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QUELQUES REMARQUES SUR LA THEORIE DU POINT
FIXE (I)

10AN A. RUS

§1. Définitions et exemples. Position du probléme. Soit € une catégorie (voir
parexemple, Barry Mitchell [10],Mac Lane-Birkhoff [9],Levy-
Bruhl [12],I. Bucur [3], S. Lang [11] etc.) Désignons par 0b€, les ob-
jets de la catégorie €. Si 4,B & 0b€, notons par Mor(A4,B) 'ensemble des morphis-
mes de source 4 et de but B. Dans ce qui suit nous considérons seulement des
catégories dont les morphismes sont des applications.

DEriNITION 1.1. Un objet A de la catégorie € a la propriété de point fixe,
si tout morphisme fe& Mor(4,4), a au moins un point fixe.

Exemple 1.71. Soit € la catégorie Top , des espaces topologiques. Dans ce cas
nous obtenons la notion connue de ,,propriété de point fixe d’'un espace topo-
logique par rapport a lapplication continue”. Tout objet de cette catégorie
n’a pas la propriété de point fixe (voir, par exemple, Van der Walt [17],
E. Fadell [6)).

Exemple 1.2. Soit € la catégorie Gr, des groupes. Dans ce cas tout objet de
cette catégorie a la propriété de point fixe (voir, D. Gorenstein [7]).

Exemple 1.3. Soit C la catégorie d’ensembles ordonnés. Dans ce cas mnous
obtenons la notion de ,,la propriété de point fixe d’un ensemble ordonné, par rapport
a l'application isotone”. Tout objet de cette catégorie n’a pas la propriété de point
fixe (voir Van der Walt [17]).

DfriNiTION 1.2. Une catégorie € a la propriété de point fixe si tout objet
A & obC, a la propriété de point fixe.

DrriNiTION 1.3, Soit € une catégorie dont les objets sont des algébres univer-
selles (voir Levy-Bruhl [12]). De plus, nous considérons en chaque objet de
€ donnée un élément mis en évidence, fixe, noté par O (ou O, si O € A4), et nous
supposons que O4 est point fixe pour tout fe& Mor(4,4). On dit, par définition,
que f& Mor (A,4A) est libre de point fixe si O, est un point fixe unique pour
J {voir dans le cas des groupes D. Gorenstein [7], dans le cas des anneaux E.
Patterson [l14) et K. Iseki [8] dans le cas des algébres).

DeriNrTION 1.4. Soit € une catégorie et F: € — €, un foncteur.
On dit qu’'un morphisme f est fixe pour F si F(f) = f.



I. A. RUS
6

DerFiNtTION 1.5. On dit, par définition, que le foncteur I‘ : @ — D conserya
la propriété de point fixe s'il transforme un morphisme avec point fixe en un mqp.
phisme avec point fixe.

DiFmiTION 1.6. On dit que le foncteur F: € — € est libre de point fixe g7
a comme point fixe au plus des morphismes neutres.

Le but principal de ces notes est I'étude des notions définies ci-dessus. Dapg
cette premiére note nous considérons le cas dans lequel la catégorie € est une soys.
catégorie de la catégorie des ensembles, (notée par Ens.)

§ 2. Point fixe des morphismes. Soit € une sous-catégorie d’'Ens, 4, B deux
objets de € et f& Mor(4,B), A B3~ ®.Les points fixes d'un tel morphisme
ont été étudiés par A. Abian [1], [2]. Le cas f& Mor(4,4) a étéétudié par
A. Makowski— K. Wisniewski [13].

A lieu aussi le

TurorEME 1.1. Soit f& Mor(4,4). Les conditions suitvanies sont équivalentes.

(). f a au moins un point fixe.

(ii). Sige& Mor (A,A) est surjectrve et g7 est une inverse adroite deg, alors I'ap-
plication g;' ofog a au moins un point fixe.

(iii). Il existe ume surjection g & Mor(A,A), telle que au moins une inverse a
droite, g1, a la propriété que g7 ofog a au moins un point fixe.

(iv). St ge Mor(A,A) est une injection et g7 est une inverse & gauche de f, alors
gofo g a au moins un point fixe.

(v). Il existe une injection g & Mor(A,A4), telle que au moins une inverse a gauche
de g, g;‘ a la propriété que gofo gg-l a aw moins un point fixe.

(vi). Il existe g& Mor(A,A) qui a un point fixe unique et gof = fog.

Démonstration. Voir S. C. Chu-Diaz [4), Diaz [5], A. I. Rus [18].

§ 3. Points fixes des foncteurs. Soit € une catégorie et F: € — € unfonc-
teur. Si f& Mor(A4,B) est un morphisme fixe pour F, il résulte que F(4) = 4
et F(B) = B. Clest-a-dire que 1, et 1, sont des morphismes fixes pour . Donc
pour étudier les morphismes fixes d’un foncteur on étudie les objets fixes et ensuite,

si A et B sont des objets fixes, on détermine les morphismes fixes de la forme
f:4A > B.

Nous avons tout de suite le

THEOREME 1.2. Si F, G:€ — @ sont deux foncleurs covarianis commutalifs
et le foncteur G a un morphisme fixe unique, alors F a au moins un morphisme fixe.

§ 4. Foncteurs qui conservent la propriété de point fixe. Nous commengons par:

Exemple 7.4. Soit € une sous-catégorie d'Ens. Le foncteur produit cartésien
de @ X @ dans Ens, conserve la propriété de point fixe, A lieu le

; TarOREME 1.3. Supposons gque, F, G:C = D sont deux foncteurs covariants
tels que

() Il existe un morphisme fonctoriel, = F — G.
(i1) F comserve la propriété de point fixe.
Alors G conserve la propriété de point fixe.
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Démonstration. Soit fesMor (4,4)
A & 0b €, un morphisme avec point
fixe et soit x, un point fixe de F(f).
Le théoréme résulte de la comunuta-
tivité du diagramme suivant

§ 3. Remarques. Remarque 1.1.
On ne connait pas de théorémes
d’unicité pour le point fixe d'une ap-
plication d’un ensemble en lui-méme.

Remarque 1.2. On ne connait
pas dans Ens des théorémes de point
fixe pour des applications multivoques
ou, plus généralement, pour des re-
lations binaires (voir J. Riguet {13]).

X, 'CAG;Co)

T ra—Za__cwy |
6)) G(%)
RO —BA __ A)

Ao += ZA(I")

Remarque 1.3. Existe-t-il des exemples ,,naturels’”
(i). de foncteurs qui conservent la propriété de point fixe?
(i1). de foncteurs libres de point fixe?

(Manuscril recu le 20 septembre 1970}
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I. A, RUS

CITEVA OBSERVATII ASUPRA TEORIEI PUNCTULUI FIX (I)
(Rezumat)

Se considerd categorii ale ciiror obiecte sint diferite tipuri de algebre umiversale jar morfismele
sint aplicatii ce satisfac la anwwite condifii. In asemenea categorii se definesc notiunile: object cu
proprietatea de punct fix, categorie cu proprietatea de punct fix, morfisme libere de punct fix, morfisy
fix sl unui iunctor, functor ce conservd proprietatea de punct fix, functor liber de punct fix, in
aceasti primd notd se studiazi notiunile de mai sus in categoria Ens,

HECKONbKO 3AMEYAHWHM O TEOPHWHM HEINOIABUW)XHOI TOUKH (1)
(Peswome)

PaccuaTpHBalOTCH KaTerOPHH, OGBEKTAMH KOTOPHIX ABJAAIOTCA PAa3AHuUHbBe THIB YHHBEPCANbHBIX
amedp, a MOPHHIMH SBAKIOTCH NPeoGPa3OBAHHAMH, YOBJETAOPSAIOLLUMH ONpefe/EéHHEIM YCAOBHAM., B
DOAOGHEIX KaTEropHAX ONPeiensloTcsi MOHSTHA: OOBEKT CO CBOWCTROM HENOABHXKHOR TOYKH, KaTeropus
€O CBOUICTBOM HEMOXBHKHON TOUKH, MOP(H3MH, CBOGOAHMWE OT HENMOJABHKHOM TOUKM, HeNOABHIKHLIN Mop-
qm?l OAHOTO (PYHKTOPA, QYUKTOP COXPAHAIOWMA CBOACTBO HENOABHIKHOW TOMKH, (GYHKTOP cBOGOR-
ERH OT E:;enonanxnoﬁ Touku. B Ractosimelt paGore H3yualOTCA BHIUEYNOMAHYTHE IMOHITHA B KaTe-
ropeER Eums.
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SUR UN THEOREME DE POINCARE

I. PURDEA

Soit (G,-) un groupe, S(G) I'ensemble des sous-groupes du groupe (G, ‘)
et E(G) V'ensemble des relations d’équivalence sur G. On considére les applications

F :S(G) > E(G), F;: S(G) = E(G)
définies de la maniére suivante: pour tout H& S(G) et v,y &6

(ry)eF(H) & 2~ y€ H,
(ry)eF(H) @ yx'€H

Les applications F, et F, sont injectives et conservent l'intersection. On sait que
les ensembles quotient G|F,(H) et G/F;(H) ont la méme puissance, et leur cardinal
se nomme lindice du sous-groupe H dans le groupe G.

On généralisera ici le théoréme suivant de Poincaré. L’intersection d’'une
famille finie de sous-groupes d’indice fini est un sous-groupe d’indice fini. -,

Soit A un ensemble et p une relation d’équivalence sur A.

DfriNiTION Le cardinal de I'ensemble quotient A|p se nomme l'indice dela
relation d'équivalence p sur A et on le désignera par |4 : pl. -

THEOREME Si p;, t & I est une famille de velations d’équivalence sur I'ensemble
A, on a pout toul i I.

Arpl <|4A:Ned <1141 (1)
el i€l

Démonstration : Si Afp; = {A,}jeys, alors p; = \J 4;; X A4. On prouvera que
* i€J;

Ne:i=U [N4inm) X (N 4igo)] (2
el sel

1€l fEX]‘ ¢
el

o# XJ: est le produit cartésien des ensembles J;, ¢ & I. Soit (x,y) G_lei, donc
el . T
(x, ¥) & p;, pour tout i I. 1l existe donc pour tout s& I un seul j & J; tel que
%, y& Ay Par conséquent, si on définit Yapplication f: 1 _’-LG'J Jif@@)=4 ona

fe€X J;et x, ya ) Aiy- 11 en résulte:
i€l el

(z, )& U (N 4ya) X (NA4i)) N
X 1€x]; Vet

it el
€!
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.d’ou l'on obtient: '
; Ay X A
'_gp‘ % eLij'_[(QI 1) SQ )] @3)
el
‘Soit
(xy)eU (N 4um) X (N 4im)]
le{é{" el iel

donc il existe un élément f, & X; J; tel que
i€

(%, )& (N 4i) X () Aisia))
icl (=34

donc x,y & Ay, pour tout i & I, c’est 4 dire (x, y) § p; pour tout & I. 1l s’ensuit
que (x, ¥) &) p; ce qui implique
el

U [N 4i) X (D 4] S N o (4)
fe'é{, el iel iel
La formule (2) s’obtient A partir des formules (3) et (4). On prouvera maintenant
que si fz£g, alors ' -
(N 4i) N (N dige)) = @ )
iel el

ot O est I'ensemble vide.

Supposons que
%6 (N Aiw) O (N Aieii)
iel (=74

i

donc x & Ayy et ¥ & Ay, pour tout t& I donc Ay = Aiwm. D'autre part
il résulte de f £ g 'existence d'un élément ¢, & I tel que f(z,) 52 g(1,), donc A gy 7=
# Aiqiy ce qui este contradictoire. '

. Des formules (2) et (5) on obtient

AN e) ={N Ayl fa X J; et (Y Aiyp 7= O}
i€l sel el el

D’oi1 il résulte que le cardinal de I'ensemble 4/((M)p,) est plus petit ou tout au plus
el

égal au cardinal de I'’ensemble X J; donc,
el

[A:Nel<I|4:p]
serl =34

L’inégalité
4 o] < [4: M o)
el

tésulte des inclusions (M p; C p;, iG 1.
i€l

. ConstQUENCE. L'intersection d’une famille finie de relations d’équivalence
d’indice fini est une relation d’équivalence d’indice fini.
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Observations. 1. Si parmi les é
équivalence g, telle que p;, C o,
une égalité.

2. pour f e'_>€<I I, on a g A2 @ alors la deuxidme inégalité de (1)
devient une égalité.

équivalences de la famille o, i g I il existe une
1 alors la premiére inégalité de (1) devient

(Manuserit recu le 16 aodt 1970)

BIBLIOGRAPHIE
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ASUPRA UNEI TEOREME A LUI POINCARE
(Rezumat)

Fie p;, i € I o familie de relatil de echivalenti pe mulfimea 4.
Teoremd. Numerele cardinale |A: o;} 5i |4 :r‘l il asociate multimilor factor Afo; st Al( qm) verificd
ie H=
inegalitdfile :

iz el < 14: et <4z
iel iel

OB OJIHOVI TEOPEME MYAHKAPE
(Pe3oMme)

flycrb gy 5 €I — CeMefiCTBO  COOTHOLUGHHA  SKBHBANEHTHOCTH Ha MHOMECTBe A.
Teopema.' TMopsakossie uHciaa |A:p;| H|A: (. !, npucoennuéinbte K GaKTOp-MHOXKeCTBAM Afp¢ B
' el

A ) p;i yHAOBAETBOPSIOT HepaBeHCTBAM
iel

ldizeil<14:Neil < ,HIA-'Pil
iel el









14 P. MOCANU
On pose le probléme de déterminer I'enveloppe des droites {L,} {& [q, b).
~ Désignons par £ cette enveloppe. Evidemment, pour « =0, £ se réduit 3
et pour « = 1, £ est la développée de la courbe I' = f(C).
Soit w = w(t), t & [a, b), 'équation de la courbe €.
On a pour we £

arg](fz) — w] = argw = arg flz) + o arg i(S)
donc
Im—=— =0, .—*—>
J@) —w. f)) —w
s dw
onN w=—_.

ds
En vertu de I'égalité
a d
-~ 8T8 ® = Im d—‘Log D,

on déduit
Im ) —w __ 1 Im #f'(z) (:f (2) z ) -
o —w = (T Im e+ o 22
donc
Im o=y =0
Z) — w
(1)

Lo 6 _
Mo —w P

En dérivant la derniére équation par rapport 2 £ on a

¥+ #) SR — W)
fle) —w (fle) — wp?

ol -+

En désignant
F p——t '_z.f/,(z) -'x; = P 1
o T3 + 1@

on déduit, en tenant compte de (1),

b g ( #(2) )z P L _
o= o) TR L2

d’ot

w — 2R jf’(’)_ R £f'(2) Pp = ¢
Pf(‘)_w 'p ef——(t)_w-i-Q ef———(z)_w-l- b =p
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On a alors
(Q—2p)Re.ﬂ=15_.p _ w
1) — w LN S R
— 28 Im @ _ _
Q@ — 2p) e 2(Q — 2p)
donc
om0 w
(@ 2MR;j;——Pﬂd_w+p—pF—%ﬁ

oy M@ -, w . .
©@—2p) = bog o TP —PF —2ip

_ On déduit que lenveloppe £:w = w(f) vérifie I'équation différentielle liné-
aire de premier ordre:

w4+ Aw = B + Af(2)
ol

A=%—F—2ip
B=P—%ﬁw.

3. On peut introduire une autre notion de convexité généralisée de la fagom
suivante :

Soit f une fonction holomorphe et univalente dans un domaine D qui conti-
ent le disque {z; |z] <7} et f(0) = 0. Soit 0 < « < 1. On dit que f est a-étoilée
sur le cercle C, = {z; |z] =7} si

iarg (f(z) — flaz)] = 0, z=re®.

Cette condition s’exprime encore sous la forme équivalente:

g) — Re LA =@ 5 o )
PO) = Re = 0

ol
z=re"®, ¥ =z
Pour les cas limite respectifs « =0 et « = 1, on obtient respectivement la

condition d’'étoilement
£f'(2)
222>0
o =

ol la condition de convexité
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4. Pour « donné, 0 < « <1, on pose le probleme d_e’ déterminer la borpe
supérieure r* des nombres positifs 7 tels que f soit «-étoilé sur C . o
Comme dans [2] on peut montrer que r* est donné par [z] ol z vérifie le sys.
téme :
) —afled) _ o
f@) — fle2)
. ()
I R ) L 1=0
f(8) — af’(a2)

Soit, par exemple, la fonction )
&) =2z 4 az”

Le systéme (3) s’écrit
Re 1 4- nafzn—! .

1 4 af:zr—?

Rew:+1=0' B=14a+ ...+ o

1 + naf:—!
ou bien
Re Lt naga"—t
1 4 apem—t
Re L ma 71
1 4 napzn—s
Donc on a
YL 24 (n 4+ 1aB2"1 + (n + 1)ap2"! + 2njal2p22-1 = 0
X 2 + a(n 4 1) ap2""1 4 n(n + 1)dpz"~1 + 2n3|a22|z[3-1 = 0
..-d’ofs on obtient 1
"3 1 -«

r* = —_—
#laj(l — a”)

5. Supposons que f est a-étoilé sur le cercle C,. Soit E, la droite qui passe
par les points f(2) et f(«z), z = 7e®. On pose le probléme de déterminer I’enveloppe
des droites {Eg}pgp,2m. Désignons par & cette enveloppe. Pour « = 0 8 se_ré

duit 2 0 et pour « = 1 8 est la développée de la courbe AC,). ;
Soit w = w(8), 0 [0,2n], I'équation de la courbe 8. Pour w< 8 on a
o t arg w = arg [f(z) — f(Q)] = arg [f({) — w] = arg [f(z) — w)
On déduit
Im—% _ -0 Im—2 =0 Im{®@-—w_

f-—w A —w flo) —w
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En dérivant la derniére équation par rapport 2 8 on obtient

Im[itf’(t)~w — ) — o) ~w] _ o
fl)) —w (f(2) — wps ] -
ou bien
LR fH —w izf'(2) ) fiY) —w i
— Im -1 Y =
O —w e Crm—w i —w e e e
On obtient donc le systéme suivant:
f@) —w

Re tr(®) __f(t)_wRe zf'(z) —_
) —w  flo) —w  flr) —w

En désignant

f@y =71 () =e f@)=f,SQ)=¢

on a

2=Y _0, Re—*_ —2=¥Re ¥ 90

Im
f—w f—w f—w f—w

ou bien
of—fot@—Hw—(e—NHw=0

Lo’ cé'_q»—w(fzf' + ;f_’]____o.

f—w f—w f—w

On a successivement

e —f
’ o~f_ ’ 2 o—f e—w
C¢ +C? "‘_‘_f— Zf +Z -(P-'—_}Jf—'w
2R 4 — Re i

d’o1 on o’btieut

* ' £
i g lpe Y
= Re T T TR A -1

2f*(z) = Y%

—R
P = R

z = re'®, § = az

9 — Mathematica — Mechanica 2/197%

4
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On a évidemment ‘
Atp =1 (5)

Pour vérifier que (4) est vraiment 1'équation de Y'enveloppe & on suppose que
(4) a lieu. En dérivant par rapport & 6, on obtient

® = M(Y) + M0 + of() + vy ()
Tenant compte de A+ =0, on a
= A[f(§) — f(2)] + s (AL (D) + wef'(2)]
De (4) et (5) on déduit
flz) — » = A[f(Y) — f2)]

Donc

v l ix(f’(t) + uzf'(2)
S —w A AR ~flo)

et on obtient

Im % _ Re NS+ @) _ g
J) — w 78 — f62

Remarquons que I’équation (4) de l'enveloppe 8 s’obtient sans aucune quadra-
ture.

(Manuscrit regu ls 30 novembrs 1970)
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ASUPRA A DOUX NOTIUNI DE CONVEXITATE GENERALIZATA
IN REPREZENTAREA CONFORMA

(Rezumat) s

In prima parte a acestei note se fac citeva consideratii geometrice privind o notiune de convexi-
tate generalizati introdusi in [1].

