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On transformations groups of N —linear

connections on the dual bundle of k—tangent
bundle

Monica Purcaru and Mirela Tarnoveanu

Abstract. In the present paper we study the transformations for the coefficients
of an N—linear connection on dual bundle of k—tangent bundle, T**M, by a
transformation of a nonlinear connection on T** M. We prove that the set 7 of
these transformations together with the composition of mappings isn’t a group.
But we give some groups of transformations of 7, which keep invariant a part of
components of the local coefficients of an N—linear connection.
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1. Introduction

The notion of Hamilton space was introduced by Acad. R. Miron in [7],[8]. The
Hamilton spaces appear as dual via Legendre transformation, of the Lagrange spaces.

The differential geometry of the dual bundle of k—osculator bundle was intro-
duced and studied by Acad. R. Miron [13].

The importance of Lagrange and Hamilton geometries consists in the fact that
the variational problems for important Lagrangians or Hamiltonians have numerous
applications in various fields, as: Mathematics, Mecanics, Theoretical Physics, Theory
of Dynamical Systems, Optimal Control, Biology, Economy etc.

In the present section we keep the general setting from Acad. R. Miron [13], and
subsequently we recall only some needed notions. For more details see [13].

Let M be a real n—dimensional C*° —manifold and let (T*kM, Tk M) , (k> 2),
k € N) be the dual bundle of k—osculator bundle (or k—cotangent bundle), where the
total space is:

T*M = T**=1M x T* M. (1.1)
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Let (2,yMi, .. y*=Di p) (i=1,..,n), be the local coordinates of a point
U = (aﬁ,y(l), ey y(k 1),p) S T*kM in a local chart on T** M.
The change of coordinates on the manifold T*F M is:

5= (2l a"), det(axj) £ 0,

..................................... (1.2)
~(k—1)i s(k—2)i . (k 2)i
(k— 1) gDt = Q=i 4 (k= 1) Sl y =1,
~ I
pbi = amzpja
where the following relations hold:
ag(a)i ag(a-{-l)i 8g(k—1)i ©)

T** M is a real differential manifold of dimension (k + 1) n
With respect to (1.1) the natural basis of the vector space T, (T**M) at the
point u € T*FM :

{ 0 0 0 0 } (1.4)
P Pl 71 PR ﬁ Pl 7 .
dxt|,  oyi|, Qyk=1t| 7 Op; |,
is transformed as follows:
) ) gg(l)j F) (k 1)j ) 8p]
0z |y — 0z %7 u"" ozt ogMi |, +..4+ 2 ozt 9gk—Di u"' Dzt ap
9 _ 8@(1)j ) 8y (’€ 1)j
By |, = oy agg |, T O v L
.............................................................. (1.5)
) - ag(’“*l)j 9
Ay F=1)i v oy(F—1Di ggk—1)j u’
0 | — 0z 0
Op; oz* Opj |,

the conditions (1.3) being satisfied.
The null section 0 : M — T**M of the projection 7** is defined by 0 (v) € M —

(7,0,...,0) € T** M. We denote T**M = T**M \ {0} .

Let wus consider the tangent bundle of the differentiable manifold
Tk M (TT*]’CM7 dw*k,T*kM) , where dn** is the canonical projection and the ver-
tical distribution V : u € T**M — V (u) € T, T**M, locally generated by the vector

fields: {a Gy ,ﬁ, P } at every point u € T*¥ M.
The following F (T*"”‘M ) — linear mapping:

Jix (T*"M) — x (T M),

9 9 9 9 9
! (&r) = oy’ <8y(1)i> =gy’ (ayu«—m> -

0 0 9
- Oy(k—1)¢’ U (ay(km) =0,J (ap) =0, (1.6)

defined by:
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—_~—

at every point u € T**M is a tangent structure on T** M.
We denote with N a nonlinear connection on the manifold T**M, with the
coefficients:

NJZ (x7 y(1)7 "'7y(k_1)7p) PR N J'L (x’ y(1)7 "'7y(k_1)’p) )
1) (k—1)

N’L] (a’,"y(l)7 ,..7y(k_1)7p>> 7(i7j = 1727 .“7n) .

