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Abstract. In this paper we report on a method for regularizing a nonlinear Ham-
merstein type operator equation in Hilbert scales. The proposed method is a com-
bination of Lavrentieve regularization method and a Modified Newton’s method
in Hilbert scales . Under the assumptions that the operator F is continuously
differentiable with a Lipschitz-continuous first derivative and that the solution
of (1.1) fulfills a general source condition, we give an optimal order convergence
rate result with respect to the general source function.
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1. Introduction

Let X and Y be Hilbert spaces. In this study we are concerned with the problem
of approximately solving the operator equation

KF(z) =y, (L.1)

where K : X — Y is a bounded linear operator with its range R(K') not closed in ¥
and F : D(F) C X — X is a nonlinear monotone operator (i.e., (F(u)—F(v),u—v) >
0, Yu,v € D). We shall use the notations (., .)x, {.,.)y and ||.||x, |.|ly for the inner
product and the corresponding norm in the Hilbert spaces X,Y, respectively. The
equation (1.1) is, in general, ill-posed, in the sense that a unique solution that depends
continuously on the data does not exist.

A typical example of a Hammerstein type operator is the nonlinear integral
operator

(KF(@))(t) = /0 k(s, 6)f (s, 2(s))ds
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where k(s,t) € L?([0,1] x [0,1]), = € L?[0,1] and ¢ € [0,1]. Here K : L?[0,1] —
L2[0,1] is a linear integral operator with kernel k(t, s) : defined as

Ka(t) /0 k(t, 5)2(s)ds

and F : D(F) C L?[0,1] — L?[0,1] is a nonlinear superposition operator (cf. [16])
defined as

Fx(s) = f(s,z(s)). (1.2)

In [14], George and Nair studied a Modified NLR method for obtaining an ap-

proximation for the zo-minimum norm solution (z¢-MNS) of the equation (1.1). Recall
that a solution & € D(F) of (1.1) is called an xo-MNS of (1.1), if
|1F(2) = F(xo)llx = min{||[F(z) — F(zo)||x : AF(z) =y, x € D(F)}. (1.3)
In the following, we always assume the existence of an xy-MNS for exact data
y, i.e.,
KF(z)=y.
Note that, due to the nonlinearity of F, the above solution need not be unique. The
element xo € X in (1.3) plays the role of a selection criterion.
Further we assume throughout that X is a real Hilbert space, y° € Y are the
available noisy data with
ly =’y <6 (1.4)
and ||F'(z)||x—»x < M for all z € D.
Since (1.1) is ill-posed, regularization methods are to be employed for obtaining
a stable approximate solution for (1.1). See, for example [18], [24], [7], [9], [10] for
various regularization methods for ill-posed operator equations.
In [6], we considered the sequence {a?, ,, } defined iteratively by
x’(rsLJrl,Oék = xi,ak - Rﬁ(xo)_l[F(mflak> - Zik + ak(xfl,oék - .'I;O)] (15)
where zgﬁak = xo is an initial guess and Rg(xo) = F'(xo) + BI, with § > oy, for
obtaining an approximation of &. Here zgk = (K*K+ap]) "' K*(y° = KF(x0))+F(20)
and ¢y is the regularization parameter chosen appropriately depending on the inexact
data y° and the error level § satisfying (1.4). For this we used the adaptive parameter
selection procedure suggested by Pereverzev and Schock [20]. In order to improve the
error estimate available in [14], in this paper we consider the Hilbert scale variant of
(1.5).
Let L : D(L) C X — X, be a linear, unbounded, self-adjoint, densely defined
and strictly positive operator on X. We consider the Hilbert scale (X, )qen (see [12],
[13], [17] and [18]) generated by L for our analysis. Recall (c.f.[12])that the space X
is the completion of D := N3 D(L*) with respect to the norm ||z||;, induced by the
inner product
(u,v)¢ := (L'u, L'v), w,v € D. (1.6)
Moreover, if 8 <+, then the embedding X, < Xz is continuous, and therefore the
norm |.||s is also defined in X, and there is a constant cg  such that

lalls < eanllzlly. = € X,
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In this paper we consider the sequence {x‘fmk} in order to obtain stable approx-