Ina doua parte se introduce o alti nofiune de convexitate gemeralizatd (mumiti «-stelaritate) in
{elul urmaitor : fie 1 o functie olomorfa si univalent’ intr-un domeniu D, care contine discul {z; |2] < 7}
d f(0) = 0. Fie 0 < « < 1. Zicem ci f este a-stelati pe cercul C, = {z; |2} = r} dacd

a )
7 8 Ul2) = flaz)l = 0, 2z =9,

Aceastd condifie se exprimd sub forma echivalenty (2). Se moteazd cu & invelitoarea familiel

de drepte {Egloc(o,2n), unde Eg este dreapta care t i i
e e (Eoloe d:] - o p e trece prin punctele f(s) si f(az). Se arati cd ecuatis
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O IBYX MNOHATHAX OBOBWEHHOM BHINYKJIOCTH B KOH®OPMHOM OTOBPAXXEHHH
(Pesiome)

B nepBoi 4acTH CTaTbH JeNAlOTCA HEKOTODLIe reOMeTPHUECKHE CO0GpakKeHHA O NOHATHH 060GMEHRON
BLINYKAOCTH, BBeféHHOM B [l].

Bo BTOpOii yacTH paGoTHl BBOAHTCHA APYroe NOHATHe OGOGUIEHHOM BRINMYKJOCTH (Ha3hBaeMoe a-3B&3-
A006pa3HoCTbIO) caelylotunm o6pasom: [lyctb f-ronomopdnas W onxosHawHas yHKUHA B o6nactH D,

cofepxaltes AHCK {z; |z | r}< ¥ f{0) = 0. ITyctb 0 < « < 1. FoBophwm, uTO f sABNfAETCA a«-3BE3f006pa-
3HOIN Ha Kpyre C, = {s;|2| =1} ecan :

a% arg [f(s) — f(a2)] > 0, 2 = r¢'°.

310 yc/oBHe BhIpaKaeTcs B SKBHBaneHTHOM Buie (2). OGo3navaetcs yepes 8 oruGaiowias MPAMBX
{Ee}oe(0,2x), TAe Eg npaAMas, NPOXOAALIAN Yepes TOUKK f(z) K flaz). TloraswBaercs, ¥TO ypaBHeHHe
XpxBoit 8 nano (4).






REZOLVAREA APROXIMATIVA A ECUATIILOR DIFERENTIALE
CU AJUTORUL UNEI CLASE DE FUNCTII SPLINE

C. KALIK

1. Considerdm urmaitoarea problemd diferentiali : fiind dati funcfia f& L,(0, 1)
sd se gaseasca functia u, care satisface conditiile:

ws HPM (0, 1) (1,1)
m—1
u(“) — Z: pku’(k) =f (112)
A=0
i) =0, 1+=1,2,...,m (1,3)

unde H{™ (0,1) este spatiul Sobolev format din acele functii din L,(0, 1) care admit
toate derivatele generalizate pind la ordinul s inclusiv [1]. Functiile p, sint din
L,(0, 1), iar y; sint functionale date, liniare si continue pe H$” (0, 1).

Scopul nostru este de a construi o familie de functii spline cu ajutorul bazei
Haar din L,(0, 1), si de a aplica aceste functii spline la gisirea solujiei aproxi-
mative a problemei diferengiale (1, 1) — (1, 3), folosind in acest scop metoda pro-
iectiilor ortogonale.

Ipotezele de bazi ale lucririi sint urmitoarele:
I. Problema diferentiald (1, 1) — (1, 3) are solufie unici pentru orice f&
&L,(0, 1).
I1. Dacid un polinom oarecare Q,_, de grad mai mic sau egal cu m — 1 satis-
face egalititile
YiQu_y) =0, 1=1,2,...,m,
atunci Q,,. (%) = 0.

Observim ci ipoteza 1I este indepliniti in cazul problemelor diferenfiale care
apar mai des in practici, de exemplu la problema lui Cauchy, problema polilocali,etc.

2. fnlocuim problema difereniald consideratd cu o ecuafie operationald echi-
valentd. Pentru aceasta folosim subspafiul

H™ (0, 1) = {uc H(0,1): vi(w) =0, i =1, m}
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& introducem urmitorii operatori
S

A: HZ(0,1) = L,(0,1) unde Au =«
m—1
K: H"1(0,1) = L,(0,1), unde Ku = ’Z,o Pt

s: B2(0,1) » H"™(0,1), unde Su = u,

care pe permit si exprimim problema diferentiald (1,1)— (1,3) cu o singura ecuafie
operationald :
Au = Ku + f 2.1)

Datoritd ipotezei II existd si este mérginitd inversa operatorului 4 :
A-1: L,(0,1) — H{™(0,1)
Notind v = Au, este ugor de stabilit echivalenfa ecuatiei (2,1) cu ecuatia
v=KSA~Ww +f
pe care o scriem intr-o formid mai simpld:
v=Tv+4f (2,2)
unde T = KSA—.

Subliniem faptul ci datoritd complet-continuitifii operatorului de scufundare
S, si datoritd continuitifii operatorilor K §i 4—!, rezu.td complet-continuitates
operatorului T.

3. Construim functiile spline cu ajutorul bazei lui Haar. Cunoscutele functii
in scard ale lui Haar, formeazd o bazd ortonormati in L,(0,1) si totodati o bazid
Schauder in C[0,1}, [2], [3]. Se poate verifica usor, cid functiile lui Haar pot
fi exprimate cu ajutorul egalitifilor:

k-1 k+1 k-1

x,,i(x)=2TY(x_f;%1];_zTy(x 2"‘)4—2 Y( 2__] (3,1)

1 k—1
unde Y este functia lui Heaviside:

]l dacd x -t >0
*—1 —]0 daci x — t <0
jark=1,2 ...;7=1,2, ..., 2¢1
Notim

Yo

S = A~y

Asta inseamnd cd functia s,, este solujia urmitoarei probleme diferenfiale :
U™ (x) = xai(2), x&(0,1)

Yvi(#) =0, 1=1, 2

e, M
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Efectuind calculele necesare gisim
j — 1\m 25 — 1\m :
T
= gk—1 5 & ——|* = mol
spi(%) =22 t_o? 2 Jeygr L e
15(%) — — +2 — +§c,xx(3,2)
unde
" (x—y)" dacd x —y =0
(* — v)% ={ % r=
0 daci x —y <0
iar constantele ¢, sint solutiile urmitorului sistem de ecuatii algebrice
m—1
- Lanl?) =—vlew), =12 ...m (33)

in care am notat

i=1ym ( 2:'—1)»' ( iy
bt — Rty — 1y ——
Pui(#) = 27 (-5 2 gt 2o

-+ _ 2 2
ml m | mi

Mentiondm ci, datoritd ipotezei II, sistemul (3,3) are solufie unici. Functiile s,;

date (%e bfi)rmula (3,2) sint niste funciii spline de gradul m, aparfinind multimii

C™1 [a,b].

Simplificim notatiile functiilor Haar si ale functiilor spline. Fie # = 2*-1 4 §;
atunci atit functiile lui Haar, cit si functiile spline s,;se pot nota cu un singur
indice :

Xl, x!, c vy Z”, .o
respectiv .
S1, Sgy cvvy Spr o

4. Determinim solujia aproximativi a problemei diferentiale (1,1)—(1,3)
fn acest scop, la inceput vom inlocui ecuatiile (2,1) respectiv (2,2) cu niste ecuatii
aproximante.

Notim cu V, =V, (x1, ---, X, invelitoarea liniardi a functiilor Haar y,,

.. Yo Fie
w,: L,(0,1) =V,

proiectorul ortogonal al spafiului £,(0,1) pe V,. Notim

=71 —x,

in mod analog, notim cu U, = U,(s;, ..., S, invelitoarea liniard a functiilor
Su ..., s, din H{M(0,1).
Ecuatia
r,(Au, — KSu, — f) =0 4.1
cu necunoscuta #, din U, o vom numi ecuatia aproximantd a lui (2,1).
Ecuatia
v, — v, — m,f=0 4,2)

cu necunoscuta v, din ¥, o vom numi ecuaia aproximanta a lui (2,2).
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Observim ci relatia v, = Au, realizeazd o echivalentd intre ecuatiile @1
s 62 o N |
Vom numi solujie aproximativd a problemel diferengiale (1,1) — (1,3) solutia
u, a ecuatiei (4.2). Deoarece solutia aproximativd %, & U,, avem

V) = 2 Eisi(¥)
si sistemul (4,1) se mai poate scrie sub urmitoarea forma
E— L EESs ) = F=12 .om (4,1)

deci ecuatia aproximanti (4,1) este, de fapt, un sistem liniar de ecuatii algebrice.

5. In acest ultim punct al lucririi vom arita cd sistemul aproximant (4,1)
are solutie unicd, iar sirul soluiilor aproximative {u,} converge citre solufia # a
problemei diferentiale (1,1)—(1,3). Avind in vedere echivalenfa ecuafiilor aproxi-
mante (4,1) si (4,2), este suficient si demonstram urmitoarea teorema:

TrOREMA. Existd un numdr n, astfel incit ecuajia aproximantd (4,2) sd aibd
solutie unicd pemtru ovice n > ny. Strul solutiilor aproximative {u,} converge in
HM (0,1) cdtre solutia w a problemes diferentiale (1,1) — (1,3), sé are loc urmdtoarea
delimitare pentru rest

el Au] < flu — ,)lp < 6ol In™M Auj] (5,1)

unde c, §1 ¢, sint niste constante pozitive, iar ||, ||,, inseamnd norma din spatiul H (0,1).

_ Demonstrare. Rationamentele care se aplici la demonstrarea acestei teoreme
sint cunoscute. Ele coincid, in esenji, cu acelea de la teoria ecuatiilor integrale.
Pentru acest motiv vom prezenta demonstratiile pe scurt, in mod schematic.

Deoarece {y,} este un sistem ortonormat si total in L,(0,1), rezulti ci avem
Hm |[x®™Tf]| =0

-
pentru orice f& L,(0,1).
*  Folosind complet-continuitatea operatorului ="', se demonstreazi in mod obig-
nuit cd sirul de operatori {n(™ T} este chiar uniform convergent, adici lim||n™T|| = 0.
. . . o . 3 . . n—o

. Demonstrarea existentei solufiei unice a sistemului (4,2) revine la demonstrarea

existenfei inversei mirginite a operatorului I — =,7.
Considerdm egalitatea evidenti '

I —%,T=1—-T+4a™T
Ipoteza I ne asiguri existenja si mirginirea inversei operatorului.
Pe de altd parte, din lim [ie™T}| = 0, rezulti ci existi un numir n, astfel in-
cit sd avem )

=M TY < —L
=Ty
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ori de cite ori # > n, In sfirgit, aceastd inegalitate atrage dupi sine existenta si
marginirea inyer.s;g:i Iui T — nf"{T_. Astfel s-a demonstrat exisr,icenta si unicigatja
soluiei aproximalive v, a ecuatiei (4,2) pentru orice 7 > n,, iar u, = A—ly_ este
solutia unici a sistemului (4,1). " "

Demonstrim §i inegalitdile (5,1). Din ecuatiile (2,2) si (4,2) deducem urmi-
toarea egalitate :

(I —="T)(v — v,) = =™y
Deoarece v = A« §i v, = Au,, gisim pe de o parte
[ — s,ll = 142w — v,)|| < |4~ [} — v,[{ < [14="] - [|(T — =V T)=1ny)
HA=H - 1 — = T)=1] - (= Aul|

iar pe de altd parte

=™ Aul] = [lx®o]] < IT — £, Tl -l ~ vll < 1 — 7, 71| - (4] - | — 2,]]

Notind ¢, = 1f||4]] - I — =M T si C, = |14-Y| - ||(I — =,T)"}] am ajuns tocmai
la inegalitdtile (5,1). Astfel teorema este complet demonstrati.
in incheiere facem dou observatii. Deoarece convergenta din spatiul H{™(0,1)
atrage dupi sine convergenta uniformé a sirurilor derivatelor pini la ordinul m — 1
inclusiv, rezultd ci avem
lim u{)(x) = wV)(x) 7=01 ..., m—1

n— o
in sensul convergenfei uniforme.

A doua observatie se referd la sistemul algebric (4,1') pe care trebuie si-I
rezolvim atunci cind vrem si gidsim in mod efectiv solutia aproximativa #,. Folo-
sirea functiilor spline s; in locul unui alt sistem de funcfit, cum ar fi de exemplu
polinoamele, are avantajul mare, din punct de vedere calculativ, ci un numir
considerabil de coeficienti din (4,1’) sint egali cu zero, iar calcularea efectivd a

coeficientilor acestui sistem este simpla.
(Litrat {n redactie la 2 februarie 1971)
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NPUBJIL)KEHHOE PEUMIEHHUE NU®PEPEHUHAJIbHLIX YPABHEHH C ITOMOLbIO
OLHOT'O KJIACCA ,,SPLINE” ®YHKLHHA

(PesioMe)

PaccMmatprBaerca au¢pdepenunanbHas 3apaia, npeacraBieHHas dopmynamu (1,1), { 1,2) 8 (1,3), co

CeAYIOULHMH TIpe ANOJNOXKEHHSAMH .
1. Iuddepentuannpnas 3a1a4a AMeeT eAHHCTBEHHOE peuleHHe sl ao6oit f &L, (0,1).
1. Ecan v{(Qm—,) = 0 (i=1,2,..., %) ANd NO60T0 MHOrOWIEHa Qp—,. CTEMEHbL KOTOPOTO MeHblsE

UK pasua m — 1,10 Qp,—,(¥)=0.
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C nomomsto ¢pynxurit Xaapa (3.1) crposnfﬂ ,spline”  dyuxunn (3,2). 3areM foxasmisaerca cy.

MeCTBOBaRHE NPHOMHIKEHHOTO PeLIeHHA 4y = E “g;s; Anddepenunanbiol 3ajauH, rae §y,..., £, npeg.
=1
m)
crapiser pentenue cHcreMs! (4,1°). JlokaswiBaercst M CXOAHMOCTb %y, —> % B Hg ©, 1).
" ' -
TpemMymIecTBO MeTofia COCTOHT B TpocToTe anreGpanueckoit cucremmt (4, 1'), B KOTOPOR Gonburoe
qACNO KOSDPHIHEHTOB PABHAETCA HYJIO.

RESOLUTION APPROXIMATIVE DES EQUATIONS DIFFERENTIELLES A
L’AIDE D'UNE CLASSE DE FONCTIONS SPLINES

(Résumé)

On considére le probléme différentiel représenté par les formules (1,1), (1,2) et (1,3) avec les
thypothéses suivantes:
I. Le probleme différentiel a une solution unique pour f & L, (0,1).
. SiYi{@m—y) =0 (i = 1,2, ..., s) pour un polynome quelconque Q,,_, de degré inférieur ou
£gal & m — 1, alors Q,,_,(x) = 0.
A T'aide des fonctions de Haar (3,1) on construit les fonctions splines (3,2). On démeontre ensuite
”
I'existence de la solution approximative u,, = Z s; du probléme différentiel, ou £,,. .., &, représente la
s=1
solution du systéme (4,1). On démontre aussi la convergence u, — % dans I-Ig") 0, 1).
L avantage de la méthode consiste dans la simplicité du systéme algébrique (4,1) dans lequel un
grand nombre de coefficients sont nuls. '



APPROXIMATE INTEGRATION OF SYSTEMS OF
DIFFERENTIAL EQUATIONS BY SPLINE FUNCTIONS

GII. MICULA

The purpose of this paper is to find approximate solutions for the Cauchy
problem for first order systems, which are polynomial splines of degree m. Such
solutions are effectively found by means of fixed-point theorems. The convergence
of the approximate solutions to the exact one is also disscussed.

1. Introduetion. Consider the interval {a, 8] C R and a mesh
Ara=zxy<2, < ... <x,=0b on [a b]

DeriNtTION (see[7], [8], [9]). A function Sa(x) is said to be a polynomial
spline of degree m with reguard to A, if:

1° Sa(%) € Cars .

2°. Sa(x)&mu(x) xE (%0, %) j=1n
Here =, denotes the linear space of polynomials of degree < m.

For an extensive study of the properties of splines the reader is refered to
{13, (71, 8). 9]

Following I - J , Schoenberg [8], the analytical expression of a poly-
nomial spline is

Sale) = Puls) + 3 Culx — )%

where P, is an arbitrary polynomial of degree m, C; is constant, and %, = « if
>0 and 0, if » << 0.

2. The setting of the problem and construction of an approximate spline.
Consider the system

y'l = fi(%, 3, 2) )
7 = fy(%, ¥, 2)

where f;: [0, B] X R X R =+ R, ¢ = 1, 2, are continuous and satisfy the Lipschitz
condition

fix, 3, 2) = fux, ¥, DI < Ay —YI+ 2 =2)), ¢=1, 2 @
(v, », 2, (X, Y, Z)e [0, BIX RXR
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We attach to (1) the initial conditions
¥(0) = 2(0) = 2 (3!

The Cauchy problem (1), (38) has a unique solution y = y(x), z = z(x) on an inter-
val [0, 4] C [0, B]. . . .

In the sequel we give a method of approximate solution of (1), (3) making
use of the theory of polynomial splines and fixed point theorem's.

The above problem was formulated and solved in the case of a single equation
by Loscalzo R. F, and Talbot T.D. [4].

Now we construct a spline which globaly approximates the exact solution of
(1), (8), having continuous (derivatives up to a certain order. It'Iore exactly, we
obtain approximating splines of degree m > 2, belonging to Cfyy;.

Let y = y(#), z = z(x), x & [0, b] be the solution of problem (1), (3), 72> m an
integer and A= % . Denote by $:(x), S.(x) & '['6],1] two splines of degree m, with

”
regard to the knots 7, 2%, ..., (n — i On [0, 7], S\(x), S,(x) is defined as
follows: .

S8 =50 + YO + o+l

0<x<h (4

xn—1

(m — 1)1

Sy(x) = 2(0) + 2’(O)x + ... + z%—l) + ’%'::bo

The coefficients a,, b, remain to be determined so that S;, S, satisfy (1) for x = 4, i.e.
Si(h) = fi(h, Sy(h), S.(%)), i=1,2 (5)

From this system a,, b, may be uniquely determined (see Theorem 1).
On [k, 2h], S,, S,aredefined in the same way.

Take .
m—1 . ”
Su(x) = = SV (x — )+ E=H0 g,
j=(Q 7! 23
- ' h<x<2h
Se(x) =2 L SP()(x — hy 4+ E=B"p
“5=0 §! ml

Hence a,, b, are determined so that (1) is satisfied in x = 24, i.e.
S;(2h) = f,2h, S, (2h), Sy@H),  i=1, 2.

In the same manner S,, S, are defined on the intervals between the reamaining
knots. So we have:

Sikh) = fi(kh,S;,(Rh), Sok ), i=1,2, k=0 mn

Tutorem 1. If b < 2—'3 where A is the constant in (2), then the spline approxi-
mations S,, S,, defined above exist and are unique,
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Proof. fl‘ake %k, (k + DR} C [0, ], k=0, 1, ..., n — 1, where S1, S, have
the expressions .

m—1
1 i - -
S1(%) =j/3°j—ls$”(kh)(x EhY + & ':’0 =) + B L
= m

(6)

S0 =% 57 SEER (v — Y+ E b, = By(x) +
We have to show that g,, b, can be uniquely determined from
IS;[(k + 1)&] = fi(k + DAS:[(R + DE), So[(k + 1A, =12 (7)
Substituing (6) in (7) we get for a,, b,
= 2 XA B+ OB AL+ DB+ 2 A7 Bk + D) + 2 2] =

h hm—1

(x — kE)™ bk
m |

— ANk + 1>h]}

(m -1l ax by (8)
by =2k 1, Agl(B + DB) + 220, Byl(e + 6] 4+ 2 h7] =
— Bil(k + A}
To be short we write (8) under the form
ay = gi(ay, by) by = &i(ar, by) 9)
Denote by G the operator: G: R* - R?
defined

(@5 ) —> (&x(@s b)), €@ B))V (@ by) & R?

