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Abstract. In this paper, we give some direct results and weighted approximation
properties for a modification of generalized Baskakov-Kantorovich operators.
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1. Introduction

The Baskakov operators, defined by V.A. Baskakov [7], and their Kantorovich
type modification ([11], p.115) are given by

k=0

and
o0 N k kjl»l
Vn(f;x)Z(n+k 1>(x / ft)ydt, =>0,n¢cN,

n
P k 1+ m)n-&-k %

respectively. In the literature there are many studies which include Baskakov op-
erators, Baskakov-Kantorovich operators and their generalizations. Some of them
are [1], [3]- [8], [10]- [13] and [16]- [27]. We now deal only with the works which
are necessary for this paper. In the identity

e k
(1= = 3 Pele,a) .
k=0 ’

where a > 0 is any constant and
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with (z)o =1, (z); =z(x+1)---(x+i—1) for i > 1 by setting v = n and t = {7,
Mihesan [18] constructed the generalized Baskakov operators

k
Bi(f;x) Zf< )Pkn!a)(1+$w)n+k7 r>0,neN

for every f € C[0,00). He showed that these operators converge uniformly on [0, b]
for functions having exponential growth on positive x-axis and obtained the order of
approximation with the help of the usual modulus of continuity. After that in [25], by
proposing integral type modification of the operators B2 in the sense of Kantorovich
as follows:

k41

_az x= Pi(n,a) ok "
Vi (frw) = ne” 15y =1 T f(t)dt, =>0,neN
k=0

Wafi and Khatoon proved a Voronovskaya type theorem in polynomial weight spaces
for these operators. Note that for a = 0 the operators By and V¢ reduce to the oper-
ators By, and V,,, respectively. In 2010, Erencin and Bagcanbaz-Tunca [12] presented
the following generalization of the operators BZ(f;x)

k

Ly(f;z)=¢" = Zf( ) Py Tl'an) a +-Tx)n+k, z>0,n€N, (1.1)

where (a,,) are (b,) are two sequences of positive numbers such that

lim & =1, lim 2% =0, lim — =0,

n—oo n n— oo n n—oo n
and investigated approximation properties of such operators by means of the weighted
Korovkin type theorem given in [14, 15] and also introduced an application to func-
tional differential equations which gives a recurrence relation for the monomials of
that operators.

Very recently, Altomare, Montano and Leonessa [2] presented the modification

of Szasz-Mirakyan-Kantorovich operators defined by

e o= (na)* n o
Calir) = ey ) [bn_an/w ftt|, w>0men,

k=0

where (a,,) and (b,) are sequences of real numbers such that 0 < a,, < b,, < 1. They
introduced some approximation properties of these operators on continuous function
spaces, weighted continuous function spaces and Lebesgue spaces and also obtained
some estimates for the rate of convergence.

Inspired by that work, we consider the following Kantorovich type operators

50 ktdn
bn, bn
= E Sn.a, (k,x) / f@®)dt, x>0,n€eN, (1.2)
dp — Cp JEten
k=0 b
where
anz Pg(n,ap) x*

Sn.a,(k,x) =e 1o

k' (1+z)ntk
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and (an), (bn), (¢n) and (d,,) are sequences of real numbers having the properties:
by, > 1,

(i) an, > 0, > 0<e,<d, <1
(i) im — =1, lim -® =0.
n—o0 n n—oo n

We remark that for a,, = a, b, = n, ¢, =0 and d,, = 1 the operators K, (f;z) turn
out to be the operators V,*(f; x).

In the present paper, we first give some direct results. Next, we prove a weighted
Korovkin type theorem and compute the order of approximation with the help of the
weighted modulus of continuity for these operators.

2. Auxiliary results

By [12], we have

L,(1;z)=1 (2.1)
n an T
Lo(tz)= gt in 2 2.2
(o) = ot 1 (2.2)
n(n+1) 2a,n  2° a?  2? n an T
L, (t%2) = 2 4 Zn In Dot T (23
(t%2) p e i tear 2t e @Y

where L, (f;x) is defined by (1.1).
In the sequel, we shall need to following lemmas.

