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Abstract. The notion of tripled fixed point is introduced by Berinde and Borcut
[1]. In this manuscript, some new tripled fixed point theorems are obtained by
using a generalization of the results of Luong and Thuang [11].
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1. Introduction

Existence and uniqueness of a fixed point for contraction type mappings in par-
tially ordered metric spaces were discussed first by Ran and Reurings [15] in 2004.
Later, so many results were reported on existence and uniqueness of a fixed point and
its applications in partially ordered metric spaces (see e.g. [1]-[18]).

In 1987, Guo and Lakshmikantham [6] introduced the notion of the coupled fixed
point. The concept of coupled fixed point reconsidered in partially ordered metric
spaces by Bhaskar and Lakshmikantham [5] in 2006. In this remarkable paper, by
introducing the notion of a mixed monotone mapping the authors proved some coupled
fixed point theorems for mixed monotone mapping and considered the existence and
uniqueness of solution for periodic boundary value problem.

The triple (X,d, <) is called partially ordered metric spaces if (X, <) is a par-
tially ordered set and (X, d) is a metric space. Further, if (X, d) is a complete metric
space, then the triple (X,d, <) is called partially ordered complete metric spaces.
Throughout the manuscript, we assume that X # () and

XF=XxXx-X.
k—many
Then the mapping pi : X*¥ x X* — [0, 00) such that
pe(x,y) == d(z1,y1) + d(@2,y2) + -+ + d(@k, Yi),
forms a metric on X* where x = (21,22, ...,7%),y = (Y1,%2, - ,yx) € X*, k€ N.
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We state the notions of a mixed monotone mapping and a coupled fixed point
as follows.

Definition 1.1. ([5]) Let (X, <) be a partially ordered set and F : X x X — X.
The mapping F is said to has the mized monotone property if F(x,y) is monotone
non-decreasing in x and is monotone non-increasing in y, that is, for any x,y € X,

z1,22 € X, 21 <22 = F(x1,y) < F(x2,y)

and
y1,y2 € X,y < yo = Fx,y1) > F(z,y2).

Definition 1.2. ([5]) An element (z,y) € X x X is called a coupled fized point of the
mapping F: X x X — X if

z=F(z,y) and y = F(y,z).

In [5] Bhaskar and Lakshmikantham proved the existence of coupled fixed points
for an operator F' : X x X — X having the mixed monotone property on (X, d, <)
by supposing that there exists a k € [0,1) such that

d(F(z,y), F(u,v)) < = [d(z,u) + d(y,v)], forall u <z, y <w. (1.1)

N |

under the assumption one of the following condition:

1. Either F' is continuous, or
2. (i) if a non-decreasing sequence {z,} — x, then =, < x, Vn;
(#) if a non-increasing sequence {y,} — y, then y < y,, Vn.

Very recently, Borcut and Berinde [1] gave the natural extension of Definition
1.1 and Definition 1.2.

Definition 1.3. Let (X, <) be a partially ordered set and F : X x X x X — X. The
mapping F is said to has the mized monotone property if for any x,y,z € X

T1, T2 € Xa Z1 S Ty — F(xlvyaz) S F(IQayVZ)a
y1, Y2 € X, 1 <y = F(x,y1,2) > F(w,92, 2),
21, 226X7 Zl§22:>F($,y,21)§F(1‘,y,Z2),

Definition 1.4. Let F': X3 — X. An element (z,y, 2) is called a tripled fized point of
Fif
Fz,y,z) ==, Fy,z,y)=y, F(zyz) ==

We recall the main theorem of Borcut and Berinde [1] which is inspired by the
main theorem in [5].
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Theorem 1.5. Let (X, <,d) be a partially ordered set and suppose there is a metric d
on X such that (X, d) is a complete metric space. Suppose F': X x X x X — X such
that F' has the mized monotone property and

d(F(z,y,2), F(u,v,w)) < jd(z,u) + kd(y,v) + ld(z, w), (1.2)

for any x,y,z € X for which x < u, v <y and z < w. Suppose either F is continuous
or X has the following properties:

1. if a non-decreasing sequence x, — x, then x, < x for all n,
2. if a non-increasing sequence y, — vy, then y < y, for all n,
3. if a non-decreasing sequence z, — z, then z, < z for all n.

If there exist xo,y0,20 € X such that oy < F(zo,y0,20), Yo > F(yo,z0,20) and
z0 < F(20,Y0,%0), then there exist x,y,z € X such that

F(z,y,2) ==z, Fly,z,y)=y, F(zyz) =2
that is, F' has a tripled fized point.