imate solution to (1.1), defined iteratively by
‘/I:frsz+1,ak,s = fo,ak,s - Rﬂ(xo)_l[F(xi,ak,s) - Zik,s + akLS/Q(xéL,ak,s - .’IJQ)], (17)

where xg,am := w0 is an initial guess and Rg(wo) := F'(xo) + SL*/2, with 8 > ay, for
obtaining an approximation for &. Here zik’s be as in (2.2) with a = a and «y is
the regularization parameter chosen appropriately depending on the inexact data y°
and the error level § satisfying (1.4). For this we use the adaptive parameter selection
procedure suggested by Pereverzev and Schock [20].

This paper is organized as follows. Preparatory results are given in section 2 and
section 3 comprises the proposed iterative method. Numerical examples are given in
section 4. Finally the paper ends with a conclusion in section 5.

2. Preliminaries

We assume that the ill-posed nature of the operator K is related to the Hilbert
scale {X;}er according to the relation

allefl-a < [[Kzlly < collz]-a; € X,
for some real numbers a, ¢1, and cs.
Observe that from the relation (Kz,y)y = (z, K*y)x = (v, L °K*y), for all
z € X and y € Y, we conclude that L™*K™* : Y — X is the adjoint of the operator K
in X. Consequently L™*K*K : X — X is self-adjoint. Further we note that
(A*A, + a2 = L2(L*K*K 4 o)™
where Ay = KL™5/2.
One of the crucial results for proving the results in this paper is the following
proposition, where f and g are defined by
f(t) =min{c}, 3}, g(t) =maz{cy,ch}, teR <1
Proposition 2.1. (See [23], Proposition 2.1) For s > 0 and |v| < 1,
f(”)”xnfu(era) < ||(A:AS)V/2*T||X < g(l/)‘|x||,,,(s+a), x € H.
We make use of the relation
[(As +al)LAP||x <aP™' p>0, 0<p<1, (2.1)

which follows from the spectral properties of the positive self-adjoint operator A,
s> 0.
In this section we consider Tikhonov regularized solution zgys defined by

2 = (L °K*K +al) 'L °K*(y° — KF(x0)) + F(x) (2.2)

a,s

and obtain an a priori and an a posteriori error estimate for || F(Z) — sz |lx. The fol-
lowing assumption on source condition is based on a source function ¢ and a property
of the source function ¢. We will be using this assumption to obtain an error estimate
for || F (%) — 23, llx-
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Assumption 2.2. There exists a continuous, strictly monotonically increasing function
v : (0, ||A%As]l] = (0,00) such that the following conditions hold:

. lim w(A) =0,
o sup MCJ < p(a), YA€ (0,[|AzA]l] and
. ;f\;ere ezists v € X with ||v|]| < E, E >0 such that
(A A0 T L2 (F (&) — F(xo)) = @(AS A v,
Remark 2.3. Note that if F(&) — F(zg) € X; e, ||F(Z) — F(z)|: < E, for some
0 <t < 2s+ a, then the above assumption is satisfied. This can be seen as follows.
(A2A,) 705 L2 (F(&) — F(x0)) = (A7 A) 705 (AL A,) 5550 L/2(F(#) — F(x),
= p(AAs)v

where ¢(\) = AT and v = (A A )<2é+2a> L3/2(F(2) — F(x0)).
Further note that

s—t R
lvllx < g(m)llLs/2(F(ff) — F(z0))l|¢—s
s—1 R
< 9 NE@) = Fwo))lle
< E
where E = g(Ha)E
Theorem 2.4. ([22, Theorem 2.4]) Suppose that Assumption 2.2 holds and let zq s 1=
0179 Then
1. i
122, — 2asllx < W(s)aT s, (2.3)
2.
[F(2) = za,sllx < ¢(s)p(a), (24)
3.
[1F(w0) = Za,sllx < ¥1(s)|[F (&) — F(xo) | x, (25)
1 _ E _9()
where P(s) = fje==t o(s) = ) and (s) = Ty

2.1. Error bounds and parameter choice in Hilbert scales
Let Cs = max{(s),v(s)}, then by (2.3), (2.4) and triangle inequality, we have

IF@)— 25 Ix < Cslp(a)+a@a4). (2.6)

The error estimate (o) + a9 § in (2.6) attains minimum for the choice
a = «afd, s,a) which satisfies p(a) = a®+ 0 5. Clearly a8, s,a) = @ (Y7 a(0)),
where
Yaa(N) = A T, 0 <A< A2 (2.7)
and in this case
IF (@) = 20, llx < 20554(8),
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which has at least optimal order with respect to ¢, s and a (cf. [20]).

