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Differential sandwich theorems involving
certain convolution operator

Shahram Najafzadeh and Ali Ebadian

Abstract. In the present paper a certain convolution operator of analytic func-
tions is defined. Moreover, subordination- and superordination- preserving prop-
erties for a class of analytic operators defined on the space of normalized analytic
functions in the open unit disk is obtained. We also apply this to obtain sandwich
results and generalizations of some known results.
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1. Introduction

Let H= H(A) denote the class of analytic functions in the open unit disk
A={z:|z| <1}
and
A:={fe€H: f(0)= f(0)—1=0}.
For a positive integer number n and a € C, let
Hla,n] = {f € HA): f(2) =a+ anz" + an 12"+ ...}

Let f and F' be members of the analytic function class H. The function f is said to
be subordinate to F' or F' is said to be superordinate of f, if there exists a function w
analytic in A, with w(0) = 0, and |w(z)| < 1 (z € A) such that f(z) = F(w(z)) and
we write f < F or f(z) < F(z) (z € A). If the function F is univalent in (z € A),
then we have
f<F <= f(0)=F(0) and f(A) C F(A).

Let ¢ : C2 x A — C and h be analytic in A. If p is analytic in A and satisfies
the(first-order) differential subordination

o(p(2), 2p(2); 2) < h(2) (1.1)
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then p is called a solution of the differential subordination. The univalent function ¢
is called a dominant of the solutions of the differential subordination, or dominant if
p < g for all p satisfying (1.1). A dominant ¢ that satisfies ¢ < ¢ for all dominants of
(1.1) is said to be the best dominant.

Let ¢ : C> x A — C and h be analytic in A. If p and ¢(p(2), zp/(2); z) are
univalent in A and satisfies the(first-order) differential superordination

h(z) < ¢(p(2), 2p'(2); 2) (1.2)
then p is called a solution of the differential superordination. An analytic function
q is called a subordinant of the solution of the differential superordination, or more
simply a subordinant if ¢ < p for all ¢ satisfying (1.2). A univalent subordinant ¢ that
satisfies § < ¢ for all subordinant of (1.2) is said to be the best subordinant.

Ali et al [1] have obtained sufficient conditions for certain normalized analytic
functions f(z) to satisfy ¢1 < ZJJ:QS) =< q2(z), where ¢; and g2 are given univalent
functions in A with ¢;(0) =1 and ¢2(0) = 1.

For two functions f;(2)(j = 1,2), given by

fi(2) :z+Zak,jzk (=12
k=2
we define the Hadamard product (or convolution) of fi(z) and f2(z) by

(f1* f2)(2) ==z + Zak,lakQZk =(f2x f1)(2) (2€A)

k=2
In terms of the Pochhammer symbol(or the shifted factorial), define (k), by
(K)o=1, and (k) =k(k+1)(k+2)...(k+n—-1) (neN:={1,2,...})

also, define a function ¢ (b, c; z) by

N (b,c;2) =1+ ;(a " n))\g(a)n(c)inz , (z€eA) (1.3)

where

beC,ceR\Z;,acC\Z, (Z, ={0,-1,-2,...});A>0
Corresponding to the function ¢ (b, ¢; ), given by (1.3), we introduce the following
convolution operator

RbepfG) = odbea) s (P2 (reapeciozes) 0
It is easy to see that

2(3(b,c;2)) = agy(b,c;2) — aggt (b,c; 2) (1.5)

and
ALy b, 0)f(2)) = aLy(b,e; B)f(2) — aLy™ (b,c; B)f(2) (1.6)
The operator L) (b, c;3)f(z) includes, as its special cases, Komatu integral opera-

tor(see [4], [6], [11]), some fractional calculus operators(see [4], [13], [14]) and Carlson-
Shaffer operator(see [2]).
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Making use of the principle of subordinantion between analytic functions Miller
et all [9] obtained some interesting subordination theorems involving certain opera-
tors. Also Miller and Mocanu [8] considered subordination-preserving properties of
certain integral operator investigations as the dual concept of differential subordina-
tion. In the present investigation, we obtain the subordination and superordination-
preserving properties of the convolution operator L) defined by (1.4) with the
Sandwich-type theorems.