We prove now that under the assumption of theorem 1, the operator G is of contrac-
tion, which implies the existence and unicity of the solution a,, b, of (9). For brevity,

denote the pairs (ah, B), (4, &) , by ¢, repsectively ¢,.
As usual the distance is p(t, fy) = [ak — ai| + |04 — B3]

So that p(G(t)) G(t:)) = lga(ts) — &1(2)] + 1ga(tr) — &:(t)]
Let us calculate this distance taking into account (8) and (2), we find

lea(ts) — glty) | = 2= |f1 (B + Db, 4,((k+DA) + 2 af, B[k + Dh] + 2 b.]

h”ll

—fl[(k+l)hAh[(k+1)h1+—a.,, Byl (k+1)h1+—bk]| 2 olt )

Analogously | ga(ts) — &a(ta) | < — P(tlr L)

It follows that p(G(t), G(ts) < ‘iﬂ'p(tl, )
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In other words, if24% 1 (h <-2%), the system (9) has a unique solution, which
b4

completes the proof.

3. Conmsistency relations for spline funetions. Let 8 be the class of splines of
degree m, defined on [0, ], and belonging to C{ss;, which knots x, = kh, b =1,2,. ..
n—1 If s€ 8§, on [o, (m — 1)k), it has the form

m—2

s(x) = P, () +§ Cy (x — kR)

so it depends on m + 14 m — 2 =2m — 1 linear parameters. Consequently
s(kh), s'(kh), k=0, 1, ...., m — 1 cannot be independent, and thefollowing

theorem holds: (I. J. Schoenberg, 1966 [4], pp. 435).

THEOREM 2. If s(x) € 8, then there exisls a unique linear comsisiency relation
between the quantities s(kh), s'(kh), k=0, 1, ...m — 1 namely

;)"j: ay” s(kh) = h"i by s' (kh)
where
g = (m — 1)! [Qn(k) — Ok + 1)1, 8™ = (m — 1)1 Qpyalk + 1)
and Q.. () =—’-l %‘ (— 1)'Cra1(x — )T is a B-spline.

mi =0
Here is the table of coefficients of consistency relation, which we shall need

in the sequel (see [4], pp. 436).

al(‘m) bgn)

-
\ 0 1 2 3 4 0 1 2 3 4
mn

2 | -1 1 yz | 112

3 | ~1 0 1 13 | 43 | 113

4 | -1 | ~3 3 1 1y4 |1ys (s | s

5 -1 |—10f 0| 10 1 | 15 |26/5 [66/5 [26/5 | 15

Next theorem enables us to give, on the basis of theorem 2, methods of numerical
integration for (1), (3).

. THEOREM 3. The values Sy(kh), S,(kh), k=0, 1, ..., n, of the approximale
spline coincide with the values y,, z,, yielded by the multistep method

m—1 m—1
;.Eo B Yy mirer = h,& By mppf=m—1, ..., n (10)

m—1 m—

' {m) -
ay’ 2s_ =h
& f~m4+14+8 [

1
() ’
4 b‘ )1j—m+1+k
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with starting values

Yo=51(0), y, = S;(4), ..., Ym—2 = S;{(m — 2)A] (11)
Zp = Sz(Q)- 2=S5(1), .., Zyoy= Se[(m — 2)h]

”m .
Proof. For & <2—‘; , there is exactly one couple of sequences {m}, (&) k=

=m— 1, ..., n, tosatisfy (10), (11). This implies that S,(kA), So(kh), b =m — 1,
.., n, have to coincide with y,, z,, given by (10), (11).
In what follows we deal with two important cases, namely # = 2 and m =3.

4. Quadratic splines and trapezoidal rule. Theorem 3 for m = 2, leads to
1-step method

h ’ '
I — Va1 = ry [yh + yp1] = ”z’i (1% a0 %) + fi(*acy, Yaer 23-1)]
2y — 2 =% [ex + 2h-1] =§ (ol a0 2a) + fal%ao1, a1 2a-d)]

This furnishes the same values as the quadratic splines S;, S,.
Since a spline S & 8§ has in the knots, derivatives up to the order = — 1 only.
we define its #** derivative in the knots x,, by

Stm(x,) = -;-[sw(x,, — %Iz) + Sem (x, +-21-h)], k=12 ...,0—1 (12

Our purpose now is to disscuss the convergecne of splines approximation to the
exact solutions as 2 — 0.
Let y(x), z(x) be the solution of (1), (3) we know to be unique and put

Yo =3(x), Y=y (%), 7 = 2(n), 2= 7'(%)
S =3Si%), S =Si(%), 1=12; 5y=Frh

Lemya 1 If  [S,(z) — y(n)i] < &8, |Sa(xs) — 2(%,) < kWP and  Si(ta) =
= fi(%), Sip S._,,,j{ S; (lx(,).)-—- fz(:t',:b .ISM, Sap), then there ex;sts a constant K, such
t

tha
1S:(x) — y(a)l < Kik#, [Si(m) — ¥'(m)] < Kb
1Sa(%) — 2(x)] < KW, 1S"5(%) — #'(m)] < Kb
Proof. By Lipschitz condition (2), we have: -
1Si(x3) — ¥ (%) = 12(xx S1(%s), Sa(z) — folxa Si(xs), Salw))l <
< A[IS:(%) — ¥ + 1Se(x) — 7 (n)]| < 24AKh
Similarily |Sj(x,) — 2'(7a) | < 24KW
If take K, = max (K, 24K), the proof is completed.
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LevMa 2. Let y(x) & C»t'[o,b], z(x) & C"*+'[o,b], and S,, S: & & with knots
x, such that the following conditions hold

1S7(%) — ¥ (=)l = O™, IS (%) — 2 ()| = O(4") (13)
r=01 ... m—1, k=01, ..., n—1
and
I1S{(x) — 5™ (#)] = O(R), | ST (%) — 2(x)] = O(k) (14)

G <x<%_,, k=01 ..., n—1

Under these assumptions

1S1(x) — p(%)] = 0(h?), |Se(x) — 2(x) | = O(W*), x& [0, b] (15)
where ) ‘
p=min 7+ 2,), pp =1 (16)
so that o
IS(%) — ™ ()] = O(k), 1S™ (%) — " (x)| = Oh), x& [0, b] (17)

“The proof is in the same way as the lemma 1, [4], pp. 438
THEOREM 4. If fi, [, € C*}(0, ) X R X R], then there exists a constant K,
such that for any h < %, and x & [0, b], the following inequalities hold :

1S1(%) — y(#)] < Kh?, [Si(x) — y'(%)] < kA%, |S1(x) — »"(x)| < Kh,
1S2(%) — 2(%)] < KR2, |S3(x) — 2'(x)] < K2, |Si(x) — 2"(%)| < Kh

provided that Sy(x;), Si(x:) are calculated according to (12) for m = 2.
Proof. By theorem 3, the values of the quadratic splines on the knots are the
same as the values yielded by the trapezoidal rule, which is known to be a second

order discrete method (see [2] pp. 199 and 248).1
So a constant K, exists such that:

[S1(%) — J’(xk)r < KR, |Ss(m) — 2(x)| < Kght
From lemma 1 we infer that
1S1(x) — ¥ (%) < KR2, [So(%) — 2'(m)]]l < Kh?

Therefore inequalities (13) are satisfied for m =2, p,=p, = 2. By Taylor
formula

S(%41) = Si(#%) + ASi(x), Sy(%s1) = Salme) + hS3(%) x & (%, %ayd)
Y (%ay1) = ¥ (%) + hy"(E), 2'(%ya) = 2'(%) + h2"(E)), €516 (%, %pyn)
and substracting we get by Lemma 1.
BSI(x) — " (O] < IS{(%h41) — ¥ ()l + [Si(m) — ¥'(m)| < K, e
Hence Si(x) = y"(E) + O(k) -
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Because |x — &| < h, we may write S}(%) = y"(z) + O(h) and analogously
S5 = '(x) -+ O(h)
Thus, assumption (14) of Lemma 2 is fulfilled. A ing i
Pl . e pplying lemma 2, for S, Sy it
1S2(%) — ¥(x)] < KR, |So(x) — 2()| < K, 2 [0, b)
and by the same Lemma applied to S;, S; we have
1Si2) — y(@)| < K2, |Si(%) — #(x)] < K
The relations |Sy(x) — ¥"(x)| < Kh, |Si(x) — 2"(x)| < Kh, follow from (17) if. we
take into account that f,, f, & C¥([0, b] X R X R) i.e. y(x), z(x) g C¥0, b].

5. Cubic splines and Simpsons rule. If m = 3, from Table 1, we derive the
recurrence relations:

[yi_z; + dyi-1 + ] =’§ [fi(%k—20 Yh—2o 2a—2) +

+ i Z—v YVa—1 fc1) +Lilx Y 2)]

, ! ’ ’
Z — Y= 7;— (Zh-2 + 4y + 2] = g (fo(Xa-2s Vie2s Zh—2) +
4 4fas(_1, Yaor B=1) F+ fol%e Yoo 2)]

which coincide with Simpson’s rule. _
On the basis of theorem 3, Simpson’s rule yields a discrete solution S,(kk),
S,(kh), k=0, 1, ..., n, coinciding with cubic splines, provided that y, y, =
= S,(h), and z,, 2z, = S.(h) are taken as initial values.
The method based on Simpson’s rule is of fourth order, provided that starting
values have the same order. Following lemma shows that this is the case if the
starting values are S,(4), S,(4).

Lemma 3. Let m = 3. Then there is a constant K, such that
[S1(h) — y(B)| < Kahd, [S,(h) = z(R)] < KAt
Proof. Consider the expressions:

, h' " o h’
Si(h)y =yo + hyo + S0 T 5 %

Sulh) = 20+ bty + 225 + < bo
{] s At
Y0) = yo+ hys + 235 + 30 + 5908 0<E<h

[ s, At
z(h) = 2o + hzy + g—zz + %zo + azﬂ)(gl) 0<E<h

38 — Mathematica — Mechanica 2/1971



GH. MICULA
34

By substraction we get
s
1S:00) — () = ¢

1Sl — 300) = £ g — ) —  B9(E)| (18)

| (20— 20) = 1902 |

It remains to be shown that |ay — ¥ | = O(h), |6y — 2| = Q(Iz)
First, we show that a,, b, are uniformly bounded as functions of k.

Write (5) or (8) a, = &1(a,, o), bo = g2(a, Do) for m =3, we get:

, ko, » ] h g B ’ ”
a, =;2;[ l(h, o + hyy + E,’)'o + éao: zo + hzp + 'é‘za + ébo) — Vo — h.)’o]

. B, n» ’ " U [; ”
by = %[f,(h, Yoty + 22+ a0 2o+ hap + T 7+ %’bo) — - h.zo] (19)
Operator G: R* — R? (defined in theorem 1)

(@0 bo) —> (£2(@0, bo), €2(a0, b))

is of contraction if & < %h.

Consequently p(G(4), G(t) <2 olty, 1)
In particular for & < ;12 , we have
P (Gl), Glt) < 5 olts, 1)

Hence
p(G(ao, by), G(O, 0) <% p((@0 bo), (0, 0)) ie.
181(a0, b0) — £1(0, O) + [ga(@0, bo) — £:(0, 0)| < % (laol + 1bol)
But gy(ay, by) = o - g2(20, by) = b,, and previous relation becomes :
a0 = &0(0, )] + 160 — €20, O)f < 3 laol + 3 b
We may now write

laol — 1£1(0,0)] + 1bol — 1£2(0,0)] < |a, — £1(0,0)] + 15y — £:(0,0)] < ';‘ (laol -+ |bol)

Thus [ag] + 6ol < 3 (I&x(0, O)] + [g:(0, 0)).
Clearly we have
I =0+ by + 255+ 0(ss)

o) = zo + hay + 255 + O(hp
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y (19)
2,0, 0) =—[f, b yo+ Wy + % 9, 2o +hiy + 2] — 3

o(O O)_—[f (h Yo +hy + yo, Zo+hzo+’iz{,’)—zo——hzo]

Hence

€00 = Z U, y(8) + OUF), 2(k) + O(#) — 5, — Iy ] =

= 2 [y'(h) + O(F) — 56 — hy§] =

2 ’ " ! ”
= [y + hyg + O(F°) — ¥, — byl < M,

Similarly [g.,(0,0)| < M,
If we denote M = max (M,, M,) it follows lag| + |b,| < 3M

for any i < LI
24

In the same way, one proves that |a,| + |b,| is uniformly bounded for any & < -2-3:1

Relations (18), give |s,(h) — y(h)] = OF?), Iss(h) — 2(k)| = O(#®)
Making use of I.emma 1 for p = 3, we obtain:

Sulh) = y'(h) + O(F) = 3, + 11§ + T35 + O(#)
So(h) = 2'(h) + O(B®) = 25 + hzy + ’iz,',' + O(#¥)
By the definition of S, and S, we have

Si(x) =yo+3'(0)x +y (0) + 20 48
) xs [0, A]
6

xs

So(x) = 2o + 2'(0)x + 2"(0) % E +

so that Si(h) = y6 + hys + SAe, Sylh) =z + hay + 2 e

Comparing with the above relations, it follows

2 2 At 2
ao{;__g = O(R9), bof;____z_ = O(W)

or: ag — yi'" = O(h), by — 2" = O(k)
Substitutmg in (18) we obtain

1Sy(h) — y(#)] = O(k%),  |Sa(h) — 2(h)| = O(k')
which completes the proof.

35
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CoroLLARY. Let # = 3. Then following relations hold:
Si(m) = y(x) + O(h) Sa(x) = 2(%) + O(hY)

(20)
Si(x) = ¥'(m) + O(hY) Sy(z) =2 (%) +O(A%); k=0, n

LEMMA 5. (Loscalzo, Talbot (4], pp. 442) Let y(x) < C[0, b] and let x
and %,y = %, + h belong to [0, b]. Suppose P(x) be the unique polynomial of
the third degree satisfying the Hermite interpolating condilions :

P(xy) = y(%) P'(z) = y'(%)
P(ty4) = ¥(%s1)  P'(%p1) =¥ (%441)
Then there exists a constant K, such that
|P"(x) — ¥ ()] < Kh
Proof : Consider the cubic poliynomial
P(x) = a, + by(x — %) + alx — x)* + dy(x — %), (22)
which fulfills conditions (21). It is known that

dy =[x, %, Xpyr Fpgrs V)

(21)

where (%, %, %p41, %341 y] is the divided difference of y on the double knots
%y %pyq. This implies P’'(x) = 6d, = 6[x,, %, %411, %3415 y]. But by a general
property of these divided differences (see [3])

¥ (E)

31 z‘,,<€<xk+1

(% % Xpgrr Tagrs V] =

Thus P''(x) = y""(€) or P"'(x;) = y""'(E).

Hence |P"'(x) — y""(x)] = |y"'(&) — y""(x)] = 1§ — mf [yW(n)] < Kh, %, <9 <§
and the proof is completed.

TrEOREM §. If fi(*, ¥, 2), fuilx, v, 2) & C¥([0, b] X R X R), then there exists
a constant K, such that for any h < % , the following inequalities hold :

[SP(x) — y D (x)] < Kht=5, |S(x) — 21(x)| < Kht—1 7=01213
provided that x & [0, b] and Sy"(x,), Sy(x,) are given by (12) for m = 3.
Proof. Put for the approximate splines on {x,, %;,,]
Si(#) = a, + by(x — x) + 6 (x — x,)2 + dy(x — %)?,

So(#) = oy + By(x — x,) + Talx — %) + 8i(x — 2,)°
Coefficient d of (22), may be effectively found, from (21

(23)

1
4, = » 2y + Bk = 2y, 41 + hYiga]
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In view of (20), 4 may be written as

1 , ,
dy = » (253 + 451, — 25040 + BS3pa) + O(h) = % Py (%) + O(R)

where P, is the unique ]I)olynomial of the third degree interpolating the values
Yo Yo Darv Matre Let 2, '<x < x,,,. We have S,(x) = 6d, and corollary implies

S = Py'(x,) + O(h) = 5" (x,) + O(k) =
¥ (%) + (% — 2)y9(E) + Oh)
Supposing |x, — x| < k, we obtain:
SPU(x) =" () +0h), x,<x<=2x,, k=01 ...,2—1 (24)

and similarly
S(x) =2'""(x) + Oh), % < x < x4y, E=01,...,n—1 (25)

This means that (14) are fulfilled for m = 3. Note that S}”, S, are step function
constants and the intervals (x,, x,,,), # =0, 1, ..., » — L

We may write
- 14 h’ ” h. 111
Y(xpp1) =35 + Bk + PPL + red (1), oy < & < %
2(xy41) = 2 + 2k + %IZZ + %82"'(52), % < &y < Xpa
’ B B ari
S1(%i41) = Sax + S + Z Sy + 7 S17(&)
Salinas) = Sar + hSy+ 5 S5/ + 5 Sy(8)
By substraction, we get:
1S1(%n41) — Y (Fnga)] =[S — 3 + h(Sy — yi) +
+ 2 (St~ o) + T (51(8) — v (B
[Sa(®ps1) — 2(Zasd)] = 1S — 2z + (S — z) +
+ 2 (S — ) + 5 (57(8) — 2 (B

Hence by (24), (25) and (20) we deduce:
Si'(x) — ¥ () = 0(), Si'{m) — #'(%) = O(F) (26)

It follows from (20), (26), that relations (13) from Lemma 2 are fulfilled foi m =3,
o= p1 = 4, po = 2. Note the fy, fr & C3([0,6] X R x R)impliesy, z& C*. Apply-
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ing Lemma 2 succesively to Sy(x), Si(x), and then to Si(x), Si(x), and Sy'(x)
S.'(#), it follows : ’

ISy(#) — y()) < K, |S{(x) — ¥/ ()] < KW, [Sy(x) — v"(x)| < K2
[Sa(x) — z(x)] < Khd, |Sg(x) — 2/(x)] < KI3, |Sg/(x) — 2"'(x)] < Kh?
By (17) it follows that |Si'(x) — »"'(x)| < Kh, |S)'(x) — 2'"'(x)| < Kh

and the theorem is proved.

Remarks 1. The method of approximate splines has the advantage over
discrete methods, to yield global approximations for the solutions and its derivatives.

2. The approximate splines S,, S, are identical to the Hermite splines of the
same degree on the given knots.

6. Non-convergence of splines of higher degrees. The answer to the problem
whether approximate splines of degree > 3, tend to the exact solution of (1), (3),
is negative, as it results from:

TueorReEM 6. ([4), pp. 444) The aproximate solution S,(x), S,(x) does not
converge to the exact solution of (1), (3), if m = 4, for h — 0.

Proof. We show that multistep methods given by Theorem 3, are instable and
consequently nonconvergence for m > 4.

m=1

Consider the associate polynomial P(z) ; ai"z". By Dahlquist’s theorem

([2], Theorem 5.5, pp. 218), the muitistep method (10) is convergent if the zero’s
of P(z) are in absolute value less than 1, and that of absolute value equal to 1 are
simple.

By the expression of al™ of theorem 2, it follows :

P(z) =m§5a£""z’* f_g m — 1) [Om(k) — Ok + 1)]2* =

k=0
m—1

=(z—1)(m—1) E Qu(k)2*1 = (z—1)[2"2 + (2" Um)z" 34 ... +1] =

ll

= (z — I)Py(2)
where Py(z) =272+ (2" 1 —m)2" 3+ ... + 1
The sum of zero of P,(z) is

E 2 =m — 2m71

Hence
m-1 , m-1

El%l? Ezk
= =

=2"1—m>m—1if m> 4
Let Z = max EA|

Then (m— HZ>m—1 Z>
ximate splines S,(x), Sg(#) d1verge for m > 4.