Lemma 2.1. The following equalities hold:

Lo (#:2) :n(n +1)(n+2) 3 3a,n(n+1) z* 3a2n  2?
] B 1tz b (1+a)?
N @ 3 3n(n + 1)x2 6a,n x? 3a2 a2
b3 (14 )3 b3 b3 14z b3 (1 + x)?
n an T
+ EI + gm
and
4 nn+1)(n+2)(n+3) , da,nn+1)(n+2) 2*
L,(t%z) = m "+ o Tz
6aZn(n+1) a* . 4ain a4 n @ xt
b (+x) by (L+2)* by (1+2)!
n 6n(n+1)(n+2) i 18a,n(n+1) a3 18a2n 23
b b 1tz b (1+a)?
n % 3 n n(n + 1)952 lda,n x2 % x?
ESE b B 1tz b (1+a)?

n n n an T
— Xt .
bt bil4x

It can be proved in a similar way that of the proof of Lemma 2.1 in [18] or by
using the recurrence relation given in [12].
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Lemma 2.2. For the operators K, (f;x) defined by (1.2), we have

K,(l;z)= 1,
an I mo(n)

Kn t; 7

(t2) = bn SN T

+1) 2a,n x2 a2 22 nma(n)

K, (t3; n(n 2 n -

)= == Tt e Ay T,

n apmi(n) =z ma(n)

+ :
B2 1+x 302

nn+1)(n+2) 5 3aynn+1) 23 3a2n 23

b3 T TR 1t 8 (Qtap
N @ x3 3n(n + 1)mg(n) 22 3apnms(n) 2
b3 (1+z)3 2b3 b3 1+
3a2ms(n)  a? nmy(n) apmy(n) x ms(n)

% (1+ax)2 | 208 ' 23 1+ | 4B

K, (t%2) =

+

and

nn+1)(n+2)(n+3) , da,nn+1)(n+2) 2*
T+
b3 b 1+2

6aZn(n+1) a* dain a4 at ot

Kn(t4;x) =

b (+a2 b (ltap b (1ta)
2n(n+1)(n+2)me(n) 5  6a,n(n+ 1)me(n) 3
b Tt b 1tz
6aZnmg(n) a3 N 2a3mg(n) a3 N n(n+ 1)mz(n) 22
b (14 )2 bt (1+az)3 bd
2a,nmz(n) x? a?my(n) 22 n nmg(n)x n apmg(n)
b 1+ bt (14 x)? b bt 14z
my(n)
564 7

+

mo(n) =cp +dn, mi(n) =cp+d,+1, ma(n)=c2+cpd, +d?,

)=
ma(n) = cn +dy +2, ma(n) =2(c2 +cpdy +d2) +3(c,, +dp) +2
ms(n) =c +c2d, +cpd? +d3, mg(n) =cp +d, + 3,
mr(n) = 2(c2 + cpdy +d2) +6(cp, +dn) + 7
mg(n) =3 + 2d, + cpd? + d3 +2(c2 + cpdy, +d2) +2(cy, +dy) +1 and
mo(n) = ct +c3d, + 2d? + c,d3 + d.

By using the definition of K, the equalities (2.1)- (2.3) and Lemma 2.1, it can
be proved easily. So, we omit them.

Now in terms of the linearity of the operators K, and Lemma 2.2 we can state
the following lemma.
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Lemma 2.3. For the operators K, (f;x) defined by (1.2), we have

+1) 2n 2a,, [(n x?
K, ((t—x)2 ) = n(n+1) 2n 1) 2 2% (v
(t - 2)% ) ( o) g B (1)

a? 2 nmi(n)  mo(n)
*b%(ux)?*( R )x 24
apmi(n) ma(n)

b2 1+ 3b2
and

Kn((t ) x)
n(n n—|—2)(n—|—3) dn(n+1)(n+2) ©6nn+1) 4n
< - 03 + 02 - —+ 1) zt

n n

4a,, (n+1)(n+2) 3n(n+1) 3n z?
e ! ‘1>

b3 R E +x
6a2 (n(n+1) _2£+1 74
b2 b2 by (14 )2 ) 1 + z)
+ﬁ x4 Lo n(n+1)(n+ 2)mg(n ) 3n n+1) 3(n) Snml( )
b (1 + )t b B2
~ mp(n) B4 6a, (n(n+1)me(n)  2nms(n) ml(n) z3 (25)
n % nmg(n)  ms(n) x> n 2a3me(n) a3
b2 b2 b (1+2)? b (1+2z)3
n(n+ Dmz(n)  2nmg(n)  2ma(n)\ o
- (M B )
2a, (nmz(n)  ma(n) x? aimq(n) 22
bn b, b,
nmg(n) B ms(n) apmg(n) =« mg(n)
+< o N A R BT

n

where mg(n),m1(n), ma(n), ms(n), my(n),ms(n), mg(n), mz(n), ms(n) and mg(n)
are given as in Lemma 2.2.

