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Compact composition operators on spaces
of Laguerre polynomials kernels

Yusuf Abu Muhanna and El-Bachir Yallaoui

Abstract. We study the action of the composition operator on the analytic func-
tion spaces whose kernels are special cases of Laguerre polynomials. These func-
tion spaces become Banach spaces when the kernels are integrated with respect to
the complex Borel measures of the unit circle. Necessary and sufficient conditions
for the composition operator to be compact are found.
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1. Introduction

Let D ={z € C: |z| < 1} be the open unit disc in the complex plane C. For z € D,
t € R and a > —1 the generating function of the associated Laguerre polynomials [7,
Formula 5.1.9] is given by

Gl(a,t,z)=(1—2)""texp (1—_2522) = ZL%Q) (t)z" (1.1)

n=0
where L") (t) is the generalized Laguerre polynomial of degree n given by

n k
LW () =) (Z - Z) (_kt!) . (1.2)

k=0

Formula (1.2) can extended for a < —1 by using the identity in [7, p. 102 , eq. 5.2.1],
F'n—a+1)

' Lff)a (t) for a > 1.
n!

L () = (-1)"
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The first few terms of L (t) (see [3, p. 114]) are given by,

L) =1

L) =—t+a+1 (13)
L(t) =162 — (a + 2t 4 (et2et]) '
Léa)(t) 7%253 + (aJ2r3) t2 B (a+2)2(a+3)t + (a+1)(ag2)(a+3)

and the recurrence relation for the coefficients L{" (z) in [3, p. 114, Eq. 4.5.5] is given
by
(n+ 1)L (t)=@n+a+1—t) L) — (n+a) L, (1). (1.4)
The Laguerre generating function in (1.1) can be written in terms of the classical
Cauchy kernel K (z) = (1 — 2z)~! as follows
Glat,z) = [K (2)]" exp[t — tK (2)] (1.5)
and special cases of the generating function G (a,t, z) give interesting kernels of ana-
lytic functions spaces. For instance we have:
G(0,0,2) =K (2)=(1-2)"1
Gla—1,0,z) =K*(z)=(1-2)"*%a>0 (1.6)
eG(—1,-1,2) =K. (z) =exp[(1—2)7"]
where it is known in the litirature that

K(z)=(1-2)""! is the classical Cauchy kernel,
K*(2)=(1—2)"%a>0 is the fractional Cauchy kernel and (1.7)
K.(z)=exp[(1—2)""] is the exponential Cauchy kernel.

Using (1.1) the corresponding Taylor series of these kernels are:

K (z) = iL%O)(O)Z" = f:z"
n=0
ZL(O‘ Yo ZA (1.8)
n=0 n=0

(o) (o)
z) = eZL%‘l)(—l)z" = eZAnz".
n=0 n=0

The coefficients above have the following properties:

1. A, (@) = (=1)" (;“) _ (”*S - 1)

_ LU | -1
2. A, =L} 1)(— 1)=> Z'(z z) where A9 = A; = 1.
i=0 —

3. (n+1) A1 = (2n+1)Ap — (n—1) Ap_y.

1 1
4. 22 S 1 and 22 51 as n — oo
n n

oo
5. The sequence {Ai} is convex.
" Jn=0

Results (1) is from [3] while (2)-(5) are in [8].
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2. Cauchy type analytic function spaces

Let T = OD be the boundary of D and let H (D) denotes the class of holomor-
phic functions on D. H (D) is a locally convex linear topological space with respect
to the topology given by uniform convergence on compact subsets of D. We denote
by M the set of all complex—valued Borel measures on T and M* the subset of M
consisting of probability measures. An analytic function f is subordinate to g in D,
written f (z) < g(2) , if there exists an analytic self-map ¢ in D with ¢ (0) = 0 and
lo (2)] < 1, satisfying f (z) = g [ (2)]. If in particular g is also univalent in D, then
f (%) < g () is equivalent to f (0) = g (0) and f (D) C g(D).

Let z € D and let k € H (D) be one of the kernels in (1.6). We define X to be
the subspace of H (D) consisting of functions for which there exists a measure y € M
such that

ule) = [ Koz)duta). (2.1)

where x = e € T. The norm on X defined by

Il =t {lell: £ ) = [ (o) duto) | (22)

makes X into a Banach space. If the series expansion of the kernel function & is given

by,
k(z) = Z anz"
n=0

then the series of the function is given by

1) = [ kaydu(o) = 3 auiune" (2.3)
n=0

where
+7
ey, = / z"du (z) = / edp (™).