2.2. Adaptive scheme and stopping rule
In this paper we consider the adaptive scheme suggested by Pereverzev and
Schock in [20] modified suitably, for choosing the parameter o which does not involve
even the regularization method in an explicit manner.
Leti € {0,1,2,--- ,N} and oy = pleyg where p = 7>1+/9) 5 > 1 and ag = §2(1+5/9),
Let .
:=mazx{i:p(;) <a; T} < N (2.8)
and »
ki=maz{i:||z), — 20 [x <4a;°776,j=0,1,2,--- i}, (2.9)
Analogous to the proof of Theorem 4.3 in [11], we have the following Theorem.

Theorem 2.5. ([22, Theorem 2.5]) Let | be as in (2.8), k be as in (2.9), 15, be as in
(2.7) and 25, , be as in (2.2) with @ = og. Then | < k; and
R 4n _
| F(2) — ng,sHX <Cs(2+ ﬁ)’?%,é@)
where Cs is as in (2.6).

3. The method and convergence analysis

In the earlier papers [11, 15] the authors used the following Assumption:

Assumption 3.1. (cf. [21], Assumption 3 (A3)) There exists a constant K > 0 such
that for every x,u € D(F) and v € X there exists an element ®(x,u,v) € X such
that [F'(z) — F'(u)lv = F'(w)®(z, u,v), | 2(2,u,v)||x < K|vllx]lz —ulx-

Assumption 3.2. For each © € By(xg) there exists a bounded linear operator G such
that

F'(z) = F'(20)G(z, 7o)
with ||G(z, z0)|| < k where k is a constant.

One of the advantages of the proposed method is that we do not need the above
assumption.

The hypotheses of Assumption 3.1 may not hold or may be very expensive or
impossible to verify in general (see the numerical examples). In particular, as it is the
case for well-posed nonlinear equations the computation of the Lipschitz constant K
even if this constant exists is very difficult. Moreover, there are classes of operators
for which Assumption 3.1 is not satisfied but the iterative method converges.

In the present paper, we expand the applicability of the method in [6] under
less computational cost. We achieve this goal by introducing the following weaker
Assumption.

Assumption 3.3. There ezists a constant kg > 0 such that for every x € D(F) and
v € X there exists an element ®(x,xo,v) € X such that

[F" () — F'(20)Jv = F'(20)®(x, 20, v), [ (2, 20, v)l|x < kollvllx |z — zol x-
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Note that
holds in general and k—li can be arbitrary large (see Example 4.3). The advantages of
the new approach are:

(1) Assumption 3.3 is weaker than Assumption 3.1. Notice that there are classes of
operators that satisfy Assumption 3.3 but do not satisfy Assumption 3.1 (see
the numerical examples);

(2) The computational cost of finding the constant kg is less than that of constant
K, even when K = kg;

(3) The sufficient convergence criteria are weaker;

(4) The computable error bounds on the distances involved (including kg) are less
costly and more precise than the old ones (including K);

(5) The information on the location of the solution is more precise;

(6) The convergence domain of the iterative method is larger.

These advantages are also very important in computational mathematics since
they provide under less computational cost a wider choice of initial guesses for iterative
method and the computation of fewer iterates to achieve a desired error tolerance.
Numerical examples for (1)-(6) are presented in Section 4.

In this section, we consider the method defined as (1.7) with ay in place of «

. . 6 .
for approximating the zero z7,, , of the equation,

F(z) + ap L3 ?(x — 20) = 20

a8

(3.1)

and then we show that m‘fms is an approximation to the solution Z of (1.1).