Lemma 2.4. For the operators K, (f;x) defined by (1.2), we have
Ko((t—2)*z) <12m7(n)A(n)(z* 4+ 2° + 2% + 2 + 1),
where my(n) given as in Lemma 2.2 and A(n) = max{A4;(n), Az(n)} with

nn+1)(n+2)(n+3) 4dn(n+1)(n+2) 6n(n+l) 4n
b 5 T b,

+“”<”("+1)(”+2)+ ">+2(n(n+1)+1)+ai<n+a"),

+1

A1 (n) =

by b b b2 b2
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nin+1)(n+2 n a n+1 2 /n
AQ(n): ( 7)( )+b2+b£<(bn)+1)+b3<bn+b:).

4
bn n n

Proof. From (2.5) we may write

Kn((t - x)45 )

nn+1)(n+2)(n+3) 4dnn+1)(n+2) 6n(n+1) 4n 4
( i - B S )

<

n

+_ggﬁ (n(n—%l)@z%—2)+_3n).f4 6a%<n(n—%l)_%1) : x?

bn b3 b, ) 1+z b2 b2 1+ x)2
N dain ot N aiL rt 5 n(n +1)(n + 2)mg(n) N 3nmi(n) 3
bt (I42x)2 b (1+x)4 bd b2
N 6a, (n(n+1)meg(n) = mi(n) a3 a?nme(n)
bn b by J1+w b (1+a)2
n 2a3mg(n) a3 N n(n + 1)mz(n) n 2ma(n) 24 2a,nmy(n) a2
b (1+2)3 b 02 o 1+a
a?lmq(n) 22 n nmg(n) apmg(n) mg(n)
x
bl (14 x)? b b 14z 503
nn+1)n+2)(n+3) 4dnn+1)(n+2) 6n(n+1) 4n
<12 — - — 41z
= { b ] T b
L (nntDn+2) 0 ﬁgﬁiﬂ+14ﬁi
b ] b + b2 B2 1+ a2
+ a?ll zt . ﬁ n + Q)mﬁ( ) + nmi (’I’L) 23
bt (1+x)3 b2 ( 1 + )t b2
L n(n + 1)m6(n 3 L@ nmg( ) ad
b ] Ttz 3 (1P
admg(n) 23 n(n + 1)mz(n ) mo(n) 24 annmz(n) x?
bt (1+4x)3 fL b2 b 1+z
a’lmq(n) 22 n nmg(n)x apmg(n) « mg(n)
bt (14 x)? bd b 1+z vioo[”

Since (117)1 <zfforallz > 0,1 <s (I,s =1,2,3,4) and my(n), ma(n), me(n),

mg(n), mg(n) < mr(n) for all n € N one gets
Ko((t—2)%2) < 12{A (m)a* + mz(n) [As(n)a® + Ag(n)a® + Ay(n)z + As(n)] }

where

nn+1 1 an [N an 1 n an, 1
,Mm:(%>+%+@<%+%)Mm:@<%+%)&wzm.
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Finally, since As(n) < A4(n) < As(n) < Az(n) for all n € N we can write
Ku((t—z)%z) < 12{A1(n)x4 +mr(n)As(n) (2® +2° + 2 +1) }
< 12m7(n){A1 (n)z* + Az(n) (2° +2° + 2 +1) }

which gives the desired result. g

3. Direct results

Let Cg[0, 00) denote the space of real valued continuous and bounded functions
f on the interval [0, 00), endowed with the norm

Ifll = sup [f(z)].

0<z<o0

For any 6 > 0, Peetre’s K-functional is defined by

Ko(f;0)= inf  {[lf =gl +alg"[I},
g€C%[0,00)

where C%[0,00) = {g € Cp[0,00) : ¢’,g" € Cp[0,00)}. By DeVore and Lorentz ( [9],
p.177, Theorem 2.4) there exists an absolute constant C' > 0 such that

Ky(f36) < Cuws(f;5V5), (3.1)
where the second order modulus of smoothness of f € Cg[0,00) is defined as

wa(f;6) = sup sup |f(z+2h) —2f(z+h)+ f(z)].
0<h<d 0<z <00

Also usual modulus of continuity of f € Cp[0,00) is defined by
w(f;0) = sup sup |f(z+h)— f(z).

0<h<6 0<z <00
Now consider the following operator

x mo(n)

Ro(fsw) = Knlfix) — f (b”w+ et 5 ) + ().

where mg(n) given as in Lemma 2.2.

Lemma 3.1. Let g € C%[0,00). Then we have

|Bolgi) = 9(@)| < 8ul@)lg"

where

an, mo(n)]?

