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On some vertical cohomologies of complex
Finsler manifolds

Cristian Ida

Abstract. In this paper we study some vertical cohomologies of complex Finsler
manifolds as vertical cohomology attached to a function and vertical Lichnerowicz
cohomology. We also study a relative vertical cohomology attached to a function
associated to a holomorphic Finsler subspace.
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Introduction

The study of vertical cohomology of complex Finsler manifolds was initiated by
Pitis and Munteanu in [13]. The main goal of this paper is to study some other vertical
cohomologies for forms of type (p, ¢, 7, s) on complex Finsler manifolds as cohomology
attached to a function defined in [12] and Lichnerowicz cohomology studied by many
authors, e.g. [3, 8, 16]. In this sense, in the first section following [1, 2, 9] and [13],
we briefly recall some preliminaries notions about complex Finsler manifolds and v-
cohomology groups. In the second section, we define a vertical cohomology attached
to a function for forms of type (p,q,r,s) on a compex Finsler manifold (M, F') and
we explain how this cohomology depends on the function. In particular, we show
that if the function does not vanish, then our cohomology is isomorphic with the
vertical cohomology of (M, F)). In the third section we define and we study a vertical
Lichnerowicz cohomology for forms of type (p, g, r,s) on a complex Finsler manifold
(M, F) and in the last section, we construct a relative vertical cohomology attached
to a function associated to a holomorphic Finsler subspace. The methods used here
are closely related to those used by [4], [12] and [16].



252 Cristian Ida

1. Preliminaries

1.1. Complex Finsler manifolds

Let m : T"9M — M be the holomorphic tangent bundle of a n-dimensional
complex manifold M. Denote by (7= 1(U), (2*,1*)), k = 1,...,n the induced complex
coordinates on TH0 M, where (U, (z¥)) is a local chart domain of M. At local change
charts on T™9M, the transformation rules of these coordinates are given by

’ ’ / azlk
k_ 'k k_
2% =2z"(z), 57" 7, (1.1)
where z'* are holomorphic functions and det( %ZZ ) #0.
It is well known that T1°M has a natural structure of 2n-dimensional complex
manifold, because the transition functions %ZZ f are holomorphic.

Denote by M = TYOM — {0}, where o is the zero section of T1°M, and we
consider Tc M = THOM @ T M the complexified tangent bundle of the real tangent

bundle TRM, where T1OM and TO'M = T1OM are the holomorphic and antiholo-
morphic tangent bundles of M , respectively.

Let V1OM = kerm, be the holomorphic vertical bundle over M and V:0(M)
the module of its sections, called vector ﬁelds of v-type.

A given supplementary subbundle H' OM of VIOM in TV 0M ie.

TYOM = H'OM & V'OM (1.2)

defines a complex nonlinear connection on M, briefly c.n.c. and we denote by HLO(M)
the module of its sections, called wvector fields of h-type.
By conjugation over all, we get a decomposition of the complexified tangent
bundle, namely TcM = H OM S VIONM @ HOIM & VOLM.
The elements of the conjugates are called vector fields of h-type and T-type,
respectively.
If N,z (z,m) are the local coefficients of the c.n.c. then the following set of complex
vector fields
) 0 ;0 0 ) 0
{5zk_82k_N’“8ni}’{8n’€}’{*k_az kan} {ﬁk} (1'3)
are called the local adapted bases of HO(M), V1O(M), HOL(M) and VO (M), re-
spectively. The dual adapted bases are given by

(A}, {onF = doff + NFdT}, {d2¥), (o = di* + NEa). (L4)
Throughout this paper, we consider the abreviate notations Ok = 3% , OK= a%k , 0 =

o=
8nk )
Let us consider M be a strongly pseudoconvex complex Finsler manifold [1], i.e.
M is endowed with a complex Finsler metric F': THOM — R, U {0} satisfying:
(1) F2 is smooth on M;
(2) F(z,m) >0 for all (z,n7) € M and F(z,nm) = 0 if and only if = 0;

5% and its conjugates O = % , 0=
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(3) F(z,An) = |A|F(z,n) for all (z,1) € T*M and A € C* = C — {0};

(4) the complex hessian (G ;z) = (9,05 (F?)) is positive definite on M.

