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On a complex multidimensional approximation
theorem and its applications to a complex
operator-valued moment problems

Luminita Lemnete-Ninulescu

Abstract. The present note gives a proof to an approximation theorem of some
holomorphic function, positively defined on a compact set in the unit polydisc in
C?™ with complex polynomials of a special type. This theorem is only enunciated
in [3], without proof. We also underline in Theorem 5.1, section 5, some useful
applications of the approximation theorem in solving a complex, operator-valued
moment problem on the closed unit polydisc in C™. The presented Theorem 5.1
gives another proof of Theorem 3.4. and Theorem 1.2.17. in [27], [28].
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1. Introduction

The present note, in Section 3 and Section 4, presents the proof of a theorem
of uniformly approximation on compacta of a holomorphic, multivariable, complex
function, positively defined on some compact set in the multidimensional unit polydisc
D™ x D™ C (C?™, with polynomials in 2m complex variables, of a special type.
This theorem was only enunciated in [3], without proof. The proof of this theorem
in the present note is based on establishing an equivalence of the theorem with an
intrinsic characterization theorem of subnormal tuples of commuting operators. The
complex multidimensional approximation theorem is a useful tool in the approach of
the complex, operator-valued moment problem on the closed unit polydisc D" ccm.
Based on this theorem, in Theorem 5.1, Section 5 of this note, it is given another
proof of Theorem 3.4 in [26] and Theorem 1.2.17 in [27]. The complex operator-valued
moment problem on the unit polydisc or on semialgebraic, nonvoid, compact sets in
R?™ was simplified by testing the positivity of the moment functional associated with
the moment sequence not on the whole space of the positively defined polynomials
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on the semialgebraic compact sets, but on some ”smaller test subsets” e.g. [13], [21],
[26], [27]. The proofs of Theorem 3.4 in [26] and Theorem 1.2.17 in [ 27] used Cassier’s
method for solving multidimensional real moment problems on semialgebraic nonvoid
compact sets [5]. The operator-valued complex moment problem in theorem 2 is solved
by applying the mentioned approximation Theorem 4.1 to obtain the same "test
subset” as in Theorem 3.4, Theorem 1.2.27 [27], [28].

2. Preliminaries

Let m € N* be arbitrary, I = (i1, ...,9m) € N™, 2 = (21,...,2;m) € C™, t =
(t1,...;tm) € R™ denote the complex, respectively the real Euclidean space, 2 =
2yt .zim |I| =iy + ... + im the length of I = (iy,...,i,,) € Z7 and

D" ={z= (21, 2m) €C™, 2| <1, 1 <i < m}

the closed multidimensional unit polydisc. Let also H be a complex, separable Hilbert
space and B(H) denote the algebra of bounded, linear operators on H. For the com-
muting operators S, ..., Sy, in B(H), the operator tuple (51, ..., S;,) is called subnor-
mal if there exists a Hilbert space K O H and m commuting normals (Ny, ..., N,;,) such
that N;H C H and N;|g = S; for all 1 < i < m. The operator tuple N = (Nq, ..., N,,)
is referred to as a commuting normal extension of S. We denote with ST = Si10...08%m,
with CF = C,fll X ... X C,f: for K = (k1,....,km), P = (p1, ..., pm) multiindices in Z7
with p; < k;, V1 <4 < m. For characterizing a subnormal tuple of commuting oper-
ators S = (S1,...,5,) in B(H), we used in this note Ito’s and Lubin’s criterions of
subnormality (Theorem 1 in [11], respectively Theorem 3.2 in [12]). This criterions
are:

”A commuting tuple of operators S = (51, ...S,) in B(H) is subnormal if and
only if for any finite number of multiindices I,J € N™ and any finite number of
elements x;, x; € H we have the positivity condition:

> < Sy, 87w > > 0(th.1[11],”
1,J

"Ty, ...,y have commuting normal extension if and only if there exists a positive
operator valued measure p defined on some m-dimensional rectangle R such that
T*/T7 = [,t*/dpt for all J (Theorem 3.2 [12]).”

