar al doilea
=Y e

nedescrescitor. Se cunoaste atunci, in teoria Oﬁconvergen‘;ei, cd 0 —limy, =’
=inf {y;} =0 — Ly(%,) 5i 0 — lim 3! = sup {y}} =0 — I{x,). |
Vey,, . /r}eo'px LveR, .
COROLAR. Pentru o aplicatie [, definitd pe spafiul topologic X .5i cu
valori in laticea completd Y, avem 0 — L) <0 — Li(x,), oricare ar fi
%, € X. . - . ,
Demonstrafia este imediati. Cu mnotafiile de mai sus, este suficient
si observam cid i< y; oricare ar fi Ve Py, Ceea Ce implica, cum- se
cunoaste in teoria O-convergentei, 0 — lim y; < 0 — lim y;. ‘
1 TeorEMA (2.2). Fie X un spatiu topologic, Y un lani- complet dens
in sine, f: X Y st %, un punct de acumulare din X. Existd atunce deua
siruri gemevalizate de elemente din X, (%5)sep §i (%i)se<ps, ambele tinzind
cdtre x, (in semsul topologiei din X [38)), astfel incit f(xs) 20 — L(x,)
si f(8) 2> 0 — I{xy). . -
Demonstratie. Ne mirginim si ddm demonstraia pentru 0 — L(%).
a) Presupunem, pentru fnceput, cd 0 — L«(x,) nu este nici cel tmai
mare, nici cel mai mic element din Y. Urmeazd cd 4 = (0 — Li(x,), —] # 1]
si B = [«, 0 — Lix,)) #@. Pentru mulfimea A4 considerdm ordonarea
S0, definitdi prin:. o; < 00 < ¢ < o, pentru oy, oy € 4, unde <
reprezintd, ca si pind acum, ordonarea din Y. Pentru B considerim ordo-
e : .
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narea indusi de ordonarea din Y. Multimile A si B sint superior filtrante.
intr-adevir, fie oy, ay = A oy # oy; pentru fixarea ideilor, presupunem
Cay K ooy, deci oy <7y 04 Ordonatea din Y fiind densd, si 0 — Lixy) <
< oy < oy existd a €Y, astfel ca 0 — Ly(xg) < a < oy < a5 Avem 'deci |
c=d sia <40 o <4a0 A este deci superior filtrantd fajd de ,, <,
in acelasi mod se aratd cd B este superior filtranta.

. fn laticea completi' Y, inf A4 = sup B = 0 — Ly(x,). Intr-adevir,
pentru orice « € 4, avem 0 — Li(xo) < «, deci 0'— Lg(x,) este minoranti
pentru mulfimea A. Aritim cd 0 — Lix,) este cea mail mare minoranti
pentru A. Fie y €Y, y > 0 — Lgx,) si y minorantd pentru 4. Existd
y* €Y, astfel ca 0 — Ly(xo)<y* <y; urmeazi ci y* € 4 si y* <y,
in contradicfie cu faptul ci y este minorantd pentru A. Avem deci
0 — Lg(xy) = inf. A. Un rationament analog stabileste c¢d 0 — Ly(%,) =
=sup B.. : ' - . o

CI?)onform teoremei (1.2), pentru orice a € A4, existd V, = ¥, astfel
ca (V) N [a, -] = . S& notdm cu V, cea mai mare dintre vecinititile
punctului %, cu aceastd proprietate (adicd reuniunea vecinititilor lui %4
cu proprietatea indicatd). Dacd U = °%".xn‘ avem. UNV, < %9, . Folosim
notatia Wy = U (" V,. Evident x € Wy, implici f(x) < a. Fie C =
=9, X A. Pentru fiecare v = (U, «) € C, ,corespunde, conform celor de
mai sus, o vecindtate W, a punctului x, Ca produs cartesian a doui
mulfimi. filtrante superior, mulfimea C este si ea superior filtrants, relativ
1a ordonarea ,, <", definitd prin: y; = (Uy, @) <S¢y, = (Us, ag) = U, — U,
sioy <40, U DU, $i 0y > o SA observim cd y; gy, = W, D w,..
Intr-adevir «; > a, implicd V,, D V,, decarece V,, = U{V =%, |AV) N
N ey, =] = @}. Urmeazi ci, dacd «; > o« 5i U; D U, avem W, D W,,.
Fie acum D = B x C. B si C fiind superior filtrante, D este de asemenea,
in raport cu ordonarea ,, <p” defititd prin.3; <, 8, « By < By sl vy <¢¥e
unde &; = (By, v1) i 35 = (By, vo) sint elemente din D. Conform teorémei
(1.2), pentru fiecare B = B ¢i v = C, deci oricare ar fi 8 = (8, y) = D,
existd x5 & W,, astfel ca f(x;) > B. Asociind fiecirui § = D, -un element
%5, in acest mod, obtinem sirul generalizat (%;)secp. Vom ardta cd este
tocmai sirul ciutat. S ardtim, in primul rind, cd in spatiul topologic X,
Xy~ %o. Ple V &9, Considerim ay, € 45i B,'€ B.Notimy, = (V, ag) = C
si 8y = (Bo, Yo) €D. Fie §=(B,y) €D, unde y =(U, «) = C si pre-
supunem § 2, 8, Avem 8, <pd<«Bo <P s vo <cyY=Hp <P i
- WyeW,, =V N V. Urmeazd cid x5 = xgy € W, = Wy, V. Am aritat
deci cd pentru orice Ve %9, , existd §, = D, astfel incit’ eV pentru
3 >p 8, ceea ce demonstreazd cd x; — x,. A rdmas sd ardtdm cid f(xs) 2>
250 — L(x,). Pentru acedsta, considerdm girurile generalizate (y,)y<4, unde
Vo= $i (2g)pen unde zz = B. Avem. ;gﬁ {Vo} = Slelg {za} = 0 — Ly(x,).

Cele doui siruri de elemente din Y sint monotone: primul necrescitor,
al. doilea nedescrescitor, pentru cad oy S o< o) = 0y <> Vo, 2 Yo, S
Bi-< By <> 25 < 25, Fie acum (o, B) € 4 X B. Alegem in mod arbitrar
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o vecinitate U %9, sl notim v = (U, a) €C si § = (B, y) € D. fn
acest mod, perechii (e, B) i-am asociat un element 3 € D. Fie 3'=(p',y") €

s1 8 2p 3. Punem.y' = (U, o). 3 28 B 2Bsiy Zcy<=p = (351
U—U sia 20epf >28si U cUsl o <a Avem xy = Wy,

B' < flzy) < o'; cum insd B < P’ si o' < «, putem in definitiv sc-rie
B <fl#s) < a deci zg < fl#sy) <y, Am demonstrat deci cd oricare ar. fi
v €A si s B existd 3 € D, astfel incit pentru 8" >, 3 s avem Z3 <
< f(%s) < Yo 'In definitiv, am aritat ci Slxs) 2> 0 —Lf( %o).

b) S4 trecem-acum la .cazul cind 0 — Ly(x,) este cel mai mare ele-
“ment din Y. Inacest caz, muljiméa B = [+, 0 — Lx(x,)) = Y —{0— Li{%)}.
Notdm C = ¥,, X B. Mulfimea C este superior filtranta, in raport eu ordo-
narea ,,<g'’, Qefinity prin: y; = (Vy, By) <¢cve= (Vo o) =V, 4V, si
B < PV, V; si By < By Conform teoremei (1.2),--pentru fiecare
y=(V, B) € C exista #, V, astfel ca B < f(x,). Alegind pentru fiecare
1 € C cite un astfe] de element %y, obiinem sirul generahza’c (%y)y=c. Acest
sir tinde citre %, Intr-adevir, fie V e ¥,. Notdn vy, = (Vo, By), unde
BosB. y=(V.B8) 2cvo= VoV sl B>BO©VCV si B = B
Cum x, € V, urmeazi ci %, < V,. Am aritat ci pentru orice V, = %,

existd vy = C astfel cay > v, sd implice x, € Ve deci Xy = %o. 54 ardtdm
cd f(#y) 2> 0 — Ly(x,). Considerim sirul generahzat (Z(;)ﬁe p cu zg=p "
nedescrescator si sirul constant (yp)gep cu yg = 0 — Lx,). Avem
Sup {2p} = inf {yB} =0 — Lyx,). Fie acum B, € B; considerdm V, =V,

Be
§1 notam Yo (Vo Bo). Pentrt vy >¢ o unde v = (V, B8), avem Bo <P <
<fl= 4 < O—Lf( o) deci zp, < f(%y) < g, Am ardtat deci -cid pentru
orice BO € B existd y, & C cu proprletatea cd g, < flxy) < ¥p, pentxu
Y Z¢ Yo Deci f(x,) 250 — Ly(%0).

c) Pentru ca teorema sd fie complet demonstratd, a mai rimas de
considerat cazul cind 0 — I,f(xo) este cel mai mic element din Y. In acest
caz A = (0 — Ly(x,), >]=Y — {0 — Li(x4)}: A este, cum s-a vizut,
superior filtrantd fad de 5 < A” Fie C =¥, X A. C este superior filtranta
relativ la ‘ordonarea ,, <., definita prin 1= (Vi o) <¢ Yo = (Vo a) =
>V, 4Vesi ey < 0oV, sV st vy < o Conform teoremei (1.2),
\pentru fiecare y = (V, «) = C, existd x, = V, astfel ca Jlzy) < e Alegmd
pentru fiecare y € C cite un astfel de element %, obtinem sirul generalizat
(% )yec. %y — %, Intradevir, fie Vo= %9, ; notam Yo = (Vo o), unde
ag e 4. -Y——(V ) /CY(,@VCVO si « < og. Cum x, eV, urmeaza
cad x, e V, Rimine si ardtim cd f( w20 — Ly(x). Consideram §1ru1
generahzat necrescitor (Yo)uea cu Yo = @ si §1ru1 constant (z )aeA cu
By = =0 — Lf( ) ' -

" Avem mf {y.) = sup {z, } = 0 — Lg(x,). Fie acum wy = A. Con51deram :

Ve €9, 51 \punem Yo = (Vo ag) = C. Pentru v = (V, a) >0y, avem
0— Lf(xo) < flay) <@ < o, deci zy, < f(#y) < y4,; prin’ urmare, pentru
orice oy € A exista Yo € C, astfel ca y >¢ v, sd 1mp11ce 2e < fl#y) < ya".
Deci f(x,) 25 0 — Ly(x,). "
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Observatia (2.1). Un gir generalizat (x5)s=p se zice strict convergent
cidtre x, dacd pentru orice V € %9, existd §, € D, astfel ca 3 =, 3, sd
implice x5 < V ([4]). Demonstratia datd mai sus, pentru cazul cind x,
este punct de acumulare in X, stablleste existenta unui gir generalizat
(xs)s<p convergent strict cédtre x,, astfel ci Sfl(xs) 20 0 — f( Xg).

TrEOREMA (2. 3). Fie X wun spatiu topologic, Y o latice complem
[: X =Y §¢ xyg un punct de acumulare din’' X. Dacd pentru un siv géneralizal

‘ (xm)me 4 din X, strict convergent cdtve x,, f(x )R €Y, atunci 0 — I{xg) <
< <0 — L(xy).

Demonstragie. Prin ipotezd, dacd V %Y, ex1sta oo € A astfel cid

x, € V, pentru o >4 a4 (,, <, filnd ordonarea din A4). Notind y, = f(x,)
pentru « A, avem s =0 — lim y, = inf {sup {y« 1},
acsd o >Aoc
Urmeazd cd & < < sup {y«}, pentru orice a = 4, ‘deci si pentru « = a,.
o >Au '

Avem: {f(xx) o’ 2 00} S {f(#) | ¥ € V} deoarece o’ >4 0 implici x, = V.
Prin urmare sup {f(x)} > sup {yw} > h. Urmeazd 'cd inf {sup {f(%)}} =
! zei’ - 4 ?Atxu VE°?x xEV .
= 0-—Ly(x,) > %. Un rationament analog demonstreazd ci 0— I(xo) < D

(Intrat in redactie Iz 21 septembrie 7973)
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G W no =

KPAHMHUE O-TPAHUIIBI OTOBPAXEHUS B QILHOFI TOUYKE
(Pesmomé) '

B crathe paccMaTpHBAIOTCS OTOODAXKeHHs, ONpENeJeHHbE HA TOMOJIOPHYECKOM MpoC-
TpaHCTBe X M CO 3HAUEHHSIMH B NOJHOM CTPYKTYpe Y. st Taxoro 0TOGpaKeHHst BBOJSTCS Ho-,
uaTHs Bepxnell O-rpannuel ¥ Huxnelt O-rpannusi B ofHoM Touke. Mayuaiotcs satem cBoficTRa
3THX KpaHuux O-rpanul, 0To6paKkeHHs B OAHON TOukKe.

EXTREME O-LIMITS OF AN APPLICATION IN A POINT

(Summary)

In the present paper definite — applications on a topological space X and with comp-
lete Y lattice values are dealt with. For such an application the notions of upper O-limit,
lower O-limit, respectively, in a point are introduced. Then the properties of the extreme
O-limits of an application in a point are studied.



INVOLUTORY FUNCTIONS INDUCED BY ABELIAN. GROUPS

J. ACZEL* and F. RADO

1. A function f: Q — Q is said to be mvolutory if fo f=1g. In th1s
case f~1 exists and f~1 =

In [1] and [4] the followmg way is indicated to get (possibly multi-
- valued) involutory functions on a set of real numbers. Take a symmetric
function (#,-y) = F(x, y) and solve the equation

F(z, 3) = 0 e

with respect to y. Note that a single “branch” of the solution may not
" be involutory. In [1] it is pointed out that every real involutory function
can be obtained in this way. Indeed, in order to get f, take the equation

f#) — x4+ fly) —y =0. . @

The aim of the present paper is to produce involutory functions on
an arbitrary set Q. Also we want them to be functions in the proper sense,
so we must look for equations (1) with unique solution y for all x = Q.
In order to generalize equation (2) in a certain sense, we require the function
F to be derived from a commutative group operation. In this fashion we
get the following problem.

For a given mvolutm'y Sfunction f Q — Q, find an abelian group (Q, =)
and an element a < Q such that

_ L wsy=asy=f) _ I )
If a is replaced by the identity of the group Q, then our problem can -

be restated as follows: determine a group on Q in such a way that the map
% — %71 coincide with a given involutory function on Q.

Geometric interpretation also'suggests this problem. On the coordinate
axes and- the graph of a real involutory function we may construct closed
Thomsen — conf1gurat10ns as shown on Fig. 1([2], [8]). It seems natural

A

i

* Waterloo, Ont., Canada.
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to look for a regular net having two families of lines parallel to the coor- °
dinate axes and the third family containing the given graph. (A .classical
net is called “regular” when all of its Thomsen-configurations are closed,
cf. [38].) Since a regular net can be described algebraically by an abelian
group, and this is true for both geometric and abstract nets, the question
about imbedding a graph in a regular net amounts to the problem formu-
lated above.

Prior to solve the problem in general, we shall consider the case of a
“continuous redl involutory function. After solvmg the general problem
a net-theoretical application will be given.

2. Let I be a real interval and f: I -+ I a contmuous involutory func-
tion. Then f is (strictly) decreasing on I, unless f = 1;. Indeed, since fis
continuous and f-1 does exist, f must be strictly monotonic. Suppose there
exists a € I, a # b = f(a) ; since & = f(b), in case a < b we have f(a) =
= b > a = f(b) and in case @ > b, f(a) < f(b). Consequently, f is decreasing
or f=1;. o )

Since the function x — f(x) — x is decreasing if f # 1; is involutory,
equation (2) has the unique solution y = f(x) for all x & I. Thus every
contintuous involutory function on a real interval is’ the solution.of an
equation of the form (1) where F belongs to the class F defined as follows.,

Let F be the class of functions F: I X I — I such that (a) I is any
real interval, (b) x — F(x, y,) is a continuous and strictly monotonic
function on I for all y, & I, and (c), F(y, x) = F(x, y) for all x, y = [I.

Conversely, consider the equation (1) with F = F. The set F-}(0) =
= {(x ¥) |'F (%, y) = 0} contains at most one (x, y) for given » (or given
y).'Since F-(0) is also connected or empty, the set {x|3Jy, F(x, y) = 0}
is an interval or a single point or empty. Hence for the solution of an
equation (1) with F = F we have only the following possibilities. (i) It
is a function on.an interval which by (b) and (c) is involutory and conti-
nuous, (ii) it reduces to a single point, (iii) it is void. In the case (i) we
shall speak of a proper solution. Thus we have proved the followmg

THEOREM 1. The set of the combinuwous involutory Sfunctions on veal

intervals consists of the proper solutions of equations (1) with F < F.
Thé same argament shows also that the following is true.

THEOREM 1. The set of the continuous mvolutory Sfunctions on veal
intervals comsists of the proper solutions of the equations S
X R o

- o) +0(» =0 @

where ® is a continuous stricly monotonic function on a real interval.

Next we turn to the problem formulated in paragraph 1. Let f be
a continuous involutory function on all of R. We have y = f(x) if and
only if (2) holds. The bijective mapping' % — g(%) = f(¥) — # maps R
onto B, hence we can define a group (R, %) by putting Vx, y € R, xxy =

= g '[g(») + g(¥)]. Now equation (2) takes on the form g(x=xy) =0,
consequently xxy = g-1(0) < vy = f(x).

3 — Mathematica—Mechanica fasc. 2
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Thus one can defme a Contnuons gmup R, =) n such a wa’y that
(3) holds.- - SN

For.an open interval I one can obtam the same result by use of a
topological mapping from I to-R. If I is not open, clearly no continuous.
group-can be.a solution to our problem. -

3. Let (G, ) be an arbitrary group with identity. ¢ = es and denote -
by 44:G — G the map x — x~1. It is obvious that 7, is an involutory
function on G. Put ' o

InV(G *)={x-ixeG X% x=¢e};

sometimes we shall write for short Inv G. If (G, %) is abelian, Inv (G, *)
is a subgroup. N '
For a function f:Q — @ we denote the set of fixed points by

Fixf={x|x «Q, flx) = x}.: ’ : C
We shall first establish four lemmas which might be of interest on
the1r own right.