2. Definitions and preliminaries

The following definitions and Lemmas will be required in our present investiga-
tion.

Definition 2.1. If0 < a <1 and A > 0,a € C\Z; (Z; = {0,—1,-2,...}), let L) ()
denote the class of functions f € A wich satisfies the inequality
Re[Ly(b.c; B)f(2)] > @
For a = 1, we set £7(a) = L*(a).
Definition 2.2. [7] We denote by Q the set of function q that are analytic and injective
on A\E(q) where
Bl = {6 € A limg(s) = oo
and h'(€) # 0 for £ € OA\E(q).
Lemma 2.3. [7] Let h(z) be analytic and convex univalent in A and h(0) = a. Also let
p(2) be analytic in A with p(0) = a. If p(z) + Z’%(Z) =< h(z), where vy # 0 and Rey > 0,
then p(z) < q(z) < h(z), where

v [7 -1
= — h(t)t7 ™ dt
9(z) = /0 (t)
Furthermore q(z) is a convex function and is the best dominant.

Lemma 2.4. [8] Let h(z) be convex in A, h(0) = a,v # 0 and Rey > 0. Also
p € Hla,n]NQ. If p(z) + Z’%(z) is univalent in A, h(z) < p(z) + Z’%(z) and

_ [ =1
a() =2 /0 Bty —1dt
then q(z) < p(z), and q(2) is a convex function and is the best subordinant.

Lemma 2.5. [12] Let q(z) be a convex univalent function in A and i,y € C with

Re(1 + Z;Z,/;g)) > max{0, —Re%}, h(0) = a,y # 0 and Rey > 0. If p(z) is analytic
in A and V¥p(z) + v2p'(2) < ¥q(z) + v2¢'(2) then p(z) < q(z), and q(z) is the best

dominant.

Lemma 2.6. [10] Let ¢(2) be a convex univalent function in A and n € C, assume that
Ren > 0. If p(z) € Hla,n] N Qand p(z) + nzp'(z) < q(z) + nzq'(z) which implies that
q(z) < p(2), and q(z) is the best subordinant.
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3. Differential subordination defined by convolution operator

In this section some differential subordinations are set using the convolution
operator and concrete example of convex functions.

Theorem 3.1. If 0 < o < 1 and A > 0,a € C\Z, (Z; = {0,-1,-2,...}), then we
have
L3(a) € L3710
where
§(a,a) =af(a) +a(2a—1)B(a+1)

1 twfl
= dt
s = [ 10
the result is sharp.

Proof. First not that f € £)(a) and

ALy (b, B)f(2)) = aLy (b, B)f (2) = aLy ™ (b, ¢; ) f(2) (3.1)
we define p(z) = L)1(b, ¢; 3) f(2) from the relation(1.1) we have

Lé(b, & 6)f(z) = p(z) + Zpla(z)

now from Lemma 2.3, for v = a it follows that

and

B ) _a Z1+(2a71)ta7
pe) = R (0,6 B)f () < a(e) = = / Ll m oy

therefore we have
L3(a) € L3H(S)
where
6 = MinReq(z),<; = q(1) = aB(a) + a(2a — 1)B(a + 1)

Furthermore ¢(z) is a convex function and is the best dominant. O
For the class £* we obtain the next corollary.

Corollary 3.2. If0 < a <1 and A > 0, then we have

L) € LT(5)
where

d=6(a)=2a—-142(1-a)ln2
and the result is sharp.
Theorem 3.3. Let h € H(A), with h(0) = 1,h'(0) # 0, which verifies the inequality
"
Z}’L‘,(Z)] > ()
If f € A and satisfies the differential subordination
Ly (b,c; B)f(2) < h(2) (3.2)

Re[l +
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then
Lot (b, 8)f(2) < q(2)(z € A) (33)

where

o) = = /0 " h(eyeat

The function q(z) is convezr and is the best dominant.