In this paper, we prove the existence and uniqueness of a tripled fixed point
of F: X3 — X satisfying nonlinear contractions in the context of partially ordered
metric spaces.

2. Existence of a tripled fixed point

In this section we show the existence of a tripled fixed point. For this purpose,
we state the following technical lemma which will be used in the proof of the main
theorem efficiently.

Throughout the paper M = [m;;] is a matrix of real numbers and M* = [m ;]
denotes the transpose of M.

a b c mi1 Mz Mi2
Lemma 2.1. Let M= | b a+c 0 | = Mo1 Moy Mag | witha+b+c< 1.
C b a ms1 mso 133

n n n
myy Mg Mi3
Then for M™ = | my; myy mis we have
n n n
mzp M3y Mgz3

miy + miy + miy = myy +may +mayy = mgy +mgy +myz = (a+b+c)" <L

Proof. We use mathematical induction. For n = 1,

a b C mi1 M1z Mi2
M = b a +c O = mao1 M22 M23 s
c b a m31 M3z M33

then by assumption

My + My + M3 = Moy + Moz + Moz = M3y + M3z +m3z=a+b+c<1l
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For n =2,
[ a b c a b c
M? =1|b a+tc O b a+c O
c b a c b a
a?+v>+c bla+ )+ab+bc 2ac
= | blat+c)+ab (a+c)® + b be
| b*+2ac b(a+ )—|—ab+bc a’+c?
[ m2, m2, m13 a2 +v*+c® bla+c)+ab+be  2ac
M? = | m3 m3, b(a+c)+ab (a+c)® + b be
_m§1 m3, b2 + 2ac b(a+c)+ab+bc a®+c?
Since (a+b+c)? =a +2ab+2ac+b2+2bc+02 then
miy +miy +mis  =m3 +mdy +m3s
=m3, +m3, +m3,
=(a+b+c)?

myp miy  miy

Suppose it is true for an arbitrary n, that is, for M"™ = | my;, m5, mis
n n n

Mgy Mgzp M3zg

we have
n n n — n n n
myy +Miy +My3 = My + Moy + Moz
I n n n
= mgy + M3y + Mg3
=(a+b+co)" <1
Then,
n n n
myy miy mis a b c
ML = M"M = | mb, mb, mbs b a+c 0
n n n
my, miy Mis c b a
amiy +bmfy +cmis  miy (a+c) +bmfy +bmiy  amfiy +emiy
= | amy; +bmiy +cemyy  myy (@ +c) +bmyy +bmiy  ambs + emyy
amgy +bmiy +cmiy  mi; (a+c) +bmyy +bmiy  amis + emyy
1 1 1
mit 4+ m m"+ = amiy + bmly + emly + mhy (a+ ¢)

+bm7y + bmis + amis + ecmiy
miy(a+b+c)+mila+b+c)+mis(a+b+c)
= (miy +miy + mis) (a+b+c)
=(a+b+c)"(a+b+c) <1

Analogously we get that

1 1 1 1 1 1
myr A my T b myg = migT Hmi 4 mg

=(a+b+o)"tt <1

Theorem 2.2. Let (X,d, <) be a partially ordered complete metric space. Let F : X3 —
X be a mapping having the mized monotone property on X. Assume that there exist
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non-negative numbers a,b,c and L such that a + b+ c < 1 for which

d(F(z,y,2), F(u,0,w))

< ad(xz,u) + bd(y,v) + cd(z,w)

d(F(z,y,2),r),d(F(z,y,2),y),d(F(z,y, 2),2),
pmnd A ) ) (P, y. 7). o). d(F(2.y, ), w),

d(F(u,v,w),x), d(F(u,v,w),y), d(F(u,v,w),z), [’

d(F(u, v, w), u), d(F(u,v,w),v), d(F(u,v, w), w)

forallz > u, y<w, z>w. Assume that X has the following properties:

(a) F is continuous, or,
(b) (i) if non-decreasing sequence x,, — x (respectively, z, — z), then x, < x
(respectively, z, < z), for all n,

(#4) if non-increasing sequence y, — vy, then y, >y for all n.

