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1. Introduction

Let X = {z, : n € N} be a semi-normalized basis in a Banach space X. This
means that {x, },en is a Schauder basis and is semi-normalized i.e. 0 < inf,en ||| <
SUP,en [|Zn]] < co. For an element € X we define the error of the best m—term
approximation as follows

Om(x, X) = inf{|lx — Z any| },

neA

where the inf is taken over all subset A C N of cardinality at most m and all possible
scalars a,,. The main question in approximation theory concerns the construction of
efficient algorithms for m-term approximation. A computationally efficient method to
produce m-term approximations, which has been widely investigated in recent years,
is the so called greedy algorithm. For z € X with x = 270;1 anr, and m € N|
consider a subset G(m, z) C N of cardinality m such that

min  |ay| >  max |ap).

neG(m,z) neN\G(m,z)

There is some ambiguity in the choice of the set G(m,x), but our considerations do
not depend on the particular choice. Then the m-th greedy approximation of z with
respect to the basis X is defined as

gm(x;X) = Z Ap L -

neG(m,x)
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Clearly, o, (2, X) < ||z —Gm(x, X)||. The basis X is called greedy if there is a constant
C > 0, independent of m, such that for each m € N and = € X,

|2 = Gm(z, X)|| < Cop(x, X).

Wavelet systems are well known examples of greedy bases for many function and
distribution spaces. Indeed, V. N. Temlyakov showed in [13] that the classical dyadic
Haar system (and any wavelet system LP—equivalent to it) is greedy in the Lebesgye
spaces LP(R") for 1 < p < 0.

When wavelets have sufficient smoothness and decay, they are also greedy bases
for the more general Sobolev and Tribel-Lizorkin classes (see [3],[5]). Some example
of greedy bases are given in [13], [14]. In most cases these bases are greedy simply
because they are symmetric (e.g. Riesz bases for a Hilbert space), or because they are
equivalent to the dyadic Haar basis or to a subsequence of the Haar basis (see [7]). S.
V. Konyagin and V. N. Temlyakov [8] gave a very useful abstract characterization of
greedy bases in a Banach spaces X as those which are unconditional and democratic,
the last meaning that for some constant C' > 0

et 29| 2 e
holds for all finite sets of indices A, A’ C N with the same cardinality.

The purpose of this paper is to study the efficiency of greedy algorithms with
respect higher rank Haar wavelet system in the spaces LP (R). We recall that, as M.
Izuki proved in [6], that the dyadic Haar wavelet system (N = 2) is greedy in L?(R™)
for 1 < p < oo if and only if w € Af). Characterization of almost greedy uniformly
bounded orthonormal bases in rearrangement invariant Banach function spaces are
given [2].

By an N-adic (N € N, N > 2) lattice D we mean the collection of all N-adic
intervals, i. e. the collection of all intervals of the form [jN % (j + 1)N~F), j &k € Z.
If I is an interval, we denote by |I| its length, and by x; its characteristic function.
If I is an N-adic interval [jN=F, (j 4 1)N~*) then we denote by IY) the ”children”
intervals of I : [jN—* +IN~*+D sN=F £ (14 1)N-F+D) 1 =0,1,---,N — 1.

We denote by L?(R) the Hilbert space of square integrable (with respect to the
Lebesgue measure) complex-valued functions on R. We consider also L2 (R) (1 < p <

o) spaces, where w € L} (R) is a positive function called a weight. The norm of a
function f : R — C from the space LZ (R) is

e = ([ |f<x>|Pw<x>dx)l/p.

Given a function f, we denote by (f); its average over the interval I,

1
D= / f(@)dz

We are concerned with a special class of weights, called AIJDV . We say that w € Az],V
1<p<oxif

Ay = sup<w>1<w*1/(p*1)>f71 < 00.
IeD
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We say that an N x N matrix is a Haar wavelet matrix of rank N if it is
unitary and the elements of the first row are all equal to 1/ V/N. Many classical
examples of matrices used in mathematics and signal processing are Haar matrices
of specific types. These include the discrete Fourier transform matrices, the discrete
cosine transform matrices, Hadamard and Walsh matrices, Radmacher matrices, and
Chebyshev matrices (see [12]).

Let H = (gki)kN’i;lo be a N x N Haar matrix and ¢ = x[o,1). Define the functions

P®) (x fz gue(Nz —1) k=1,--- N —1. (1.1)

=0

The collection of functions
S8 NN ) e, kN1

form an orthonormal basis of L?(R) (see [15]. Bellow we adopt the shorter notation
o) = 4, where I = [nN, (n + 1)N ). The system X = {¢{"), I € D, k =
1,---,N — 1}, where the functions ¢*), k = 1,---,N — 1 are defined by (1.1), is
called the Haar wavelet system of rank N (corresponding to Haar matrix H). An
important example of a higher rank Haar wavelet system is the system obtained by
wavelet functions
N 1
(k) 2T RUN (N —1), k=1,--- N —1, (1.2)
1=0
where ¢ is characteristic function of the interval [0, 1).

