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Abstract. In this paper, some power generalizations of Pompeiu’s inequality for
complex-valued absolutely continuous functions are provided. They are applied
to obtain some new Ostrowski type results.
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1. Introduction

In 1946, Pompeiu [6] derived a variant of Lagrange’s mean value theorem, now
known as Pompeiu’s mean value theorem (see also [8, p. 83]).

Theorem 1.1. (Pompeiu, 1946 [6]) For every real valued function f differentiable on
an interval [a,b] not containing 0 and for all pairs x1 # x2 in [a,b], there exists a
point & between x1 and xo such that

z1f (v2) — x2f (71)

€Tl — T2

=f(&)—-¢&1(9). (1.1)

In 1938, A. Ostrowski [4] proved the following result in the estimating the integral
mean:

Theorem 1.2. (Ostrowski, 1938 [4]) Let f : [a,b] — R be continuous on [a,b] and
differentiable on (a,b) with |f' (t)] < M < oo for allt € (a,b). Then for any x € [a,b],
we have the inequality

b
bia/ F(b)dt

o ath
’f(:c)— < i—i—( b—;) M(b—a). (1.2)



132 S. S. Dragomir

The constant % is best possible in the sense that it cannot be replaced by a smaller
quantity.

In order to provide another approximation of the integral mean, by making use of the
Pompeiu’s mean value theorem, the author proved the following result:

Theorem 1.3. (Dragomir, 2005 [3]) Let f : [a,b] — R be continuous on [a,b] and
differentiable on (a,b) with [a,b] not containing 0. Then for any x € [a,b], we have
the inequality

a+b f(x) 1t
. 7b—a/a f(t)dt (1.3)
b—a |1 x— atb ’ ,

where £ (t) =t, t € [a,b].
The constant % 18 sharp in the sense that it cannot be replaced by a smaller
constant.

In [7], E. C. Popa using a mean value theorem obtained a generalization of (1.3) as
follows:

Theorem 1.4. (Popa, 2007 [7]) Let f : [a,b] — R be continuous on [a,b] and dif-
ferentiable on (a,b). Assume that o ¢ [a,b]. Then for any x € [a,b], we have the

inequality
a+b a—z [P
‘( o) @ =2 [

1 (E—a;b 2 ,
< Z_|_ - (b—a)”f_éaf”oo’

(1.4)

where b, (t) =t —a, t € [a,b].

In [5], J. Pecari¢ and S. Ungar have proved a general estimate with the p-norm,
1 < p < oo which for p = oo give Dragomir’s result.

Theorem 1.5. (Pecari¢ & Ungar, 2006 [5]) Let f : [a,b] = R be continuous on [a,b]
and differentiable on (a,b) with 0 < a < b. Then for 1 < p,q < co with % + % =1 we
have the inequality

atb f(z) 1 [°
2 _b—a/af(t)dt

< PU(z,p) If = £, (1.5)




Power Pompeiu’s type inequalities 133

for z € [a,b], where

2—q _ .2—q 2—q _ 1+q..1-2¢\ 1/a
PU([L’JD) . :(b—a)%il [((a x +{,C a x >

1-29)(2—-q) (1-29)(1+4q)

. ( p2—4 _ 24 . 220 _ pltagl—2q 1/q
( .

1-2¢)(2—q) (1-29)(1+9q)

In the cases (p,q) = (1,00),(00,1) and (2,2) the quantity PU (x,p) has to be taken
as the limit as p — 1,00 and 2, respectively.

For other inequalities in terms of the p-norm of the quantity f — £, f’, where
by (t) =t —a, t €a,b] and a ¢ [a,b] see [1] and [2].

In this paper, some power Pompeiu’s type inequalities for complex valued ab-
solutely continuous functions are provided. They are applied to obtain some new
Ostrowski type inequalities.

2. Power Pompeiu’s type inequalities

The following inequality is useful to derive some Ostrowski type inequalities.

Corollary 2.1. (Pompeiu’s Inequality) With the assumptions of Theorem 1.1 and if
1f = 2f'lc = SuPreap |f (8) —tf' (1) < o0 where £(t) =t, t € [a,b], then

tf (2) =2 f O] < If = £f | |2 — ¢] (2.1)
for any t,x € [a,b].

The inequality (2.1) was stated by the author in [3].
We can generalize the above inequality for the power function as follows.

