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On the geometry of conformal Hamiltonian of
the time-dependent coupled harmonic oscillators
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Abstract. In this paper we construct the distinguished (d-) geometry (in the
sense of d-connections, d-torsions, d-curvatures, momentum geometrical gravita-
tional and electromagnetic theories) for the conformal Hamiltonian of the time-
dependent coupled oscillators on the dual 1-jet space J** (R, RQ).
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1. Introduction

The model of time-dependent coupled oscillators is used to investigate the dy-
namics of charged particle motion in the presence of time-varying magnetic fields. At
the same time, the model of coupled harmonic oscillator has also been widely used to
study the quantum effects in mesoscopic coupled electric circuits. For more details,
please see [2].

If m; (i=1,2), w; (i =1,2), and k(¢) are the time-dependent mass, frequency,
and the coupling parameter, respectively, then the conformal Hamiltonian of the time-
dependent coupled harmonic oscillators is given on the dual 1-jet space J'* (R, IRQ)
by [2]

H(t,z,p) = hy1(t)e?™ l(p%) + (p2) + F(t,z) = (1.1)
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where o : R2 — R is a smooth conformal function on R?, hy; is a Riemannian metric
on R, (t,x,p) = (t,2', 2% p}, pl) are the coordinates of the space J*(R, R?), and

(OO | ma()ed(t)ad | k() (w2 — 21)”

t.x) =
Ft.2) . . d
The jet coordinates (t,x,p) transform by the rules:
- , A 0x7 dt
_ =i = S 1
t=1(t), i = #(«7), pr = 57 30 (1.2)

where 4,7 = 1,2, rank (03°/0x7) = 2 and dt/dt # 0.

2. The canonical nonlinear connection

The fundamental metrical d-tensor induced by the conformal Hamiltonian metric
(1.1) is defined by (see [1] and [3])

17 hll aQH 5ij o(x —o(x
9200) = g = e ® ) 9kt ) = gm0 (21)

If we use the notations R
1 th

I R TR
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Fk déf gi gl? gl? . ig \ _ 1 7516 o 5k 45 j 99
K 2 \ow "o o 2 105 = 00 Ty (t) Tk ) (2.2)

where h'! = 1/h;; > 0 and o; = do /02", then we have the following geometrical
result:

Proposition 2.1. For the conformal Hamiltonian metric (1.1) the canonical nonlinear
connection on the dual 1-jet space J**(R,R?) has the following components:

1 1
N = (]}[51;1 = Kilpz‘lv ];[El))J = _Fi‘cjpllc> . (2'3)

In other words, we have
1 m;(t)
N(Al).zf 21 1_52 J 1 )
2 i — g \ 7P T 5P T (t) TkPk

Proof. The canonical nonlinear connection produced by H on the dual 1-jet space
J(R,R?) has the following components:

N = Ki1p;

MO
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So, by direct computations, we obtain (2.3). O
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3. N-linear Cartan canonical connection. d-Torsions and d-curvatures

The nonlinear connection N produces the following dual adapted bases of d-
vector fields and d-covector fields:

{5 9 3} Cx (I (RE2), {dtdet,dpl) C X (I (REY)),  (3.1)

6t’ ozt Op}
where 5 5 5 5 5
(1) 1,1
—=—-N;/ — = — — —_— .2
5t ot Mengpl T g “uPrgpn (3:2)
b6 0 1 O 0 s pl 0 (3.3)

St - % - 2 (r)zaipl = % + rzpsap%7

Spl = dp! + Ngj; dt + NE 1 da
The naturalness of the geometrical adapted bases (3.1) is coming from the fact that,
via a transformation of coordinates (1.2), their elements transform as the classical
tensors. Therefore, the description of all subsequent geometrical objects on the dual
1-jet space J'*(R,RR?) (e.g., the Cartan canonical N-linear connection, its torsion
and curvature, etc.) will be done in local adapted components. As a result, by direct
computations, we obtain the following geometrical result:

Proposition 3.1. The Cartan canonical N-linear connection produced by the conformal
Hamiltonian metric (1.1) has the following adapted local components:

0y
CI(N) = (Kh, J1 = 5 (t)’ jk = gk:? Of((lk) = 0> (3.4)

Proof. The adapted components of Cartan canonical connection are given by the
formulas 4
ldgl g dglj N 5; dmj i m;(t)

