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Relations between two kinds of derivatives
on analytic functions II

Grigore Stefan Salagean and Teruo Yguchi

Abstract. We consider Ruscheweyh derivative D™ f(z) and Saldgean derivative
d"f(z), for n € {0,1,2,...}, on a class

T=Af:f(z)=2— Z anz" (an 2 0, n=2,3,...) is analytic in |z| < 1}.
n=2
On this paper we study relations between two subclasses 7R(n,m;a) and
n+m
TS(n,m;B) of T, where TR(n,m;a) = {f e”T: ReDDT(J;()Z) > a,lz] < 1}
d"tm f(z)

and 7S8(n,m;B) =< f €7 :Re 7 0) >ﬂ,\z\<1}forae[O,l),ﬁG[O,l),

n=0,1,2,...and m=1,2,....
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1. Introduction

We consider a class of functions f(z) defined by
f(z) :z+Zanz" (1.1)
n=2

analytic in the unit open disk |z| < 1, and we denote by A the class of such functions.
We also denote by 7 a subclass of the class A satisfying

f2)=2-Y anz"  (an 20, neNy =N —{1}), (1.2)
n=2

where N is the set of positive integers. For any 8 € [0,1) = {x : 0 £ z < 1} a function
!
f(2), which is in the class A and satisfies Re { ) } > [ in |z| < 1, is called starlike
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of order 8 and we denote by S*(8) the class of such functions. We denote by S* the
class $*(0).

We also consider two kinds of derivatives, namely Ruscheweyh derivative ([1])
D™ and Saliagean derivative ([2]) d™ for n € No = N U {0} by

2(z" L f(2)) )
Df(z) = f(z). D'f(x)=Df(z) = 2f'(z), Drf(z) = TET o pp)

n!
and
d°f(z) = f(z), d'f(z) =df(2) =2f'(2), d"f(z) =d(d"7"f(2)) (n€N),
respectively.

For n € Nyg,m € N and 3 € [0, 1), Sekine([4]) introduced the following class

Ay R f(2)
S(n,m,ﬁ)—{fEA.Re f ) >B,|z|<1} (1.3)
as a subclass of the class A. For n € Ny, m € N and « € [0,1), we([3]) introduced
the following class
DMI(E) e (@) )
= Re

Dn f(z) (n+m)l(zn=1f(2))™)
as another subclass of the class A. We express R(n, 1; %), 8(n,1;0) and S(n,m;0) as
R(n) ([1]), S(n) ([2]) and S(n,m), respectively. Next let TR(n, m;a), TS(n,m;B),
TR(n,m)and 78 (n, m) denote the classes TNR(n, m; ), TNS(n,m; 3), TNR(n, m)
and 7 N S(n,m), respectively.

In the papers ([6], [5]), we researched a relation among subclasses 7R (n, m; «)

and 7S8(n,m; (), respectively. In this paper, we will discuss a relation among sub-
classes mixed with 7R(n, m;a) and 7S (n, m; ).

’R(n,m;a):{fGA:Re >a,|z|<1}(1.4)

2. Preliminaries

2.1. Fundamental results

In this subsection, we show some useful fundamental results to prove our main
theorem.

Theorem 2.1. ([1]) The relation R(n + 1) C R(n) C 8* holds for all n € Np.
Theorem 2.2. ([2]) The relation S(n+ 1) C S(n) C 8* holds for all n € Np.

Theorem 2.3. ) If Z k" " |a;€\ 1 forn € No,m € N,3 € [0,1) and

feA, then f e S(n, m,ﬁ)

Theorem 2.4. ([4]) Forn € No,m e N, €(0,1) and f € T, we have that

Gl
—-p

The following theorem is a result to indicate a sufficient condition for f € R(n,m;«).

feTS(n,m;B) < Z ap < 1. (2.1)

k=2
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Theorem 2.5. ([5]) If forne Ny, me N, a€l0,1) and f € A,

(n—|—m—|—k—l> a(n+k—1>
s k—1 B E—1
lag| = 1,

11—«

k=2

-1 — 1
where(g :1fora€/\/'and<2)=a(a ) b'x(a bt )fora,beN

and a 2 b, then f € R(n,m; ).

The following theorem is a useful result to indicate a necessary and sufficient
condition for f € TR(n,m; ).

Theorem 2.6. ([5]) Forn € Ny, me N, a €0,1) and f € T, we have that

n+m+k—1 _ n+k—1
k—1 k-1

fEeTR(,ma) i ( >ak. <1. (22

11—«
k=2

We obtain the following corollary of Theorem (2.5) replacing m by 1.

<n+k) (n+k—1>
k-1
Corollary 2.7. If E lag] £ 1 forn € Ny and

—«
feA, then f € R(n,l,a)

We obtain the following corollary of Theorem (2.6) replacing m by 1.
Corollary 2.8. ([5]) For n € Ny and f € T, we have that

(i) ("E5 )
=\ k-1) k—1
fe€TR(n,1;a) — Z ap < 1.

