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Abstract. In this paper we study the subordination of a certain subclass of convex
functions with negative coefficients.
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1. Introduction
Let H(U) be the set of functions which are regular in the unit disc U,
A={fenU): f(0)=f'(0) -1 =0}

and S ={f € A: f is univalent in U}.
In [11], the subfamily T of S consisting of functions f,

f(z):z—Zajzj, a; >0,7=2,3,..., z€U, (1.1)
j=2

was introduced.
Thus, we have the subfamily S — T consisting of functions f of the form

f(z):z—i—Zajzj, a; >0,j=2,3,..., z€U (1.2)
j=2

Let consider N to be the class of all functions ® which are analytic, convex,
univalent in U and normalized by ®(0) = 1, Re(®(z)) > 0 (z € U). Making use of
the subordination principle of the analytic functions, many authors investigated the
subclasses S*(®), K(®) and C(®,1)) of the class A, ®,¢ € N (see [4]), as follows:
2f'(2)

f(z)

S*(@)::{feA: <<I>(z)eU}
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K(®):= {f ead1+4 D g e U} (1.3)

f'(z)
C(®,1)) = {f € A:3g e S*(P) st. Z“;(S) <(z) € U} .

Let g(z) € A, g(z) = z—i—z b;2’. Then, the Hadamard product (or convolution)
Jj=2
f * g is defined by
F(2)xg(2) = (Fxg9)(z) = 2+ Y asb;2.

Jj>2
Ifg(z) € A, g(z) = z— Z bjzj, the Hadamard product (or convolution) f *g is
j=2
defined by
F@)9(2) = (F9)(2) = 2 = Y azh”.
j=2
Next, we have the basic idea of subordination as following: if f and g are analytic
in U, then the function f is said to be subordinate to g, such as

f=gor f(z) <g(z) (z €U),
iff there exist the Schwarz function w, analytic in U, with w(0) = 0 and |w(z)| < 1,
such that f(z) = g(w(z)) (z € U).
Let ¢ : C2 x U — C and h analytic in U. If p and 9 (p(2), zp(2); 2) are univalent
in U and satisfy the first-order differential superordination

h(z) <9 (p(2), 20 (2); 2), for z €T, (1.4)

then p is considered to be a function of differential superordination. The analytic
function ¢ is a subordination of the differential superordination solutions, or more
simple a subordination, if ¢ < p for all p that satisfy (1.4).

An univalent subordination ¢ that satisfies ¢ < g for all subordinations (1.4) is
said to be the best subordination for (1.4). The best subordination is unique up to a
rotation of U.

We continue our paper with already studied operators and known theories con-
cerning the subordination principle that have to help us in our research.

2. Preliminary results

Let D™ be the Salagean differential operator (see [10]) D™ : A — A, n € N,
defined as:

D°f(z) = f(2), D'f(z) = Df(2) = 2f'(2), D"f(2) = D(D""'f(2)) (2.1)
and D*, D*: A — A, k € NU{0}, of form:

DOf(z) = f(2), ..., D¥f(z) = D(D* ' f(2)) =2+ Y _nFanz". (2.2)
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Definition 2.1. [5] Let B, A € R, 8> 0, A >0 and f(2) = 2+ »_a;27. We denote by
j=2
Df the linear operator defined by

DY:A— A Dif(z)=z+ > [1+(j—1)AN%a, . (2.3)
Jj=n+1

Remark 2.2. In [1], we have introduced the following operator concerning the functions
of form (1.1):

DY:A— A Dif(z)=z— > [1+(j— 1A%, . (2.4)
Jj=n+1

The neighborhoods concerning the class of functions defined using the operator
(2.4) is studied in [3].

Definition 2.3. [13] We denote by Q the set of functions that are analytic and injective
on U — E(f), where E(f) = {¢ € dU : lime(z) = oo}, and f'(¢) # 0 for ¢ €
OU — E(f). The subclass of Q for which f(0) = a is denoted by Q(a).

Lemma 2.4. [13] Let h be a convex function with h(0) = a, and let v € C — {0} be a
complex number with Rey > 0. If p € H[a,n] N Q, p(z) + %zp’(z) is univalent in U
and

h(z) < p(z) + %zp'(z), for z e U,

then
q(z) < p(z), for z€ U,

z

/h(t)twn_ldt, for z € U. The function q is convex and it is

0
the best subordination.

where q(z) = —

Lemma 2.5. [13] Let q be a convex function and let h(z) = q(z) + %zq’(z), forz e U,
where Rey > 0. If p € Hla,n] N Q, p(z) + %zp’(z) is univalent in U and

a(2) + %szz) <p(2) + %szz), for €U,

then
q(z) < p(z), for z€ U,
where q(2) = z/ /h(t)t”/"_ldt, for z € U. The function q is the best subordina-
nzv/m
0
tion.

Definition 2.6. For f € A, the generalized derivative operator /‘;717,7;2 is defined by
py", A=A



184 Irina Dorca and Daniel Breaz

n,m 1 + )‘1 )] ol k
2.
’u)\l,)\z z+ kz>2 1+ )\2 )] c(n,k)akz s (Z € U)7 ( 5)

(n + 1)k—1

where n,m € N, Aa > Ay > 0 and c(n, k) = 0
k—1

symbol (or the shifted factorial).