2 0t 2 dt 2my(t) dt T 2my(t)’
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Using the derivative operators (3.2) and (3.3), the direct calculations lead us to the
desired results. O

i
Ay =

Proposition 3.2. The Cartan canonical connection of the conformal Hamiltonian met-
ric (1.1) has four effective d-torsions:
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where

l
ol ori;  ark,

_ s 1l s 1l
ijk — oxk Oxi +Fijrsk _Fikrsj'

Proof. The Cartan canonical connection on the dual 1-jet space J*(R,R?) gener-
ally has six effective local d-tensors of torsion. For our particular Cartan canonical
connection (3.4) these reduce only to four (the others are zero) [1]:
T Ar r(@) _ @) _
Ti; = =Aj, Py = Cyy =0,
(1)

1) (i 1 (m)1 . . .
P((r))1((f§ - Op} + Ay, = 0lxgy = A
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Proposition 3.3. The Cartan canonical connection of the conformal Hamiltonian met-
ric (1.1) has two effective d-curvatures:

oAl oty
Rl = 8xk1 - 8tk + AT, — T AL,
Réjk = méjk'

Proof. A Cartan canonical connection on the dual 1-jet space J1* (R, R) generally has
five local d-tensors of curvature. For our particular Cartan canonical connection (3.4)
these reduce only to two (the others are zero). So, we have [1]:
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4. From the conformal Hamiltonian of the time-dependent coupled
oscillators to field-like geometrical models

4.1. Momentum gravitational-like geometrical model

The conformal Hamiltonian metric (1.1) produces on the momentum phase space
J'(R,R?) the adapted metrical d-tensor (momentum gravitational potential)

G = h1dt @ dt + gijda:i ® dx? + hngijlspz1 & 529;’

where g;;, and g/ are given by (2.1). We postulate that the momentum gravitational
potential G is governed by the geometrical Einstein equations

S¢(CT(N)) .
G =KT, (4.1)

Ric(CT(N)) —

where:

e Ric(CT(NV)) is the Ricci d-tensor associated with the Cartan canonical linear
connection (3.4);

e Sc(CT(N)) is the scalar curvature;

e [ is the Einstein constant and T in an intrinsic momentum stress-energy d-
tensor of matter.

Therefore, using the adapted basis of vector fields, we can locally describe the

global geometrical Einstein equations (4.1). Consequently, some direct computations
lead to:

Proposition 4.1. The Ricci tensor of the Cartan canonical connection of the conformal
Hamiltonian metric (1.1) has the following two effective Ricci d-tensors:

R11 ::KH:O, R:Rhl:O
Ry = R;llr’ R R;]r = m;jv :_mij7

G p ) pr ) _ o @ pi ()
R} =-P) =-F,d) =0, R}, =Py, =~P) =0,

G) _ pll) _
Ry = —Piin =0,

()0 ) )
RO = =508 = -Sm =0,

o @) _  pi () _
Ry = —Pay; = —Fay =0

Corollary 4.2. The scalar curvature of the Cartan canonical connection of the confor-
mal Hamiltonian metric (1.1) is given by the following formula:

Sc(CT(N))=¢" R;; = g"Ry; == R.
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Corollary 4.3. The geometrical momentum Finstein-like equations produced by the
conformal Hamiltonian metric (1.1) are locally described by

R
—5h11 =KTn
R
Rij — Egij = KT;;

R em®0)
—5hug? = KT,
0="Ti, Rin=KTn

) ()
0=T, 0=Tg,

6 g
0=Ta 0=Ta;

The geometrical momentum conservation-like laws produced by the conformal
Hamiltonian metric (1.1) are postulated by the following formulas (for more details,

please see [1]):
" )
:| = R1|r
/1

2

PR
mg—Qag} =0

(R 1o
_25£:| |(1) =0,

where 7 /17, 7,.” and ” |gg” are the local covariant derivatives induced by the Cartan

canonical connection CT'(N), and we have

R =g""Rq1, R, =g""Ry;.

4.2. Geometrical momentum electromagnetic-like 2-form

On the momentum phase space J*(R,R?), the distinguished geometrical elec-
tromagnetic 2-form is defined by

F= F(<f§j5p} Ada?,

where
(1) 't gk ar(1) ik Ar(1) Gk ikpr 1
F(l)j =5 |9 Zg(k)i -9 ]y(k)i + (¢ Tk — g ij)pr :

By a direct calculation, the conformal Hamiltonian metric (1.1) produces the
null momentum electromagnetic components

0 _
Fay; =0
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