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1. Introduction

In [2] Kirov and Popova associated to each positive linear operator L : Cla,b] —
Cla,b] a new operator L,(f,z) = L(Ty.(x),z),r € N (a generalization of r-th
order), where T, ¢, (z) is the Taylor polynomial of degree r for the function f at
y. This operator is linear but not necessarily positive. In [7], using same ideea as
in [1] we gave a quantitative estimate for the remainder in Taylor’s formula us-
ing K-functional K7° and weighted K-functional K77, and we obtained estimates
for the operator of r-th order. In this paper we extend the results for the general-
ization of r-th order of a positive linear operator L : C(S) — C(S) defined by

r1 . .
Li(f,x) = L(Ty.(x),x), 7 € N, with T, s y(x) = > ﬁd(])f(Y)(X —y)?, where
j=0J!
S = {x: (21, -+ ,2q) ERYwy, - ,2g >0, 21+ + 124 < 1} is the simplex in R?,
deN.

Starting from the weight function used in [5], we consider the function
p(x) =[(w1+- - +aa) (I —a1) - (1 —za)]”, @ €(0,1).
We denote by

Cots) = {1 € €5\ {vir i =0.01) G Jim )0 € i = 0o

X—Vi
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and

of
8(Ei

ch¢(5)={fGC(S) ec¢<S>,z‘=1,d}

where vy, i = 0, d are simplex vertices. We consider the K-functional
K75, (f,8) = K (£,1:C(8), WE,(9)) , > 0,

defined for the Banach space (C(5),]|-||) and the semi-Banach subspace

of
(W, ()., )+ g, = 191 = mas |27 | oy

gGEWL _(S)

We use the notation eg for the function eg : S € R4 — R, eo(x) =1 and e for
the function e; : § C R? — RY, q(x) = x.

2. Estimates with weighted A" - functionals K7,

Lemma 2.1. If f € C*(S),re N, x€ S\ {Vl', i :W} andy € S then (V)t > 0 for
the remainder in Taylor’s formula of order r we have the following estimate

e @1
_ r _ r+1 I
B N M max K55 (oLt
7! Tﬁl(kﬁ — a)tp(x) ritetrg=r 0¥\ Jayt - Oz’
k=1

Proof. Let f € C*(S) and x € S\ {VZ', i= W} , Yy €85, x#y. We consider (u) =
(1 —wx+uy, uel0,1] and h(u) = f (¥(u)).
Step 1. We prove that

1

2
Regy ()] = [Rena (O] < | 5+ 5
L (k= a)te(x)

Koy (B51) . (22)

Let g € Wg;tw [0, 1]. Let us now make use of the fact that the function

1—
w —— % we (0,1)

@ ((u))=
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is decreasing [5]. Using the integral form of the remainder we have

0
RegaO)] = | [ D@0 - 0y du
1 / (r u”
F/ ‘ +1)(u)’ (gpow)(u)du
0
[(eo)g™ ™| | 1
= [)”<¢owxm<1—ufd”

_ |\(¢°¢)9(T+1>|\/1 Y g
B rlo(x) (1—u)”

(r+1) (r-+1)
_ H(soilzi(g) I 5 Blrill—a)= L«powg |
(k—a) - p(x)
k=1
where B is Euler beta function.
We have
" (h—g)P)
[Brpngr (O] = |(h=9)(0) = ) ———— (1)
k=0 ’
h—g)"(1

= |Rr-1,h-g1(0) — (ii),() (-1)"

(h —g) (T) h() — g(™)
¢ rsas+ L0000 =)
Then
[Rrn,1(0)] < [Rrn—g,1(0)] + [Rrg,1(0)]
(r+1)
0 _ o] o M2 ov)g" V]
<o oo+ L
g( 0) - 9(x)
2 1
<|a+m mas { A0 — g}
r!
T (k= o) - o)

Since g is arbitrary this implies (2.2).



246 Maria Talpau Dimitriu

Step 2. From (2.2) it results

2 ||y_XH1 [e'e) r t
|Rr,f,y(x)| S ﬁ + r+1 Kl,gpolj) h’( )7 ||y _ X||1 . (23)
k—a)- tp(x
T1(k - ) to(x

Let € > 0. We choose gy, ... », € C1(S), 7, e NU{0},i=1,d: r1++--+74=r, such

that
o f
K* | ——————,t
1,0 (8%? "'(91'20“ > + e

> 77” —
max S
= ax?lﬁ - ax:ld Gri,eera

We consider the function

,t|¢v9mwwmnm}.

d

7! m

how) = 30 g (W) [T w0
ritetra=r i=1

We have

t
K h(r),> SmaX{Hh(”—h
1@¢( Iy —xI, °

t
,— o hlo .
T w>|}

Since

[ ) = ho(w)| = 1" () (v = %)" = ho(w)]

