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Neighborhood and partial sums results
on the class of starlike functions involving
Dziok-Srivastava operator

K. Vijaya and K. Deepa

Abstract. In this paper, we introduce a new subclasses of univalent functions
defined in the open unit disc involving Dziok-Srivastava Operator. The results on
partial sums, integral means and neighborhood results are discussed.
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1. Introduction

Denote by A the class of functions of the form
f(z) :z+Zanz" (1.1)
n=2

which are analytic in the open unit disc & = {z : z € C and |z| < 1}. Further, by S
we shall denote the class of all functions in A which are normalized by f(0) =0 =
f'(0) — 1 and univalent in . Some of the important and well-investigated subclasses
of the univalent function class S include (for example) the class S*(a) of starlike

functions of order a(0 < o < 1) if R (i{;?) > « and the class K(a) of convex

functions of order a(0 < a < 1) if ® (1 + Z;;;i‘?) > « in U. Tt readily follows that
feK(a) <= zf € S* ().
Denote by 7 the subclass of S consisting of functions of the form

f(2)=2=) anz", 4y >0, z€U (1.2)
n=2

studied extensively by Silverman [11].
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For positive real values of as,...,oq and f1,...,0m (6; # 0,—1,...; j
1,2,...,m) the generalized hypergeometric function ;Fy,(z) is defined by

_ 2 ()n () 2
lFm(Z) :lFm(Oél,Oél,ﬁl,,ﬁ’n“Z) = nz::om ﬁ (13)
(<m+1;limeNy = NU{0};z€U)

where N denotes the set of all positive integers and (\)g is the Pochhammer symbol
defined by

1, n=20
()‘)”_{)\(A+1)()\+2)...()\+n—1), neN. (1.4)
The notation ;F;, is quite useful for representing many well-known functions such as
the exponential, the Binomial, the Bessel, the Laguerre polynomial and others; for

example see [3].
Let H(aa,...a1;01,...,0m) : A — A be a linear operator defined by

H(ar,...a5 81, .., Bm) f(2) = 2 Fplar,ao,...00; 01,82 ..., Bm; 2) * f(2)

= z+ ZF” an 2" (1.5)
n=2

where

(a1)n—1---(@)n-1 1
(B)n-1--Bm)n-1 (n—=1)V
unless otherwise stated and * the Hadamard product (or convolution) of two functions

f,g € A where f(z) of the form (1.1) and g(z) be given by ¢g(z) = z+ >_ b,2™ then

n=2

I, = (1.6)

F2) v g(z) = (Fxg)(z) = 2+ > anbnz™, = €U

n=2

For simplicity, we can use a shorter notation !, [a1] for H(aq, ... B1, ..., Bm)
in the sequel. The linear operator H!, [a1] is called Dziok-Srivastava operator [3] (see
[6, 8]), includes (as its special cases) various other linear operators introduced and
studied by Carlson and Shaffer [2], Ruscheweyh [9] and Owa-Srivastava [7]. Motivated
by earlier works of Aouf et al.,[1] and Dziok and Raina[4] we define the following new
subclass of 7 involving hypergeometric functions.

For 0<A<1,0<fB<1,-1<B<A<1,0<y<Lwelet HF)(a, 3, A, B)
denote the subclass of T consisting of functions f(z) of the form (1.2) satisfying the
analytic condition

z;“;(u)) 1
2 , <B, =zeU (1.7)
zF\ (z) zF, (z)
(B—A)y 725 —o] - B |55 —1]
where
2Fy(2)  ZHf (2) + X2Hf (2) 0< <1 (1.8)

Fx(z) (1 =NHSf(2) + AzHf (2)]
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and
2)==z+ Z ap 'y 2" (1.9)
n=2

where Ty, is given by (1.6)

The main object of the present paper is to investigate (n,d)- neighborhoods of
functions f(z) € H}'ﬁ(a,ﬁ,A, B). Furthermore, we obtain Partial sums fx(z) and
Integral means inequality of functions f(z) in the class H}—/w\ (o, 8, A, B).