Let F'(zp) € L(X) be a bounded positive self-adjoint operator on X and
B, := L™5/*F'(xo)L~°/*. Usually, for the analysis of regularization methods in Hilbert
scales, an assumption of the form (cf.[8], [19])
IF @)zl x ~ zll-b, v€X (32)
on the degree of ill-posedness is used. In this paper instead of (3.2) we require only a
weaker assumption;
diflzll-p < [|F'(z0)z]|x < daflzll-b, @€ D(F), (3.3)
for some reals b, dy, and ds.
Note that (3.3) is simpler than that of (3.2). Next, we define f; and g; by

fi(t) =min{d:, d5},  g1(t) = max{d.,di}, teER, |t|<1.
One of the crucial result for proving the results in this paper is the following Propo-
sition.
Proposition 3.4. (See. [12], Proposition 3.1) For s > 0 and |v| < 1,

N/l cveen < 1B 22lx < 91(v/2)|12] cupin, « € H.

2

Let iha(s) := L2Em) oy . 9laerm)

A C == A
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Lemma 3.5. Let Proposition 3.4 hold. Then for all h € X, the following hold:
(a) |(F'(wo) + BL*/?) " F'(wo) || x < a(s)|IPlx
(b) | (F"(wo) + BL*/2) 7 L?hlx < P[] x

(¢) I(F"(xo) + BL*/?)~"hl|x

< y(5) BT || x

Proof. Observe that by Proposition 3.4,

I(E" (o) + BL*2) "V F (o) Rl x

This proves (a). To prove (b) and
(B (@) + L2 L/2h

and

I(E” (z0) + BL*/) " hl|x

IN

IN

IN

IN

IN

||L78/4(L78/4FI(IO)L75/4 4 51)71L75/4

F'(2o)L /4L *h]x

1 e L
S = )IIB;‘““) (Bs + BI) ' B.L*/*h||x
2(s+b)
1
< ————|(Bs + B B|||| BT L/ x
fi( )
2(s+b)
< gl(g(sjb))||Ls/4hH_g/2
f1(2(3+b))
91(5=73)
< 2 hllx
f1(2(5+b))
(¢) we observe that
< ||L_S/4(L_S/4F/($0)L_s/4+ﬂ[)_1L‘9/4h||X
1 i .
S W”B;(aﬂ) (Bé+,61) 1L /4h||X
2(s+b)
L I
S gy (B + DT BT L
2(s
< gl(2s+b) B1|hx
f1(2(s+b )
< a(s)B7 hllx (3.4)

||L_s/4(L_S/4F/(a?0) _s/4+ﬂ1)_1[/_s/4h”x

|BE (B, + 217 L) x

(B, + BI)~ BI B L=/}
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Let
G(z) = & — Ry(xo) "' [F(z) — 2}

Note that with the above notation G(x?
First we prove that x?

os + L (x — o). (3.6)
Ly NeAN] ) = xfrsH»l,ak,s‘

converges to the zero xik’s of

F(z) + o L% (x — ) = 20 (3.7)

a,s

n,a,s

and then we prove that z? _ is an approximation for .

(677981
Hereafter we assume that ||# — zg||x < p where

1 [ BT = a(s) ()2 5o
b1 (s)M dkodn(s) w(s)a;

p<

b -
B+ [1—wz<s><‘3*;k>12a2<:£a> Lot
kot (s)ha(s) 0

o 1= U (5) BT [y (5) Mp + (5)0d" " b).

with §p <

and we define

0 =BGk + 25, e (rara) (39)
where
(1= 0a(9)(252)] = /11 = Ba(5) (5579 — dkotia ()7,
" 2koiha(s)
and

. min{l(lc)%() 1L ey

kota(s) ko s (s) p
1= Da()(2522)] + /11 = Do) (222 )2 —4kow2<sm}

2koto(s)

where 0 < ¢ < ap < 1 is a constant.
Remark 3.6. Note that for r € (1,72) we have ¢ < 1 and v, < 7" <r.