Levmma 1. Let f:Q — Q be an involutory functwn and (Q, -) an abelian
group. For the existence of a group (Q, ), isomorphic to (Q, -) with i, = f,
it 1is necessary and sufficient that - - .

| Fix f| =| Tnv Q | I

Proof. Suppose that (Q, #) has the reqmred propert1es ie. we have
a bijective map ®:Q — Q with _

Vr 0, O[An)] = @)L e
where the exponent — 1 stands for the inverse in (Q, -). If x « Fix'f,
it follows from (6) that @(x) = [®(x)]-%, that'is ®(x) < Inv Q. If Ox) =
e Inv (, then by (6) ®[f(x)] = @(x), hence, by the injectivity, f(x) = =,
i.e. x € Fix f. Thus we see that the b1]ect1ve maps F1x f onto Inv 0,
consequently (5) is valid, ‘

Suppose now (5) and put Q; = Fix f, Q; =,Inv Q. The set ¢\ @, splits
into subsets {x, f(x)} of just two elements. Seléct exactly one element from

each such pair to form the set @, and set Q3 = f(Q,). Then @ = @, U Qs U Q..
Q:NQ =@ if ¢ #j and x = Q, < f(x) (5. Analogously, we decom-

- pose O\ 0, into Q2 U Qs such that ;N 0; = @ and % € @, < s~ ! = Q.
- By (8) |Qu] =10, |, hence [Qy| =|Qs| = 1021 =105 |; therefore there
exist bijections ®@,:Q; — Q,, 1 =1, 2. Define Q,: Q5 — 0, by -

Vx € Q, O3[f(x)] = [Do(x)]" - V)
and define. @:Q — @ by ‘ : . " :
' O.(x) if % =Q
O(x) = Dy(x) it % < Q,

Dy(x) if ¥ = Q. -
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It is easy to see that ® is a bijection. Also ® satisfies (6). Indeed, (i) if

x €@, we have f(x) = x, ®(x) = [O(x)]-*; (ii) if « =.Q,, relation (7)
~ implies (6); (iii) if x = @, then f(x) ='Q, and we may substitute in (7)
S(z) for x to get Dy(x) = {D,[f(#)1}~1; but this can be written as [®(x)]! =

= O@[f(x)]. Defining on @ x ¥y = (I)—l[CI)(x) O(y)] we get a group (Q, *)
with xx f(x) = O~YO(x) - O[f(%)]} = ®~*e-) = ¢, that is f=1,. - :

. Leyma 2. Let f: @ — Q be an involutory functron and (Q,..) an abelian
group. For the existence of a group (Q, =) and an element a = Q such that
(@, =) is isomorphic to (Q, -) and S ’ oo

Vzy €@ xxy=aey=_flr (8)
it 'is mecessary and sufficient that either
1) |Fixf|=|Inv @], or

2) Fixf=0, Q0 ={x-2|x=0} £0. , , .

Proof. Suppose that (Q, =) is isomorphic to (@, -) and (8) holds. We
distinguish two cases. .

(1) There exists b= Q with b = b = a. Let (Q, 0)'be a group, isomorphic
to (Q, #) defined by x0y = %y + b¥ where b* stands for the inverse
of b in (Q, «). The identity in (Q, 0) is'e, = b and (8) becomes xoy =
=¢, <y = f(x), i.e. 4, = f. Lemma 1 ylelds condition 1):

(11) For all & EQ bxb # a. Then @' # Q. We have also. lef g,
in fact, suppose 1nstead f(%,) = %, for some %, € @; then we get by (8)
%) % %y = %, # f(%,) = a, a contradiction.

Suppose now that condition 1) holds. Then lemma 2 follows from
lemma 1. .

Finally suppose condition 2). Again decompose @ 1nt0 Q2 U Qs like
in the proof of lemma 2 (Q, is now empty), i.e. @, @ = @ and

x €Qye flx) € Qs v = Qs f3) = Qs

Pick' a fixed & = Q\Q'. Since k- (k- x 1)1 =« and kx-1 # x for all
% '€ Q, the set Q can be partitioned into pairs {x, kx~1}. Select just one
element from each pair to form a set @’ and denote Q\Q’ by Q". Then

x€Q & k-xt e Since |Qy|=]Qy| = |Q | = | Q" |, we can take a
bl]ectlon y: Qy - Q" and define ®:Q — :
M) i x =,
””Zhwwmmﬁﬂxe&,

Cleaﬂy @ is a bijection. If x = @,, then f(x) = @, and therefore Df(x)] =
= $[f(x)] and ®(x) =k - (®[f(x)])~1; but this can be written as

y=f(x) =0 Oy =k ©)

If x'sQ, then f(x) €@y hence O[f(x)] =k - [{(#)]1=Ek- [O(x)]
and we again have (9). But (9) yields lemma 2:~

LemMa 3. If G is a finite abelian group of order m, then | Inv G | = 2”‘
where m 1S a non-negative integer and n 1s divisible by 2". Cownversely, .if
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n=2".q, where m < N U{oLqe N then there exists an abelmn group
G with |G| =", |Iov G| = 27,
" Proof. The group G-may be Written as a dlrect product of cyclic groups.
Let Z, be a cyclic group of order 7; | Inv Z, | = 2if ris even and | Inv Z,|=
= 1 if 7 is'odd. Since Inv' (Gy X Gy X ... X Gp)'={(%1, %o, ..., %,) | %; €
eInvG,t=1, ..., n}, Inv G has order o m e N U {0} and, by:Lagran~
ge’s theorem, th1s ‘order divides |G |. The second part of the lemma
1s easily proved by constructing a“suitable direct product of cyclic groups.

Lemma 4. For an infinite' n and v equal to 2", m = N | {0}, -or
infinite but < n, there exists an abelian group G wzth l G | =n, |InvG|=
=17, InvG # G.

Proof. Let G, be the direct product of m copies of (Z, +) in case
7 = 2™ and let G1 be equal to direct sum of » copies of (Z, ) in case
7 is infinite. In both instances |G, | = | Inv G, | = 7. Let G, be the direct
sum of # copies of (Z, 4). Clearly'| G, | = n, ]InvG [ —-l The group
G = G, X G, fulfills thé requirements.

TrEoREM 2. Let f: Q — Q be an involutory function. An abelmn grouwp

(@, *) with iy = f can be defined if and only if either
1) |Fix f|=2" m & N {0}, | Q| is divissble by 2™ or is infinite, or
2) | Fix f| is infinite and |Q\Fixf{=|Q1 or 0

Proof. Suppose. that (@, %).4s an abelian, group .and 7, = f Then
Fix f = Inv Q. Tf @ is finite we have 1) by lemma 3. Let Q be infinite. In
case Inv Q is finite, we may apply lemma 3 to the group Inv Q to get. 1).
If Inv Q is infinite, either Inv Q = @ and then |Q\ Fix f| =0, or else
Inv Q is a proper subgroup in Q and then Q\ Inv Q contains at least one
coset-of Inv Q, hence |Q\Fix f|.=|Q\Inv Q| =|0Q]|.

Suppose 1) or. 2) holds.. Using lemma 3 or 4, respectively, we construct
an abelian group (G, -) such that |G| =|0Q| and |Inv G| = |Fix f].If
Q = Fix f, we take'for G the ditect sum of an appropriate number of copies
of (Z,, +). It is easy to define a bijection ¢ : G —» Q with ¢(Inv G) = Fix f.
The group (G, *).is now being transported by ¢ onto a group (Q, -). Since
| Fix /| = | Iav (Q, -) |,

“TurorEM 3. Let f o —>Q be an 'mvolutoyy functwn There exists an
abelian group (Q, +) and an element a € Q such that

xye@x<yfa©y ﬂ) “ . (10)

if and only if either .

1) | Fix f| = 2™, 'm N U 10}, | Q| 4s divisible by 2™ or is infinite, or
2): llef[ 13 mfzmte |Q\F1Xf| =|Q| or 0, or
3) Fix f = o
DProof. F1rst we suppose (10) for. the abehan group (Q, #). Lemma 2
applies (both groups in the lemma are now (Q, %)), hence either i) | Fix f| =
= |'Inv Q| or ii): Fix'f = & which 1s 3). In the case i) we deduce 1)* or 2)
just as in the proof of theorem 2. :
If 1) or 2)is true, then- theorem 3 (with a = e,) follows by theorem 2.
If 3)‘is valid, suppose first Q to be finite. Since Fix f =, the set Q
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can be partitioned into the pairs {x, f(x)} of distinct elements; hence | Q
is eyen. We construct, by lemma 3, an abelian group. (G, ) with |G| =
={Q| and |Inv G| = 2. Then the map x — x - x. surely fails to .be
injective on G ; therefore it can’t be surjective, hence {x - x | x € G} # G.
Map the group G onto the set Q by a bijection in order to get an abelian
group (Q, -), to which lemma 2 applies. This yields (10). Suppose now
that Q is infinite. Consider an abelian group (G,, -) with |Gy | = | Q| and
put G, = (Z, +). For the direct product G = G; X G, we have again
G|=1Q]| Also {x-x]x <G} #G, for among the. products (x, &) -
. (x k) = (x - %, 2k) no element (%, 1) can occur. One completes the proof
s in the case where Q is finite.

4. Consider a set W together with three partltlons of -it, L,, LZ, L,
and call the elements of W points and those of L; i-lines, 1 = 1, 2, 3. The
system (W, L,, L,, L) is calléd a halfnet (or halfweb) provided two arbitrary
lines of different sort have at most one common point. If they have
exactly one point in common, (W, L,, L,, L;) is a net. A halfnet is called
a T-halfnet if the Thomsen-configurations close, i.e. for all ¢+ =1,2,3
and all I, 1, I, € L, my, my, mg € L;py, %y, %y, 05 € Lo (taken with
subscripts modulo 8) the following is true: if the five intersections

Is (Y ma N 7y, {lsﬂ'mzﬂ nys by () g () Mg, b () Mg () %, &y () M5 () B3 (1) .

are non-void then I, N m, (N 7, is also non-void (fig. 2). The f1ve pomts
in (T) and I, () m, ﬂ ng ate called the vertices of the closed Thomsen-
configuration. If in a closed ~Thomsen-configuration I, = l3, My = My,
My = Ny, we speak of a simgular T-configuration (fig. 3).

" Consider a halfnet (W, L,, L,, Ly) and suppose there exist bijections
k;: L, Q 'onto the same set :Q for 1 =.1,2, 3. For %,y €Q ‘we put

5wy = kD), )

whenever p = ki (%) ) k2 '(y) is non-empty and p €1 € L,. In this way
one associates to a halfnet a family of halfgroupoids (@, ¥), which become
quasigroups in case of a net. It is well known that a net is a T-net if
and only if its associated quasigtoups are isotopic to an abelian group [2].

v

o

lr . /2 5 =it

Fig 2.
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' We say that the halfnet (W, L, L,, L;) is tmbedded in the halfnet
(W', L;, L;, Ly) when W C W’ and for each I € L; ‘there ex1sts I'eL,;.
with 2/ D1, 1=1,2 8. -

We shall call the halfnet (W, L,, L,, L) triangular if there exist pair-
wise disjoint sets W, W,, W, and b1]ect10ns hi: Wigr = Wipe such that
W W1UW2UW3and , o

L~{W}U{{x k()}leWm} _ (12)

Suppose that the triangular halinet (W, Ly, L,, L,) is imbedded in
the met (W', L], Lj, L}). We say that the first is fully imbedded in the second
" provided there are points A, 4,, A3 € W’ such that W, U {Az, A } e L,
Wy U {4, 4,3 Ly, WelJ{dy, A} € L.

" “For a triangular halfnet define

~

F=lyolyoh L (13).

Cleatly, the triangular halfnet is a T-halfnet. if and only if f.is involutory.
We call a point in a triangular halfnet simgular if it is a vertex of a
singular T-configuration and denote by S; the singular points of W,
1 =1,2, 3. It is easily seen that there is a szectwn from Fix f onto S; for
each 1 =1, 2, 3. Now Theorem 3 reads in net-theoretical language as
follows.

THEOREM 1. Let (W Ll, Lz, Ly) be a triangular T- halfnet suppose
that the line-sets ave gwen by (12) and let Sy be the set of singular points
m Wy The }mlfnet 18 Jully imbeddable in a T-net if and only if either:

) |S1 | = 2" m<.N. u{o}, | W,| + 2 is divisible by 2™ or.is infi-
mte

) [Sl| 1s infinite, [Wl\\S1 | = | Wy| or O;

a.

1=

‘N{Az " AN A
W, 5 \

s .
) g

W ¥ . v
M N Al A0 Ny N

Fig. 4. h Fig. 5.
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.- Proof. Suppose (W, L, L;, L;) isimbeddable in the T-net (W', L;, L;, L;).
Let W: =W, U{ il ,+2} 1 =1, 2, 3. Associate to the T-net the quas1—
group (Q; #) defmed by formula (11) with Q = W, and .

y o (lﬂ W) 1‘EZEL1
Ry L; —{Q, kl(l) = A2 if 4,. €,
o A, , if Aa-e'l,
ket Ly = Q, k() =1NQ, kst Ly = Q) koll) = 1N Q-
Since %% Ay = Ay x = %, (0, %) is a loop. Being 1sotoprc to an abelian
group, it is itself an abelian group. Now, x x y = A, means hyhh,(x) = 7y,
hence y = f(x) & x %y = 4,. Consequently one of the conditions 1)—3)

in theorem 3 is valid and that clearly yields the first part of theorem 4.
The 'second part is obtained again by a rather obvious construction.

5. We have seen that the Thomsen-condition for a triangular halfnet
is expressed with aid of the function (18) in very simple form: fo f = ly,.
This suggests to consider for nets and halfnets iterated confrguratmn comn-
ditions corresponding to \.

. fofe.l.o f= 1W,~
A E
7 times

If these conditions hold in a net, we call it an I ~net. '
It is easily seen that a met 4s an Ignet if and only if any associated

loop (Q, =) satisfies
XN, BEQ, XY =YRrID>YHZ =24 X (14)
and it .is an ILynet if and only if -
,xylzueQ Hwy = y»z:z*u:xay_uaex . (15)
¢ Q is ot reduced to the identity e, condition . (14) is contradictory

(e g. ¥ =z=c¢, y # ¢ yield a contradiction). However condition (15) can
be satisfied. We have the following

THEOREM 5. For a group (Q, =) condition (15) is. equivalent to

S CmySQ (e =(yrar . (16)

Proof. Suppose (15) and let x, y be arbitrary elements in Q. Set
“ = yla alwy w x Y. ‘Frorrr(-y’ch;.éy!=y* (ylswx *y) = (y=Yw wwy) w u

we deduce, by (15), x %y = u* x. Hence x %y = y~1x x‘l,*y oy s.:x,
which yields (16).

Suppose (16) and take %, y, 2, # € Q such that xxy =y =2z =2 % «.
We have (y * %) % (y* x) = (6% y) = (¥ *y) = (y = 2) = (v = y), hence (x % y)=
*# % =zwxxy thatis, z«us X = 2% £ Y. By cancellation we get # « ¥ =
=x%Y.
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Cororrary. Each T-net. is an Iynet. There. exist Ip-nets which are
not T-nets. :

The first assertion is’ obv1ous For the second con51der the quaternion
group (it is a group with 8 elements havmg a, b as generators and a* = 1,
b =a? b~lab = a~'! as defining relations) in which (16) holds, as easﬂy
checked, and which is not commutative.

Now, the following questions seem to be 1nterest1ng

1) Is every Iy met necessarily a Reidemeister-net (that is, does it
have groups as associated guasigroups) ?

2) Characterize algebraically the quasigroups associated to I,-nets
and the halfgroupoids associated to I,-halfnets. ‘

(Received July 1, 1973)
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FUNCTII . INVOLUTIVE INDUSE DE GRUPURI ABELIENE

(Rezumat)
\
Se studiazi procedee de a genera functii involutive plecind de la grupuri abeliene.
Rezultatul obfinut se aplicd la teoria fesuturilor pentru a stabili conditiile in care un
semitesut tnunghlular poate fi scufundat mtt-un T-tesut (in cafe condifia lui Thomsan
are loc). .

I/IHBOJ’IIOTI/IBHbIE (IJYHKLH/II/I HHAOYKTHPOBAHHBIE ABEJIEBBIMH I‘PYI'II'IAMH

(Pesxome)

I/Isyqaxmcn MeTOJIbl COCTABJICHHsSI WHBOJIOTHBHBEIX (YHKUHH, HCXOAS H3 aGeseBbIX Ipyil.

[Monyvensbift pesybTar NPHMEHSETCS K TeODHH TKaHell JUIS YCTAHOBJIEHHS YCJOBHH, B
KOTODHX TPeyroJbHas NOJYTKaHb MOMKeT ObiTh BioxkeHa B T-TKanb (B KOTODPOH HMeeT MeCTo
ycaomie Tomcena). .



DESPRE CONDITII DE TRANZITIVITATE IN STRUCTURI
DE, INCIDENTA

VICTORIA GROZE

In ldcrarea [1] s-a studiat compor{:area structurilor algebrice asociate

prestructurilor de 1nc1den1;a in cazul tranzitivitdgilor O; — 0,0, 7+ =1, 2.
Astfel s-a ‘demonstrat ci:

-~ O prestructurd de incidend § este 0, — 0,0, tranzitivi daci si
numai dacd ternarul (Q, T) asociat prestructuru se hnlarlzeaza 51 (Q -+)
este un grup.

— O prestructuri de incidentd 8 0, — 0,0, tranzitivi este si 0, — 0,0,

“tranzitivd dacad (Q, -+, -) este dlstr1but1va la dreapta. ‘

In aceastd lucrare ne propunem si studiem comportarea structurii
algebrice asociate prestructuru de incidentd avind in vedere alte tranzi-
tivitdfi. :

Demonstrim urma’coarele feoreme :

TroreEMA 1. O prestructurd de  incidentd $ 0, — 0102 tranzitivd este
st 0, — 0,0, tranzitivd dacd si numai dacé (Q, + -) este distributiv la stinga.

Demonstratie. Presupunem cid § este O2 — 0,04 tranz1t1va atunc1
E=a—i=a(00)~ (0 b) (0) — (m)
si deci ecuatiile unei omologn cu centrul 0, si axa 0,0, sint
F- %=z L[ = o(m)
Ny =fny) v =
n ‘baza definifiei omologiei [1], putem scrie
y=zxm+ b= flx, y) = xp(m) + b
sau :
C (% xm - b) = xo(m) +'0Vx, m,bEQ (Y

Pentru m=0 si ¢(0) =rc, relatla (1) . 0,

devine
fx, by =x%-¢c+b
si putem scrie
.2 -m+b)=%-¢c-+x-m+b=
= xg(m) +b. - ()

Pentru x = 1 avem ¢ —|—m_ p(m) st re-
latia (2) devine Oy : . 04

¥-c+x-m=x(c+ m). 3 . Fig. 1.
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Reciproc, daci relatia (3) are loc § este 0, — 0,0, tranzitivi. Intr-adevir,
- considerind aphcatla : '

{ ¥ =x m =c -+ m ,
I y=sty ¥ =b |
avemy—x-m-+b—>—x-c+y :x-(—"c—]—'m' 4 bsau — % -c 4
+y=—x-ctx-m+b adlcay—x ’—l—bdecifesteogm’ologie
cu ceptrul 0, §i axa 0,05
TEOREMA 2. Dacd o prestmctum de mmdenm este 0, — 0, 0,7=1,3
tranzitivd, atunci ovicave doud dvepte av exact un punct comun.
Demonstratie. Fie. dreptele o '
T y=a ‘.m1+b1; y=x‘-mz+bz,’ my F W,
atunci ' -
%oy +by=x - my + by satt & - (— my 4'9ny) = by — b’
admite solutle unici in raport cu.-x. - o .
CorOLAR. Dacd o Drestructurd de incidentd este 0, — 00, i=138
tranzitivd, atunce ea este o structurd de mwdenta

TEOREMA 3. Intr-o structuvd. de 'mczdenm 0, — 0,0; (¢ =1, 3) tranz:-
tivd expresia tmahtzccz a unet 0 -4 omologii c axa d # 0, 0 ( 1, 3) este

- {x =x ' o o
unde -a = f(0,). ‘ '
Demonstragie. Fie A(x,y) si A’ ( ;Y ) doud puncte corespondente

intr-o omolog1e 0, — d. Atunci ecuatnle ei sint
' . {x.;._x {m = o(m)
y' = flx y) b = g(b).

