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Weighted composition operators on weighted
Lorentz-Karamata spaces

İlker Eryilmaz

Abstract. In this paper, a characterization of the non-singular measurable trans-
formations T from X into itself and complex-valued measurable functions u on X
inducing weighted composition operators is obtained and subsequently their com-
pactness and closedness of the range on the weighted Lorentz-Karamata spaces
Lw

p,q;b (X, Σ, µ) are completely identified where (X, Σ, µ) is a σ−finite measure
space and 1 < p ≤ ∞, 1 ≤ q ≤ ∞.
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1. Introduction

A new generalization of Lebesgue, Lorentz, Zygmund, Lorentz-Zygmund and
generalized Lorentz-Zygmund spaces was studied by J.S.Neves in [13]. By using the
Karamata Theory, he introduced Lorentz-Karamata (simply LK) spaces and gave
Bessel and Riesz potentials and emmedings of these spaces. In that paper, he studied
the LK spaces Lp,q;b (R,µ) where p, q ∈ (0,∞] , b is a slowly varying function on (0,∞)
and (R,µ) is a measure space. These spaces give the generalized Lorentz-Zygmund
spaces Lp,q;α1,...αm

(R), Lorentz-Zygmund spaces Lp,q (log L)α (R), Zygmund spaces
Lp (log L)α (R) (introduced in [3,16]), Lorentz spaces Lp,q (R) and Lebesgue spaces
Lp (R) under convenient choices of slowly varying functions.

In [5,13], it is proved that LK spaces Lp,q;b (R,µ) endowed with a convenient
norm, is a rearrangment-invariant Banach function spaces with associate spaces
Lp′,q′;b−1 (R,µ) if (R,µ) is a resonant measure space, p ∈ (1,∞) and q ∈ [1,∞].
Also it is showed that when p ∈ (1,∞) and q ∈ [1,∞), LK spaces have absolutely
continuous norm.
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2. Preliminaries

Throughout the paper (X, Σ, µ) will stand for a σ-finite measure space. We will
use weight function w, i.e. a measurable, locally bounded function on X, satisfying
w (x) ≥ 1 for all x ∈ X and χA for characteristic function of a set A. For any two
non-negative expressions (i.e. functions or functionals), A and B, the symbol A - B
means that A ≤ cB, for some positive constant c independent of the variables in the
expressions A and B. If A - B and B - A, we write A ≈ B and say that A and B are
equivalent. Certain well-known terms such as Banach function space, rearrangement
invariant Banach function space, associate space, absolutely continuous norm, etc.
will be used frequently in the sequel without their definitions. However, the reader
may be found their definitions e.g., in [3,5,8,13] and [16].

A positive measurable function L, defined on some neighborhood of infinity, is
said to be slowly varying if, for every s > 0,

L (st)
L (t)

→ 1 (t → +∞) . (2.1)

These functions were introduced by Karamata [10] (see also [14] for more information).
Also another definition for slowly varying functions can be found in [13] such as:

Definition 2.1. A positive and Lebesgue measurable function b is said to be slowly
varying (s.v.) on (0,∞) in the sense of Karamata if, for each ε > 0, tεb (t) is equivalent
to a non-decreasing function and t−εb (t) is equivalent to a non-increasing function
on (0,∞).

The detailed study of Karamata Theory, properties and examples of slowly vary-
ing functions can be found in [5,10,14] and [16,Chap.V, p.186]. For example, let m ∈ N
and α = (α1, ..., αm) ∈ Rm. If we denote by ϑm

α the real function defined by

ϑm
α (t) =

∏m

i=1
lαi
i (t) for all t ∈ (0,∞)

where l1, ..., lm are positive functions defined on (0,∞) by

l1 (t) = 1 + |log t| , li (t) = 1 + log li−1 (t) , i ≥ 2, m ≥ 2,

then the following functions are s.v. on [1,∞):
1. b (t) = ϑm

α (t) with m ∈ N and α ∈ Rm;
2. b (t) = exp (logα t) with 0 < α < 1;
3. b (t) = exp (lαm (t)) with 0 < α < 1, m ∈ N;
4. b (t) = lm (t) with m ∈ N.