> 1 if m > 4. This implies that the appro-
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INTEGRAREA APROXIMATIVA A SISTEMELOR DE ECUATII DIFGERENTIALE
PRIN IPUNCTIILE ,,SPLINE"
(Rezumat)

Tu aceastil lucrare se di o metod3 de integrare aproximativi a unui sistem neliniar de doui ecuatii
diferentiale de ordinul intii, coustruind aproximanta sub forma unci fuuctii spline de grad m. Pentru
determinarea efectivd a aproximantei spline se utilizeazi o teoremi de punct fix. Se studiazi conver-

genta solutiei aproximative citre solugia exactd a sistemului.

NMPUBAUXEHHOE MHTEMPHPOBAHHUE CHUCTEM IOHOGEPEHUHAJDBHBIX
YPABHEHHH ,.SPLINE” GYHKUHAMH

(Pesosme)

ABTOp RaéT MeTOd MPHO/MHKEHHOTO HHTErPHPOBAHUSA HenHHedHOM CHCTeMbl ABYX AHdxpepeHUHANbUBIX

. iR

ypasHelHi NepBOro MOPSAKA, MOCTPOHB anNpPOKCHMALHIO B BHIe ,Spline’’ QYHKUMH CTenewu m. Has
AnNMNpPOKCHMALUHH HCMOJNb3YeTCs TeopeMa, [eNOABHXKION TOYKH.

3¢xpeKTHBHOTO OnNpenenens ,spline”
M3ayuaerca CXOAMMOCTb NPHGMHKEHOTO PELUEHHS K TOYHOMY DELUEHHIO CHCTeAbl.
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3. Se rezolvi ecuatia funcfionald (2) ciutindu-se solutia ei in clasa C¥+1 [q, b).
fn [3] s-a demonstrat cid se pot determina coeficientii si nodurile si restul for-
-mulei de cuadraturd

b

p b
S glx)dx =) :; AP (@) +
f=

=1 s=

™ rs—l
DY BY¢" (x,) (5)

<cu ajutorul unei probleme la limit3, pentru un sistem de ecuatii diferentiale.
S-a demonstrat cd

R = (=" { o(x) g™ (x) dx
2]

-unde («, B) este cel mai mic interval ce confine toate nodurilfa ay, Gy, ... Gy, %y,
X, ..., X, 5i ci funcfia @(x) pidstreazd un semn constant in intervalul («, B)
n general pentru o functie de clasa C¥+! [a, B] avem
p %t a Tt 8
10) = fla) = 3o 3 APFa) + 35 0= BUSAO(x) + (=1 { o) i) dv
t=1 J= ) $= =

-]

Dacid f(x) este solutia ecuatiei funcfionale (2), atunci

8
{ o™ ax =0
oricare ar fi « si f. -

Deoarece p(x) pastreazi un semn constant in intervalul («, B), vom avea ori-
care ar fi («, B)

f(N+1) (x) =0

ceea ce inseamnd cd f este un polinom oarecare de grad cel mult N.
Deci, solufia cea mai generald a ecuatiei functionale (2) in clasa C¥+1 [«, B].
este un polinom oarecare de gradul N, cel mult, oricare ar fi « si .

(Intrat in redacfie la 20 septembric 1970)
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Ob OJHOM ¢YHKUVOHAJBHOM YPABHEHWH

(PeswoMe)

B cratbe paccMaTpHBaeTCs (YHKUHOHaZbHOe ypaBHeitke (2), B KotopoM Koapduunenti AP, B

=12 ..., p,8s=12, ..., 5; =01 ...,0, -1, =01 ...07,—1 HYabl 2, 7, ...., 74
onpelesiens! TaK, YToObl eMy YAOBNeTBOPsIH f =1, 2, ... ,xN, rne N = o, + ... + ap, + 7, + rp+...+
+ 7 + n, IPERNONAras, uTO 7y, #3 ..., %y — JNAHHbIE UEYETHBIE YHCAA, &, By ..., @p — HEKOTOPHIE

JIefiCTBHTe/IbHbIE UHC/a, JaHHble TaK, YTOGb QyHKUHA (3) 6bl1a NONOAHTENBHON HA HHTepBaNe (a, b).

ABTOp yCTaHaB/AHBaeT, Aefiasi CBA3b C KBaapatypHbuimH dopMysamu Tena Taycc-Kpucroddens, uto
Hanboniee OGLIHM pewleHHeM (YHKUMOHANBHOTO ypasHeHHst (2) B Kaacce CN+1 [o, 8] nHa HHTepBase
fe, B} ABAsIETCA MIOGOI MONKHOM CTemeHH N, KaKumH Obl HH ObiiH « H 8 ; (@, B) GYAy4YH HaHMEHbBUIHM
WHTEPBAJNIOM, COAEPIKAUIHM BCE Y3/bl @), @y ,....y Bp} ¥y, Xay ooy Xpe

SUR UNE EQUATION IFONCTIONNELLE
(Résumg

On considére dans cet article I'équation fonctionnelle (2) dans laquelle les coefficients A(..j), B(Sk‘l‘

i=1,2 ...,p5=12...,m75=01, ..., ;—1; k=0, 1, ..., 7, — 1 et les noeuds x, %s, ..., ¥y
sont déterminés de maniére que I'équation soit vérifiée pour f=1,%, ..., 2Nou N=a; + a, + ... +
4+ap+ 7+ 7, + ... + 75+ nensupposant quer,, #,, ..., r,sont des nombres impairs donnés, a,, a,, ...

..., ap des nombres réels quelconques, donnés de fagon que la fonction (3) soit positive dans l'inter-
valle (a, b).

On établit, en mettant en relation avec les formules de quadrature du type Gauss-Christoffel,
que la solution la plus générale de I'équation fouctionnelle (2) dans la classe CN+let dans l'intervaile
{«, B) est un polynome quelconque de degré N, au plus, quels que soient « et f; (e, B) étant le plus
petit intervalle contenant tous les noeuds a,, @y, ..., 3p; ¥}, Xey ..., ¥n.

.






VALORILE PROPRII ALE OPERATORULUI BITZADZE

P. SZILAGYI

1 1. Se stie cd problema omogeni a lui Dirichlet pentru ecuatia lui A. V. Bit-
zadze

u O . 0%

Bu==>"-—— 2 =

dx* 0yt + 1ax0y 0 (1)
in domenii de forma Q = {(x, y) | * 4+ 32 < R?% are o infinitate de solutii linear
independente. Prin urmare A = 0 este o valoare proprie de ordin infinit a opera-
torului B definit pe D(B) = {u|us WQ), u |3o = 0}, [1].

In aceastd lucrare se studiazi daci operatorul B cu domeniul de definitie D(B)

de mai sus are §i alte valori proprii. Pentru aceasta trebuie si determinim valorile
lui ), pentru care problema Dirichlet

Bu — =0 in Q, %p =0 (A)

are solufie nebanali.
Pe lingd aceasta se studiazd o problemd analoagi §i anume: si se giseascd

valorile lui A, pentru care problema Dirichlet
Bu — AMu =01in Q, #)ya=0 (B)

are solutie diferiti de functia # = 0. In problema (B) A este operatorul lui Lap-
lace in plan. Aici ne intereseazid numai acel caz, cind operatorul B — AA este elip-
tic. Se poate ardta usor cd pentru |A| %= 1 operatorul B — AA este eliptic, pentru
[A] = 1 pu. Prin urmare, in continuare vom presupune ci |A| == 1.

fn lucrarea de fati se stabilesc urmitoarele rezultate:

TrorEMA 1. Operatorul B cu domeniul de definitie D(B) are o singurd valoare
proprie, A = 0.

TrOREMA 2. Dacd A =0 i |A\| 5= 1, atunci problema (B) are mumai solufia
“= in demonstratie vom considera numai cazul R = 1, daci R # 1 demonstrafia
este aceeagsi.

2. Demonstratia teoremei 1. Fie A 3= 0 si # &D(B) o solufie a problemei (4).
Aritim ci u = 0. Ecuatia Bu — Au = 0 in coordonate polare are forma

J*u 0 1 O 1 9u 2 8“) — =0, @

i | 2 3
¢ (()ﬂ + % Orde " Jo* r Or r* do
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Dezvoltind pe # in serie Fourier dupd sistemul {e"®} avem

+

u(r, ¢) = E u,(7)e™®. (3)

e =

Daci inlocuim pe u(r, 9)inecuatia (2) §i in condifia la limitd ulyo=u (1, ¢) =0
si dacd ludm in considerare faptul ¢i # & W3(Q), obtinem conditiile

DL b LB 20t e =0 (< 1) (4)
dr® 4 dr r?
(1) =0, |4,0)] <0 (=0, 1, £2, ...). (5)

Folosind ecuatiile (4) si conditiile (5), putem exprima linear pe orice ,(r) numai
prin u,(r), sau ul(r) Vom ardta cid conditiile (4) §i (5) atrag dupa sine ca u,(r) = 0
pentru orice n intreg. Pentru aceasta vom folosi urmatoarele trei leme.

Lexma 1. Dacd functia (3) este solutic a problemei (A), atunci coeficientii u,(r)
satisfac conditiile

1
S 1, (r)(r2 — 1)1~" dr =0 n=—1 -2, ... . (6)
°

Demonstratie. Dacd funcfia #» din (3) este solutie a problemei (4), atunci sis-
temul {#,(r)} trebuie si satisfaci conditiile (4) si (5). Considerind pe u,,, in (4)
ca o functie cunoscutd, solufia generald a ecuafiei (4) pentru # < 0 poate fi
scrisd sub forma

Ulp) = A" + Bt — 27" { thnsalo) 67361~ 72)do. (7)
0

Pentru r - 0 avem

4

17§ e=runsalede ] < 77 [er-nde) ([ | nuralolide) " = o2
0 0

[

( .’g (% 4of* dPJm -0
0

—1-n L] —2—2n, f 372 (' 12
I”"”(S R P)dPl<7 “(S 2 zdP) (OS|“n+z(PldP ="#—_%=S|%+z|’d9, -0

0
Astfel daci » < —2 din conditia |u,(0)] < oo rezulti ci A, =0, B, = 0. Im-
punind conditia #,(1) = 0 se obtine
1
5u,,+2 (r)r—1-#(r* — 1)dr =0,
[}

ceea ce ne dd tocmai condifia (6).
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LeMA 2. Dacd functia u este solutie a problemes (A : .. )
voltarea (3) a lui w satisfac condmzle ? (4), atunci funcgiile u, din dez—

1
5,,,”(,)71—" (2= 1) =0 n=—1, -2, .

s =01, ..., ,

) ©

Demonstraite. Am vizut ci pentru # < —2 solufia problemei (4) — (5) este
A ” ) -—1-

U, (r) = 37 Su»+z(9)9 1= (2 — o?)dp. (7'

0

Dacd inlocuim aceste funcfii in (6), dupd calcule simple obfinem
1

{ tyyo (F) (72 — 18714y = 0 daci n + 2 < 0.
o
Inlocuind in aceasta pe u,,, obtinut din (7') se va gisi
1
s Uy (r)(r? — 1)3r~3"dr =0 dacd n + 4 <0,
°
si asa mai departe
1
f Uy yo, (7)(r2 — 1)BH1y="=2+1dy = 0 dacd n + 2 < 0.
°
Calculele de mai sus pot fi efectuate pentru oricen < 0 §i / > 0 dacd n 4 20 < 0.
Punind %k = n 4 2/in ultima egalitate obfinem
1
juk (NA*(r— 1) Hdr =0 k= —1, -2 ...; 1=0,1,...
0

care demonstreazd lema 2.
Lema 3. Din conditisle (9) rezultd cd u,=0 pentru n = —1, =2, ... .
Demonstratie. Daca in (9) efectuim schimbarea de variabild ¢ = 1 — #? gisim
1

(u,,,(z) (VIZir @ tg =0 n=—1, —2 ...; =01 .... (97
o
Fie Ha Ba e e radicinile pozitive ale ecuatiei Jo(f) =0, unde Jolt) =

= (-1t

( 2{—)2» este funcfia lui Bessel de ordinul O de speta I. Inmulfind
w0 () ,)

egalitdfile (9') cu (—1)— ! (‘-‘1‘) si insumindu-le dela O laoco in raport cu / obfinem
(e
1

[0 OWT=)"outpdt =0 m=—1 =2 ...; k=1L2%.... (0
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De aici si din conditiile (12) rezulti ci u, =0, u, = P .
din ecuatiile (ll)_sx din conditiile (12) succoesiv se :)tEir?é l\zi‘ffil%d 1r‘na1= %eparte.
Pnn+1:°rmare u,(r) = 0 pentru orice numir intreg #, ceea ce atrage dup:,'i si:;le— u(,f, q;)' -

= 2 #,(r)e™® =0 si cu aceasta teorema 2 este demonstrati.

n=—0w
Observatie. Este usor de vizut ci i
fie. 1 pentru |3} > 1 ecuajia By — Ay =
este tare eliptici. In acest caz nu este necesar si efectuim detmonstra;ia)\d:ti ig

aceastd lucrare, afirmatia teoremei 2 rezulti din [3]. Daci r="%=1 unde & este
- aye . . . A l’
un numdr real pozitiv si diferit de 1, atunci teorema 2 rezulti din [2].

(Intrat in redacfie la 16 nosembric 1970)
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COBCTBEHHULIE 3HAYEHHW S ONTEPATOPA BULIAL3E
(Pe3wome)

B craTbe M3yyaercsl rpandyHan 3agaya (A), xoria A NPOXOAHT MHOKECTBO KOMIJIEKCHGIX HHCER N
aapaua (B) aas o[ == 1. [TokasviBaeTcst 4TO Kpome X = 0 HET liH ORHOrO KCMMJIEKCHOrO 4HCAA, AAA KOTO-

poro 3agauH (A) u (B) HMeioT HeHyJjeBoe peluele.

THE PROPER VALUES OF THE BITZADZE OPERATOR
(Summary)
The boundary-value problem (4) when ) describes the set of complex numbers and the problem

(B) for A3=1, are studied in the present paper. It is shown that except A = 0 there is no complex
number for which the problems (4) and (B) have a non-trivial solution.

4 — Mathematica — Mechanica 2/1971






POTENTIELS DONT TOUTES LES TRAJECTOIRES SONT FERMEES*

A. HALANAY

Ie but de cette note est de reprendre et de développer un résultat obtenu il
y a presque un siécle par J. Bertrand [1]. Dans le probléme des forces centrales,

Bertrand a montré qu'il n’'y a que les deux potentiels — Loet %r’ pour lesquels
r
toutes les trajectoires sont fermées. Nous allons montrer qu'un résultat analogue

est vrai pour un probléme sur la sphére.
1. Forees centrales, Considérons le probléme de mécanique défini par la variété

R\ {0}, V'énergie cinétique % (u?® + 7% (les coordonnées dans R*\ {0} sont (r, 0) et les
coordonnées dans I’espace tangent sont («, v) (et le potentiel V(r); la fonction de
Lagrange correspondante est L(r, 0, «, v) = %(u2 + 7%?) — V(r) et le systéme

d’équations différentielles du probleme est 7 = u, % = rv2 — V' (n, b=9, v=
2y

1 4
Ce systéme admet les deux intégrales premiéres globales E(r, 0, %, v) =
= (u2 + 1% + V(r), p = 1.
Considérant la seconde de ces intégrales I’on obtient le systéme:

r=u, w=L_V@), 6=2
”” ””

dont les deux premiéres équations ne contiennent pas 6, donc peuvent étre étudiées

indépendamment ; le systéme formé par ces deux équations admet I'intégrale pre-
miére globale

F(r, 1) = %(uz + ?;-) + V) =0+ Vo), Velr) = 24 v,

2

Les courbes intégrales dans le plan (7, #) sont données par les niveaux de Ia
fonction F; les points critiques de la fonction F correspondent aux points sin-

* L'auteur tient 3 remercier Andrei Iacob pour avoir signalé le résultat concernant les forces
centrales et suggéré le probléme pour le cas de la sphére, Th. Hangan pour bien des discussions stimu-
lantes et St. Gheorghiti pour les indications de bibliographie.
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guliers du systeme et sont donnés par # =0, V,(r) = 0. Nous allons supposer
dans ce qui suit que la fonction V, admet des points critiques nondégénérés.

Soit 7, un point critique de V,; si V) (rp) < 0 alors (7, 0) est un col et pour
h = by = Vp(ry) les courbes 1ntegrales F (r u) = h sont topologiquement des droi-
tes, donc la variété invariante I, , générée par les courbes intégrales du systeme 4, p
fixés est le produit d'une droite et d’un cercle, donc un cylindre.

Si V' (r) > 0 alors (rp, 0) est un centre, les trajectoires correspondant a i <
> Vp(rp) = hy sont fermées et la variété invariante est le produit de deux cercles,
Pour étudier le systéme sur un tel tore, soit

7 —7,=pCOSQ, 1= —\/V}'(r,)psincp; on a

VI(rp + p cos . - . .
p = plretecosd smcp—-VV;I(rﬁ)p sin ¢ cos @
v I/II (’p)

o =V () sinte + ———
; V
- __r__
(rp + o cos 9)?

V, 7 + p cos @) cos ¢

Si 'on définit
Sfle, 9) =

V;, (rp + pcos @) sin ¢ — V;I(Yp)p sin ¢ cos 9

1
V;I (rp) sin? ¢ + —P- V; (rp + e cos 9)cose

pour ¢ %= 0, f(0, ¢) = 0, les deux premiéres équations du systéme sont équivalentes a

%2 — f(o, @), f est continue, lim (-9

= 0 uniformément par rapport a ¢, donc
de p—0 P

-g—f;(O, ¢) = 0; en plus lj—rg-a(p, ) = 0, uniformément par rapport a ¢ et f et

. yIt (7p) sin @ cos? ¢
on a encore lim£(&:® "2 .
p—0 ¢* ZV;’ (7p)
I1 s’ensuit que pour p, suffisamment petit la solution de 1'équation :—P =
?

= f(p, @) avec py = p(%) est définie globalement et cette solution est périodique

si V est de classe @*, alors pour p dans un voisinage de l’origine f est de classe €*~!
et la solution périodique sera une fonction de classe €*~1 par rapport a g,.
Si dans I'équation
do ?

1
rp+ p cos @)? V“(r)sin’q;-{-——-— VI('p-‘-QCOSQ)COSQJ
ortecsor [V o e

b

I’on remplace p par la solution de I'équation :—" = f (p, ¢) l'on obtient une équa-
®

tion de la forme? = 0 (p) oit O est une fonction périodique de période 2x; c'est

cette équation qui définit les trajectoires sur le tore I, ,.
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Remarquons encore que I'équation des courbes intégrales dans le plan (g, o)
st z V;?I(" )e? sin %o 4 Vi(ry + p cos ¢) = %; pou _ X 11 e
2 » pour ¢ = —on a Vy(r e} = 2(k —

2(h — hp)
— h,), donc py = —r.
Ip) Po v V;x(fj;)

Le systéme sur le tore est caractérisé par I'indice de i i
¥§ I : est rotation
cas peut étre exprimé immédiatement aut dans notre
2=
1
wihp) = - e
~TC I .
o<w-+pcm¢r[vvyvmsm-¢+

—— VI
Py V;I(fp) ? (’ﬁ + p cos ¢} cos 9]

Par un calcul direct on voit que p(%, p) peut étre exprimé aussi par I'intégrale

1 d . 1

;f{,%']e long de la courbe intégrale Py u? 4 V() = h, avec une parmaétrisation

équivalente 7 =7, 4 pcos @, # = — \/V;,I (7o) p sin ¢ ; aussi bien u(k, p) peut étre
"max

o, d .
exprimé par :j idid Tmin €6 750, étant les solutions deh — V, () =0

2 V2k — Vpin)
min

dans le voisinage de 7, pour 4 dans un voisinage de %,.

2. Trajectoires fermées. Le probléme qui nous intéresse est maintenant de trou-
ver les potentiels ¥ de classe €2 pour lesquels il existe des tores invariants sur toutes
les trajectoires lesquels sont fermées; il faut donc trouver les potentiels V pour
lesquels u(k, p) est rationnel quel que soit p et pour tous les 4 dans un voisinage de #,.