Intrucit prin, omolog1e 1nc1den;ﬁa $e pistreazd, putem scrie
=x -mI+b=y = -m —|—b’ sau ", y)—x-cp( )+ g(0) si deci

f(xx'm+b)—x'<9()+g()mebe@ )

Pentru m =0 (4 ) devine

1

fl#, b)) =% - a+g@) e s (8)
inde a = ¢(0). , ' -
Subst1tu1nd (5) in ‘(4). avem L :
*a el + ) = om) +g0). ©)

Punmd X = 1 vom avea, =

@+ glm + b) = g(m) +g®) » v
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care pentru b =0 devine a +: g(m) = @(m) -+ a, unde a; = g(0), de unde
se ‘deduce . S :
_@(m)—ﬂ+g( )—a. ®

Substituind (8) in (7) obtfinem a g (m A4 0) =a + gm) — a, + g(b)
sau glm + b) = g(m) — &, + g(b). S

Inlocuind pe g(m + b) In (6) gdsim % - a + g(x - m) — a; — g(b) =
=% - ¢(m) + g(b) san, avind in vedere relatia (8) '

oatgxom —a=x-atx-gm—x-a s . )
o gxem)==x-g(m )—x-a1+al -

Aceasta relatie pentru m = 1 devine
g(x)“—x'“z—x'fh‘l““lsaug()—x'az““‘ﬁ. (10)

unde a; = g(1), a, = a; — a;.
Substituind relajua (10) in (8) rezultd

<p(m)—a—|—m a,, L ‘(11)_

iar substituitd in (5) conduce la f(x, y) = x - a + y . a; + a,.
Dec1 ecua‘,cule o1nolog1e1 smt -,

x—xy—x-a—{—y-a2+a1 - (12)

Considerind acum tran21t1v11:atea O — d, unde d-: x = c,  dreapta
v = 0 se transformd in dreapta y' = x ¢ a + a,. Punctul (c, ) -rAminind
fix rezultd 0 =c¢ - a —l— a, de unde 'se deduce a,=—¢C- a. Ecua’,ciilej (12),
devin = -~ wo MR e
o x = x, y'—x-a—l—y —c- ‘aﬁl R L)
Substituind (10) in (9) obfinem (x - m)oz2 +a,=%-(m-ay, +.a;) —
— % - @y + ay sau (% m) - ay="% - (m -, ay) -0 relatle de asoc1at1v1tate
fatd:dé constanta a,. ’ C :
Prin relatiile (13) punctul (c ¢ m m) devine (¢, ¢ - a + ( )a2 —c-a),

care fiind pe axa omologiel ¥ ='¢, trebuie si fie fix, deci ¢ - m =c¢ - a
+(c-m)-a,—c-a sau c-m=c-a-dc-(m:a) —¢-a=.
=c-(a+m-a,— a) deundem=a+m az—a

Avind -in vedere (11) putem scrie

[
.

P m = Fa (14)
., Din (l'll)A’..§ij(l4) rezultd . . e
C a-+m- az——m—l—a Vm EQ - (15)
‘care .pentru.m = 1 conduce la . . . L o ) A
o | a‘:-_a+1+a A 1)

si atunci (1'5) devme a—i—m-(—a—l—l-{—a)-m-{—a Vm a: EQ
deoarece § este .0, tranzitivi.
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]

Punind in ultima relatie a=1 avem 1+m=m +1, ¥Ym Q.
Atunci putem scriea +m - (—a 4 a4 1) _m+asauJa+m__m+a
VYm, a = @, deci {(Q, +) este grup abelian. =

Tinind seama de aceastd proprietate relat,la (16) devine a, =1 si
teorema este complet demonstrata.-

Introducem in continuare notiunea: de tranzitivitate in raport cu
un punct prin .

DerintrIA: O structurd de 1nc1den1;a se nume§te 0, tranzitivd daci
ea este-0, — d tranzitivd pentru orice 410, d = 9.

Demonstram “atunci

TEOREMA 4. O structurd de incidentd 0, — 0,0; (¢ = 1, 3) tranzitivd
este 0, tranzitivd dacd si numai dacd mai adm'bte o tranzitivitate 0y — d cu
410,

Demonstratie. Presupunem cid structura de incidenta este 0, — 4 tran-
zitivi unde 4: x = ¢. Atunci pe baza teoremei 3 avem

x'———x,y’=x‘-a+y_—c-a,\

iar dreapta vy = % - m + b se transforma in y' = «" - (@ 4+m) +b —c - a
deci o dreaptd se transformi intr-o dreaptd. Punctul (¢, y) se transformi
in (¢, ¢ - @ + y—c-a), dar el filnd pe axa trebuie si fie fix, deciy =¢ - a+
+ 4y —c¢-a ceea ce rezultd din proprietatea de comutativitate.
CoroLAR. O prestructurd de incidentd este Oz—tmnmtwa dacd st numai
dacd au loc proprietdfile
. (Q. T) este liniar
°. (Q, +) este grup comutativ
°. (Q, +, -) este distributiv la stinga.
TEOREMA 5. Dacd o structurd de incidentd O,-tranzitivd admite st
tranzitivitatea 0, — 0,0,, atunci ea este plan prowctw ‘
Demonstragie. Ardtdm cd oricare ar fi doud puncte distincte ele sint
incidente exact cu o dreapti.. <
Fie (%, ¥1) si (#a ¥,) doud puncte distincte, dec1 x1 # Xy §1 dreapta
[#, 8]. Punind condltla de inciden{d dintre dreaptd §i puncte obtlnem :

Y1 =% * m+b Yo = Xp m+b

care conduce la %, - m — %1 - m =y, — Y, sau (X — %) - M =Y, — Y,
care are solutie unicd in raport cu m, ceea ce demonstreazd teorema.

" TROREMA 6. Dacd o structurd de incidentd 0,0, tranzitivd adwmite st
tranzitivitatea 0, — 0,0, atunci ea este plan prozectw

Demonstmtw Din 0, — 0,0, tranzitivitate rezultid proprietatea de
distributivitate la stinga a operafiei de 1nmu11;1:e fata de adunare. Pentru
a demonstra teorema este- suficient si ardtdm ci oricare doud drepte. dis-
tincte au exact un punct comun.

Fie [my, by, [mq, b,] doui drepte distincte, i, # m,, si (%, ) un
punct. Punind condifia de incidentid, avem y = xm, + b,, y = xmy + by
sau, ¥m, + b, = ¥m, + b, de unde x(— m, + m;) = b, — b, care are
solufia unicd x. : : - :
(Intrat in vedactie la 15 decembrie .1973)
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Ob YUIOBUSAX TPAH3UTHBHOCTHU B. CTPYKTYPAX MHUUIEHTHOCTU

kPesmme)

B paGore msyuaercsi’ nosenexme anreﬁpauqecxou CprKTypr, NPHCOE/IHHEHHOH K mpec-
TPYKTYPe HHIMJEHTHOCTH [1], UMess B BHJY HeCKONbKO TpaH3HTHBHOCTell. TakuM oGpasoM Jo-
KasblBaeTCA, YTQ TPAHSHTHBHAS NPECTPYKTYPa HHIMAEHTHOCTH O -0,0; ¢ = I ;2) siBasgercs
CTPYKTYPO# MHUMMNEHTHOCTH ; BBOJuTCS O,—TDaH3HTHBHOCTh M NOKa3wBaercs, uTo O,-Tpan-

3HTHBHASL CTPYKTYPA MHUMAEHTHOCTH SIBJISIETCS NPOEKTHBHOH IJIOCKOCTDBIO, €CTH JOMYCKAaeT H
tpansuTuBHocTe O;-0,0,.

SUR LES CONDITIONS DE TRANSITIVITE DANS DES STRUCTURES D’INCIDENCE
(R é sum e) .

‘e

On. étudie le comportement de la structure algébrique associée 4 une prestructure
d’incidence [1] ayant en vue quelques transitivités: On démontre qu'une prestructure d’inci-
dence Oy — 0,0; (¢ =1, 2) transitive est une structure d’incidence ; on introduit la Oy-transi-
tivité et 1'on montre qu'une structure d'1nc1dence O, -tran51t1ve est un plan pro]ectx.f si elle
admet la transitivité 0, — 0,0,. S N Ca T



CONEXIUNI 7-COPARALELE,

P. STAVRE

=~

,»5e defineste nofiunea de conexiune »-semi-simetricd pe o structurd
A4, si se obtin rezultatele cuptinse in cele' doud teoreme §i cinci propozifii’.

Fie Vauy1 0 varietate diferentiabild cu o structurd A, metricd aproape
de contact (J, 4, E, g) ([1]) si D o conexiune cu torsmne

] Dy:Y DY o (1)
. T(X,Y) = DyY — DyX — (X, Y] @
© Avem, | | ,.
aE =1 T
2(JX) = 0 o
Ji=—I+7@F (5)
gUX, JY) =X, Y) — n(X)a(¥) - ©).
FE V)X, JY) B

DE;:inzym 1. Conexiunea Ty definitd prin
DxY = DyY +g(V, V)X 4 ¢g(V, JY)JX )
unde V = A ; A fiind Ydistributia definitd de (dat altfel arbitrar)
=20 ©)

0 vom numi z-coparaleld cu D.
Avem din (8)(2);

T(X, Y) = T(X, Y) + ¢(V, V)X + g(V, JY)JX — g(VE)Y — g(V, JX)JY
| (10)

unde 7, T sint tensori de torsiune corespunzitori.

Daci vom nota cu ¢,  cimpurile de vectori de torsiune, vom obfine ;

— I(¥) + HY) = (21 + 1)g(V, V) | (11)
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deoarece avem,
2(V)=0 D - (12)

Inlocuind (11) in (10), daci notim,

IEY) = TEY) 4 60X — (XY 4 (V)X 1KY
| (13)

vom obﬁne relatizi; |
IX,Y)=IX,Y) (14)

care constituie un invariant, al transformirilor de conexiune (8). De unde,

TrOREMA 1. Dacd pe Va1 avem o structurd A,, atinci I (X Y) este
un nvariant al transformdrilov de conexiume (8). -

" ‘DefnITIA 2. Daci existd o comexiune D simetrici astfel fncit si
avem (8), atunci vom spune cd D 'este y-semi-simetrica. :

Vom obfine,

T(X,Y) =

Y — @)X + t(JX)JY) — t(JY)JX)  (15)

I(x,v)=0 . ‘ (16)
Dacd, D este y-semi-simetricd din (11), dacd vom scrie

g

U=t - (17)
prin izomorfismul indus- de g ([2]), obtinem ;

1

V' = 2n + 1 i (18)
. Cum X era ‘arbitrar, avem : _
gU, X)=2n+ 1) g(VX);, (19)

Rezulti,
UeA (20)
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Proroziyia 1. Dacd U este cimpul de vectori la care ' corespunde ¢
prin izomorfismul indus de g,(x € Van41) atunci U apartine distributiei.
Avem deci n(U) = 0.

Dacd finem seama de (8), Iezulta

D (21)

Avem

ProroziTia 2. Dacd D este y-semi-simetricd pe o structura A, atunci
. avem relatia (21).

Reciproc, dacd avem (15) cu (17), definim V prin (19) si D prin (21).
Avem Ceel '

gU,Y) =@+ DeV,¥) = (22)

care inlocuiti in (21) duce la relatia. (8), adicé D _.es_te v;'-semi—simetricé,

deoarece D este simetrica. , L .
TroREMA 2. Condifia necesard si suficientd ca D sd fze n-semi-simetricd

este ca T s satisfacd (15) cu t< UL . : Lo B
Dacd D are si proprietatea,

-

seAT =0 @
atunci obfinem, |
| (34F)(XYZ) = s F(T(XY), 2) (24)

unde dF reprezintd dife‘ren‘,ciala exterioard a .lui F.
a \
Inlocuind (7°) din (15) in (24) obtinem,

BAF)(XYZ) = ;= 1A§Zt(X)F(Y Z) P (gB),
Fie tensorul A definit prin, '
AX,Y) = — (t( )JX+t( )]Y FXY)K)y: ' (26)

d’b}:inem o
g(4(XY), Z) = (3dF)(XYZ) (27)
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ProproziTIA 3. Daci pe o structurdi A4, conexiunea D este x-semi-
simetricd i are proprietatea (23) atunci avem relatia (27) unde A este
definit prin (26).

Daca pe structura 4, conexiunea D este metticd, avem:

26(DxY, Z) = 2g(V4Y, Z) + g(T(XY), Z +g(T(Zs X),Y) —&(T(¥2), X)
- - (28)

unde V este conexiunea riemanniani asociati lui g. Relatia (28) constituie
o ‘condifie necesard si suficienti ca D si fie metrica

\

Rezultd relatiile

2(Y, (Dx])2) = (Y, (Vx])Z) + g(T{X, Z), IY) —
— g(T(Z, JY), X) + g(TUY, X), 2) — g(T(X, Y), JZ) + {30}
|+ g(T, J2), X) — ¢(T(JZ, X), Y)

ProroziTia 4. Daci D este metrici pe o structurd A,, atunci avem
relatiile (30).

Daca punem conditia ca D si fie n-sem1—s1metr1ca 1nlocu1nd T din
(15) in (30) vom obtine :

(DxF)Y, Z) = (Vi F)(Y, Z) + ;ﬁ: #2)e(JY, X) —i¥)e(JZ, X) +

+ HJZ2)8(XY) — HJY)g(Z, X)) (31)

Proroziria 5 Daci D este metrici §i y-semi-simetrici pe o structuri
A,, atunci avem'relatia (31). .

(Inirat in redactie la 1 februarie 1973)
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1-KOITAPAJVIEJIbHBIE CBSI3HOCTH
(Peawome)

ot

Hyc"rb V2n+1 nﬂd}d]epeﬂuxpyemoe MHOTOOGpasHe C MeTpnqecxon MOYTHKOHTAKTHOH crpyx-
Typoit A, = (J,, E, g (1).

ABTOp ONpesesisieT -KOMapallieNIbHYI0 CBA3HOCThL (onpgneneﬂne 1), nnonycnmme'rpuq-
HYIO CBAISHOCTB (onpesienenre 2) Ha MeTPHUECKOH NOYTHKOHTAKTHOH CTPYKType H H3y4aeT HX
cBofictBa. Iloayuajorest mpejyoxeHuss 1 —5 H TeopeMHl 1—2

7 CONNEXIONS-COPARALLELES
(Résumé)

Soit V,p4, une variété différentiable & une structure métrique presque de contact 4, =
= (. n E & ().
Le but de ce travail est de définir la conmexion y-coparalléle’ (déf. 1), la comnexion
n-semi-symétrique (déf. 2) sur une structure métrique presque de contact et de définir leurs
propriétés. On obt1ent les ‘propositions 1—5. et les théorémes 1—2.



CLOSURE CONDITIONS DERIVED FROM ITERATED FUNCTIONS

M. A. TAYLOR*

As part of their work on ‘involutory functions, ‘AczZél and Radé
[2] have described a family of closure conditions derived by considering
the, geometric properties of the functions. This opens up the possibility
of characterlzmg iterative operations on sets algebraically in terms of
the structure induced on the sets by the iteration. |

In this paper some of the questions raised by Aczél and Rado in [2]
are answered, at least partially.

1, Consider a set S partitioned into three subsets X, Y, Z which we
will call line sets and their members X-, Y- and Z-lines respectively. A
ternary relation | |, defined on S; is called a concurrency relation if | I,, 1, 1, |
implies ‘| Iouy, Loy, lom | where ¢ is any permutation of {1, 2, 3}, and no two
of the lines [,, l,, I; are from the same line set. The notation defined by

CL(u b)) =l [l by L |}
is read as ,the lines through the intersection of /; and Z,”.
The quadruplet (X,Y,Z, | |) consisting of the line sets and the
concurrency relation is called a #nef when .
a) For all x € X, y €Y there exists a unique z € Z such that
L(x, y) = 2. (For conveniencé we identify singleton sets with their elements.)

b) There exist lines x,, y, with the property that y—>L(x0, )

x—»L(x Yo)* define b1]ect10ns fi:Y ~2Z, L X ~>2Z
A net is said to be triamgular if there exists z, € Z such that

xﬁ>L(zo, %) and yﬁ>L(z0, y) are bijections f:X »Y, f,: Y'—’r X

fa=1s-

The lines #x,, y,, 2, are called the awes of the net, and nets W111 be
denoted by triples (X, Y, Z), without the concurrency relation.

A real-plane prototype for a net is the cartesian coordinate lines (with
- ,axes ¥ =0, y = 0) together with-a third family of lines such that one
and only one member of the third family passes through a point of inter-
section of two coordinate lines and every line of the-third family cuts
the axes ¥ = 0, ¥y = 0 in exactly one point. If there is 2 member of the
third family which cuts each coordinate line once and only once then
this line can be taken as the third axis and the net is triangular.

' We are now in a position to define the iterative: closure condition I,.

Let (X, Y, Z) be a triangular net, then the I, closure condition (or I,)

Pl

is said to hold in a net if for all %, %, ..., %y € X, Y1 ¥s .- ¥, €Y,
L(xl» ¥o) = L(%0, ¥1), L(zo, ¥1) = %a, « .., Lz yo) = L(%o, ¥1), L(20, 33) =
= Xpp1 .. L(%,, o) = L(%,, ¥,) together imply that L(z, v,) = %;.

The . func‘clon f composed with 1tself 7 times will' be denoted by f"

" * Wolfville, Nova Scotia, Canada.
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TaeoreM 1. I, holds in a triangular net if and only if F* = i, where
F=fyofi'of, and i, is the identity map on X.

Proof. The hypothesis of I, may be written fo(x;) = fi(y), fu(y1). = %,

o fo(%) = filya), fa(¥) = %rtrs - .o, fal%,) = fu(y,) or, as all the functions
are b1]ect1ons L o
fao fl o fol#,) = xz: R f1 o fal%) = %Xptr, .. f! o fal %) = ¥,
Writing F = fj o fito fz, the hypothesis then becomes f1 o foo Fn1(x)=y,.
If I, holds in the net then f,(y,) = %,, which gives ‘

Jao o f1 '°f2» Fr=(x;) = %y ie. F'(x,) = %,

" Clearly the argument may be reversed to complete the theorem.