We state the following Lemma , due to Vijaya and Deppa [15] which provide the
necessary and sufficient conditions for functions f(z) € H}"AA/ (o, B, A, B).

Lemma 1.1. A function f(z) € T is in the class HF?) (v, 8, A, B) if and only if

Z ng(nv )\7057@77)0% < 1 (110)
n=2
where
S ra gy — (LEMA =0 = D1 = 45) + B(B= A =o)Ly

pr(B—A)1 - a)

2. Neighborhood results

In this section we discuss neighborhood results of the class HF Q(oz, 8, A, B) due
to Goodman [5] and Ruscheweyh [10] . We define the §— neighborhood of function

fz)eT.

Definition 2.1. For f € T of the form (1.2) and § > 0. We define a 6—neighbourhood
of a function f(z) by

Ns(f) = {g geT:g(z —z—icnz and Zn|an—cn<5} (2.1)

In particular, for the identity function e(z) = z, we immediately have

Ns(e) = {g geT:g(z —z—chz and Zn|cn|<6} (2.2)

Theorem 2.2. If § = then HF) (e, 3, A, B) C N;s(e), where

W
A _ A+ M[A—-BB)+ (B~ A)(2—a)l
¢B(2a)‘7a3637)_ ﬁ'y(B—A)(l—oz) .

Proof. For a function f(z) € HF)(a, 3, A, B) of the form (1.2), Lemma 1.1 immedi-
ately yields,

(2.3)

oo

Y (L+nA=N)[(n = 1)(1 = BB) + Sv(B = A)(n — a)Tnan < fy(B - A)(1 - a)

n=2
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(1+ N[ =B+ py(B-A)(2- )Tz Y an < By(B—A)(1-a)

n=2

3 B1(B = A)(1-a) B .
;an SUT NI GBI (B-A)2_a)ls AN dA) (2.4)
On the other hand, we find from (1.10) and (2.4) that

o0

D (1 +nA=N)[(n—1)(1 = BB)+ By(B - A)(n — a)|Tnan < By(B — A)(1 - a).

n=2
That is

Zna By(B—A)(1—-a)l—-BBA+A—X+1)]
"T A+ N[ -BB+py(B-A)(2-a)(1-BB)

Hence
2
na, < ——————— = 9.
Z ¢B(2 )‘ avﬂ? )
O

A function f € 7 is said to be in the class Hfi(p,a,B,A,B) if there exists a
function h € H}';\(p,ogﬁ, A, B) such that

f(z)
h(z)

Now we determine the neighborhood for the class 'H]:ZY\ (p,a, B, A, B).

—1’<1—p, (zeU, 0<p<1). (2.5)

Theorem 2.3. If h € HF;\(p,m& A, B) and

o1 08BN a.8,) 26)

2[¢g(2a)‘7a76a7) - 1]
then Ns(h) C H.?’:f;(ma,ﬂ,A,B) where ¢35 (2, \, o, B,7) is defined in (2.3).

Proof. Suppose that f € Ns(h) we then find from (2.1) that

oo

Zn|an —d,| <4

n=2

which implies that the coefficient inequality

imn —d,| < g

Next, since h € Hfi(a,ﬂ, A, B), we have

1
dy= ——
nZQ ¢32>\0457)
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so that
o0
> lan — dal
n=2
=
1->d,
n=2
é % ¢g(27)‘7aﬁa7)
2 ¢§(27>\70‘5ﬂ77)_1
5¢5(2,), af,7)
- 2(¢§(2a)‘7aﬁ?7) - 1)

E

provided that p is given precisely by (2.6). Thus by definition, f € Hfi (p, 0, B, A, B)
for p given by (2.6), which completes the proof. O

3. Partial sums

Silverman [14] determined the sharp lower bounds on the real part of the quo-
tients between the normalized starlike or convex functions , viz., R{f(2)/fr(2)},

R{fe(2)/f(2)}, R{f'(2)/fi.(2)} and Re {f,i(z)/f/(z)} for their sequences of partial
k

sums fi(2) = 2+ Y. a,2" of the analytic function f(z) = 2+ Y a,2". In the follow-

n=2 n=2
ing theorems we discuss results on partial sums for functions f(z) € H}"j‘(a, 8, A, B).

