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Abstract. In this paper we study the isometry groups Isoqp ,(R™), where dr,p is
the French rail ways metric given by (2.1). We derive some general properties of
Iso4p , (R™) and we discuss the particular situation when X = R™ and d = da is
the Euclidean metric.
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1. Introduction

Let (X, d) be a metric space. The map f : X — X is called an isometry with re-
spect to the metric d (or a d-isometry), if it is surjective and it preserves the distances.
That is for any points x,y € X the relation d(f(z), f(y)) = d(z,y) holds. From this
relation it follows that f is injective, hence it is bijective. Denote by Isoq(X) the set of
all isometries of the metric space (X, d). It is clear that (Isoq(X),0) is a subgroup of
(S(X),0), where S(X) denotes the group of all bijective transformations f : X — X.
We will call (Isoq(X), o) the group of isometries of the metric space (X,d). A gen-
eral, important and complicated problem is to described the group (Isoq(X), o). This
problem was formulated in the paper [2] for metric spaces with a metric that is not
given by a norm defined by an inner product.

Some results in direction to solve this problem for some particular metrics are the
following. D.J. Schattschneider [17] found an elementary proof for the property that
group Isog, (R?) is the semi-direct product of Dy and T(2), where d; is the "taxicab
metric” defined by (1.2) (for p = 1 and n = 2) and D4 and T'(2) are the symmetry
group of the square and the translations group of R2, respectively. A similar result
holds for the group Isog, (R?), i.e. this group is isomorphic to the semi-direct product
of groups Dj, and T'(3), where D}, is the symmetry group of the Euclidean octahedron
and T'(3) is the translations group of R3. This was recently proved by O. Gelisgen,
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R. Kaya [7]. In fact the "taxicab metric” generates many interesting non-Euclidean
geometric properties (see the book of E.F. Krause [10] or the thesis of G. Chen [4]).
Another result concerning the isometry group of the plane R? with respect to the
”Chinese checker metric” d¢c, where

do(z,y) = max{|z' —2%|,[y" — ¥?[} + (V2 — Dmin{|z’ —2?|,[y' —°|}, (1.1)

was recently obtained by R. Kaya, O. Gelisgen, S. Ekmekei, A. Bayar [9].They have
showed that this group is isomorphic to the semi-direct product the Dihedral group
Dg, the Euclidean symmetry group of the regular octagon and T'(2).

In the paper [1] we have considered X = R", and for any real number p > 1 the
metric d, defined by

n 1/17
dp(z,y) = (Z |2 y’|p> ; (1.2)
=1
where z = (2!, ...,2"),y = (y',...,y") € R™. If p = oo, then the metric d, is defined

doo(z,y) = max{|z’ — y*|,..., [2" — y"|}. (1.3)
In the case p = 2, we get the well-known Euclidean metric on R™. In this case we
have the Ulam’s Theorem which states that Isog, (R™) is isomorphic to the semi-direct
product of orthogonal group O(n) and T'(n), where T(n) is the group of translations
of R™ (see for instance the references [5], [16]). The situation p # 2 is very interesting.
The main result of [1] consists in a complete description of the groups Isog, (R™) for p >
1,p # 2, and p = co. We have proved that in case p # 2 all these groups are isomorphic
and consequently, they are not depending on number p. The main ingredient in the
proof of the above result is the Mazur-Ulam Theorem about the isometries between
normed linear spaces (see the original reference [12], the monograph [6], the references
[14], [15] for some extensions, and [18], [19] for new proofs).
In this paper we study some properties of the isometry group of the so called
French railroad metric.

2. The main results

Let (X,d) be a metric space and let f : X — X be a map. The minimal
displacement of f, denoted by A(f), is the greatest lower bound of the displacement
function of f, that is

M) = inf d(z, f(2)).
zeX
The minimal set of f, denoted by Min(f), is the subset of X defined as

Min(f) ={z € X : d(z, f(x)) = A(f)}.

According to the monograph of A. Papadopoulos [13], we have the following
general classification of the isometries of a metric space X in terms of the invariants
A(f) and Min(f). Consider f : X — X to be an isometry. Then f is said to be

1. Parabolic if Min(f) = ®.
2. Elliptic if Min(f) # ® and A(f) = 0. Thus, f is elliptic if and only if Fix(f) # ®.
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3. Hyperbolic if Min(f) # ® and A(f) > 0.

France is a centralized country: every train that goes from one French city to
another has to pass through Paris. This is slightly exaggerated, but not too much.
This motivates the name French railroad metric for the following construction. Let
(X, d) be a metric space, and fix p € X. Define a new metric dg,, on X by letting

0, ifand only if x = y
Trpl®y) = { d(z,p) +d(p,y), ifx#y

The French railroad metric generates a very poor geometry. In fact, the geometric
properties are concentrated at the point p. For instance, consider X to be the plane
R2, p = O, the origin, and d is the standard Euclidean metric do. Then for two distinct
points A and B the perpendicular bisector of the segment [AB] exists if and only if
AO = BO. Similarly, the Menger segment [AB] (see the monograph of W. Benz [3,
p-43]) has a midpoint, if and ounly if AO = BO. In the case AO # BO, the segment
[AB] consists only in the points A and B.

The main purpose of this paper is to derive some general properties of the group
Isoq,. , (X). We will give an equivalent property for Isog,.,(R™), the isometry group
of the space R™ with the fixed point the origin p = 0, and the Euclidean metric da,
and we will discuss the complexity of an effective description in the cases n = 1 and
n = 2.

Let Iso((ip )(X ) be the subgroup of Iso4(X) consisting in all isometries fixing the
point p, i.e.

(2.1)

Isoglp)(X) = {h € Isoq(X) : h(p) = p}.

