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Dominants and best dominants in fuzzy
differential subordinations

Georgia Irina Oros and Gheorghe Oros

Abstract. The theory of differential subordination was introduced by S.S. Miller
and P.T. Mocanu in [1] and [2] then developed in many other papers. Using the
notion of differential subordination, in [5] the authors define the notion of fuzzy
subordination and in [6] they define the notion of fuzzy differential subordination.
In this paper, we determine conditions for a function to be a dominant of the
fuzzy differential subordination and we also give the best dominant.
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1. Introduction and preliminaries

Let U denote the unit disc of the complex plane:
U={2€C: |2]<1},U={2€C: |2|<1}, U ={2€C: |z|=1}

and H(U) denote the class of analytic functions in U.

For a € C and n € N, we denote by

H[CL,TL] = {f € H(U)a f(Z) =a+a,2" +an+lzn+1 +..., 2¢€ U}
and
An = {f € H(U) : f(Z) =z+ a7z+1zn+1 + an+22n+2 +..., 2€ U}a
Let
S ={f€A; f univalent in U}

be the class of holomorphic and univalent functions in the open unit disc U, with
conditions f(0) = 0, f/(0) = 1, that is the holomorphic and univalent functions with
the following power series development

f()=z4a*+..., z€U.
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Denote by
!/
S*{feA; Rezf(z) >0, zeU},
f(z)
the class of normalized starlike functions in U,

2f"(z)
f'(2)

the class of normalized convex functions in U and by

K:{fEA;Re +1>0,26U}

O:{feA: JyeK,; Ref/(z)>0,zeU}
¢'(2)

the class of normalized close-to-convex functions in U.

An equivalent formulation for close-to-convexity would involve the existence of
a starlike function h (not necessarily normalized) such that

2f'(z)
h(z)
Kaplan [1] and Sakaguchi [9] showed that f € S if

Re [0 ) L
e

2
In order to prove our original results, we use the following definitions and lemmas:

Re

>0, zel.

Definition 1.1. [3, p. 21, Definition 2.26] We denote by Q the set of functions q that
are analytic and injective on U \ E(q), where

E(q) = {C €0U - lim q(2) = OO},

and are such that ¢'(¢) # 0, for ¢ € OU \ E(q). The set E(q) is called exception set.

Definition 1.2. [5] Let X be a non-empty set. An application F : X — [0,1] is called
fuzzy subset.

An alternate definition, more precise, would be the following:

A pair (A, Fy), where Fy : X — [0,1] and

A={reX: 0< Fa(z) <1} =supp (4, Fa),
is called fuzzy subset.
The function Fy4 is called membership function of the fuzzy subset (A, Fa).

Definition 1.3. [6] Let two fuzzy subsets of X, (M, Far) and (N, Fy). We say that the
fuzzy subsets M and N are equal if and only if Fy(x) = Fn(z), z € X and we denote
this by (M, X ) = (N, Fn). The fuzzy subset (M, Fir) is contained in the fuzzy subset
(N, Fn) if and only if Fay(x) < Fn(x), x € X and we denote the inclusion relation
by (M, Fpr) € (N, Fn).
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Definition 1.4. [5] Let D C C, z9 € D be a fized point, and let the functions f,g €
H(D). The function f is said to be fuzzy subordinate to g and write f <p g or
f(2) <F g(2) if the following conditions are satisfied:

(i) f(z0) = g(20)

(ZZ) Ff(D)f(Z) < Fg(D)g(z)z z € U;
where

g(D) = supp (D, Fypy) = {z € C | 0 < Fypy(2) < 1}.
Definition 1.5. [6] Let Q2 be a set in C, ¢ € Q and n be a positive integer. The class of

admissible functions U,[Q, q] consists of those functions ¢ : C> x U — C that satisfy
the admissibility condition:

Fo(r,s,t;2) =0, z€U, (1.1)

whenever r = q(¢), s = m(q'(¢),
¢q"(¢)
7' (<)

¢ €U\ E(q) and m > n. We write ¥[8, q] as V[, q]. In the special case when
is a simply connected domain, Q2 # C, and h is conformal mapping of U into Q we
denote this class by ¥, [h(U),q] or U,[h,q].

If C2 x U — C, then the admissibility condition (1.1) reduces to

Forp(q(€),mlq'(¢);2) = 0 (1.2)
when z € U, ¢ € OU \ E(q) and m > n.

