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Abstract. Here we present a set of multivariate generalised fractional Pélya type
integral inequalities on the ball and shell. We treat both the radial and non-radial
cases in all possibilities. We give also estimates for the related averages.
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1. Introduction

We mention the following famous Pdlya’s integral inequality, see [9], [10, p. 62],
[11] and [12, p. 83].

Theorem 1.1. Let f (z) be differentiable and not identically a constant on [a,b] with
f(a) = f(b) =0. Then the exists at least one point & € [a,b] such that

b
) > (b_“) / f () d. (1.1)

In [13], Feng Qi presents the following very interesting Pélya type integral in-
equality (1.2), which generalizes (1.1).
Theorem 1.2. Let f (z) be differentiable and not identically constant on [a,b] with
fla)=f®)=0and M = sup |f'(x)|. Then

z€la,b]

/abf(x)da:

(b—a)? . .
where ==~ in (1.2) is the best constant.

U0y

1 , (1.2)
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The above motivate the current paper.

In this article we present multivariate fractional Pélya type integral inequalities
in various cases, similar to (1.2).

For the last we need the following fractional calculus background.

Let @ > 0, m = [a] ([-] is the integral part), 8 =a—-m,0< 8 < 1, f € C([a, b)),
[a,b] C R, x € [a,b]. The gamma function I is given by I' (a) = [;* e~ "t*~ dt. We
define the left Riemann-Liouville integral

(U @) = g [ -0 O (1)
a < 2 < b. We define the subspace Cg, ([a.b]) of C™ ([a,b]):
Car ([a,b]) = { € C™ (fa,b]) : Ji2, £ € C* ([a,b]) } (1.4)

For f € CZ, ([a,b]), we define the left generalized a-fractional derivative of f
over [a, b] as
/!
Dy, f o= (T (1.5)
see [1], p. 24. Canavati first in [5], introduced the above over [0, 1].
Notice that Dy, f € C([a,b]).

We need the following left fractional Taylor’s formula, see [1], pp. 8-10, and in
[5] the same over [0, 1] that appeared first.

Theorem 1.3. Let f € C, ([a,b]).
(i) If « > 1, then

o / " (I * a)2 m—1 (:C * a)m—l
f(x)=Ff(a)+ [ (a)(—a)+ f (G)T+~-~+f( )(G)W (1.6)
+ﬁ /w (@— 1)1 (D2, f) () dt, all € [a,b].

(i) If 0 < o < 1, we have
1 * a—1
fz)= F(a)/ (x—1t) (DS f) (t)dt, allx € [a,b]. (1.7)

Furthermore we need:
Let again « > 0, m = [a], 8 = a —m, f € C([a,b]), call the right Riemann-
Liouville fractional integral operator by

1% L L b _ a—1
(5 0) @)1= g [ =" 0 (1.8)
x € [a,b], see also [2], [6], [7], [8], [15]. Define the subspace of functions
Cir(fab]) = {f € C™ ([a,)) : 1,2 £ € € ([a,1]) }. (1.9)

Define the right generalized a-fractional derivative of f over [a,b] as
!
Di_f = (=" (12

(1.10)
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see [2]. We set DY _f = f. Notice that D¢ f € C ([a,b]).
From [2], we need the following right Taylor fractional formula.

Theorem 1.4. Let f € Cp* ([a,b]), a >0, m := [a]. Then
(i) If « > 1, we get

R ()

f(x)= Z o (z —b)" + (Je-Dg_f) (x), allz € [a,b]. (1.11)
k=0
(11) If 0 < o < 1, we get

1

f(z) =L Dy f(x) = m

We need from [3]

Definition 1.5. Let f € C([a,b]), x € [a,b], « > 0, m := [a]. Assume that
f ey ([“TH’,b]) and f € CZ, ([a, “TH’]) We define the balanced Canavati type
fractional derivative by
apipy .o | Dif(x), forsgt <w<b,
Dof (@) = { Dy f(z), fora<wz< ot (1.13)

In [4] we proved the following fractional Pdlya type integral inequality without any
boundary conditions.

Theorem 1.6. Let 0 < a < 1, f € C([a,b]). Assume f € Cg, ([a, “TH’D and f €
Co ([%5%:0])- Set

/b (t—2)* " (Dg_f) (W) dt, allx€la,b]. (1.12)

M1 (f) = maX{HDgJFfHoo,[a,“T*'b] 5 Db f” a+b ]} . (114)
Then
b
v)da| < / f (@)lde < (1.15)
(198l fo g2 + 128l o) 5= 0 (-
I‘(a+2) ( 2 ) SMl(f)W‘ (1.16)
Inequalities (1.15), (1.16) are sharp, namely they are attained by
_ [e7 a+b
(@) = { EZ;—:?))“ xx:[[m 2b]] } O<a<l (1.17)

Clearly here non zero constant functions f are excluded.
The last result also motivates this work.

Remark 1.7. (see [4]) When o > 1, thus m = [a] > 1, and by assuming that f*) (a) =
f® (b) =0,k =0,1,...,m—1, we can prove the same statements (1.15), (1.16), (1.17)
as in Theorem 1.6. If we set there & = 1 we derive exactly Theorem 1.2. So we have
generalized Theorem 1.2. Again here f(™) cannot be a constant different than zero,
equivalently, f cannot be a non-trivial polynomial of degree m.