Let (G™) be the inverse of (Gjm). According to [1] and [9], a cn.c. on (M, F)
depending only on the complex Finsler metric F' is the Chern-Finsler c.n.c., locally
given by

CF o
Ni= G™ 0y, 0w (F?) (1.5)
and it has an important property, namely
CcF CF CF
Rj;=0r Nj —=d; Ny=0. (1.6)

In the sequel we will consider the adapted frames and coframes with respect to the
Chern-Finsler c.n.c. and the hermitian metric structure G on M given by the Sasaki
type lift of the fundamental tensor G i locally given by

G = Gd? @ dz" + G gon’ © 67", (1.7)

1.2. Vertical cohomology

According to [13], the set A(M) of complex valued differential forms on M is
given by the direct sum

AM)= @ Arem (M), (1.8)
p,q,7,s=0

where AP35 (M) or simply AP%™* is the set of all (p+ ¢+ r + s)-forms which can be
non zero only when these act on p vector fields of h-type, on ¢ vector fields of h-type,
on r vector fields of v-type, and on s vector fields of T-type. The elements of AP-?7"$
are called (p, g, r, s)-forms on M.

With respect to the adapted coframes {dz"*,dz", én*, 67"} of TC*M a form ¢ €
AP475 g Jocally given by

p= ﬁ‘%@mmdﬁ A dzTa A opEr A ortts (1.9)
where I, denotes the ordered p-tuple (i1 ...%,), J, the ordered g-tuple (j1...Jq), Kr
the ordered r-tuple (ki ...k,), H, the ordered s-tuple (hq...hs) and dz'r = dz* A
L AdZ L dETe = dEAL L ANdF ) o = SRt AL AOnFr and 67 = 0T AL AT,
respectively.

We notice that these forms are the (p + r,q + s) complez type and according to
[13] if (M, F) is a complex Finsler manifold endowed with the Chern-Finsler c.n.c.,
then by (1.6) the exterior differential d admits the decomposition

dAPTTS Ap-&-l,q,f’,s D Ap7q+1ms D _Ap,q,r+1,s D Ap7qms+1@

pArtLatlr—1s o Aptlar—1s+l o Ap+latlrs—1 o gApgt+lr+ls—1 (1.10)
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which allows us to define eight morphisms of complex vector spaces if we consider the
different components, namely

AP _, APtLarss . 8, 1 APDTS — APOTtLs
; :

o

O 1 APTTS — APatlirs : Oy 1 APDTS _y AP ST

) APOTS _, pptLatlr=ls. g . gp.ars _, gp+lar—ls+l
; :

Oy : APDTS — AptLatlrs—1. Oy 1 APTTS — APatLrtls—1
: ; :

We remark that these operators and the classical operators @ and 9 that appear
in the decomposition d = 9 + 0 of the differential on a complex manifold are related
by6:8h+8v+83+84 and5:6g+3§+31 + Os.

The conjugated vertical differential operator 0y is locally given by

Oop =Y O (o1, 77,7000 A dz"r ndz?n ™ n o', (1.11)
k

where the sum is after the indices iy < ... <y, 51 < ... < jg, ki < ... <k, and
hy < ... < hg, respectively. Also it satisfies

O(o A1) = Dsip A + (—1)1°8 P A Ot

for any ¢ € AP2™% and ¢ € AP s

This operator has the property 92 = 0 and in [13], a classical theory of de Rham
cohomology is developed for the conjugated vertical differential 95, see also [9] pag.
89. Namely, the sequence

0 — dPar L, Fpar0 9o, pparl % ppgr2 % O

is a fine resolution for the sheaf ®P'%" of germs of dz-closed (p, g, r,0)-forms on M,
where FP:¢™* are the sheaves of germs of (p, ¢, r, s)-forms. It is also given a de Rham
type theorem for the T-cohomology groups HP*¢"5(M) = ZP2"5(M)/BP @™ (M) of
the complex Finsler manifold:

HS(M, PP Hznq,r,S(M),

where ZP@"5(M) is the space of dz-closed (p,q,r,s)-forms and BP9™*(M) is the

space of dz-exact (p, q,r, s)-forms globally defined on M.

