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Fekete-Szego problem for a new class of analytic
functions with complex order defined by certain
differential operator

Rabha M. El-Ashwah, Mohammed K. Aouf and Alaa H. Hassan

Abstract. In this paper, we obtain Fekete-Szegd inequalities for a new class of
1 T(f*
analytic functions f € A for which 1+ 3 [(1—7) M +v(DY(f*9)(2)) —1]

(7,A > 0;b € C* = C\ {0} ;n € No;z € U) lies in a region starlike with respect
to 1 and is symmetric with respect to the real axis.
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1. Introduction

Let A denote the class of functions f of the form:
o0
f(z):z—kZakzk, (1.1)
k=2
which are analytic in the open unit disc U = {z € C and |z| < 1}. Further let S

denote the family of functions of the form (1.1) which are univalent in U, and g € A
be given by

9(2) =2+ Y gr2". (1.2)
k=2
A classical theorem of Fekete-Szegé [8] states that, for f € S given by (1.1), that
-2
az — pa3| < 1+2exp(1“>7 if0<pu<l, (1.3)
—p

The result is sharp.
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Given two functions f and g, which are analytic in U with f(0) = ¢g(0), the function
f is said to be subordinate to ¢ if there exists a function w, analytic in U, such
that w(0) = 0 and |w(z)| < 1(z € U) and f(z) = g(w(z)) (z € U). We denote this
subordination by f(z) < g(z) ([10]).

Let ¢ be an analytic function with positive real part on U, which satisfies p(0) =
1 and ¢’(0) > 0, and which maps the unit disc U onto a region starlike with respect
to 1 and symmetric with respect to the real axis. Let S*(¢) be the class of functions
f € S for which

2f'(2)
) < ¢(z), (1.4)
and C(p) be the class of functions f € S for which
2f"(2)
1+ 7 < p(2). (1.5)

The classes of S*(¢) and C(p) were introduced and studied by Ma and Minda [9].
The familier class S*(«) of starlike functions of order « and the class C'(«) of convex
functions of order o (0 < v < 1) are the special cases of S*(p) and C(p), respectively,
when ¢(z) = w 0<ac<l).

Ma and Minda [9] have obtained the Fekete-Szegd problem for the functions in the
class C(yp).

Definition 1.1. (Hadamard Product or Convolution) Given two functions f and g in
the class A, where f is given by (1.1) and g is given by (1.2) the Hadamard product
(or convolution) of f and g is defined (as usual) by

(f*9)(z) =2+ Y arguz" = (9% f)(2). (1.6)

k=2
For the functions f and g defined by (1.1) and (1.2) respectively, the linear operator
Dy :A— A(X>0;neNy=NU{0},N={1,2,3,...}) is defined by(see [4], see
also [7, with p =1]):
DX(f*9)(2) = (f * 9)(2),
DR(f % 9)(2) = DA(DY™'(f * 9)(2))

=2+ [L4+A(k—1)]"argrz® (A > 0;n € No). (1.7)
k=2
Remark 1.2. (i) Taking g(z) = &, then operator DY (f * é)(z) = DV f(z), was
introduced and studied by Al-Oboudi [2];
z

(i) Taking g(z) = 7 :
introduced by Salagean [12].

and A = 1, then operator D} (f i )(2) = D™ f(z), was
z

Using the operator DY we introduce a new class of analytic functions with complex
order as following;:
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Definition 1.3. For b € C* = C\ {0} let the class MY (f,g;7,b; ) denote the subclass
of A consisting of functions f of the form (1.1) and g of the form (1.2) and satisfying
the following subordination:

DX(f *9)(2)

1+% [(17) Jr’Y(DQ(f*g)(z))’l} < o(2), (1.8)

(v, A>0; neNp).

Specializing the parameters v, A, b, n, g and ¢, we obtain the following subclasses
studied by various authors:

1+ Az z 1+ Az
MY > k2R b =My i, b;
() <f7z+k2 Y 1+B> 1(f712775 ’1+BZ>

=Gp(7,0,A,B) (7,A>0,-1<B<A<1,be C*n e Ny) (Sivasubramanian et al.