11—«
k=2

2.2. Examples
Before proving our theorem, we present two examples. Their proof can be found

in [3].
Example 2.9. The following relations hold true for m € A5 and 0 £ 8 < 1:

(a) TR(0,m;a) G TS(0,m;B) for 1 — =8 <a < 1,

(b) T8(0,m; ﬁ)C’TR(O m; ) for0<a<1—2,” :(1=0),

(c) TR(0,m;a) ¢ TS(0,m;B) for 1 — 55 (1—B) <a<1-— 18

and

(d) 78(0,m; B) ¢ TR(0,m;ax) for 1 — (1 — 3) =5

Example 2.10. The following relations hold true for m € A and 0 £ 3 < 1:
(@) TR(,m;a) G TS(1,m;B) for 1 — 24y Sa <1,
(b) TS, m;pB) £ TR(1,m; ) and TR(1,m; ) ¢ TS(1,m; B)

for 1 — 5mps (1 - ) < a < 1— $25,
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and
(¢) TS(1,m;B) S TR(1,m;a)for0Sa=s1-— s (1= 0)

3. Main result

Theorem 3.1. The following relation holds true forn € No, m € No and 0 < 3 < 1:

1
7ﬁ S a<l1.
(m +n)!
Proof. In order to prove that 7R (n, m;a) ; TS8(n,m; () for 1 — (m+n), <a<l,
n € Ny, me Ny, B3€][0,1), we have to prove that G(«, 3;k,n,m) <0, where
G(a7 6; k?”? m) =

TR(n,m;a) G TS(n,m; 3) for 1 —

—1 —1
1 B n+m n

(1—a)k”+m—m 11 (k+l)—ﬁ(1—a)k”+wn(k+l)
=0

=0

for k,m € Na, n € Ny, 1— mJﬁ), Sa<1Be€][0,1). Weshow that G(«, 3;k,n,m)

is a decreasing function of « for all §,k,n,m (with the conditions in the Theorem)
and that

G(I—M,ﬁknm)<0 (3.1)
We have
8 n—l
%G(a,ﬂ;k,n,m) = k™™ 4 Bk™ + H(n,m;0);

and we will prove that

o L1
%H(nmﬂ)fk *511(1”1)20’ nen,

or equivalently, that
n—1
nlk" — [k +1) >0, (3.2)
1=0
by the mathematical induction.

Case n = 1. %H(l,m;ﬂ) =k—k=0;
Suppose that (3.2)holds true.
Case (n+1). We have
n—1 n
(n+ D" = (n+ DE{nk"} > (n+ Dk [J(k+0) > [J(k+1)
1=0 1=0

because (n+ 1)k >k +n.
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0
From a—ﬂH(n,m;ﬁ) > 0 we have that

H(n,m;B3) < H(n,m;1) = —k"T™ + k™ <0

for allm € Ny, B €[0,1). From 82(}'(045; k,n,m) = H(n,m; ) < 0 we deduce that
Je!

G(a, B; k,n,m) is a decreasing function of «; then

1-p
Now we have to show that (3.1) holds. We can write
1-p 1-p
1—-—,6; = — L(B;k; 4
G( (n+m)!’6’k7n’m) (n+m)! (ﬁ’k‘7n)m)7 (3 )
where
n+m—1 n+m nfl nfl
L(B;k;n,m) = k"t — [ (k+1)+pk"+ Hk+l
1=0 1=0 :0
But
0 L(B;k;n,m) = k"—l—inl_[l(k—i-l) >0
a3 ’ N b ’
hence
L(B; k;n,m) < L(1; k;n,m). (3.5)

Now we prove that L(1;k;n,m) < 0 by mathematical induction with respect to n.
We have

Lk 1,m) = k" —k(k+1) x ... x (k+m) +k+ (L +m)lk = ko(k),
where the function
ox)y=am—(z+1)x...x(x+m)+ 1+ (1+m)! for x >2

is increasing, because

¢/(x):mxm—l—(x—|—1)X...X($+m)zx+

Since
1)!
(b(x)§¢(2):2m—3><...><(m+2)+(m+1)!+1:2m—w+1<07
for m > 2, we obtain that L(1;k;1,m) <0 for m, k > 2.
Now we suppose that L(1;k;n,m) < 0, that is
n+m—1 (n + m)' n—1
ekt < ] (k+l)—TH(k+l) (3.6)
1=0 1=0

We have (the case (n+ 1))
n+m—1 n—l
T gt = (et 4 k) < k H (k+1)— n+m HkJrl (3.7
1=0 1=0
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where we used (3.6). The following inequalities

n+m n

klntﬁ_l(kJrl)Wﬁ(kJrl) <g(k+1)wl]j[o(k+1),
kﬁ(k+1) n+ﬁ_1(k+l)—w
1=0 I=n ’
(k+n)ﬁ(k+l) nﬁn(ku)W ,
=0 l=n
k n+ﬁ_1(k+l)—w <(k+n) nﬁn(k+l)—W ,
I=n ’ l=n )

k(k+n)x...x(k+n+m—-1)—k(n+1)x...x(n+m) <
(k+n)k+n+1)x...x(k+n+m)—(k+n)n+2)x...x(n+m+1)
and
(k+n)x...x(k+n+m-—1k—-(k+n+m)]—

n+2)x...x(n+m)k(n+1)—(k+n)(n+m+1)] <0 (38)
are equivalent to (3.7). We denote
Mk,mn)=—(k+n)x...x(k+n+m—1)(n+m)— (3.9)

n+2)x...x(n+m)kn+1)—(k+n)(n+m+1)].

Since k > 2 we deduce
Mk,mn) < —-24+n)x...x24+n+m—-2)(k+n+m—1(n+m)+(n+2)x
cooxX (n+m)n® +n+nm+ km]
=m+2)x...x (n+m)[—(k+n+m—1)(n+m)+ (n?+n+nm+ km)]
=n+2)x...x(n+m)[(2—kn+m(l—n)—m? <0.

From M(k,m,n) < 0, notation (3.9) and the equivalence of the inequalities
between (3.7) and (3.8), we obtain that (3.6) holds and this means that

L(1;k;n,m) <0. (3.10)
Combining (3.10), (3.5), (3.4) and (3.3) we complete the proof. O
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