We also denote with P(C™) the algebra of all complex polynomial functions in
21y ey Bomy By ooy Bome

3. A subnormality characterization of a commuting tuple of operators

Proposition 3.1. Let Sy,..., Sy, be m commuting operators in B(H). Statements (i)
and (i) below are equivalent:

(i) S = (S1,...Sm) is a subnormal tuple where each S; is a contraction.

The following inequality occurs:
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(ii) > (—)IPICES*F o8P >0, for V K = (ki, ..., km) € Z7" with
0<pi<ki;1<i<m
P=(p1,..c;Pm)-
Proof. We shall prove that (i) = (ii). Let S = (S1,..., Sm) be a commuting tuple of
subnormal contractions on an arbitrary, complex, separable Hilbert space H. In this
case, there exists a Hilbert space K O H, commuting normals Ny, ..., N, such that
N;H C H and N;|g = S;, V1 < i < m. According to Halmos’s paper [9], if B is a
normal operator on K O H, A = B|gy and P is the projection of K on H, we have
Ao P =BoP and A* o P = P o B*. Using these equalities for B = N; and A = 5,
for an arbitrary u € H, statement (ii) becomes:
> (—1)pripeteten ol CEnGIPlo o §iPm o ST o o Shry
0<pi<ki;1<i<m

= S (et Pt CPm S o o S o SV o o SPr Pu
0<pi<ki;1<i<m
=P( > (-)MCENIN{L(=1)Pm O NPT NPT u
0<p;<k;;1<i<m
=P[ [] (= zw)* (N:N])Ju.
1<i<m

Because all S; are contractions and (Ny, ..., Ny,) is the normal minimal extension of
(S1, vy Sm), we have ||[N;|| = ||S;|| < 1; this imply

H (1 — ziwi)ki(NhNi*) Z 0

0<i<m
e.g. (< (1= N;7oN)Hu,u>=< (1 — N;N;)u,(1 — NfN;)u >> 0.) Applying again
Halmos’s equalities in [4] and returning to S; operators, we obtain
> (—)IPICES P 0 8T > 0, for K = (ki ..., km), P = (p1, ., pm) € ZT

0<p;<ki;1<i<m
the required inequality.
Conversely. (i) = (7). If

> (—)IPIcE s P o 87 > 0,

0<pi<ki;1<i<m

is true for any K = (k1,...,km), P = (p1,..-,Pm) € ZT, p;i < k;, V1 < i < m taking

account that the {S;}7, is a family of commuting one, by multiplying the above
inequality with S*7 o ST, T € N™, we obtain

Yo (mppteetedtregp obr < STy, STy > > 0
0<p;<ki;1<i<m

for any vector v € H and any multiindicees K, T, P € N™. For every u € H, we
define the linear functional ¢, : N™ — R, by ¢, (T) =< STTPu, ST+ u > . Let A;
the operators A; : L(IN™ R) — L(N™,R),

Achu(T) = (pu(Th ~-~7Ti + 17 7Tm) — (pu(le 7Tm)
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For A; — s operators, condition (¢i) in hypothesis is A]fl 0..0 A]fm ©u(T) > 0; that
is the functional ¢, is completely monotonic for every w € H. From [10], in these
conditions, for a completely monotonic functional there exists positive, scalar, Borel
measures (i, such that ¢, (P) = f[o,l]m 2P dju, (z). With the help of the scalar measures
ty, we define the semispectral measure: < p(A)u,u >g= p,(A) for any Borel set
A € Bor([0,1]™). In these conditions,

ou(P) = / zFd < px)u,u >=< SPu, SPu>p=< S*FSPu,u > .
[0,1]™

By the uniqueness of the representation theorem of a normal operator with respect to
a spectral measure, we obtain [S*S]F = f[o,um xPdp(x). We prove in the sequel that
(S1, ..., Sm) verify Ito’s necessary and sufficient condition for subnormality by using
the above identity; that is we prove that 37, ; < ST+, S™x; >p> 0 for any
finite family {z;} € H. With the obtained representation, we have:

Z<SI+J961,SI+J$J >H=Z/ zI+Jd<p(z)x1,xJ >y
0J 77 Joam

3 BN EYAE) SEENED SEIEEY
1,7 70.1™ 1,7 1,7

From this calculus, via Theorem 3.2 [12], it results that S = (51, ..., Sp) is a subnormal
tuple.