We present Pélya type integral inequalities on the ball and shell.
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2. Main results
‘We need

Remark 2.1. We define the ball B (0,R) = {x € RV : [z| < R} CRY, N > 2, R > 0,
and the sphere

SN .= {z e RN : |z| = 1},
where |-| is the Euclidean norm. Let dw be the element of surface measure on SV ~1
and let

N
2

_/ do — 2
A )

For z € R —{0} we can write uniquely z = rw, where r = |z| > 0andw = £ € SN 71,
|w| = 1. Note that fB(o R Ay = "-’NI\?N is the Lebesgue measure of the ball.
Following [14, pp. 149-150, exercise 6] and [16, pp. 87-88, Theorem 5.2.2] we can

write F': B (0, R) — R a Lebesgue integrable function that

/B(Oﬁ)F(T/) dx = /SN_1 (/ORF(Tw) rN_ldr> dw; (2.1)

we use this formula a lot.

Initially the function f : B (0, R) — R is radial; that is, there exists a function g
such that f (z) = g (r), where r = |z|, r € [0, R],V = € B(0, R), @ > 0, m = [«]. Here
we assume that g € C ([0, R]) with g € Cg, ([0, £]) and g € C&_ ([£, R]), such that
g™ (0)=g* (R)=0,k=0,1,...,m—1. In case of 0 < a < 1 then the last boundary
conditions are void.

By assumption here and Theorem 1.3 we have

g(s) = ﬁ / (s — 0" (Dgyg) (1) dr, (2.2)

all s € [0, 4],
also it holds, by assumption and Theorem 1.4, that

R
909 = fy | (=9 (Dhg) (). (23)
all s € [§,R].
By (2.2) we get
96 < i [ =07 (D5e0) (0]
s _ HDQ gHoo, 0,2
<08l oy gy | -0 = e @)

for any s € [O, %] .

That is

a—+1)s , (2.5)
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for any s € [0, g] .
Similarly we obtain

lg (s)| < m

||D%_g||oo [2,R] R 1 HD%—QHOO [£,R]

= T (a) / (t=s)dt=—5nyy (B, (26
for any s € [g,R] .
Le. it holds
XIS g
9 < —Faayy (B9 (27)
for any s € [%,R] .
(2.1)

Next we observe that

Lo @< [ ir@lay ™

fo (foR 7 3N1d3> e (/OR 9(s) 8N1d5> [
R N

(/ 9(5)ls d8>r(g)_

oy b R
il {/ |g<s>|sN-1ds+/ 19 ()] N 1ds
0 R

(a+ N)

>a+N + (2.10)

(a+ N) 2

N-1< N-1 ) (R)’“ Fr(&ilffff_k’? (5)"“”"“] } —

¥ 19649l o, 2) <R
1)
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¥Ry [ 1064l o, 51
2N -17 (0) ) (a+ N) T (a +1)

1

N—-1
D%l o 2. 5) V= 1)! LZO KT (a+N+1— k)] } '

We have proved that

/ f(y)dys/ 1 ()l dy <
B(0,R) B(0,R)

2¥ RatN { 19519l [0, 21

204N (8) ) (a+ N)T (a+1)

N—-1 1
(N =DH[D%-9l 2.5 Lz_% MD(a+ N +1- k)] }

Consider now

We have as in [4] that
o0 R
Dg,s*=T(a+1), all s€ 0,—2 ,

and
| Dgy sl

Similarly as in [4] we get
R
DE_(R—s5)“=T(a+1), alse [2,R} ,

and

DR (R —s)"|| (2,7 = I'(a+1).

o0,

That is

1959+l [0, 5) = 1 P9~ —T(a+1).

Consequently we find that

o .7

X pa+N
RIS, (2.12) = & { !

2a+N—-1T" (%) (OZ+N)+

N-1 1

;) KT (a+N+1—k)

(N = )T (a+1)

} |

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

Let f. : B(0,R) — R be radial such that f.(x) = g« (s), s = |z|, s € [0,R], V

x € B(0,R).
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Then we have

Lis 2= [ gy
(o
1?7(3;) { [ /, (r S)aleds} _ 2.19)
) e e (8 8) )

oy { RotN

oy { Ro+N

r(§) 2oty (oz—|—N)+
(N1 (R\'T(a+ DI (N —k) (RN
k_o( k >(2> T(a+N+1-k) (2> -
% RotN 1
D (g)2etn {erm
= 1 (2.18)
(N =T (a+1) B S } RH.S. (2.12), (2.21)

proving (2.12) sharp, in fact it is attained.

We have proved the following main result.

Theorem 2.2. Let f : B (0, R) — R be radial; that is, there exists a function g such that
fx)=g9g(s),s=lz|, s€[0,R],Vxe€ B(0,R), a > 0. Assume that g € C ([0, R]),
with g € C§, (0, R]) and g € Cj_ ([%,RD, such that g*) (0) = g™ (R) = 0,

=0,1,...m—1, m=[a]. When 0 < a < 1 the last boundary conditions are void.