Given a s.v. function b on (0,∞), we denote by γb the positive function defined by

γb (t) = b

(
max

{
t,

1
t

})
for all t > 0.

It is known that any slowly varying function b on (0,∞) is equivalent to a slowly
varying continuous function b̃ on (0,∞). Consequently, without loss of generality, we
assume that all slowly varying functions in question are continuous functions in (0,∞)
[6]. We shall need the following property of s.v. functions, for which we refer to [13,
Lemma 3.1].
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Lemma 2.2. Let b be a slowly varying function on (0,∞).
(i) Let r ∈ R. Then br is a slowly varying function on (0,∞) and γr

b (t) = γbr (t)
for all t > 0.
(ii) Given positive numbers ε and κ, γb(κt) ≈ γb(t),i.e., there are positive constants
cε and Cε such that

cε min{κ−ε, κε}γb(t) ≤ γb(κt) ≤ Cε max{κ−ε, κε}γb(t) (2.2)

for all t > 0.
(iii) Let α > 0. Then∫ t

0

τα−1γb(τ)dτ ≈ tαγb(t) and
∫ ∞

t

τ−α−1γb(τ)dτ ≈ t−αγb(t) (2.3)

for all t > 0.

Now, let us take the measure as wdµ. Let f be a complex-valued measurable
function defined on a σ-finite measure space (X, Σ, wdµ). Then the distribution func-
tion of f is defined as

µf,w (s) = w {x ∈ X : |f (x)| > s} =
∫

{x∈X: |f(x)|>s}

w (x) dµ (x) , s ≥ 0. (2.4)

The nonnegative rearrangement of f is given by

f∗w (t) = inf {s > 0 : µf,w (s) ≤ t } = sup {s > 0 : µf,w (s) > t } , t ≥ 0 (2.5)

where we assume that inf φ = ∞ and supφ = 0. Also the average(maximal) function
of f on (0,∞) is given by

f∗∗w (t) =
1
t

∫ t

0

f∗w (s) ds. (2.6)

Note that λf,w (·) , f∗w (·) and f∗∗w (·) are nonincreasing and right continuous functions.

Definition 2.3. Let p, q ∈ (0,∞] and let b be a slowly varying function on (0,∞). The
weighted Lorentz-Karamata (WLK) space Lw

p,q;b (X, Σ, wdµ) is defined to be the set of
all functions such that

‖f‖w
p,q;b :=

∥∥∥t
1
p−

1
q γb (t) f∗∗w (t)

∥∥∥
q;(0,∞)

(2.7)

is finite. Here ‖·‖q;(0,∞) stands for the usual Lq (quasi-) norm over the interval (0,∞).

After this point, for the convenience, we will use Lw
p,q;b (X) for Lw

p,q;b (X, Σ, wdµ).
It is easy to show that (by the same arguments in [5,Theorem 3.4.41], [13]) the WLK
spaces Lw

p,q;b (X) endowed with a convenient norm (2.7), is a rearrangment-invariant
Banach function spaces and have absolutely continuous norm when p ∈ (1,∞) and
q ∈ [1,∞). It is clear that, for 0 < p < ∞, the WLK space Lw

p,q;b (X) contains the
characteristic function of every measurable subset of X with finite measure and hence,
by linearity, every wdµ−simple function. In this case, with a little thought, it is easy
to see that the set of simple functions is dense in the WLK space as the WLK spaces
have absolutely continuous norm for p ∈ (1,∞) and q ∈ [1,∞).
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Let T : X → X be a measurable (T−1 (E) ∈ Σ, for any E ∈ Σ) and non-singular
transformation (w