The tangent space of T*¥M in the point u € T**M is given by the direct sum
of vector spaces:

Ty (T*"M) = Nou & N1,y @ ... ® Ni—2,0 @ Vim1,u ® Wi, Yu € TM (1.7)

A local adapted basis to the direct decomposition (1.7) is given by:

4] ] 4] 0 )
{(Sl‘i’ (Sy(l)l PR ] (Sy(k_l)z ) 5]71} ’ (Z - ]-7 23 ,TL) ) (18)
where:
6 _ 0 j o) j 12} 1o}
5t = 907 (JY)%W e (kfyl)%m + Nijgps
d 9 j 9 j o)
oy = ay(l)i - g;/;jiay(’z)j e T (kJYZ)]im’

sy
Sy(k—Di — Fyk—Dis
3 o Y

3p; — Opi-
Under a change of local coordinates on T** M, the vector fields of the adapted
basis transform by the rule:

606 60w S 0w & 5 _dw
St Ozt 039 sy Oxt syViT T Sylk=Di gt sgk=13" §p; 67 0p;
(1.10)
The dual basis of the adapted basis (1.8) is given by:
{6$i,6y(1)i, ...,5y<k*1)i,5pi} , (1.11)
where:
dat = 62,
Ayt = §y D _ Nt §pd
Y Y m 7 Ty
...................................................................... (1.12)
dy=1i = oy (k=1 _ Nt 5 (k=2)F _ N i §yMi — N i§d
Y Y m % (6-2) 77 TR

dp,' = 5pi + Nji(SZ‘j.
With respect to (1.2) the covector fields (1.11) are transformed by the rules:
§7* = 9T 50 65" = BT 6y (13, 5(h=Di = 22 5y (k=1)j

. G (1.13)
5pi = 9% 6p;.
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Let D be an N—linear connection on T**M, with the local coefficients in the
adapted basis (1.8) :

DT (N) = (Hijh, (c)ijh, Cﬁh) (a=1,..,k-1). (1.14)

An N—linear connection D is uniquely represented in the adapted basis in the
following form:

D Jii = Hsijéis’DJ%% = Heystoe (=1, k1),

D% i ) _szsép ; ) s B

Dot 8o = ) 05 Vet o = &) o (1.15)
Dsy%w o = —(C)lsjﬁ,(a B=1,..k—1), .
DWW_C” iwDﬁ;jay = Ci e (a =1,k = 1),

D5y = O3

2. The set of the transformations of N —linear connections

Let N be another nonlinear connection on T**M, with the local coefficients

((Jvl)j’t (1’7 9(1)7 "'7y(k71)7p)a ’(k]YI)JL (33, y(l)a "'ay(kil)ap> ) NZJ (1’7 y(1)7 sy y(k71)7p>>

(i,7=1,2,...,n).
Then there exists the uniquely determined tensor fields

(A)ji e (T*M),(a=1,...k—1)

and A;; € 79 (T*F M) , such that:

N =N - At (a=1,2,...k—1),
@’ (w’ <a>]( )
Nij = Nij — Aij, (1,5 =1,2,...,n).

(2.1)
Conversely, if (N)ij and (A)ij, (o =1,2,....,k — 1), respectively N;; and A;; are
given, then (N;j, (a=1,2,...,k — 1), respectively N;;, given by (2.1) are the coeffi-

cients of a nonlinear connection.
Theorem 2.1. Let N and N be two nonlinear connections on T**M, (k>2,keN)
with local coefficients:

((Zlv)ji<x7y(1)7"'7y(k_l)7p>7"' (kNl)JZ ( y(1)7"'7y(k_1)’p)’N1] <m7y(1)7"'7y(k_1)7p>)7

<(J}/;]i(x7y(1)7 "'7y(k71)7p)7 "'7(k]Y1)Ji <$,y(1), ..-,y(kil)ap),ﬁij (‘T, y(l), veey y(kl),p)>’

(i, =1,2,...,n), respectively.
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If D is an N—linear connection on T**M, with local coefficients