Then

/ f(y)dyé/ 1 @)ldy <
B(0,R) B(0,R)

W%ROH'N HDnggHoo,[O,g]
204N=1T (8) ) (a+ N)T (a+1)

N—-1 1
(N = D[ D5-9lloc, 2. L_Ok!r(a+N+1—k)”'

(2.22)
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Inequalities (2.22) are sharp, namely they are attained by a radial function f. such
that f. (x) = g« (s), all s € [0, R], where

« s R
ge (5) —{ fR’ S [O’ 2] 2 (2.23)

‘We continue with

Remark 2.3. (Continuation of Remark 2.1) Here we assume that a > 1. By (2.2) we
get

Sa—l N
lg(s)] < (o) HD0+g||L1([07§]), (2.24)
all s € [0, g] .
Also, by (2.3), we obtain
(R _ S)a—l N
g (s)| < T HDR_QHLl([%’RD : (2.25)
all s € [§,R].
Hence as in (2.8) we get
2% f N-1 _
/B(O,R) If (y)|dy < F(%) </0 lg (s)|s ds) = (2.26)
2% E ~ R ~ (by (2.24), (2.25))
I‘(g){/o g (s)] s™ 1d5+[; lg (s)| ™ 1ds} <
2% 3 _ o
W {(/0 sNta 2d5> HD0+9HL1([0,§])+ (2.27)

R
<L (R- s)“_lsN_1d8> HD%QHLl([g,R])} =

2

(acting the same as before, see (2.9)-(2.11))

¥ patN-1 HD0+9HL1 0.2])

204N=2 (J) ) (a+ N 1) Ff(a) *

(N =Dk, (2.5 )lz T a+N k)]}u;s) (2.28)

MRMN v D%l (o, 2))
g+ v 20 (X) | as N - 1T (a)

(N =1)! ||DagH Li([£.R] [k_o W] } . (2.29)

We have proved
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Theorem 2.4. Here all terms and assumptions as in Theorem 2.2, however with o > 1.

"D8+g‘|L1([O,§])
(

Then
7% Rat+N—1
(a+N-1)T ()

/| o POl <
N-1 1
(N - 1)! HD%*QHL1([§7R]) [];) k'F(Oé—F]V—k)‘| } . (2.30)

We continue with
1,1 _ ;
>t g = 1, with

Remark 2.5. (Also a continuation of Remark 2.1) Let here p,q > 1:

o> %. By (2.2) we have
960 < g || 607 |(D89) ()] de <

b (/05 (s — )P dt),l, (/OS (089 O dt)é _

I'(a)
1 a-l+y
> (2.31)

I'(a) (p(a—1)+ 1)% |’D(?+gHLq([07§])7

all s € [O, %] .
Similarly by (2.3) we obtain
1 R a—1 o
< [ =9 T (DR ) (0] de <
S

96 < 7

1 R e 3 RO N

T (a) (/ (t — )P 1>dt) (/ |(D%_g) (t)] dt) _
R—s)* '

o : I HD@R*gHLq([g,R])7 (2.32)

I'(@) (p(a—1)+1)7

all s € [%, R] .
Hence it holds
(2.8)
[ 1wl
B(0,R)

2y El R
{ / g ()| sV s + / 19 ()] ¥ 1ds
0 R
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n¥ { (5

1 D& n
L) (§)(pla—1)+1)» (CH—N_ 1) | 0+9||Lq([0,ﬂ)+

(5) ([ o (- 5) )]
1050l 5. | -

: R(e+N—3) )
(a +N— ;) g(a+N-1) HDO*‘gHLq([Oé]) + (2.34)

DN

2

2

Ny <R>kr(a+;)r(1v—k)(R)a+;+zv_k_1]

kN (N —k—1)! F(a—l—%—i—N—k) 2

105 ol, 5. | -

ikl R(+N—%)
F(a)F(%) (p(a—1)+1)% (Oz—|—N—%> o(at+N-1

1\ (R4
— 1! S I L
(N=-DIT <a+p> <2Q+N3} )

N—-1 1 . -
L_O T (a+ % TN k) HDRQHLQ([JJ,RD} =

5 go+N—} 106491, (1o, 2
iR { el o)

) 1D5+91 1, (jo.57) + (2-35)

T()T (X)) (p(a—1)+ 1)7 207N —31

1\ A= 1 .
- (o) [z_: or (a2 +N—k>] ”DR-Q”qusﬁn} (2:36)

We have proved the following

Theorem 2.6. Let p,qg > 1: % + % =1, a> %. All other terms and assumptions as in

Theorem 2.2. Then
[l <
B(0,R)

¥ RN HD8+9||LQ([O,.'])+
D) (§) (pla-)+172 V5 | (o N -1

|

~—| ¥
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1\ [A= 1 .
(N =1 <a * p) kzzo kT (a +14N- k) HDR*QH%([%R]) - (237

Combining Theorems 2.2, 2.4, 2.6 we derive

Theorem 2.7. Let any p,q > 1 : %4—% =1land o > 1. And let f : B(0O,R) — R
be radial; that is, there exists a function g such that f(x) = g(s), s = |z|, s €
[0,R], V x € B(0,R). Assume that g € C ([0, R]), with g € C§, ([0, g}) and g €
Cx_ ([%,R]), such that g® (0) = ¢® (R) =0, k = 0,1,....m — 1, m = [a]. When
0 < a <1 the last boundary conditions are void. Then

/ f(y)dys/ 1 @)ldy <
B(0,R) B(0,R)

7Y RatN 195191l . [0, 21
2o N1 (X) ) (@t MT(a+ D)

min

N-—1 1
(N —1)! HDE’%QHOC,[%,R] L;) ET (a+N+1— k)] } ;

X pa+N-1 HDoaJrQHLl([o,%])
9at+N-2T (%) (a+N-1)T () "