(
T−1 (E)

)
= 0 whenever w (E) = 0) and u a complex-valued func-

tion defined on X. We define a linear transformation W = Wu,T on the WLK space
Lw

p,q;b (X) into the linear space of all complex-valued measurable functions by

Wu,T (f) (x) = u (T (x)) f (T (x)) (2.8)

for all x ∈ X and f ∈ Lw
p,q;b (X). If W is bounded with range in Lw

p,q;b (X), then it is
called a weighted composition operator on Lw

p,q;b (X). If u ≡ 1, then W ≡ CT : f →
f ◦ T is called a composition operator induced by T . If T is the identity mapping,
then W ≡ Mu : f → u · f is a multiplication operator induced by u. The study of
these operators acting on Lebesgue and Lorentz spaces has been made in [4,9,15] and
[1,2,11,12], respectively.

In the next part of this paper, we will characterize the boundedness, compactness
and closedness of the range of the weighted composition operators on WLK spaces
Lw

p,q;b (X) for 1 < p ≤ ∞, 1 ≤ q ≤ ∞.

3. Results

Theorem 3.1. Let (X, Σ, wdµ) be a σ-finite measure space and u : X → C a measurable
function. Let T : X → X be a non-singular measurable transformation such that the
Radon-Nikodym derivative fT = wdµ

(
T−1

)
/wdµ is in L∞ (µ). Then

Wu,T : f → u ◦ T · f ◦ T (3.1)

is bounded on Lw
p,q;b (X), 1 < p ≤ ∞, 1 ≤ q ≤ ∞ if u ∈ L∞ (µ).

Proof. Suppose that ‖fT ‖∞ = k. The distribution function of

Wf = Wu,T (f) = u ◦ T · f ◦ T

is found that

µWf,w (s) = w {x ∈ X : |u (T (x)) f (T (x))| > s}

=
∫

{x∈X: |u(T (x))f(T (x))|>s}

w (x) dµ (x)

= wT−1 {x ∈ X : |u (x) f (x)| > s}
≤ wT−1 {x ∈ X : ‖u‖∞ |f (x)| > s} (3.2)
≤ kw {x ∈ X : ‖u‖∞ |f (x)| > s} = kµ‖u‖∞ f,w (s) .

Hence for each t ≥ 0, by (3.2) we get{
s > 0 : µ‖u‖∞ f,w (s) ≤ t

k

}
⊆ {s > 0 : µWf,w (s) ≤ t} (3.3)
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and

(Wf)∗w (t) = inf {s > 0 : µWf,w (s) ≤ t}

≤ inf
{

s > 0 : µ‖u‖∞ f,w (s) ≤ t

k

}
= inf

{
s > 0 : w {x ∈ X : ‖u‖∞ |f (x)| > s} ≤ t

k

}
(3.4)

= ‖u‖∞ f∗w

(
t

k

)
.

Also, we write that (Wf)∗∗w (t) ≤ ‖u‖∞ f∗∗w

(
t
k

)
by (3.4). Therefore,

‖Wf‖w
p,q;b =

∥∥∥t
1
p−

1
q γb (t) (Wf)∗∗w (t)

∥∥∥
q;(0,∞)

≤
∥∥∥∥t

1
p−

1
q γb (t) ‖u‖∞ f∗∗w

(
t

k

)∥∥∥∥
q;(0,∞)

. ‖u‖∞ k
1
p

∥∥∥t
1
p−

1
q γb (t) f∗∗w (t)

∥∥∥
q;(0,∞)

= k
1
p ‖u‖∞ ‖f‖w

p,q;b (3.5)

can be written by (2.2). Consequently, W is a bounded operator on Lw
p,q;b (X) with

1 < p ≤ ∞, 1 ≤ q ≤ ∞ and ‖W‖ . k
1
p ‖u‖∞ by (3.5). �

Remark 3.2. The above theorem is also valid for u ∈ L∞ (
w

(
T−1

))
, i.e.

u ◦ T ∈ L∞ (µ) .