T -
According to the Lebesgue decomposition theorem M = M, & M,, where M, :=
{tta € M : g < m} where m is the normalized Lebesgue measure on the unit circle,
and M := {us € M : s L m}. Thus any p € M can be written as u = pq + s
where p, € M, , pts € My and ||p|| = ||pall + ||ps]|. Consequently the Banach space
X may be written as X = (X), @ (X),, where (X), is isomorphic to L'/H} the
closed subspace of M of absolutely continuous measures, and (X), is isomorphic to
M, the subspace of M of singular measures. If f € X, then the singular part is null
and the measure u for which the integral in (2.1) holds reduces to du(e') = g(e')dt
where g(e'*) € L' and dt is the Lebesgue measure on T. In this case the functions in
(X), may be then written as,

fulz) = /Tr k (eitz) g(e“)dt

—T

where if g(e'") is nonnegative then || f||x = [|g(e™)]| . -
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If the kernel function in (2.1) is replaced by K(2) = (1—2)71, K%(2) = (1—2)~@
or K.(z) = exp[K(z)] respectively then the corresponding analytic function spaces are
the classical Cauchy transform space K [5], the fractional Cauchy transform spaces
F, [6] and the exponential Cauchy transform space K, introduced in [8], thus using
(2.1) and replacing a,, by the appropriate coefficients from (1.8) in (2.3) we get the
following:

K{quH /szdp Zun }
K, :{f“GH /K“ (z2)dp(z ZA } (2.4)
= {fu ceHD): fu(z) = / Ke(zz)du(z) = ZeAnunz"}
T n=0

where

i—0

<

Clearly K is a special case of K, when a = 1. It is also known that K, C Kz for
0 < a < B. It was also shown in [8] that K C (K¢), and if f € K then | f[[g <
Al 1 || fll where h € L.

The next result gives us examples of elements of K.

a

Lemma 2.1. Suppose that |w| < 1 and let f, (z) = K. (wz) = exp [(1 - wz)fl} for
|z| < 1. Then fy,, (2) € K. and there exists a probability measure p € M* such that

fu(2) = /T K, (e2)dp(e) and | full = lul = 1.

Proof. For |w| <1 and |z| < 1 we have Re {K (wz)} = Re{(l —wz)_l} > 1. The
Riesz-Herglotz formula implies that there exists a probability measure p = p,, € M*
such that

K (wz) = (1 —wz) / K(xz)du(z / (1—x2)"  du(z). (2.6)

The left hand side of the above equation is (1 — wz) ™" = > yw"z" and right hand
is > pnz". Equating coefficients of the power series of both sides of (2.6) we get that
n=0
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w" = p = [pa"dp(x) for n=0,1,2,... and thus

fw (Z) =K, (wz) = GZAn’LU"Z”

n=0

- 5_0;4 ([arauta)

= / eZAn;U"z" du(z)
T n=0
~ [ Koo duto)
T
Hence f,, € K and since p € M*, we have || fullg, = [lull = 1. O
Corollary 2.2. A special case of the previous result is
K. (vz) € K for allz € T and || K, (z2)[lk, = 1.

Lemma 2.3. Suppose {f,,},—, is a sequence of functions in K. such that there is
a constant A for which which || fu, [l < A forn=1,2,.... If fu(2) = lim f, (2)

exists for [2| <1, then f € K¢ and ||f|lg, < A.
Proof. Let z € D suppose f,, € K. for n =1,2, ... then by definition we have,

fun (2) = /T Ko (22) djtn (2) and tn € M, [[fun (). = llinl] < A

The Banach-Alaoglu theorem yields a subsequence {fi,, } for k =1,2,...,||un, ]| < A
and pu € M, ||p]| < A such that u,, — pu € M as k — oo in the weak* topology.
Hence we get,

/ K, (z2) dpin,, () — / K, (zz)dp(z) as k — oo.
T T

Since we also have that f, (z) = klim fiin, (2) then

ful(z) = /TKe (zz)dp (z) € K¢ and || f,.]] < A. O

3. The composition operator on K,

If ¢ is an analytic self map of the unit disc D, we say that ¢ induces a bounded
composition operator C, on X if there exists a positive constant A such that for
all fe X, Co(f)llx = I(fop)llx < Allfllx - A bounded operator C, will be a
compact operator if the image of every bounded set of X is relatively compact (i.e.
has compact closure) in X. Equivalently C,, is a compact operator on X if and only if
for every bounded sequence {f,} of X, {C,,(f»)} has a convergent subsequence in X.