N—-1 1
kZ:O k!r(a+N—k)H’

(N = DDF-gll, 2.m))

¥ ROTN G ||D8+g||Lq([0 )

D@ (5) pla-)+1)72° 5 | (a4 N 1)

N-1
1 1
(N — 1)'F (O[ + ) Da,g x ' (238)
p l;) kIl (a—|—%+N_]g) 1D HLQ([Q,R])
Note 2.8. It holds ..
2m2 R
Vol (B(0,R)) = ———. (2.39)
r(3)N

The corresponding estimate on the average follows
Corollary 2.9. Let all terms and assumptions as in Theorem 2.7. Then
1
TABTTD Sy OV

Nre [ I1P89l o5
2N Y @+ M T (@t 1)

|f (y)ldy <

= Vol (B(0, R) /Bm,m

min
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N-1 1
(N =D![D%-9]l (5.7 LZ% KT (0 + N 41— k)] } ’

NRe—1 { 19891l ([0, 2)) )
(

2a+N—1

N—-1 1
(N =DH[Dk-gll1, ((2.5)) LZ_O k:'l“(oH—N—k)] } ’

NRo-% HD3+9|‘LQ([0, ])Jr
D (a) (pla— 1)+ 1)7 27V

1\ [A= 1
(N =1 <a+p) LZ:;) KT (a+1+N—k)

We continue with Pdlya type inequalities on the ball for non-radial functions.

Theorem 2.10. Let f € C (B (0, R)) that is not necessarily radial, 0 < o < 2. Assume

for any w € SN that f (w) € Cgy (0, %}) and f (w) € C§_ ([%,RD, such that
f(0) = f(Rw) = 0. When 0 < a < 1 the last boundary conditions are void. We
further assume that

|70 et )] ke
ot Moo (reppg) 1 O o el .m)
for every w € SN=1, where K > 0.
Then
(1)
K> ROHN
dy < —————- 2.42
Lo 1 W10 5 (242)

1 N-1

1
{(oz+N)F(a+1)+(N_1)! LZ_O k!F(a+N+1—k)H’

and
(ii)
1
Vol (B (0.R)) /Bm,m fv)dy

KNR* 1 = 1
20+N {(a+N)F(a+1) V-1 LZZO k!P(aJrNJrlk)]}'

|f (y)ldy < (2.43)

= Vol (B(0,R)) /B(O,R)
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Proof. In Remark 2.1, see (2.8), (2.9), (2.10), (2.11), we proved that

R a+N
[ o < ()
O 2

| 0+9H D N1 i 1
(a+N)P(a+1 1Pkl 5.8 V=D SRC (a+N+1-k)| [

(2.44)

In the above (2.44) we plug in g (-) = f (w), for w € SV~ fixed, and we get
R (2.41) R\ N
[ " w ()
0

1 iy 1
{<a+N>r<a+1> =1 L_O k!F(a+N+1k)1}:: A (2.45)

Consequently we obtain

/B(O,R) |f ()| dy = /SN?I (/OR|f(5w)|SN_1ds> o <

)\1/ dw—)\1
SN-—1

proving the claims. 0

N‘Z

(2.46)

—
N\Z
~—

‘We continue with

Theorem 2.11. Let f € C (B (0, R)) that is not necessarily radial, 1 < o < 2. Assume

Jor any w € SN that f (w) € Cgy (0, g}) and f (w) € C§_ ([%,RD, such that
f(0) = f(Rw) =0. We further assume

9 f () ‘ Ot (w) v .
ore Ll([o,g])’ ore L ([£.7]) = (2.47)
for every w € SN~ where M > 0.
Then
(i)
Mrn=z Ra+N 1
/B((),R) [ W)l dy < W (2.48)
1 N-1 )
{(O‘+N—1)F(a) T L_O k'F(omLN—k)]}
and
(ii)

1
Vol (B (0, R)) /B(O’R) If ()l dy < (2.49)
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MNR>? 1 - 1
20+N-1 {(a+N—1)F(a) - LZ_O k'rmN—k)H

Proof. In Remark 2.3, see (2.26), (2.27), (2.28), we proved that

R a+N-—1
[ lat)sas < (R) -
0 2

1269l o 21 =
{<a+N— )T (e I1PA-0ll, (3.0 (V1! LZ k'F(a+N—k)1 - (250)

In the above (2.50) we plug in g (-) = f (w), for w € SV~ fixed, and we derive

R (2.47) atN-1
/\f(SW)IsN”ds = (f) ~

0

1 N-1 1
{(04+N1)F(a)+<N_l)![kZ=0 W]}::AQ. (2.51)

Hence
R
/ |f(y)|dy=/ (/ If (sw)| s™ 1ds> dw <
B(0,R) SN-—-1 0
23

A / dw =\ , 2.52
Vo T 22
proving the claims. 0

We further have

Theorem 2.12. Let p,q > 1 : %—I—% =1, and% <a<?2 Let f e C(B(O,R))

that is not necessarily radial. Assume for any w € SN~ that f(-w) € o ([0, %])
and f (w) € C4_ ([&,R]), such that f(0) = f(Rw) = 0. When % < a <1 the last
boundary condition is void. We further assume

0. f () Ot () o o)
ot Moo 1 Neagm)
for every w € SN, where ® > 0.
Then
(i)

1
dr2 RO G

/B(O’F“ Flldy= T'(a)T (Y) (p(a—1)+ 1) 20N —5-1

{MANU’F <a+;> [J,jZ:k!F(w;N—’“)”’

(2.54)

and
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(ii)
L ONR* 4
TABTT S’ VY Ty TP ET

! +(N-1IT <a+;> Ni !

