Stud. Univ. Babes-Bolyai Math. 57(2012), No. 2, 175-180

On conditions for univalence of two integral
operators

Daniel Breaz and Virgil Pescar

Abstract. In this paper we consider two integral operators. These operators was
made based on the fact that the number of functions from their composition
is entire part of the complex number modulus. The complex number is equal
with the sum of the powers related to the functions from the composition of the
integral operator.
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1. Introduction

Consider U the open unit disk. Let consider A be the class of analytic functions
defined by f(z) = z + a22% + .... We denote S be the class of univalent functions.
Theorem 1.1. [4] If the function f belongs to the class S, then for any complex number

7, vl < i, the function
4 t y
ror= [ (12) a
0
18 in the class S.

Theorem 1.2. [2] If the function f is reqular in unit disk U, f(z) = z + az2® + ... and

1
f'(2)
for all z € U, then the function f is univalent in U.
Theorem 1.3. [5] Let o be a complex number, Rea > 0 and f(z) = 2 + a2 + ... be a
reqular function in U. If

— )

1— ‘Z|2Rea

Rea

2f"(2)
f'(z)

<1,
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for all z € U, then for any complex number 3, Ref > Rea, the function

1

z B

Fy(z) = [5 / L f (bt

0

is in the class S.
Theorem 1.4. [3] If the function g is regular in U and |g(z)| < 1 in U, then for all
& e U, the following inequalities hold

9€) —9(z) | _ | E== (1.1)
1—g(z)g(¢)| ~ 11 -%
and )
/()| < L0
1—|z|
the equalities hold in the case g(z) = ef5=%, where |e] =1 and |u| < 1.

Remark 1.5. [3] For z = 0, from inequality (1.1) we obtain for every & € U,
9(§) —9(0)

- 09| =

and hence,

€] + 19(0)]
l9(&)] < 1+ 5009(€)

Considering g(0) = a and £ = z, then
2| + lal
< - 1
l9(2)] < 1+ Jal 2]’
for all z € U.
Theorem 1.6. [7] Let y € C, f € S, f(2) =z + agz® + ...

If
2f'(2) — f(2)
e LI L1, Veeld
zf(2) -
and
Il < 1
maxj;| <, [(1 - |Z|2) SEE fiwle\}
then

Fy(z) = / (fit)ydt
0
18 in the class S.

Theorem 1.7. [7] Let o, 3,7 € C, f €S, f(2) = 2 + az2® + ....

If
zf'(2) — f(z)
zf(z)
Re > Rea >0

<1,Vzel,
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and
1
1—[z|?Ree |z +laz| |’
max)z <1 |: Rea ’ |Z| " 1+az|[z]

lv] <

then

: 5
o)~ [ﬂ Jo <f§j>>”dt]
0
18 in the class S.

We define the next two integral operators

z

F[a](z)z/(":(t)ylu... (f“‘s't](t))a“é” dt,

0

where § € C, [0] ¢ [0,1), s € C, fi € A, i = 1,[[d]], au + ... + 5] = ¢ and

1

z

Gy (2) = fy/t’v—l <f1t(t)>m (f“”f“))aw dt W,

0

v e C, |’}/| ¢ [0, 1), a; € C, fl S .A, 1=1, “’}/H, o1+ ...+ Q)] = -

2. Main results

Theorem 2.1. Let 0 € C, 0] ¢ [0,1), a; € C, fori = 1,[|d]] and a1 + ...+ oy = 0. If

fi €A, fi(z) =2+ ab2? + ..., fori=1,[|d]] and

2fi(z) = fi(2)
loq] + ... + |01H5H| <1

<1,Vi=1,[0]], z €U, (2.1)

(2.2)
o o
1
oo | < ] (23)
max|; <1 {(1 - |Z|2) el 1‘+‘|t|||z‘\}
where
| ‘ ’a1a§+...+a[|5|]a[2|5ﬂ‘
C p—
oo |
then
[(AON™ . (fuan®)"
F[a](z)Z/( lt() (7 dt
0

is in the class S.
Proof. We have f; € A, for all i = 1,[|]] and @ # 0, for all ¢ = 1,[|d]]