The composition operator C, has been thoroughly studied on the Cauchy space
K such as in [4, 5] and on the fractional Cauchy spaces K, such as in [2, 6]. In
particular it is known that;
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1. If & > 0 and ¢ is conformal automorphism of D, then Cy, (f) = f o ¢ € K, for
every f € K.

2. If @« > 1 and ¢ is an analytic self map of the unit disc D,
then C,, (f) = foy € K, for every f € K,.

3. Let G,, denote the set of functions that are subordinate to K< (2) = (1 —2)™“
in D. If & > 1 then a function f belongs to the closed convex hull of G, if and
only if there is a probability measure y € M* such that f (z) = [ K*(zz)du(z).

4. C, is compact on K if and only if Cy, (K) C (K),, .

5. If @ > 1 then C,, is compact on K, if and only if C,, [K* (zz)] € (K,), for all
|z| = 1.

Results (1)-(3) are in [6], result (4) it is known from [4] and was extended to
result (5) in [2]. The operator C,, is also bounded and Mébius invariant on K. There
is no loss of generality in assuming that ¢ (0) = 0, and we will assume so throughout
the article. Our focus then is only on when the composition operator is compact
on K..

We need the following interesting two results due to Y. Abu Muhanna and D.
Hallenbeck in [1] .

Theorem 3.1. Let A be a bounded convex body, with 0 € A and let H be a covering
function mapping the unit disk onto the exterior of the bounded convex body €2 = cA.

Suppose that log H is univalent and also maps the unit disk onto the compliment of
a convex set. Then any analytic function f subordinate to H can be expressed as

1) = [ (o), (3.1)
T
for some positive Borel measure p on the unit circle with ||u|| = 1.

The previous theorem includes the following special case.

Theorem 3.2. If ¢ is analytic self map of the unit disc D, with (0) = 0 then there
ezist probability measures p,v € M* such that

Cy K. (2)] = Ko(p(2)) = / exp (K (22)) dpu() = exp ( /T K(m)du(ac)).

Then MK, with |A\| =1 are all of the universal coverings of ¢D.
Lemma 3.3. Suppose g, (eit) is a monnegative L*—continuous function of x and let
{pn} be a sequence of nonnegative Borel measures that are weak® convergent to p.
Define
wn(®) = [ 9 () dn (0) and wlt) = [ g (¥) du o
T T

then ||w, —wl|/;. — 0.
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Proof. Suppose g, (e”) is a nonnegative L'continuous function of z and for z € D

let,
9o (2) = /Re (T_re%) ga (") d(t)

wn(2) = / g0 (2) dpn () and
w(z) = / g (2) dp ().

Notice that all functions are positive and harmonic in D and that the radial limits of
wp(2) and w(z) are wy,(t) and w(t) respectively. Then, for |z| < p < 1,

192 (2) =g <>|_1 gz (¢) = 9y (") ]

The continuity condition implies that g, (z) is uniformly continuous in z for all |z| <
p < 1. Weak star convergence, implies that w,(z) — w(z) uniformly on |z| < p < 1
and consequently the convergence is locally uniformly on D. In addition, we have

[[wn(pe™)| 1 = [lw(oe™)]| .-
Hence we conclude that
wn(pe™) — w(pe)]| . — 0 as n — oo.
Now using Fatou’s Lemma we conclude that

[|wn(e™) — w(e“f)HL1 — 0. O

Lemma 3.4. Let g, (e“) be a nonnegative L' continuous function of x such that

l9zll;: < a < oo and g, (e) defines a bounded operator on Hg.
Let f(z) = /Ke (xz) du(x) , and let L be the operator given by
T

z)] = // 9o (") K. (e"2) dtdp(x)

then L is compact operator on K.