Proof. Let

p(z) = Ly (b, B)f(2) (3.4)
Differentiating (3.4) with respect to z, we have p/(2) = (L)1 (b, ¢; B) f(2))’. From the
relation (3.1) we have

zp' (2
) = Rbes )
now, in view of (3.4), we obtain the following subordination

# +p(z) < h(z)

then from Lemma 2.3 for v = a we conclude that
p(z) = Ly (0, e 0)f(2) < a(2)
where B
q(z) = —/ h(t)t*tdt
0
and ¢(z) is the best dominant. O
Taking A = 0 in the Theorem 3.3 we arrive the following corollary.
Corollary 3.4. Let h € H(A), with h(0) = 1,h'(0) # 0, and Re(l + Z,}Z,/;S)) > —1
(z€ A). If f € A and satisfies (@)B =< h(z), then Kq(b,¢; B) < q(z) where

o)== /0 Ch(edr.

The function q(z) is the best dominant.

Putting v € C. By setting a = v+ 3,A\ =0, and b = ¢ = 1 in the Theorem 3.3,
we get the following corollary.

Corollary 3.5. Let h € H(A), with h(0) = 1,1'(0) # 0, which satisfies the inequality

zs(g)) >3 ().

If f € A and satisfies the differential subordination (f(;))ﬁ < h(z), then
R O 1/ h(u)du.
0

Z"/""fg 0 z

Re(1+

1 z
The function f/ h(u)du is the best dominant.
<Jo
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Corollary 3.6. Let 0 < R <1 and let h(z) be convex in A, defined by

h(z)=1+ Rz+

z
2+ Rz’
with h(0) = 1. If f € A satisfies the following differential subordination
Ly(b,c; ) f(2) < h(z)

then
Lyt (b, ; 8)f(2) < q(2)(z € A)
where ; Ri
a
=— | 1+Rt+——t*"'dt
a(z) z“/o MR w7 ’
_ a—1 z® M(Z)
o(z) = 2"+ Ra( 4 )
where

z ta
M(z) = —_—
(2) /0 2 mi

The function q(z) is convezr and is the best dominant.
If @ = 1, the Corollary 3.6 becomes:

Corollary 3.7. Let 0 < r <1 and let h(z) be convex in A, defined by
Rz
= 1 —_—
h(z) +RZ+2+RZ7

with h(0) = 1. If f € A and suppose that
LA(b,¢; 8) f(2) < h(2)

then
LMYb, ¢ B8)f(2) < q(2)(z € A)
where | g Ri
= - 1 t+ ———dt
q(2) Z/O + R+ 5 rdt,
Rz 2
q(z) =2+ 2 log(2 + Rz)

The function q(z) is convex and is the best dominant.
By taking R =1 in the Corollary 3.7 we have the following corollary.

Corollary 3.8. Let h(z) be convezr in A, defined by h(z) =1+ 2+ 37, with h(0) = 1.
If f € A, satisfies the differential subordination
LA, 9)f(2) < h(2)
then
LAY, ¢ 0)f(2) < q(2)(z € A)
where
z 2
q(2) :2—&—5 - ;10g(2+z)

The function q(z) is convex and is the best dominant.
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Corollary 3.9. Let h(z) be convex in A, defined by h(z) = 1+ 2z + 53, with h(0) =1
and suppose that v € C,a = v+ B, A = 0,b = ¢ = 1. If f € A and satisfies the
differential subordination (f( ))B =< h(z), then

v+ B
Z’Y"Fﬂ

Tfw) du<qz) =2+ 5 — glog(Q + 2)

The function q(z) is convex and is the best dominant.

Corollary 3.10. Let h(z) = H(fiigl)z be convex function in A, with h(0) = 1. If
f € LMa) and L b, ¢; ) f(2) < h(z) then
LMD, ¢ 8)f(2) < a(2)(z € A)
where
q(z) =2a—-1+2(1 —a)w

The function q(z) is convezx and is the best dominant.

