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On certain subclasses of analytic functions

Imran Faisal, Zahid Shareef and Maslina Darus

Abstract. In the present paper, we introduce and study certain new subclasses
of analytic functions in the open unit disk U. Some inclusion relationships and
integral preserving properties have also discussed in particular with reference to
a new integral operator.
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1. Introduction

&)
Let A be the class of functions of the form f(z) = 2+ Y az2z* which are analytic
k=2
and normalized in the open unit disk U = {z : |z| < 1}.

Next we define some well known subclasses such as starlike, convex, close-to-convex
and quasi-convex functions of A, denoted by S*(&), C(§), K(p,§) and K*(p,§) re-
spectively as follow(cf.[1]-[3]):

~
m
BN

K*(p,¢)

S*(€) = {feA:B%(i{éi?)>§,zeU},0<£<1.

o) = {feA:%(lJrZﬁ;S))>§,zeU},0§§<1.

K(p,&§) = {fEA:Elg(z)ES*(g)/\%<Z§(/i§)>>p,z€U},0§p<1.
{

: 3g(z) eC(g)/\é)%<(Z§((ZZ)))/) >p,z€U}.

Note that

f(2) € C&) & 2f'(2) € S7(€) A f(2) € K™(p,§) & 2f'(2) € K(p,¢).
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For f € A and 3,7 > 0, we define a new differential operator as follows:

B, Mf(z) = f(2)
(v+B8+1)0(8.7)f(2) Bf(2) + (v + 1)(2f'(2))

e0"(B,7)f(z) = z+ Z (6;—_5;_:_1 )) apzk. (1.1)

This operator is closely related to the following operators:
1. 0"(\,0)f(2) = O"(\)f(2) = z+§2 (562)" axst (see 14, 5));
2. O"(L0)f(z) =O"(x) =2+ (E3)" ag 2 (see[6]);
3. 07(0,0)f(2) = O"f(2) = 2 + 2( Jragz* (see[T]).
(1.1) = (v + 1)2(0"(8,7)f(2)) = (7 +1+4 80" (8,7)f(2) — O™ (8,7)f(2).

Now for linear operator ©™ (83, ) we define the following subclasses of A:

Sp(&:8,7) = {feA:0"(B,7)f €S (&}

Cu(§,B,7) = {feA:0"(B,feC)};
Kn(ﬂyf,ﬁ,’}/) = {fGAGn( » Y )fEK(p7 )}7
K, (p,&,8,7) = {feA:0"(B,7)f €K (pf}

2. Inclusion relationships

Lemma 2.1. [8, 9] Let ¢(u,v) be a complex function such that ¢ : D — C, D C CxC,
and let p = p1 + ipe, v = v1 + ive. Suppose that o(u,v) satisfies the following
conditions:

1. @(u,v) is continuous in D;

2. (1,0) € D and R¢(1,0) > 0;

3. Ro(ipz,v1) <0 for all (ipe,v1) € D such that v1 < %(1 + u3).
(h

Let h(z) =1+ c12 + c222 + - -+ be analytic in U, such that (h(z),zh/(2)) € D for all

z € U. I R{p(h(z),zh'(2))} > O(Z € U) , then R{h(2)} > 0.
Theorem 2.2. Let f € A, 0< &< 1, B,7v>0,n €N then

Sn1(&,8,7) € S3(E,8,7) € S5 1(8,8,7)-

Proof. Let f € S, (& 8,7), and suppose that
(OGN _
@) T

Since

p
v+1

BNy ey s B
o ie IO

(1+ )
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therefore

20" (8,7)f(2)) (v + DA = §zh'(2)
O +1(8,7)f(2) B+ (y+1DE+ 1= Eh(z)
Taking h(z) = p = p1 + iug and zh/(2) = v = vy + ive, we define ¢(u,v) by:
(y+DA =&v
B+(y+DE+ 1 -n
L+ O+ DE0+ DA - Hu
(TG 0P+ (- 623
: L+ O+ DEl + DA = +p15)
Mot} < =0 G e+ (- o7
Clearly ¢(u,v) satisfies the conditions of Lemma 2.1. Hence R{h(z)} > 0(z € U)

—& = (1=9h(z) +

pp,v) = 1=§pu+

= R{w(ipg, v1)}

< 0.

0>

implies f € S3(, 8,7).
Theorem 2.3. Let f € A, 0< &< 1, B,7>0,n €Ny then

CTLJrl(gvﬂa’Y) - Cn(f;ﬁ,’)/) c Cn71(§,ﬂ,’7)~
Proof. Let f € Cpy1(€,8,7) = O"TH(B,7)f € C(€) & 2(0"T1(8,7)f) € 5*(§) =
O™ (B,)(2f') € S*(&) = 2f" € S51(&6,8,7) C Sn(&,8,7) = 2f" € S;(&,8,7) =
W((ﬂﬁ)(;f’) € 5*(&) = z2(©"(B.7)f) € 57 & O"B.Nf € C) = f €
Cn(&,8,7)- O

Theorem 2.4. Let f€ A, 0<&< 1, B,7v>0,0<p<1,neNy then

Kn+1(p7£a637) g Kn(p7€a6a 7) g Kn—l(pvgwg;’}/)'
Proof. Let f € K,1+1(p,&, 8,7) and suppose that
(2(9”(5, ()

o (8,7)g(2)
Using (1.1) we have

) = p+ ({1 —ph(z),zel.