2. Vertical cohomology attached to a function

In this section, we consider a new v-cohomology attached to a function on the
complex Finsler manifold (M, F). This new cohomology is also defined in terms of
forms of type (p, g, r, s) on M. More precisely, if (M, F) is a complex Finsler manifold
and f is a function on M, we define the coboundary operator

B g o APETS — APOTSEL Gy 0 = O — (p+ g+ 1+ 8)Fsf Ao, (2.1)

It is easy to check that 8%,]0 = 0 and denote by H}'*"*(M) the cohomology groups of

the differential complex (.Ap*qm’(ﬂ),(%,f), called the vertical de Rham cohomology
groups attached to the function f of complex Finsler manifold (M, F).
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More generally, for any integer k, we define the coboundary operator
gt APDTS 5 APOTSTL g o= fOrp— (D q+T+s—K)Osf Ap. (2.2)
We still have 8%71% = 0 and we denote by H}’V’g’r’s(]\?) the C?Elomology of this complex.
We shall restrict our attention to the cohomology H{**"(M) but most results readily
generalize to the cohomology H?’E’T’S(M).
Using (2.1), by direct calculus we obtain

Proposition 2.1. If f,g € .7:(J\7) then
(i) O 19 =055+ 0oy, Ou0=0, 055 =—05y;
(ii) 95,59 = [O5,g + 9055 — f905, 51 = 05, Oy =

(iii) Fp.r(p AY) = Bppo A+ (—1)IBLp A Bg .

Dependence on the function

(fO5,1 + $055), and

N|—
\\»—‘
Ns\»—t

A natural question to ask about the cohomology H ?’q’T’S(JT/f ) is how it depends
on the function f. Similar with the Proposition 3.2. from [12], we explain this fact for
our vertical cohomology. We have

Proposition 2.2. If h € f(M) does not wvanish, then the cohomology groups
Hy " (M) and HE P (M) are isomorphic.

Proof. For each p,q,r,s € N, consider the linear isomorphism

e s A (3T) — APTS(W) o) = B (2)

Ifpe A’”q’r’s(ﬂ)7 one checks easily that
PO (D, np) = O (A7 (), (2.4)
so ¢P%¢"¢ induces an isomorphism between the cohomologies H ;"’q’r’s(]\A/f ) and
HP4 (). 0

Corollary 2.3. If the function f does not vanish, then H?’q’r’S(M) is isomorphic to
the vertical de Rham cohomology Hp’q’r*s(ﬁ),

Proof. We take h = % in the above proposition. (|

3. Vertical Lichnerowicz cohomology

In this section we define a vertical Lichnerowicz cohomology for (p, g, r, s)-forms
on a complex Finsler manifold (M, F') following the classical definition, e.g. [3, 8, 16].

Let w € A%00L(AT) be a dy-closed (0,0,0,1)-form on M and the map
%,w :AP,Q,T,S(M) — Ap,q,r,erl(M) , %M =0 —wA. (3'1)
Since Ozw = 0, we easily obtain that 83 = 0. The differential complex

0 — APSTO(N]) Z5 AL (B 2L S AP () — 0 (32)
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is called T-Lichnerowicz complex of complex Finsler manifold (M, F'); its cohomol-
ogy groups Hg’q”’*s(M ) are called v-Lichnerowicz cohomology groups of the complex
Finsler manifold (M, F).

This is a version adapted to our study of the classical Lichnerowicz cohomology,
motivated by Lichnerowicz’s work [8] or Lichnerowicz-Jacobi cohomology on Jacobi
and locally conformal symplectic geometry manifolds, see [3, 7]. We also notice that
Vaisman in [16] studied it under the name of ”adapted cohomology” on locally con-
formal Kéhler (LCK) manifolds.

We notice that, locally, the v-Lichnerowicz complex becames the v-complex after
a change ¢ — ef with f a function which satisfies 05 f = w, namely Jy , is the unique
differential in Ap’q”"vs(],\\f ) which makes the multiplication by the smooth function ef
an isomorphism of cochain T-complexes e/ : (Ap’q’r’°(l\7), Op.0) — (Apvq’r"(M), Op).

Proposition 3.1. The v-Lichnerowicz cohomology depends only on the v-class of w. In
fact, we have HY"3 % (M) ~ HE O™ (M).

Proof. Since 0y, (efp) = ef&w o, it results that the map [p] — [ef¢] is an
isomorphism between HJ5"% (M M) and HP9™s(M). O
Example 3.2. Let us consider w := 7 to be the conjugated vertical Liouville 1-form
(the dual of the conjugated vertical Liouville vector field T = 7* aak) Then, by the
homogeneity conditions of complex Finsler metric, it is locally given by

Gﬁﬁj . 1 OF?