, () is the Pochammer

Remark 2.7. If we denote by (x); the Pochammer symbol, we define it as follows:

(@)p = 1 for k=0, ze€C—{0}
Tk = zz+1)(x+2)-...-(z+k—-1) for keN*andzeC.

Lemma 2.8. [14] Let 0 < a <c. If¢ > 2 or a+ ¢ > 3, then the function

haczferZ Skt P (z€U),

belongs to the class K of convex functwns (defined in (1.3)).
Lemma 2.9. [12] Let ® € A, convex in U, with ®(0) =1 and
Re(B®(z)+v) >0 (8,7€C; z€U).

If p(2) is analytic in U, p(0) = ®(0), then

PA + 70 17 <8 = p() < 2.

Next we study the subordination of a certain subclass of convex functions defined
by using the Hadamard (convolution) product.

3. Main results

We consider the following operator (see [8], [9]):

Vi(z) = ,1+c E(Refc} > 0; 2 € U). (3.1)
k>1

Let the operator D)q Agf( z), n € N, 8 >0, A\, Ay >0 to be the following:
DR F(@) = i3 () un(2)

_ [L-M(k—1)) ! 1+c
_z_Z; H—Aﬂk—wﬂﬁ'k+@'dmkfawﬁ (3.2)

where f(z) is of form (1.1) and
DYA FR) = i3 £ () i (2)

[1— A (k A=l 1+e
—z+2 TS )))])]B e k) arz” (3.3)

where f(z) is of form (1.2).
Furthermore, we consider szhf(z) to be of form (3.2) or (3.3).
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Definition 3.1. Let f(z) of form (1.2), z € U. We say that f is in the class Kf(@(z))
2Dy, ()"
(DY, ()

where the function ® is analytic, conver and univalent in U, normalized by

®(0) =1, Re(®(2)) >0 (2 €U).

q)(z)? nGN,ﬂZQ )\17>\2 203 ZGU’

Remark 3.2. From Definition 3.1, we have the class K/\'B(tID(z)) as follows:

(DA;B)\QJC(Z))H
(D/\f)\zf(z))’
where n € N, G > 0, A1, A2 > 0.

Kf(@(z)): {f(z) eS: 1+ < ®(z), ®(z) € S, ® is convex, z € U} ,

Theorem 3.3. Let the function ®(z) to be analytic, convex and univalent in U,
normalized by ®(0) = 1, Re(®(z)) > 0(z € U). Let X > 0, v,x € C, with
Re(x®(z) +v) >0, neN, f e A, and suppose that

(n+ DDV (=) = DAL T (=)
XDV @)+
is univalent and the operator D"’B (2) isin H[L,n]NQ. If
(n+1)[(D§fi’ff( ) = DI
XDV PR+

DL F @)+

76207 A17)\22 (ZEU)a

®(z) < (DY, () +

, z €U, (3.4)

then
q(z) < [DY2, f(2)] for z€ U,

z
1 u(t
where q(2) = — - /‘I)(t) g dt, u(z) = x®(z) +~, z€ U.

nz

Proof. We are going to prove the Theorem 3.3 by taking into account the operator
fo)\%f(z). We use the notation DY’y f(z) = Dz\lfhe}f(z) for simplification.

Let
2Dy )\17)\2 f(2)) [h?;ﬁh * 1 * 2f'](2)
(I)(Z) - n,B )
(DY, F(2)) [y )\, * 1 * f1(2)
where h;lﬁ z—l—z 11_ )\/1\ )))])]5 c(n,k)-apz®, B>0, A, A2 > (2 €U).
k>2 U 2(

Thus, we obtain from Re(x®(z) + ) > 0 that x|+ |y| < 2.
We consider p(z) = [D;L;B)\Qf(z)]' and we obtain the following:

p(2)+2p (2) = (W37 snxz f](2) = (D2, F() + (A D) [DY N F(2)) = [DYE F(2)]]
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- n+1 (n+ DY f(2))
XIDVEF) +v]  XIDYELF)) +

(n+ DD f(2) = DYO ()

XDV F(2)) + '

p(x)+ L& pra sy

= DY, FR) +

It is obviously that p € H[1,n].
Further, we see that (3.4) can be written as follows

zp'(2)
xp(z) +7’
Making use of Lemma 2.9, we obtain
q(z) < p(z), z€ U ie. q(z) < [D;ff/\rzf(z)]’ for ze U,

u(t)
—_— /<I>(t) - t#-T dt. The function q is convex and it is the best

O(z) < p(z) + zeU.

where ¢(z) =

subordinant.
Remark 3.4. The proof is similar for D;Lf/\Q (z) of form (3.2).

Example 3.5. If we consider § € N and ¢;(z) = 1, we obtain the operator

Df\Llﬁ Nogd (2). Therefore we have

(k1))
D f) =7+ 2 [1[1 = j\i(k 1)1))])]ﬁ e(nok) -t = 130, 1 (2),

which is a particular case of the Theorem 3.3. Thus, the open problem from [5]
concerning the subordination of the class of convex functions is solved.
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