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Multivariate Voronovskaya asymptotic
expansions for general singular operators

George A. Anastassiou

Abstract. In this article we continue with the study of approximation proper-
ties of smooth general singular integral operators over R, N > 1. We produce
multivariate Voronovskaya asymptotic type results and give quantitative results
regarding the rate of convergence of multivariate singular integral operators to
unit operator. We list specific multivariate singular integral operators that fulfill
our theory.
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1. Introduction

The main motivation for this work comes from [2], [3], [4]. We present here multi-
variate Voronovskaya type asymptotic expansions regarding the multivariate singular
integral operators, see Theorem 2.2 and Corolaries 2.3, 2.4. In Theorem 2.6 we give
the simultaneous corresponding Voronovskaya asymptotic expansion for our opera-
tors. Our expansions give also the rate of convergence of multivariate general singular
integral operators to unit operator. In section 3 we list the multivariate singular Pi-
card, Gauss Weierstrass, Poisson-Cauchy and Trigonometric operators that fulfill our
results.

2. Main results

Here r € N, m € Z,, we define
(—1)"~7 < " ) j—m if j=1,2
. -7 ) 1 ] - ) PR T’
(m] ._ J

Yr 1 ET ( 1)7-_j ( ; ) " ifj=0
- - - ) 1 — Y
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and
g Zaﬂj . k=1,2,..,meN. (2.2)
See that
Sl =1, (2.3)
=0
and

il(l)rj ( ; ) = (1)’“( 0 > (2.4)

Let ji¢, be a probability Borel measure on RN, N>1,¢&,>0,neN.
We now define the multiple smooth singular integral operators

O (f; a1, ..., Za[m]/ [ (@1 + 517,22 + 824, .., oN + snJ) dpe, (5)

(2.5)
where s := (s1,...,5x), = (z1,..,2y) ERY;nreNmeZ,, f:RYN - Risa
Borel measurable function, and also (£,),,cy is a bounded sequence of positive real
numbers.

The above 07[7?1] are not in general positive operators and they preserve constants,
see [1].
We make

Remark 2.1. Here f € C™ (RN), m, N € N. Let [ =0,1,...,m. The [th order partial
derlvatwe is denoted by f, :=

|| := Zai =1
i=1

Consider g. (t) == f (2o +t(2 —x0)), t > 0; 79,2 € RV,
Then

gza, where a := (aq,...,an), o; € ZT,i=1,..., N and

N J
<Z — X0;) > J| (wo1 +t (21 — 2o01), ..., on +t (28 — ZoN))
1=1 Li
(2.6)

forall j =0,1,....,m

In particular we choose z = (21, ...,2n) = (1 + s1J, T2 + S27, ..., TN + SNJ) =
xz+sj, and g = (201, ..., Zon) = (T1, T2, ..., TN) = &, t0 get gopsj (1) = f (z +t(s7)) .

Notice gz1s; (0) = f (2).

Also for 3 =0,1,...,m — 1 we have

@) ! -
L) 0= 3 (H ) . @
lo]=5 Hal ’
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Furthermore we get

(m)' 0 N
gxt;i]!(): Z (H sij) > fa(x+0(s7)), (2.8)
la|=m Ha2| i=1

For j=1,...,m—1,and a := (a1,..,an), o € Z*, i =1,...N, |a] := Zai =7,

N
Ca’ng = Ca,n = / Hs?idﬂfn (51, . SN) . (29)
RN 21

Consequently we obtain

§- fe o) (0) dpe, ()

j

j=1

=iy Nl Camfo () ]. (2.10)
j=1 la|=3 H ;!

i=1
Next we observe by multivariate Taylor’s formula that

w0 gm0

f@+js)=gopjs ()= ”%' + g“?j;, : (2.11)
=0 ' '
where 6 € (0,1). Which leads to
| s = @)due, () (212)

/RNHs% o+ 08j) dpe, ()
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m] .5 1
= Oég-’r]j] Z ~ Ca,n,}fa (x) (2.13)

— m a,n,}fa (CL’)
- Z 5%] P ) (2.14)

A el T

N
[e72)
i=1

Thus we have

Ym0 (i) — f ()~ S o) | 3 Canafel®) (2.15)

j=1 ” =5 ( aig)
-5 | L (M) (e () st o0 | s, 0
G| = =1

(2.16)

Call
Go (x,8) := (—1)"7 ( ; ) fo (z+ 0s7). (2.17)
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Thus
1 N
)= Z < /]RN <H 3?1> 0o (z,8) due,, (s). (2.18)
|a|:m Haz' =1
i=1
Consider
A ¥ (2.19)
En T é—m .
Assume f, is bounded for all v : |a| = m, by M > 0. Le. || fo||,, < M. Therefore
NE
o (z,8)] < ) M= -1 2.20
ot (3( ) Jar=e-y (2.20
Consequently
2rn—-1)M
A< UM~ / due, ()| (221)
fn lal=m Haz|
Assume for |a| = m that
/ (H |Sl > dﬂ’ﬁ ) S P fOY any (Sn)nGN : (222)
Therefore
1
A | <@ =D)Mp| Y ————|=A A>o0. (2.23)
laf=m (H Olz|>
i=1
Hence
~
WLy ana WS o AEY — 0, (2.24)
5’” &
where 0 <y <1,as &, - 0+.
Le.
[v] — 0, as &, — 0+ (2.25)
m—~ ) n )

n

which means ¢ = 0(£77).

