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The pairs of linear positive operators according
to a general method of construction
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Abstract. We provide an estimate between discrete operators and their associated
integral operators. A lot of examples are given.
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1. Introduction

Using a well-known method of construction for the pairs of linear positive op-
erators, we give an estimate of the difference between the terms of these pairs. Let
(Lyn),,~; be a sequence of linear positive operators, L,, : L — F(I) having the form

L,(f;z) = Zhn,k(m)un,k(f), zel, fel, (1.1)

k>0
where L is the space of all real measurable bounded functions on I, for which L, f is
well defined and F(I) is the space of all real valued functions defined on I.
Also the functions f € L are p, ;- integrable on I, p, ; being probability Borel
measures on I and so that, the linear positive functional

vualf) = [ Fdstu), e £ (1.2)
I

is well defined for each n > 1 and k > 0. We assume that, x, ; € I is the barycenter
of the probability Borel measure p,, 1, i.e.

Tnk = Vnk (€1) = /ud,un,k(u). (1.3)
T

As usual, e;(z) = 2', x € I,i = 0,1, 2, ... denote the test functions. In (1.1) we
consider the positive functions h, , € Cg(I) so that, > h,x(x) = 1. With these
£>0

remarks, the linear positive operators (1.1) preserve the constant functions. It is well
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known (see [3], [4], [8], [9], [22], [25]) that the sequence of positive linear operators
(1.1) is associated with the next sequence of linear positive operators

x)zzhn,k(x)f(xn,k)anZLkZOJCGI,fEE (14)
k>0
where we consider that £ is the common set of all real functions f on I for which
Lo f, vnk(f), Pnf are well defined. We remark that
Ln (61; LL') - 617 Z hn k xn,k~
£>0

In the next section, we present an estimate on the difference between the terms of the
pair of operators (L, P,).

2. An estimate on the difference |L,f — P, f|

The basic result for the next theorem is the barycenter inequality of v a proba-
bility Radon measure on I

v(h) > h(b), h € Cp(I) convex,

with b = v(e;) the barycenter of probability Radon measure v.

1
Indeed, if h = ”f ! ey £ f, f € C4(I), then the barycenter inequality becomes
_ b < Hf”” _ b2
()~ )1 < L ey 2],
where ||| is the uniform norm.

Theorem 2.1. If (Ly),~,, (Pn),>1, are two sequences of linear positive operators

defined as (1.1) respectively (1.4) for f € C%(I) C L, then for x € I we shall have
the estimation

Latfi2) - P < IS @) [paea) - usten?] . 1)

k>0

3. Some examples

The main purpose of the present paper is to establish results of type (2.1) for a
number of well-known pairs operators (L, P,,) used in approximation theory. In our
examples, the functions h,, ;(z) are the next discrete probability functions:

(i). poi(@) = ())a*(1 —2)" % 2 €0,1],0 < k < n,n > 1 (the binomial proba-
bility)
(na)*

(ii). spp(x) =€ X

, x>0,k >0,n>1 (the Poisson probability)

(iii). 7 k(x) = ("Hzifl)ﬁ’ x>0,k >0,n > 1 (the negative binomial

probability or the Pascal probability).
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Also, we consider the next probability density functions:

0 ,x <0
(iv). Yn(z) = |

=T (&

I(n)

~0.n>0 (the Gamma probability density
) x — ) n

function),

o0
/e_zx“_ldx, a > 0 (the Gamma function)
0

0 ,x & 1[0,1]
(V) Ben(z) = 1 k—1 -1
’ 1 0,1], k>0 0
B(k,n)x ( ,x€10,1], k>0,n>
probability density function),
1

(the Beta

— )"

B(k,n) = /ack*l(l—m)”*ldx, k>0, n > 0 (the Beta function of the first kind)
0

0 ,x <0
(vi). ben(z) = 1 k-t (the Inverse-Beta
Bl Ggayps 020 k>0n>0
probability density function),

e}
k—1
B(k,n) = /uiwdx, k >0, n > 0 (the Beta function of the second kind)
0 ,x ¢ [a,b
(vii). w(x) = 1 (the uniform continuous probability den-
A x € la,b,a<b
-a

sity function on [a, b]).