22 7* ﬁa—af = Oy(log F?). (3.3)

7:

Then 7 is a dg-closed (0,0,0,1)-form on M and we can consider the associated o-
Lichnerowicz cohomology groups Hg’q’T’S(M ).

As in the classical case, using the definition of dy ., we easily obtain
O5w(p N ) = Bsp A+ (1) 2o A O 1.
Also, if wy and ws are two dz-closed (0,0, 0, 1)-forms on M then

&v,w1+w2 (90 A 1/}) = 6%#0190 A 1/} + (71)degtp¢ A 617,&121/}5
which says that the wedge product induces the map
A H£;IQ»7‘751(M) x Hg;qmsQ(M) _, fParssitse (M)

w1tw2
Corollary 3.3. The wedge product induces the following homomorphism
A s HPOTS (M) x HPED™S (M) — HP9™25 (M),

Now, using an argument inspired from [16], we prove that the T-Lichnerowicz
cohomology spaces Hg’q“(ﬁ ) can also be obtained as the T-cohomology spaces of
M with the coefficients in the sheaf oP:97 of germs of d5 o-closed (p, g, , 0)-forms.

Firstly, we notice that 05, satisfies a Dolbeault type Lemma for (p, ¢, r, s)-forms

on M. Indeed, let ¢ be a local (p,q,r,s)-form such that 95, = 0. Since dyw = 0
and the lemma has to be local, we may suppose w = —(95«)/«, where « is a nonzero
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smooth function on M. Then, 05, = 0 means Jy(ap) = 0, whence by Dolbeault
type lemma for the operator Oy, see [13], we have ¢ = 0y, (/) for some local
(p,q,r,s — 1)-form v. This is exactly the requested result.

Then, we see that

0 — @nor s AprrO(0T) 28 grara (A7) 2 (3.4)

is a fine resolution of ®»>¢" which leads to
Proposition 3.4. For every Oz-closed (0,0,0,1)-form w, one has the isomorphisms
H*(M,®7%7) ~ HPO™(M).

For every w as above, let us consider now the auxiliary vertical operator

5 _ptgtr+s

where (p, g, , s) is the type of the form acted on. We notice that 5L is an antiderivation
of differential forms and it is easy to see that 8% = —§w/\85. Then 85 defines a twisted

v-cohomology, [17], of (p, q,r, s)-forms on ]T/f, which is given by

Hrare (i) = — Jerdn (3.6)
O Im 05 N Ker 05

and is isomorphic to the cohomology of the v-complex (AP '(M ), 8) consisting of
the (p, g, r, s)-forms p € AP-TT g(M) satisfying 82@ = —wAdp =0.

The B-complex AP-%* (M ) admits a T-subcomplex AP%" '(M ), namely, the ideal
generated by w. On this subcomplex, Oy = Oz, which means that it is a v-subcomplex
of the usual v-de Rham complex of M. Hence, one has the homomorphisms

a: HY (AP (M)) — HES™S (M), b: H (A% (M) — HP*™*(M,C).  (3.7)
Now, we can easily construct a homomorphism

- ngmS(M) - Hp,qms+1<M’(C)_ (3.8)

Indeed, if [¢] € Hp’q’r $(M), where ¢ is dy-closed (p, g, 7, s)-form, then we put ¢([¢]) =

[wA ], and this produces the homomorphism from (3.8). We notice that the existence
of ¢ gives some relation between dy and the v- -cohomology of M with values in C.

Remark 3.5. From (2.1) and (3.5) one gets

1 +q+r+s =
?%J:%_EJL——f( g A = 9y, with w = d5(log f2). (3.9)
Then, if f does not vanish, we have the homomorphisms
a: H?’Q’T’S(M) — Hg;q’r’s(M). (3.10)

In particular, we can choose f = F to be the complex Finsler function, and so %65 F=
Oy with w =%
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4. A relative vertical cohomology attached to a function

The relative de Rham cohomology was first defined in [4] p. 78. In this subsec-
tion we construct a similar version for our vertical cohomology of complex Finsler
manifolds.

For the begining we need some basic notions about holomorphic Finsler sub-
spaces. For more details see [9, 10, 11].