Theorem 2.1. The following relation Iso((f)(X) C Isogy.,(X) holds, that is Iso((ip) (X)
is a subgroup of Isoq,. ,(X).

Proof. Let f € Iso((f) (X). For every z,y € X,z # y, we have

drp(f(x), f(y)) = d(f(x),p) +d(p, f(y)) = d(f(x), f(p)) +d(f(p), f(¥))
= d(d),p) + d(p, y) = dF,p(Iyy)a

hence, f belongs to Isog;, ,(X). O
For = # y, the relation dp,(f(z), f(v)) = dpp(z, y) is equivalent to
d(f(x),p) +d(p, f(y)) = d(x,p) + d(p, y)- (2.2)

Theorem 2.2. For every isometry f € Isop,(X), the point p is fized, that is f(p) = p.
Proof. Let start to investigate the topology generated by metric dg,. Consider the
ball of radius 7 and centered in the point C', that is the set

Bp,(Cir)={r € X :drp(C,z) <1}
The inequality dp,(C,z) < r is equivalent to d(C,p) + d(p,z) < r. If C' # p, then
we obtain d(p,z) < r — d(C,p). This means that Bp,(C;r) = Bqy(p;r — d(C,p) if
d(C,p) < rand Bp,(C;r) ={C} if d(C,p) > r. Therefore, the neighborhoods basis

at the point p generated by dr, coincides with the the neighborhoods basis at the
point p generated by the metric d.
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For every z,y € X,z # y, we have dp,(z,y) = d(z,p) + d(p,y) > d(z,y), hence
dF,P(xv y) 2 d(ﬂf, y) (23)

Because f is a dp,-isometry, from (2.3) it follows

d(f(l')a f(y)) < dF,p(f(x)a f(y)) = dF,p(x,y)'
Take y = p in relation (2.2) and obtain

d(f(z),p) +d(p, f(p)) = d(, p). (2.4)

Clearly, f is continuous in the topology generated by the metric dg . According to the

result from the beginning of the proof, we have £ — p in the topology of dr,, if and

only if # — p in the topology of d. That is dg,(x,p) — 0 if and only if d(z,p) — 0,

hence the relation (2.4) implies d(f(p),p) = 0, hence f(p) = p. O
From the result in Theorem 2.2, it follows :

Corollary 2.3. For every metric space (X,d) and for every point p € X, the metric

space (X, dpyp) is of elliptic type, that is every its isometry is elliptic.

3. Comments on the case X = R"” and d = dy

Let consider X = R” with the Euclidean metric d = ds, and the point p to
be the origin of R™. If f is an isometry with respect to the induced French railroad
metric, then f satisfies relation (2.4) hence, for every x,y € R™, we have

F @+ 1F @I = ]| + [yl (3.1)

According to Theorem 2.2, the origin of R™ is a fixed point of f, i.e. we have f(0) = 0.
Therefore, the relation (3.1) is equivalent to

@) =l = eR" (3-2)

Therefore, f € Isog,,,(R™) if and only if it is bijective and it satisfies the functional
equation (3.2). The equation (3.2) ensures the continuity of f only at the point 0.
For the sake of simplicity, let us denote by G,, the isometry group Isogq, ,(R™). If f
is linear, then the equation (3.2) means that it is an orthogonal transformation of
R™. Tt follows that the real orthogonal group O(n,R) is a subgroup of G,,. The group
{—1gn, lgn} is a normal subgroup of G,.

Also, if we impose some smoothness conditions we obtain interesting situations.
Denote by GE k = 0,1,--- , 00, the subgroup of G,, consisting in all dF o-isometries
of class C*. Clearly, we get

GXc---cGhc...cGlca®ca,.
On the other hand, if f € G, then the restriction f |gn-1 is an element of the group
Diff*(S"~1) of the C*- diffeomorphisms of the unity (n — 1)-dimensional sphere of the
space R"™. As we expect, a bijective extension of a C*- diffeomorphism h : S*~1 —
S™"~1 to the space R", preserving the property to satisfy (3.2), is not unique. This
means that it is very possible that the group G¥ is larger than Diff*(S71).

In the case n = 1, the group G; is defined by all bijective maps f : R — R,
continuous at 0, and satisfying the functional equation |f(z)] = |z|,# € R. The
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relation |f(x)| = |z is equivalent to f2(z) — 2% = 0, i.e. (f(z) — z)(f(z) + x) = 0.
Therefore, the general possible form of the maps in G is

fA(x):{x if zeR\A

—x if x€ A
where A is an arbitrary subset of R. For all real number a # 0, the map

z if x# —a,a
fa@)={—a if z=a

a if x=—a

belongs to Gy. Moreover, we have f, o f, = 1g hence {lg, f,} is a subgroup of
(1. This means that the group G has infinitely many subgroups isomorphic to Z.
Another subgroup isomorphic to Zs is G$° = {—1g, 1z}, and it contains all smooth
diffeomorphisms of the real line satisfying the functional equation |f(x)| = |z|, €
R. It is a normal subgroup of G;. Clearly, 1g preserves the orientation of the 0-
dimensional sphere S° = {—1,1}, and —1g reverses the orientation of S® = {—1,1}.
In the case n = 2, we can identify R? with the complex plane C, and then the
group G5 is defined by all bijective maps f : C — C, continuous at 0, and satisfying
the functional equation |f(z)| = |z],z € C. The orthogonal group O(2,R) is the
symmetry group of the circle S' = {z € C : |z| = 1}. It is isomorphic (as a real Lie
group) to the circle group (S,-), also known as U(1). In this case, the circle group
(S1,) is a subgroup of Ga. Consequently, all subgroups of (S, -) are subgroups of Gs.
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