It is easy to see that, between the discrete probability functions and the proba-
bility density functions there are a link in the next sense:

1
n+1
—5k+1n k+1 fpnk dx 0<k<nn>1x€[01]

Dn k() ———Brt1,n— k+1( )

Sn,k(x) = 7k+1(n1')7 k > Oa n > 17 x> 07

1
— lbk+1,n71(fﬂ)a k>0,n>12>0.

’/Tnyk(x)

Using a general method of construction for the pairs of linear positive operators,
we give the next examples.

A. Let hy,(z) = poi(z) = (3)z"1—z)" %, n>1,k=0,n,I=10,1] be, the
binomial probability.
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A1l. Taking
1
[ f@)Bemr(w)du ,1<k<n—1,n>2
Unk(f) = y
" £(0) k=0
f(1) ,k=n
1
(n=1) [ fwWpn—r2k—1(u)du ,1<k<n-—1,n>2
_ 0
— ) £(0) k=
f() Jk=n
and
f k
[ubpm-r(wydu== ,1<k<n—1,n>2
n
Tn,k :Vn,k(el) = 8 _
1 =

we obtain the pair of operators (DB, (f;x), B,(f;x)) where

1
DB, (f;z) = pnolx)f( (n—1) ank /f U)Pn—2,k—1(uw)du
k=1 0
+Pnn(2) f(1)

is the genuine Bernstein - Durrmeyer operator, deﬁned and investigated by Good-
k
man, T.N.T., Sharma, A. [15], [16] and B, (f;x) = Z Pnk(x)f () is the classical

Bernstein operator.
We have with (2.1), for f € C?[0,1] the next estimation

") =1 a(-a)

|DBn(f,£L‘> —Bn(f7$)| S 2 n+1 n

A2. If we have

1 1
flu ﬁk+1 n— k+1( )du = flu pn e(u
= [ v

and

Blk+2n—k+1) k+1  _ _
Blk+1n—k+1) n+2  — =

Tn ke 7= V(€)=
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then, we get the pair of operators (DB (f,x), BX(f,x)) with

Bi(fia) = Yopaa@) [ 0)Bkinnoria(u)dy
k=0 0

= 1) pasle) / F () ()
k=0 0

the classical Bernstein-Durrmeyer operator defined by Durrmeyer J.L.[12] and exten-
sively studied by Derriennic M. M. [10], Ditzian Z., Ivanov K. [11], Gonska H.H., Zhou
n k+1
X. [14] and B (f;2) = > por(x)f (;) , the Bernstein-Stancu operator [27]. For
k=0

+2
they, if f € C2[0,1] then

(n+2)*(n+3)
A3. For the functional A, x(f) = (n+1) [ f(u)du associated with the uniform
k
EEa)

continuous probability density function

k  k+1
0
’ugé{n—&-l’n—l—l}
wn i (u) =
kK k+1
n+1 ,u€ , +
n+1 n+1
we have
kt1
i % +1
Tn,k :)\nﬁk(el):(n‘kl)/Uduzm,()ékgn7nzl
k
n+1

So, the pair of operators becomes (K B, (f;z), BX*(f;x)) with
+1

KBy(fi) = 0+ )Y pusta) [ fu)du (3.1)
k=0

the Bernstein-Kantorovich [18] operator and

B** f7 ank < 22:::1)>

the Bernstein-Stancu [27] operator.
Using the Theorem 2.1 we have for f € C?[0,1] the estimate

KB (o) = B (i) < gt
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A4. Consider now, the linear positive functional

k+b?
nt
1
A (fran,bn) = b,n——ka / f(w)du, 0 <a, <b, <1,
ktan

nt1

which can be associated with the uniform continuous probability density function

k+a, k+0b,
0
’u¢[n+l’n+1]
Wh o (U5 @,y bn) =
1 k+ap n
ntL e |EEa B o b, <
bn, — an n+1l n+1

and
2k + a,, + b,

2(n+1) ~’
We obtain the pair of operators (AL, (f;x), BSy(f; 1’)) with

Tk = Ay (€15, bn) = 0<k<n,n>1.

n
n—+1
=Y psl) | / fu
k=0 " " dan
n+1

0<a, <b, <1, feCl0,1], z € [0,1], a generalization of Bernstein-Kantorovich
operators (3.1) which was given by Altomare F., Leonessa V. [2] and its associated
operators is the Bernstein-Stancu type operator [27]