(e

DT (N) = (Hijha(c)ijhacijh> y(a=1,.,k—1),

then the transformation: N — N, given by (2.1) of nonlinear connections implies
for the coefficients
@)

br (N) = <Hl]ha(cljh7cl]h> ) (Oé = 1) 7k - 1)

of the Nflineai connection D, the relations (2.2), that is the transformation:
DI’ (N) — DI (N) is given by:

Hij=H'+ A™, {Cism+NlmCisl+...+ N 'Y, C '+ N, N,C +
o 7L S E) (k—2) " (k—1) S COINE)

<Nlm NY+..+ N lmNtl> C'i'y+..+ N.N C

(1) " (k-3) (k=3) (1) ) (k-1 (1) (D) (k—1)
N——
(k—2)

+A™ O+ N O+ o+ N L C g+ .+ N..N C

(2) (2) ® ® (k=3) (k1) (1) (M)(k-1)
~——
(k—3)

fodk A C AN C g AT O — Ay O
(k—2) (k—2) 1 " (k-1) (k—1) 7 (k-1)

éisj: Clyj+ A™; {Cism+NTmCiST+...+ N "y C o+t
(2) 1) 3 (k=3)  (k-1)

(1) (1) (1)
+N-..-N C | +..+ A mj[ C lym+ N C |l + A™ C 'y,
(1) (1) (k—1) (k—3) 7 [(k—2) ) ") (k—2) 7 (k=1)

——
(k—3)
ZS' _ C Zs' Al' i57
w2y Tkl ) T
~ C is‘
(k-1 7 (k=)
C.i =0,
Ahil'_
1 ™ 0

Aih\j = 0, (i,j,h = 1,2...,71) 5

where 1 denotes the h—covariant derivative with respect to DI' (N).
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Proof. Tt follows first of all that the transformations (2.1) preserve the coefficients

(lgﬂhi‘ -

Using the relations (1.9),(1.15) and (2.1) we obtain:

5 _ 46 j 9
dxt T dxt +(‘4)]18y(71)1 +..t

J._ 0 A0
( A ) zay(k—l)j AZ] Bpj’

5
5y(1)z - 5y(1)z + A 26y<2)_] + +( A lay(k 1)j5
(2.3)
5 _ 5
5y(k—1)i - 5y(lc—1)i,7
o _ 6
op; ~ 0p;i°

Using (1.15), (2.3) and (1.9) we get:

_ 5 _ IJs.. 5 _ S .. 5
D% Sy(kF—1i — H 1) §y(k—1)s — H 1) gy(k=T1)s -

D; —2—=D s _
5;57 Sy(F=Di 5 ) Sy(F=D)i

L8 a8
(5,1 A Y ayu)z ) Ly £ Syt Ty I oDt il B

é l é l [
= Hj50ns + ((ff) 3§ e + g G sty +

l s )
(kél) j(kgl) il sy(R—Ds — ]ZC (R 1)5) +
l T )
+AYNT —9 4

5 ‘ 5 Syk—Di
(1) ( ) <6y(2)'r' +(J¥)s oy (3)3"' +(kN3)ér(;y(k—1)S>
—|—Al N",D ] . . s ﬁ + ..
1’2 (mﬂﬁf) 5y P +(kN4)‘Tm>

5
AL N C S 4 ALNTD _9d
T 0 et oy oy ) ! (st 80y bt N, iy ) Oy G D1

l r s 5 B
Tt A (st) l(kgl) ir §y(k—1)s + .=

= (Hoy+ AL+ ALC o+ AL O Sy — A )
( J+(1) (1) l+(2)j(2) Lt +(k—1)j(k_1) l i 5y(k—1)s+

ALNT I C% s + AN O s+ A N T C S
((1> )t vt T ) ) Ty TovY M 7 om2) Ly

L arr s m

5 ALY N",N*.D —98 4+ 4+ AN", N S, is
o) + ((1) i) ) " e T T 0 e ey

0 AL N N®.D — 0 4+ ALNT, N 5. C ™.
57’“"”’"> ((1) (2 <1> syl dyt o T T A L Sy
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[ L arr ER d l. I s S
W) + ...+ ((QA) j(Jvl) l(% ir sy(h—1)s + ...+ (1% j(k]ys) l(kgl) 7,7"5y(k1)s) +

AL NT,N®.D — 0 4 ALNT N 5 O ™t | e
((2) iyt " gt s RRE (1) (=) (k1) POy *

So, we have obtained (2.1;).