[14));
1 1-2

et al. [5]);

1+ =2 1+ =z
MY k"zk40b = b;—=) =G, (7,b
(i) (f,z+z b _Z> (s ) =G

1 1

(v >0,b € C*neNy) (Aouf [3]);
14 Az

. 0 . . _ —_ pb * <

(iv) MY (f,l_z,l,b,(l e)HBZM) RY(A,B) (heC*0< (<1,

—1< B < A<1) (Reddy and Reddy [11]);

(v) M (f, — ,1,b, <p) =Ry (p) (beC¥) (Ali et al. [1]).

Also we note thatcz>O
(1) If g(2) = 2+ X ¥p(a1)2" (or gx = ¥i(aq)), where
k=2

V(1) =

By By (k= 1)1 (1.9)

(i >0,i=1,...,¢;68; >0, =1,...85¢ < s+ 1;¢q,s € N={1,2,...}), where (v); is
the Pochhammer symbol defined in terms to the Gamma function I'; by

CTw+k) [ 1 if k=0,
W) = I'(v) _{ viv+1)(v+2)..(v+k-1), if keN,

o0
then the class M (f, 2+ > Wi(a1)z";7,b;¢) reduces to the class
k=2

My, [(aa]; 7, b;9)
= {feA:1+2 {(1—7)

fy,/\ZO;bGC*;nGNO},

Di(a, 1) f(2)

z

+ (DX (a1, 81)f(2)) = 1| < p(2),
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where, the operator DY (a1, 1) was defined as (see Selvaraj and Karthikeyan [13], see
also El-Ashwah and Aouf [6]):

n _ S T (@) g - (@g)_y k

PRlon M) = =4 2 L+ Mk = D s s e,
(i) M3 (F,9:1,b:9) = G3 (Fg:bi9) = 1f(2) € A= 14 S [(DR(] * 9)(2)) 1] < (2)
(A>0;beC*;neNy};
(id) M3 (7,6:0.b:0) = Y (F:bi9) = (1) € A 14 (PR 20E)
(A>0;beC*;neNy}k;
(iv) M3 (f,9;7, (1 = p)cosne™ ") = EXV (f,9:7:9) = {f(z € A: (1 =)
DREDE) o (D3(£ #6)(2)] < (1~ p)cosme(z) + ising + peosn (] < o
Y A>0;0<p<1;beC*neNp}.

—1] <p(2)

In this paper, we obtain the Fekete-Szegé inequalities for functions in the class
M3 (f,9:7,b39) -

2. Fekete-Szego problem

Unless otherwise mentioned, we assume in the reminder of this paper that A > 0,
beC* and z € U.
To prove our results, we shall need the following lemmas:
Lemma 2.1. [9] If p(2) = 1+ c12 + 22 + ..... (2 € U) is a function with positive real
part in U and p is a complex number, then

|c2 — pef| < 2max{1; [2u — 1]} (2.1)
The result is sharp for the functions given by
1422 1+ 2z
Lemma 2.2. [9] If p1(2) = 1+ c12 4+ c22% + ... is a function with positive real part in

U, then
—4v+2, if v<O0,
|02—1/c%|§ 2, if 0<v<l,
dv — 2, if v>1

1
When v < 0 or v > 1, the equality holds if and only if p1(z) = T tz or one of its
—z

1 2
rotations. If 0 < v < 1, then the equality holds if and only if p1(z) = tz

—172 or one
—Z

of its rotations. If v = 0, the equality holds if and only if

1 1 \14+z (1 1 \1-z2
(s yy) 2 (2 o2y ) =2 <~ <1
ri(2) (2+27)1—z+<2 27>1+z O=ys),
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or one of its rotations. If v = 1, the equality holds if and only if

1 1 1 \1+z (1 1\1-z2
) iy (- 0<~y<1).
p1(2) <2+27)1—z+<2 27)1+z O<sysl)

Also the above upper bound is sharp and it can be improved as follows when 0 < v < 1:

1
|02—1/c%|—|—u|01\2 <2(0<v< 5),

and
2 2 1
lca —vef| + (1= v) e §2(§<V<1).