6n(z) = Kn((t — )% 2) + K - 1> T+ by l+zx 2b,,
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Proof. By the definition of the operators IA(n and Lemma 2.2 we get

I?n(t—l';fb):Kn(t—x,x)_ (n1'+an :E +m0(n) —I)

:Kn(t,m)—xKn(l,x)—(nx—i—a" z +m0(”)—x>

Let g € C%[0,00) and z € [0, 00). By Taylor’s formula of g

t

g(t) —g(x) = (t — z)g'(x) +/ (t = u)g” (u)du, € [0,00)

x

one may write

~

K,(g;z) — g(z)

<
i ([ = @)

— —r+ — + —u | ¢ (u)du.
(bn boltz ' 2b, )g( )

Now using the following inequalities

x

t
l/@gum%mmts@fxfww
xT
and
/b’;x+‘;;§ o+ T (n a, =« mo(n)
_ + _
xr

>
3

8
>

n 1+

o 7
2%, u) 9" (u)du

x

n an T mo(n) 2
< no Gn "
= [(bn 1>x+bn1+x+ 2%, } 9"

<LK ((t—2)%2) + [(n - 1) T+ Z—:lix + n?b(:)]Q} lg”|
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Theorem 3.2. Let f € Cp[0,00). Then for all x € [0,00) there exists a constant A > 0
such that

(i) = (o)) < A (£ /6@) 0 (1|

where 6, (x) defined as in Lemma 3.1.

x mo(n)
‘ b1+z+ %n>’

Proof. By means of the definitions of the operators I?n and K, we have

Kn(fi2) = (@) < |Ralf = g:0)| + 1/ = 9)(@)] + |Ralgi ) - g(a)|
<b +F&i +T$?)_ﬂ@’

[Ra(f50)| < Kalf)| + 201 < 171K (L) + 20111 = 31

Thus we may conclude that

Kl f52) = f@)] <41f = gl + |Balgi2) - 9()|

‘f< blix+ﬁi?)ﬂ@w

In the light of Lemma 3.1 one gets
K (fy2) — f(@)] <Allf — gl + dn ()]l 9"

I

Therefore taking the infimum over all g € C%[0,00) on the right-hand side of the last
inequality and considering (3.1), we find that

+

and

x mo(n)
4o + :
bn, ‘ bn 1+=x 2b,, )

(i) = £ < ARalfidnla)) +o (£i] 7 =1 o 52 0 Tl
< i (/@) s (11 1 o o 7))

:A“JQ(f;\/W)er(f; bn—l‘x+an a mo(”)>

+
which completes the proof. 0

' an T Jrmo(n))

b, 1+x 2b,

Theorem 3.3. Let 0 < v < 1 and f € Cg[0,00). Then if f € Lipp (), that is, the
inequality

[f(t) = f@) < Mt —a|", a,t€0,00)
holds, then for each x € [0,00) we have

(K (f52) = f(z)| < 63 (2),
where 6, (x) = K, ((t — x)%z) and M > 0 is a constant.
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Proof. Let f € Cgl0,00) N Lipas(y). By the linearity and monotonicity of the opera-
tors K,, we get

Ko (fi2) = fz)| < Ko (|f(t) = f2)];2)
<MK, (|t —z|" ;)

k+dp

o] bn e 3
_Mzsn’an(k,x)m/c+cn |t_$| dt.
k=0 bn
Now applying the Holder inequality two times successively with p = %, q= %, we
obtain
00 b k-lt—dn %
. _ n " _ )2
Kn(f32) = f(@)] <MY S, (k) { pa— /7 (t— =) dt}
k=0 o
<MK, ((t- x)Q;x)%
= M67 (2).
This completes the proof. O

4. Weighted approximation properties

Now we introduce convergence properties of the operators K, via the weighted
Korovkin type theorem given by Gadjiev in [14, 15]. For this purpose we recall some
definitions and notations.

Let p(z) = 1+2? and B,[0, 00) be the space of all functions having the property

[f(2)] < Mgp(z),

where z € [0,00) and My is a positive constant depending only on f. B,[0,00) is
equipped with the norm
|f ()]
= sup -———.
I, = s 5%
[0,00) denotes the space of all continuous functions belonging to B,[0,00). By
[0,00) we denote the subspace of all functions f € C,[0, 00) for which
|/ ()]

lim —— < o
a0 p(z)

Gy
o

Theorem A [14, 15]: Let {A,} be a sequence of positive linear operators acting
from C,[0,00) to B,[0,00) and satisfying the conditions

li_)m [|An(t";2) —2"||, =0, v=0,1,2.
Then for any function f € C’S[O, 00),
Tim (|4, (f:2) - F(@)], = 0.
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Note that a sequence of linear positive operators A,, acts from C,[0, c0) to B,[0, c0)
if and only if

[ An (p; 2)||, < Mp,

where Mp is positive constant. This fact is a simple result of the necessary and
sufficient condition that

An(p; ) < Mp(x)
given in [14, 15].