T ST SR LI
éy(l)] Sy(h—1)i 0 i §yh—1)s &) i §yh—1)s

D_5 i =
51(1)3 Sy(F—1)i

) _
5 1o 1o 1 5 Sy(k—=1)é
<5y(1>-7' +<’?) T oy +(§) T oy +'”+(ké2) J 5y(’“‘1”>

CS Al OS A Cs A . C s #
<(1) Y +(1)]() +(2) (3) at +( )J(lcfl) Zl) Jy(k—l)s“‘

+(1) (1) ?3)5 Syh—1) + .. (1) (kfg) l(kfl) 6y(k*1)s+

Al N® s et ALY N T O S
+(2) R 1D (84)5 Sy(h—1i + ...+ & ](k_4) l(kgl) Sy(k—TDs +

So, we have obtained (2.22).

5 L = s ; 75 = o S- 75
PR Sy(R=1)i (k=2) 1) gy(k=1)s (k=2) 1) gy(k=1)s
5 ~ S 1 ~ S F)
D 5 = C Y+ AL C “uits.
M(k%m Sy(F=1)i (k=2) 1) §y(F=T)s ) ](k—l) il Sy(F—1Ds
_ 5 ~js__ 6 _ds__ 6§ .
D% Sy(F=1)i Ci Sy(F—Ds — Cl' Sy(F=D)s»
_ 5 _ _ ) _ (' Js
Dai Sy(F=Di — D% Sy(F=Di CZ 5y(k s s
So, we have obtained (2.2;_1).
- 5 Jjs 5 Jjs 5 l [é)
D%j Sy(i—2)3 i Syth-2)s Cl <§y(k2)s + (1?) 5 Dy(k 1)L>

~ 5 _ _ ) . 2] _
D%ﬁ_ Sy(F=2)i — DL_ Sy(F—2)i + A ) —

§A%; _
js 5 (1) l js 5
= Cz (Sy(k 2)s + ( R + 1;4 fLCl ) T —1)s *

So, we have:
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o gi
CllA% =5 —+ AL 2.5
Py Ty (25)
Analogous if we calculate D 5 &/%12” in two manner we obtain:
sy(k—1);
——— .
w2 7T ety W (2.6)
6l,,As—ﬁ+Al,05. (2.7)
(k=1) U(l) = Sy(F=Dj 1) Z(k—l) lj- .

We have:

_ 5 A
Al = -2 +Am H . (A) mH™

Al = o e (0 =1,2, k= 1). (2.8)

Using (2.8), ( .7),(2.6), (2.5), ( 4),(2.25-1), (2.22) in the relation obtained analogous

from D ;5 5 -, we obtain: (A) i; = 0. In the same manner we get A;;; = 0. O
Sxd

Theorem 2.2. Let N and N be two nonlinear connections on T**M, (k > 2, k € N),
with local coefficients

<{}/;J’L (x,y(l)7.“’y(k71)7p>7 (k;Nl)] (1.7 y(1)7"'7y(k71)’p> ’Nlj (x7y(1)7"',y(k1)7p))7

( (l‘ y( ) (k_l)ap)a"'a N ]i<'r7y(1)a"'ay(k_l)ap)7ﬁi]’ (xay(l))"'ay(k_l)7p)>7
(1) (k—1)

(i,j =1,2,...,n), respectively.
If

DT (N) = (Hijh, (C)ijh,cijh)
and
DI (N) = <Hijh, Cla Cijh> ,

(a = 1,....,k — 1) are the local coefficients of two N—, respectively N -linear connec-
tions, D Tespectwely D on the differentiable manifold T**M, (k > 2,k € N), then
there exists only one system of tensor fields