7l o f .
Z rileery (ax’l”l .. ade —Gry,-- J’d) (w(u)) H (yi - 1'1) ‘

Titedra=r i=1
d
< j: T! a"‘f —g H|y—l‘|7l
- lo..op,l T, L. Td T1,75Td % i
ritetrg=r e Td: 81'1 awd i1

hold for u arbitrary this implies

Z 7l

Hh(r) B hOH =

- rile-rg!
ritetrg=r

a"f

—YGry,e
ozt - - Ozl Lt

Ti

d
i=1
Also since

o (o)) i ()]
d
2 1wizm¢WW”@nwmAww»W—xHI@ﬁ—%YW

ri4-Frg=r 1 i=1

d
7l
Z gl 16V Gry o rall oo - Iy =y - 11;[1 yi —

ritetra=r

T4

IA
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hold for u arbitrary this implies
r! d
L D oA T S WY M M | (7R
rit-trg=r =1

Then

t t
Ko (n, 1) < Hh(” —h H _ B
1,01 ( ly X”l) = max{ ol Iy — I, [(¢ 0 ) hs||

rl d
< Z 7H|yi_5€i|”'
rileorgl -
=1

riderg=r

o f
- max 8:5’"1 . &r” —Gri, g 7t ||50v9r17“‘ 7Td||oo
1 d

< ¥ Ti’ﬁw._x,p e (9 ) 4.
o Tl!n.rd!i:l t ‘ Ly 8‘rq1...ax2d’ .

ritetrg=r

Since ¢ is arbitrary this implies

t
K*® pr)
ey ( ly - X||1>

< Z Tilﬁkg _x,|’“i K> arif t
- 7”1!"'7%1!1,:1 g g Ly &TT---&T;M

r1+-+rg=r
orf
< — x| max K& |——""——,t].
< fly =l ribeetra=r P (8337{1 e 0xyt

Finally, with (2.3) result (2.1). O

Theorem 2.2. Letr € N, L : C(S) — C(S) a positive linear operator and f € C*(S).
Then (V)x € S\ {v;, i =0,d}, (V)t > 0 we have

|Lr(f,%) = f(X)| < [f(x)] - |L (€0, x) — 1] (2.4)

L (Jlex = xeol T %)
r+1

[1 (k- a)te(x)

k=1

of
. max KOO _—t
r1+--trg=r L <5)qu s a.’IJZd ’

2
| S ler = xeoll], %) +
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Conversely, if (3)A, B, C > 0 such that
1L (f,%) = F()| < A= [f(X)] - L (€0, %) — 1 (2.5)

<||61 — xeoHr'|r1 ,x)

+ | B-L(|le1 —xeo|},x)+C -
(H Hl t(p(X)

o"
-7'1"1‘1','1‘1'%?5(1:7' Kfip (M7 t)
holds for all positive linear operator L : C(S) — C(S), any f € C*(5), any x € S
andanyt>0thenA21,B2% andC’z%.
i

Proof. From Lemma 2.1 we have

1Lr(f;x) = fO)] = |[L(Tr 5, (x),%) = f(x)]
IL(f(x)e0 = Br.,.(x),%) = f(x)]

< [fx)-[L(eosx) — 1|+ |L (Ryz,.(x),%)|
< [f&x)|-[L(eo,x) —1f
L (|le; —xe H;H ,X
+ =L (|ler — xeo|l] ,x) + (r+1 0 )
I

a"f
. K | =—————.,t ).
T1+¥-1jar§d:7“ Ly (6%?1 s 8:1?2’1 ’ )
which is (2.4).
We prove now the converse part. If we choose L(h,x) = 0 and f = ey and replace
n (2.5) we obtain A > 1.

To show that B > 3 we choose L(h,x) = h(0) and f(x) = 2(z1 + -+ zq)" T

with a > 0. Forg—(r—|—a) (r+a—1)---(a+1)eg we have
o or
5, (gapmamp ) = oo -

_ ‘ o
oz - Oz
From (2.5) we obtain

2(«771 ot xd)r-&-a

g ’ ,t IIsngll}

o =40 0ramy e,

(x1+._.+xd)T+1
te(x)

2
Passing to the limit ¢t — oo, a — 0 we obtain B > _
r!

S(B(xl—k---—i—xd)r—&—C )(r+a)-(r+a—1)-~-(a—|—1).
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1
To show that C' > P choose

L(h,x) = h(0) and f(x) = (1 + -+ x4)" *TL.

- 8Tf ar-‘,—lf
w2 (e t) < e

From (2.5) we obtain

We have
r+1

—tH (k — a).

r+1
(1 4 Fxg) M < By + - Fxg)"t H(k —a)
k=1
r+1
(14 -+ xq)" ! +
+C . k—a
o) Ltk=a)
Passing to the limit ¢ — 0 we obtain
o 1
C>[A=mz) A=)
[[(k—a)
k=1
. o . 1
and passing to the limit x — 0 we obtain C' > —_— O

T
II(k=a)
k=1
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