B (H)(O" @S @) | 520" (B2 (2)
20" (B, f(2) RO R CRLIe)
onti (g, = EEECREEIEN
(8,7)9(2) o Bez) T H

Since SN — it (1—p)h(z) and g(2) € Sj44(€.8,7) C S5(€, 4,7). Therefore
2(0"1(8,7)f(2)) (v + 1A —p)zh'(2)
— = (1—-ph
o) " = M e - gae) T
Taking h(z) = p = p1 + iue and zh/(2) = v = vy + vy, we define p(p, v) by

(v+ (1 = p)v
Y+ D)(E+ (T =EH(2)+ 5

o(p,v) = (1—P)l~b+(

This implies

. _ (y+1) (A4p2)(1—p) [B+E(v+1)+(v+1) (1—E) 1 (z1,y1)]
Rlp(inz, v1)] = ~ BreTD T D A= h: a0 PG D s (r197)

B < 0.
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Hence, the function ¢(u, v) satisfies the conditions of Lemma 2.1. Implies R{h(z)} >
0(z € U) gives f € K,.(p,&,53,7). O

Similarly we proved the following theorem.

Theorem 2.5. Let f€ A, 0<¢<1,0<p<1, 5,y>0,n€ Ny then
K;;-&-l(pvfaﬁa’}/) - K:L(p7£’6’ ’Y) - K’Z—l(/%ﬁaﬁaf}/)'

3. Integral operator

For ¢ > —1 and f € A, the integral operator L.(f) : A — A is defined by

Le(f) = <1 / e . (3.1)

ZC

The operator L.(f) was introduced by Bernardi [10].
Theorem 3.1. Let ¢ > —1,0<¢ < 1. If f € SX(£,8,7), then L.(f) € Sk(&,3,7).
Proof. By using (3.1) we get

AOGALIC) () OB
o 6Lz Ve L)
(0" () Le () } e
Let 07 (5.4) L[ () E+(1=8h(2), h(z) =1+c1z+caz” +-
A0 BALSC e (O ()
e A s e T
This implies
o(p,v) = (1—5)/1—1—%, (same as Theorem 2.2),
and
, _ 4+ )1 —&u —(E+0)1 =80 +p3)
Rl vl = e P = ol = 2+ P 20— el ="
After using Theorem 2.1 and Lemma 2.1., we have L.(f) € S} (&, A, o, B, ). d

Theorem 3.2. Let ¢ > —1,0< &< 1. If f(2) € Cr(&, 8,7), then L.(f) € Cn(&,8,7)-

Proof. Proof is same as that of Theorem 2.3. 0

Theorem 3.3. Let ¢ > —1, 0 < £ < 1,0 < p < 1. If f(2) € Kn(p,&,58,7), then
Lc(f) € Kn(p,€, B,7)-

Proof. Since f € K, (€,8,7) = ©"(6,7)f € K(p,€). Let

2(0"(B,7)Lef(2))"
O (8,7)Ley(2)

p+(1—p).



On certain subclasses of analytic functions 13

Using (3.1) we have

. A0 (BALGS (2)) | (O™ (BA)Le(2f'(2))
(O (6,v)f(2))’) _ 0" B Nkes(z) T 6731 Leg)
or = 20" (B Le(g(2))’
(B’V)g(z) on(6,y)Leg(2) tc
Sinceg(z) € S3(6,6,7) = Le(g(2)) € S5(E, ). Let
!

3
2(0"(8,7)Le(9(2))  _ N )
o (B Leg(s) & T OHE), R(HZ) > 0.
(1 p)2h!(2)

20" (8.1)f(2))
= &5 1)9(2) ET (0 OH(z) T e

Using method of Theorem 2.3, we get

(

)—p = ([1—=ph(z)+

(1—pv
E+ (1 -9H((2)+c
Taking h(z) = p = p1 +ipe and zh/(2) = v = vy + iv2, we define the function p(u, v)
by:

olpv) = (1—=pp+

1 (1+m3)A=plE+c)+ (1 =Ehi(r1, )]
2[(€+0)+ (1 =hi(z1,y1)]* + [(1 = §ha(z2, y2)]?
Hence, by using Lemma 2.1. we have L.(f) € K, (p,&,3,7). O

Rp(ipz, v1)] = — <0.

Similarly we proved the following theorem.

Theorem 3.4. Let ¢ > —1,0< ¢ <1, and 0 < p < 1. If f(2) € K}(p,&,0,7), then
Le(f) € Ki(p,€,8,7)-
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