Ay A YA B, Dy, D Yy, D"
<(1)J7 7(1@ 1) K ]ha(l)]hv 7(k—1) Jhs >
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such that:
N'y=N'— At (a=1,...k-1),
@’ @ @’ ( )
Nij = Nij — Ay,
Hig; 7HSJ+Amj Clem+ N Clg+..+ N L C g+ NN Ot
VRN (§5) 1@ (k=2) (k=17 (1) (1) @)

o (Nlm NY+..+ N lmel> C ‘ye+..+ N..N C
1) " (k-3) (k=3) (1) ") (k1) W W) k-1
——

(k—2)

A™. | Cln+ NL, CF N' Ciy+..+N.N C

TG T me T T s medy T T ey
——
(k—3)

te A mj C i5m+Nlm c isl + A m’ c z _Ajmcsim—Bis%
(k—2) (k—2) (1) " (k-1) k—1) T=1)°

Cly=Cly+ A" | Cla + N" Clp ot N "oy C Pt ot

OY T OYTH T e™ o "e (k—3) " (k=1)
N-..-N C et A ™| O N",. C °,
0 Oecn | T ety Lm) R
——
(k-3)
A m, Z5771_-Dis'7
(k-2) (k-1 "~
— Zs-: is. Al,' is _ D is'
12 T T 0y T 2y
2, . \
= C i — D i
k-1 7 -1 Y k-1 ¥
Cs =07 — D,
(2.9)
with:
AMyi =0,
" (2.10)
Aih|j = 0, (Z,j,h = 1,2...,71),

where 717 denotes the h—covariant derivative with respect to DT (N).

Proof. The first equality (2.9) determines uniquely the tensor fields:

(A)lj, (e =1,...,k — 1) .The second equality (2.9) determines uniquely the tensor field
[0

A;j. Since (C)ijh, (a=1,...,k—1) and C’ijh are d—tensor fields, the third equation
(2.9) determines uniquely the tensor field B?;;,. Similarly the fourth,... and the last
equation (2.9) determines the tensor field D;/" respectively. O

We have immediately:
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Theorem 2.3. If DT (N) = (H"j;17 (C)ijh,CZ-jh) (a=1,..,k—1), are the local coeffi-

(e}
cients of an N—linear connection D on T**M and

At ., A Y A B, Dy, ..., Dt DI
((1)3 (hony DT Iy e 2y I )

is a system of tensor fields on T**M, then DT (N) = <ﬁijh,(c_')ijh,(j'ijh> , (a =
L, ..., k—=1), given by (2.9)—(2.10) are the local coefficients of an N —linear connection,
D, on T**M, (k > 2,k € N).
Following the definition given by M. Matsumoto [4,5] in the case of Finsler
spaces, we have:
Definition 2.1. i) The system of tensor fields:
A, A Y A By, Dy, D Py DM k>2keN
((1) YR 7(k71) 'K K ]}“(1) Jhs ,(kfl) Jhs ) ) ( Z 4,k € )
is called the difference tensor fields of DI' (N) to DI’ (N) .
ii) The mapping: DI' (N) — DI (N) given by (2.9) — (2.10) is called a trans-
formation of N —linear connection to N—linear connection on 7** M, and it is noted

by:
t{ A%, ..., A A B, Dy ..., D"y D).
((1>J (hony D T Iy e 2y I )

Theorem 2.4. The set T of the transformations of N —linear connections to N —linear
connections on T** M, (k > 2,k € N) together with the composition of mappings isn’t
a group.

Proof. Let
t{ A% ... A . A B, D' ..., D “.. D) DT(N DT (N
<(1)]a v(kil)]7 YR Jh;(l)jha 3(’671)]}” > ( )*) ( )
and
t(A . A A B, D ... D . D) DT(N DT (N
((1)” Ny I G I gy I ) (M) = < >

be two transformations from 7, given by (2.9) — (2.10).
From (2.9) we have:
Ni, = Ni (Al + Ai), a=1,...k—1), Nij = Nij (Ai-+
Ny o= (A A). ). Niy =N — (4

We obtain for example:

C iy= C AL+ AL ) i, —( D¢ D D i, AL ).
w2y " T (k7 2) jh+<(1>h+(1) h) 1) 7" ((k—2> i Doy G2 I