Theorem 3.3. Let u be a complex-valued measurable function and T : X → X be a
non-singular measurable transformation such that T (Eε) ⊆ Eε for all ε > 0, where
Eε = {x ∈ X : |u (x)| > ε}. If Wu,T is bounded on Lw

p,q;b (X), 1 < p ≤ ∞, 1 ≤ q ≤ ∞,
then u ∈ L∞ (µ).

Proof. Let us assume that u /∈ L∞ (µ). Then the set En = {x ∈ X : |u (x)| > n} has
a positive measure for all n ∈ N. Since T (En) ⊆ En or equivalently χEn

≤ χT−1(En),
we write that

{x ∈ X : |χEn
(x)| > s} ⊆

{
x ∈ X :

∣∣χT−1(En) (x)
∣∣ > s

}
⊆

{
x ∈ X :

∣∣u (T (x))χT−1(En) (x)
∣∣ > ns

}
(3.6)

and so

(WχEn)∗w (t) = inf
{
s > 0 : µWχEn ,w (s) ≤ t

}
= inf {s > 0 : w {x ∈ X : |WχEn

(x)| > s} ≤ t}
= inf {s > 0 : w {x ∈ X : |u (T (x))χEn

(T (x))| > s} ≤ t} (3.7)

= n inf
{
s > 0 : w

{
x ∈ X :

∣∣u (T (x))χT−1(En) (x)
∣∣ > ns

}
≤ t

}
≥ n inf {s > 0 : w {x ∈ X : |χEn (x)| > s} ≤ t} = n (χEn)∗w (t) .

Thus we have (WχEn
)∗∗w (t) ≥ n (χEn

)∗∗w (t) for all t > 0 by (3.7). This gives us the
contradiction that ‖WχEn

‖w
p,q;b ≥ n ‖χEn

‖w
p,q;b. �
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If we combine Theorem 3.1 and Theorem 3.3, then we have the following theorem.

Theorem 3.4. Let u be a complex-valued measurable function and T : X → X be
a non-singular measurable transformation such that the Radon-Nikodym derivative
fT = wdµ

(
T−1

)
/wdµ is in L∞ (µ) and T (Eε) ⊆ Eε for all ε > 0, where Eε =

{x ∈ X : |u (x)| > ε}.Then Wu,T is bounded on Lw
p,q;b (X), 1 < p ≤ ∞, 1 ≤ q ≤ ∞ if

and only if u ∈ L∞ (µ).

Now, we are ready to discuss the compactness and the closed range of the
weighted composition operator W = Wu,T : f → u ◦ T · f ◦ T on the WLK spaces
Lw

p,q;b (X), 1 < p ≤ ∞, 1 ≤ q ≤ ∞. Let T : X → X be a non-singular measur-
able transformation with the Radon-Nikodym derivative fT = wdµ

(
T−1

)
/wdµ. If

fT ∈ L∞ (µ) with ‖fT ‖∞ = k, then we get

(Wf)∗w (kt) = inf {s > 0 : µWf,w (s) ≤ kt}
= inf {s > 0 : w {x ∈ X : |u (T (x)) f (T (x))| > s} ≤ kt}
= inf

{
s > 0 : wT−1 {x ∈ X : |(u · f) (x)| > s} ≤ kt

}
≤ inf {s > 0 : w {x ∈ X : |(u · f) (x)| > s} ≤ t} = (Muf)∗w (t) (3.8)

and similarly (Wf)∗∗w (kt) ≤ (Muf)∗∗w (t) for all f ∈ Lw
p,q;b (X) and t > 0. Therefore,

by (2.2), we obtain

‖Wf‖w
p,q;b =

∥∥∥z
1
p−

1
q γb (z) (Wf)∗∗w (z)

∥∥∥
q;(0,∞)

=
∥∥∥(kt)

1
p−

1
q γb (kt) (Wf)∗∗w (kt)

∥∥∥
q;(0,∞)

(3.9)

. k
1
p

∥∥∥t
1
p−

1
q γb (t) (Muf)∗∗w (t)

∥∥∥
q;(0,∞)

= k
1
p ‖Muf‖w

p,q;b .