Let g be the function g(z) = (flz(z)) o (%ﬂz)) WH, z € U. We have
9(0) = 1.
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Consider the function

1/
h(z) = ! L)y
[ sl Fiay(2)
The function h(z) has the form
[151]
1 fi(z) = (Z)
h(z) =

O o el 2 Z 2filz

Also,
(151l
1
h(0) = ZaiaQ

o agap]
By using the relations (2.1) and (2.2) we obtain that |h(z)| < 1 and
‘alaZ + . oqeag H H‘

|h(0)] = = |c|.
a1 -

Applying Remark 1.5 for the function h we obtain
| Flsy (2)
Figp(2)

1

a1+ g

2] + |e|

,Vzel
T 1+ 2]

and
R WA (115
(1]
Consider the function H : [0, 1] — R defined by

z+ el
14 |c]x

L+ el [2|

H(z)=(1-2%)x

= |2l

‘We have

1 3 1+42|c|
H(-)=<- 0= H 0.
(2) 5 g 07 e Hiw) >

Using this result and from (2.4) we have:
( ¥ ) Fiisp(2)
Fjg(2)

Applying the condition (2.3) in the form (2.5) we obtain that

L) |, B )
(117 i)

and from Theorem 1.2 we obtain that Fjj5; € S.

|z]<1 14 |c]|z]

<1LVzel,

< !Ozl et Oz[|§|]‘ (1 - |Z|2) . |Z‘ : M,VZ eu.

< o o aps| - max [(1 — |z|2> 2] |Z|+C|} WVzel.

(2.5)
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Theorem 2.2. Let v, 6 € C, |v] ¢ [0,1), a; € C, fori=1,[]9]], o1 + ... + ooy = 7. If
fi€ A, fiz) = 2+ a32® + .., fori=1,[|y]] and
2fi(z) — fi(2)
zfi(z)
| + -+ Jagyy
- |

Rey > Reé > 0,
1

2 + ’
maxgcr [ (1= 12F°) - 121 £

<1, Vi=1,]1l, z €U, (2.6)

<1, (2.7)

(e TR Oz[h”‘ S (28)

where

’Oqa% + ...+ a[h”agm‘

)

|c| =
|t - gy

then

2=

z

Gl (2) = v/t”’l <flt(t>>al o <W>am dt

0
is in the class S.
Proof. We consider the function

z

= [ (A" o ()

Let be the function

1 h'(z)

. , z€U.
’al et aH’YH’ h’(z) i

p(z) =

The function p(z) has the form:

iy g,

(e T a[hﬂ‘ i1 ! zfz(z)
By using the relations (2.6) and (2.7) we obtain |[p(z)| < 1 and
(1711

’alaé—i—.‘.—i—a[w”az ’ ‘|
= |C|.

Ip(0)] = g - o]

Applying Remark 1.5 for the function h we obtain
1 h'(z)| _ lz[+1¢l
log - apy| TR(2) ] T T 2]

Vzel

and
L- o 1(2)
Red : h(z)

1= 2" 2]+ el

Res Pl ianr

< |Oq Cet a[w‘]’ VzelU. (2.9)
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Consider the function @ : [0, 1] — R defined by
1 — g2Red x + |c|
Q) = Red 'x'1—|—|c\x’x_
We have @ (%) > 0 = max,e(o,1) Q(x) > 0.
Using this result in (2.9), we have:
2Red

2]

2Red

1 - || zh"(2) 1 - |7| 2] + |e|
< C . z] - A .
Res | W(z) | = o - g | moax | e fel - e |72 Y

(2.10)
Applying the condition (2.8) in the relation (2.10), we obtain that
1— 2R | 20/ (2)
<1lVzel
Res | W(z) |- "7

and from Theorem 1.3, we obtain that G, € S.
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