Theorem 3.11. Let q(z) be a convex function g(0) = 1, and let h be a function such
that

h) = q(z) + L3 e ),

q(z)
If f € H(A) and verifies the differential subordination
La(b, e 8)f(2) < h(2) (3.5)
then

Lyt (b, ¢ 8)f(2) < a(2)(z € A)

and this result is sharp.
Proof. We have
ALy, 8)f(2)) =
Let p(z) = L)*1(b, ¢; B) f(2), then fro
2q' (2
p() + ) L gz 4 L)

An application of Lemma 2.6, we conclude that p(z) < q(z) or L)*1(b,¢; 8)f(2) <
q(2)(z € A) and this result is sharp. O

Ly(b,c; 0)f(2) — aLy™ (b, ¢; B)£(2) (3.6)
(3. ) and (3.6), we have
)

Theorem 3.12. Let h € H(A), with h(0) = 1,h'(0) # 0, which satisfies the inequality

zh'"(2) 1 s
W) ) > (z € A).

Re(1+ 5

If f € A and verifies the differential subordination
(Lo (b, 8)(2)) < h(2)
then
Lot (b, ¢ 8)f(2)

z

=< q(2)
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where | g
q(z):f/ h(t)t* tdt
0

z
the function q(z) is the best dominant.

Proof. Let us define the function f by
LMY(b,c; 8) f(z
o) = BT 01C)
Differentiating logarithmically with respect to z, we have

@) _ AL (b p)f()
o) LT ad)fz)

and
p(2) +2p'(2) = (L3 (b, s B) f(2))
Now, from (3.7) we obtain
p(2) + 2p'(2) < h(z )
Then, by Lemma 2.3 , for v = 1 we have p(z) < ¢(2)

L’\+1(b ¢ B)f(z) 1/

z

and the function ¢(z) is the best dominant. Therefore, we complete the proof of
theorem 3.12. O

Suppose thatA = 0 and in the Theorem 3.12 we have the following result.

Corollary 3.13. Let h € H(A), with h(0) = 1,h'(0) # 0, which satisfies the inequality

zh"(z), 1 B
W) ) > (z € A).

2
If f € A and (Ku(b,c; 3)f(2)) < h(z) then
Kb O 1 [°
= z/o h(t)dt,

and the function fo t)dt is the best dominant.

By taking vy € C,a = v+ 6,A =0, and b = ¢ = 1 in Theorem 3.12 we get the
following result.

Corollary 3.14. Let h € H(A),h(0) = 1,1/(0) #0. If

Re(1+

zh (z) 1
Re(1+ e ) > 3 (z € A)
and if f € A
SR [t wytans L <ne)
then L8 | g2
ZIHH W) du <~ [ h(u)du

0
The function fo u)du is the best dominant.
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Corollary 3.15. Let 0 < R <1 and let h(z) be convezr in A, defined by
Rz
h(z)=1+Rz+ ———
(2) thety + Rz’

with h(0) = 1. If f € A satisfies the following differential subordination
(L6, ¢ 8)f(2) =< D(2)

then R
LML(b, ¢ z
BB o
where
1 [ Rt
= - 1 t+ ————dt
a(z) z/o R S
R RM
q(z) =1+ 72 L RME)
where
z 2 2
M(z) = R ?(111(2 + Rz)) — Ean, (z€A)

The function q(z) is convex and is the best dominant.

235

Suppose that v € C,a = v+ g,A =0, and b = ¢ = 1 in the Corollary 3.15 we

have the following corollary.

Corollary 3.16. Let h(z) be convex in A, defined by h(z) = 1+ z+ 5%, with h(0) = 1.

242z’
If f € A, satisfies the differential subordination

SR [ et wyan L <)

AT 2B+1
then
B[ y—1 B L[
where )
q(2) :2—&—%— glog(2+z)

The function q(z) is convex and is the best dominant.

Corollary 3.17. Let h(z) = L@z b conver function in A, with h(0) = 1. If

14z
f € LMa) and

(LA(b, 5 8) f(2)) < h(2)
then
LAM(b, ¢ 8) [ (2)

z

<q(2)

where

log(1 + 2)
z

The function q(z) is convex and is the best dominant.

g(z) =2 —1+4+2(1 — a)
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Theorem 3.18. Let q(z) be a convex function, ¢(0) =1, and

— ol 2q'(2) s
h(z) = q(z) + ) (z € A).