Lemma 2.2. Let f : [a,b] — C be an absolutely continuous function on the interval
[a,b] with b > a > 0. If r € R, r #£ 0, then for any t,x € [a,b] we have

[#7F (2) — " £ (1) (2.2)
L= vl 17— | if 1€~ 7 € Loc [a,b],

1f¢—=rfll,
t" z"

1
|1_q(7-+1)| |m17q(r+1)—r - tl—q(r+1)—r

forr# -}

IN

X

t"x" |Inx —Int|, forr = _%

if f'f —rf e Lyla,b],

||f/€*7”f||1m
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or, equivalently

f(z) f(t
pllft=rfllelzr = %[ o f0—rf € Loc[ab],
||f/£—7’f|| 1
1
[1— q(r+1)| |x1 I T =D |, forr #£ -
< X
Inz—Int|, forr=—3
ifflf—rfeLp[a’b]7
||f’€—7‘f||1 W,

1,1 _
wherep>1,5+5—1.

Proof. If f is absolutely continuous, then f/(-)" is absolutely continuous on the in-
terval [a, b] and

for any ¢, x € [a,b] with x # ¢.

Since

/j( ) /f’ 5" —7“8" (s ds—/ f'(s ;;rf() ds,

then we get the following identity

£ f () — 2" f / s j;lrf() ds (2.4)

for any t,x € [a, b].
Taking the modulus in (2.4) we have

[t f (x) — " f (2)]

/f’ s—rf()dS’ 25)

57‘+1

| [ st Oy

./,ET

IN

Sr+1
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and utilizing Holder’s integral inequality we deduce
SUPse(t 2w | (8) s = f ()| | [ A ds|,
T T 1 T 1
I < at U;V%@S—Tfﬁwﬂﬂ/ﬂﬂ‘ﬁ%ﬁ%|m’ (2:6)

|[71f (s)s —rf ()| ds| supseps ay(wiy {577 ) >
=7l |3

o

1f'€— TfH
1
< 2"t - q(r+1)| |x1 aCr1) rE =y
- X
lnz —Int|,r = —%,
1f¢=rfl, m»
where p > 1, % + % =1, and the inequality (2.2) is proved. O

3. Some Ostrowski type results

The following new result also holds.

Theorem 3.1. Let f : [a,b] — C be an absolutely continuous function on the interval
[a,b] withb>a> 0. Ifr e R, r#0, and f'{ —rf € L [a,b], then for any x € [a, ]

we have
b'r+1 _ ar+1 b
_— —x" t)dt 3.1
— ﬂ@waU (3.1)
27‘xr+17$T(a+b7)’—(:1+1)+br+l+ar+l’ ZfT >0
X
™ r+1 r+1 r+1
x (a+b)(7’+1)7i:_$1+ —bp" Tl gt , Zf?’ c (700,0)\{71}.
Also, for r = —1, we have

b
‘ﬂ@mz—i/fﬁmt

x atb _ g
<20+ fllo <ln\/(% + 2x> (32)

for any x € [a,b], provided f'l+ f € Lo [a,b].
The constant 2 in (3.2) is best possible.
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Proof. Utilising the first inequality in (2.2) for r # —1 we have
br+1 —a”

b
1 < [wrw-aroa

1 b
+fw—ﬂ/f@ﬁ

1

b
< Lyre—rr / 7 — 7| dt.

|7

Observe that

b
/ 7 — 7| dt
a

[5 (@ —trydt + [ (¢ —am)dt, if r >0,

[E (@ —arydt + [ (@ —t7)dt, it r € (—o0,0)\ {~1}.

Then for » > 0 we have

/:(wr—t’“)dt—i—/:(t’“—xr)dt

errl _ ar+1 br+1 _ xr+1

r+1 * r+1
prtl o grtl _ oprtl
r+1

B 2ra™ Tt 4 22" — " (a+b) (r + 1) + b7 4 @t — 297 L

B r+1

o 2ra™t g (a+b) (r+ 1)+ 0T e

B r+1
and for r € (—o0,0)\ {—1} we have

T b
/ (7 — 2")dt + / (" — ") dt
2ra™ Tt — 2" (a+b) (r+1) + " + "t

r+1

=z"(x—a)— —z"(b—x)

=22 — 2" (a +b) +

Making use of (3.3) we get (3.1).
Utilizing the inequality (2.2) for r = —1 we have
[ @) =2 O < I+ fll [t7h =2

if f/4+ f € L [a,b].
Integrating this inequality, we have

b b
f(x)lng—xfl/ ft)dt §/ ’tilf(m)—xflf(tﬂdt

b
<les sl [ et -t

(3.4)
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i [ G2 [ (D)

Since

r

ab+ T
a+b
T 9P -
=2(ln—+ ,

then by (3.4) we get the desired inequality (3.2).
Now, assume that (3.2) holds with a constant C' > 0, i.e.