Ret—&—lZmRe{ —&—1}, zeU,
S

Definition 1.6. [6] Let ¢ : C3 x U — C and let h be univalent in U with h(0) =
¥(a,0,0;0). If p is analytic in U with p(0) = a and satisfies the (second-order) fuzzy
differential subordination

Fw(CSXU)w(p(Z)v Zp/(Z), ZZPN(Z)) < Fh(U)h(Z)7 zeU, (13)

then p is called a fuzzy solution of the fuzzy differential subordination. The univalent
function q is called a fuzzy dominant of the fuzzy solutions of the fuzzy differential
subordination, or more simple a fuzzy dominant, if p(0) = q(0) and Fyuyf(z) <
Fyuya(z), z € U, for all p satisfying (1.8). A fuzzy dominant q that satisfies q(0) =
q(0) and Fyuyq(z) < Fyunq(z), z € U, for all fuzzy dominants q of (1.8) is said to
be the fuzzy best dominant of (1.3). Note that the fuzzy best dominant is unique up to
a rotation of U. If we require the more restrictive condition p € H[a,n], then p will be
called an (a,n)-fuzzy solution, q an (a,n)-fuzzy dominant, and q the best (a,n)-fuzzy
dominant.

Definition 1.7. [8] A function L(z,t), 2 € U, t > 0, is a fuzzy subordination chain if
L(-,t) is analytic and univalent in U for allt > 0, L(z,t) is continuously differentiable
on [0,00) for all z € U, and Friyx (0,00 L(2,t1) < Frux(0,00)]L(2,t2), when t; < ty.
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Lemma 1.8. [6, Th. 2.4] Let h and g be univalent in U, with ¢(0) = a, and let h,(z) =
h(pz) and q,(z) = q(pz). Let 1 : C> x U — C satisfy one of the following conditions:

(i) Y € U, [h,q,) for some p € (0,1), or

(i1) there exists py € (0,1) such that ¢ € Yy[h,,q,), for all p € (po,1).

If p € Hla,1] and ¥(p(2), 2p'(2), 2%p" (2)) is analytic in U, ¥(a,0,0;0) = h(0)
and

Fyeaxon¥(p(2), 20'(2), 2p" (2)) < Fanh(2), z €U,
then
Fyunp(z) < Fyunya(z), zeU.

Lemma 1.9. [6, Th. 2.6] Let h be univalent in U, and let ¢ : C3 x U — C. Suppose
that the differential equation

¥(a(2), 2¢'(2),n(n = 1)2¢ (2) + n*27"q" (2); 2) = h(2),

has a solution q, with q(0) = a, and one of the following conditions is satisfied:

(i) g € Q and ¢ € ¥, [h,q];

(i1) q is univalent in U and ¢ € U, [h, q,] for some p € (0,1), or

(tii) q is univalent in U and there exists py € (0,1) such that ¢ € Wy, [h,,q,] for
all p € (po, 1).

If p € Hla,n], ¥(p(2), 20/ (2), 2°p" (2)) is analytic in U, and p satisfies

Fyesxon®(p(2), 20'(2), 2°p" (2)) < Fa)h(2),
then
Founp(z) < Fyang(z), zeU.

Lemma 1.10. [7] If L, : A — A is the integral operator defined by L.[f] = F, given
by
v+l

()t Ldt,

and Rey > 0 then
(1) L,[S*] C S§*;
(i1) L[K] C K;
(tii) L,[C] C C.

Lemma 1.11. [3, Lemma 2.2.d, p. 24] Let ¢ € Q with ¢(0) = a, and let
p(z) =a+a,z" + A1 2"+

be analytic in U with p(z) Z a and n > 1. If p is not subordinate to q, there exist
points zg = roe'% € U and (o € OU\E(q) and anm > n > 1 for which p(U,,) C q(U),
(i) p(20) = q(Co);
(i) z0p'(20) = mCoq'(Co), and

/!
(iii) Rem +1>mRe [

¢oq" (Co)
q'(¢o)

+1].
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Lemma 1.12. [8, p. 159] The function
L(z,t) = a1(t)z + ax(t) 2 + ...

with a1 (t) # 0 fort >0 and tlim la1 (t)] = oo is a subordination chain if and only if

20L(z,t)/0z
Re{aL(z,t)/at]>0’ zeU, t>0

2. Main results

Theorem 2.1. Let h be analytic in U, let ¢ be analytic in a domain D containing h(U)
and suppose
(a) Rep[h(z)] >0, z€ U and
(b) h(z) is convez.
If p is analytic in U, with p(0) = h(0), p(U) C D and ¢ : C2 x U — C,
Y(p(2), 20’ (2)) = p(2) + 2p'(2) - d[p(2)]