(a+N—§) kzok!F(a+%+N—k>

Proof. In Remark 2.5, see (2.33), (2.34), (2.35), (2.36), we proved that

R
/ j9()] N ds <
0

e g,
9 I'(a)(pla—1)+1) (O‘JrNié)

(2.55)

=

1\ [= 1
(N =D <a+>
p k;gk!F(O&‘l‘%‘l‘N*k’

In the above (2.56) we plug in g (-) = f (), for w € SV~ fixed, and we find

a+N7%
[ s e () ——
0 2 ') (pa—1)+1)>

! + (N =1)' (a+1) Nz_:l 11 =: Asz.

) 159l (12.7))

T

(a+N—a> p k:ok'F(a+5+N—k)
(2.57)

Thus
R
/ If(y)ldy:/ (/ |f(sw)|sN1ds> dw <
B(0,R) sn-1 \Jo
2%
A / dw =\ , 2.58
e T 2%
proving the claims. g
We make

Remark 2.13. Let the spherical shell A := B(0,R2) — B(0,R1), 0 < R; < Ry,
ACRN N >2 z € A Consider first that f : A — R is radial; that is, there exists ¢
such that f (z) = g (r), r = |z|, 7 € [R1, Ra], V x € A. Here z can be written uniquely
as x = rw, where 7 = |z| > 0 and w = £ € SV, |w| = 1, see ([14], p. 149-150 and
[1], p. 421), furthermore for general F': A — R Lebesgue integrable function we have

that N
/AF(x) da = /SM (/Rle(rw) erdr> do. (2.59)
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Let dw be the element of surface measure on SV~ then

o
WN = dw = . 2.60
v fo e 20
e wy (RY —RYN)  2r% (RY — RY)
Vol (A) = Z’N LA er(ﬁ) L2 (2.61)
2

We assume that g € C([R1,Rz]), and o« > 0, m = [a], such that g €
C% o ([Ry, Bf22]) and g € CF _ ([B352, Ry]), with g™ (Ry) = g™ (Ry) = 0,
k=0,1,...,m —1. When 0 < a < 1 the last boundary conditions are void.

By assumption here and Theorem 1.3 we have

g(s) = ﬁ /R (s — )"~ (D3 1 g) (1) dt, (2.62)

all s € [Ry, fitha]
also it holds, by assumption and Theorem 1.4, that

1 /R2 a—1
g(s) = —— t—s % _g) (t)dt, 2.63
( ) F(O[) i ( ) ( Ro> )( ) ( )
all s € [Brff2 Ryl
By (2.62) we get
1 /S a—1
) < —— s—t D% t)| dt 2.64
lg()l_r(a) Rl( )" [(DR,19) (1) (2.64)
< || D (s = )" 2.65
<| R1+9Hoo,[R1,R1;Rz] Tlatl)’ (2.65)
for any s € [Rl, @] .
Similarly we obtain by (2.63) that
1 fe a—1
96 < g [ (=9 (Dha o) )] (2:66)
« (R2 — S)a
< ||DR2—9||OO)[m7R2] Tlatl) (2.67)
for any s € [@,Rg] .
Next we observe that
2.59
[ rwa|< [ il (268)
A A
Rz R2 x
/ / g (s)] s¥1ds | dw = / g ()] Vs | 21— (2.69)
SN=1 \/ Ry Ry r (7)
Ri+Ro
27_‘_% e N1 R> N1 (by (2.65) and (2.67))
e {/R g st [ ()]s <
2
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Zikd e a N-1
W{”D S A
R>
+ D5yl s g /Wmmw_lds}: -

T3 (N =1)!
I (X)geN—t D719 (R, B1ER2]
2

N-1 k N—k+a
1 (R1+ R2)" (Ry — Ry)
(Z<_1)N+k k!r(zN—lj+a1+1) >+

k=0
N-1 a+N—k
R1+R2 (Ry — Ry)
1Df-0ll o fmizm2 gy [Z TP T ]} (2.71)
k=0
We have proved that
N
w2 (N —1)!
dy| < d _—
y) y’_ Alf( y)l y_F(%)Q(HN -

1%l pof i UESOMC TS S
Rit+9lloo, Ry, Fathz] — ET (N —k+a+1)

N-1 k _ a+N—k
1%, -9l (12 gy [Z (B £ Ro) (B — B) ]} (2.72)
k=0

KT (a+1+ N — k)
Consider now f, : A — R be radial such that f, (z) = g. (s), s = ||, s € [R1, Ra], ¥
x € A, where

_ (S—Rl)a, SE[RMW],
g (s) _{ (Ry—s)", se [ Ryl a>0.