For any net (X, Y, Z) with axes x,, ¥y, it is possible to define a grou-
poid (Z, -) by zizy = L(L{z1, yo), L(%0, 22)) [4]. -

This groupoid has a unit e = L(x,, y,).

THEOREM 2. Let N= (X, Y, Z) be a mangular net with axes %, yo,zo
Then I, }wlds wm N if and only if for all z;, 2, ..., 2, €Z

/
2221 = Zy

Zk+12k = 20 mply 2z, z, =z,
- Z"Z,,'__l = 2'0 o

Proof. Suppose I, holds in N. Tefine L(x;, yo) = L(%4, ¥:) = %,
i=1,...n then zs12% = LL{%e1 Vo) Lz %0)) = L(%ps1. 3). As
L(z,, yk) = %41, it then follows that 2,412 = 2,. So the hypothesis of I,
may be written 2412, =2, E=1,...n — 1. The 1n1phcat1on of I, is
L(zo, y,) = %, Consider z,2, = L(L(zy, y,,) L(z,, xo)) L(%y, 3,) = 2o, which
is the required result. .

The converse is easily estabhshed by -defining

X, = Lz, yo), ¥x = Lz xo) k=1, ...n

The Thomsen condition (or T) is said to held in a net (X, Y, Z) if
forall 4, € X, 9, €Y (5 =1,2, 3) -

L(#y, y2) = L(%2, 31) and L(x, 31) = L(%y, y9) imply. L(%s, 3) = L(%, 3)-

Aczél and Radé recogmzed the snmlanty between the I, condition
and T [2]. .

THEOREM 3. If T holds in a trmngulur net (X, Y, Z) then I,2 also
holds. N :

Proof. Assume, L(%y, yo) = L(¥o, 1), L(2g, 1) = %3, L(%a, ¥0) =L{%0.7),
%, %3 € X, v3, ¥, €Y, then, L(x,, v,) = L(%,, ¥,), as T holds. However,
L(%s, y1) = 2o s0 L(%,, ¥a) = 2z,. Consequently, L(z,, y5) = %,, and f, holds
in the net. '
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THe Thomsen condition is of special significance in net theory as
the followmg theorem shows. A proof of this theorem is. essentially con-
tained in [4]. " .

‘THEOREM 4. A necessary and sufficient condition for T to hold in a
triangular net is that (Z, -) be an abelian group. :

Thus we see that I, holds in those nets for which (Z, -)is an abelian
group.

TarorREM 5. Let N = (X, Y, Z) be a triangular net fm' which (Z, -)
1S @ commutative groupoid, then I, holds in N.

Proof. That I, holds in N is equivalent to
292y = 2o implies z,2, = 2, 21, 2, € Z

Commutativity of (Z, :) is sufficient to ensure the condition.

Even the commutativity of (Z, -) is stronger than required for the
above theorem as ounly those members of Z whose product is equal to
2, need commute. If we require every zline to be an axis (in which case
(Z, -).will be a quasigroup) and I, to hold for all these axes, then (Z, -)
will have to commute, but even then it need not be an abelian group.
(See the remarks following the next theorem.) _ ‘

‘THEOREM 6. Let N = (X, Y, Z) be a triangular net for whzch Z, )
is a groupid with the proj)ertws

a) Every -z & Z 'has a unique inverse z—1.

b) For all z, w € Z, 27 2w) = w = (wz)z—1.

c) For all z, w € Z, (2w)™* = w272
Then I, holds+in N if and only if (2, '2)2¢ = Zo(2:26 ) for all Z = Z .

Pyoof Suppose z2z1 = Zg%p == 2y = zo, 2z, €Z(1=1,2,8,4). Then,
2y = 3021 s zs = 20(2120 ') and z, = Zo[(zozl D51 I (2 21)20 = 20(2120 )»
then za Yar'z) = (2520 2 Y, by ). Consequently, z, = z,4[z5 ‘(21 '20)] =
=2y zo Hence; 2,2, = 2, ) _ .

\ Conversely, if 2z, = z, [(zozl )zo_ ] and z,z, = z, then z[(z021 )20 '] =
=z 26 and (zez; Nag 1__ 2o ey zo) which gives the qumred result.

If N =(X,Y, Z)is a net with axes %,, 9, in which I, holds whatever
z-line is taken as the third axis, then we say that I? holds in N. We then
have the following corollary to Theorem 6.

‘CoroLLArY I. If N'=(X, Y, Z) is a net for whzch (Z, -) 1s a Moufang
loogb with the property that. xy2 = ¥2x for all x, y'€ Z,.then I, holds in N.

Proof. Suppose (Z, ) is a Moufang loop which satisfies xy* =y
forall x4,y = Z. As (Z, -) is a Moufang loop it follows that (xy)y = y(yx)
for all x, 9 = Z. Puttmg x =y% t €Z, gives [(y ~W)yly = y(y(y~)]
so [(y~M)yly =gyt and (y~%)y = (y)y~*. Any Moufang loop satisfies a),
b) and ‘c¢) of Théorem 6, hence it now follows that I holds in N. ,

. Theorem 6 and its corollary answer one of the questions posed by
Aczél and Radé in [2], 'which is (in our ’cermmology) »If I* holds in a
net is (Z, -) necessarily a group?” There exist commutative Moufang loops
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which are not groups [3, p. 130], and consequently nets fulfilling the
conditions of Theorem 6 can be constructed by miethods grven in [1]
or [4] i
-We do not know examples ‘of non-commutatrve Moufang loops Whlch
are not groups that satisfy the identity xy* = y%x; nor do we know: of
any reason why such loops should not exist.
2. We have mentioned the conditions I, and I, but not I 5. The
reason why is explained by the next theorem
TaeorREM 7. Let N = (X; Y, Z) be a net with axes x,, yo, 2o such that
L(xg, yo) # 2. Then I, cannot hold in N if n =2p + 1, p =1, 2,
Proof. Let x; = L(y¢, 20), ¥1 = L(%,, Zo); then we have a sequence
of equations in which, the (2% 4 1)t pair of equations is L(x,, y,) =
= L(%¢, ¥o)» L(20, ¥o) = %, and the 2 &% pair of equations is L(x,, y,) =
= L(%, ¥1),.L(2o, ¥1) = %,. If I, holds in the net then the system of equa-
tions 1mp1y L(Y, 20) = %o, where Ve =211 n'=2p, y, =5oifn =2p41,
P = . In the latter case L(yo, zo) =%, leads to the contradlctron
that L(xo, yo) = 2.
" CorornLARY 2. If I+l holds m a triangular wet then each line set
contains one and only one line.
THEOREM 8. Let N= (X, Y, Z) be a net with axes xo, Yo 2o antZ for
- which (Z, -)'is a group. Ly will hold in N if and only if zoz = 225 fm' all
zeZ.
Proof. Consider the hypothe51s of I 26> that i, Zpy12, = Zo» zk+1, zk e Z,
kB = 1 2 ce 2p—1.

We frrst show by induction that Zg; = 262 zo g = 1 2, p.
Assume Zop == 2021 2o L then Zop+1428 =%, implies z2k+1 zo(zozl 20 ) i
—.262.25 . However 22(k+1)22k+1 = Zp. Therefore Zak41) _.zo+1 . _(k“)“
I'nitially, Zp = g2 Vo g0+ a9 zo =e. So Zop = zoz1 zo k“
from the hypothesis of Is. .
) _Suppose that Iy, holds in the net, then, z;, =z

e Z. Hence, zghar 2T = 24, L. b = oy

Conversely, if -we presume the hypothesis of I, and 2,28 _zoz1 for
all”. z, €2, then Zap __zﬁzl oY and, zlzzi, = z,(3 27 ) ;P! =
= z1(21 z’) z{"“ = Z,. '

-CoroLLARY 3. Let N =(X,7Y, Z) be a net for wkwh (Z,-)isa grou;b
then 1% holds- in N if and only if xy? = yPx for all %,y € Z. .

.- COROLLARY 4. (Aczel and Radd)..Let N = (X,Y, Z) be a net for
which (Z, +) is a group, then It holds wm N if cmd only of (xy)? = (yx)
for-all x,y € Z.

. Proof. Suppose (xy)2 = (yx) for all ., y < Z. Put ¥y =t in the
identity to 'give #2 = ytx, hence t2 ='ytxy = yt% -for all y, t = Z. Thus
I% holds in N.

The converse is obta1ned by reversrng the argument

follows

P

P+
Ozl 2o

and 2."12.'21) = 2y,

(Received Sept‘zmber 27, 1973)
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CONDITII DE TNCHIDERE REZULTATE. DIN FUNC’L‘II ITERATE - )

(Rezuma’c)

G i

s FEERY - R i - . v,
Se studiazd tesuturile triunghiulare care_verificé iterarea conditiei de inchidere THomsen.
Se caracterizeazd operatiile iterative corespunzitoare in structura algebrici indusd de tfesut.

(

ycnoanﬂaAMHKAHHﬂ;nonyQEHHmERNVHTEPMPOBAHHMX:¢yHKﬁnﬁ

(Peslome)

Tl

¥

HayuatoTcst Tpeyroabnsle TKAHH, ynoanemopmonme HTepaudu YCJIOBHS 3aMbiKaHHsi ToM-
ceHa. XapaKTepnsyloTc;{ COOTBETCTBY 0L HE mepaTnBHme orxepamm B anre6panqecxou CprK-
Type HHJIYKTHpOBaHHOH TKAHBIO. .. .3 . R " :



O PROPRIETATE A PRODUSULUI OMOMORF DE MASURI
HAAR

CONSTANTA MOCANU

Fle Gsi K dous grupuri topologice local compacte i ¢: G —. K un
epimorfism continuu deschis. S& notdim H = Ker (). Vom mai nota cu
%, ¥, 2z elementele genence ale grupurilor G, H, K. Fiedy si dz masuri
‘Haar invariante la stinga, respectiv pe grupurile H si K. Fiind date apli-
catia ¢ si masurile dy, dz, se construieste pe grupul G o mésurd Haar
invariantd la stmga numitd produs omomorf al masurilor dy si dz, notati
dx = dy ® dz, in felul urmitor [1]:

Fie f € 3(G), unde prin %(E) se noteazi spatlul vectorial al functiilor
continue cu suport compact definite pe spatiul topolog1c local compact E.

Se aratd cd functiei f i1 corespunde o functie unicd f = H(K), ce verifica
conditia : .

Vx <G, fle@l={fmay. )
Se defineste misura dx prin formula _
viee %@, {fndx = { 7 dz ©

Evident ci misura dx depinde de epimorfismul ¢. Este: natural '“.de
a vedea ce efect asupra produsului omomorf il poate avea schimbarea
epimorfismului @, cu condifia ca nuclenl H si rimind neschimbat.

Anume, pentru orice s € G vom considera epimorfismul ¢,: G — K,
dat de formula

Vi G, ¢ix) = (s~ xs).

In acest caz, avem H = Ker g,, intrucit cp,( ) = ¢(s)"*o(x) o{s). Pen-
tru un s € G fixat, vom nota f° funciia din JH(K), ce verifici condiia

Vi =G, Flon)]) = fw) ay. )

Din (1) si (3) deducem
ffep=Fop VseG (4)

Vom nota d°x misura Haar corespunzitoare epimorfismului o, Avem

\1(5) a2z = (P =
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Intrucit d°x este o misuri invariantd la stinga, rezulti ci ea este
proporfionald cu dx, deci )

) 2w = n(s) { ) )
unde A este o funclie pozitivd definitd pe G.

Vom- ardta ci avem

Ao = AFe(0)) ®)

unde AF este functia modulari la dreapta a grupului K:

7 e ). () @) @ = iz = a7 {12 aa
‘Pentru a demonstra formula (6), vom stabili mai fntli formula '
f* = o(s)™* fols). . (7
In adevir, avem '
F*{o(#)] = lo(s)~* o(#) <P(S)] = (0(5) ) (@) 9(s)) = (¢(s) Fe(s)™) ((#)),
deci :
f‘ o @ = [o(s) frols)To@ - @
Din (4) si (8) se deduce o '
ols) Prels)r =17, -

de: unde ‘se’ obtine formula (7). : E
Tinind seama de formula (7), avem succesiv

- § 0 dex = erds = § t0(0)2 Folo)] () s = § Fote) @) ds =

= 8 191 ) dr= Aol (St

de. unde rezultd formula (6).
Notind
d*x = dy @, dz,

formula (6) se mai scrie

LAy ®, dz = AS[o(s) ] dy ® dz.

Din acest fezhl;hit se deduce urmitoarea proprictate:
Pentru ca proddsul omomor. dy @, dz si nu depindid de epimo -ismul
o, tste necesar si suficient ca grupul K si fe ummodular

\ (Intrat tn redactie la 15 noiembrie 1973)
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OOHO CBOWICTBO TOMOMOPO®HOI'O TIPOM3BEJNEHHSI MEP XAAPA

(Peswwme)

. Ilyets G-u K — nBe JIOKaTbHO KOMIAKTHbLIE TPYNIE H ¢! G—» K-OTKPHITEI HeNpPePLIBHAIN
snuMopduaM ¢ siapoM f = ker (9). Ilyctb dy ¥ dz — WHBApHaHTHBIE Mepsl Xaapa ciesa Ha
rpynnax H, coorserctBenno K. Ha rpymnme G crpouTcs WmBapHasTHAas Mepa Xaapa caeBa
dx = dy @ dz, Ha3BaHHAs TOMOMOPQHBLIM Npou3BejieHHeM Mep dy M dz [l], coorBercTBYyIOMmIHM
snumMopdHamMy . JLIst moboro s &€ G paccMaTpuBaetcsi STUMOPGUBM o : G —> K, AaHHBIE COOT-
HOLIEHNEM o¢(#) = o(s~ixs), » & G. OuesnuaHo umeercss H = ker (g;). OGo3HauaeTcst uepes
dy Qg dz 1‘0M0M0pq;noe TIpou3BeJeHHe Mep dy M dz, KOTOPOE COOTBETCTBYET @s. ITokasauno, uto

dy Qs dz = A (s) dy @ dz, roe AK saBAsSeTCA MonyJspHo#l ¢yHKuueli cnpasa rpymnst K. B

' 4aCTHOCTH, JUIsl TOPO, YToObl NpOH3BelenHe dy @, dz He 3aBHCEJIO OT s, HEOGXOLMMO H: JOCTa-
TO4HO, 'n'o61>1 rpynna K Ghuta YHHMOILyJIﬂpHOH . _

Bl . I

-7 - - A !

3 UNE PROPRIETE DU PRODUIT‘HOMO’MORP"HEJ\)E MESURES HAAR
(Résum é) o .

Soient G et K deux groupes locaux compacts et:p:G— K un épimorphisme continu
ouvert & noyau H = Ker (¢). ‘Soient dy et dz des mesures Haar invariantes & gauche sur
les groupes H' respectivement K. Sur le groupe G on construit une mesure Haar invariante
4 gauche dv = dy @ dz, nommée produit homomorphe des mesures dy et dz :[1] correspondant

.4 lépimorphisme ¢. Pour tout s € G on considére l'épmorphxsme @s:G — K donné par
os(%) = @ (s7xs), ¥ €G. On a évidemment H = ker (ps). On note avec dy ®s dz le produit

homomorphe des mesures. dy et dz correspondant & ;. On montre que dy Qs di = A (s)dy@dz,

ol z_\ est la fonction modulaire & droite du groupe K. En particulier, pour que le produit
dy ®s dz ne dépende pas de g, il est nécessaire et suffisant ‘que le“groupe K soit unimodulaire.
. . . P

N e . cee e T



NOTE SUR LES ENSEMBLES H-LISSES

I0AN MUNTEAN.

Les ensembles H-lisses (ou bien H-convexes) ont été introduites par
"T.'Precupanu [2] pour la recherche des espaces vectoriels topolo-
giques dont la topologie est donnée par une famille de produits scalaires,
Dans cette note on donne des conditions suffisantes de convexité et de
convexité stricte des ensembles H-lisses. Comme application des ces résul-
tats, -on obtient une caracterlsatlon des normes engendrees par un. prodmt
scalaire,

“1. Soit X un espace vectoriel sur 1e corps K des nombres réels ou
complexes.

On dit qu'une partie ¥ de X est H—hsse si pour tous les « > 0,
>0, x=aY ety EBYﬂ existe' a; > 0 et B, > 0 .tels que of + £2 <
S22+ ), x4+y<so - Yetx—y<=pB Y. On voit b1enquelen—
semble Y des points: ra’uonnels de lintervalle [—1, 1] de U'axe réel n'est
pas convexe. Néanmoins, ¥ est H-lisse car,'si 0.>0, B> 0, x € aY et
y € BY, on peut prendre o, = |x +y[ et By = % — 9|. Il est .donc-inté-
. tessant de chercher des conditions assurant la convex1te ou méme la con-
vexité stricte’ des énsembles H-lisses. - S

On dit qu'une partie ¥ de X est absoybame si pour tout x € X il
existe A > 0 tel que x € AY. Une partie Y de X est dite eqmlzbme si
pourtout 2 € K, avec [A| < L,ona AY C Y. La fonctionnelle p,: X — R,
associée 4 une partie absorbante Y de X et donnée, par legahte DPy(x)=

=inf{a>0: x = Y}, "est la forictionnelle de Minkowski a support Y.