So (? )ijh hasn’t the form (2.9). It follows that the composition of two trans-
—2

formations from 7 isn’t a transformation from 7, that is 7, together with the com-
position of mappings isn’t a group. O

Ny
<
~——
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Remark 2.1. If we consider Aij =0,(a=1,...,k—1) and 4;; = 0 in (2.10) we

(@)
obtain the set 7y of transformations of N—linear connections corresponding to the
same nonlinear connection N :

Tn=<t 0,...,0,Bijh, Dijh, ey D ijh;Dijh eT
N—— (1) (k—1)
(k)

We have:
Theorem 2.5. The set Ty of the transformations of N—linear connections to N—linear
connections on T**M, (k > 2,k € N), together with the composition of mappings is a
group. This group, acts effectively and transitively on the set of N —linear connections.

Proof. Let t | 0,...,0, B3, Dij;“ wey D ij;“D,-jh : DT'(N) — DT (N) be a trans-
SN——— (1) (k—1)
(k)
formation from 7y ,given by (2.11) :

N =N (a=1,.,k—1),
N (a)J( )

Nig = Nig, ,

Hljh = szh — sz}“ (2.11)
C'ip=0Cl,— D =1,., k-1

(@) jh (@) jh (o) jho (CY 3 eeey )7

Cijh = Cijh - Dijh7 (iuja h = 17 2a sty n) :

The composition of two transformations from 7 is a transformation from 7y, given
by:

t10,..,0,B 0, D" ipyoy D “ip, D" | 0t | 0,...,0, B, Diipyoioy D P, DR
S AR @y I 2y N S A @y I 2y M
) )

—¢(0,...,0,B"), 4B, Dy + Dy D D ... D" 4 Dt
3 reey Uy ]ha+ Jho 1) jh + 1) jhs 7(k71) jh + (k=1) Jhy i + D;
(k)

The inverse of a transformation from 7y is the following transformation from 7y :

t(o,o,o, —Bijh,—(%ijh,..., D ijh,—Dijh) :DI'(N) — DL (N).

(k1)

The transformations (2.11) preserve all N—linear connections D if:

B'y=D'=..= D "y=D"=0,3,j,h=1,2,...,n).
jh 0 Jh (k=1 jh 7(27.75 ) &y an)

Therefore 7Ty acts effectively on the set of N—linear connections. From the Theorem
2.2 results that 7y acts transitively on this set. O
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Let us consider:

Tng=1<1t]0,..,0, Dijh, ey, D ijh,Dijh €Ty
—— (1) (k—1)

)

(k+1)

TNC = t O,...,O,Bij}uo’ Dijh7~-~ D ijh7Dijh c TN

)

M — 2) "(k—1)
(k)
Ivn ¢ =<K1t]0, ,O,th,Dijh,..., D ijh,O,Dijh ey p,
(k—1) —— (1) (k—2)

)

Inc =Kt 0,...,0,Bijh,Dijh,..., D ijh,O eIy
S~—— (1) (k—1)
(k)

Inc.. c c={t]0,..,0,B%4,0,..,0 | € Ty 3 , (k> 2,k € N).
M (k1) ~— L
(k) (k)
Proposition 2.1. The sets: Iy, Inc,--sIN ¢ ..o INc,Inc.. ¢ ¢ are Abelian sub-
&%) (k=1) k=)

groups of Tn.

Proposition 2.2. The group Ty preserves the monlinear connection N,Tnpy pre-
serves the nonlinear connection N and the component H';;, of the local coefficients

DT (N);TIn ¢ preserves the nonlinear connection N and the component (C)ijh of the
(1) 1
local coefficients DT’ (N),..,In ¢ preserves the nonlinear connection N and the
(k=1)

component (kC )ijh of the local coefficients DT (N ), Tnc preserves the nonlinear con-
-1

nection N and the component C;i" of the local coefficients DT (N) and Inc... ¢ ¢
M (k=)

preserves the nonlinear connection N and the components (%ijhv ey C ijh, CiM of

(k=1)
the local coefficients DI' (N) .
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