4. The main approximation theorem

In this section we prove the following:

Theorem 4.1. Let D™, m € N* denote the open unit polydisc in the complex space C™
and A2(D™ x D™) denote the space of continuous functions on the closed polydisc
D" x ﬁn, analytic on D™ x D™ equipped with the topology of uniform convergence
on compacta. Let M = {f € A2 (D™ x D™), f(2,Z) >0,V z € D™}. If C denotes
the convex hull of the set {f € A2(D™ x D™), f(z,w) = p(2) [11"; (1 — z;w;)* p(w)}
where k; are non-negative integers and p is an m-variable complex polynomial, then
C = M, where C denotes the closure of C in the topology of uniform convergence on
compacta.

This theorem appears in [3], only enounced, without proof. The proof of this
approximation theorem in the present note is based on establishing an equivalence
of Theorem 4.1 in this section with Proposition 3.1 in section 3 (a criterion of sub-
normality of a m-tuple (44, ..., A;,) of m commuting bounded operators, acting on a
prescribed Hilbert space). In the sequel, we give some applications of this theorem to
an operator-valued complex moment problem.

Proof. First of all we shall prove that Proposition 3.1 = Theorem 4.1. Let f € C,
that is f(z,w) = p(2) [[12, (1 — ziw;)*p(@) and |z;| < 1, |w;| <1, 1 < i < m; in these
conditions, f € A2(D™ x D™) and f(z,%) > 0 that is f € M, consequently C C M.
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Conversely, we prove that, also M C C'; otherwise, if M —C # ®,let hg € M —C.
Because C'is a close set, from Hahn Banach theorem, there exists a linear functional
A : A%2(D™ x D™) — C such that

ReA (ho) < 0 < ReA (f), Vf e C. (4.1)

We extend A to the space of continuous functionals on C' (ﬁn X Em). By Riesz repre-
sentation theorem, there exists vy € Bor(D" xD") such that A(f) = J5m 5 fdva.
With this identification, we have

Re [/ hodVA] <0< Re/ fdl/A, Vf S C. (42)
D’"'L XD"YL D’"'L X D"YL

Let ¢ : D" x D" — D" x D™, o(z,w) = (W, %), the measure p = 1(va + a0 Q)
and h € M an arbitrary element. With the help of h, we define

g(z,w) = h(z,w) — ho @(z,w) = h(z,w) — h(w,2).

From this construction, g is holomorphic on D™ x D™, continuous on D" xD" and
9(z,z) = 0 for all (z,Z) € D™ x D™. If we consider the set B = {(z,%),z € D™},
because g|g = 0 and g € A%2(D™ x D™), 2m > 2, it results that g(z,w) = 0 for
all (z,w) € D™ x D™. From this remark, h = hop on D" x D" Inequality (4.2)

becomes )
Re | / hdva] = 1| / hdvs + Ridv]
D" xD™ 2 o™

1 _
:f[/ hdl/A+/ hoedvyop
2 B"TL >< E"YL 5””. >< ﬁ77’,

1
= 7[/ hduvy -|-/ hdvy o <p]
2" J5m 5

1
= / h-dlva +70¢| = / hdpu. (4.3)
DxD™ 2 D xD™

Using the new constructed measure p, inequality (4.2) becomes:

L hodp < 0 < / fdu Vf e (4.4)
D" xD™ D"xD™

We shall construct, with the help of Proposition 3.1, a scalar measure o defined
on ﬁm, generated by the spectral measure associated with a commuting tuple of
subnormals defined on Em, and prove, that on some dense set in A2(D™ x D™), the
two measures are equal.