La proposition qui smt a ete etabhe par T. Precupanu [2],
pag. 85—88:

! PROPOSITION A. Si Y est une partle absorbante équilibrée et H-lisse
de ’X alors la fonctionnelle de M1nkowsk1 ]by a. support Y possede les

proprletes suivantes: - . - R N . |
() — [pule) pour tows A S K et xe X o (1)
{xeX prln) < TP CY'C k€ Xi pyln) < 1), @)
T pi(x )+z>,, [p2x+y)+py(x— 97 pour tous %,y = X, (3)
"pf(ﬁﬂ) < pyl) +l9) pour tous my <X

2. On dit qu'une partie Y de X est radiairement bornée si pour tout
x <= X, x #0, on peut trouver un y € X, y #0, telqueYﬂRxC
C[Oy] ot Ry x={ax:a > 0} et [Oy]:{ay 0 < a1}

PROPOSITION B. Si Y est une'partie absorbante, équilibrée, H- hsse
et’ radiairement bornée de X, alors la fonctmnnelle de MlnkOWSkl by 2
support Y est une norme sur X.
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Démonstration. Les relations (1) et (4) montrent que p, est une semi-
norme sur X. §’il existait un x € X, x # 0, tel que py(x) = 0, alors on
aurait \

+xCYe1:-R+x;zf[OyjpourtdutyEXy;éO - 5) -

En ‘effet, pour établir la premitre relation de' (5), soit z = ax & R %,

> 0; alors py(2) = apy(x) = 0 et de (2) on tire z =Y. Pour etabhr la
deuxiéme relation de' (5) on suppose le contraire: il existe un y = X,
y # 0, tel que Ryx ( [0;y]; alors x = ay, 0 <« < 1, d’olt on arrive 2

la contradiction 2y = E xE€R +x\ [0, y]. Maintenant de (5) il :vient

que YN R, x = R, x ¢ [0, y1, ce qui contredit lhypothese faite sur Y
d'étre radiairement borné. Par conséquent, p, est une norme sur X.
Une partie absorbante et équilibrée ¥ de X est dite strictement con-
vexe sipourtous 4,y € Y, x # y,ett = J0,1[, ona pylix 4 (1 —y)<1.
Prorosrrion C. Toute part1e absorbante, équilibrée, H-lisse et radiai-
rement bornée Y -de X est strictement convexe.
Démonstration. a) Montrons d’abord que pour tous z, y =X, avec

Py(®) <L py(y) S letx £y, 0na p,,[ (» + y)] < 1. En effet, compte

tenu de Prop051t10n B ot trouve py(x — ) >0 et de (3) on peut con-
clure que '

Blze f‘y)]-——[f&v‘ 9+ £6] - Al )<
 <i[aw+sp) < B

. +b) Ensuite on va prouver que .pour tous %,y € X, avec py(x +y) =
= py(%) + py(y), il existe « > 0 et B > O tels que « 4+ B >0 et ax = fy.
Sans restreindre la généralité, on peut supposer que % # 0 et que py(x) <
< py(y). Alors. .

x y 1
by [pym pym L,:Y(,,) +z>‘y(x)] ' ,
y Py(#) + py(») 1 1
_ = : — Doy —_ =2.. (6
by [Mz) ;by(y)] oyl Sl e Py) - )
Pour les éléments »" = et v =—2on a py(x") = py(y’) = 1 donc

‘ . Py(#) Y= . Py(y)
x' =9y car autrement, de a) on t1re by [i (x’+y')]’<-1 ce qui con-

tredlt 6). : :

c) Enfin, nous allons montrer que Y est strictement: convexe. Pour
cela,;soient %,y €Y, £ #£ y, et ¢t = 0, 1[. Sans restreindre la généralité,
on peut admettre que (%) = py(y) = 1. Sil'on avait py(tx + (1 — 9)y) =1,
les’ relat1ons (1), (2) et (4), impliqueraient. py(tx + (1.— #)y) = 1. Pour
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¥ =1Ix et 9y =(1—1¢t)y on a donc py(x) +
= pltn A+ (T —2)9) = 1= + (1 —1) > ipy(3) + (I i)y
+ py(y") et, par conséquent, py(x’ + ¥') = py(x') + py(3').
l’étape b) de la’'démonstration, il existe « = O et § >

que ax’ = By’. Par suite, afpy(x) = B(l — )Py (y) et « =Tt B, donc -

. x =9 ; mais ceci est impossible puisque x # y.

Remarques. a) Comme la, convexité est impliquée par la convexité
stricte, tout ensemble Y vérifiant les hypothéses de la Proposition C est
convexe. :

b) Comsidérons le plan réel R? muni de la norme |[|-||,, donnée par
[l%llp = (|#*? + |#2P)1P, ot x = (4%, ¥*) € R% 1 < p < 2. L'ensemble YV, =
= {x € R?: ||x||, < 1} est une partie absorbante, équilibrée et radiaire-
ment bornée de R? Cet ensemble n’est pas H-lisse car, pour a« = g = 1,
x=(1,0) et y = (0, 1), les relations x +y € ;Y et ¥ — y = B,Y,, impli-
quent «; = 2Uet B, > 2U#, ce qui conduit a la contradiction 4 << 2 . 22 <
< of + B} < 2 - 2. Néanmoins, pour 1 < p < 2 I'ensemble Y, est stricte-
ment convexe. En effet, comme il est bien connu, I’égalité ||x + y]|; =
=}«|l, + [|y|l, entraine ax = By, avec « 20, B>0et « +B >0, et
il suffit d’appliquer I’étape c) de la démonstration précédente.

3. Une norme p sur X est nommée norme hilbertienne s’il existe un
produit .scalaire (--) en X tél que p(x) = \/(x|x) ‘pour tout x¥ € X.

Proposrrion D. Pour qu’une fonctionnelle $: X — R 'soit une norme
hilbertienne, il faut et il suffit que p coincide avec la fonctionnelle de
Minkowski dont le support est une partie absorbante, équilibrée, H-lisse
et radiairement bornée Y de X. Dans ce cas on peut prendre
Y ={x < X:px) <1} : _

Démonstration.-Soit p une norme hilbertienne et (.-) un produit

_ scalaire en X tel que p(x) = 4/(#]#). On sait que I'ensemble ¥ = {x = X:
p(x) < 1} = {x = X:4/(x]x) < 1} est absorbant, convexe, équilibré et
radiairement borné et que p = p, (cf. [3], pag. 118—120). Pour véri-
fier que Y est-H-lisse, soient « > 0, B> 0, x € a¥. et y = BY. En pre-
nant oy =p(x+9) >0 et By =p(x —y) >0, il est facile & voir que
al +BE <22+, x+y <= o,Y et x—y = BY. -
Réciproquement, si p coincide avec la fonctionnelle de Minkowski
associée 4 une partie absorbante, équilibrée, H-lisse et radiairement bornée
Y de X alors, en tenant compte de la Remarque a), I’ensemble Y est con-
vexe et p = p, est une norme sur X (cf. [3], pag. 120). Si I'on pose

(+1y) =+ [Pz + 3) — p& — 5)] pour K=R
et

(s13) = L 195 + 3) — 2z — 9) + B + ) — ipp(e — D) ] pour K =C,
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alors/ on Ver1f1e que {(-]-) est un -p'roduit scalaire [1] et ’que p(x) ='-J (xlx)
x e X. - R N

Remarque. De. nouvelles contr1but1ons a ’étude ‘des ensembles H- 11sses
seront: publiées par T.. Precupanu et I'auteur-de cette note. .. .-

~

o Manuscrit regule 24 sep tembre 1973)

i . - BIBLIOGRAPHIE
1. Jordan P. and J. von Neuma n, On inner products i lineay metmc s;‘mces Ann
of Math., 36 (1935), 719— 723.
‘2. Precupadu T. Surles prodmts sz:alaufes dans des espaces vectoriels topologzques ‘Revue
Roumaine de Math. pures et'appl:,.13 (1968)," 85—90.
3. Raikov, -D. A,  Vekiornye ;brostwmstva, Gosizdat. Fizmatlit.,  Moskva, - 1962.
;‘. / N . o . Lo f
: . L. ’ N4 . e e

' 'NOTA. ASUPRA MULJIMILOR H-NETEDE -

. {(Rezumat) :;
0 parte Yo a unui spa’;lu vectonal real sau complex se nume$te H—neteda dacéd. pentru
oticé a > 0; B> 0, x=aY siy € BY exists &, >0 §i B; > 0 astfel ca of + B2 2(a? + B2),
x+'yea¥ gi x— 9 < pY. Inh aceasti noti se dau conditii suficiente de convexitate-si
de convexitate strictd a multimilor H—netede Ca aphcatxe, se obtine o caractenzare a nor-
melor’ generate de i produs scalar. .
~ : - a ' H ot R TP

3AMETKA O H-IVIADKUX MHOXECTBAX ;- °

Vot e .(P‘esxo,Me) s
N i t °
I‘oaopm 4T HaCTH Y’ HeKOTOpOI‘O BEI[eCTBEHHOTO- WK KOMILIEKCHOTO BEKTOpHOI‘O HpOCTpaH
cTBa sBisercs H-roajgxofi,” ecnu ‘s .mo6b1x «>0, B>0, x€o«¥ nye Y CcymecTsyor
ay > 0 By > 0 Tarue, uth- of + B 2(a?. + . r+yEuY B x —y B Y. B 510ii 3a-
MeTKe JI8I0TCS JOCTATOUHEIE, yc.nosmx BHIIYKJIOCTH H (CTPOrOi, BHINYKIOCTH H- -TIAJKHX MHO-
xecTB. B KauecTBe NpuMeHeHHs HONyYaeTCs xapaKTepnsaLmﬂ HOpM, nponcxonﬂumx H3 cKa-
JISIPHOTO HpOHSBe}LeHHH ;



L’APPROXIMATION DE LA FONCTION DE REPARTITION AVEC
DES FONCTIONS SPLINE

ELENA OANCEA FRA TILA -

Soit X une variable aléatoire discréte avec.la distribuﬁon'

bi }i'=0 n)' ()

%€ [abd],i=0...,% g=a<x%<..<x=0 p;,20 Zp, =1
Le schéma (1) représente en fait aussi une distribution d’échantillon, d'une
variable aléatoire . X,, x, étant les valeurs d’échantillon, et p,, 0 <7 < n,

les fréquences relatives correspondantes.

La fonction de répartition de X, respectivement lgi, fonction des
fréquences cumulées de X, est: ’

X

- ) 0, Tat Xy

A

B ) ’ | Fn(x) = ;pb xk—1<x'<xk C (2)

n-

2pi=1 x>0

0 )

On construit la fonction F(x), x = [a, b] par le sphne d1nterpolat1on
d’ordre deux sur la division A: %o, %y, ..., %,, %ut1, OU X,y1 > b et appar-
tient & un voisinage de b, et F(x,41) = 1 ,Alors la fonction F sur Iinter-
valle [a, 5], dans certaines conditions, approxime la fonction de repart1-

tior de la variable aléatoire X, respectivement X,. Clest a d're:

THEOREME 1. Si (1) est une distribution d’une variable aleatozre dis-
créte X on la distribution &' échantillon @’une vaviable aléatoire X,, avec la
Jonction de répartition (2), alors il existe dans certaines condmons le splme
Sp, &ordre deux :

. (% — w2 % — x)? Yty Wi SR
Salx) = m;—T=1 9y, , (x5 — ) I it Z] (m; — mj_y),

J 2hj v 2k 2
%< (x50, %), oft Aia=ry ..., % =b e 7%, - Sal%), by = % —
— %, ¥ =F,(%), 1 <7 <n+1, et

’ F(x) = Sx(»), x = [a, b],

2

qui est continue et nondécroissante sur [a, b], en verifiant les conditions

Salxe) = F(%g) = 0, * Sa(#ns1) = F(uyr) = 1.
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Donc Si(x), # € [a, b] est une fonction de répartition d’une variable
aléatoire continue (théorique) X, associée & X, vers laquelle X et X, con-
vergent er répartition, pour # — co. Et par conséquent Sp est la den-

sité de probabilité:
Démonstration. 1. La constmctwn zle la’ fonction F. On considére la

fonction

S'A(x) o P o BTE ve [y, %) (3)
N hj
ou ’

Sa(%) :%,- [(m; — mj_1)x 4 mj_y 5 — my %1 ].

Supposons m; # Mj_l, et m; —m;_y > 0. Alors (m; — m;_1)[h; est
la pente de la droite définie par (3), donc Sa(%) est® croissante sur

[%j-1, %;]. Pour que Sa soit aussi nonnégative sur [xj_1, #;] il faut que
la racine d’équation

(m; — mj_1)x + mj_1 % — m, %1 =0,
c’est a dire ' '
MG Xy — My
Xoj = . .
. MJ —_ m]_l
satisfasse I'une, des conditions: .

I %y €< %-1 ou I % 2 %5

On. observe que ld condition I devient m;_1(%; — %;_1) > O est satis-
faite, si m;_, 2 0. ' :
Dans le cas m; — m,;_; < 0, la pente de la droite (3) est négative, S, est
décroissante'sur [#; 1, x]] et la II -e cond1t10n est satlsfalte m,(x, — %j- 1) >0
si m; > 0.

Dans le cas m ='m;_y, Sax) = const % € [%7_1, %;], C'est 2 dire
la fonctlon vy = Sx ne change pas le signe sur [x;_i, %;]. Et I'on observe
que y = m,;, donc y est nonnégative si m; > 0.

Par conséquent, la premiére condition du Théoréme 1 est: Pour que

Sa soit nonnégative sur [%;_1, x;], m; doit étre nonnégatif m; > 0, j =
= 0 P (2 —|~ 1. %
De (3) on obtient

Salw) =yt B

Mais Sa(x; — 0) = y, Sa(#—1 — 0) = y;_1, clest a dire:

p="E1C ="l @

d’olt Yon peut déterminer la constante C, si
2y; — yi-1) = bi(m; + m;_1). (5)
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Dans ces conditions on a:

— s 2 P 2
- Sp(x) = my ==, B = AR
A( ) j 2h; j—1 21

ki, .

— % g — ),
pour x € [x;_y, %;], j=1,...,24+ 1. On observe que S, est nondé-
croissante sur chaque intervalle [%;_;, %), =1, ..., 7 + 1, et parce que
les valeurs y;, 7=20,1, ..., % 4 1, sont aussi nondécroissantes, il résulte
que S, est nondecro1ssante sur [a, b]. Evidemment S, est aussi continue
sur [a, b].

Aussi S, est continue sur (%;;, %;) et dans les points %;, j =1,

»m 41, car: Sp(%; — 0) = SA(%; + 0) = my, ce qui résulte de (3)

Par conséquent, posant Sa(x) = F(x), x = [a, b] la fonction F est
continue et nondécroissante sur [a, b], et la dérivation Sj = p, est: aussi
continue et nonnégative sur [a, b], et

b0 f
| S Si(x)dx = 1.

a

Donc Salx), x = [a b} est la founction de repar‘utlon de la variable
aléatoire X, associée 3 X, respectivement 3 X,, vers laquelle X et X,
convergent en répartition, pour # — o (von: [2]), et Si(x) est la den-
sité. de probabilité correspondante.

2. L’existence et le calcul des valeurs m;. Le systerne d’equatmns ‘pour
‘ determlner les Valeurs m; obtenu de (5) est:

My + m; = hzyl(=jbo)

2

ot my = 2 (5, — 9) (= £) e

My + M =h2 (Yot1 — Ya) (= u)s Dg1 = 1),

7-+1

avec ‘n + 1 équations et. # - 2 inconnues.
‘Dot k

2
m1=;p0—mo
-2 2
'm2=;P1““h—j’o + mq
My = 2 Pyt — o Pzt -+ (= D12 pot (— D
by By o077 0 By ° o
ot N =un+ 2.

5 — Mathematica—Mechanica fasc. 2
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Ie systéme d’équations (6) admet une infinité' de solutions d’entre
lesquelles correspondent au probléme celles pour lesquelles m; > 0, j =
=1,...,N; ¢é qu'on montre au pomt 1. Et pour que m; 2 0, j =
=1,. N, on doit avoir:

2Dy 2 oy, Mg 2 0, prhy = Polia, Polis 3 Pika,
| Paha 2 Pahy oo PN b = _PN'_z hy. . . 3
Péll;:c‘onsélquent o S e o
‘ pl'ehk Pk 1hk+1, k=1, , N —1, 2?0 hﬂ”b, S (7)

qui constituent des conditions sufflsantes pour l'existence de la solution
du probléme posé. (Et ces conditions. représentent la deuxiéme série .de
conditions du Théoreme 1.)

Particulierement pour #; = 4,5 = 1, , IV, elles dev1ennent P £ pk
Par conséquent si les conditions (7) sont satlsfa1tes il existe la fonction
de répartition Sa(x, m,), % < [a, b], respectivement la densité p = S},
et le Théoréeme 1 est démontré. ,

Remarques. 1. De la famille de den51tes (-, mo) on peut choisir celle
pour laquelle m, = 0. © '

2. Pour le choix de .p on peut donner. encore une condition, tenant
éventuellement : compte des’ données du probléme, -ainsi que la fonction
de densité passe par un point fixé «,.c’est & dire: S*(«, mo) K, ov:K
est. une constante, et cela détermine m,.

3. Ot la famille de densités Sa(-, ) contient le parametre ineconnu
o, qui peut étre déterminé, suivant les clrconstances par les méthodes
connues d’estimation.

Le probliéme de la conve;’gence On de51gne par Ak une division de
Iintervalle [a, b]: %o, %1 - .., %ar, €t %yp1p > b, %up1 appartenant A un
vo1slnage de b. Et soit S ’

“Akll max hjk, h‘k = Xjp — Xj-1k
3 . l< ji<n—1

Soit F la fonction de repartmon de la variable aleato1re continue X,
c'est & dire F = C'[a, b], vers laquelle F, converge pour n-— co. Alors:

TaforREME 2. St {Aren est une smte de divisions suy [a b7, pom'
laquelle

lim [|Agll = O,
et Xpa1r b, B — 00, alors il existe dans les condmons du Theoreme 1, la
Jonction Sa, (%, N, A= mq, définie par:
#— %jq)

Sa, (3 2) = m2) & it Yo

(%) — 2
mi—1(A + =
2h; -1 ), 2h 2

— % [mi(A) — m;—1 (N1, x e [%j-1, %]
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qui converge pour k — oo, uniformément relcmf @ x € [ab) vers F et:
* IF(x) — Sa(x W] < 0IAD, # = [a b1,

‘oth 0"est dne " fonction qus. admet coimme factewr Ak
Démaonstration.- Puisque F est contmue et dérivable sur [a b] pour_
xe(x] 1 %), on a: :

F(x) = F(xj-) + == — F(0), L < (51, %),

ol F(:’Vj_l)= IF,,(J'&,-_ 1) = .3-}_1'——1- Alofts

JF(x ) - SAk(x Nl = U’J Pty B lF(Z).'—.-, Sa, (% ).
Mais S, (%, 1) est nondecro1ssan~te pour x € [a, b], donc’
Sa®m N B Salen N =9
x> %y, et x — %1 < hj. Par conséquent
R IF(x) = Say(m W] < O(lIA)
et le théoréme est démontré.

.. TufiorEME 3. Si. F(x) € C2[a, b], dans les conditions du théoréme 1,
la dérivation - SAk(x N): converge .pour k — oo, uniformément velatif-a x <

e [a,'b]; vers la demsité de probabilité p( %) = F'(x) de la variable aléatoire
X Cest, a dive:,

T P = Siyt ) < oA
Démonstmtion. En appliquant la formule de Taylor, on a:

X —

%!
1 l’ 1 Sl’&(xj—b )\)

x = F_ 7]
|F"(x)—Sh, (x N =IF (%) + —= I () —myy—
ot ¥ € (%1, %j), 2 € (%j_1, %).
Mais -
[E'(%j-1) — mj_1} = ¢ < oo, :
(¢ peut étre aussi nul) par conséquent, il existe un nombre réel » >0,
tel que: .
\F(%-1) — mj_a| < 7hy.
Alors _ C '
(%) — Sa (% N < Bilr + [F"(2) — SEA(%i-1. W)
o’
\F" (%) — Sa, (% M| < 0(|1A4))).

et le théoréme est démontré.

, (Manuscrit regu le 12 septamblrt 1973)
! -
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APROXIMAREA FUNCTIILOR DE REPARTITIE PRIN FUNCTII SPLINE

(Rezumat)

Se construiegte, folosind' o selectie asupra uneéi varjabile aleatoare continue X, sau distri-
butia unei variabile aleatoare discrete, cu ajutorul functiilor spline, de ordinul doi, o functie
care aproximeazi functia de repartifie, respectiv densitatea de probabilitate, a lui X.