Pour résoudre ce probleme remarquons d’abord que pour & = %, assez petit
le systéme d’équations qui nous intéresse est de la forme

s =0 (p), o= VVE(r,) + Op), 6 =——2——,
p=0) o=VVit) + Op) 0 = ey

et I'on a p = po + o (Vi — %), @ = VV;,I(r,,) +O0(Vh —hy),

2
; = 4 d h, - "1‘ Pd?
O = rowizar: & 2 2*;5 [rp + o(VE =7 [VVErp) + 0 =)l ;

est continue par rapport 4 A et si p doit étre rationnel pour
alors . est une costante ; donc si le potentiel ¥
e un nombre rationnel g tel que

. . ) : b4 =
u(k, p) = 1 pour h dans un voisinage de /, et pour 2 — hy Pon Obtlent';_\/l’?z;;) =

on voit que u (%, p) est
tous les / dans un voisinage de &, ' )
admet la propriété qui nous intéresse, il exist

_1.
g V6 . 4

Soit (r, — 7,) un intervalle dans lequel V20,7, S(rute) p=7 '\/ m

11 3VI(ry) YR
s’ensuit que V;(yo) = —%’--4}- V'(re) =0donc 7, = 7, Vy (7o) = - "._' +V(rd;
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si le potentiel ¥ appartient 2 la classe considérée il faut que V(7o) > 0 (pour I'exis-
tence de tores invariants). La condition que nous avons obtenue est maintenant

1 ; -t
= f’ = — donc \/ Vi{ry) (\/3VI o) er(yo)) =1.
3 \/"ﬂ + Vg f Yo o 7

o

g doit ici dépendre de 7, mais c’est une fonction continue qui doit prendre seule-

ment des valeurs rationnelles, donc c’est une constante. Le potentiel considéré
satisfait donc i l'équation

Vi) + (8 — g8) —2 — 0, donc V() = Cr*-2,
7o
Pour montrer que les seules valeurs admises sont ¢ = 1 et ¢2 = 4, nous allons

pousser le calcul de u(#, p) jusqu'a une approximation de second ordre. Soit donc
V(r) = €rt'-2%; alors

4 . o 1/g*
—  e—— G q 2 1, == ’
Vel) = gat &% 1 [C(q= _ 2)]

VE () = 2 4 el — (g — s, Vi) =2L,
Vil) =— “E+ Cl¢ — D@ — 3)(@* — =5, ¥}y = 2L

s

Vitrs) = 22 1 C( — 2) (¢* — 3) (g2 — 4) (g2 — 5) 5,

Pal

V;,V(Tp) — P — 12¢° 4 47)

1
i

Vs(ry + p cos @) = Vi{r)ecos o + % Vp (rp)p? cost fp+3l, Vi (rp)¢° cos? o + O (g4)

2%

! d
l"(h',’b)='2— - pdg : _
i )’[ iy 4 L tecoste  VyTonpcoste
b ReEe G SR o e B ()
0 . * 2 \/V;] (rp) 6 V;‘l (rp)
2r
: plr . pu )
=_'pTS(I"EPCOS‘P— '(rﬁ)pcos“?-l-pz Scoste | p (rp) cos'o
21'5': Vp (rp) ° l r'p ZV;X(rP) 1’; » V;I p)

V"I(Yp) 2 I’w(rp) cost o

)
- ) + O (p%)?} do.
6Vyi(rp) J

De I'équation

Vi(rp)et + % Vi (7s)e° cos® o + l_lé V3 (7p)0* cos* ¢ + o (p%) = 2(h — k)
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I'énergie cinétique -;— (12 + V2sin20) et le potentiel V(6); le systéme d’équations
du probléme est

. . . . . 2wy cos 0
0=u, u=n1ovsinlcos® —V'(0), g =v, v=— o
S!

Ton a les deux intégrales premieres globales

E(A, o, u, v) = -;— (14t 4 v sin?0) + V(0), p = vsin?0;
en utilisant la seconde des intégrales premiéres le systéme se réduit a

6_n w = 2220

pPcos 6 —V'(6) ‘P= 4

3 . ’
sin® § sin® 0

de nouveau on peut faire I’étude du systéme formé par les deux premiéres équations
pour lequel I'on a lintégrale premiére

F@®, u) = (u- + —-—) + V() = l w4V, (6),

Vo) =2 4 ().

2 smz 0

Comme dans le probléme des forces centrales le point singulier 0, est un centre si

(6,,) > 0 et la variété invariante I,, est un tore. Pour étudier le systéme
sur un tel tore, soit

6 —0,=pcost, ©=— VV;I(B,) p sin T.

Notre systéme est de la forme 0 = u, % = —V4(0), donc par le méme calcul
que dans le cas des forces centrales I'on a

___g pis ,

sin® (0p + p cos 1) l\/vll(el,) sin? v + ﬁ V;(Op + p cos 1) cos 1]
(9)
4

p étant défini par-;- V302) o* sin? v + V(04 + p cos 1) = k.

Dans ce cas aussi I'on peut représenter w(h, p) par 'intégrale % j|; 2 al-

% sin? O

culée le long de la courbe %uz + V4 (8) = h,ou bien par lintégrale

Omax
1 pd
x S Y2k — V() sin* 6 Omin

min

et 0

max



POTENTIELS DONT TOUTES LES TRAJECTOIRES SONT FERMEES 57

les solutions étant dans le voisinage de 6, de I'& i

€ . N uation % = V(0
{z dans un voisinage de %,. Si dans la derniére intégra%e Pon prend i:(o‘)cg pil;r
‘on a ' o

Smazx

whp) = £ ( == T(s) =2 (1 4+ &) + P(s), P(s) = V(are cotg s),
= Ve = 7 () 2

Smin

Smin €L 8,2, €tant les solutions de I'équation V,(s) =% dans un voisinage de
sp = cotg 0, et pour % dans un voisinage de 4,.
D’autre part, si dans la formule qui donne (4, p)

"mas

N

n 7 Y2k — Vpir)
pour le probléme des forces centrales on opére le changement de variables

Smax

. d.
s = 1, ilsensuit que u(k, p) = 1 5 £
4 w

—=——=——— avec §,,, et s, solutions de
V2(h — Tpls))

Snin
. . s T P ~ ?* 1
Véquation Vp(s) = h; ici Vy(s) = —2-32 + V(s) = Esz + V(—)-
§
Les formules que nous avons obtenues montrent effectivement 1'équivalence

des deux problémes; dans le cas de la sphére il faut prendre h=h— —2—’ . Dans

le cas des forces centrales on a trouvé les potentiels V(r) = —Let V(r) =%r’,
r
donc V(s) = —s, V(s) =2—l2 , donc, dans le cas de la sphére I'on aura les po-
$
tentiels
wm=—mmavw=%w&

comme les seuls pour lesquels toutes les trajectoires sont fermées au moins locale-

ment.
Remarquons que seulement le premier de ces deux potentiels est régulier sur

toute la variété considérée.
(Manuscrit regu le 1 décembre 1970)
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POTENTIALE PENTRU CARE TOATE TRAIECTORIILE SINT INCHISE

(Rezumat)

1
In problema forfelor centrale I. Bertrand a aritat ¢l nu existi decit doud potenfiale — 7

§i Py r® pentru care toate traiectoriile sint inchise. In lucrare se arati ci un rezultat analog este ade-
~irat pentru sferd.

TNMOTEHLHAJBI, JJ181 KOTOPbBIX BCE TPAEKTOPHU 3AKPBITDI
(Pe3wome)

B Bonpoce uentpanbhbix ¢ M. B epTpan nokasan, uTO HMEIOTCSl MWL ABA NOTEHUHANA —
1 1

- — K ; » A KOTOPLIX BCe TPAGKTOPHH 3aKpPbIThI. B cratse MOKA3LIBACTCA, YTO aHANOIHUHBIA
r

4

pesyabTaT BepHbIll BAA cepsi.



ON THE REMAINDER OF APPROXIMATION OF FUNCTIONS BY MEANS OF
A PARAMETER-DEPENDENT LINEAR POLYNOMIAI, OPERATOR

D. D. STANCU

1. In our previous paper [11], we introduced and investigated a new parameter

dependent linear polynomial operator Pi”(m = 1, 2, ...), of Bernstein-type,
associated to a function f defined on [0, 1], namely

(P)) () = 35 wisk () 72

m

where, with the aid of factorial powers, we have

1
w0 = |y ) #4 (1 At

=(mJ #(x 4 o) o+ —la)(l -2 —x4a)...(l —2x+m—Fk — la)
A pR—

(14 &)l + 2a) ... (1 + m — Ia)
the parameter «, which may depend on m, fulfilling the stipulation that:

1+ &)l +2«) ... (1 +m—1a«)3520.

In that paper we evaluated the remainder term of the approximation formula
flx) = (Pu” f)(x) + (RW”f)(%) (n

in terms of divided differences of first- and second-order of f.

In the present paper we first establish an expression of this remainder by using
only divided differences of second-order, and then we give an integral representa-
tion of it.

2. We will now proceed to state and prove the main result of this paper.

THEOREM 1. The remainder of the approximation formula (1) can be repre-
sented in the following form '

m—1 —_ 1 3
<> . (:v+kaz)(l——x—*-m——l—km)w“‘> z[xi E+1 ] (2)
(Rm f) (1') == - = m(l + F——ia) m-—l.k( ) ’ m ) f) f

where the brackets represent the symbol for divided differences.
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By making use of the relationships
x(1 — %+ m—k—la) = (x+ka)(1—24+m—F—T«) — b« (1 — 2+ m—k—Ta),
(1—2)(x+ka)=(x+ k)l —2+m—F— la) —a(m—k— 1)(x + ko),

we get

(RS f)(x) = —————Z(x+ka ) (L — %+ m =1 = ka) w2 ,,,(x){[x,f;”; ]_

14+ m—1la k=
~[» 2= }} + (5 ) (2, &)

where
m—1

T ) 5) = — —2 k(1 — 2+ = F =T a) w,i“_’x,k(x){[x. %:f] +

14+ m—1la =0
« m—1 > E+1
—_— Z: (‘)71« -k~ 1) (x + kﬁl) Wa—1,k (x) [x’ -_— ] :
14+m—1lai=0 m

Observing that the first term in the first sum and the last term in the second
sum vanish, and that

k("’;l) (m—l)(”‘“"’) (m—k-—l)( - )_<m—1)(”"2),

we have
1=-a) (1 f)(x) =

m—1
s 31 i (SR R E L U
m — 1a Res] —_—
m—2 2
x [x,i; ] + == —> (’"; ) (% + ko) 249 (1 — z)m=1-k=a) X
m — =
X [x; A + ! ; fJ -
m

If in the former sum we perform the change of index of summa-

tion: k= j + 1, we can write further
1tn=ti=a) (15 f) (#) =

m—2

S

14+m— laj=0 7

i m—-2—f, —a f 1,
+ ma)x(1+l,—¢) (1 . x)( f, —) [x’ Z__‘"m_'f]

m—2

B[ b s

+

1+m—-1
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and one observes that this is identically zero, since

M—x+m—7 — 279 (1 — ) 27070 =

= (% +j a) 260 (1 — g)m=1=i—0) = xli+h-a) (] — g)0m—1=i,~a),

Thus, as a consequence of this result and of the following relation between
divided_differences
[x, i;j']—-[%,l'—J’—l; ]=—l[x. 2 bl ]
m m

m m m

formula (3) leads us just to the representation (2) of our remainder.
Finnaly, we remark that if « = 0 then one obtains an expression, established
by us in {10], for the remainder of approximation formula of f by the mth Bern-

stein polynomial.
3. Presupposing that the parameter «, which may depend on m, is non-nega-

tive, it is evident that (PS™ f)(x).g 0 on [0,1] whenever f(x) =0 on [0,1].

Now we shall point out some important corollaries of Theorem 1, the first
two of these being obvious.

COROLLARY 1. We always have: (RS f)(0) = 0, (RS® f)(1) =0, and if [is
linear then we have (RS¥f)(x) = 0.

COROLLARY 2. Let a =0 and m = 1,2, ... . If f is non-concave of first-order
on (0,1) then we have P™ f= f on [0,1], while if f is convex of firsi-order on [0,1],
without being linear, then PS™ f> f on (0,1).

CorOLLARY 3. If «=0 and the divided differences of the second-order of f are
all bounded on [0,11, then we have on [0,1]:

(RS f)(x)) < 2B L meyr (),
] m 1+«

where Mo (f) is the least upper bound of the absolute values of the second-order divided
differences of f on [0,1].
For proving this, it is sufficient to note that we have identically

Wn-ip (1) ==—F" + ——

m1 x4+ k)l —24+m—1—3ka) <ad> (x) 2{l—2) 14 ma
pm—v— k
;-;o m(l + m — 1q) m 1+«

CoroLLARY 4. If « =0 and fe C [0,1], then for any fixed point x of [0,1]
we have on [0,1]:

L R L ?

where €, E,, &, are certain distinct points of [0,11, which might depend upon f.

Proof. To%prove this, we shall make use of the representation (2) and of &
result due to T. Popoviciu [7]: If we have a linear functional R(f) which vanishes
of [ is any polynomial of the mth degree, but does not vanish if f is any convex
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unction of the nth order on ; ; .
{he simple form an interval I, then this functional can be wrilten in

R(f) = R(x"-H')[El, 52: *r ey Ea+2; f]'

where &; are distinct points of I, which, in general, might depend on f.
According to Theorem 1, it is clear that R{* f vani if fi . i
; - ’ M shes if 1s an 1 i
(()tfl t?e. flrstf deggee, fbut cllloe]s; not vanish if f is any first—ordgr conz'/elgzo %i?:lzlitat-}
hat 1s, a function for which any divided diff isti i :
(0.1] 15 positiv. y ifferences on three distinct points of

It follows that RS* f i i ; , ,
we have a f is of simple form, i.e., for any fixed point x of [0,1}

(RS F)(%) = (RS g)(#) [&s, Eor & £
where g,(t) = # for all ¢ & [0,1], and &, &,, &, are distinct points of [0,1].
Since i

RS® = M= 1+4me
(R™" g2)(%) ~ o
one infers the validity of the representation (4).
It should be mentioned that in the case o = 0 formula (4) has been giver
by O. Aramd [1] and that this formula was mentioned in [5].
An immediate cosequence of Corollary 4 is

CoroLLARY 5. If f& C?[0, 1]} and a = 0; then we have on [0,1]:

{ad> _____z(l—x).l+m_<_z ’ :
(REV[) () = — =2 Ldme g, )

where £ & (0, 1).
Remark. In [13] it has been noticed that if « is a non-positive parameter, de-

pending on m, so that —ma<se (m=1,2, ...), where 0=’ < -;- , then we also have

(PS* f)(x) = Oon [¢, 1 — ¢] whenever f(x) = O on this interval. It should be remar-
ked that in such a situation the assertions of corollaries 2—5 are valid on the
interval [, 1 —e].

4. We turn now to the problem of determining an integral expression of the
remainder of the approximation formula (1).

TaeorEM 2. If f& C [0,1), then the remainder of approximation Jormula (1)
can be represented as follows

1
(RS® f)() = | K&™ (65 A" ()t ©)

0
where
x—t 4 |ix—=t¢
K (%) = (RaVe)t), e )= (s — 0y ==

the subscript x indicating that RS™ is to be performed with respect to x, while ¢

1s held fixed,
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Proof. Since the degree of exactness of approximation formula (1) is one,
by virtue of Peano’s theorem [6], we infer the validity of the representation (6),
“The function K, <S> (¢; x) represents the so called Peano kernel associated with
R®.

Employing a procedure similar to that shown in our paper [9], presented
for publication on January 1962, where we have established an integral expression
for the remainder in the apprommatlon formula of a function f, twice conti-

mnuously differentiable, by means of its mth Bernstein polynomial, we can give an
explicit expression for the Peano kernel.

Presupposing that®— ‘=gl (s =1, m), it can be readily shown that
m

K,§“>t;x—-=x-—t— ['—'—'twm>('\« 1fle =1 j—(j:l,s—-l),
k“-'] m m m

=i \m m

KS (1 %) = x — _i(i — t) wi (x) if te [S—l, 1]

k
<‘1> z : —— w ad s
Km = —= ( '” l) ’”’* (1') If t e [ "l] )

KSO (4 ) = —Z(f — w2 re [0 1] G =T L m.

= m m

Invoking the identities

Ew,ﬁ) (%) + ;wmk>(3 = kami) (%) +2kw<°‘> (%) = mx,
d]

it is easily seen that
j—1
c<ad oy P — = v,,,>x ¢ IJ—I.H'
Kx"7 (t; ) &( m)z V(%) f te )
where j = 1, s — 1, while

K$™ (5 %) =_.2(t——) w% (%) 1fte[s;l,x.

k=0 J

Now let us assume that x is a fixed point of [0, 1] and that = = 0. It follows
that K3 (¢; x) < 0. Hence, y = KS$® (t; x) represents a continuous broken
line which joins points (0,0) and (0,1) and is situated beneath the f-axis. In this
case we may apply the mean value theorem to the integral (6) and we see that
s0 we can obtain, in another way, formula (5), since it is readily seen that

1("?!) {ox =l Cad> =_x(l—x).l+ma.
} (¢ x) dt 2(R"' g2) (%) 2m 14«
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?{)<;1>51;1? a method of D. V. Iogescu, exposed in [3], it may actually be shown
that Ko (t; x) represents the solution of a second-order differential syst
certain boundary conditions, so that K $*> (¢; x)is the corresponding Greeyns’ seft' “; o
As a matter of fact, for a fixed ¥ & [0,1], Ki® (¢; x) represents a spline fuxvlzcct;’z:.
of degree one, having the knots L (7 =0, m). ‘

It should also be remarked ':l;at the expressi i i i
(14] and [1{5], for the cases of the operators ofp Mier;il;'ilingéearilelgilél %?s]éagsll:’:;:olvn
can be obtained by considering the limiting cases (see: [11], [12]) of the formulas
established in this paper for the remainder RS/

Finnaly, we mention that recently D. Leviatan contributed a paper
{4] on evaluation of remainders in the case of approximation by some other Bern-
stein-type operators, and that S. Eisenberg and B. Wood devoted a

paper [2] to the approximation of analytic functions by meaus of our operators P$*>

U (Reccived February 4, 1971)
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D, D. STANCU

ASUTRA XESTULUT APRONIMARII FUNCTIILOR CU AJUTORUL UNUI
OTERATOR LINEAR POLINOMIAL DEPINZIND DE UN PARAMETRU

(Rezumat)

Aoesd Moomine wete aonsaeraty studierii restului in formula de aproximare a unei fumctd f, defi-
R o Gl o eimnomal operstorului lindar polinomial, depinzind de un parametrn o, introdus si
SoalE T o &

mraceini (110, La (2) s-a dat o expresic a acestui rest cu ajutorul diferentelor divi-
sy B el Aol TohesSnd soest rexultat §i o teoremi a lui T. Popoviciu [7] s-a stabilit
Tromid € & sl de=els (L In continuare s-a dat o reprezentare integrald (6) a restului, ficind
w O s el s G Peano 6.

BTHOREHIE oVHKUMHA C NTOMOUIBIO NOJTMHOMUAJIBHOTO
ONEPATOPY, 3ABHCHILEIO OT OOHOIO ITAPAMETPA

(Pesome)

SemEna H3VUEHHIO OCTaTKa B GopMyJsie NpHOIRKeHis: GYHKXUHY f, onpefenén-
STFEONEZIHHOMO STHHEIHOTO ONepaTopa, 3aBHCAMIEro OT NapaMeTpa «, BBeJIEH-
e z

e zzrepe [11]). B (2) 1aHo BHpaXeHHe 3TOTO OCTATKA C NOMOLIBIO Pa3/Ie/ICHHBIX

: }iemoas3ys 9TOT pe3yabTaT M OAHY Teopemy T. lTonmosuruy (7). asTop

c£: E 2amed ©opnyay (5). B aanbHeiiieM aBrop AaéT MuTerpajbHoe npepcrasieHKe
oz=y Tteopemy [. Ileano [6]




A PIECEWISE LAGRANGE INTERPOLATION WITH APPLICATION
TO ERROR ESTIMATES IN FINITE-DIFFERENCE METHODS

E. SCHECHTER

This paper is concerned with using interpolating spline functions in estimating
errors in numerical integration of differential equations, extending some results
of [3]. The estimates have the advantage of requiring information only about the
differential problem and the computed numerical solution.