Theorem 3.1. If f of the form (1.2) satisfies the condition (1.10), then

f(2) } ok +2,\a,8,7) — 1
" {fk(z) .Y P W ) (3.1)
and
fr(2) ¢k +2,\ a, 8,7)
! {f(z> }Z ¢‘§(l€+2,)\7a’ﬁ’ry)+1 (3.2)

where ¢'a(k + 2, \, a, B,7) is given by (1.11). The results are sharp for every k, with
the extremal function given by

1
T oAk +2 N 8,7)

Proof. In order to prove (1.10), it is sufficient to show that

f(Z) _¢g(k+27Aaa7ﬂa’}/)_1 I+2z
fz)  dpk 42, a,0,7) 1—2

f(z)= PR (3.3)

¢g(k’+27/\70¢7ﬁ,7)

(z€elU)
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we can write

oo
1-— Z anz"!
n=2
k
1-— Z 2"t
n=2

_ ¢§(k+27)‘7a7577) - 1
¢§(k+27)‘7a7ﬁ77)

ok +2,\ ,B,7)

k 0o
1-— E anz" "t — g 2"t
n=2

n=k+1 _¢g(k+2,A,O&,/B,’}/)*1
1 —Zk anz”* ¢g(k+27)‘7a7ﬂ7’Y)

n=2

= ¢k +2,\ a,5,7)

1+ w(z)
1—w(z)
Then
B —ngé(k—l—Q,)\,oz,ﬁ,’y) ZZO:,CH anz™!
29 2222 anz" 1 — ¢a(k+2,\ a,3,7) fo:kﬂ a2l

—op(E+2,X,0,87) X0 141 an

Obviously w(0) = 0 and |w(z)| < P SR Y (- Wy 0 S Now,|w(z)| <
1 if and only if
00 k
205 (k +2,\ a, 3,7) Z a, < 2—2Zan
n=k+1 n=2
which is equivalent to
k oo
Zan—l—(bg(k—i—l)\,a,ﬂ,v) Z an, < 1. (3.4)

n=2 n=k+1
In view of (1.10), this is equivalent to showing that
k

D (oA, B.9) = Dan+ Y (65N e, 8,7) — d5(k+ 2.\, 3,7))an > 0.

n=2 n=k+1
To see that the function f given by (3.3) gives the sharp results, we observe for
z=ren that
f(z) 1 n 1
=1-— 2" —=1-—
fk(z) ¢B(k‘+27Aaa7ﬁ77) ¢B(k+27Aaaaﬂ7’Y)

where  — 17. Thus, we have completed the proof of (3.1).
The proof of (3.2) is similar to (3.1) and will be omitted. O

Theorem 3.2. If f(z) of the from (1.2) satisfies (1.10) then

R fl(z) >¢g(k+27Aaaaﬂ7’Y)_k_1
)= onk+2,00a,6,7)




Neighborhood and partial sums 177

and

fi(2) dB(k+2,)a,0,7)
" {f’@)} = SRtk +2, N Bry) Tk F 1 (30)

where ¢ (k +2,\, a, 3,7) is given by (1.11). The results are sharp for every k, with
the extremal function given by (3.3).