Se dau conditii suficiente pentru existenta functiei de repartitie si se studiazi existenfa
5i convergenta functiei construite cédtre functia.de repartifie teoretici a lni X.

[IPUBJIM)KEHHUE ©YHKUMH PACIIPEOEJIEHHA ,,SPLINE” OYHKUMIMU
’ (Peawwme) )

ABTOp cTpouT, — HCIIONIE3YST CENEKIHIO OT ﬂenpepbmnoﬁ cIyuaiHol nepeMeﬂﬂoﬁ X, naq
pacnpejieiense -IMCKPETHOR C/yyailHO nepeMeHHOH, MPH NOMOWH ,,spline” QyHKuuA BTOpOrO
nopsiAKa, —. OAHY GYHKUMIO, KoTopas npuONMiKaeT GYHKIMIO pacnpejelieHHd, COOTBETCTBERHO
‘HIIOTHOCTD BEPOSITHOCTH st X. -

Jaiotcs jocTaTounble 'YCHOBHS JJsl CYNIECTBOBAHHA (QYHKUMH DACHpENeEHHS H H3y4a-
I0TCs! CYIIECTBOBAHHE H CXOJMMOCTb noc*rpoe}mou $YHKIME K TeopeTHYeCKoH (QYHKIMH pacnpe-
neleHus mis X.



REZOLVAREA l NUMERICA A PROBLEMEI STRATULUI LIMITA
N FORMA LUI MISES PRIN METODA DIFERENTELOR FINITE.
APLICATIE LA CILINDRUL CIRCULAR '

DOINA BRADEANU

TEORIA PROBLEMEI

Introduceré, Pentru studiul migedrii fluidului viscos incompresibil in
domeniul inchis D al stratului limjtd laminar folosim ecuatia lui Mises
si conditiile la limita: (

Ju? du? 2 - - ‘
— = —, % < %, 0 00, 0.1
o ix +v “ 644” %o < x, 0<d < _ b | (0.1)

w(x, 0) =0, u(x, U ) = u,(x), 0 < %o <% < 45 (0.2)

o«

Wy P=u@, 0<F < w3, ~(03)
< @, ) (0.4

unde: x si § sint variabilele lui Mises, # — viteza in direcfia x in puncte
din interiorul stratului limit3, #, — viteza pe frontiera exterioard, v.=
= u/p — viscozitatea cinematicij p — densitatea, §  — valoarea func-
tiei de curent ¢ pe fromtierea exterioars, u#° — solufia inifiald dati in
sectlunea inifiala X = % Domeniul D al migcirii, din planul lui Mises
(=, J), se 1mparte 'in trei subdomenii: D! — interiorul stratului 11m1ta,
D* — vecinitatea suprafefei corpului in jurul ciruia se migcd fluidul i
D® — regiunea punctului de la infinit.

1. Migearea din domenjul interior D‘. Metoda diférentelor finite, In
subdomeniul sau regiunea D* problema se rezolvd numeric prmtr-o schemi
explicitd cu diferente finite cu 4 puncte de forma [1], [4]:

D={x, 4] 0 <2< %< %, O-S—n[)

g5 =gy 7 Vi — gislgijan — 25 + gijo1) Y
¢=01 ..,I—-1;7=12, ..., J—1)
gio =V, g1 =0, go; =G,; (valori date) (2)
¢=12 ....,1—147=01, ....])
unde (u, =const, 3 — grosimea stratului, D, - reteaua; I, J — nu-

mere intregi) :

x=LX, b ={ Hlu_, o =X, y =3), u,=u_U, U =7V(x)

CO

}i——X—“ “AY =_-¢;'°, r =2% — const.
J (A2

uw=u,U =u, JUI —GX, ¥), GXs {) ~g(X;, 4) =g; ()
D, ={X;, $; |0 X< X;< X, 0< ¢ < ¢}

X; =X, + iAX, & =jAd, AX



70 ' . LI D. BRADEANU

‘Convergenta si stabilitatea acestei scheme sint studiate inlucririle [4],
respectiv [1]. Conditiile de stabilitate gi convergentd sint:

4U1-].
7 < : 4
r S 10U — Uljer — Ulj ST = )
gij+1 — 2815 + gij—1 2 0 e (5)

1

iar eroarea de aprox1ma1:1e a solu1;1e1 ecuatiei d1feren1,'1a.1e este delimitati
prin 1nega11tatea

il < G — ) AX + QW) i =1 2 . [ 0 <X, <X)
Izl = max |G(X, &) — gyl; b = b(Girs Gy

(=0.1,.....J) N - C

2. Misearea in domeniul D, Singularitatea ecuatiei lui Mises. In veci-

nitatea suprafefei corpului (92G/9¢2 — 0, ¢ — 0) se cauti pentru viteaz
adlmensmnala U(X ¢) 0 sene de forma :

U Y = ”i;a,,(XW’z : ‘ o)

unde coef1c1enjc11 an(X) smt functii necunoscute care se determma cu con-
" difii suplimentare:. . . : : . v
- — Conditia de compa‘clblhtate (pentru ecuatle)

dUl

0rU
1U— = —2U 7'
( 04*'y=0 ! ( )
. — Conditii pe suprafata corpului care cer si fie nuli coeficientii
X2, Ag ... din dezvoltarile (compatibilitate)
(a% U)“») i e Y 8)

an ! oy

(_a U)(Z) U 9 (U_a_(Uazuz)]_ ‘ \
Y e aq» o\ " -ad?

Pentru a determina coeficientul a;,; rezolvim ecuatia

unde, de exemplu,

MNpt(@y ., a aiy) =0,9=1,2, 3,
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Se observd cd in cazul de fajd avem

Uz — a2¢ + 2d1a2¢3/2 + (Za1as + a2 . (9)
al—llmaa—U— AEUl%l '
a——4_4_ a —;5.:314‘42 al__'_S.OAva[.(
Posa’ Y e YT ola

in D, reprezéntém functia G(X, ¢) In forma aproximativa

GUL 4) = UK —atp + 5 Ly 4 £ B

Sa‘

o ,
Pentru rezolvarea completa a'problemei va trebui si aflim §i coeficientul
a, rimas nedeterminat in aplicarea condifiilor de compatibilitate de pe

+ suprafata corpului.- In acest scop folosim un procedeu de ‘aproximatii suc-
cesive considerind ci solutia dati de metoda diferentelor finite reprezintd
o aproximatie (1n11:1a1a) pentru funct1a G in-Ds. Se gase§te relapa

Agus — g2 =30 + 2 (aG) Ay = 3gio — 2010 - (12)

si, in consecmj:a formula aprox1ma1;1e1 de ordmul zero
" l 2\0 - 3850 — 481 T Gine I o i3
‘(,al)A ———. 27 ° . (13)

Pentru aproximatia de ordiriul intii folosim rela‘;ia ,
4gi1 — gio = 3g1-0 2a§Aq} + == (A¢/e )¥% 0 < 6 < 1, (14)
care conducé la ecuafia de’ gradul trei o |
28 — zﬁz'— c =0 ’ : (15)
(¢ = ay, 2 =-af, T =2,92284 Ay, 0-%2 —6,6683), . (15)

Pentru rezolvarea acestel ecuatii se poate aplica metoda iterativd a lui
Newton sau un procedeu de relaxare. Cu valoarea a, astfel determinatid
revenim la formula (11) care ne va da valorile functiei G si, deci, ale
vitezei U in domeniul Ds.

Tensiunea de frecare locald pe suprafa’;a corpu1u1 ’L‘,,,(X) se va calcula,
aplicind legea lui Newton, cu formula

' ) Y 1 ouly, a3 :
= = = 16
T"”(X p" ) o 2VvZug ' 8} ) 2 ) _ ‘( )
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Pentru coeficientul ¢, al tensiunii de frecare locali avem formula
VR, tw = a (17)
(R, = ptheo Lfit, Cow = 27‘”] (17')

2
P

3. Regiunea punetului de la infinit D~. Pentru calculul valorilor func-
tiei G(X;, ¢;) = Gii» in secfiunea X = X; in puncte unde ¢;,1 = (J + 1)A¢
J fiind un numir folosit in ma§1na de calcul (program) se pot aplica for-
mulele [3]

1 y
l 5 O8ir — 6giy—1 + giy—2). dack giyyr (Giyn1 —gi) <0
gis+1= (18)

1 y
] 5 &P - dacd giyi(gise1 — &) >0

4. Solutie initiald, Solufia initiald, de pornire, in procesul numeric
de rezolvare a problemei scurgerii plane peste un corp cilindric este datd
de solutia automodelatd (de similitudine) din vecinitatea punctului cri-
tic reprezentatd in variabilele (Illingworth-Stewartson)

x . _—

I _ dx — B4 42 _ Pl
3 upim(x)x S X = Vzay =y

(4, = cy%, ¢; = const., y = coordonata normald; y, p = const.)
Daca se introduce functia vitezei f( ) se obtin formulele
¢ d¢ pc, u  df
U = = Y — = —_—= =
dy 1 dn \/ (ul dn)

de unde rezultd urmitoarea relafie intre functiile f si ¢

b = ()f : (19)

1
\/ Loyu,,

Functia f('r;) si pnmele sale doud derivate, pentru migcdri plane si ax1a1—
simetrice, sint date in tabele [21].
Se obfine imediat formula '

Gy =Ut ==V, [1— (L) ] (@20
g =Ui— =V H. (20
(Goo = (U, f'(no =0) =0), j =0, L 2,

Cunoscind solu1,'1a initiald Gy, ;, schema cu diferente finite (1) _poate fi
programatd, in domeniul de convergentd si stabilitate, la o magind elec-
tronicd de calcul.
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STRAT LIMITA PE UN CILINDRU CIRCULAR (APLICATIE)

5. Caleulul vitezei si tensiunii de freearé. Se considerd un cilindra
circular atacat perpendlcular pe generatoarele sale de un curent viscos
incompresibil care la infinit este in translajie uniformi cu viteza u,
(fig. 1). In acest caz avem formulele (R = raza cilindrului): ’

L =R, X =%/R = arad, u, — %y sin ~ , —2sin X
, R

Xs =0,1745 - 10°; %/':033' Ay =0,1; AX =0,0033
Pentra ¢ =1t avem aG/aX —0 iar pentru d =0 avem -
20 dacd X < X <xn/2

N
7 =2U,U; A
ax T <0dacil < X < 20

[°]

In consecintd, in imediata vecinitate a suprafefei cofpului obtinem

G 4/U —

SOX (A

(g,,”l 28+ g,-1) <0 pentrufié=l < Xg®w (22)

Deci, conditiile de convergentd si stabilitate’ nu sint verificate in apropie-
rea cilindrului in sectiuni X > x/2. Pe de alti parte trebuie exclusd veci-
nitatea imediatd a suprafetei cilindrului din cauza singularitatii ecuatiei
lui .Mises de pe cilindru. In consecinti, domeniul de stabilitate si con-
vergentd al schemei (1) pentru cilindrul circular va fi: X< X < =/2;
2A¢, < ¢ < 0.

Calculul stratului limitd incompresibil de pe un’ c1l1ndru c1rcular se -

va face dupd urmétorul algoritm :
— Calculul mirimii ¥V; se va face cu formula

V; = U% =4sin* (0,1745 + 0,00337), = =0, 1, 2, ... (23)
- Uqo ,
Uy
—» x-RX X
uoo o X, < R
o - \0 0y
—
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-— Valorile ini’;iale Go,; se determind cu formula

- G-_012081—_ b ¢
e [ '{(dnj} (’.02467 L (24)
unde ‘se folose§te solutla ‘dati de Howarth pentru mlscarea pland din veci-
nitatea punctuluj, critic. Valorile Gy, ; sint date in tabelul 1.

— Schema cu diferente finite (1)—(3) se programeazi in 11mba]
FORTRAN IV la masina electronici de calcul FELIX—-C 256 pentru

0,1745 < X:< 1,0490 . . -

In tabelul 2 sint date valorile. functiei de refea.g;, , calculate cu masina
pentru j < J =15, Pentru j < J =15 se aplici formulele (18).
— In vecinitatea siprafefei corpului se rezolvi ecuatii de forma

fo= 8 — 2~ 0,70284 =0 - (4 — 2 sin 2X) (25)

care_se deduc 1med1at .din (15). Solutiile ecuatiilor (25) siut calculate
prlntr-un procedeu de relaxare si sint date in tabelul 3 (unde este indicat
si reziduul R) In tabelul 3 este datd si functia necunoscutd {(X) care
apare ca solufie a ecuafiei g(X, ¢)'=0. Avind valorile functiei de retea
gi,j -se.poate calcula cu formulele corespunzitoare si viteza # a fluidului
in cele trei subdomenn DS, D" §i D°° (pentru q;s 2A¢"¢',’< 2AY, q; -
Y o { .

.. — Coeficientul cw, al tensmnn locale de frecare pe suprafata corpulul
se va calcula, acum, folosind formula (17). Valorile coeficientului ¢, sint
date 'in ‘tabelul 3. Valorile obtinute pentru ¢, coincid: cu cele date de
alte metode [2]. Functiile G a2 si Y sint reprezentate graflc in flg 2
si 3, dupd tabelele 2 51 3.

Tabel 1

foré ¢ fi " (dfjan); 80, = Go,j
0 0 0 0 0,1208
1 0,1 0,4053 . 0,7350 1: 0,0555

2 0,2 0,8106 - - 0,8997 . . 0,0230

3 0,3 + 11,2160 09618 0,0091
4 0,4 . 1,6212 - - 0,9861 ©0,0033

5 0,5 ' 12,0265 09955 0,0009

6 0,6 2,4318 | 0,9988 - .. 0,0002
7 0,7 2,8371 0,9996 0,0000
8 0,8 3,2424 0,9999 .
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§
3 .
¢
g li i - !
: . ; 4 Tabel 2
o . Valorile tunc;iei.gw
N 0,1745 °| 0,3494 0,5408 0,7157 0,7850 0,8411 0,9599 1,0490
0,0 0,1208 0,4688 1,0602 1,7221 1,9984 2,2223 | 2,6839 | 3,0062
0,1 0,0555 0,3132 0,8134 | .1,4089 1,6648 1,8750 2,3180 | -2,6333
0,2 0,0230 0,2103 0,6292 [ 1,1607 1,3958 1,6913 | .2,0112 2,3155
0,3 0,0091 0,1396 ' | 0,4861 0,9570 | -1,1713, | .1,3519 1,7465 1.2,0374
0,4 0,0033 0,0910 0,3737 0,7876 0,9817" [. 1,1474 1,5156 1,7916
0,5 0,0009 0,0581 0,2854 0,6462 0,8209 .| .0,9719 | 1,3134 |. 1,5736
0,6 0,0002 0,0362 0,2162 0,5281 0,6842” | 0,8211 [ 1,1859 |' 1,3798
0,7 0,0000 0,0219 0,1622 0,4296 0,5682- [ 0,6915 -| 0,9801 [ 1,2075
0,8 " 0,0129 0,1205 0,3477 0,4700 0,5808" " 0,8435 |: 1,0543
0,9 » 0,0074 0,0886. | 0,2798 | "0,3870 0,4852 ‘|- 0,7238 |} 0,9184
1,0 0,0041 0,0644 0,2239 | -0,3171 |- 0,4040.:] 0,6193 |, 0,7980
1,1 0,0022 | .0,0462 0,1781 *[ 0,2586- | . 0,3349 {-0,5281 | 0,6915
1,2 0,0011 0,0328 0,1407 0,2098 0,2765 .| 0,4489 0,5975
1,3 0,0006 0,0230 | 0,1104 -|" .0,1692 [|.-0,2271 |_0,3802 0,5148 -
“1,4 0,0003; .|" 0;0158_(~ '0,0860. | -0,1357- | "0,1857-| .0,3208 - | 0,4422
1,5 0,0001 | 0,0108 |' 0,0666 0,1082 |. 0,1510 7 0,2697 0,3787
1,6 0,0000 0,0062 0,0485 ' 0,0822 0,1180 0,2206 0,3232
1,7 . 0,0017 0,0307 0,0566 | 0,0854 0,1720 0,2750
1,8 " 0,0008 0,0130 0,0311 0,0529 0,1235 0,2286 - .
1,9 0,0008 0,0065 "'| 0,0056 0,0204"" [ 0,0750 0,1827
2,0 .0,0004 | 0,0028 0,0028 0,0102_ | 0,0266 0,1369
21 .0,0002 | 0,0014 0,0014 0,0056 0,0133 0,0912
2,2 0,0000 0,0005 0,00035 | 0,0024 0,0088 0,0456
2,3 i ,» 4 770,0001 000015 |* 0,0012 0,0064 0,0228
2,4 » 0,0000 0,00007 | 0,0005 0,0046 0,0057
2,5 oy -0,0000 0,0002- [ 0,0029 0,0029
2,6 . 0,0000 0,0014 0,0015
2,7 . ...] -0,0007 0,0003
Tabel 3
T ] X i . .
X 0,1745 | - 0,3494 | 0,5408] 0,7157 0,7850 0,8411 |- - 0,9599 | 1,0490
z = s - : : e
@y 1,1170 1,5500 1,8572 | 2,0350 2,0818 2,1101 ) "2,1384 | 2,1386
R = M- :
Jo(2) 0,0002. | —0,0003 | —0,0004 | 0,0003 | —0,0007 | —0,0009 [ —0,0002 | 0,0005
a? 1,2477 2,4025 3,4402 1 4,1412 4,3339 4,4525 4,5728 | 4,5736
Yoo 0,7 ‘1,8 2,2 2,4 2,5 | 2,6 2,7 2,8
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YUCJIEHHOE PEWIEHUE "3AJAUM TIOTPAHWUYHOI'O CJIOSI B OPME MUCECA
[TPY TIOMOIIY METOOA KOHEUYHBIX PASHOCTEN. [IPUMEHEHHE . .
K OUPKYJ/ISPHOMY LIWJIMHIOPY .

(Pesxome)

B paboTe H3yuaeTcsi NBHIKEHHe BA3KOH HECKHMAaeMOil xmzucocm B TOTPAHHYHOM ClIOe
NpH NOMOIIM YHCJEHHOTO MHTeTDHDOBAHHS ypaBHeHHs MHceca. ABTOp CYHTaeT, 4YTO 0GJacTb
IBHeHHS, B IJIOCKOCTH Muceca (x, {), AeJqntca Ha TpH oOHaCTH, B KOTOPHIX NpHMe-
HAETCS METOJ KOHEeUHBIX pasHocTed, HHTerPHPOBaHHe MOCPEJCTBOM DsJOB H 3IKCTPaNOJSIHS.
PesyapTatel 3TOH TeODHH NPHMEHSIOTCS 3areM K BEIMHCJEHHIO CKOPOCTH, HanpsiKeHHS H
TOMUMKELl MOTPAHHYHOTO CJIoA At OOTeKaHHA UHPKYJSPHOrO UHJAHHAPA. BHYHCHeHHS,
NpHBeAeHHHE B TaONMLAaxX, GbUIH MPOrpaMMHPOBaHB! B si3bike FORTRAN IV Ha 3JeKTPOHHOMH
BEIYMCAATENbHOH MamuHe FELIX—C 256.

