Stud. Univ. Babes-Bolyai Math. 57(2012), No. 3, 395-403

Generalized Salagean-type harmonic univalent
functions

Elif Yagar and Sibel Yal¢in

Abstract. The main purpose of this paper is to introduce a generalization of
modified Salagean operator for harmonic univalent functions. We define a new
subclass of complex-valued harmonic univalent functions by using this opera-
tor ,and we investigate necessary and sufficient coefficient conditions, distortion
bounds, extreme points and convex combination for the above class of harmonic
univalent functions.
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1. Introduction

Let H denote the family of continuous complex valued harmonic functions which
are harmonic in the open unit disk U = {z: |z| < 1} and let A be the subclass of
H consisting of functions which are analytic in U. A function harmonic in U may
be written as f = h + ¢, where h and g are members of A. In this case, f is sense-
preserving if |h/(z)| > |¢'(#)| in U. See Clunie and Sheil-Small [2]. To this end, without
loss of generality, we may write

h(z) =z + Zakzk, g(z) = Zbkzk. (1.1)
k=2 k=1

One shows easily that the sense-preserving property implies that |b1] < 1.

Let SH denote the family of functions f = h+g which are harmonic, univalent,
and sense-preserving in U for which f(0) = f,(0) —1=0.

For the harmonic function f = h + g, we call h the analytic part and g the
co-analytic part of f. Note that SH reduces to the class S of normalized analytic
univalent functions in U if the co-analytic part of f is identically zero.

In 1984 Clunie and Sheil-Small [2] investigated the class SH as well as its geo-
metric subclasses and obtained some coefficient bounds. Since then, there has been

The corresponding author is Elif Yagar.



396 Elif Yagar and Sibel Yalgin

several related papers on SH and its subclasses such as Aval and Zlotkiewicz [1],
Silverman (7], Silverman and Silvia [8], Jahangiri [3] studied the harmonic univalent
functions.
The differential operator D™ (n € Npy) was introduced by Salagean [6]. For
f = h+g given by (1.1), Jahangiri et al. [4] defined the modified Salagean operator
of f as
D" f(z) = D"h(z) + (=1)"D"g(2),
where
D"h(z) =z + anakzk and D"g(z) = Zk"bkzk.
k=2 k=1
For f = h+ g given by (1.1), we define generalization of the modified Salagean
operator of f:
DXf(2) = D°f(2) = h(z) + g(=),
Dif(z) = (1= XN)D°f(2) + AD' f(2), A =0, (1.2)
Dif(2) = D} (D3 f(2)
If f is given by (1.1) , then from (1.2) and (1.3) we see that
2 =2+ k=1 +1" a2k + (-1)"> Ak +1) -1 bezh.  (14)
k= k=1
When A = 1, we get modified Salagean differential operator [4]. If we take the
co-analytic part of f = h+g of the form (1.1) is identically zero, DY f reduces to the
Al-Oboudi operator [5].
Denote by SH(A,n,«) the subclass of SH consisting of functions f of the form
(1.1) that satisfy the condition

n+1
Re(W)za, 0<a<l (1.5)
where DY f(z) is defined by (1.4).

We let the subclass SH (A, n,«) consisting of harmonic functions f, = h + 7,
in SH so that h and g,, are of the form

=z Zakz gn(2) = Zbkz ak, br > 0. (1.6)

By suitably spemahzlng the parametres, the classes SH (M, n,a) reduces to the
various subclasses of harmonic univalent functions. Such as,

(i) SH(1,0,0) = SH*(0) (Ava [1], Silverman [7], Silverman and Silvia [8]),

(ii) SH(1,0,) = SH*(«) (Jahangiri [3]),

(iii) SH(1,1,0) = KH(0) (Ava [1], Silverman [7], Silverman and Silvia [8]),

(iv) SH(1,1,a) = KH(«) (Jahangiri [3]),

(v) SH(1,n,a) = H(n,«) (Jahangiri et al. [4]).

The object of the present paper is to investigate the various properties of har-
monic univalent functions belonging to the subclass SH (A, n, ). We extend the results
of [4], by generalizing the operator.
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2. Main results

Theorem 2.1. Let f = h+ g be so that h and g are given by (1.1). Furthermore, let

o0

S OAE =D+ 1" A - 1) + 1 - o] |ax]
k=2
+Z (k+1)—1"Ak+1)—1+a]|be] <1—a, (2.1)

where A > 1, n € NO, 0 < a< 1. Then f is sense-preserving, harmonic univalent in
Uand fe SH(\n,a).