Z" 2k + an, + by,
k:Opn,k(I)f ( 2(7?, ¥+ 1) ) ) (a'n Oa bn , n OO)

If f € C?[0,1] we obtain with (2.1) the next estimate

(b, — an)2
24(n +1)2°

A5. Taking for a,b > —1, @ > 0, ¢ := ¢, = [n?] the positive linear beta func-
tional

[ALn(f;2) = BSa(f52)| < |7

1
1 k+ (n—k)+b
e a _.n\eln d
B(ck+a+1l,e(n—k)+b+1) /f u) Y
0

and its associated linear positive beta operator

T (f )

Toe(f) =

1

1
— c7u+a _ cn(l—w)—i—bd
B(ecnx+a+1,en(l—z)+b+1) /f w) “

0
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€ [0,1], we have with (1.1) a linear positive operator defined and investigated by
Mache D. H. [19], [20], which represents a link between the Durrmeyer operator with
Jacobi weights (for a = 0) and the classical Bernstein operator

an @) TIC(f) = Bo (T27°) (f ).

k+a+1
B 3 Ta,b,c — C
ccause T3 en) = o T h T 2

a new linear positive operator associated with DM, (f),

. ck+a+1
9= pus)! (5 t5rs)
k=0

If f € C2[0,1] then for the pair of operators (DM, f, R, f) with Theorem 2.1 we have
the estimate

, Rasa I. [25] using (1.4) defined and investigated

|DMn(f,$) - Rn(fvx)l
< Il Ann—1)z(l—2)+en(d—a)r+cnfa+1)+ (a+1)(b+1)
- ' 2(ecn+a+b+2)%(ecn+a+b+3) )

- (nx)*

B. Let g = spi(z) = e il

probability function.
B1. If

,x > 0,k > 0,n > 1 be, the Poisson

n [ f(u)ye(nu)d nz?f S k—1(u)du

ff U)Sn,k— 1 )du
0

f Sn.p—1(u)du
0

0 k=0

Tn,k(f) =

is a linear positive functional and

o0 o0 k
n [ uyp(nu)du =n [ spp_1(v)du=— | k>1
Tk 1= Tn,k(el) = 0 0 n

0 k=0

then we have with (1.4) the classical Szasz-Mirakjan operator

Sn(f; ) isnk (k> (3.2)
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and with (1.1) the Phillips operator [23] or the genuine Szasz-Durrmeyer operator

DSn(.ﬂx) = SnO +ank /f Snk 1
= SnO +ank /f ’Wc nu

For these two operators, with the Theorem 2.1, we obtain the estimation

DSu(f50) = Su) < ILUS™ o 0) [rusten) = (ruaten))]

k>0

T

2 n’

IN

z >0, f € C%[0,00).
B2. We consider the linear positive functional

ﬁﬂﬁ:n/ﬂW%Mwm=n/ﬂWWﬂmww
0 0

and

r k1
Tnk =T, p(€1) = n/uvkﬂ(nu)du = j; , k>0.
0

So, using (1.4) we get a modification of Szasz-Mirakjan operator

S5 (f:2) ank <k+1>

and with (1.1) the Szasz-Durrmeyer type operator, which was defined and studied by
Mazhar, Totik [21]

oo

DS (f,xz) = nzsnk /f )8,k (u)du

80

nank /f w)Yg+1 (nu)du.

(=)

If f € C%[0,00) then

@ Z Sn,k () {Tz,k(@) - (T;,k(el))ﬂ

k>0

I (= 1
2 n+n2 '

[DS,(f3) = Sp(fie)] <

IN
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B3. Taking the linear positive functional
f(O) , k=0
Qpn,k(f) = f f bk n+1 )du 7 . 0,

0 ,u<Oork=0
ith by pae1(u) = 1 k the Inverse-Beta
v ka1 (1) . Y ,u>0,k>0 v
B(k,n+1) (14 u)ntktl
probability density function we obtain the knots
0 , k=0
Tnk = Pnk(e1) =4 F B(k+1,n) &k
’ ’ bk n du=————"—"==— ,k>0.
Ju ka1 (1)du B(k,n+1) n -