Now, if fT is bounded away from zero on S, i.e. fT > δ almost everywhere for some
δ > 0, then

w
(
T−1 (E)

)
=

∫
E

fT wdµ ≥ δw (E) (3.10)

for all E ∈ Σ, E ⊆ S, where S = {x : u (x) 6= 0}. Therefore, we have

‖Wf‖w
p,q;b ≥ δ

1
p ‖Muf‖w

p,q;b . (3.11)

Hence for each f ∈ Lw
p,q;b (X), 1 < p ≤ ∞, 1 ≤ q ≤ ∞, we have

‖Wf‖w
p,q;b ≈ ‖Muf‖w

p,q;b (3.12)

whenever fT ∈ L∞ (µ) and bounded away from zero. By [7, Theorem 2.4] and (3.12),
we can write the following theorem:

Theorem 3.5. Let T : X → X be a non-singular measurable transformation such that
fT ∈ L∞ (µ) and is bounded away from zero. Let u be a complex-valued measurable
function and Wu,T is bounded on the WLK space Lw

p,q;b (X), 1 < p ≤ ∞, 1 ≤ q ≤ ∞.
Then the followings are equivalent:
(i) Wu,T is compact,
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(ii) Mu is compact,
(iii) Lw

p,q;b (u, ε) are finite dimensional for each ε > 0, where

Lw
p,q;b (u, ε) =

{
fχ(u,ε) : f ∈ Lw

p,q;b (X)
}

and (u, ε) = {x ∈ X : |u (x)| ≥ ε} .

We know that Wu,T = CT Mu and wdµ is atomic. Therefore, if we use [11,
Theorem 3.1] for Wu,T on the WLK space Lw

p,q;b (X), 1 < p ≤ ∞, 1 ≤ q ≤ ∞, then
get the following theorem:

Theorem 3.6. Let T : X → X be a non-singular measurable transformation such that
fT ∈ L∞ (µ) and u be a complex-valued measurable function with u ∈ L∞ (µ). Let
{An}n∈N be all the atoms of X with w (An) > 0 for all n ∈ N. Then Wu,T is compact
on the WLK space Lw

p,q;b (X), 1 < p ≤ ∞, 1 ≤ q ≤ ∞ if wdµ is purely atomic and

cn =
w

(
T−1 (An)

)
w (An)

→ 0.

Theorem 3.7. If wdµ is non-atomic and Wu,T is bounded on the WLK space
Lw

p,q;b (X), 1 < p ≤ ∞, 1 ≤ q ≤ ∞, then Wu,T is compact if and only if u · fT = 0
almost everywhere.

Proof. Let us assume that W = Wu,T is compact. If u · fT 6= 0 a.e., then there exist
c ≥ 1, such that the set

E =
{

x ∈ X : |u (x)| and fT (x) >
1
c

}
(3.13)

has positive measure. Since wdµ is non- atomic, we can find a decreasing sequence
{En}n∈N of measurable subsets of E such that w (En) = a