Let P the C- vector space of polynomials with complex coefficients in z—variable
and N = {p € P with [5m 5m p(2)p(@)du(z,w) = 0}. The set N is a C-vector
subspace in P; on the coset P/N, with the help of the definition of the subspace N,
we define the hermitian product < p+ N,q+ N >= [5m zm p(2)q(@)du(z, w) and
consider H?(u1) the Hilbert space obtained as the separate completion of P/N with
respect to this hermitian product. Let the operators S; : P — P, [S;p](z) = z;p(z) for
all 1 < i < m. Because |[p||*—||Si||* = (fzm 5= (1—2zw;)p(z)p(@)dpu(z, w) > 0 on the
subspace P, (|| || represents the norm generated by the introduced hermitian product),
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the operators S; are contractions; we extend S; to H?(u) with preserving the norm
and the commutation relations; the extensions will be denoted also S;, 1 <7 < m.
For the tuple (Si, ..., Sm) we shall verify condition (i) in Proposition 3.1, for testing
if it is a subnormal one. That is:

< Z (—)IPICE S o0 .0 8P 0 SP o .. 0 SPrp. p > 12 ()
0<pi<ki;1<i<m

:/—m —m Z (—1)\PICR A 22mwht  whrp(2)p(@)dp(z, w)
DEXDT 0<p, <ki1<i<m

m

- z — zow;)Fip(@)dp(z, w) > 0,
—/Em@mp( [T )¥ip(@)dp(z, w) >0

i=1

with P = (p1,...,pm), K = (k1,...,km), inequality that is exactly condition (i)
in Proposition 3.1. Because this proposition is true, there exists the joint spectral
measure associated to the subnormal tuple (S, ..., Sp,) and, consequently, the scalar
measures generated by it. Let do(A) =< Eg(A)1,1 >p2(,) defined for all Borel sets
A in Bor(D™) where Fg is the joint spectral measure associated with S. We have
then,

[S710...08Pm1 STto...0S!m1] = [N/ o...oNP™1 N o...oN}'m1] = / 2PZNdo(2)

Dm
for all multiindices P = (p1,...,0m), N = (n1, ..., ).
From the definition of the scalar product on H?(u), we have also

[SP1, M1 :/ 2PwNdp(z, w)
S D
for all multiindices P = (p1,...,pm), N = (n1,...,7y)). Because the polynomials in
(z,w) are uniformly dense on compacta in A2(D™ x D™), we have also

/ h(z,w)du(z,w) = / h(z,Z)do(z), Vh € A2(D™ x D™).
D" xD™ D"

The above inequality happens in particular for hg € M — C. From the definition of
M, we have hg(z,Z) > 0, the scalar measure do is a positive one, we have than

0> /Em@m ho(z, w)dpu(z, w) = /ﬁm h(z,Z)do(z) > 0

which represents a contradiction; that is M = C.

Conversely. Theorem 4.1 = Proposition 3.1. Let S = (51, ..., Smn) a commuting tuple
of operators like in hypothesis of Proposition 3.1; the implication (i) = (i7) is always
true; we will prove that in conditions of Theorem 4.1, also (i) = (¢) happens. In this
case,

[T = zowi)¥i(5,5%) = 0;

=1
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from this inequalities it results that all S; operators are contractions and consequently
for each 0 < r < 1, we have also
[ = ziwi)*(rS,rS*) > 0,
i=1
inequality that imply
p(rS)* H(l — z;wi)ki (rS,7S*)p(rS) > 0.
i=1
Let the holomorphic function f(z,w) = >, ; arjzlw’, f € A2(D™ x D™) and the
subnormal tuple of contractions S = (S, ..., S, ) with the spectrum in D™. We define
using the analytic calculus f(rS,rS*) =3, ; ary(rS)L(rS*)7. 1f f € C with
i —_—
f(z,w) = p(2) [[(1 = zwi) ¥ p(w),
i=1
we will also have f(rS,rS*) > 0 for every such an element f € C and for every
0 < r < 1. Because Theorem 4.1 is true, we also have f(rS,rS*) > 0 for every
f € M. In particular, for any polynomial p(z,w) with p(z,Z) > 0, also p(rS,rS*) >0
happens; subsequently we have:

Z < I T g I GTHT > 112> 0.
1,0

Passing to the limit for r — 1, we obtain

Z < SI+J1'[,SI+J$J >z 2> 0,
I

that is Lubin’s condition for subnormality [12].

We prove that S = (S1,...5,) is a subnormal tuple (exactly condition (¢) in
Proposition 3.1) that is, Theorem 4.1 < Proposition 3.1. From above, we have Theo-
rem 4.1 < Proposition 3.1. Because Proposition 3.1 is true, as it was shown in Section
3, Theorem 4.1 is also true.

5. Applications of Theorem 4.1 in solving an operator-valued complex
moment problem

In this section, we give a useful application of Theorem 4.1, in the present paper,
in solving the operator-valued complex moment problem on the complex unit polydisc
D" cCm om> 1.

We recall, that given a sequence of bounded operatorsI' = (I'q g)a,gezm, La,p =
I'; o acting on an arbitrary Hilbert space H, the operator-valued moment problem
asks for necessary and sufficient conditions on I' such that there exists a positive

—m
operator-valued measure Fr on D such that

L 2P dFv(z), YV o, 8 € Z7. (5.1)
-
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In [27], this multidimensional operator-valued moment problem is solved in The-
orem 3.7 of the paper by passing, from the complex multidimensional moment problem
on D" C C™, to a real multidimensional operator-valued problem on the set T(Em) C
C™ with 7 the mapping 7 : C™ — R™, 7(21, ..., 2m) = (|z1]%, -, [2m[?) € R™. The
multidimensional real operator-valued moment problem is solved in [27] by applying
Cassier’s results in [5] for solving the scalar real moment problem, naturally generated
by the operator-valued one on the compact T(jm) In the sequel, by a standard polar-
ization argument for the obtained scalar representing measures, the operator-valued
representing measure, solution for the real multidimensional operator-valued moment
problem on T(Em) is obtained. Via the inverse mapping 7', the solution of the real
multidimensional operator-valued moment problem furnished a solution of (5.1).

The enounce of the complex operator-valued moment problem from Theorem

5.1 in this note is quite the same with that of Theorem 3.7 in [27]. It adds, only, an
additional condition on the sequence of operators I = (', g) in hypothesis, condition
that ensure a direct proof of the operator-valued complex moment problem by using
the Hahn-Banach theorem, Riesz representation theorem and Theorem 4.1 in this
note.
Theorem 5.1. Let I’ = (Fa,ﬁ)a,ﬁezr be a sequence of bounded linear operators acting
on an arbitrary, complex Hilbert space H, such that I'y g = (F;B) for all o, B € 777,
with Top = Idg and {T'a,g(2)}a,pezy a bounded sequence in H for all v € H. The
following assertions are equivalent:

(i) The following inequalities occur:

Z Z (—1)‘6|C?(Caégra+9,g+g >0, VK e ZT (52)
a,ﬁGZT 0<6<K

and all sequences of complex numbers {Ca}aEZT with finite support.