We have, as in [4], that
103,49+, mumay =T (@4 1), and [ D, _gu|  prusm gy =T (a4 1).
(2.74)

(2.73)

Hence Y
F'a+1)7z (N —-1)!
CECE

3 1\ (Ry + Ro)* (Ry — RN F
{kz_% (1+(—1)N+k ) ( k!F(iJfleN_)k) } (2.75)

Furthermore we find

L.H.S. (2.72) (applied on f,) = / fe (y)dy =

fiz N-1 2rz
</Rl g« (8)s ds)I‘(];)_

R.H.S. (2.72) (applied on g.) =
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N R1+R2 R-
i N1 C (Ry-s) sV ldsh = (276
(%) (s—R1)"s s+ RﬁRz( 2 —98)"s sp = (2.76)

N o | N+k: 1 _ N+a—k
T2 (N 1 F Oé + 1 Z (R + RQ) (R2 Rl) n (277)
r (%) 2N+a 1 ET(N+a+1-—k)

Nzl (R1+R2 (Ro — R, )a-i-N—lc B
KT (o +1+N —k) B

=0

¥ (N - DI (ot 1) [N . (Ri + Rp)* (Ry — RV 7"
T () 2N+e-1 {Z ((_1)N+k 1“) k!F(2N+024+11—k) '

k=0
(2.78)
So that we find

R.H.S. (2.72) (applied on g.) = L.H.S. (2.72) (applied on f,), (2.79)
proving sharpness of (2.72).
We have proved the following

Theorem 2.14. Let f : A — R be radial; that is, there exists a function g such
that f(z) = g(s), s =lz|, s € [R1,R2], Vz € A, a > 0, m = [a]. We assume that
g € C([Ry, Ra]), such that g € Cg ([Rl, W}) and g € C, ([W,Rg]),with
g®) (Ry) = g™ (Ry) =0, k = 0,1,....,m — 1. When 0 < o < 1 the last boundary
conditions are void. Then

TF (N -1)!
dy’ /If Idy,r(%)Q(HN1

Do N1 (—1)N+k‘71 (R + Rz>k (Ry — Rl)NJHa 280
1D +9l ey 2y | D FO(N —k+a+1) r e
k=0

N-1 k atN—k
(R1 + Rz) (RQ — R1)
1P%.-9 o R”RZR]<Z ET (a+1+N —k) )}

k=0

Inequalities (2.80) are sharp, namely they are attained by the radial function f, : A—
R such that f. (x) = g« (s), s =|z|, s € [R1, Ra], V x € A, where

[ (s—R)*, s€ Ry, Btle]
g« (s) { (Ro— )%, s € [@72&]. (2.81)

We continue with
Remark 2.15. Here o > 1. By (2.64) we get

_ a—1
o)1 < CS— DR s9l i, 5 252

for any s € [Ry, fatf2] .
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And by (2.66) we derive

(Ry — )"~
lg (s)] < T T(a) HD122 QHL ([B22 R,)) > (2.83)
for any s € [@,Rg] .
Hence
(2.69)
15 @ldy 2
A

]; R1+R2 Rg
N-1 N_1
ds +
(1;]) { |g(8)|8 S Alng |g(s)|s S

(s — R)™! 3N1d3> +  (2.85)

(by (2.82) and (2.83))
< (2.84)

R1+Rgy

oy Qo
e {12l 2z

Ra
a a—1 N-1 _
HDszgHLl([R‘I;RaR?D (/R1+Rz (R = ) 5 ds) } o
2

73 (N —1)!
W{H R1+9HL1 Ry, 1tt2))

= k _ N4a—k—1
(,; (—1)NHhL (R1 + R]jl)l“ ((]ff{ir aRl)k) ) N 2.56)
Q - Ri+ R k Ro — R N+a—k—1
|DR279HL1([@7R2]) (I;J ( ]:')F ((N2+a_1)k) )}

We have proved that
Theorem 2.16. All terms and assumptions here as in Theorem 2.14, but with o > 1

Then
/ w% (N-1)!
]_" (%) 2a+N—-2

1/ (
N

N+a—k—1
)N HR-1 (Ri+ Ro)" (R — Ry)
{HD%HQHM([ ) (Z FD(N +a— k) "
k=0
N Nta—k—1
(R + R2 (Ry — Ry)
HDRQ QHL (21282 g, <Z FO(N + k) . (2.87)
We continue with

Remark 2.17. Let p,g > 1: % + % =1. Let a > 1. By (2.64) we get

5 — a71+%
( Rl) a q([Rhw]) , (288)

for any s € [Ry, fatf2] .
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Similarly by (2.66) we derive

a71+%
lg (s)| < (B2 —5) I

1 Ro—9 Ri+Ry ; (2.89)
D) (pla—1)+1)5 HLq([ 1152 Ryl)
for any s € [f1182 R,].
Hence
[1say =
A
Ry +Ro
orT /f Ry
g s [ g s s | <
F(%) { Ry Rif Ry
oy

I(A)T () (pla—1)+1)5

w
14l o
{”D%ﬁg”wm,wp </R S 1d5> N

1

Rs L
||D%2_g||Lq([w,R2]) </R1+R2 (R2 — 5) I+ 5N 1d5>} — (290)
2

I Ll CUrAY
)T ()( 1)+ 1)r Rt 9l (R, E02]) g

p(
NZ N+k ' (R1 + R2) (Ry — Rl)N7k+a7% N
par R (N+a+i-k)

(N-DIT'(a+ %
HD%2_QHL41([W,R2D ( ( )) .