Proof. In order to prove (3.5) it is sufficient to show that

¢g(k+2>A7aaﬁ77) [f/(z) _ ¢g(k+2>>\aavﬁ7’y)_n_1‘| =< 1+Z (ZGU)

k41 fi(2) o5k +2,Aa,8,7) -z

we can write

ohk+2.70 0,89 [f(2) _ ¢£(k+2,%a,ﬂ,v)—n—1]
k+1 fi(2) oB(k+2,X0,0,7)
_ ¢k +2,Xa,8,7) |1 =37 ynanz"t ¢p(k+2,Na,8,7) — k-1
k+1 ll — > na,zn1 - ok +2,7a,8,7) ]
1+ w(z)
1—w(z)
Then
—¢’§(k + 2,0 0,8,7)(k+1)71 Zzo:kﬂ nay,z" "
w(z) =

2-2 ZZ:Q nanzn71 - (,bé(k + 2, )‘7 «, ﬂv 7)(k + 1)71 Zzo:k+1 nanzn71 -
Obviously w(0) = 0 and

¢1§(k + 2a )‘7 «, ﬁa 7)(" + 1)_1 Z;:O:kprl Nanp
2-2 ZI:LZQ nayp — ¢g(k + 2, )‘a a, 577) (TL + 1)71 Zzozk-&-l nap
Now,|w(z)| < 1 if and only if

w(z)] <

k

da(k+2,\,3,7)

2 Z na, < 2—22nan
(k+1 n=k+1 n=2

which is equivalent to

Ak +2,) a,8,7)
Znan Gt D) ;rlnan <1. (3.7)

In view of (1.10), this is equivalent to showing that

. Ak 42,7
Z((;SB(n/\aﬁ’y n)a, + Z ((an/\aﬁfy) ¢5( ;;2—;1,)2,5,’7))@”20

n=2 n=k+1

which completes the proof of (3.5).
The proof of (3.6) is similar to (3.5) and hence we omit proof . O
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4. Integral means inequality

In 1975, Silverman [13] found that the function fa(z) = z — % is often extremal

over the family 7 and applied this function to resolve his integral means inequality,
conjectured in Silverman [12] that

27

2
/{f(re“’)|”d9§/|f2(re“’)|"d9,
0

0

forall f € 7,n>0and 0 <r < 1. and settled in Silverman (1997), also proved his
conjecture for the subclasses $*(a) and K(a) of 7.

Lemma 4.1. If f(z) and g(z) are analytic in U with f(z) < g(z), then

27 27
| iseenias < [ lareias
0 0
where 1 > 0, z =ret? gnd 0 <r < 1.

Application of Lemma 4.1 to function of f(z) in the class HF)(a, 8, A, B) gives
the following result.

Theorem 4.2. Let o > 0. If f(z) € H}"i‘(a,ﬂ,A,B) is given by (1.2) and fa(z) is
defined by
1 2
2= 2
¢é(2a)\7aaﬁa ,Y)

where ¢'a(2,\, v, B,7) is defined by (2.3).Then for z = re?, 0 < r < 1, we have

f2(z) = (4.1)

/ ) d6 < / [fa(2)[" do. (4.2)
0 0

2

/

0

Proof. For functions f of the form (1.2) is equivalent to proving that
7

00 n 27
1
1-— ) I /I [ [ — R}
z_:f : —/' GA2 N B,7)
n= 0

By Lemma 4.1, it suffices to show that

0
1
1-— E CLnZn_l <1—-—2.
n—2 ¢1§(2a Avavﬂa ’7)

Setting

1

— n—1 __ _
1- ;anz =1 AT B a,ﬁ,’y)w(z)’ (4.3)
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and using (1.10), we obtain

|U}(Z)| = Z ng (’I’L, )‘7 «, 57 PY)a/nzn_l

n=2

< 12> ¢p(n, N o, B,7)an
n=2

< |2l
where ¢4 (n, \, @, 3,7) is given by (1.11 ) which completes the proof. O

Remark 4.3. We observe that for A = 0, if 4 = 0 the various results presented in this
chapter would provide interesting extensions and generalizations of those considered
earlier for simpler and familiar function classes studied in the literature .The details
involved in the derivations of such specializations of the results presented in this
chapter are fairly straight- forward.
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