If there exist xq,yo, 20 € X such that

zo < F(x0,90,20), Yo > F (0,20, %),

then there exist x,y,z € X such that

z0 < F(xo, Y0, 20)

F(z,y,z) =z and F(y,z,y) =y and F(z,y,z) = 2

Proof. We construct a sequence {(Zn, Yn, zn)} in the following way: Set

Ty = F(3307y0’Z0) Z o, Y1

= F(yo, %0, Y0) < Yo,21 = F(z0,Y0,%0) > 20,

and by the mixed monotone property of I, for n > 1, inductively we get

Moreover,

d(wn» xn+1)

d(ynv yn+1)

Ty = F(xn—layn—lazn—l) > Tn—1
Un = F(Yn-1,Tn-1,Yn-1) < Yn-1
Zn = F(anhynfl,xnfl) > Zn—1

> ...

<.
>

Z:L'Oa
- < Yo,
- > 20-

< ad(xp-1,2n) + bd(Yn—1,Yn) + cd(zn—1, zn)
d(xmmnfl)ad(xmynfl);d(l'mznfl%

+L min

d((I}n, xn)v d(xvu yn)a d(.’lﬁn, Zn)a
d(xn-‘rla mn—l)v d(xn-‘rla yn—l)a d(xn-i-h Zn—1)7

d(xn-l—la ':Cn)v d(l’n+1, yn)v d(ﬂ?n_;’_l, Zn)v
< ad(xn—la wn) + bd(yn—lv yn) + Cd(zn—la Zn)

< ad(Yn—1,Yn) + bd(xn—1,20) + cd(Yn—1,Yn)
d(yna yn—l)a d(yna xn—l), d(yn7 yn—l)a

+L min

A(Yn, Yn), d(Yn, Tn), d(Yn, Yn),
d(ynJrla yn71)7 d(yn+1; xn71)> d(yn+17 ynfl)v

d(Yn+1, yn)a d(Ynt1,Yn), d(yn-i-lv Un),

< (a =+ C)d(yn—la y'rL) + bd(mn—lv xn)

79

(2.1)

(2.3)
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and
d(zna Zn+1) S ad(zn—la Zn) + bd(yn—la yn) + Cd(xn—la xn)
d(zn7 xnfl)v d(zna ynfl)v d(Zn, anl)a
. d(zfmZn)ad(znayn)ad<znaxn)a
i d<2n+laxn—1)7d(zn-i-layn—l)vd(zn—i-lzZn—l)7 ( )
d(zn+1,2n)s (20415 Yn), d(Znt1, Tn),
< ad(zn—la Zn) + bd(yn—la yn) + Cd(xn—la xn)
Thus, from by (2.3)-(2.5) and Lemma 2.1, we obtain that
Dpi1 <MD, <---<M"Dy (2.6)
where
d(Tn, Tnt1) a b c
Dpy1 = | d(Yn,Ynt1) and M =| b a+c 0 | =[my] asin Lemma 2.1.
d(zn, 2Zn+1) c b a

We show that {x,},{y.} and {z,} are Cauchy sequences.
Due to Lemma 2.1 and (2.6), we have

d(wp, xq) < d(Tp, Tp—1) + d(Tp_1,Tp—2) + - + d(Tg41, Tp)

~ t -1 t +1 t
miy miy mi;
p p—1 q+1
< myo D1 + mis D1 + -+ mis D1
p p—1 q+1
L M3 mig mis
r.at1 p—1
mlil—‘r +m111+m11
_ q p— p
= m111+"‘+m121+m12 D,
q p— p
mqz + -+ mi3 +mys

(m& 4P T e m ) )d(2, 20) (2.7)
Hm{y |+t miy ml)d(ys, yo)
+(mg " e mly o mlly)d(z1, 20)
< (BT + kT 4+ kPN d (21, 20)
(T KT - B2 (Y, o)
+ (kT 4+ kL 4 kPN (2, 20)
= (k9 + k9T + o+ kP (d(21, m0) + d(y1, y0) + d(21, 20))
< k9=E 2 (d(w, w0) + d(y1, yo) + d(z1, 20))
where k = a+b+c < 1. Thus (2.7) yields that {z,} is a Cauchy sequence. Analogously,

one can show {y,} and {z,} are Cauchy sequences.
Since X is a complete metric space, there exist x,y, z € X such that

IN

lim z, =z, lim y, =y and lim z, = z. (2.8)
Now, suppose that assumption (a) holds. Taking the limit as n — oo in (2.2) and by
(2.8), we get

x =limp oo Xy = limpy o0 F(Tn—1,Yn—1,2n—-1)
= F(hmn—>oo Tn-1, lim,, Yn—1, limy, . Zn—l)
= F(z,y,2)
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and
y =lim,oyn = limn—woF(yn—la Tn—1, yn—l)
= F(hmn—>oo Yn—1, limn—n}oajn—la hmn—>o<> yn—l)
= F(y,2,y)
z = 1lmn~>oo Zn = hmnﬁoo F(anla Yn—1, xnfl)
= F(hmnﬂoo Zn—1, hmnﬁoo Yn—1, hmnﬂoo (Enfl)
= F(z,y,2).