s analytic in U, then
Fyc2xn(p(2), 2p'(2)) < Frunh(z), (2.1)
implies
Fpaunp(z) < Fyanh(z), z€U,
where
$(C? x U) = supp (C? x U, Fye2x0) ¥ (p(2), 20 (2)))
={2€C; 0< Fycextn®(p(2),2p0'(2)) < 1},
h(U) = supp {U, Fnh(z)) = {z € C: 0 < Fruh(z) <1}
Proof. Without loss of generality we can assume that p and h satisfy the conditions of
the theorem on the closed disc U. If not, then we can replace p(z) by p,(2) = p(pz), and
h(z) by hy(z) = h(pz), where 0 < p < 1. These new functions satisfy the conditions
of the theorem on U. We would then prove that
Fy anpp(2) < Fpanp(z), for all 0 < p < 1.
By letting p — 1, we obtain
Fyanp(z) < Franh(z), zeU.
In order to prove the theorem, we apply Lemma 1.8, and we show that ¢ €
Uy [hy,, hy,l, for all p € (0,1).
Suppose (a) and (b) are satisfied, but p is not fuzzy subordinate to h.
According to Lemma 1.11, there are points zy € U and (, € OU, and m > 1,
with p(z0) = h(Co), 209" (20) = mCoq’(Co) such that
Yo = Y (p(20), 2P’ (20))
= p(20) + 20p'(20) - ¢[p(20)] = h(Co) +mCoh’ (Co) - $[1(Co)]- (22)

From (2.2), we have
Yo = h(Co) + moh'(Co)o[h(Co)], Co €U, |G| =1, m>1 (2.3)
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which gives

Po — h(CO) _ 4
2o — malh(c)l (24)
Using the conditions from the hypothesis of the theorem, we have:
Rew&LZ$$:2R3m¢M@w]>O, (2.5)
which implies
Yo —h(G)| ™
TETGhG) | T 2
which is equivalent to
[arglio — A(Go)] - arglGo' (G| < 5. (2:6)

Since (oh/,(Co) is the outer normal at the border of the convex domain h,(U) at
hp(Co), from (2.6) we get that ¢ & h,(U) which means

Frwy¥(p(20), 200’ (20), 20) = Frwy¥ (h(Co), m¢oh' (o), 20) = 0. (2.7)

Using Definition 1.5, from (2.7) we have ¢ € W[h(U), h].
Using condition (i) from Lemma 1.8, we have

Fyanp(z) < Fyana(z), ze€U.

By carefully selecting the function ¢ we obtain the following corollaries.
If we let ¢(w) = fw + r is Theorem 2.1 we obtain the following corollary:

Corollary 2.2. Let 3 and v be complex numbers with 3 # 0 and let 3 and h be analytic
in U with h(0) = p(0). If
Q(z) = Bh(2) +~

satisfies

(a) ReQ(z) = Re[Bh(z) +1] > 0,
and

(b) p is convex
then

Fyc2xv)[p(2) + 20" (2)(Bp(2) +7)] < Fruyh()
implies that
Fyanp(z) < Franyh(z), zeU.
1
T Butn
Corollary 2.3. Let 3 and ~y be complex numbers with 3 # 0, and let p and h be analytic
in U with h(0) = p(0).

If Q(z) = Bh(z) + v satisfies
a) ReQ(z) >0, z€U

If we let ¢(w)

in Theorem 2.1, we obtain the following corollary:

and
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b) Q is convex

then )
2p'(z
F, | < Fpunh
we2xu) |p(z) + Bp(z) +] = M) (2),

mmplies

Fyuyp(z) < Fryaonyh(z), zeU.

1

If we let ¢(w) = ——— in Theorem 2.1, we obtain the following corollary:

(Bw +7)?
Corollary 2.4. Let 3 and vy be complex numbers with 3 # 0 and let p and h be analytic
in U with h(0) = p(0).
If Q(z) = Bh(z) + v satisfies
(i) ReQ?(z) > 0, z € U and
(i) Q is convex, then

2p'(2)
Fyc2 | < Fanh
P(C2xU) p(Z) + (51?(2) +'Y)2 > L'h(U) (Z)7
implies
Fyunp(z) < Fyuya(z), zeU.

Theorem 2.5. Let h be conver in U and let P : U — C, with Re P(z) > 0. If p is
analytic in U and ¢ : C?> x U — C,

Y(p(z), 2p'(2)) = p(2) + P(2)zp'(2), (2.8)
is analytic in U, then
Fyezxv)[p(2) + P(2)2p'(2)] < Fy)h(2), (2.9)
implies
FP(U)p(Z) < Fh(U)h(Z), z e U.
Proof. We next show that 1 is a proper admissible function. It seems like we can use
Lemma 1.8 with ¢ = h, and show that ¢ € Ul[h, h].