Note that the wavelet system constructed by functions (1.2) became of interest
in connection with some problems of p-adic (non-Archimedean) mathematical physics
(see [10-11]).

For a Haar wavelet system X and f € L, (R), we define the Littlewood-Paley
operator by

N-1 1/2
=<ZZ|<f, §’“>>|2||I-1><z<x>> :

k=1 I€D

< f) s /R f

The characterization of the spaces L (R) (w € A,,1 < p < oo) using higher
rank Haar wavelet system X was given in [9].

where

Theorem 1.1. ([9]) Let X be a Haar wavelet system of rank N and 1 < p < co. The
following conditions are equivalent: 1) The system X is unconditional basis of space
LP(R); 2) There exist positive constants ¢ and C such that c | fl|ze, < [|P(f)|lpz, <
Cllfllpe, for all f € LE(R); 8) w e Aév.

The purpose of this paper is to prove following theorem.
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Theorem 1.2. Let X = {1/J§k); IeD,k=1,---,N — 1} be a Haar wavelet system of

rank N. Suppose w € A (1 < p < 00). Then the system {wgk)/\\wgk)np; IeD k=
1,- -+, N — 1} forms a greedy basis in the space LP (R).

2. Proof of Theorem 1.2

For simplicity we shall denote the normalized characteristic function of a set of
indices T" C {1,2,---,N — 1} x D by

Pk
1r = .
r= 2 151

(k,J)eT

Observe that X' is democratic in LP (R) if and only if there exists a function
h: N — R* for which

1
ol h(Card(T")) < |[1p| e, < Ch(Card(T)), VI C {1,2,---,N —1} x D (2.1)
for some C > 1.

Observe that from Theorem 1.1 for a single element 1%

k - w(I)/

where w(I) = [, w(z)dz and the constants involved in =< are independent of ¢}. Thus,

using again the expression of the norm || - || it follows that
1/2 1/2
- XTI - XTI
H]-F‘ L{j, - Z w(])z/p - Z?,U(I)Q/p ) (22)
(k,I)er » Iel p
L%, Ly

where T' = {I : (k,I) € I'}. Note that Card(T') < Card(T).
Given a finite set of intervals I' C D, we shall denote

w@
Sr(x):<zw&)2/p> :

Ier

We "linearize” the square function Sr(z). Note that this lineralization procedure has
been used by other authors in the context of m—term approximation (see e.g. [3-5]).
For every x € Ujerl, we define I, as the smallest (hence unique) interval in T’
containing x. It is clear that
xr, ()
Sr(z) > =2~ Vx &€ Urerl. 2.3
F( ) e 'U}(Iz)l/p Ier ( )
We now show that the reverse inequality holds with some universal constant.
Note that if w € A;,V, then there exist Cy, Co > 0 and § > 0 such that

CrLlAI/IT1) < w(A)/w(I) < Ca(|Al/1I])° (2.4)
for all I € D and all subsets A C I (see [1]).
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If we enlarge the sum to include all N—adic intervals containing I, we have

B xr(x) 1

I1€D, D1,

If I, C I and |I| = N7|I,,|, then by (2.4) we have, w(I) > Cy 'w(I,)N~7°. Thus,

2 x(m)
Sr(z)? < OW'

This and (2.3) show that Sp(z) < uﬁigf;r’

Observe that Sp(z) =< Srmin(x), where T'}ip
intervals in I', that is, T';;, = {I. : @ € UrerI}. Note that the intervals in I'
not necessarily pairwise disjoint.

Given a fixed I' C D, for any I € T we define the set S(I) as the union of all
intervals from T strictly contained in I. We define also the set L(I) = I\S(I). It is
clear that I € I'y;,, if and only if L(I) # (), and moreover Urerl = U[epminL(I),

where the sets in the last union are pairwise disjoint. Therefore we can write

Sr(@) = 3 Xe(n (@) (2.5)

w([)l/P
Telmj

denotes the family of minimal

min are

n

where in the last sum there is a most one non-zero term.