Thus we proved that x = F(x,y,2),y = F(y,z,y) and z = F(z,y,x).

Finally, suppose that (b) holds. Since {z,, } (respectively, {z,} ) is non-decreasing
sequence and x, — x (respectively, z, — z ) and as {y,} is non-increasing sequence
and y, — y ,by assumption (b), we have x,, > x (respectively, z, > z ) and y, <y
for all n. We have

A(F(Tpn, Yn, 2n) F(x,y,2)) < ad(z,,z)+ bd(yn,y) + cd(zn, 2)
d(F(xn,ynazn) ),d F(xnvynazn)ay)a
d(F(mnayn7zn) )7d(F(xnaynvzn) xn)a
d(F(SUn,ymZn) )’d(F<xnaynaZn) Zn)’ (29)
d(F(z,y,2),x),d(F(z,y,2),y),
d(F(z,y,2), 2),d(F(2,y, 2), ©,),
d(F(Iayaz)ayn) d(F( ,y,z),zn),

Taking n — oo in (2.9) we get d(z, F(z,y, 2)) < 0 which implies F(x,y, z) = .
Analogously, we can show that F(y,z,y) =y and F(z,y,z) = 2.
Therefore, we proved that F' has a tripled fixed point. O

+L min

Corollary 2.3. (Main Theorem of [1]) Let (X,d, <) be a partially ordered complete
metric space. Suppose F' : X x X x X — X such that F has the mized monotone
property and

d(F(z,y,2), F(u,v,w)) < jd(z,u) + kd(y,v) + ld(z,w), (2.10)
for any x,y,z € X for which x < u, v <y and z < w. Suppose either F is continuous
or X has the following properties:

1. if a non-decreasing sequence x,, — x, then x, < x for all n,
2. if a non-increasing sequence y, — Yy, then y <y, for alln,
3. if a non-decreasing sequence z, — z, then z, < z for all n.

If there exist xo,y0,20 € X such that xo < F(xo,Y0,%0), Yo > F(yo,xo,20) and
20 < F(20, %0, 0), then there exist x,y,z € X such that

F(z,y,z) =z, Fy,z,y)=y, F(zyz)=2
that is, F' has a tripled fized point.

Proof. Taking L = 0 in Theorem (2.2), we obtain Corollary 2.3. O
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3. Uniqueness of tripled fixed point

In this section we shall prove the uniqueness of tripled fixed point. For a partially
ordered set (X, <), we endow the product X x X x X with the following partial order
relation: for all (z,vy, 2), (u,v,w) € (X x X),

(z,y,2) < (u,v,w) &z <wu,y>vand z < w.
We say that (z,y, 2) is equal to (u,v,r) if and only if z =u, y =v, z =r.

Theorem 3.1. In addition to hypotheses of Theorem 2.2, suppose that for all
(x,y,2), (u,v,r) € X x X x X, there exists (a,b,c) € X x X x X that is compa-
rable to (x,y, z) and (u,v,r), then F has a unique triple fixed point.

Proof. The set of triple fixed point of F' is not empty due to Theorem 2.2. Assume,
now, (z,y, z) and (u,v,r) are the triple fixed points of F, that is,

F(x,y,z):x, F(U,U,T):u,
F(yaxay)::% F(Uﬂi,’l}):l},
F<Z7ya$):25; F(T,U,U):’P,

We shall show that (x,y,z) and (u,v,r) are equal. By assumption, there exists
(p,q,s) € X x X x X that is comparable to (z,y,2) and (u,v,r). Define sequences
{pn},{gn} and {s,} such that

P = Ppo, q = qo, s = S0, and

Pn = F(Pnﬂﬂ]nfly Snfl),
Gn = F(qn-1,Pn—1,qn-1), (3.1)
Sn = F(SnflaanlapTLflL

for all n. Since (z,y, z) is comparable with (p, g, s), we may assume that (z,y,z) >
(p,q,s) = (po, g0, So)- Recursively, we get that