Proof. First note that the condition that g,(e'*) defines a bounded operator on H}
implies that the L operator is a well defined function on K,. Let {f,(z)} be a
bounded sequence in K, and let {u,} be the corresponding norm bounded sequence
of measures in M. Since every norm bounded sequence of measures in M has a weak
star convergent subsequence, let {u,} be such subsequence that is convergent to
1 € M. We want to show that {L(f,)} has a convergent subsequence in K,,. First,
let us assume that dpy, (z) >> 0 for all n, and let w,(t) = [ g, (") du, (z) and

t) = [ g» (€") dpu (x) ,then we know from the Lemma 3.3 that w,(¢), w(t) € L' for
all n, and wy, (t) — w(t) in L. Now since g, (e“) is a nonnegative continuous function
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in z and {u,} is weak star convergent to u, then

://Ke (€"2) g» (€") d(t)dpy, (2 /K n(t)dt
/ / K. (c") d(t)du (x) = / K. (¢"2)w () dt

Furthermore because w,, (t) is nonnegative then

L)k, = lwallzs
IL(Pllk, = llwll s

Now since||w, —w||;x — 0 then ||L(fn) — L(f)|lx, — O which shows that {L(f,)}
has a convergent subsequence in K, and thus L is a compact operator for the case
where p is a positive measure.

In the case where p is complex measure we write

dpin () = (dpy, (2) = dp7, () +i(dpy, (2) = dpy (@)
where each dyd, (z) >> 0 and define wi (t) = [ g, (e) dpd, (x) then

wnlt) = [ 92 (¢) din (2) = (wh(®) — (1) + (wh(0) - wh(0).
Using an argument similar to the one above we get that
wl (t),w (t) € L', and ||w£L - ijLl — 0.

Consequently, |wy, —w||;,, — 0, where

w(t) = (wl(t) - w2(t)) +1 (wB(t) — w4(t)) = /gz (e“) du ().

Hence,
I1L(fn) = L) g, < lwn —wllpr — 0.
Finally, we conclude that the operator L is compact. 0

Now we are ready to prove our main theorem which characterizes compact com-
position operators on K.

Theorem 3.5. If ¢ is analytic self map of the unit disc D, with ©(0) = 0 then the
operator Cy, is compact in K. if and only if Cy, [K. (22)] € (K.), for all x such that
|z| = 1.

Proof. Assume that C,, is compact on K. and let { f; (z)}]oi1 be the bounded sequence
of functions defined as

fi(2) = K. (pjrz) = exp ( ) = exp [K (pjz2)],

where 0 < p; < 1 and limj_. p; = 1. Clearly, f; € H* N K. and there exist
probability measures p; € M* such that

9 = [ Ko@) duy(a)

1
1—pjzz
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where ||f;llg. = [l = 1. Since C, is compact on K., then C, (f;) € K¢ and
1Co (DI < NColl 1 fillk, = [ICy| for all j. Furthermore Cy, (f;) € H* NK. C (Ke),
for every j and thus there exists a nonnegative L' function g; (z) such that du;(z) =

gj (z)dt and
)] = /Ke (xzz) gj (x) dt.
T

Since the operator C, is compact then the sequence {C,, ( fj)};’il has a convergent
subsequence that converges to C, [K. (z)] € (K.), because of Lemma 2.3 and the
fact that (K.), is a closed subspace of K.

For the converse let f € K. then there exists a measure in M such that

2) = / K. (22) dyi ()

Then

(fop)(2) =Colf(2)] = /Ke [z (2)] dp () = /Qa [Ke (22)] dp ()

T T

where by assumption C,, [K,. (zz)] € (K.), and thus can be written as

Cy [Ke (z2)] = /gm (e") K. (e"2) dt
T

where g, (e'*) is a positive L' —continuous function of z. Hence

/C’ (x2)] dp (x)

_ / / g (€) K, (¢'2) dtdp ()
T T

which was proven to be compact in K, in the the previous Lemma 3.4. g

Corollary 3.6. We have the following.

1. The operator C,, is compact in K. if and only if C, (K¢) C (K.)
2. Let p € H(D), with ||¢||, < 1. Then C, is compact on K..

a*

Proof. C, [K.(2z)] = Ke[zp (2)] € H* NK, C (K)
hence

and is subordinate to K, (2)

a

(22)] /K €"2)g, (") dt € (Ke),

where g, (') is a nonnegative L' function. O
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