Proof. If z1 # 2o,

Zbk (z{C - 25)

‘f(21)—f(22) >1_ ‘9(21)—9(22) —1_
h(Zl) — h(ZQ) - h(Zl) — h(ZQ)
21 — 29 +Zak —22
ZME+1) =1 [ME+1) =1+ 0]
Zk\bu 5y A T x|
o SR, VTS S T T
—-1)+ -)+1-a
1-) k 1-—
Z k| 1;2 — k|
which proves unlvalence. Note that f is sense preserving in U. This is because
- - ~ANE-D+1"MNE-1)+1-a
T e S = el

ol > > kbl 271 2 19 (2) -

k=1
Using the fact that Rew > « if and only if |1 — o +w| > |1 + o — w], it suffices to
show that

(1= a)D3f(2) + DY f(2)| = |1+ a) DR f(2) = DY f(2)[ 2 0. (22)
Substituting for DY*! f(2) and D} f(2) in (2.2), we obtain
(1= a)D3f(2) + DY f(2)| = |1+ a) DR f(2) — DY f(2)]

“MNE+D)=1"MNEk+1D) -1+«
;[(+) }1[_(a+) +a

oo

>2(1—a) ]zl = > Ak — 1)+ 1" Ak — 1) +2 — o |ax| 2"
k=2

=Y A+ 1) = 1" Mk + 1) — 2+ o [bi| |2
k=1

>IN " Ak = 1) — o [ax| 2"

k=2
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*i AE+1)— 1" Ak + 1) + a] b |2

k=1
M=) +1]" [Nk —1)+1—q]
>2(1— 1-—
( a>|z|< > Al |

k=2

i (k+1)—1]"[Mk+1)— 1+ 0a] b |>

11—« ay
k=1
This last expression is non-negative by (2.1), and so the proof is complete. O

Theorem 2.2. Let f, = h+7, be given by (1.6). Then f, € SH(\,n,a) if and only
if

i E—=1)+1"[Mk—1)+1—a]a
k=2

Y ME+D) =1 Ak +1) —1+alby <1—a, (2.3)
k=1

where A>1,n €Ny, 0 <a<1.

Proof. The "if” part follows from Theorem 2.1 upon noting that SH(\,n,a) C
SH(\,n,a). For the ”only if’ part, we show that f ¢ SH(\,n,q) if the condition
(2.3) does not hold. Note that a necessary and sufficient condition for f, = h + 7,
given by (1.6), to be in SH (A, n, ) is that the condition (1.5) to be satisfied. This is
equivalent to

I—)z—Y Mk=1)+1" [Ak—1)+1— o] apz*
Re k=2
2= Ak—1)+1] akszrZ Ak +1) —1]" b,z
k=2 k=1
Z (k+1) = 1" Mk +1) — 1 + o] b Z"
=1 > 0. (2.4)

z—Z[A —1)+1] akz’wrz (k+1)—1]" bz*
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The above condition must hold for all values of z, |z| = r < 1. Upon choosing the
values of z on the positive real axis where 0 < z = r < 1 we must have

(1—a)-— 3 AE—=1)+1]" Mk —1)+1—a]aprF?
k=2

" aprk—1 + E " bprk—1

(k+1) 1" Mk +1) =1+ a]bpr*?!

S
f;

= = > 0. (2.5)
1= Ak =1+ 1" aprb=1 4+ > Ak + 1) = 1]" byrk—1
k=2 k=1

If the condition (2.3) does not hold, then the numerator in (2.5) is negative for r
sufficiently close to 1. Hence there exist zg = 7 in (0,1) for which the quotient in
(2.5) is negative. This contradicts the required condition for f,, € SH(\,n,a) and so
the proof is complete. O

Theorem 2.3. Let f,, be given by (1.6). Then f, € SH(\,n,q) if and only if
Z (Xihi(2) + Yign, (2)) s
k=1

where hy(z) = z,

l1—«

hi(z) =z — AE—1D +1"[Mk—1)+1— 0]

2 (k=2,3,..),

1—«a B
PG T PG _1ra” F=L23),

gni(2) = 2+ (=1)"