Denote by I's the collection of all intervals I from T' with property: |S(I)| >
(1 = 1/N)|I|. Denote by I'j, the collection of all intervals I from I" with property:
|L(I)| > |I|/N. Observe that I'y, C I'jy);,- We have

(1 -1/N)Card(T") < Card(I') < Card(T’ < Card(I"), VI C D. (2.6)

Clearly Card(I'z) < Card(T'},;,) < Card(I'). Thus, we need to prove only the in-
equality from the left hand side of (2.6). Given I € D, we write I*), k =1,--- N for
the N-adic intervals contained in I of size N~!|I|. For ] € I's and k = 1,- -+, N let

I(()k) be the biggest interval from I' with Iék) C I®). Note that the intervals Iék) exist
for every I € T'g; otherwise, if for some kg € {1,---, N} there is no interval from I"
contained in 7*0) we have Ik0) C L(I) and then

1S(D)] < [IN*)] = (1= 1/N)|1],
contradicting the definition of I'g.

We claim that if I, R € I's and I # R, then we necessarily have Iék) =+ Rél) for
all 1 < k,I < N. This is trivially true if I N R = (. Without loss of generality we
may assume I C R and also I ¢ R, Tt follows that Iék) #* R(()l) foralk=1,---\N
and all [ = 2,---, N. Moreover, as R(()l) is the biggest interval in T' contained in R()
and I C R' we have that I C Rél) c RM. Hence, for all k = 1, - -, N we have

I(()k) clc R(()l) and thus I(gk) # Rél). In short, to each I € I's we have assigned N
different intervals in I' and these are not associated to any other interval in I'g. We
conclude that NCard(I's) < Card(T"). Consequently we have

Card(I'y) = Card(T'y,) — Card(I's) > Card(I") — Card(I")/N = (1 — 1/N)Card(T).

min)
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Note that |I|/N < |L(I)| < |I| and by (2.4) we have || x|l Lz, = |Ix1]
this estimate we can write

Ly, Using

Xz ()
STl e =< Z W = (Card(I‘min))l/p = (Card(T))/P. (2.7)
1€l min e
From (2.2), (2.7) one obtains the estimates (2.1), with h(n) = n'/P. O

References

[1] Cruz-Uribe, D., Martell, J.M., Pérez, C., Weights, Extrapolation and the Theory of Rubio
de Francia, Birkhauser, 2011.

[2] Danelia, A., Kapanadze, E., Almost greedy uniformly bounded orthonormal bases in
rearrangement invariant Banach function spaces, Stud. Univ. Babes-Bolyai, Math.,
56(2011), no. 2, 327-334.

[3] Garrigos, G., Herndndez, E., Sharp Jackson and Bersntein inequalities for N—term
approximation in sequence spaces with applications, Indiana Univ. Math. J., 53(2004),
1739-1762.

[4] Garrigés, G., Hernandndez, E., Martell, J.M., Wavelets, Orlicz spaces and greedy bases,
Appl. Comp. Harmon. Anal., 24(2008), 70-93.

[5] Hsiao, C., Jawerth, B., Lucier, B.J., Yu, X.M., Near optimal compression of almost
optimal wavelet expansions. In: Wavelets, mathematics and applications. Stud. Adv.
Math. CRC. Boca Raton. FL., 1994, 425-446.

[6] Izuki, M., The Haar wavelets and the Haar scaling function in weighted LP spaces with
Adv™ weights, Hokkaido Math. J., 36(2)(2007), 417-444.

[7] Kamont, A., General Haar system and greedy approzimation, Studia Math., 45(2001),
165-184.

[8] Konyagin, S.V., Temlyakov, V.N., A remark on greedy approzimation in Banach spaces,
East J. Approx., 5(1999), 1-15.

[9] Kopaliani, T., Higher rank Haar wavelet bases in L%, (R) spaces, Georgian Math. J.,
18(3)(2011), 517-532.

[10] Kozyrev, S.V., Wavelet theory as p-adic spectral analysis, Izv. Ross. Akad. Nauk Ser.
Mat., 66(2)(2002), 149-158.

[11] Kozyrev, S.V., p-adic pseudodifferential operators and p-adic wavelets, Teoret. Mat. Fiz.,
138(3)(2004), 383-394.

[12] Resnikoff, H.L., Wells, R.O., Wavelet Analysis, New York, Springer-Verlag, 1998.

[13] Temlyakov, V.N., The best m—term approzimation and greedy algorithms, Adv. Comput.
Math., 8(1998), 249-265.

[14] Temlyakov, V., Greedy Approzimation, Cambridge Monographs on Applied and Com-
putational Mathematics 20. Cambridge University Press, Cambridge, 2011.

[15] Wojtaszczyk, P., A mathematical Introduction to Wavelets, Cambridge University Press,
Cambridge, 1997.



Greediness of higher rank Haar wavelet bases in L (R) spaces 219

Ekaterine Kapanadze

Thilisi State University

Faculty of Exact and Natural Sciences
Chavchavadze St.1, 0128

Thilisi, Georgia

e-mail: ekaterine_kapani@yahoo.com