NUMERICAL SOLVING OF THE BOUNDARY LAYER PROBLEM OF MISES FORM
BY THE FINITE-DIFFERENCES METHOD. APPLICATION TO THE CIRCULAR
CYLINDER :

(Summary)

In the paper ., the movement of the viscous mcompress1ble liquid in the bou.ndaxv
layer, by means of numerical mtegratxon of Mises equation is studied. We consider that
the motion field in Mises’s plan (#, ¢) is divided into three subdomains in which the finite
différences method, the series integration, and extrapolation are applied. The results of this
theory are then applied to calculate the speed, skinfriction, and thickness of the boundary
1ayer reckomng the motion of the fluid round the circular cylinder. The results, presented
in tables, have been programmed in FORTRAN IV language by’ the electromc machine
FELIX C 256.



DISPERSION OF A SOLUTE IN-A NON-NEWTONIAN FL,UID WITH
SIMULTANEOUS CHEMICAL REACTION

B. K. DUTTA¥*, N. C. ROY*, A. S. GUPTA*

i ' |
Introduction. Thé dxspersmn of a soluble matter in an 1ncompre551b1e

‘viscous fluid flowing in a circular pipe under laminar conditions was dis-
cussed by Taylor ([1], [2], [3]). It is found that relative to a plane
moving with the mean speed of the ﬂow the solute is dispersed’ with an

apparent diffusion coefficient RzV,,/48 D, where R, ¥V, and D are the
radius of the pipe, the average velocity and molecular diffusion coefficient

respectwely Taylor’s analysis is valid for 4L/R > V,R/D > 6.9, where L
is a characteristic length along flow direction. This. restriction was later
removed by Aris [4]. The work was later. extended to include dispersion
in a non-Newtonian fluid by Fan and Hwang [5], the fluid being of
the power-law type due to Ostwald-de Waele. Fan and Wang
[6] discussed a similar problem by assuming the fluid to be (i) Bingham
plastic -and" (ii) that due to Ellis model. Recently. Ghoshal [7] extend-
ed the analysis to 1nvest1gate dlspersmn of a solute in Eyrind and ‘Reiner-
Phlloppoff fluids.

- Although a good deal of work has been done on d1spers1on of solute
in Newtonian and non-Newtonian fluids, the study of the effect of chemic-
al redction on it has not received due attention. Only recently Gupta
and G upta [8] studied the case of dispersion of a solute in a Newtonian
fluid in the presence of a first order. irreversible chemical reaction. The
object of the present investigation is to study the dispersion of a solute in
a . power-law fluid in- the presence of an irreversible first order chemical
teaction. While the study of non-Newtonian - fluids is motivated .by the
growing importance of such fluids in chemical engineering and commer-
cial applications and the desire to understand the effects of fluids which
exhibit strong effective viscosity changes with changes in rate of shear,
little work seems to have been done to'study the effect of chemical reaction
in such fluids. The problem of chemical reaction in non-Newtonian fludis
is.encountered in such industrial processes as the hydrogenation of unsatu-
rated macromolecules. as pointed out by Mihail [9]. :

. Mathéimatical formulation and’ solution. Consider the dispersion, of
a solute in the laminar flow of a power-law fluid between two parallel pla-
tes ¥ = -8 under a uniform pressure gradient, ¥ — axis being taken along
the flow direction. The constitutive equation of a power-law fluid is (see
Bird, Stewart and Lightfoot [10])

au n—1 au :
-, 1
% P» (1)

where for # > 1, the fluid is dilatant (shear-thickening) and for n <1,
it is known as pseudo-plastic while # =1 corresponds to an ordinary

Ty = K

* Indian Institute of Technology, Kharégpur, India.
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viscous fluid. Using -equation (1), the velocity distribution sat1sfy1ng the
no-slip conditions at-the walls and maiitaining symmetry about y = 0 is

M:’_L—l,'-n—i‘l‘[l—‘
n 41

n+1

n—

3

l @

- where #% is the average velocity. : o

If a solute diffuses in the fully devéloped flow ment1oned above anhd
simultaneously undergoes a first-order irreversible chemical reaction under
isothermal conditions, then the concentra‘uon of the solute sat1sf1es

’a—¢+“a_~ 626+626) KC, 9

oxz - Oy

where the last term accounts for a first-order chemical reaction and the
molecular diffusion coefficient D .is assumed constant. The concentratlon
of the solute is taken to be small otherwise it will be 1 necessary to include
the heat of reaction and the temperature dependence of K/, wh:tch is the
reactlon rate constant. .

We now consider convection across a plane mov1ng with the ‘mean

sIleed of the flow. The velocity of the fluid relat1ve to thls plane is g1ven
by

n+l . .
VU — T n o 2n+1 ,_ (4)
< . 12 +1 %1
We introduce the following dimensionless quantities
¢ - 23 X —ut -y
e = -, t = —, — s — Z_. 5
7 u’ & 25 0 1 5 ©®) .

Equation (3) then Teduces to

19¢, v 9¢_ D &€ _ g, (6)
706 283y & op ' ,

where we assume that 02C[0x% < 0%°C/[0y2. : ' ; )
If Taylor’s litniting condition is valid in ‘the present problem then
_part1al equilibrium may be assumed in any cross-section of the channel.
In this case equation (6) reduces to :
a:C 5 v38  0C

SeC=2.2

) dwi. - - 2D 9t
where .. . o

I

P

8)
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Assuming 9C[0& to be independent of y at any cross-section, equation (7)
may be integrated to obtain variation of C with 7. The boundary conditions
are

9. atn=1:%=0 atqg=0. ©)
dn

The first boundary condition expresses zero mass transport at the walls
while the second follows from the symmetry of the concentration profile
.about the central line of the channel.
“The volumetric rate at which the solute is transported across a sectlon
of the channel of unit breadth is
5 1
0 = S Cvdy=28§Cvdv). (10)
-3 0 ‘
Integra’c1ons of the equations ( ) 7) and (10) with v given by (4) in closed analy-
.tic Sormn does not seem to be possible for general values of #. However analy-
tical shtegration is feasible for integral values of (n 4 1)/n viz. 2, 3, 4,
which correspond to # =1, 1/2, 1/3, ... While the case n =1
corresponds to a Newtonian ﬂuld the other values with # < 1 refer
to pseudoplastic fluids for which apparent viscosity decreases with increa-
sing strain rates. However, for a large class of fluids at room temperature,
n < 1 e.g., for 23.39, Illinois yellow clay in water # =~ 1/, and for 1.5%
CMC (carboxymethylcellulose) in water » ~1/, to mention only a few
(see Bird, Stewart and Lightfoot [10]). On the other hand dila-
tant fluids for which # > 1 are very seldom found. Thus it would be useful
to carry out explicit inteégration of (7) and (10) forn = 1, 1 /2 1/3, ... We
append below the expressions for several values of #.

For n = 1, 2% (1 9 9 3\ acC ' '
Q—wp(;+;mm““;‘ﬂ‘g' ()
For n = 1/, '
- Q=8u f“i_*_l)_*_‘iScoth a(1+ + )
302D 7 s o (12)
16 2 12 ac.
o ;(I +'_’ { ar" sinh m]] 65

For n =1/, :
0= 82“2.[i+£+%~%(1+~](1——coth « —

8a2D [45 . 73 o (13)
S ac ( »)

— —3 coth « + + 4)] GE

For n = 1f,, ' '
o é‘l_ssw-[s 1_0_2__2_@9(10_‘_ +480+960]
542D |66 3a?
1440 576 |, 1152}] oC

s (a1 %
(14)
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Companng the above expressions for Q with Fick’s law of diffusion, ‘we
find that the solute is dlspersed rélative to a plane moving with the mean
speed of the flow with an effect1ve dispersion coefficient D* given by

*=82“2.§§i "9 ~2_3 = 5
D az-D‘ . (5 + o® C th * at 12) for » L (1 )
¥ — 322 I3 48 coth « 8)
D 32D [7 5ot T ‘ ta : “‘) (16)
16 2 1
— < ZH1 =—;
e e
D*_‘__iszuz[ + +_______(1+ )-(l—icotha~ :
* (17)
— —3 coth o 1—3 + 2—‘:” for n = %,
« _ 63 loz 10 108 128
D 502D [66 7a4 “8a2 (10 ot
480 | 960y . 1440
+ + 6) a"sinhm(1+ T ‘J+ (18)

+¥coth'fx-(1+ +192+ oﬂ+“52J] forn=%-

o

We now introduce the- dimensionless dispersion coefficient D** =
= D*-D|%sothat D** can be computed as function of « from the equations
(15)—(18). The values of D¥*¥ versus « are plotted in Fig. 1. It can be
seen that for fixed #, the effective dispersion coefficient decreases rfapidly
with increase in reaction rate parameter «, This is due to.the fact that
as the'reaction rate increases, more and.more amount of solute undergoes
chemical reaction. Again the figure shows that for fixed reaction rate, D¥*
increases as the power-law index # increases.

It is interesting to note that for large values of the reaction rate para-

meter «, the dispersion coefficient is asymptotically given by the follow-
ing. expression

w . _ mE (19
(2 + 3n) (19)
as can be seen from (15)—(18).

‘Diseussion. It should be recognized that the power law model of
Ostwald-de Waele given by (1) is valid over a limited range of
strain rates and almost all non-Newtonian fluids tend to Newtonian fluids
when the strain rates are small say of order .01 sec—% Although the present

6 — Mathematica—Mechanica fasc. 2
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analy31s is confmed to chemiical reaction in the bulk of ‘the fluid, there is
no difficulty in extending the analy51s to the case when the walls of the
channel are catalytic. :

(Rcczwed December ‘18, 1972)
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DISPERSIA UNEI SOLUTII INTR-UN FLUID NENEWTONIAN CU REACTIE

. © CHIMICA SIMULTANA g

Rezumat) )
" Se studiazi .dispersia de- tranzme a unei:solutif: intr-un’ fluid cu-reactie chimic de ordi-
nul intii ireversibild,” Se arati ci coeficientul de-dispersie efectivii descregte rapid’ cp -creg-

terea parametmhn de reacpe pentru o valoare flxa 3, I mdlcelm de solubxhtate

.3

xr' R

IH/ICHEPCI/U{ OIIHOI‘O PACTBOPA B HEHb}OTOHOBOI'/'I )KHI[KOCTI/I
C OI.[HOBPEMEHHOF[ XI/IMI/ILIECKOPI PEAKH.I’IEPI ST

e *
' (Pésw Me) "
"t
Wsyuaercs nepexoguas JIHCHEPGH}I 0AiHOTO pacTBopa B MHJKOCTH C HeoOpaTHMOH XHMH- -
ueCKolf peaKuwell nepBoro Mopsaka. ¥YCTaHOBNEHO, 4To Xoshduurent sddexTHBHON AuCIepCHH
6BICTPO YOBIBaET C NOBLITEHHEM DeaKIUHOHHOTO napamerpa: I(JIH TIOCTOSIHHOTO 3HAYeHHS IOKa-
3aTens PacTBOPHMOCTH. o S



ASUPRA EXTINDERII INTEGRALEI LUI CROCCO LA
CAZUL JETULUI VISCOS DISIPATIV

STEFAN 1. MAKSAY

1. Introducere, Se consideri o placi plani cu una dintre muchii
trecind prin originea axelor de coordonate si intinzindu-se.pind la irfinit
in lungul pirfit pozitive a axei Ox. Spatiul inconjuritor. se presupune
umplut cu un’ fluid compresibil in repaus. In virful plicii este situatd o
sursd punctuald din care 1:1§ne§te un fluid de aceeagi naturi cu cel din spa-
iul inconjurdtor, care se miscd sub formd de jet pe una din fetele placi
(de exemplu y > 0).

Admitem ci migcarea jetului satisface ecuatiile stratului limitd termic,
care in raport cu variabilele lui Mises (x, ¢) au urmitoarea forma [6]:

du a(, du
ey L (1
Ox 64; ('M -64)) ( )
1 9 1 2 O
T L N ;2
Voo ox o ( ] T ( ) . ( )
PN PR
p Oy p 0Ox
. (3)
p=T—0p-1i
Y
i f
ko foo )
la care se adaugi condxtule la limita :
u(x, ) =0 pentru =0 -
w(x, §) =0 pentru ¢ = §g #* oo (5)

i(x, ¢) = i (const.) pentru ¢ =0
i(x, ) = 4y (const.) pentru § = Yo

Notatii :

»§id — variabilele lui Mises din stratul limitai.

¢ — functia de curent.

% — viteza locali a jetului in directia plicii.

n .. — varlabili de automodelare dati de (8).

W, ¥ B, 6p ‘— coeficient{ii de viscozitate dinamicd si cinematicd, densitatea si-cildura
specifici.

A — coeficientul de conductibilitate termica.

o = ucp/r — numirul lui Prandtl.

T — temperatura absolutd in fluid.

i =cpT — entalpia unitd{ii de masd a fluidului.

Eqy %o — constante date (conditii mtegrale de conservare) .

w, © — (indici) indici valori pe placi si respectiv pe frontiera exterioari a stratu-

lui Hmita.
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si condifia integrald :
Yeo

{ wiay = B, - ©

0

Solutia ecuatiei (1) este datd de:

w="12 "E_o.(\/l_ﬁ) R
6 Yo ¥ Mo Mo

4 T N ) 8

n= \/Eovoo;f kl) ( )

2. Eeuatia energiei totale Vom studia cazul in care placa are tem- .
peratura egald cu a fluidului exterior.
Inmultind ecuatia (1) cu # si adunind-o la (2) obtinem :

T I

Luind ¢ = 1, rezultd integrala particulard (Crocco):

-unde :

iar ne, = 2,515.

i—l——-_au—{—b , - (10)

T

unde a si b sint constante. » : 7 '
Prin aplicarea relajiei (10) o datd pe suprafata plicii si o datd in
exteriorul jetului, rezultd: .

b=ty =i (11)

' Constanta a se determind cu ajutorul unei condifii integrale de conser-
vare, care se obtine din ecuatia (9) pentru ¢ = 1, prin inmulire cu $d{,
integrare dupd ¢ de la 0 la (g, §i printr-o noud integrare dupid x de la
0 la x.

Conditia integrald de conservare are forma:
Yoo
S (1 -+ 2 }‘P = Xo
0 .

De aici obtinein :

o 42 .
a=;ﬂ[x o — i 2] (12)
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Cu a §i b astfel calculaji, din relatia (10) se determini distributia -
temperaturii in jet, clmpul vitezelor fiind dat de (7).

3. Caracteristicile schimbului de eildur#, Intre placi gi fluidul din
jet are loc un schimb de .cdldurd. Sensul transferului de cdldurd este dat
~'de semnul gradientului de temperaturd pe perete.

Avem:

T-———::—[———{—au-{—zw] ‘

unde a are expresia data de ( )

Deci:
(‘ay )w (d"" w‘ oy )w :’-012 oy
Presupunem scurgerea fird desprindere, adicd (0u/dy), <.0. Semnul lui
(0T]0y), este dat prin urmare de semnul lui a.
Avem urmdtorul criteriu - pentru” stablhrea senstilui transferulm de:
" céldurd :
. 2‘ IR o ) )
a) dacd y, <¢w 4)2 avem (6T/6y),,, < 0 si cdldura se scurge de Ia
placi spre fluld RS : o
2

b) daca Yo > Ty %— avem (6T/8y > 0 si’ cdldura se scurge- de la

fluid spre placi. : : ‘ :

In cazul a) are loc o ricire a suprafetel placu iar in cazul b) nu se
poate afirma incd dacd are loc o ricire sau o incdlzire a jetului chn cauza
fenomenulm de frecare. :

Fie:
aT
w = — |
7 g (ay)
debltul calorlc de la placa la fluid ¢i: fie:
' _' Ou
o = b ay)

tensiunea de frecare pe placi. Intre aceste mérimi, prin impérfire, objinem -
. relatia:
fo . __ 2 ‘ ary _

Tw TR

Observatie. In cazul in care ecuatfia energ1e1 totale admite integrala
primd (10), prin peretele plicii are loc un flux termic,. dat de:

! 4
a_:r-) _a T 1 \/ E
(By‘ w Cp 72 vt % Vg ¥

\
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Placa este izolati termic dacd a = 0, adicd daci se realizeazi:

Xo = i 2 (13)

(Intrat tn vedactic la 18 aprilie 1973)
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[o2]

O PACI'IPOCTPAHEHI/II/I HHTEI'PAJIA KPOKKO HA C.HYLIAPI BH3KOH
4 ,[II/ICCI/IHATI/IBHOI';I CTPYU -

(PesloM&)

ABTop Hsyqa.n npH nowoum nepeMeHHEIX Muceca Teoppm norpamllmoro ca1081 pacnpege-
JIeHHe. TeMNIepaTypEl B CTPYe, PAaciHpOCTPaHIOIEHCs BLOMb IIOCKOH ILIACTHHKH. dro pacnpe-
JeJIeHHe TIOJYYeHO B 3aBHCHMOCTH OT MOJIsi CKOPOCTeH ImocJe onpeneneunx pemeHHs ypaBHeHUst
o6meit sHepruy. Ipexnosaraercs, 4To Crpys sBIASETCS KHUAKOH H UTO oxpyxaroulasx KULKOCTD
Haxonmca B COCTOSIHHH IIOKOst npu MOCTOSHHOM 'reMHepaType

SUR LEXTENSION DE I INTEGRALE DE CROCCO AU CAS DU JET
. VISQUEUX DISSIPATIF

((Resume)

Dans cet article ox’ étudie, 2 I'aide des variables de Mises dans la théorie de la- ‘couche
limite, la distribution. de la-température dans un jet qui se propage le long d'une plaque .
plane. Cette distribution a été obtenue en fonction du champ des vitesses aprés I'établissement
de la solution de I'équation de I'énergie totale. On suppose que le jet est visqueux et com-
pte551b1e et que -le fluide environnant est en repos i une tempétatu:e constante.




RECENZII

R. Schassberger, Warteschlangen,
Springer-Verlag, ‘Wien—New-York, 1973.

Diese monographische Arbeit ist eine um-
- fassende Darstellung der allgemeinsten Modelle
und Probleme der Theorie der Warteschlan-
gen, sowie auch der wichtigsten der in der
Praxisangetroffenen Modelle, und ist eine der
ersten Arbeiten dieser Art in diesem Gebiet.

Die Arbeit wendet sich an Studenten und
Spezialisten, welche eine entsprechende mathe-
matische Ausbildung besitzen, sowie auch an
Personen, welche in Anwendungsgebiete inte-
ressiert sind und das dazu notige mathema-
tische Riistzeug besitzen. Es wird eine Dar-
stellung und eine Analysis einer Reihe von
umfassenden Resultaten verfolgt fiir die
allgemeinsten Modelle durch eine Anwendung
der allgemeinsten Methoden, welche sich auf
eine klare mathematische Argumentation
stiitzen.