Using Lemma 2.1, we have the following theorem:

Theorem 2.3. Let ¢(z) = 14 By z+ Byz? 4 B3z® + ..., where ¢(2) € A and ¢ (0) > 0. If
f(2) given by (1.1) belongs to the class M3 (f,g;7,b; ) and if p is a complex order,
then

By (420" (L4 29)gs
1420)" (1 + 2y '

Bi  (1+X)"(1+7)%g3

By |b]

2 1

ag — pas| < max < 1,
[as u2|_( ) 93 {

(2.3)
The result is sharp.
Proof. If f € MY} (f,g;7,b;¢), then there exists a Schwarz function w analytic in
U with w(0) =0 and |w(z)| < 1 in U and such that

b
Define the function p; by

v a0 BEDE ey - 1] —etwe). o)

1+ w(z)
11— w(2)
Since w is a Schwarz function, we see that Rep;(z) > 0 and p;(0) = 1.
Let define the function p by:

p1(2) =1+4ciz+c2’+... . (2.5)

b
In view of the equations (2.4), (2.5) and (2.6), we have

p(z)cp(pl(z)_l>cp( 1z + a2 + ... >
pi(z)+1 2+ ci1z+ 22+ ..
1 1 ,
—¢<2qz+2 <02 )z +>

4
2
1 1 c 1
=1+ 531012 + |:2B1 (CQ — 21> + 4BQC%i| Z2 + ... (27)

p(z) = 1Jr1 {(1 -7) M + v (DY(f *g)(z))/ — 1} = 14byz+byz%+... (2.6)

Thus ,
1 1 c 1
bi=5Bier and by =B (c2 - ;) + ZBch. (2.8)
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Since
) DY(f = g)(2)

1+
b v z

(DY 9)(2)) 1]

b b
from (2.6) and (2.8), we obtain

=1+ (1 1+ X" (1+7) a292> z+ <1 (1+20)" (1+27) a393> 24,

Blclb
_ , 2.9
N (L) 9 29)
and
Blcgb C%
- 1 n ¢ Bo — B1)b. 2.10
B A 2N (1 +27)g5 AT +20" (1 +27) g (B2 = B1)b) (2.10)
Therefore, we have
Bib
2 1 2
— = — 2.11
T T T a1+ 29) g [e2 —verl (2.11)
where
1 By (142N)" (1 +27) gap
vV = 5 — E on 2 o B . (212)
1 I+ A+

Our result now follows by an application of Lemma 2.1. The result is sharp for the
functions f satisfying

1+% |:(1—7)W—‘,—’y(D;\l(f*g)(z))/_l] 290(22), (2.13)
and
g [“ ) BUZDE s oy gy - 1} —p(z). (214)

This completes the proof of Theorem 2.3.
Remark 2.4. (i) Taking vy =1, n =0 and g(z) = T :
result obtained by Ali et al. [1, Theorem 2.3, with k = 1];
.. . z 1+ Az
= = — = — <
(ii) Taking v = 1, n = 0, g(z) T and ¢(z) = (1 6)1 B +2(0< 1 <1,

—1< B < A<1)in Theorem 2.3, we obtain the result obtained by Reddy and Reddy
[11, Theorem 4].

in Theorem 2.3, we obtain the

Also by specializing the parameters in Theorem 2.3, we obtain the following new sharp
results.

Putting n = 0, g(z) = 2z + anzk (n € Np) and p(2) = %Jj—gz (-1<B<A<I)
k=2

(or equivalently, By = A — B and By = —B(A — B)) in Theorem 2.3, we obtain the

corollary:
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Corollary 2.5. If f given by (1.1) belongs to the class G, (v,b; A, B), then for any
complex number u, we have
} . (2.15)

o) (A= B)Ib|
az — pas| < ———max< 1,
3 o] < (1+27)3"

Putting n = 0 and ¢(z) = H(ii%a)z (0 <a<1)in Theorem 2.3, we obtain the
following corollary:
Corollary 2.6. If f given by (1.1) belongs to the class S (f,g;7,,b), then for any
complex number u, we have

}. (2.16)

(1—a)lb
a3—,ua2| a)|max{1,
Putting n = 0, g(z) = =z + Zk”zk (n € Ng) and ¢(z) = 2 in Theorem 2.3, we

(14 2v)3"™

w(A—B)b+ B
(1+7)%22

The result is sharp.

2(1+2v)g3

1— —
(14+7)" g3

w(l—a)d

The result is sharp.