Theorem 4.1. Let {K,,} be the sequence of linear positive operators defined by (1.2).
Then for each f €CP[0,00), we have

T [[Ku(f:2) — f(@)], = 0.
Proof. Using Lemma 2.2, we may write

| K (p; )] nn+1) 2a,n a2  nmi(n)  apmi(n)  ma(n)
——=<1 _n
N AT

1
Since lim —- = 1 we have lim b= 0. Thus under the conditions (¢) and (i7), there
n—oo n n— oo n

exists a positive constant M* such that

nn+1) 2a,n a2 nmi(n)  aymi(n)  ma(n)

52 e e T

< M*

for each n. Hence we get
1K (ps )], < 1+ M

which shows that {K,} is a sequence of positive linear operators acting from C,[0, co)
to B,[0, 00).

In order to complete the proof, it is enough to prove that the conditions of
Theorem A

nh_)n;O || Kn(t";2) —a”|[, =0, v=0,1,2
are satisfied. It is clear that
Tim (|, (1) — 1], = 0.

By Lemma 2.2, we have

n x an, x mo(n) 1
K,(t;x) — = ——1 T
(8 2) — ]|, = sup ‘(bn ) 1+z2+bn (1+x)(1+12)+ 20, 1+ 22

0<z <00

n an ~ mo(n)
< |2 _q 48
= |bn ’*bn b

Thus taking into consideration the conditions (i) and (i) we can conclude that

Jim || K (82) — 2|, = 0.
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Similarly, one gets

[ Kn (2 )—IZHp

n(n —|— 1) x? 2a,n x? 2 22
= Sup 1+ 22 T2 o T 7 2 2
0<z<oo +x 2 1+x)(1+22) b2 (14 2)%(1+2?)
L (n) = apmi(n) x mo(n) 1
b2 1+ a? 2 (1+z)(1+2?) 362 (14 a?)
n(n+1) 2a,n a2  nmi(n)  apmi(n)  ma(n)
<At g A
S ‘ et T B2
which leads to
. 2.0 _ 22| _
Jim ([ K (855 2) — 27|, = 0
Thus the proof is completed. 0

Now we compute the order of approximation of the operators K, in terms of
the weighted modulus of continuity Qa(f,d) (see[17]) defined by

_ _ |f(z+h) — flz)]
QQ(fv 5) - xZOS,(glfhgé - 1+ (33 + h)2 ’ f € CS[O’ OO)

and has the following properties:

(a) Q2(f,d) is monotone increasing function of 4,
(b) lims o+ 22(f,9) =0,

(c) for each A € RT, Qa(f, A6) < (A + 1)Qa(f,9).

Theorem 4.2. Let {K,} be the sequence of linear positive operators defined by (1.2).
Then for each f € C’g [0,00), we have

0<ete  (L+22)

< €0y (. [mr(m)Am))¥) |

where C' 1is positive constant and my(n) and A(n) defined as in Lemma 2.2 and Lemma
2.4, respectively.

Proof. For x > 0 and t > 0, by the definition of Qs(f,d) and the property (c), we
may write
10~ @] < (e al)?) (145 ) aur,0)

n

21+2%) (1+ (t —=)?) (1 + 1 gf') Qa(f,6n).

By using the monotonicity of K, and the following inequality (see [16])

(1+(t—2)?) <1+ 't;x|> <21+ 62) <1+ t ;;)4)

n
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one gets
t —
Kolfio) = Fo) <20+ 2208, (04 0= a?) (14525 ) o) 0a(r6)
t — 4
<1+ 2)1+ A (14 5 ) a0,
1
4148042 [14 K- 0)'52)]| (7,5,)
1

< QUL+ [ 5 al(0 - 2)%0)] 07,8,)

With the help of the Lemma 2.4 this inequality leads to
A

Kolfi0) = S| < 12611427 |1+ PTG 4o a? )| a(£.0,)
which gives the required result. O

We observe that in Theorem 4.1 we have showed that K, converges to f in
the weighted space Cp[0,00). But in Theorem 4.2 we have computed the rate of
convergence for these operators in the weighted space Cp®[0, co).
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