We proved
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Theorem 2.2. Let f € C™ (RN), m,N € Nuwith all ||fo|lo < M, M > 0, all
a:lal = m. Let & > 0, (§&n),en bounded sequence, pe, probability Borel mea-

sures on R Call Consi —/ (H sO‘l) dpe, (s), all |of =j=1,...,m—1. Assume
i=1

N

& /RN ([[lsi

i=1
0<vy<1,zcRN. Then

O”) dpe, (5) < p, all o |a] =m, p >0, for any such (&n),,cy - Also

o) (fie) = f (=« ):iéim] Z~C“’jv3fa(x) +0(gm). (2.26)

When m = 1 the sum collapses.
Above we assume 97[771] (f;iz) eR, VxRN,

Corollary 2.3. Let f € C* (RY), N > Luwith all | 25| <M, M >0,i=1,...N.

Let &, > 0, (§n),eny bounded sequence, jig, probability Borel measures on RN . Assume

& [ lsildue, () < palt i= 1, (2.27)
RN
p >0, for any such (§,),cn - Also 0 <y <1,z € RY. Then
0L, (fr0) = f(2) =0(&7)- (2.28)
Above we assume GEL (f;z) €ER, VxRN,

%f
830%

Corollary 2.4. Let f € C2 (R?), 2 o2 <M, M >0
o0 oo

Let &, > 0, (§n),,cn bounded sequence, jug, probabilz'ty Borel measures on R2.
Call

= /2 sidpe, (s), co= /2 sodpe, (s). (2.29)
e R R
&2 [ stdue, (), &2 [ e, ). &% [ Isallsaldn, () < .
p >0, for any such (&,),cy - Also 0 <y <1, z € R%. Then
0F) (f32) = f (2) = (2:30)
Z o | (gl @)+ cagl @) +0(€27).

We continue with
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Theorem 2.5. Let f € C! (RN), [,N € N. Here p¢, is a Borel probability measure on
RN, &, >0, (én)pen @ bounded sequence. Let 3 := (b, ...,0n), Bi € Zt,i=1,...,N;
N

)

18] = Zﬂi = 1. Here f (z + sj), x,8 € RN, is ug, -integrable wrt s, for j = 1,...,r
i=1

There exist g, -integrable functions hi, j, Rg, iy.5, N1 .Bavis.is s 81,82, Bn —1vin,G = 0
(j=1,...,7) on RN such that
O f (x + sj )
f(n])‘ < hil,j (3)7 i1=1,..., 0, (2.31)
O0x]
8[31+i2 €T _|_ S y ]
;f—(1j) S hﬁlyi%]’ (5)7 7’2 = 17 "'7ﬂ2)
Oxy 0xy
851+ﬁ2+~~-+BN—1+iNf (.Z' + Sj)
; S hgy o Bnorin,g (8)s in=1,...,0N,
Qa9 o Ol B AN
YV x,s € RV,
Then, both of the next exist and
(o1 (f;w))ﬁ =01 (fg:2). (2.32)
Proof. By H. Bauer [5], pp. 103-104. O

We finish with

Theorem 2.6. Let f € C™t! (RN), m,l,N € N. Assumptions of Theorem 2.5
are wvalid. Call v = 0,8. Assume | fy4all, < M, M > 0, for all o : |of =
m. Let & > 0, (&n),cn bounded sequence, e, probability Borel measures on

RN, Call c, = / <Hs >d/¢5 , all o = j = 1,..,m — 1. Assume

L (i

AlsoO<’y§1,x€]RN. Then

)dug (5) < p,all a: |a| = m, p >0, for any such (§n),,cn -

() -~ r@ = | 3 e gy )

£ J,r 3 N
j=1 la|=j H a;!
i=1

When m = 1 the sum collapses.
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3. Applications

Let all entities as in section 2. We define the following specific operators:
i) The general multivariate Picard singular integral operators:

s L1y .y T = N [m] 3.1
o (€n Z (3.1)

=)

f(x1+s1j, 20+ 824, .., an + Snj)e” & dsy...dsp.
]RN

ii) The general multivariate Gauss-Weierstrass singular integral operators:

W (fia1, o) o= V) N z::a : (3.2)

[foJ

f(x1+ 517,20+ 824, .., any +snj)e” & dsy..dsy.
RN

iii) The general multivariate Poisson-Cauchy singular integral operators:

U[ ] (f7x17"'a WNZa[m] (33)
N 1
fz1+ 814, .., en + SnJ) ———ds1...dsnN,
RY U (s2 +&2)”

with a € N, g > i, and
I (8)ag* !

W, = . (3.4)
T (55) T (6= 35)
iv) The general multivariate trigonometric singular integral operators:
T[ i (fvxlv"'v =, NZO[[M] (35)
2p
N [ sin (in )
/ fz1+ 514, .., en + SnJ) H — dsy...dsn,
i=1 v
where 3 € N, and
B 231
k
An = 261727 (1) ﬂz w (3.6)

k=1
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[m]  7rlm]

One can apply the results of this article to the operators Pr[%], Wen', Urn'y TT[TZ]

(special cases of 0;";}) and derive interesting results. We intend to do that in a future
article.
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