Z Xpe+Ye)=1, X, >0, Y >0.
k=1

In particular, the extreme points of SH(\,n,«) are {hi} and {gn, }-

Proof. For functions f,, of the form (1.6) we have

Fa(z) = ) (Xhi(2) + Yign, ()
k=1

o0 oo

11—«
= (Xi + Y) X, 2"
K+ i) 22 k- D)+ 1 k-1 +1—a] *

Eol

—

> 11—«
" Y, Z".
; AN+ ) 1" ME+1) —1+a] *°
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Then
Ak = 1)+ 1" Ak —1)+1—a] 1 -«
,;2 1—a ([A(k—l)—i—l]”[)\(k:—l)—i—l—a]Xk)
Ak+1)—1]" Mk +1) =1+ q] 1-a
* I—a <[)\(k+1)—1]"[)\(k+1)—1+a]Yk>

M2 T

X + ZYk =1-X, <1, and so f, € SH(\,n,a).
2 k=1

Conversely, if f, € SH(\,n,«a), then

>
U

11—«
U < Ak =1)+1]"[AMk=1)+1-q]
and
b < 11—«
PR -0 E+) — 1+ o]
Set
X, = [/\(kf1)+1]1[:\(§*1)+1*04ak, (k=2,3,.)
yi [)\(k+1)—H’;[i\(jJrl)—lJra]bk’ (k=1,2,3,..)
and

o0 (o]
X, =1-— (Zxk + ZYk)
k=2 k=1

where X7 > 0. Then, as required, we obtain

fu(2) = X1z + Y Xehi(2) + ) Vign, (2).
k=1

k=2

Theorem 2.4. Let f,, € SH(\,n,a). Then for |z| =7 < 1 and X > 1 we have
[fa(2)] < (T+b1)r

(1-a) A—1)"2A—14a), \ ,
+((/\+1)"(>\+1—a)_ O+1)" (A +1—a) bl)r’

and
fu(2)] = (1=b1)r

_( (1-0q) _(2)\1)”(2>\1+a)b)r2
A+1)"A+1-a) O(A+10)"A+1-a) )
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Proof. We only prove the right hand inequality. The proof for the left hand inequality
is similar and will be omitted. Let f,, € SH(\,n,«) and A > 1. Taking the absolute
value of f, we have

a2 < (Ab)r+ Y (ar+by)r"
k=2

< (1+b1)7”+i(ak+bk)r2
k=2
_ (1—a)r? ~ A+ )" A +1-0)
= (1+bl)7‘+()\+1)n(>\+1_a)l;2 (1-a) lay + k]
(1—a)r?
s A+b)r+ v T
XZ([A(k—1>+11’;[j<§—1>+1—a]ak
k=2
+[A<k1>+111[i<jl>+1“}bk)
(1—a)r?
+[)\(k+1)—1]1[)\(§+1)_1+a}bk>
(1—a) 2A-1"(2A\—1+a)
< (1+b1)7’+()\+1)n()\+1_a)(1 - bl)T2
(1-a) @AD" (2A—140a), \ >
< (1+b1)T+((/\+1)n()\+1_a)_ A+ )" (A +l-a) b1>7".

The following covering result follows from the left hand inequality in Theorem 2.4. [

Corollary 2.5. Let f,, of the form (1.6) be so that f, € SH(\,n,a). Then

{w'|w A+1D)"A+1-a)—1+a
A+1D)"A+1-a)
A+D)"A+1—a)—2A-1)" 2\ -1+ )

- A+ ) A+ 1-a) bl}cf"(U)'

Theorem 2.6. The class SH(\,n,a) is closed under convexr combinations.

Proof. Let f,, € SH(\,n,a) for i = 1,2, ..., where f,, is given by
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fni(2) =2 — Zak 2" 4+ ( Zbk z". Then by (2.3),

k=1
Z[A(kfl)nLl] [A(k71)+1—a Z Ak +1)—1]" [A(k+1)71+a]bkv§1'
l1-«a l-—«a ‘
k=2 k=1
(2.6)
For Zti =1, 0 <t; <1, the convex combination of f,,, may be written as
i=1
D tifn(z) =2 — Z <Zt ak, ) (=D)my (Ztibki> z"
i=1 k=2 k=1 \i=1
Then by (2.6),
ZAE =)+ 1" Ak —1)+1—a]
Z T —a Zt ak;
k=2
ZAEk+1) =1 Mk +1) = 1+a]
+Z T o Zt br,
k=1
> > +1" Mk —=1)4+1—q]
- (3
l1-«
i=1 =2
Oo[/\(k+1)—1] Ak+1)—1+a] ad
< p—
+> T bi, | < Ztl 1
k=1 i=1
This is the condition required by (2.3) and so Zt fn:(2) € SH(\, n, ). O

=1
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