In § 1 we present a piecewise polynomial function given by Riabenkii-
Filippov [2]. It turns out that this function has some better convergence pro-
perties than that given by Schultz [4]). In § 2 we consider the multivariate
case and estimate the norm of the interpolating operator. In § 3 we apply results
of § 1, § 2 to obtain interior estimates.

1. A piecewise-polynomial interpolating funection. In what follows we shall
use a piecewise-polynomial function defined on R, associated to the partition
= nZ of R, [2].

Denote by C*(R) the space of k-times continuously differentiable real func-
tions and b\ ¢(R,) the linear space of real sequences #, = (4s)sgr,. The extension
operator pj & L(c(R ), C*R)) is then defined by:

pr(x) = 2“»"»(— — ) x& R. (1.1)

Here, if y is the characteristic function of [0,1)

o =338 (— ) * () (12
and » 3=0
¥ =3 (= )riChg, (G, =0 m <)) (1.3)
m=0
=i (—1) m=12.. k=1 (1.4)
ml Sl

By gr41 we denoted the Hermite interpolation polynomial of degree 2k + 1, satisfying
conditions :

¢hi(0) = 0; (1) = Digy(x — Vst § = 0,1,.... k (1.9)
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ie.

gra(x) = x*+'2 -1 ”’ g¥.(1) »eR.

§=0
Equality (1.1) may be written in the form:

A+1

Prn(s) = 3 x(5 - #) 35 (B0 qm(-- — a.) (1.6

m=0

where (Ayu,)* = i (— 1)m=iCi s+,
=0
Define now the restriction operator, 7,: C(R) = ¢(R,), by

(r,,u) = 3(ah)u,

3 being the Dirac function. Because (3(ah), ck(%' — (3)) = §8,p, it follows that p}
]
is an interpolation, i.e.:

(rhf):“‘h)a =1, ocSZ.

If we take into account that suppe, = [— (£ + l)/l,‘/l] this implies:

Eo,,(f—- oz) =1 xR

@

Moreover pf.r,, is a projection from C(R) onto the subspace spanned by {cw}, where
cn(%) = o (% - a). We also note that the subspace of polynomials of degree

at most k& is invariant for *
Proceeding to the multivariate case w let

op{x) = on, (%)) og(Xs) ... oh(2,) x*E R"
where x = (%, %,, ..., %,), R = (ky, ko, ... %,), h = hhy... ], and define:
phic(R,) = CHR"), R, = hZ"
by
p,,u,, (x) = Eu,.o,. () r= R, (1.7)

where o = (o, 5, ..., 2,) is a multi-integer. The restriction operator is defined
as before by:

C(R") = c(Ry); (ru)® = 8(ah)u, o = 2",

Following theorem has been proved in [2, Anhaugj
TaEOREM 1.1. Suppose f&CHR"). Then for any multi-integer j = (jy, fa, - - -, Ia) s
0=j <k, there exists a constant C, such that

\Di(f —phr, f) (=) = CH~ sup sup |D*f(x)], = & K, (1.8)

C being independent of f and h, and W~ = Wa—i b~ | hiep—i,.
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Now consider p} & (co(R;), CX(R®), where CK(

tions of C*(R") vanishing at infinity with norm 1) s the Banach space of func-

- IfIl, = sup sup |D* % -
72 plal <le' f(x)] .
and let ¢y(R,) be the corresponding Ban
; ach :
[| Hl»). In this case inequality (l.g) may bspgﬁtgnszqsu:ences %y, (with max norm

. _ Ls .
RIDIS — i) < Cl¥iliflh, 5=0,18..., k1 F (L9
Remark 1.1. If in (1.2) o, are changed in the following way: @ﬁ:
20+1
o = 3> 8 (— ) (¥iy),
=0
wi | . . (1.10)
v =58 (- )iCle, (=0, it <)
and f& C#41(R"), then (1.8) becomes:
IDI(f — panf)(x)) = Chi*- 7 sup sup |DM(2)} (1.11)
12kbi} x

x6& R\ Ry, 7=0,1, ..., 2k. Here

1 ” . 2k+1 -
Gu(®) = — N (x— (s = 1)), m=1,2 ., 2k qusi == II (x— (s — 1))+
3'=l . . . Ml gm
+ 72041; rar1 being the Hermite interpolation polynomial satisfying conditions:

. . 2k+1
P00 (0) =0, rr (1) = = |l+ S =) i=0, l’é' k.
i s=1 xve 1

This operator ;bf preserves polynomials of degree less than 2% 4 1, but p{.‘u,,eC*(R':)
as before, so that (1.11) holds for the whole of R", only for j < 4.

In thiy way we have a multivariate piecewise Lagrange interpolation which
in some cases compares favourably with that of M. H. Schultz [4, Theorem 6.1]
for two reasons : i) There is no need for a double partitioning, ii) Inequality (1.11)
holds on R, too, for j < k.

2. Uniform boundedness of interpolation, Consider the Banach space_ (o0
with norm

Iflha = sup sup ID(H; |Iflla = 11flla-

lal<it) r€Q

Suppose Q C R" to be regular enough (see e.g. (4, Theorem 4.9]) so there is a

bounded linear extension mapping:
x: CHT),~ CHRY) 1)

nf(x) = f(x), x€ Q for all #E CH{). We have:
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TaeoREM 2.1. Suppose f& CHQ) and that Q is regular, then

| DiBkranf — Plla < CH N fllea. 151 < 1], (2.2)
C being a constant independent of h and f.
This is imediately seen from:

Iflla < lIsfll and |Inflly < Cliflls.a-

Notice that (2.1) is valid for any extension =.
Now let K C R” be a compact. Denote
Zy(K) = {e & Z"|K ( supp cix #+ O}
Ky = \J supp o, (2.3)
a€Z,,(K)
Ru(K) = hZy(K). (2.4)

It is clear that if V' is a neighbourhood of the origin, then there exists a compact
K, C R" such that K,, C K, for any 2 & V. If now ¢(K,,) denotes the subspace

of functions of ¢(R,) with support in K,,, it follows by (1.7) that supp P C K,
for any 7 sufficiently small and:

ph: o(Kn) = Ch(R").
THEOREM 2.2. If K is a compact of R® then there exists a constant C, inde-
pendent of h, such that:
WD'palle <= CH7llallss 151 < IR, (2.5)
Jor Il uya c(Ky,).
Proof. Indeed if K, is defined as above,

sup |D'plu,(9)] = sup |35 uiDofi| < sup [uf] sup 25 1D'shal < Chlllls
-4 & . «

where C = max sup 2 (D'l
5 K, [3

Here is now some notation used in next section:

éll. 7—2' :g N R;, int Q, = O\ I, T' being the boundary of Q, and Iy, is defined
y D).

Remark 2.1. The values of u, on R,\ R,(Q) have no influence on Yo Prths

(o the restriction to ). In particular if u, is known on Q, only, then piu, is
defined on int Q.

3. Interior estimates. In this section we apply results of § 2, § 3, to obtain
error bounds on #n Q, in the numerical integration of differential equations.
The bounds have the following two properties: i) They need no information about
the so:iution to be computed, ii) They preserve the convergence of the numerical
method. .
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To begin with we recall some definiti
numerical methods (see [1], I, § 1)).

Consider the differential problem :

Auw=f (3.1)

where 4: E — F ; E, F are Banach spaces. Let the corresponding "’finite-difference"”’
problem be:

ons related to discretely convergent

A = fy (32)

gheﬁel lA,,: E, » F,; E,, F, are finite-dimensional spaces. Denote the norm of E,
v . . :
A numerical method is said to be (discretely) convergent if

[le6y — 74%]ly = 0 as 2 = 0,
where 7,; E — E,. The maximal (multi-)integer # such that:
oty — 7ally = O(h™)

is called the order of convergence of the method.

We admit that subsequent differential problems have a ' unique solution.
3.1, Ordinary differential equations.

¥y =f%3), y@ =y (x3y&D. R

LemMa 3.1. [5]). Suppose that on a sufficiently large domain D C R®, whose
projection on Ox contains [a, b] and f salisfies a Lipschitz condition (in y) with
constant L.

Assume that we are given a function w: [a, b] = R, such that
[w'(x) — flx, w(zx))l < xa [qa b],

s being a constant and w(a) = y,.
Under these assumptions

ly(x) — u(x)| < ee*, x@[a,b], (3.9)

where y: [a, b] = R is the unique solution o (3.3). )

Now suppose we have computed by some numerical method P an approximate
solution y on an equidistant mesh Q, = Q U R,, Q = (e, b). Admit that ag Ry
and that y,(a) = ye 4488 .

THEOREM 3.1. Suppose that

a ulfils condition of Lemma 3.1.
bg fJI"'}fte j;mmerical method P has the order of convergence m.

c) y & CHQ) with k > m.
Then
) [y(2) — Bin(R)| = c(We”, & Q and e(h) is such that
IDpty(%) — fiz, P S o) xa Q. (3.5)
i) |y(x) — Phoa(#)] = O(H™") for x & int Q.
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Proof. i) follows at once from Lemma 3.1. In order to show i) we write for
x €1t Q)
Dphala) — Sz, i) DI = 1D ~ 1) (9)] + 1Dy — 3@ +
+ Lipiry(») — y(#)].
’ll)‘heéi;s)t term on the right is O(4"=?) by (2.5), the other two have the desired order
y (2.2).

Remark 3.1. If 3, is known on the points of R,,(Q) (see (2.4)), which do not
belong to €, and it is such that for an extension =

135 — nmylly = O(A”) on R,
then (3.5) ii) holds for the whole of Q.
This can be done in some cases by solving the problem in a larger domain.

3.2. Parabolic equations. We now g1ve an estimate of the error for the first
Fourier problem for

= fl, x, u, 1, 1) on Qr = {0, T) X Q. (3.6.)

LemMa 3.2. [5]. Suppose that the solution u and the function v belong lo
C*Qr) N C*(Qr)-
Assume that
—flt, x, 0,0, v,.) < 9 on Qf;lu(0, x) - 20, x)| < < for x€ Q,
lu(t, x) — o(t, x)] < e for L (0, T), v 0Q.
Let [ satisfy (on a large enough domain) a Lipschitz condition in u, wilh

constant L.
Under these conditions

jut, ) — 96, D=L (¢ — 1) + ee on Qr;

Let again « be a numerical solution on a mesh placed on Q, yie ded by a nume-
rical method P.

ToEOREM 3.2. Suppose that

a) P has the order of convergence m.

b) [ satisfies a Lipschitz condition with respect to u, 1, u,,.
c) Solution u belongs to CHQ).

d) ko> my+ 1, ky > m,.

Then
i) lult, x) — piu, (A x)}giz2 (e? - 1)' + (k) e¥ on Q.
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where
lu(t, 2)—phiey(2)] < (2, B) on Q; |u(0, x) — P (0, %) < e(h), x = O
. (e, %) — pault, 2)| < e(h) for te (0, T) 2 0Q.

i) fult, %) — pas(t, 2) =0(R"), for zeint O, te [0, T] and qo=1, ¢,=2.

"The proof parallels that of Theorem 3.1 (see also [33).
Finally note that Remark 3.1 holds in this case too and that weakly connected
sytems may also be considered.

(Received February 4, 1971)
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(2 T N S O

O INTERPOLARE SECMENTARA LAGRANGE CU APLICATII LA
EVALUARFEA ERORILOR IN METODELE CU DIFERENTE FINITE
(Rezumat)

In lucrare se studiazi proprictati de convergentd (§ 1) a unei func{ii spline dati de Riaben-
kii-1ilippov [2]si a unei variante a acesteia (1.10). Se arati cii aceasta din m:mﬁ are asumite
avantaje (vezi (1.11)) fata de interpolarea dati de Schultz [4). In § 3 se generalizeazd rezultatele
din {3] pentru domenii arhitrare,

OJHA CETMEHTAPHASI MHTEPNOJISILIUSA JATPAHXA C TIPUMEHEHHSIMH K
OLEHKE NOTPEWHOCTEN B METOAAX C KOHEYHLIMK PA3HOCTSIMH

(Pesome)

' i \ it ine" JasHOll PaGeHbKUM
é uayualores ceoiicTBa cxoanmocTn (§1) oanoil ,,spline” dynxuny, 3
3 paGote 3y Ka3piBAETCH, HTO NOCAEANSA HMeeT HeKOTOphle

dununnossn [2) woanoit ua eé papuant (1.10). Ilo a
npenmyutectsa (M. (1.11)) 10 OTHOLIEHHIO K HITEPNONSLKH, NaHHOH Ilyabuen [4). B § 3 oboGuiarnrcs
pesyanbtaThl H3 [3] A8 npoH3BOABMbIX oGaacTel.
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Dar

(6—a)=2\(x—a)du

A e,

si prin urnare:
b

b
M52(u—a)du>m 6%
U

2M(u — a) > 2, pentru # & (a, b), unde & = = .
&(x) .M

b) Procedeul nou pe care-l propunem in continuare pentru mirirea eficientei
se bazeazd pe ideea de la procedeul ,importance sampling’” a introducerii unei
noi densitdti de probabilitate, diferitd de cea corespunzitoare distributiei uniforme.
Procedeul este aplicabil si in cazul integralelor multiple, prezentind si avantajul
de a scurta timpul de calcul al estimatiei corespunzitoare, fatd de cel al estima-

iei (4).
’ (Pzesupunem cd functia integrant din (1), are forma: f(x) = h(x) g(x), cu
h(x) = 0 (sau i(x) < 0) pentru x & [a, b] si

b

).S-h('u) du=1 »>0,

a
iar g mirginiti pe [a, b]. In aceste conditii avem
TEOREMA 2. Estimatia /

- 1 &
I, = ;Eg(x).

unde x;, (1 <1 < n) reprezintd o selectie de volum n efectuatd asupra van’ab‘ilet alea-
toare C cu demsitalea de probabilitate W, este estimatie mai eficientd decit estima-
tia I, | .

Demonstragie. S compardm dispersiile

D2, = _:.;[(b —a) ig‘-’(u) I*(u) dae — I’].
b

mﬁ=%HSﬁmuww—pl

Pentru aceasta este suficient si ne ocupidm de expresiile
b

E:@—@SMMWMML 6)

b
E,= -])- S g2(u) h{w) du. (7)
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(k4

fn cazul & mpar st a<<b <0, A are aceeasi valoare ca mai sus, dar ea este

n.eg[%ti\l;?. Pentru cazul a < 0 < b, intervalul de integrare se descompune in [a, 0],
s1 [0, 0]

Se vede cd numdrul operatiilor necesare pentru calculul lui I, scade cu nk — 1
fatd de cel al calculului lui I,.

2. Dacd f(x) = e~g(x), iar [a, ] — R, se obtine
1

A= et — o6 >0,
respectiv

-
dupad cum & = 4 1, respectiv ¢ = — 1,

$i in acest caz numdrul operatiilor pentru calculul lui I; scade prin dispari—
tia a n factori de forma ¢ apirind in plus numai o inmulfire cu —1— , fajd de numi-
rul operatiilor necesare pentru calculul lui I,,
3. Dacid f(x) = g(x) sin x si
(*+Dm
I= S f(u)du,

ke

pentru 2 par, se obfine i = %, si pentru k& impar A = — —. Jar in calculul

N[‘—-

estimatiei

Y8l

Il= :ti=l

2n

dispar » factori sin x,, fafd de expresia lui I,.
Cazul f(x) = g(») cos # se prezintd analog.

iabilei ; ie cé iabilei de control
3. Procedeul variabilei de control. Se stie ca procedeul variabilei
[1], introduce o funcfie g care aproximeaza suficient de bine functia f pe [a, b},

si considerd pentru integrala (1) estimatia

b—a

n

I3=

2 [ — (=) +71,
unde ] = §g(u)du, iar x, (1 < i< n) este o selectie de volum » asupra variabileh
]

aleatoare £ uniforme pe [a, b].
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fn acest caz vom da:

TrOREMA 4. Procedenl variabilei de control este mai eficient decit proccdgul
Monte Carlo primitiv, dacd:

my i}(g(u) — 2f(1))du +- ng( g(u) — 2f(u))du < ( g(1t) — 2f(u))du, (10) Il

£ — 2f pdstrind un semn constant pe intervalele [a, a\], [ay, b], iar my, m, fzmd
marginea inferioard a lui g pe aceste intervale, st M marginea superioard a lui g
pe [a b]. '
Demonstratie. Se observa cé |
b

per, =L [(b — a) s Foa)du — 12]

”n
a

Dy = [(b — o) i) — gl) e — (1 — 1'):].

Pentru ca I, si fie mai eficientd decit I, trebuie si avem

DI, < D2,

adica
S[e-a 5 (g() — 2(w)g)d — | § gl du) + 2 ( J(u) du 5 g() d] <0
_ ; ; ; :
(b — a) _{bg(u) (8() — 2f(W)dn < 5 g(u) du ( (g(1) — 2f(a))du. (1)

Deoarece g este marginitd pe [a, b] si g — 2f are semn constant pe {a, a,], [a,, b],
avem:

b a, b
f st)et) — 2f())du = gln)(z() — 2f(w))du + | gl)(g) — 2l

care dupd aplicarea formulei de medie in ambele integrale din membrul doi, de-
vine :

b

S-g We(w) — 2f(u))du = Y‘g (g(1) — 2f(u))dn + v,

'

(g(u) — 2f(u))du

~’~.°,

1
m <y, <M, My, L vy < M,,

my, my, M,, M, [fiind marginea inferioars, respectiv superioara a lui g pe inter-
valele partiale considerate.
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Pe de altd parte, aplicind integralei T formula mediei, avem
fetwyan = — ay,
m<y< M,

unde m, M sint marginea inferioars, res

ectiv superioari a lui
acestea inegalitatea (11) devine: P ° ' & pella 2] Ca

a b

71§ (6 — 2f() e - . { (g(w) — 2ftdn < v { (el — 2Stupa.

a

Sau, prin inlocuirea lui vy,, vy, respectiv cu valorile ny, mis iar y cu M, se obtine:
a; b b
my \ (g(1) — 2f(u))du +m, S- (g(r) — 2f(n))du < Z_l’[§ (g(1) — 2f(u))du

51 teorema este demonstrati.

In cazul cind g — 2f are un semn constant pe [a, b], inegalitatea (10) este
indeplinitd oricare ar fi g mirginitd pe [a, 5] si f oarecare.

(Inirat in redactic la 8 decembric 1969
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L

OB 3D PEKTHBHOCTH HEKOTOPBIX METOLNOB MOHTE-KAPJIO AJI1 BbIYUCJAEHHSA
HHTEIPAJIOB

(Pe3ionme)
ABTOp Na€T HEKOTOPble yKa3aHHs JUisl MOBLIWEHHA 3(HeKTHBHOCTH MeTOMA ,importance sampling”,

METOla KOHTPOJILHOM TepeMenHoit ¥ HOBHI MeTOf, Towe THna Moute-Kapao, koTopuit npeckeiyer Ty
Ke NeJb H MOXET YNOTPeG/IATLCA H B Cllyyae KPaTHHIX HHTErpanos.

SUR IELFFICIENCE DE PROCEDES MONTE-CARLO POUR LE CALCUL DES
INTEGRALES
(Résumé)
L’auteur donne quelques indications pour accroitre Yefficience du procédé ,.importance sampling”,

du procédé de la variable de contréle, ainsi que d'un procédé mouveau, tO“i‘;‘:}'sl du type Monte-Carlo
et qui tend au méme but utilisable également dans le cas des intégrales multiples.