(142v) g3
1—z
k=2

obtain the following corollary:
Corollary 2.7. If f given by (1.1) belongs to the class Gy, (v,b), then for any complex
number u, we have

(14 27)3"

- 1,1 — ———=——ub| ;. 2.17

|CL3 ILtCl2| 1+2 3 ma‘X{ ? (1+/_y)2 22"_1:u ( )
The result is sharp.

Putting v = 1 in Theorem 2.3, we obtain the following corollary:
Corollary 2.8. If f given by (1.1) belongs to the class G% (f,g;b;¢), then for any

complex number u, we have
By [b]
— -_ 1 . 2.18
ag :ua2| =3 (1 + 2)\) maX ’ ( )
Putting v = 0 in Theorem 2.3, we obtain the following corollary:
Corollary 2.9. If f given by (1.1) belongs to the class R} (f,g;b;¢), then for any
complex number u, we have
} . (2.19)

By |b
o ] < {1
Putting (1—p) cosne™" (0 <p<liyn < g) in Theorem 2.3, we obtain the following

B 3(142\)"
By 3(1+ gng3uB1b
Bi 41+ 1) g2

The result is sharp.

By, (1+2\)"g;

Bib
Bl (1+N"g

The result is sharp.

corollary:
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Corollary 2.10. If f given by (1.1) belongs to the class E;IZ (f,9;7; ), then for any
complex number u, we have

(2.20)

Jas — a3 < ¢

(1—p) By cos By i (14207 (1427)(1—p) cos
1+2x\§"(i$v7)zgs max {1’ ’316 ' (e

VA

The result is sharp.

Using Lemma 2.2, we have the following theorem:
Theorem 2.11. Let p(z) = 1+ Byz+ Boz?2+ B3z3+ ..., (b > 0; B; > 0;i € N). Also let
(14X (147)* g3 (B — Bi)

(14 2X\)" (1 +27) gsbB?

g1 =

and
(1+ X2 (1+7)* g3 (B> + B1)
(1+20)" (14 2v) gsbB?
If f is given by (1.1) belongs to the class M} (f, g;7,b; ), then we have the following
sharp results:
(i) If u < o1, then

09 —

b 14 20" (1 + 29) gsb
_ By )" ( 71932 uB?|; (2.21)
1+2X0)" (14 27) gs (14 A2 (1+7)° g2

(it) If o1 < pp < o, then

|as — paj| < (

bB
— pa?| < ! : 2.22
o =1 < Ty A g (222)
(iii) If p > o9, then
14207 (142
Jag — a3 < ’ gy UEROE2)0b o) (599
3 + +7)9
(I+20)"(1+2v)g (14 X)27 (14 7)° g2

Proof. For f € M} (f,g9:7,b;¢), p(2) given by (2.6) and p; given by (2.5), then a
and agz are given as in Theorem 2.3. Also
B1b

—vé? 2.24
T+20)" (1+27) g3 le2 —veil (2.24)

— 2 _
as — puas 20
where

(2.25)

1
v=_
2

By (142)N)" (14 27) gsu

- == T 5, Bib| .
Bi o (140" (1+9) g3

First, if 4 < o1, then we have v < 0, and by applying Lemma 2.2 to equality (2.24),

we have

b (1420 (14+27) gsb
n B o 2 2 2 Bl ’
1420 (1+27) g3 T+ 22 (147)" g3

which is evidently inequality (2.21) of Theorem 2.11.

ag—ua§| < (
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If 4 = 04, then we have v = 0, therefore equality holds if and only if

1+2 1=z
— (1 R e Ylied <~ <1
n@) = (57— + ()1 OsysLzel).
Next, if 01 < u < 02, we note that
max 4 L |1 o B2 A2V (A4 2 gap , H Ly (2.26)
2 Br o (14X (1+9)" g3

then applying Lemma 2.2 to equality (2.24), we have
b
14207 (14 27) g3’

which is evidently inequality (2.22) of Theorem 2.11.
If 01 < p < o3, then we have

las — pa3| < (

1+ 22
nie) =1
Finally, If 4 > 09, then we have v > 1, therefore by applying Lemma 2.2 to (2.24),

we have

b
14207 (1+27)gs

1+20)™" (142 b
( )2 ( 7)2932 B2 — By
1+ A2 (1+7)" g3
which is evidently inequality (2.23) of Theorem 2.11.
If 4 = 09, then we have v = 1, therefore equality holds if and only if
1 1+9142 1—9l1-=2

pi(z) 2 1—=z 2 1+z

To show that the bounds are sharp, we define the functions K ;(s > 2) by

)

|as — paj| < (

0<y<1;2€U).
1 DY (KE*g) (2 N s
g [0y BELDE g (DK g) () — 1] = (=), (227)