Theorem 3.7. Let r € (r1,r2) and Assumption 3.3 be satisfied. Then the sequence
(9 T o.s) defined in (1.7) is well defined and x? € B,.(xg) for all n > 0. Further

(acfla s) is Cauchy sequence in B,(xo) and hence converges to x‘;k,s € B,(xg) and
F( a;‘ S) + akLS/?( Oék S xo) = zgék'
Moreover, the following estimate holds for all n > 0,

n,o,s

n
||zfl,o¢,s - zik,s”X < % (39)
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Proof. Let G be as in (3.6). Then for u,v € B, (o),

G(u) —G(v) = u—v—Rg(xo) '[Flu)— 25, + o L2 (u — x)]
+Rg(w0) M [F(v) — 25, o + arL®’*(v — x0)]

= Rg(wo) "' [Rs(0)(u —v) — (F(u) — F(v))]
+apRg(z0) L2 (v — u)
= Rp(xo) ' [F'(wo)(u — v) = (F(u) = F(v)) + BL**(u — v)]
+apRa (o) L2 (v — u)
= Ro) [ (wo) (u — v) — (F(u) — F(0)) + (8 — o) I¥/*(u
—  Ry(wo)! / [/ (20) — F'(v+ t(u — 0)]dt(u — v)
0
+Rg(20) (B — ar) L *(u = v)].
Thus by Assumption 3.3 and Lemma 3.5 we have
1G(u) = G(v)llx < qllu—v]x.

Now we shall prove that € B,(xzg), for all n > 0. Note that

n,xg,s

129 s = @ollx I(F" (o) + BL?) M (F(wo) — 22,4 llx

< LML (o) L 4 BT L
(F(z0) — 20, o)lIx

S e 1B (B, S
6 e)) ¢
(F(x0) — 22, )l x

< B+ BD) T BET BT
f1(2(s+b))
L4 (F(z0) — 20, )l x
gl(%) _=b

< T2 BT || F(x) — 20, Lllx
Hsz5)

_=b_
< ha(s)BEFI[|F(20) — Zay,sllx

Hll2aws = 20 sllx]
Now using (2.3) and (2.5) in (3.5), one can see that

o (8)BT [ () | F(#) — Flzo) | x + $(s)aTm

()BT [1h1 (5) M p + 1(3)ad™ ™ 8o] = 7.

IA

”m(]s.,ak,s _onX

IA

255

—v)]

(3.10)

(3.11)
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Assume that xi’ak,s € B, (zg), for some k. Then

) 1 1 1 1
||‘Tk+1,o¢k,s - ‘TOHX - ”xk—i-l,ak,s — Tk,ap,s + Tkoar,s ~ Lh—1,ak,s

et x(ls,ak,s - xOHX

< 2Rt as — Thapsllx 2R a0 = 210 sllx
+o 2] g, s Tollx
< (@ )y,
< prosr
So Ii-&—l,ak,s € By(z0) and hence, by induction zf, , , € By(z0), Vn > 0. Next we

shall prove that (3324_1’%73) is a Cauchy sequence in B, (z).

m

||x?1+m,o¢k,s - ‘rfl,ak,s”X < Z foLJriJrl,Oék,S - x?ﬂ»i,ak,sHX (312)
=0
m
< Z qn+i7p
=0
qn
< . 3.13
- 1- q’YP ( )

Thus (29, ,, ) is a Cauchy sequence in B, (zo) and hence converges to some z?, . €
B, (zg). Now by n — oo in (1.7) we obtain F(Igms) + akLS/z(xims —x0) =25, -
This completes the proof of the Theorem.

In addition to the Assumption 2.2, we use the following assumption to obtain
the error estimate for ||& — x

e |
aE,si

Assumption 3.8. There exists a continuous, strictly monotonically increasing function
1 :(0,||Bsl]] = (0,00) such that the following conditions hold:

e lim p;(A) =0,
A—0
o supxo0 53 < 1) YA€ (0,|B,|) and
o there exists w € X with ||w||x < Ea, such that

B L3/ (2 — &) = p1(By)w

Remark 3.9. If o — & € X, i.e., ||xg — Z||s, < E; for some positive constant E; and
0 < t; < s+b. Then as in Remark 2.3, we have B L*/4(xq — &) = ¢1(B,)w where

s—2tq

p1(A) = A/ G40y = BIET L3/ (3 — o) and [|w]| < g1(5535) Er = B,

Hereafter we assume that o1 (ag) < p(ag).