4.1. Holomorphic Finsler subspaces

Let (M, F) be a complex Finsler space, (z*,7%), k = 1,...,n complex coordi-
nates in a local chart, and i : M — M a holomorphic immersion of an m-dimensional
complex manifold M into M, locally given by zF = 2*(¢!,... £™). Everywhere the
indices 4, §, k, ... run from 1 to n and «, 3,7, ... run from 1 to m < n. Let T"°M and
TH9M be the corresponding holomorphic tangent bundles. By i, ¢ : T2°M — THOM
we denote the inclusion map between the manifolds T°M and T%°M (the com-
plexiﬁed tangent inclusion map), that is i.c(€,0) = (2(€),n(£,0)), where £ = (£2),
0 =02 5ear = nk 82 . Then 4, ¢ has the following local representation [9]:

m o 02k
=R €™, " = 0°BY(€) where B} (€) = e (4.1)
The holomorphic immersion assumption implies that BE = 5 ga =0 and B} k 8?: =

0. In a point of the complexified tangent space Tc(T1° M), the local frame {85& , aeu }

is coupled to {8%, %} as follows:

) Y T T L0
- 4+ B~ =DRBF 4.2
aga @9y k;+ Ooca Kk BIE aank7 ( )

where BE = %?g 8. Tts dual basis satisfies the conditions

dz* = B¥de®, dn* = BE de™ + B ap> (4.3)
and their conjugates.

In view of (4.1) the complex Finsler function F, with the metric tensor
G =905 (F?), induces a complex Finsler function F : T'OM — Ry U {0}
given by F(£,0) = F(2(¢),n(&,0)) = F(25(£),0°B%(¢)) with the metric tensor
G.5 = BaBngk Here G5 =0a03 (F2) and o= %, 5= %. By these con-
51derat10ns the pair (M, F) is said to be a holomorphic subspace of the complex
Finsler space (M, F).

From (4.2) it is deduced that the distribution V1M, spanned locally by
{a%}, a=1,...,m, is a subdistribution of the vertical distribution V1'°M spanned
in any point (2(£),n(&,0)) by {%}, k=1,...,n. We consider V10t M an orthogonal
complement, namely VIOM = VIO M e V1.0 M, spanned in any point by the set of
normal vectors {N, = Bg%}, a=1,...,n—m, which we may assume orthonormal.
Therefore, the functions Bk(¢,0) (and their conjugates) will satisfy the conditions
G]E(Z(g)vn(gae))BéBg =0 and GJE(Z(§)777(§79))BéBg = 5&5'
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Let us now consider the moving frame R = {B%(£)B%(¢,0)} along the complex
Finsler subspace (M, F) and let R™! = (B{B{)" be the inverse matrix associated to
the moving frame R. Evidently, B}’ and B} are functions of £, and

BBl =63, ByBY =0, B{By =6, BB} + ByB} = 6). (4.4)
Let N = (Nﬁ (€,0)) be a c.n.c. on TH9M and consider its adapted basis {d, : 56” =
3? — NP 55, 8ai= 59= } and {65, 9z} as well as its dual {d€*,50° = d§~ — N§d¢P}
and {d€”, 60" = d§” —./\/%dﬁ }.

The cn.c. N on TH°M is said to be induced by the cn.c. N on THOM if
60> = Bgén®. This condition implies [9], N§ = By (Bgz + N’“BJ)

Proposition 4.1. (]9, 10]). The adapted bases are tied by
b0 = BEok + BYHS i, da= B O,
dzF = BFde~, onk = B*50~ + B¥Hde>
with H2 = B%(Bj,, + N{B).

By above proposition we easily deduce that d, = BX6; + HEN, and = By N
+BJ!N,. A notable result in [9] asserts that the induced c.n.c. by the Chern-Finsler
c.n.c. coincides with the intrinsic Chern-Finsler c.n.c. of the holomorphic subspace
(M, F).

4.2. Relative vertical cohomology

Now we return to the construction of a relative vertical cohomology attached to

a function of complex Finsler manifolds. Let us denote by
JCi =i ,C-

By Proposition 4.1. we easily deduce that if ¢ € AP9™*(M ) is locally given by (1.9)
then

(Joi)'p e APOT*(Mye P ApHhathrhakpg), (4.5)

h=1,r;k=1,s

Thus, (Joi)* does not preserves the (p,q,r,s) type components of a form ¢ €
AP35 (M), but we can eliminate this inconvenient if we take p = ¢ = m = dim¢ M.
Then, we easily obtain