K3(0)=0=K2(0) -1,
and the functions F} and Gy (0 <t <1) by

1 n * z n z(z
Lt [ =) BEE 1 (DR g) () —1] =0 ($32). (229)

F(0) = 0= F;(0) - 1,

and

1 T *q)(z n z(z
L3 [(1 =) B0 4y (D (Guxg)(2)) - 1] = o (- 5552), (229

G(0) =0 = G}(0) — 1.
Cleary the functions K3, I; and Gy € MY (f,g;7,b;¢) . Also we write K, = K;.
If o < o1 or p > 09, then the equality holds if and only if f is K, or one of
its rotations. When o1 < p < o9, then the equality holds if f is Kf, or one of its
rotations. If 4 = o3, then the equality holds if and only if f is F; or one of its
rotations. If u = o9, then the equality holds if and only if f is G; or one of its
rotations.
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Remark 2.12. Taking v = 1, b = 1, n = 0 and g(z) = 1i
obtain the result obtained by Ali et al. [1, Corollary 2.5, with k = 1].

in Theorem 2.11, we
z

Also, using Lemma 2.2 we have the following theorem:

Theorem 2.13. For ¢(z) = 1+ Byz + Ba2? + B3z3 + ..., (b>0;B; > 0;i € N) and
f(2) given by (1.1) belongs to the class MY (f,g;7,b;¢) and o1 < p < o9, then in
view of Lemma 2.2, Theorem 2.11 can be improved. Let

(140> (149)*g3B,
(14 20" (1 + 2v) g3bB?’

03 =

(i) If o1 < p < o3, then

2 (142" (147)2g3 By | asenn(+29)e 2
|a3 — ,LLCLQ + (1+2)\)"(1+2'*/)93sz1 |: - E + WﬂbBl |a/2|

Bib
< ; 2.30
T (14207 (14 27) g3 ( )
(ii) If o3 < p < 09, then
2 (14+2)2" (147)%g2 By (120" (1427)g 2
|as — pa3| + Granya TGl [1 B (e (LTgs OB | laz|
Bib
< . 2.31
T (1420 (1+27) g3 ( )
Proof. For the values of o7 < p < 03, we have
|az — pa3| + (1 — 01) |as|”
_ Bib 2 (142)2" (14+)%g5 (B2 —Bi1) Bib? 2
= AT (1) e = vep| + (“ T I (1427) 95057 ) aF e [l
B1b 1 ( 2 2
= 7 — || —vei|+vic ) . 2.32
TrT g 3 (ol + ol 232
Now applying Lemma 2.2 to equality (2.32), we have
Bib
2 2 1
as — pas| + (u—o1) laz|” < ,
which is the inequality (2.30) of Theorem 2.13.
Next, for the values of 03 < u < 09, we have
|as — pa3| + (o2 — ) |as|?
_ bB 2 (142" (144)%g5 (B2+B1)
= e |2 Vel + ( TN (e ghB? “)
B?b? 2
T
Blb 1 ( 2 2
= 7 — | |cg —ve —i—l—uc). 2.33
i ers (3 (e v+ -l (23

Now applying Lemma 2.2 to equality (2.33), we have
Bib
(142X)" (14 2v) g3’

|ag — pa3| + (02 — ) |as|* <
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which is the inequality (2.31). This completes the proof of Theorem 2.13.

Remark 2.14. (i) Specializing the parameters v, A, b, n, g and ¢ in Theorem 2.11
and Theorem 2.13, we obtain the corresponding results of the classes G, (v,b, A, B),
S(fig;7,,b), G (7,0), R} (A, B), M, ([ea];7,b59), GX (f,9:0:9) 5 RY (f,9:b50)
and E;Zg (f,g;7; %), as special cases as defined before.
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