Theorem 3.10. Suppose xik
hold. Then

is the solution of (3.1) and Assumptions 3.3 and 3.8

yS

||§: - xik,s

[x = 0(™(9)).
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Proof. Note that (F(x?

Ctk S)

Ozk 5) + akLS/Q(

(F'(w0) + 2 L/?)(ah, . — &) = (F'(wo) + L) (]

s — 1) =0, s0

Otk, _‘%)
_(F(xik,s) - Zik,s) - akLS/z(xik,S - xo)
a s - s ~
= () = )L (a0, — &) + ax L (o — )

FF'(a0)(@d, .~ ) -

(%5 = ) L*2(ah, s — &) + onl (@0 — &) = (F(&) - 22, )

+F' (20) (2, s — &) — [F(x0, 5) — F(2)].
Thus

a8y s = #lx < I(5F = @) (F'(wo + “EL/) Ll — )]
Hlew (F' (o + == L) 7 L 2(wo — &) x + | (F (o) + %’“Ls/?)*

(F(@) = 20, s)llx + I(F"(x0) + %LS/Q)_l[F’(wo)(wik,s - )

~(F(al, ) = F@)lx
< I(EE = @) (F' (w0 + <2 L)' L2, — )l

Hlaw(F (wo) + “E L) L (@o - )| x

b (s)( 22 ) HIF(E) —
where T := ||(F'(zo) + O‘TkLS/Q)*l

Zopkllx +T (3.14)

Jo[F' (o) = F'(@ + (0, s = D)2, — D)t x.
Note that
(67 (&7 o
15 = an)(F (o + =~ L/ L2 (a3, — 2) ¢
(€7

Op——— 5 N
< CTwQ(s)”xak,s - x”X

< (L=e)de()lar, . — lx, (3.15)
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and by Assumption 3.8, we obtain
«a 1rs R
lan(F (o) + == L*/2) 71 L2 (g — 2)|x

s (07 3N .
= L™ (By + =5) 7ML o - 2)]|x

1 s
< —llaw(By + ZE) 1 BT Lo/ (g — )| x
f1(2(s+b) ¢
1 arp1(A)
S s sup N
N (555 Aeo(Fr(z0)) A+ &
A
< sup arp1(N)
Ao (F/(z0)) A+ Qk
< (o) (3.16)

and by Assumption 3.3, and Lemma 3.5 we obtain
1
Lo )+ EL [ ) - F e+ e~ )
C 0 ?

(xik7s - jj)dt”X

Va(s)kor ||z, o — &l x (3.17)
and hence by (3.15), (3.16), (3.17) and (3.14) we have
p1(ar) + Cstha(5)(2 + 725 )4 (6)
1= (1= c)iha(s) — va(s)kor
= Ot4(9)-

This completes the proof of the Theorem.
The following Theorem is a consequence of Theorem 3.7 and Theorem 3.10.

IN

||xgék,8 _‘%HX —

Theorem 3.11. Let 2 be as in (1.7) with & = oy, and § € (0, do], assumptions in

n,og,s

Theorem 3.7 and Theorem 3.10 hold. Then

A 7, n —
||.13 - xfz,ak,s| x < quq + O(¢s,;(5))
Theorem 3.12. Let x5, . be as in (1.7) with o = ay, and § € (0,00], and assumptions

in Theorem 3.11 hold. Let
ng = min{n : §" < oz,j(;ra) 5}

Then
12— 20, sllx = O(WIH(5)).

4. Numerical examples

In the next two cases, we present examples for nonlinear equations where
Assumption 3.3 is satisfied but not Assumption 3.1.
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Example 4.1. Let X =Y =R, D = [0,00), 29 = 1 and define function F on D by

o1+t
1 + 1z + ca, (4.1)

K3

Fx) =

where ¢, cy are real parameters and i > 2 an integer. Then F'(x) = x'/" + ¢ is
not Lipschitz on D. Hence, Assumption 3.1 is not satisfied. However central Lipschitz
condition Assumption 3.3 holds for kg = 1.