(i) There exists a positive operator-valued measure Fr on D™ such that
Top= /ﬁm 2°ZPdFr(z) for all o, 8 € Z7. (5.3)

Proof. (i) = (ii) For the data I' = (I'y ) we set Lp(222°) = ' 4 for all a,3 € Z7
and extend Ly on P(C™) by linearity. For all x € H, we denote with L§ : P(C™) — H
the obtained linear functional LE(292°) =< I'y gz, 2 >y from Ly, for all o, 3 in Z7.
From the hypothesis, the sequences {Fa,g(l’)}aﬁeZi C H are bounded V x € H, it
results that L{ are linear, continuous functionals on P(C™). Because of (i), we have
also

< Z Z (—1)‘9|C[9(Ca6ﬂra+9)ﬂ+9$,$ >pg>0
a,BeICZT 0<0<k

with I a finite set; that is we have

Li(Ip(2)? [[(1 = zi2)%) = 0, for all K = (ky, ..., km) € Z7 and allz € H. (5.4)

i=1
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Let f € P(C™ x C™) be the function
flz,w) = Z o 52" w",

a,ﬂGICZT

I finite, such that f(2,Z) > 0,V z € D™; it results that aqn 3 = @g,.. Because
also I'a,g = I'j ,, it follows that LY(f(2,%)) € R. From Theorem 4.1 in section 4,
such an analytical function is uniformly approximate on compacta with polynomials
of type p(2) [[i~,(1 — zw;)*p(w) for arbitrary k; € N and analytic polynomials
p € P(C™). In this case, from (5.4), we have also LL(f(z,Z)) > 0; that is, also
from hypothesis and from Weierstrass approximation theorem, LL : P(C™) — C is a
positive, continuous, linear functional. With the Hahn-Banach theorem, we extend LL
on C(D™) preserving the linearity, continuity and positivity. In this case, from Riesz
representation theorem, there exists a positive Radon measure p(x,.) on D™ such
that LL(2°27) = [5m 2°2°dp(z, 2) =< Tapz,z >p for all multiindices o, B € Z7.
Because u(x, B) is positive for all B € Bor(ﬁm), for any couple of vectors u,v €H,
we associate by a standard polarization argument, the scalar measure

pw(u,v, B) = i[,u(u +v,B) — p(u — v, B) +ip(u + v, B) — ip(u — v, B)].

For this measure, we have also

1
/ 227 dp(u, v, 2) = 7[/ 227 dp(u + v, 2)
Sm 4" J5m

2272 dp(u — iv, 2)]

—/7 zaiﬁdu(u—v,z)+iL zaEﬂdu(u—kiv,z)—i/

D D D

=< Ty pu,v >y foral o,peZl. (5.5)
From (5.5) and from the definition of L%, we obtain
L 227 dp(u, 2) = / 2270 dp(u, u, 2) =< To pu, u > p; (5.6)
D™ D™

that is, because the scalar moment problem on compacta is determinate, u(z,u,u) =
w(z,u). The mapping < T'y gu,v > is linear in the first argument, antilinear in the
second one; the same is true for the measure u(.,.,2) : H x H — C. In the same time,
we have also

0 < pu(B,u) =/

B

D

dp(u,u, z) < /

dp(u, v, 2) =< Toou,u >H< Jul* =1

for w with ||u|| = 1; it follows that the bilinear form p(u,v,z) has on the unit sphere
0 and 1 bounds. In these conditions, there exists for V B € Bor(D") a bounded
selfadjoint operator Fr(B) such that u(u,v,B) =< F(B)u,v >y . Because 0 <
w(u,u, B) =< Fr(B)u,u >g< 1, it follows that Fr(B) > 0 (is a positive operator).
In the given conditions, (5.6) can be written symbolically 'y g = [5m 2°Z°dFp(2) for
all a, 8 € Z7', that is condition (ii).
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Conversely (#9) = (7). If we have a positive operator-valued measure Fr defined on
Bor(D"), such that Ty 3 = J5m 2°ZPdFr(2), it follows that

Z Z ‘ leCaCﬂFa+e B+0

B2 0<<k

Z Z 1)1 |Ckca05/ 2000 B (2)

a,BEZT 0<0<k

:/ (> Y (-1)Cfeaepz 7P (2)
D’V

" a,Bez7 0<0<k

:/D |2H CaP)RdFr(z) > 0

for any multiindices k = (k1, ..., km) € ZT and any arbitrary analytic polynomial

p)= 3 et

aclczy

I finite; that is condition (7).
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