6 — Mathematica — Mechanica 2/1971
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where 8 a positive integer, Cj(x) is the Gegenbauer polynomial, G;','q"(

x Z’) is
Meijer’s G-function [(2), p. 434, (2)] and

q

2(m +n) > p + g, |arg 2| <[m+n—-;—(p+q)J7\,
0 | ,
Re(A+80) >—1,7=12, ..., m; Re(y) >— =
or

p < g or else p =g with [2] <1,

(i) Re(r+4-88) > —1,7=1,2, ..., m; Re(y)> — —;-

. The symbol A(m, #) is taken to abbreviate the set of m-parametres:

n a1 n 4 m—1
1]

— Yooy

m m m

and a, stands for a;, ..., a, with similar notation for &,

¢t 2, Finite Hankel Transform. Let the finite Hankel trausform of f (r) be [(4)
Snedden, p. 83):

JIfr)

f o(rENdr =T (&),

then in (1.3), setting m =1, o =$p=0,¢ 2, b, =b, = 0,

=1, z= 5—4‘1 %= f: and using [(2), p. 434 & 439, (3)], we get

1

at

gPAH2042v+1 b (Y

1
+E’]P(2Y+l‘)r(l+a+)\)l‘(a+k-—'r-l—%]

3
2(1.[1‘(27)17(6-{-).-—7—,1.-*— E)r(c'i')""Y'I‘l‘-‘*":‘)

l+e+xoc+r—y+2
zF( 2 gt

L°+1—Y—u+§,a+x+u+y+§ ¢
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where Re (A + o) — > —1, Re(y) > — %and §; is the root of the transcendental

equation
Jo(@€) = 0. (2.3)
In view of the inversion theorem [(4), Sneddon, p. 83) we obtain
Y—L 27 —~ a?
PD+20 (g2 42y ZCY (T) (2.4)

.
a2A+2042y-1 71 (7 + ;J I'2y + iT(1 4 o + )‘)P(a +r—-v+ ;)

3 3
p.lI‘(Zy)I‘lo+ l—y—p+;)l‘(u+l+y+p+;]

3
l1+06+4+ 2 o4+ 2 — = -
2o F A R AT
i 3 3" 4 [, @E)D
Lodtdr—y—u+g,o+rtpty+ a4

where the sum is taken over all the positive roots of the equation (2.3).
The result (2.4) will prove useful in the verification of the solution.

3. Solution of the Problem. On applying finite Hankel transform (2.2) to get
the solution of (1.1), we have its solution obtained as [(4),! Sneddon, p. 203]

3
a?A+20+2y-1 T (Y + -;—) T2y + Wl + o+ 3T (c +r—v+ ;)

uir, ) = - 3.1)
ulI‘(ZY)I‘(o+7\-*{—p.+-2-)1‘(c+>~+7+u+;J
3
l+0‘+7\,0'+7\—'Y+"' 2,2 .
AR 2 ey [ Y )
K& Y3 3 3 4 JUrilaB)
’ Loti—y—p+5 otrtetrt+y

where Re(A + o) > —1, Re(y) > — % and the sum is taken over all the positive

roots of the equation
Jolag) =0 (3.2)

and

e =g (@ 0 g (3.3)

]

We shall evaluate (3.3) for some heat sources of general character.
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We see that (3.1) converges uniformly when ¢ > 0 and so the function u(r, ¢)
represented by it is continuous when 0 < » < a. ’

The term-by-term differentiations are justified because (4.1) and (4.3
uniformly convergent, when £ >0 abd 0 < 7 < a. (4.1 (4.3) are

5. Heat Source of General Character. Let

g(%) = goe—c‘ e — §°~'SF, (a v () (5.1)

¢

then using [(2), p. 400, (8)], we obtain

DY) Te) Iy +p —a—P) e prre=t
h '-, t = tY 1 :
€ ) = & '+ ep—«l(y + p — B) (5-2)

pYte—a—§ \
Ffe T ey

where Re(y) >0, Re (p) >0, Re (y + p — « — B) > 0.
Substituting the value of A(,;, ¢) from (5.2) in (3.1), we get

T Ty +p—a—B) —n jrto-1 (5.3)

u(y, f) =
0 ) =& gt re—8

1 3
a”+2°+27—’1‘( + ;) 2y + w1+ o+ M I‘(o +r-v+ ;)
Y

3 . 3
l-‘lI‘(zY)P(d-i- Z—Y—F+EJP(U+R+_F+Y+EJ

3
1+6+)\Ic+)\—Y+—2— .—-E_}:: jo(’E{)
/x(a&) ]

Lotr—y—u+3, obrtp+r+;g

Fm7+9—«—
lyte—w v+

valid for Re (A + o) > —1, Re (y) > — % Re (y) > 0, Re(p) > 0, and

Re(y +p — o — ) > 0.
Obviously #(r, 0) = 0.

6. Heat Source of Polynomial Nature. In (5.1) and (5.2) replacing « by — »,
Bbyl+a+p+mn yby 1+« we obtain

—{s - ” &, 2t
g =go e (- T ‘“—Jr'—a):P‘.. “’(1 -%) 6.1)

8 ; (z—kE})t]
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where P8® (1) is the Jacobi polynomial and

hE, t) =g T(1 + a)D(p)T(p — B)

—zl a+p~
Ta ¥ etotmTe_pom’ (62)
[9’ P_B " 2
*ltatptnmp—B—n" (’_k&")’]
wherg Re (x) > —1, Re(p) > 0, Re(p — B) > 0.
Substituting (6.2) in (3.1), we get
_ T + «a)T(p)T(p — p) —zt
ulr, t) = xie
( ) & Pl+at+p+nlp—B—un) e
23 4-20+2y— 1
g ht2et3y ll"(y—i—;)l‘(2y+u)l‘(l+o+)~)l'“c+)\—‘{+‘§)
3
p.!I‘(2y)I'(c+ 7.-—'{-—|.L+‘—]I'(U+7K+H+Y+EJ
2 2
T+e+2 o+ r—y+ > | (6.3)
5_221__3 2 ;_@ Jolr€d)
K5 1 ot 3 3 4 | [Ji(ag)]®
Lorr—y—p+o, ot rtpt+y+g
oFs [P: p— B ;(z-—kif)lJ
l+atpe+n p—B—mn

where Re( 4 ¢) > —1, Re(y) > — =, Re(0) > —1, Re(p) >0, Re(p — £) > 0.
Obviously u(r,0) = 0.

On account of the expansion-property of orthogonal polynomials [(5)], the
heat source of this nature may yield several interesting cases.

7. Heat Source of Expotential Character. Setting « =B =0 in (5.1) and
(5.2), we bave

g(%) = goe~® L1t — {)e? (7.1)
and
v T(T(e) ~2 y+o—1 P
h(Ey 1) = go 0K st prée=t g f P z_kggt} (7.2)
(¢, 0 g°r(7+p) II[Y‘FP ( )

where Re() > 0, Re(p) > 0.
Particular cases of (7.1) and (7.2):

(i) Substituing ¢ = 1, we get the heat source obtained by Dr. Bhonsle [(1)] on
applying convolution theorem of Laplace transformation. .
e —

s < . i 1
(i1) Setting p =y =1 and z = 0, using the known relation \F; (2 ; z) = ,We
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obtain the heat source acting for a finite interval of ti iv
Taking the value (7.2) in (3.1), we obtain tme given by Bhousle {(1)].

THIT(e) —x ytp—-1
u(r, t) = gg——--e " '7° ;
V=& Tyt 7.3y
1
(P20 I‘(7+'2‘)I‘(27+u)1‘(1 +o+ 7\)1‘(0+7.—7+%)
3
plF(Zy)I‘(c+7\—Y—p+'2‘JI‘(U+ 7.+Y+p-+%)
l-l—c—}-?\,o‘—i—)\—’y—l—3 .
iz F 2 Nl P G2
2+ 3
K & (J(a&))®

Tolnetroy—u+d, ot nNtutr+s
1n[9;@-&ﬂ
Y+e

valid for Re(A + o) > — 1, Rely) > — % Re(y) > 0 and Re(p) > O.
Obviously #(r, 0) = 0.
8. Behaviour of f (7). ¥From (2.2),’ we have

1
1) = 2@ — ) 2 2 T 1)

_,1__ ‘—P-; V' + 2Y 2 (8'1)
=@ oy CEE| -
|J.l Y + —E a
@) With p =1, y= % then
flr) = 42 (2 ”_ 1) , (8.2)
aI

we have

f(r) =0, when # =0 or r=;/%_a.

(ii) Let p =0, then

L (83)
fir) = 7 +20(g2 — 77 ,

we obtain

flz) =0, when 7 = 0, or r = a.
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If g(!) > 0, then we shall interpret that inner circular cylinder will enclose
sources, while the volume between two concenttic cylinders will contain sinks.
If g(f) <0, then sources and sinks will interchange their roles.

(Recesved Jannuary 20, 1970)
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POLINOAME GEGENBAUER (ULTRASFERICE) ST PRODUCEREA CALDURII
fNTR-UN CILINDRU

{(Rezumat)

In aceastd Iucrare s-au calculat anumite integrale confinind polinoame Gegenbauer (ultrasferice)
4i G-functii ale lui Meijer ; de asemenea s-au folosit polinoame Gegenbauer pentru a rezolva ecuatia dife-
rtentiali fundamental¥ a producerii cildurii intr-un cilindru. Totodati s-a obtinut o formuld de dezvoltare
pentru G-functia lui Meijer. Multe rezultate cunoscute se obtin particulariztnd parametri, etc.

NOJIMHOMBI TETEHBAY3PA (YJIbTPACOEPUYECKHUE) U NPOHU3BOACTBO
TEIVIOThI B UW/IMHIOPE

(Pesiome)

ABTOD CTaThH BHYHCJAET HEKOTOpBle HHTerpansl, cofepxattde nonuvoms! Ieren6ayspa (ysnvrpa-
cdepueckue) u G-pyHxunn Meflepa 1 Hcnons3yer noauHoMu erenfayspa AAs pellieHHS OCHOBHOrO Hstd-
¢depeHnHANLHOTO YPABHEHHA MPOHM3BOACTBA TeIMIOTH B uuiiHApe. ORHOBpeMeHHO noayvaercst ¢opmyna

‘paanoxenns B Pl G-byHkyHH Mefiepa. MuorHe H3BeCTHHIE pPe3y/LTaThl MOAYHAIOTCA MYTEM MAPTHKYNA-
PU3AUHH NMAPaMETPOB H T. A.
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UNE GENERALISATION DE L'INTEGRALE

Résumé de la thése de doctorat soutenue par MARCEL RADULESCU & I'Université
: . Babes-Bolyai”’ de Clhuj le 17 janvier 1970,

Dans ce travall I'auteur pose le probléme de définir une intégrale constructive qui généralise
Vintégrale Denjoy et telle que pour sa définition on n'utilise pas de nombres transfinis de deuxidme
espéce. L'auteur part de I'observation que si f: [a, b] ~ R est une fonction intégrable Denjoy sur (a, b],
F: [a, b] =+ R sa primitive correspondante et ®: [a, b] — R est 'intégrale de F, alors il existe I’ensemble
Bc {a,b), m(B)y=0b —a tel que ® posséde sur B la dérivée de deuxiéme ordre de De la Vallée
Poussin qui coincide avec f. Soient ;€ B, i=1,2, ..., n; *; < %i4y, alors, on déduit de la définition
de la dérivée de deuxiéme ordre de De la Vallée Poussiu que

”-l . »
Fxy) — F(x) = 2%(‘&1 -+ Eo(xi+1 — %)

i=1
Soit une fonction f: B—s R, oit B C [a, b] est une base de [a, b]; on considire des sommes de

n—1

() + S(3i4)

L'—Zf—!i( i1 — %), ¥ =a, ¥ =0b x,& B, On définit & I'aide de ces sommes
i=1
Uintégrale M, ou, plus généralement, l'intégrale M, si ces intégrales existent. Pour la définition et
les propriétés de lintégrale A, on peut voir les notes: Une définition de Yintégrale, Studia Univ.
Babes-Bolyai ser. Math.-Physica 1, 1969, 23—34 et L’intégrale M,, Studia Unlv. Babes-Bolyai ser.

Math.-Mech. 1, 1970, 23—34.

On définit la primitive M, d’une fonction intégrable M, sur B et on donne les propriétés corres-
pondantes d’absolue continuité et de dérivabilité. Voir la note: La primitive M, d'une fonction intég-
rable M,. Studia Univ. Babes-Bolyai ser. Math.-Mech. 1, 1971, 49-59.

Un chapitre est consacré A une définition axiomatique de l'intégrale. On doune six axiomes. Deux
axiomes se référent & la propriétée d’additivité de I'intégrale par rapport & la base et par rapport 2
1a fonction. Un axiome donne la propriété d’homogénéité de l'intégrale. L’axiome 4 réprésente une
norme pour l'intégrale. Les derniers axiomes sont spécifiques pour la définition axiomatique donnée.

On démontre que si une fonctionnelle vérifie les quatre premiers axiomes, alors la primitive cor-
respondante d'une fonction intégrable dans le sens correspondant de la fonctionélle est uniquement
déterminée, Si cette primitive est continue pour chaque fonction intégrable dans ce sens, alors l'axiome §
est vérifi€. De la vérification de I'axiome 6 on déduit une propriété d’absolue continuité locale pour
la primitive correspondaute. Les intégrales M, et M et I'intégrale Denjoy vérifient ce systéme d’axio-

la forme

mes.

On donne, dans un chapitre, les propriétés de l'intégrale M et de la primitive M. Dans la der-
niére partie du travail on démontre que si une fonction f: {a, ] — R est intégrable dans le sens spécial
de rintégrale Denmjoy, alors il existe .uue base B cC [a, b] telle que f est intégrable M, sur B et

b

(M,) 5f (#)dx = (D,) 5‘ f(x)dx On démontre aussi le théoréme analogue qui se référe aux fonctions
B a
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intégrables Denjoy dans le sens général. Dans ce cas si f: [a, b] — R est intégrable Denjoy, il existe
b

une base B C [q, b] telle que f est intégrable M, sur B et (M) g f(x)dx = (9) S f(x)dx.
I a

, ¥ 0, — 1 < ¥ 1 Il existe une base B C [— 1, 1] telle que f est intégrable

w | =

Soit f(x) =
Mgy sur B. On en déduit que Yintégrale M, est plus générale que l'intégrale Denjoy.

JURY DE DOCTORAT

Président: Prof. Dr. Doc. GH. CHI$

Membres: Acad. Prof. Dr, Doc. G. CALUGAREANU directeur scientifique

Prof. Dr. Doc. D. V. IONESCU professeur émérite de la R.S. de Roumanie (Cluj)
Prof. Dr. Doc. E. DOBRESCU (Craiova)

Prof. Dr. P. MOCANU (Cluj)

SUME REGULARE DE GRUPURI CU MULTIOPERATORI

Rezumatul tezei de doclorat susfinutd la 6 iunie 1970, la Universitalea ,,Babes-Bolyai” din Cluj,
de EMERIC VIRAG, pentru obfinerea titlului de doctor in matematici.

In lucrare se di o generalizare a produsului regular de grupuri. Generalizarea se face in douit
directii :
— in primul rind rezultatele se referd la grupuri cu inultioperatori;

— in al doilea rind, o parte din teoria expusi in lucrare d4 in cazul grupurilor obisnuite o gene-

ralizare a produsului regular.
Lucrarea contine patru capitole.
In capitolul I se urmiregte si se dezvolte acele notiuni §i proprietitf ale grupurilor cu multiopera-

tori care vor fi folosite mai tirziu.
In capitolul II se studiazi problema descompunerilor grupurilor cu multioperatori. Se dau doud
forme de reprezentare a elementelor unui grup cu multioperatori generat de o familie de subgrupuri

cu multioperatori.
Capitolul III este consacrat studierii sistemelor regulare de subgrupuri ale unui grup cu multi-

operatori. Ca un caz particular se obtine suma regularid. Se aratii posibilitatea construirii sumelor

regulare de anumite grupuri cu multioperatori date.
In ultimul capitol se urmireste si se dea o teorie generald in clasa grupurilor eu multioperatori

a sumelor regulare §i a sumelor regulare complete obtinute printr-o operatie regulard asociativd si comu-
tativi, Teoria expusi se bazeazi pe notiunea de limitdi direct3, respectiv limitd inversi a unui sistem

direct respectiv invers de grupuri cu multioperatori.

COMISIA DE DOCTORAT
Pregedinte : Prof. Dr. P. MOCANU, decanul Facultitii de Matematici-Mecanicd

Conducdlor stiinfific : Prof. Dr. Doc. GHEORGHE PIC (Cluj)
Membri : Prof. Dr. Doc. GHEORGHE GALBURA (Bucuresti)
Conf. Dr. ION D. ION (Bucuregti)

Conf. Dr. IULIUS GY. MAURER (Cluj)

FORMULE DE CUADRATURA SI CUBATURA OPTIMALE

Rezumatul tezei de doctorat sustinut la 1 iunie 1970, la Universitatea ,, Babes-Bolyai” din Cluj,
de GHEORGHE COMAN, pentru obfinerea titlului de doctor in matematici,
In lucrare sint aduse unele contributii la studiul unor probleme extremale din teoria formulelor

de cuadraturs gi cubaturd §i anume: daci se moteazi prin H clasa functiilor f definite pe intervalul
[4, b] si integrabile in sensul lui Lebesgue pe acest interval gi daci se considerd o formuld de cuadra-
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[

m

turd de forma S = f(#)d= kZ_}A,J (*)) + Ry(f), unde f& H, atunci se pune problema ca dintre toate

a
formulele de tipul considerat sa se stabileasc# aceea pentru care sup [R,(f) |ia valoarea minimi. Probleme
el :

nnnlos;ge sint studiate §i pentru formulele de cubaturX.

acrarea confine o introducere si trei capitole. Tn cap. I sint studi i
cuadrat'uri de diferite tipuri; in § 1. se consider{;xJ formule de gp Sard, i;tugh;tes(fzo:;ngl:el:c ocp tx:{alte o
metodei folosite unele rezultatealelui S. M. Nikolski, G. Ta. Doroni n‘si T gA S alild i.“e(:rm
iarin § 3. se construiesc formule de cuadraturi de tip inchis. Rezultatele acestui cai)itc;l au fost ubl?:
cate in ,,Studia Univ. Babes-Bolyai Ser. Math.-Mecch.”, fasc. 2, 1970. pp. 39—54, in cap III) sint
studiate forr’nulele practice de cuadraturid. Rezultatele acestui capitol sint publicate in ,Stud}a Univ
Bal?cs-Bolyal Ser. Math.-Mech.”, fasc. 1, 1971, pp. 73—79. Cap. III este consacrat studit'llui formulelot:
optimale de cubaturi. O parte din rezultatele acestui capitol au fost publicate in ,,Studii §i Cercetiri
Matematice” 22, 4, 1970, pp. 551 —561, restul aflindu-se sub tipar la ,,Revue Roumaine de Math
Pures et Appl.”. '

COMISIA DE DOCTORAT

Presedinte : Prof. Dr. P. MOCANU, decanu! Facultitii de Matematici-Mecanick
Conducdtor stitnfific : Prof. Dr. Doc. D. V. IONESCU (Cluj)

Membri: Prof. Dr. Doc. A. HATMOVICI (Iagi)

Prof. Dr. D. D. STANCU (Cluj)
Conf. Dr. . SCHECHTER (Cluj).

Sedinfe de comumniciirl

La sedintele de comuniciiri organizate in anul

1970 la Facultatea de Matematici-Mecanicd s-au
prezentat urmitoarele referate :

9 tanuarie 1970

Acad. Prof. Gh . Cidlugédreanu, Impresii
dintr-o cilitorie la Bologna.

Prof. dr. doc. Gh. Pic, Despre o teoremii a
Jui Iwazawa.

Lect. dr. M. Ridulescu. Proprietiti ale
integralei N in spatii liniare.

6 februarie 1970

Ject. dr. Ridulescu Marcel,
miisuri algebrice.