Indeed, we have

i 1/%
IF'(z) — F'(z0)|| = 2" — 2"
|z — @0

i1 i—1

QUOT+"'+I 7

SO
| F'(x) = F' (o) < kolx — zol.

Example 4.2. We consider the integral equations
b
u(s) = £(s) + A / Gls, tyu(t)F/mdt, n e N. (4.2)

Here, f is a given continuous function satisfying f(s) > 0, s € [a, ], A is a real number,
and the kernel G is continuous and positive in [a,b] X [a, b].

For example, when G(s,t) is the Green kernel, the corresponding integral equa-
tion is equivalent to the boundary value problem

- )\u1+1/n
u(a) = f(a),u(b) = f(b).

These type of problems have been considered in [1]- [5].
Equation of the form (4.2) generalize equations of the form

b
u(s) = / G(s,t)u(t)"dt (4.3)
studied in [1]-[5]. Instead of (4.2) we can try to solve the equation F'(u) = 0 where
F:QCCla,b] = Cla,b],Q ={u € Cla,b] : u(s) >0, s € [a,b]},
and
b
F(u)(s) = u(s) — f(s) — A/ G(s, t)u(t) T/ dt.

The norm we consider is the max-norm.
The derivative F' is given by

b
F'(u)v(s) =v(s) — M1+ %)/ G(s, t)u(t) /™ u(t)dt, ve Q.
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First of all, we notice that I’ does not satisfy a Lipschitz-type condition in €. Let us
consider, for instance, [a,b] = [0,1],G(s,t) = 1 and y(¢) = 0. Then F’(y)v(s) = v(s)
and

I N
I1F' () — F'(y)|| = [AI(1 + 5)/ w(t)M/"dt.
If F’ were a Lipschitz function, then
I1F(z) = F'(y)|| < Lallz — yl|,
or, equivalently, the inequality
1
/ z(t)Y/"dt < Ly max z(s), (4.4)
0 z€[0,1]
would hold for all z € Q and for a constant Ls. But this is not true. Consider, for
example, the functions
t
zi(t)=~, j>1, te0,1].
J
If these are substituted into (4.4)
1 Lo
< Z ot <141 > 1.
J/n(+1/n) = J 2(1+1/n), Vj
This inequality is not true When j — oo.
Therefore, condition (4.4) is not satisfied in this case. Hence Assumption 3.1 is

not satisfied. However, condition Assumption 3.3 holds. To show this, let z(t) = f(t)
and v = minge, ) f(5), @ > 0 Then for v € Q,

I () = F' (o)]0]|

[A](1 + max |/ G(s, t)(x ()™ — ()Y ™)v(t)dt|

n s€la,b]

[Al(1 4+ 1) max G (s,t)

<
o N’ s€la,b]
_ G(s,t)|z(t)—f(t
Where Gn(syt) - m(t)(n_1)/n+w(t)(EL_2))|/"(f)(t)1§n)_|~_...+f(t)("_1)/" HU”
Hence,
Al(1+1
1170) ~ el = PO e [ s, e

A

kio”l‘—l‘o”,

where kg = WN and N = max,eq,p) f; G(s,t)dt. Then Assumption 3.3 holds
for sufficiently small A.

In the last example, we show that k% can be arbitrarily large in certain nonlinear
equation.

Example 4.3. Let X = D(F) =R, z¢ = 0, and define function F on D(F') by
F(x) = dox + dy + dysine®®, (4.5)

where d;,i = 0,1,2,3 are given parameters Then, it can easily be seen that for ds
sufficiently large and ds sufficiently small, + can be arbitrarily large.
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5. Conclusion

In this paper we present an iterative regularization method for obtaining an
approximate solution of an ill-posed Hammerstein type operator equation K F'(z) =y
in the Hilbert scale setting where K is a bounded linear operator and F' is a nonlinear
monotone operator. It is assumed that the available data is 3 in place of exact data
y. We considered the Hilbert space (X;):er generated by L for the analysis where
L : D(L) — X is a linear, unbounded, self-adjoint, densely defined and strictly
positive operator on X. For choosing the regularization parameter o we used the
adaptive scheme of Pereverzev and Schock (2005).
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