2n , 0 < a < w (E). Now, if
we construct a sequence such that en = χEn

‖χEn‖
w
p,q;b

, then it is easy to see that {en}n∈N

is bounded in Lw
p,q;b (X). For m,n ∈ N, let m = 2n. Then we have

(Wen −Wem)∗w

(
t

c

)
= inf

{
s > 0 : µWen−Wem,w (s) ≤ t

c

}
= inf

{
s > 0 : w {x ∈ X : |u (T (x)) en (T (x))− u (T (x)) em (T (x))| > s} ≤ t

c

}
= inf

{
s > 0 : wT−1 {z ∈ En : |u (z)| |en (z)− em (z)| > s} ≤ t

c

}
≥ inf {s > 0 : w {z ∈ En : |en (z)− em (z)| > sc} ≤ t}

=
1
c

inf {s > 0 : w {z ∈ En : |en (z)− em (z)| > s} ≤ t}

≥ 1
c

inf {s > 0 : w {z ∈ En\Em : |en (z)− em (z)| > s} ≤ t}

for all t ≥ 0. This gives us that

(Wen −Wem)∗w

(
t

c

)
≥

(
χEn\Em

)∗
w

(t)
c ‖χEn

‖w
p,q;b

(3.14)
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and so

‖Wen −Wem‖w
p,q;b &

1
c2

(
w (En\Em)

w (En)

) 1
p

≥ ε (3.15)

for some ε > 0 and large values of n by (ii) and (iii) of Lemma 2.2. Thus the sequence
{Wen}n∈N doesn’t admit a convergent subsequence which conradicts the compactness
of W . Hence u · fT = 0 a.e.
The converse of the proof is obvious. �

Theorem 3.8. Let T : X → X be a non-singular measurable transformation with fT in
L∞ (µ) and bounded away from zero. Let u be a complex-valued measurable function
such that Wu,T is bounded on the WLK space Lw

p,q;b (X), 1 < p ≤ ∞, 1 ≤ q ≤ ∞.
Then Wu,T has closed range if and only if there exists a δ > 0 such that |u (x)| ≥ δ
a.e. on the support of u.

Proof. Suppose that W = Wu,T has closed range. Therefore there exists an ε > 0
such that ‖Wf‖w

p,q;b ≥ ε ‖f‖w
p,q;b for all f ∈ Lw

p,q;b (S) where S is the support of u and

Lw
p,q;b (S) =

{
fχS : f ∈ Lw

p,q;b (X)
}

. Now, let us choose δ > 0 such that k
1
p δ < ε where

k = ‖fT ‖∞. Assume that the set E = {x ∈ X : |u (x)| < δ} has positive measure, i.e.
0 < w (E) < ∞. Then χE ∈ Lw

p,q;b (S) and

‖WχE‖w
p,q;b . k

1
p ‖u · χE‖w

p,q;b ≤ k
1
p δ ‖χE‖w

p,q;b

< ε ‖χE‖w
p,q;b

by (3.9). This conradiction says that |u (x)| ≥ δ a.e. on the support of u.
Conversely, assume that there exists a δ > 0 such that |u (x)| ≥ δ a.e. on S. Since fT

is bounded away from zero, we can write that fT > m for some m > 0. By using this
fact and (3.11), we get

‖Wf‖w
p,q;b ≥ m

1
p ‖u · f‖w

p,q;b ≥ m
1
p δ ‖f‖w

p,q;b (3.16)

for all f ∈ Lw
p,q;b (S). Therefore W has closed range being ker(W ) = Lw

p,q;b (X\S). �

Corollary 3.9. If T−1 (Eε) ⊆ Eε for each ε > 0 and Wu,T has closed range, then
|u (x)| ≥ δ a.e. on S, the support of u for some δ > 0.

Using the equivalence (3.12) and [1, Theorem 4.1], we can say the following
theorem:

Theorem 3.10. Let T : X → X be a non-singular measurable transformation such that
fT ∈ L∞ (µ) and is bounded away from zero. Let u be a complex-valued measurable
function such that Wu,T is bounded on the WLK space Lw

p,q;b (X), 1 < p ≤ ∞,
1 ≤ q ≤ ∞. Then the followings are equivalent:
(i) Wu,T has closed range,
(ii) Mu has closed range,
(iii) |u (x)| ≥ δ a.e. for some δ > 0 on S, the support of u.
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