— Lect. dr. Virag Emeric, Sisteme re-
gulare de Q — subgrupuri.

— Asist. dr. Coman Gheorghe, Formule
optimale de cuadraturd.

27 martic 1970

Cvasi-

— Prof. dr. Mocanu Petru, Asupra
produsului omomorf de miisuri Haar.
— Asist. Moldovan Grigor, Convo-

Iutii discrete §i operatori linjari pozitivi.

6 noiembrie 1970

— Lector dr. Rus A. o an, Asupra unor prob-
Tetue de teoria punctului fix.

— Lector dr. Coman Gheorghe, Mono-
spline si formule optimale de quadraturi.
4 Decembrie 1970

— Lector dr. Ridulescu Marcel, Va-
riabile aleatoare de tip mixt. .
— Asist. Micula Gheorghe, Funcfil
spline de aproximare a solutiilor ecuatiilor di-
ferentiale

Participirl In manifestiiri stiintifice internufionale

1. 17—24 wmartie, Simpozionul international , At-
mosfera inalti si Ionosfera”, organizat in
cadrul colaboririi Interkosmos, sub auspiciile
C.N.C.S. si Universititii din Cluj, de citre
Observatorul Astronomic Cluj. Au participat
20 specialigti din 6 tiri socialiste plus 25 in-
vitati din tara.

2. 19—25 mai. Conferinta internationald de teoria
constructivi a fuunctiilor, Varna (Bulgaria).
Prof. dr. D. D. Stancu, On the approxi-
mation of functions of two variables by means
of a class of linear operators.

3. tunie. Lucriirile Colocviului de tratarea nume-
rici a ecuatiilor diferentiale, Oberwolfach
(RFG). Au participat: Acad. prof. T. Popo-
viciu i Prof. dr. E. Popoviciu

4, iunie, Acad, prof. T. Popoviciu a vizitat
Universitatea din Stuttgart (RFG) unde a pre-
zentat lucrarea ,,Uber die Konvergenz der
Folgen Positiver Operatoren”.

5. 7—14 iunie, Conferinta internafionald pentru
cercetiri gtiingifice cu ajutorul satelitilor,
Bucuresti. G. Chig, A. Pal, L. Burs:
,,Consideratil asupra metodei lu King-Hele de
determinare a densititii atinosferel la inil{imea
perigeului orbitei satellitului artificial al P3-
mintului”. A. Pal, Orbita intermediari ne-
kepleriani a satelitului obtinutidi prinYTmetoda
medieril ecuatillor diferen{iale”. T. Oproiu,
,, Influenta rezistentei atmosferei inalte asupra
perioadei draconice a satelititor artificiall ai

Pamintului”.
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6. 718~-27 awgust, Cursurile i
. . hotd N e i
univesitatare de la Gent (gxet]er.naponale post-

Conf.dr.I.Maru sciac gia). A participat

24=30 august, Conferi 2 i .

structuri algebrice, Pzrs];e}:] (lll;gg’ahonalé de

8 ;.Peszgreoteorcmé alui R. Boer.” ) G b Pic,

o 17— angust, X1V- ’
Uniunii Ag A j‘{l\ a Aduyare Generalid a
! stronomice Intemauona]c U.A
la Brighton (Anglia). A participat Le I de
V. Ureche, si a fost al pat Lect. dr.
VAL es ca membru al
9. 71—170 septembrie, Co
? n 1
L.Ia‘tematicienilor de lagll’s?sl,]:: (ll:?;xel{[nat,lznal ol
t;cxpat: Prof. emerit D. V.Iones éa1)1. conta.
rinta ,,Extension de la formule de uad::tconfe-
Gauss a une classe de formule d(i. cub Itn'e t‘]’e

10. 77 .se‘ptembrie, Prof. emerit D, V Ionaeure .
a V1f1tat Facultatea de Stiinte .Valrose'f) cdu
la Nisa unde a tinut conferintele"' Diff .
divisée d’'une fonction et sa rép'r,éseni;i?ce
par une integral define : aplication pur determin%11
le reste de f'ormules de quadrature de Gauss e:
de T1'1:an §i ,,.Extension de la difference divi-
s.éebd une fonction A des fonction de troix va-
:;?plleef et sa répresentation par une jutegrale

11. 74 septembrie, Prof. emerit D. V., Tonescu
a_vizitat Facultatea de Stiinte din Neuchatel
(Elvetm) unde a tinut conferinta: ,,Applica-
t?ons"de méthode de Green en analyse nume-
rigue’’,

12, 5—25_octombrie, Coni. dr. A. Pal a efectuat
un schimb de experientd in R.S. Ceboslovaci.

13. 24 octombriec — 5 noiembrie: Coni. dr. I. M u n-
teana fost in R.S. Cehoslovaci unde a vi-
zitat ms.t.itutiile de invd{dmint superior din
Praga §i Brmo, La Facultatea de §tiin{e din
Brno a t{inut conferinta: ,,Probleme de teoria
oscilatiilor neliniare”.

14.! 75—21 mnoiembrie, Colocviul ,, Funktional-
analysis und numerische Mathematik’” W. W.
Breckner, ,Zur Charakterisierung von Mi-
nimallésungen”’.

15. 23 decembyie 1970—6 dianuarie 1971, Conf.
dr. I. Marugciac a fost in UR.S.S, unde
a , vizitat ipstitutiile de invatimint si de cerce-
tare din Moscova §i Leningrad. La Inst, de Ma-
tematici ,,Steklov” al Acad, U.R.S.5. a ti-
nut conferinta ,,Infrapolinoame generalizate”

.\l

Participiiri la manifestiri stiingitice din far#

1. 23—24 mai A VI-A SESIUNE DE COMUNI-
CARI STIINTIFICE A INSTITUTULUI PE-
DAGOGIC DIN ORADEA
1. Conf. dr. Marian Tarind,
pondente partial projective”.

us, ,,Exist enta si

2. Lector dr. Ioan A. R .
unicitatea solufiei unor probleme de limitd

,,Cores-

corespunzitoar i ii
renia: € unel ecuatii functiona] dife.
3. Lector Pavel Enghig

spatii A cu torsiune’, »ASupra uney

- 29—30 mai SESIUNEA DE COMUNICA R}

A UNIVE .
CLUT VERSITATII , BABES-BOLYAL~
1. Acad. prof. dr. do

nu, , Invarianti de ‘c:énfratl:’" Calugirea.
relatii.” fie in grupuri cu
2. Asist. Gr. Cilugs i

wart Wiesler, géii:v:.ngi) aswt.“Her-
pra V-triplelor”. " servatii asu-
3. Lect. dr. Gheorghe Com an i

e . ’ uA lica-
l‘;;lle fun_ctnlor »Spline”  la construire fc?n::-
46 011“ QI;tnillale de cuadraturs”,

. Asist, iliton I'r i
pectului asimptotic al :p?ot\jlnar'uAs}?xfx’:rcin?;
printr-o clasi de operatori ijuiari pozitivi.”
5. Lector dr. Victoria Groze, ,Asupra
structurilor de incidenti de traus]z;ﬁ'é P
6. Lect. dr. Victoria Groze, asist. An-
gela Vasiu, ,Extinderea cénditiilor lui
Winternitz pentru spatii n-dimensionale”
7. Conf, dr. Toan Marusciac, ,,Polinoz'x-
me de preinterpolare de abatere minimi de la
zero in domeniul complex.”’
8. Prof. dr. Petru Mocanu, , Formula lui
Darboux relativii la funciiile univalente’.
9, Asist. Grigor Moldovan, ,Operatori
convolutivi pozitivi in teoria aproximarii”.
10. Lect. Béla Orban, ,Despre prelun-
girea coliniatiilor definite pe muljimi.”

11. Prof. dr. doc. §t. G h. Pigc, lec.dr. Ioan
Purdea ,1Inele mnare”.
12. Lectordr.Marcel Ridulescu, ,Pro-
prietiiti ale primitivei K in spatii liniare.”
13. Prof. dr. Dimitrie D. Stancu, ,A-
supra unei clase de repartitii multidimensio-
pale discrete de probabilitdti.”
14. Asist. Maria F. S chechter, Obser-
vatii asupra structurilor relationale”.

15. Conf. dr. Marian Tarini ,0 clasd
de suprafete algebrice reale.” .
16. Lector dr. Emeric Virdg, ,Operafit
regulare in n-grupuri”. .
17. Lector dr. Martin Balazs, asist.
Gavrild Goldner, ,,Asupra rezolvirii aproximas
tive a ecuatiilor functionale in spatii Banach.
18. Lect. dr. Elena Fritild, , Metoda
Monte Carlo in evaluarea functiei densitate

de probabilitate.”

19. Asist. Nicolae
neralizate.”

20. Asist. Felicia ;
aproximarii functiilor deriva
operatorilor liniari pozitivi. inoa-
21. Asist. Elena Rus, ,,Asupra pohn
melor prime intre ele”.

29 Asist. Wolfgang Br
reme de dualitate pentru pro
mizare in spatii local convexe.

Both, ,Predicate ge-

Stancu, ,Asuprd
bile cu ajutorul

eckner,,Teo"
bleme de opt:
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23. Psof. dr. doc. Dumitru V. Iones,cu,
Restul unei formule de cuadraturi de tip
Gaus.”

24. Conf. dr. Carol Kalik, »Aplicatii ale
spatiilor H, (K).”

25, Lector dr. JXosif Xolumban ,
,Asupra unei Teoreme de tip Korovkin.”
26. Asist. Luciana Lupag, , Asupra con-
servirii scalariti{ii printr-o clasi de operatori
liniari §i pozitivi.”

27. Asist. Gheorghe Micula, ,Inte-
grarea aproximativi a ecuatiilor diferentiale
cu ajutorul funectiilor spline.”

28. Conf. dr. Toan Muntean, ,Asupra
convergentei solutiilor sistemelor de ccuatii
diferentiale neliniare.”

29. Conf. dr. Andrei Ney ,O formi gene-
ralizatii a criteriului lui Leibniz in spatii liniare
o-reticulate.”

30. Conf. dr. Andrei Ney, ,Despre con-
vergenta seriilor de mulfimi in P(E).”

31. Lectordr. Paraschiva Pavel, ,Ex-
tinderea unei formnule de derivare numerici de
tip V. N.TFadeeva,”

32, Prof. dr. Elena Popoviciu, ,7Teore-
me de scparafie pentru multimi interpolatoare.”
33. Acad. prof. dr. doc. §t. Tiberiu Po-
povieciu, ,Restul in anumite procedee de
integrare numericdi a ecuatiilor diferentiale”.
34. Lect. dr. Yoan A. Rus, ,Teoria punctu-
lui fix pentru aplicatiile definite pe un produs
cartezian de spatii”.

35. Conf. dr. Erwin Schechter, ,Or-
dinul de convergen{i in integrarea numerici
a ecuafiilor de tip parabolic”.

36. Prof. dr. doc. st. Gheorghe Chiy,
,,Pierderea de masid in sistemele binare.,”
37. Cercet. Dorin Chis, ,Determinarea
noilor elemente fotometrice ale stelei MY Dra-
couis.”

38. Cercet. Gheorghe Horedt, , Asupra
preciziei de determinare a punctelor subsa-
telit din observatii silnultane i nesimultane.”

39. Cercet. Tiberiu O proiu, Influenfa
rotafiei atmosferei asupra perioadei draconi-
tice a unui satelit artificial al Pimintului.”
40. Conf. dr. Arpad Pal, ,Orbita interme-
diari a satelitului artificial al Pamintului con-
struitd cu ajutorul medierii ecuatiilor migcirii.”
41, Cercet. Vasile Pop, ,,Curba de lumind
si elementele fotometrice ale variabilei scurt
periodice Rt Gomae.”

42. Lect. Ioan Stan, ,Efectul barodifuziei
in strat limit4 incompresibil.”

43. Cercet. princ. dr. Toan Todoran,
»Determinarea lungimilor de undi ale siste-
mului fotometric UBV.”

44, Lector dr. Vasile Ureche, ,Asupra
modelilui sferi-elipsoid pentru calculul orbi-
telor fotometrice™.

3.

95

20—25 august SESIUNEA JUBILIARX _.A..
MYLLER” DE LA UNIV. ,AL. I. CUZA"
IASI )
1. Lector dr. I. Purdea, ,,0 generalizare a.
unei teoreme a lni  Poincaré.”

2. Leci_:. dr. E. Virag, , Sume regulate de-
grupuri cu_ multioperatori.”

3. Lect. dr. M. Balazs, asist. G. Goldner,
»On certain iterative methods for solving the-
functional equatiouns”.

4. Prof. emerit D, V. Ionescu, , Difference
divisée d’ordre # d‘une fonction de p variable et
sa représentation par une intégrale multiple.”

5. Asist. Gh. Micula, Integrarea sistemelor
de ecuafii diferenfiale cu ajutorul functiilor
.,Spline”’,

6. Prof. dr. Elena Popoviciu, ,Obser-
vatii asupra problemei celei mai bune aproxi-
matii.”.

7. Acad. prof. Tiberiu Popoviciu,
»Despre convergenta sirurilor de operatori.
pozitivi,”

8. Lect. dr. A. I. Rus, ,,0On the fixed-point-
theory for mappings defined on a Cartesian
product of space.”

9. Prof. dr. Dimitrie Stancu, , Metode
probabilistice in teoria aproximjrii functiilor.”
10. Asist. Felicia Stancu, ,Asupra a-
proximiirii functiilor de doui variabile cu aju-
torul operatorilor liniari pozitivi.”

11. Conf. dr. Marian Tarin¥, , Corespon-
dente partial projective §i comexiuni asocia~
te.”

12, Lect. dr. E. Friatili, , Asupra eficientei.
unor procedee Monte-Carlo pentru calculul
integralelor”.

13. Lect. dr. Yoan Pop , ,Asupra stratu-
lui limitd nestajionar din jurul unui corp de:
rotatie.”

14. Lector Toan Stamn, ,Strat limitd de
difuzie.”

2223  septembrie ° SEMINARUL DE
TEORIA ECUATIILOR FUNCTIONALE™
CLUJ

Prof. emerit D. V. I 0 ne s ¢ 1, ,,0 legitur#-
intre analiza nunericd §i ecuatiile funcfionale:
extinderea ecuatiei functionale a Jui D. Pom-
peiu cu ajutorul formulelor de cuadratur ale:
lui Gauss i Turan”.

5, 28— 29 oclombrie SEMINARUL DE ,,TEORIA

ECUATIILOR FUNCJIONALE” IASI

Conf, dr. A. Ney, ,Ecuatia ful'lt;tiox.l.alﬂ_. a
sumabilititii simple si a integrabilit#{ii im-

proprii”
14—15 decembrie SEMINARUL DE , TEORIA
ECUATIILOR  FUNCTIONALE”  TIMI-
SOARA

Conf, dr. I. Muntean, ,,Asupm netrlvial%:
tafii dualului unui grup vectorial topologie.



CRONICA

Conf. dr. I. Marusciac, ,Operatori li-
niari care conservi proprictatea (T) cu apli-
catii”’.

Conf. dr. A. N ey, ,,Ecuatii ale functiilor simple
sumabile (respectiv nesumabile) §i ale celor
impropriu integrabile (respectiv ueintegrabi-
le)”.

L?ect. dr. I. Xolumb &n, , Ecuatii functio-
nale in teoria optimizirii”.

. 11—13 decembrie CONFERINTA NATIONALX

DE ASTRONOMIE, TIMISOARA

1. Prof.” dr. doc. Gh. Chis, ,Rezultate in
cercetarea atmosferei inalte.” -

2. Prof. dr. doc. G h. Chig,, Invitimintul
astronmomiei in licee §i universititi.”

3. Conf. dr. A, Pal, ,,Probleme noi ale meca-
nicii ceregti.”

4. Cercet. princ. dr. I. Todoran, ,Consi-

deratii asupra lungimilor de undi specifice
ale unui sistem fotometric™

5. Lect. dr. V. Ureche, , Asupra reflexiei
luminii in stelele binare strinse.”

6. Lect. dr. V. Ureche, ,Despre practica

astronomici in universititi.”

7. Cercet. princ. dr. I. Todoran, V. Pop,
,,Elemente preliminarii ale cefeidei BE Eri-
dani”.

8. Cercet. T. Oproiu, Asupra unor evaluiri
ale diferentei dintre perioada draconiticit si
.cea siderald a satelitilor artificiali cauzati de re-
zistenf{a atinosferei”.

9. Cercet. D. Chis, ,Asupra determindrii
elementelor fotometrice la patru variabile:
RU, SV, WW si XX Bootis.”

Vizite

1. Prof. E. Dobrescu, Universitatea din
Craiova. :

2, Prof, R. A, Rankin, University of Glas-
gow (Anglia).

3. Prof. V. P. Marcenko, Universitatea din
Odessa (U.R.S.S.).

4. Prof. E. Saibel, University , Carnegie-
Mellon”, Pittsburg (S.U.A)).

S. Prof. G h. Galburi, Universitatea din
Bucuregti.

6. Prof. Ton D, Ion, Universitatea din Bucu-
regti.

7. Prof. W. Maier, Universitatea din Jena
(R.D.G.).

8. Prof. R, Wiegandt, Inst. Mat. Acad. Bu-
dapesta (R.P.U.).

9. Prof. V. Topencharov, Universitatea
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. Prof. M.

. Prof. L. I'. Giinther,

. Prof. Weber,

din Sofia (R.P.B.)

. Prof. A. Kufner, Inst. Mat. Acad. Praga

(R.S.C.).

. Prof. W. I'. A mes, Universitatea din Jowa

(S.U.A).
0. Rcade,
Arbor,” Michigan (S.U.A.).

Universitatea ,,Ann
Iust. de Arhitec-

turd i Coustructii, Weimar (R.D.G.).

. Prof. D. Bernard, Universitatea din Stras-

bourg (Franta).
Universitatea din Rostock

(R.D.G.).

. Prof. .. Koslov, Inst, Mat. Acad. Kiev

(U.R.S.8.).

. Prof. A. Mihalev, Universitatea din" Mos-
18.

cova (U.R.S.8.).
Prof D. B. Scott, Universitatea din Su-
sex (Anglia). ’
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sﬂmelzn cel de al XVIlea an de aparifie (1971) Studia Universitatis Babes— Bolyai cuprinde
matematici—mecanici (2 fascicule);
fizick (2 fascicule);

chimie (2 fascicule);
geologie-mineralogie (2 fascicule);
geografie (2 fascicule);

biologie (2 fascicule) ;

filozofie ;

sociologie ;

stiinte economice (2 fascicule);
psihologie — pedagogie ;

stiinte juridice;

istorie (2 fascicule);
lingvisticA—literaturd (2 fascicule),

Ha XVI rogy nsnanun (1971) Studia Universitatis Babes-Bolyai BLIXOZHT C/IeRYIOMHMH CePHAMA
MaTeMaTHKa—MeXaHHuKa (2 Brinycka);

¢usuxka (2 Bmnycka);

xnmus (2 Bbimycka);

reoNOrus —MHHepaJorus (2 BeINycKa);
reorpadus (2 sninycka);

GHoJslorHs (2 BHNYCKa);

¢$unocods ;

COLLHOJIOTHS ;

9KOHOMHUECKHe HAayKH (2 Bbinycka);
NCHXOJIOTH s —NeJarorHkKa
I0pHAHYeCKHe HAYKH ;

HCTOPRA (2 BHMYCKa);

sapIKo3HaHHe —JIHTepaTypoBefieHite (2 BhIIyCKa).

Dans leur XVI-me aunée de publication (1971) les Studia Universitatis Babes-Bolyai comportent

les séries suivantes:

mathématiques —mécanique (2 fascicules);

physique (2 fascicules);

chimie (2 fascicules);

géologie —minéralogie (2 fascicules) ;

géographie (2 fascicules);

biologie (2 fascicules) ;

philosophie ;

sociologie ;

sciences économiques (2 fascicules);

psychologie — pédagogie ;

sciences juridiques;

histoire (2 fascicules);

linguistique —littérature (2 fascicules).
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