(,9,2) > (Pnsn, ) for all n. (3.2)
By (3.2) and (2.1), we have

d(a:,an) = d(F(xay7Z)aF(pn7Qnasn))
< ad(@, pp) + bd(y, qn) + cd(z, sn)
d(F(2,y,2),2),d(F(z,y,2),y),
d(F(x’ y’z)’z>7d(F(x’ y7 Z))pn)7
d(F(x,y,z),qn),d(F(x,y,z),sn), (3 3)
d(F(pn,QmSn)yx)ad(F(pnanSn),y), '
d(F(pnvqnwsn)az)ad(F(pnaQnasn)apn)a
d(F (Prs Gns Sn)s qn)s A(F (Prs Gns Sn), Sn)
< ad(x,pn) + bd(y, qn) + cd(z, sp)
< k™d(z, po) + d(y, g0) + d(z, 50)]

+L min

where
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d(Qn-ﬁ-lay) = d(F(%LapnaQn)vF(y?xvy))
< ad(y, gn) + bd(x, pn) + cd(y, gn)
d(F(y,,y), ),d(F(y,w y) )
e
. d(F(y,x,y ,d(F y,x y
LI P (g po ). 8. GE (. s ) ), (34)
d(F(qn, Py @), Y)s A(F (Gny Py Gn) s Gn),
A(F(qn,Pnran), Pn), A(F (Pns Gn, Sn)s Gn)
< ad(y, gn) + bd(x, pn) + cd(y, gn)
< k"d(z,po) + d(y, qo0) + d(2, 50)]

d(27 Sn+1) - d(F(l’ Y,z ) (pru dn, Sn))
< ad(x,ppn) + bd(y, qn) + cd(z, sp)
d(F(z,2,y),2),d(F(z,2,9),y),
d(F(z,z,y),x),d(F(z,2,Y), $n),
d(F(z,2,9),qn), d(F(2,2,9),Pn),
d(F' (8, GnsPn), 2)s A(F(Sns Gy Pn)s ),
d<F(3n7Qnapn)ax>7d(F(Sn7Qn7pn); Sn)a
d(F (S, GnsPn)s @n), d(F (S, GnsPn), Pr)
< ad(z,pp) + bd(y, qn) + cd(z, sp)
S kn[d(l’,po) + d(ya QO) + d(Z, SO)]

Letting n — oo in (3.3) -(3.5), we get
lim d(x,ppt+1) =0, lim d(y, ¢ns1) =0, lim d(z,s,41) = 0. (3.6)

+L min

Analogously, we obtain
lim d(u,ppt1) =0, lim d(v, ¢n11) =0, lim d(r, sp41) = 0. (3.7)

By (3.6) and (3.7) we have v = u,y = v,z =r. O

4. Examples
In this sections we give some examples to show that our results are effective.

Example 4.1. Let X = [0, 1] with the metric d(z,y) = |x — y|, for all z,y € X and

the usual ordering.

Let F : X3 — X be given by

4% — 49% + 822 +8

F (x’ Y, Z) - 65

It is easy to check that all the conditions of Corollary 2.3 are satisfied and ( %, %, é)

is the unique tripled fixed point of F' where a = b = % and ¢ = 18,
But if we changed the space X = [0,1] with X = [0,00), then conditions of

Corollary 2.3 are not satisfied anymore. Indeed, F(8,0,8) = T2 and F(7,0,7) = 35

Thus,d(F(8,0,8), F(7,0,7)) = 2. On the other hand, d(8, 7) = 1. Thus, there ex1st

, forall z,y,z,w € X
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no non-negative real number a, b, ¢ with a + b+ ¢ < 1 and satisfies the conditions of
Corollary 2.3. But, for L=2and a =b= %, c= %, the conditions of Theorem 2.2
are satisfied. Moreover, (3, %, 1) is the unique tripled fixed point of F.

Example 4.2. Let X = [0, 00) with the metric d(z,y) = |z — y|, for all z,y € X and
the following order relation:

r,yeX, r<xy < x=y=_00or (z,y € (0,00)and z < y),

where < be the usual ordering.
Let F : X3 — X be given by

1, if xyz+#0
F(:Jc,y,z)—{ 07 ’Lf .Z‘yZZO

for all x,y,z € X.

It is easy to check that all the conditions of Corollary 2.3 are satisfied. Applying
Corollary 2.3 we conclude that F' has a tripled fixed point. In fact, F' has two tripled
fixed points. They are (0,0,0) and (1, 1,1). Therefore, the conditions of Corollary 2.3
are not sufficient for the uniqueness of a tripled fixed point.
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