I'(

vz

(2.91)

1
20+ N—3

= (R1+ RQ)k (Ry — )aJrN*k*% B
(kz;) k'F(a+ +N - k;) )}
(N —1)IT (a-i—;)

r (%) I'(a)(pla—1)+ 1)% 2a+N7§71.

o (—)NE Ry + Ro)® (Ry — Ry)NToFa
{HDRl-&-gHLq([RhIh;rRa]) +

=0 k!F(N+a+%—k)

-1 k N+a—k—1
a (R1+ R2)" (R — ) a
HDRZ—QHLQ([@732D (kz—() e <a+N+l—k) )} (2.92)

We have proved
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L—1,a> % All terms and assumptions as in

|

Theorem 2.18. Let p,qg > 1 : %
Theorem 2.14. Then

¥ (N - 1)IT (a+ L
/If(y)ldyg
A T

N-— 1 N+k71 (Rl +R2)k (R2 . RI)N+a7k7§ .

1)% 2a+N—%—1

—
v|2
S—

I'(a) (pla—1)+

) ,;J BT (N+a+i-k)
N—1 N+a—k—%
(B2 — Ry . (2.93)

R1+R2
D“2_g Ri+Ry
[Pl (2ym2 ) 2) k'F<a+N+*—k)

Combining Theorems 2.14, 2.16, 2.18 we derive
Theorem 2.19. Let any p,q > 1 : % + % = 1. And let f : A — R be radial; that is,
g(s),s=|z|,s€[R,Ra], Vo €A a>1,

there exists a function g such that f (z) =
m = [o]. We assume that g € C([Ry, Ra]), such that g € C% | ([Ri, Batla]) gnd

geCq _ ([BEE2, Ry]), with g™ (Ry) = g®) (Ry) =0, k=0,1,....m — 1. Then

‘/f dy’ /\f |dy<m1n{ ¥ (N - 1)

F()zT
N-1 _ N+k—1 k B Nekia
{HDR1+9|| . R1+R2] < ( 1) (Rl +R2) (RQ Rl) ) 4

kz:% KID(N —k+a+1)

1 (Rl +R2)k (R2 . Rl)a+N—k>}

D%
[P%.-91l- WH](Z% KT (a+1+N —k)

7% (N —1)!
T (%) 2a+N-2

<N1 Niko1 (R + Ro)* (Ry — Rl)NM_k_l) +

{1980l g, 252

> (=D ET (N +a — k)

k=0

Z ET' (N 4+ a—k)

k=0

@ N—-1 Rl +R2 R2 — R )N+a,k71
||-D}«‘1’,2—g||Ll([Rl;rR2 R2)) |
¥ (N -1 (o 1)
L(5)T () (pla—1)+ 1)% ga+N—1-1
NN (R4 Ro)E (Ry — Ry)N TR X
1
RO (N 4ot —k)

||D%1+9HL[,([R1,@]) (kO
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NZI Ry + Ro)* (Ry — RNt

— KD (a +N+1- k) (294

1% -9, (2es82 g

The corresponding estimate on the average follows

Corollary 2.20. Let all terms and assumptions as in Theorem 2.19. Then

1 1 NI
‘VOZ(A)/Af(y)dy‘ < VOZ(A)/AU(y)‘dyS <2a+N (Ré\/R{V)>

mln HDa H ]il )N#’k*l (R + RQ)k (R2 _ Rl)N*k‘+OL
Fatlloo (R, i l2] KT(N —k+a+1)

k=0

N-1 at+N—k
(R + Ro)* (Rs — Ry)
108l iz, (Z 1k.p2a+f+N1 B )}
k=0
N—-1 k N+a—k—1
. (R4 Ro) (Ro — R)
2{HDR1+9HL1([R1,RIQR2]) (Z (—)N+e-1 Uh ];F(N2+a_1k) )
k=0

sz (Ry +R2)k(R2 _R1>N+a7k71
KT (N +a—k) ’

1R ol st (
k=0

1"(044—%)2

(@) (pla—1)+1)7

N-1 N4k—1 k N4a—k-1
o (71) (R1 + RQ) (RQ — Rl) a
DR,+9 BBy +
{H R+ HLq([R17 J2r ]) (;) LT (N—FO(—F%—k‘) )

(R + Ro)" RQ—R yNHa—kog

= kT (a +N+1 k)

1D, -9, mgm2 ) (2.95)

We need
Definition 2.21. (see [1], p. 287) Let o > 0, m = [a], ﬁ =a—m, feCm™(A), and
A is a spherical shell. Assume that there exists R”f E C (A) given by

o f@ 1 o[ 5 O™ f (tw)
Rgra ._F(l_ﬁ)ar</&(r—t)ﬁarmdt), (2.96)

where x € A; that is, * = rw, r € [Ry, Ra], and w € SVN~1L.

We call };;Zf the left radial generalised fractional derivative of f of order c.

‘We also need to introduce
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Definition 2.22. Let « >0, m=[a], B:=a—m, f € C™ (Z), and A is a spherical

shell. Assume that there exists 6’%;5(%) eC (Z), given by

% x 1 Ry oM (e
Ood @) (_yyn- uf_ma‘i(/r (t_rwa;gpdt), .

where x € A; that is, T = rw, 7 € [R1, Ry], and w € SN~1.

of order a.

We present

Theorem 2.23. Let the sperical shells A := B(0,Rs) — B(0,R1), 0 < Ry < Ry, AC

RN, N >2; Ay :== B(0,£1£52) — B(0, Ry), Ay := B(0, Ry) — B (0, f1152) Let f €

C (Z) , not necessarily radial, @ > 0, m = [a]. Assume that % eC (A71), % €

C (/Tg) For each w € SN71, we assume further that f (w) € Cx ([Rl, W])
k k

and f (w) € OF _ ([Btl2 Ry)), with ZLUe) = 80H0) — g p = 0,1,..,m — 1.