/ €z %H)*x
<C|ft+ In— +
<Nt Fl (I + 2

b
f(x)lng—x_l/ f)dt

for any x € [a,b].
If we take in (3.5) f(t) =1,t € [a,b], then we get

b b—a T f‘”b—x
h-——|<C|lh—
Ya r ‘ (ner x )

for any for any = € [a,b].
Making = = a in (3.5) produces the inequality

b b—a b—a 1 b
< N P
=0 ( 2a 2 n a)
which implies that C' > 2.

In— —
This proves the sharpness of the constant 2 in (3.2).

a a

Remark 3.2. Consider the r-Logarithmic mean
pr+l _ gr+l 1/r
LR [ = =]
defined for € R\ {0, —1} and the Logarithmic mean, defined as
b—a
Inb—Ina’
If A= A(a,b):= %t then from (3.1) we get for = A the inequality

L=1L(a,b):=

L' (b—a)f /f t) dt

br+1 7‘+1) AT+l
r+1

, ifr >0,

2
T

| AT+17A(br+1’ar+l)

e , ifr e (—o0, 00\ {-1},

137
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while from (3.2) we get

LWb—@f@@—u41/$f@dt<2nf€+fﬂlnA (3.8)
: < g .

The following related result holds.

Theorem 3.3. Let f : [a,b] — C be an absolutely continuous function on the interval
[a,b] withb>a> 0. Ifr € R, r # 0, then for any x € [a,b] we have

b
%ﬂf@rﬂ@
Zoloal T L (b ta—22), 7€ (0,00)\ {1}

Qe 20 4 1 (9 g —b), ifr < 0.
Also, for r =1, we have
f (@) /bf(t> : B
Y10 B A it 3.10
‘x b=a)= [ Frd <2 Al I 7+ = Y

for any x € [a,b], provided f'l — f € Lo [a,b].
The constant 2 is best possible in (3.10).

Proof. From the first inequality in (2.3) we have

f(z) f(t) 11
ST 0 - 11
G < rlf el | - 7| (3.11)

for any ¢,x € [a,b], provided f'¢ —rf € Lo [a,b].
Integrating over ¢ € [a, b] we get
b
) —/ I 4l < @) _ SO 4 (3.12)
T " tr

1 1

zr ot

dt

b
l—
|‘Hf H /a

forr e R, r # 0.
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For r € (0,00)\ {1} we have

b
1 1
/———dt
P A
T b1
_ (—)dt—i—/(—)dt
o t’l" T = ,IT t?”
xl—r a1—7 1 1 bl—r _ xl—r
- 1—r —?(ﬂc—a)—i—?(b—x)— 1—r
21.177‘ _ al*'r _ blf'r‘ 1
— (b -2
1—-7r +x’"(+a @)

for any « € [a,b].
For r < 0, we also have

/

for any x € [a,b].

1—r bl—r_2 1—r
dt =2 + i +—(2z—a-0b)
1—r z"

1 1

x” tr

For » = 1 we have

b atb _
/ 1—1‘dt:2<lnx+ 2 x)
a | T t \/(% €T

for any = € [a,b], and the inequality (3.10) is obtained.
The sharpness of the constant 2 follows as in the proof of Theorem 3.1 and the
details are omitted. g

Remark 3.4. If we take x = A in Theorem 3.3, then we we have

f(4) "I

S (b—a) f/a ot (3.13)

2 ATALTT) e (0,00 \ {1
<7 1€ =7fll

A=A e <0,
Also, for r = 1, we have
A br( A
|ff4 Yo—a- [ Ha] <2pe-flom (314)

Remark 3.5. The interested reader may obtain other similar results in terms of the p-
norms || f'¢ —rf||, with p > 1. However, since some calculations are too complicated,
the details are not presented here.
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