If f € H(A) and satisfies the differential subordination
(Lo (b, B)f(2)) < h(2) (3.8)

then
Ly (b,¢; 8)f(2)

z

< q(z)(z € 4)
and this result is sharp.

Proof. Let

A+1 c: 2
p<2) _ La+ (bvzvﬁ)f( )

Logarithmic differentiation of (3.9) and through a little simplification we obtain
p(z) + 20/ (2) = (L3 FH (b, s B) f (=)
now by using Lemma 2.6, we conclude that

Al CETONC I

and this result is sharp. O

(3.9)

4. Differential superordination defined by convolution operator
The results of this section are obtained with differential superordination method.
Theorem 4.1. Let h € H(A) be convex function in A, with h(0) = 1, and f € A.
Assume that L)(b, c; B) f(2) is univalent with L)1 (b, ¢; B) f(2) € H[1,n]NQ. If h(z) <
Ly (b,c; 8)f(2) then
a(2) < La"H (b, B)f (2) (4.1)
where

q(z) = Zi /O T hyeeat

The function q(z) is the best subordinant.

Proof. 1f we let p(z) = L)T1(b, c; B)f(2) then from the relation (1.6) we have p(z) +

%(Z) = L)(b, c; B)f(2). Now according to Lemma 2.4 we get the desired result (4.1).
0

Corollary 4.2. Suppose that v € C,a = v+ 8,2 =0, andb=c = 1. Let h € H(A)

be convex function in A with h(0) =1, and f € A. Assume that (@)ﬁ is univalent

with 2t [*u7=1(f(u))Pdu € H[1,n] N Q. Ifh( ) < (f(zz))ﬂ then

1 [ v+ 08 y—1 8

7/0 h(u)du < et u T (f(w) du

z

and t fo u)du is the best subordinant.
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Corollary 4.3. Let h(z) be convex in A, defined by h(z) = 1 + z + 57, with h(0) =
1. Supposethat'yG(Ca—’y—l—b’)\—Ob—C—l andfeAand( ())B is
univalent with 7+5 Jow ™ (f(u)Pdu € H[1,n] N Q.If h(z) < (f V8 then q(z)

gj;ﬁ Jo W (f (u)Pdu where q( ) =2+ % — 2log(2 + z). The function q(z) is the
best subordinant.

Corollary 4.4. Let h(z) = H(fii;l)z be convex function in A, with h(0) = 1. Assume
that f € L2T () and LA (b, c; B) f(2) is univalent with LM (b, ¢; B) f(2) € H[1,n]NQ.

If h(2) < L (b,c; B)f(2) then
q(z) < L1 (b, ¢ ) f(2)

where
log(1 + 2)
z

q(z)=2a-1+4+2(1—-a)
The function q(z) is the best subordinant.

Theorem 4.5. Let h € H(A) be convex function in A, with h(0) = 1, and f € A.
A+1 .

Assume that (L)1(b,c; 3)f(2)) is univalent with w € H[l,n|NQ. If

h(z) < (Lot (b,c; B) f(2))" then

Lot (b, c; 8)f(2)

z

- % /O " h(t)at

The function q(z) is the best subordinant.

q(z) <

where

5. Sandwich results

Combining results of differential subordinations and superordinations, we arrive
at the following ”Sandwich results”.

Theorem 5.1. Let q1(z) be convex univalent in the open unit disk, and q2(z) uni-
valent in the open unite disk A and f € A. Also let L)(b,c;8)f(2) be univa-
lent with L) (b, c;B)f(2) € H[l,n] N Q. The following subordinate relationship
q1(2) < LX(b,¢; 8)f(2) < qi(z) implies qi(z) < LX+L(b,¢; 8)f(2) < q2(2). Moreover
the functions q1(z), q2(2), are, respectively the best subordinant and the best dominant.

Theorem 5.2. Suppose that q1(z) is convexr univalent, and let g2(z) be univalent A and
feA If(LXY(b, c; B)f(2)) is univalent with M e H[1,n]NQ. If ¢1(2) <

(L4 (b.e D)) < () then a(z) < L EEIC) < 4,) and (), (), are,
respectively the best subordinant and the best dominant.
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