Im ersten Teil behandelt der Verfasser.

ausfithrlich das allgemeinste Modell der
Wartesysteme (G |G |1 und G |G |s bezeich-
net) mit einem oder mit s Bedienungsschal-
tern, in welchem die Verteilung der Ankiinfte
bzw. der Bedienungen ein allgemeines Ge-
setz ist.

Anschliessend werden spezielle Félle behan-
delt, in welchen die Ankiinfte einem exponen-
tiellen oder einem beliebigen Gesetz gehorchen
und die Bedienungen nach einem entarteten
Gesetz ausgefiihrt werden.

EKin Kapitel der Arbeit ist den. Priori-
titen-Modellen gewidmet.

Ein anderes Kapitel von grosser Aktualitiit
ist dem mit Computern in Verbindung ste-

henden Problemen der Wartesysteme gewid-
met, und zwar werden darin insbesondere
Modelle mit exponentieller Ankunft und
_Bedienung mit einem einzigen Schalter stu- .
diert.

Das letzte XKapitel behandelt Grenzwert-
probleme der stochastischen Prozesse, welche
bei einem Modell der Wartesysteme allge-
meinsten Typus mit einem einzigen Schalter

Nauftreten. Es werden in dieser Richtung
Resultate erhalten, welche vergleichbar sind
mit dem starken Gesetz der grossen Zahlen
und dem zentralen Grenzwertsatz der Wahr-
scheinlichkeitsrechnung.

Die Arbeit wird durch ein einfiihrerides
Kapitel mit den Grundbegriffen aus der
‘Wahrscheinlichkeitsrechnung und aus ande-
ren erforderlichen Gebieten der Mathematik
vervollstdndigt.

Die Darstellung des Materials ist gut
organisiert, in einer klaren und vom mathe-
matischen Standpunkt aus korrekten Formu-
lierung.

, Die Arbeit hat den Verdienst, dass es ihr
durch die Darstellung der allgemeinsten
Modelle der Wartesysteme gelungen ist die
umfassende Problematik dieser Theorie zu
systematisieren. Sie ist besonders wertvoll
einerseits dank der Tatsache, dass Probleme
der Wartesysteme auch fiir Computer behan-
delt wurden und ebenfalls durch die Dar-
stellung einer Reihe von konkreten Modellen
und andererseits weil sie eine der wenigen zur
Zeit in der Spezialitéitsliteratur existierenden
umfassenden Arbeiten iiber Wartesysteme ist.

M. RADULESCU
E. OANCEA FRATILA
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dr.. I. Kolumbd4n a fost la specializare
ca bursier al Fundatiel A. v.- Humboldt la

Institut fitr angewandte Mathematik din
Hamburg §i la Universitatea din Miinchen
(R.F.G)).

Intre 25 aprilie 1972—30 junie 1973 lect.
dr. P. Szildgyi a fost la specializare
ca bursier al Fundatiei A. v. Humboldt la
Universitatea din Kiel (R.F.G.).

Intre 20 iannarie— 10 februarie 1973 conf.
dr. M. Ridulescu a fost la documen-
tare la Universitatea din Moscova.

fn luna mai 1973 conf. dr. I. Gy. Mau-
rer a vizitat Academia de stiinfe din R.P.
Ungard (Budapesta) si Universitatea din
Padova (Italia) si a tinut conferintele : Origi-
nea comund a unov topologit definite peste
difevite structuvi algebrice, respectiv Difevite
generalizivi ale nofiunii de produs divect.

In Iuna funie 1973 prof. dr. D. D. Stan-
cu a vizitat Universititile din Stuttgart,
Gottingen si Hannover (R.F.G.), unde a
tinut urm#toarele conferinte : -Representations
of remainders in the approximation procedures
by some new operalors; Approximation of |
continuous functions by means of some new
classes of linear Positive operators; " Approxi-
mation of functions by means of some new
classes of positive linear operators.

fn luna iulie prof. dr. B. Popov1c1u
si acad. prof. dr. doec. T. Popoviciu
au vizitat Universitatea din Stuttgart (R.‘F. G.)
§i au finut conferintéle: E. Popovicin,
Uber den Begriff des Verhaliens einer Function ;
T. Popoviciu, Uber die Mzttelwertsatze
der D1fferentzalrechnung ;

Tn 4 septembrie 1973 conf. dr. I Gy. -
Maurer a vizitat Societatea de Stiinte '
Matematice Bolyai din Budapesta, unde a
tinut conferinta : Despre unele ecuatii definite
peste algebve universale. .

Intre 3—12 septembrie 1973 prof dr.
A.. P4l a vizitat Universitatea N. Copernic
din Torun (R.P. Polon#).

Intre 17 septembrie—17 decembsie 1973
asist. Z. Kéasa a fost la spec1ahzare la
Universitatea din Bratislava (Cehoslovacia).

In luna octombrie 1973 prof. dr. ‘doc.
D. V. ITonescu' a vizitat Univergitatea
Paris VI, Facultitile de stiinte din Rennes,
Strasbourg, Nancy si Dijon, unde a tinut’
urmitoarele conferinte: Sur les wméthodes
d’ évaluation d'intégrales simples et multiples ;
Formules de cubature pour les fonctions de’
trois varviables ; Formules de cubature ; Formules
d’analyse nummérique pour les fonctions de
plusieurs variables ; Méthodes d’approm‘maﬁon
d’mtegmles szmples et mulhples ,

. Intre 12 . noiembrie—19 decembne 1973
prof dr. P, T. Mocanu a efectna‘c o
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deplasare: de ‘documentare .in S.U.A. vizitind
9 universititi i tinind 6 conferinte: Rezultate
vecente in teovia functiilor alfa convexe (Univ.
din Maryland) ; Raze de alfa-convexitate pentry
diferite clase de functii univalente (Univ. din
Delaware) ; Clasele Havdy pentry ' difervite
spatii de functii analitice (Univ. Michigan);
Generalizarea wotiunii .de convexitate tn teovia
Sfunctiiloy (Umv Stanford) ; Funcfit alfa-
convexe (Utiiv. South Florida); Clase de funcm
univalente (Univ. Kentucky).

In luna decembrie 1973 prof. dr. F. Radé
a vizitat Universitdtile din Bochum $i din
Giésseri (R.F. 'G.), unde a tinut conferm‘;elg
Omomorfismele unui sputm protectiv, respectlv
Despre geometrmle Hjelmslev

Partieipiiri la manifest:iri stiintifice din tari
9—10 aprilie

SESIUNEA $TIINTIFICA A
OBSERVATORULUI BUCURESTI

Prof. dr. doc. G'h. Chis, Geneza 'L'deilor
copemwane

Lectdr. V. Ureche, Despre momentele
de votatic ale stelelov componente ale szstemelor
binare strmsg

aprilie

] VIZITA LA UNIVERSITATEA
’ DIN CRAIOVA ’

. Acad. prof. dr. doc. T. Po p ovici u,
Asupra lucrdvilor lui D. Pompein cu prvivive
-da formulele de medie ale calculului difevential.
mai e e , o

CONSFATUIREA - QU CADRELE DI-
DACTICE, CU TEMA .,,PREDAREA ELE-
MENTELOR. DE CALCUL $I PROGRA-

MARE IN LICEU”, SATU-MARE.

A51st L. Lupsa, Leom de labomtor de
pvogmmuye in Fortran.

Prof. dr. I. Marusciac,
cagit (alev teoviei grafelor. .

Acad. prof. dr. doc. T. Popoviciu,
Reprezentarea numerelor veale.

Au mai participat : asist..dr. W. Brec k-
nerx, conf.dr. A. Ney, prof. dr.' E. Po-
poviciw

25—26 wmai

SESIUNEA $TIINTIFICA A
UNIVERSITATII ., BABES- BOLYAI” '

:Conf..dr. M. Balazs, asist. G. Gold-
ner, Asupm Simetrier $1 unicitdgis: dzferentelor
divizale tn spatii lineare.

Unele apli-

Lect. D. Borsan, Asujvm unei quasz-
wmetrict gewevalizate. Lo

Asist. N. Both, Coyectztudmeq S

:Conf. dr. P. .Brideannu, Tmnsfeml
de cdlduri tn miscavea unui fluid.. vzscos ‘pe
un plan inclinat. .

Acad. -prof, dr. doc G Calugﬁreanu
Desjwe pyoblema cuvmlulm in grupuri. .,

Asist. Gr. Calugareanu Obzecte de
automoyﬂsma tn toposuri in sens Laiwrere.

Cercet. D. Chis, Studiul efectulm Blayko
la steaua WY Draconis.

Prof. dr. doc: .Gh. - Chis, Asupm evolu-
tied bmarelor fotometrice. .

Lect, dr. Gh. Coman, JVIonosplme ‘cu
doud vamabzle si formule optz'male de cubatuvd.

Lect. dr. P. Enghis, Hzpemupmfete
intr-un spatm Riemann recurent.

Lect. dr. P. Engh1§ lect. P.. San\
dovici, conf. dr. M. Tarini, Spam
A, de curburd si torsmne vecurentd.

Asist. M. Frentiu, O metodd de gemmre
de numere pseudaaleatom'e )

«Conf. dr.. S. Groze, dsupra prmczpzulm
wmajorante; tn vezolvavea ecuatiiloy opemtwnale
ce depind de un pavametru.

Lect. dr. V. Groze, Genemlzzdm' ale
planului proiectiv. . -
Prof. dr. D. V. I o nescu, O extensiune

a formulei de cuadvaturd a lui P. Turdn.

Prof. dr. C. K-alik, Convergenta solu-
tiilor aproximative ale unor probleme de limitd.

Asist. L. Lupa’y, Elemente extvemale ale
unor conuri de functii.

ASISt L. Lupga, Despre pammetmzarea
unei probleme de programave hiperbolicd.

Prof. dr. 1. Marusciacg, Asupm unei
programdyi hiperbolice.

Lect. dr. 'Gh. Miculsa,
viale de sisteme splive.

-Asist. C. Mocannu, Asupra produsvilui
omomorf de mdsuri invaviants.

Prof. dr. P. T. Mo canu, O proprietate
optzco-geometmm in teoym npmzenmmz con-
forme.

" Prof. dr. P. "T. Mocanu, prof. dr
M. O. Reade, prof. dr. E. -Zlotkie-
wicz, Asupre' functiiloy lui Bazilevici.

. Asist. dr.. Gr. Moldovan, Noi pro-
pmetatz de aproximave ale unes clase de ope/a-
tori de tip conwvolutiv.

‘Conf."dr. I. Muntean, lect. dr. T.
Precupanu, Asupra mulfiiiilor H-netede
tn- spatii- vectoriale veale saw complexe. '

Asist. stag. R. Neagoe, Unele proprie-
titi ale omomorfelor de grupuri vezolubile: -

Conf. dr. A.- Ney, Despre clzmun secver
tial complete. : LT

Produse tenso-
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Lect. dr. E. Oancea-Fritila, O
evoluare a denstidtii de probabilitate cu ajuto-
rul functiilor spline.

Asist, D, Oprean, Modelul dinamic al
balangtei legdtuvilor dintve vawmuri §i decizia
de plan in contextul wtilizdrii sale.

Cercet. T, Oprolu, astronom V.Mioc,

Influenta aymonicii y, din dezvoltavea polen- -

tialului gravitajional tevestru asupra pevioadei
‘modale a sateligilov avtificiali.

Lect. dr. B. Orban, Ancore in planul
proiectiv desayguesian.

Prof. dr. A. P4, Influentd -efectului
diurn din distributia dewisitdtii  atmosferes
inalte asupya miscarii satelitijor artificiali.

Prof. dr. doc. Gh. Pic, Subgrupurile
Cavtey ale grupuyviloy m-vezolubile.

Cercet. V. Pop, Determinarea parametvi-
lor fizici la stelele de tip RR Lyrae.
Prof. dr. E. Popoviciu,

nofiunii de alurd a unei functii.

Acad. prof. dr. doc. T. Popoviciu,
Citeva observafii asupra unei ecuatii cu devivale
parjiale verificate de clase speciale de functis.

Asupra

Lect. dr. I. Purdea, Q-semigrupuvi
de fractii.
Prof. dr. ¥. Rado, Despre perechi

perpendiculave de sisteme Steiner,

Conf, dr. M. Riddulescu, O proprie-
tate duald a unei probleme de progvamare ne-
liniard.

Conf. dr. I. A. Rus,
asupra teoviei punctului fix.

Conf. dr. E. Schechter, Convergenta
solutiei numerice a wunei ecualii pavabolice
neliniare. )

Asist. M. Schechter, Omomorfisme
de velatii induse prin cuantificave.

Citeva observafit

Lect. dr. I. Stan, Unele probleme ale
difuziei convective. .
Prof. dr. D. Stamncu, Studiul proprie-

tdtilor de aproximare ale umei noi clase de
operatori de tip Meyer-Konig si Zeller.

Lect. C. Tartia, Asupra unor proprie-
tapi ale complexitdpii in sensul lui Kolmogorov.

Asist. D. Trif, Asupra teovemei grafi-
cubui tnchis $i a teovemei mdrginivii uniforme.

Cercet. pr. dr. I. Tudoran, Conside-
rafii asupra miscdrvii apsidale la doud stele
duble fotometrice.

Lect. dr. V. Ureche
strinse cu orbite eliptice.

Asist. dr. A. Vasiu, Asupra unei clase
de plane metrice.

Asist. dr. A. Vasiu, Iucercdvi biostatice
de aprecieve a ervorii determinate de calitatea
solului de ogov in intevpvelarvea antibiogramelor.

Sisteme binave

CRONICA

Lect. dr. E. Virdg, Extinderi regulate

“de grupuri.

Asist. H. Wies 1 er, Asupra unov cate-
gorii inchise.

1—3 tunie

SESIUNEA INSTITUTULUI .
PEDAGOGIC ORADEA.
Conf. drl I. A. Rus,* Teoreme de punct

fix.

20 iunie

CONFERINTA IN CADRUIL, SECTIEl I
A ACADEMIEI R. 8. R. .

Acad. prof. dr. doec. G. Cidlugédreann,
Noduri st suprafefe inchise ovientabile.

6—172 se;biembrze

COLOCVIUL DE TEORIA CONSTRUCTIVE
A FUNCTIILOR, CLUJ

Conf. dr. M. Baldzs, asist. G. Gold-
ner, On divided diffevences and Fyéchet
derivates. .

Lect. dr. W. Breckmner, Probleme de
optimizare in spapii vectoriale topologice ovdo-

. nate

Prof. dr. D. V. Ionescu, lect. dr.
P. Pavel, Sur une formule de quadrature
de type Newton-Turdun.

Prof. dr. D. V. Ionescu, Sur quelgues
formules de cubatuve.

Lect. dr. I. Kolumbdén, Comizm de
optim de ovdinul doi.

Asist. I. Lupas, Adsupra unoy thegalititi
st utilizavea lov in teoveme de aproximare.

Asist. L. Lupsa, Asupra unei probleme
de programare in variabilele 0 si 7.

Asist. N. Lupsa, Alegerea codificarii
alfabetului unui limbaj in vedevea opnmzzaru
compilatorulu.

Prof. dr. I. Marusciac, An Algorithm
for the best Ly approximation in the complex
plane.

Prof. dr. P. T. Mocanu,
genevalizatd in teovia geometvicd a funcfiilor.

Conf. dr. A. Nevy, La point de vue con-
structif dans la théorie de sévies.

Conf. dr. A. Ney, Séries et suites d'en-
semble. '

Prof. dr. E. Popoviciu, Nofiunea de
Sfunctie convexd i ideea de alurd.

Acad. prof. dr. doc. T. Popoviciu,
Problema restului in formulele de aproximarve
ale analizei.

Prof. dr. D. D. Stancu, Aproximarea
Sfunctiilor continue cu ajutorul unei mot clase
de operatori liniayri pozitivi.

'

Convexitate
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octombrie

SEMINARUL DE ECUATII
FUNCTIONALE, IASI

Asist. G. Goldner, Asupra problemei
i Darboux.
Lect. dr. I. Xolumbdén, Probleme de

optimizave cu restrictii.
Acad. prof. dr. doc. T. Popoviciu,
Asupra unui sistem de ecuafii functionale,

Conf. dr. I. A. Rus, Principii de maxim _

pentry solutitle unui sistem de ecuayii diferen-
tiale.

93
octombrie >
SESIUNEA JUBILIARA
TITEICA-POMPEIU
A ACADEMIEI, BUCURESTI
Prof. dr. D. V. Ionescu, Relatiile

i D. Pompein cu Universitatea din Cluj;
Diferenta divizatd la functiile de trei variabile.

Prof. dr. E. Popoviciu, Cercetdri ale
ui D. Pompein legate de teovia imterpoldvii.

Acad. prof. dr. doc. T. Popoviciu
Teoremele de medie ale calculului difevential ;
Despre Uniile poligonale itnscrise si civeum-
Scrise unui arc convex.
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In cel de al XIX-lea an de aparitie (1974), Studia Universitatis Babes— Bolyai cuprinde
seriile :

matematicd-mecanicd (2 fascicule);
fizici (2 fascicule) ;

chimie (2 fascicule);
geologie—mineralogie (2 fascicule);
geografie (2 fascicule);

biologie (2 fascicule);

filozofie ;

sociologie ;

stiinfe economice (2 fascicule);
psihologie— pedagogie ;

stiinte juridice;

istorie (2 fascicule);
lingvistici—literaturd (2 fascicule),

Ha XIX ropy n3nannus (1974) Studia Universitatis Babes— Bolyai BEIXOJUT ClefyIOUIHMH
CePHSIMH :

MaTeMaTHKa-—-MeXaHHXa (2 BRITYCKa);
¢dusuka (2 BRmMyCKa);

XHMHS (2 BHIIYCKA) ;

TeOJIOTHsI —MHUHepasorasl (2 BHITYCKa) ;
reorpatus (2 BHITyCKa);

6uosorns (2 BHITYCKaA) ;

dunocodus ;

COIMOJIOTH S ;

SKOHOMMUECKHe HaykH (2 BhITYCKa);
TICHXOJIOTHSI — IleJarOTHK4A ;
IODHJHYECKHE HAYKH ;

HCTOpHS (2 BBIIYCKA);

SISEIKO3HaHHe —JIMTepaTypoBeleHHe (2 BHITyCKa).

Dans leur XIX-e année de publication (1974) les Studia Universitatis Babes— Bolyai
comportent les series suivantes:

mathématiques —mécanique (2 fascicules);
physique (2 fascicules) ;

chimie (2 fascicules);

géologie —minéralogie (2 fascicules) ;
géographie (2 fascicules);

biologie (2 fascicules) ;

philosophie ;

sociologie ;

sciences économiques (2 fascicules) ;
psychologie —pédagogie ;

sciences juridiques;

histoire (2 fascicules) ;

linguistique —littérature (2 fascicules).