According to (1.1) we have the Szasz-Inverse Beta operator, defined by Govil N.K.,
Gupta, V., Noor M. A., [17] and studied by Finta Z., Govil N. K., Gupta V., [13],
Cismaiu C., [5], [6], [7]

SAn(f,x) = f(O)sno(z +ank /f )bk 1 (w)du
k=1 5

and according to (1.4) we have the Szasz-Mirakjan S,, f operator (3.2). For the pair
of operators (SA, f, S, f), if f € C%[0,00) we get the next estimate

SA(fi) = S(fi)| < ”f"”an, ) [prses) — (pnn(en)?]

1 ( z
< W 1 f), 1.
S i GGty R
B4. For the linear functional

k+1 i

On i (f /f w) P,k (U / w)du, n >1,k>0
with
kK k+1
0
’u¢[n+1’n+1}

Pn,k(u):
I k k+1
’ n+1'n+1

the uniform continuous probability density function, we have

},n>1,k>0

k+1
n

Tk = Pnile1) = / Upp i (u)du = ,n>1, k>0

3=
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and with (1.4) we obtain a modification of Szasz-Mirakjan operator
2k+1
S** n )
f7 Z S k: ( m )

The associated operator with (1.1) is the classical Szasz-Kantorovich operator [18]
K5y La ([0, 00)) — B([0,00)),

L1([0,00)) =] f:[0,00) — R, measurable on [0, c0), /|f(1:)|d:z: < 00

defined
k41
K,SI(f;x —nank / (u)du
k
and so, using the Theorem 2.1 we obtain
Sy (i) - (i) < AL L e a0, 00).
nb m -2 12n% ’

C. Now, we consider the negative binomial probability or the Pascal probability

1 n+k—1> xk
(

hoale) = s = gbeann@ = ()

r>0,k>0,n>1.
Cl. Let 0, x(f) = (n— 1) ff W)k (u du—ff )bk+1.n—1(u)du,be the linear

functional which is defined Whenever f is either a real valued bounded measurable
function on [0, 00) or a continuous function on [0, 00) such that f(z) = O (z"), 0 <
r < n —1. We obtain

00
Bk+2,n—2 k+2
Tk = Un,k(el) = /Ubk+1,7L—1(u)du = BEIC Tin— 1; = n_2 n>2.

0

We get with (1.1) the Baskakov-Durrmeyer operator, defined and investigated by
Sahai A., Prasad G. [26]:

Mafiz) = (=) Y mnle) [ fmslu
k=0 0

= Zﬂ'nk /f Vokt+1,n—1(u)du, n>1, >0

k=0

and with (1.4) a modification of Baskakov operator

k+1
Z?Tnk 2 ,n > 2.
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So, for n >3, 2 > 0, f € C%[0,00) with (2.1) we obtain the estimate
£ nn + Da® + (n — 2)(nx + 1)

|DMy(f;2) — Mu(f;2)|] <

2 (n—2)%(n—3)
C2. If the functional (1.2) is
o0 o0
Z/n,k(.f) = (TL + 1)/f( )7Tn+2 k— 1 /f bk 7l+1 du k>1
0 0
then we get
o0 Bk+1,n) &k
bk n du=——">=— k>0
Tk = Unk(e1) = E{u kot () B(k,n+1) n
0 k=

So, we have with (1.1) the genuine Baskakov-Durrmeyer operator

DM;(f,x)

fO)mno(x) + (n+1) Zﬁnk /f W42 k—1(u)du

f(O)’]Tno n+1 Zﬂ'nk /f bk;nJrl du
k=1 0
and with (1.4) the classical Baskakov operator

=S (3

Using the Inverse-Beta operator or the Stancu operator of the second kind [28]:

o [T 1 o
Wn f,Jf = 1 00 unE
B(nz,n+1) off(u)(lJru)er”Hdu , x>0,

for which

Wn(60317) =1

Wy(er;z) =z

1
W"(QQ;I):IQJF% ,n>1
)

we have DM (f) = M (W,)(f;z). If f € C%[0,00), n > 1, x > 0, then we obtain
the next estimation
[DMy(f5 ) = My (f; )]
£
WIS
k=1
" 2
I e
2 n(n —1) n—1
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