Unfortunately, we do not know the specific boundary behavior of h and thus
cannot use this result. Instead we require the use of the limiting form of the theorem
as given in part (ii) of Lemma 1.8. We only need to show that i € W[h,,h,] for
0 < p < 1, where h,(z) = h(pz). In this case the admissibility condition (1.1) reduces
to showing

Yo = ¥[hy(C), mCohy,(Co); 2] = hp(Co) + mP(2)Coh,(C) & hy(U), (2.10)

where |(o] =1, z € U, and m > 1.
From (2.10), we have

3 = Yo —1(G)
Cohp(Co)

From Re P(z) > 0, m > n, we obtain

ReA =RemP(z) > 0,

=mP(z), zeU. (2.11)
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which gives

Yo — hy(Co) m
arg ———————| = |argmP(z)| < <. 2.12
s P g < (2.12)
Since h,(U) is convex, h,(Co) € h,(OU), and (oh/,(¢o) is the outer normal to
hp(0U) at h,(o), from (2.12) we conclude that g & h,(U), which gives
Fn, w)lhe(Co) + P(2)m¢oh,(Co); 2] = 0, (2.13)

and using Definition 1.5, we have
Y € Uy lh,y(U), hyl.
Using Lemma 1.8, we deduce
Fyanp(2) < Fyuna(2), z€U.

Theorem 2.6. (Hallenbeck and Ruscheweyh) Let h be a convex function with h(0) = a,
and let v € C* be a complex number with Rey > 0. If p € H[a,n] with p(0) = a and

$CxU—C, (p(e),2p'(2)) = p(2) + %qu,z)

s analytic in U, then

1
Fyc2xuv) [P(Z) + WZP/(Z)} < Fruyh(2), (2.14)
implies
Fyunp(z) < Fywyq(z) < Fraoyh(z), z €U,
where B
_ 0 19
o= /0 h(t)EE . (2.15)

The function q is convex and is the fuzzy best (a,n)-dominant.
Proof. We can apply Theorem 2.5. From (2.14) we obtain
Fyanp(z) < Fryanh(z), zeU. (2.16)
=a

The integral given by (2.15), with the exception of a different normations ¢(0)
has the form

_ Y : z-1 _ Y ? n 21
q(z)—mw/n/o h(t)t dt_inzv/n/o (a+ant" +..)tn " dt

Qnp
l-&-n
n

=a+

2P+, zel,

which gives ¢ € H[a, n].
Since h is convex and Re © > 0, we deduce from part (ii) of Lemma 1.10 that ¢

is convex and univalent.
A simple calculation shows that ¢ also satisfies the differential equation

q(z) + %zq'(z) = h(z) = ¥la(2), 2¢'(2)], z€U. (2.17)
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Since ¢ is the univalent solution of the differential equation (2.17) associated with
(2.14), we can prove that it is the best dominant by applying Lemma 1.9. Without
loss of generality, we can assume that h and ¢ are analytic and univalent on U, and
q'(¢) # 0 for || = 1. If not, then we could replace h with h,(z) = h(pz), and ¢ with
qp(2) = a(pz).

These new functions would then have the desired properties and we would prove
the theorem using part (iii) of Lemma 1.9.

With our assumption, we will use part (i) of Lemma 1.9 and so we only need to
show that ¢ € U,,[h, ¢]. This is equivalent to showing that

o = Ula(€), e (©) = a(6) + LD g o) (2.18)
when [{| =1, z € U and m > n.
From (2.17) we obtain
Yo = a(¢) + = h(¢) ~ (<))

Since h(U) is a convex domain, and
Hywya(z) < Fhanh(z), z€U,
and % > 1, we conclude that 19 &€ h(U), which implies
Frun(q(¢),m¢q' (¢); 2) = 0.
Using Definition 1.5, from condition (1.1) we get
¥ € Uulh(U),q].
Using Lemma 1.9, from condition (i) we obtain
Fyaunp(z) < Fyuyg(z), z€U.
Therefore, g is the fuzzy best (a,n)-dominant.
Theorem 2.7. Let q be a convex function in U and let the function
h(z) = q(2) + nazd' (2), (2.19)

where a > 0 and n € N*.
If the function p € H[q(0),n], and ¢ : C2 x U — C,

b(p(2), 2p'(2)) = p(2) + zp'(2)
s analytic in U, then
Fyc2xwy[p(2) + anzp'(2)] < Fw)h(2), (2.20)
implies
Fpop(2) < Fywya(2), zeU
and q is fuzzy best (q(0), n)-dominant.
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Proof. Step I. We prove that function h is univalent.
Differentiating (2.19), we have

W(2) = q'(2) +nalg'(2) + 2q"(2)] (2.21)
which gives
M) ]
70 1+ {1 + 70 } , el. (2.22)
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