Proposition 4.2. If p € Am’m’T’S(JT/f) then (Joi)*@ € Am’m’7"s(ﬂ).
Proposition 4.3. If ¢ € A™"™ "5 (M M) then
O5(Jci) o = (Joi)* Oze. (4.6)

Proof. Let o = ¢; 51 7 dzTm AdzTm N onEr Asptts € Amemis (M ) By Proposition
4.1. we have

N —Bm —D;
(Joi)'e = v, 5o 0)deA™ NdET™ NSO A 6O

where

P, Bro, 0o (6 0) = Bt BIBE Bleg, oo 5-(2(8), m(6, 0)) (4.7)
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and B = Bl (2(€))-...- Bim (2(€)) ete. Applying 95 from (1.11) it results
O(Joi) o= O (¢ a. 5o, 5 )00 AdEM AdET™ NGOC AGE". (48)

(e

Similarly, we have
(Jei) Orp =
05 (1, 71, 77) BEOO" A Bl de n BLedg”™ £ B 66 A BE=5p "
and by (4.2) and (4.7) one gets
(Joi) Orp = B (pa, 5, p)00" AdEM NdE"™ NSOC ASE T (4.9)

which completes the proof. O
Now, if f € F(M) then by (4.6) one gets
05, (Jei)-f(Jci) o = (Joi) O s, for any ¢ € Am’m’r’s(ﬂ). (4.10)

Indeed, for ¢ € Am’m’r’s(l\? ) by direct calculus we have
(Joi) )

,(Jcl) (

= (Jci)" fO5((Jci) ) — (2m + 1+ 5)05((Joi)" f) A (Jei) o
= (Jei)" f(Jci) (Ozp) — 2m + 1+ 5)(Jci)" (05f) A (Jei) ¢
= (Jei)" (fO5p) — (Joi)" ((2m + 1 + )05 f A p)

= (Joi) (95.5)-
We define the differential complex
é%

i% &f

fAmmrs(Jcl) fAmmrs+1(J ’L)v—>

where A™™ 5 (Joi) = AT (M ) @ AmHTTS 1(J\/l) and

.1 (0. 0) = (.50, (Joi)" @ — D5 ey 1) (4.11)
Taking into account 92 = =02 (eiys =0 and (4.10) we easily verify that 5%f = 0.
Denote the cohomology groups of this complex by H"""*(Jci).

Now, if we regraduate the complex A™™" 5(/\/1) as
Avm,m,r,s(ﬂ) _ Am,m,r,s—l(ﬂ),

then we obtain an exact sequence of differential complexes
0 — AT (M) <2 AT (i) s AT (M) —— 0 (4.12)

with the obvious mappings o and ( given by a(¢)) = (0,%) and (¢, %) = ¢, respec-
tively. From (4.12) we have an exact sequence in cohomologies

r,s—1 o ,m,r,s Nk BT m,rs—1 77 0
e T ) e (Jeiy) L e (0T

5" m,m,r,s g\ @
— H3o (M) —
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It is easily seen that 6* = (Jgi)*. Here p* denotes the corresponding map be-
tween cohomology groups. Let ¢ € Am’m”"’s(]/\\j) be a 05 s-closed form, and (yp,1)) €
A3 (Jog). Then 5%7f(<p, Y) = (0, (Jei)* — O5,(s0i)- f¥) and by the definition of
the operator * we have

5[] = [(Jci)" ¢ — Op (sciy- s ¥] = [(Jci) 9] = (Joi)"[¢].
Hence we finally get a long exact sequence

m,m,r,s— a” m,m,r,s Nxy BT m,m,r,s—1 /73 1 (Joi)*
s HS T (M) 5 H ((Joi)*) == Hj L) s
(Jci) m,m,r,s o
— H00 (M) 25 ..

Finally, similar to [14], we have

Corollary 4.4. If (M, F) is an m-dimensional holomorphic Finsler subspace of an
n-dimensional complex Finsler space (M, F), then

(i) B*: H;vn’m’r’mH(JCi) — Hm’m’r’mﬂ(ﬂ) is an epimorphism;

(i) o« H0 "(./\/l) — H{™ " (Jod) is an epimorphism;
(i) g*: Hy""™"*(Joi) — }” TSN s an isomorphism for s > m + 1;
(iv) a*: Z'}CT)T;(M) — H{™ TSt (Jad) ds an isomorphism for s > n;
(v) H™"(Jei) =0 for s > max{m + 1,n}.
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