When 0 < a < 1 the last boundary conditions are void. Then

(1)
i

(N —1)!
)k

a§1+fH <Nf (DN (Ry 4 Ro)* (Ro —RI)N+a_k> .
00, A1

are Z ET(N+a+1—k)
aa _ N+a—k
‘ Rz—fH Z (R1+R2) (R2 Rl) ’ (298)
o |om\&=  FT(Ntatl—k)

and

(ii)
1 1 N
‘mwﬁf<y>dy‘ < Vol(A)/Alf(y)dys (WN (RéV_Ry)). (2.99)

{‘ a%ﬁ_fH (Nl (_1)N+k71 (Rl + Rz)k (R2 . Rl)NJrak) .
00, A1

are KT(N+a+1—k)
Proof. By (2.69)-(2.71) we get

fiz g 7% (N —1)!
/Rl lg (s)| sV tds < (2;?) (F(g()]\;a“}’)'l> : (2.100)

N1 \Ntk-1 Ry + Ry k Ry — R, Nia—k
{HD%ﬁgILO{RhW] <Z( ) (Ri+ Ra)" ( ) >+

k=0

Op,f (Rl + Rz) (R2 — R1)N+a_k
or«e vl s k!F(N+a+l—k) '

P KT(N+a+1—k)
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N-1 k Nta—k
(R1 + R2)" (Re — Ry)
PR -0l g2 Lz% KID(N +a+1—k) H

For fixed w € S¥~1 f (.w) sets like a radial function on A. Thus plugging f (-w) into

(2.100), we get
810:,32 f Z (Ry + Rz)k (Ry — Rl)N+a_k .
ore || x KT(N+a+1-k) -

k=0

m Y\ (=¥ -1y
/Rl |f (sw)| sV tds < (2&%}) ( (1;,()]\2[(1“}[)_‘1) . (2.101)
i k
k=0

a%1+fH Nzl( DY (B 4 Ry)* (B — R)YTUTMY
00, Ay
Therefore by (2.59) and (2.101) we derive

Ore KT (N +a+1—k)
Jorwia= [ (/R2f<sw>|sN—1ds> do <
I Y
o /SN_1 dwi%l“(%) = (F(g)2a+N_l> (2.102)

O it H (Jvzl (—DN YRy + Ry)Y (Ro — Rl)“”) N
oS} A1

i

ore P ET(N+a+1-k)
‘ O, f Z_l (Ri+ Rp)" (Ry — Ry)™ 7"
o oo m; \ = ET(N+a+1-—k) ’
proving the claims of the theorem. O

We give also
Theorem 2.24. Let f € C’(Z), not necessarily radial, o > 1, m = [a]. For
each w € SN=1 we assume that f(w) € C§1+([R1,R1;R2]) and f(w) €

k k
Cx, ([W,Rz]), with 2 gﬁlw) =2 J;(ﬁ;W) =0,k=0,1,....,m— 1. We further
assume

R R o
" La([Re, 1572]) " La([*572 72
for every w € SN, where ¥y > 0.
Then
(i) o )
< .
/ If W)l dy < (2)2 = (2.104)

N—1 Nik—1 Nta—k—1
(1) (Ri + Ro)* (Ry — Ry)
{(Z KT (N + o — k) )*
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N-1 k N+a—k—1
(R1+ R2)" (Re — Ry)
(et}

k=0
and
(i)
v, N!
2.1
Vol / |/ (y)ldy < Qa+N-—1 (RN RN) (2.105)
3 TR Ry (R, RV
= ET(N +a—k)
(JVE:I (Rl + R2)k) (RQ _ Rl)N+OLk)1> }
poars ET (N 4+ a—k)
Proof. Similar to Theorem 2.23, using (2.84)-(2.86). O

We finish with

Theorem 2.25. Let f € C (Z) , not necessarily radial, o > %, where p,q > 1: %—F%

1, m = [a]. For each w € SN71, we assume that f (-w) € Cq, 4 ([RMWD and
k

f(w)eCg, ([@,RQD, with & f(le) g J;(ﬁ.w) =0,k=0,1,....,m—1. When

% < a <1 the last boundary condztzons is void. We further assume

’ O, f (w) ‘ O, f(w) <0, (2.106)
Ore ey ((ramagra)) N O (et gy ©
for every w € SN=L where Uy > 0.
Then
(i)
Uor¥ (N — )T (a n %)
[1rwlar s — e @07)
A F(;)F(a)(p(a—l)+1)?2 q
= k!F(N+a+I%—k;)
szl (Ri + Ro)" (Ry — RN ™43
—~ k'F(a—&-N—i—f—k) ’
and
(i)

NI (a+ 1) o
— dy <
Vol (A) /A|f(y)‘ = e (RY —RN)T (o) (p(a—1)+1)

(2.108)

=
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_ _ o—k—1
]Vzl (_1)N+k) 1 (Rl +R2)k (R2 _ Rl)N+ k i

+
P k!F(N—Fa—i—%—k)
k

Ni (Ry + Ro)* (Ry — RN 7F73

por k!I‘(a—&—N—i—%—k)

Proof. Similar to Theorem 2.23, using (2.90)-(2.92). O
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