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Kantorovich type ¢g-Bernstein-Stancu operators
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Abstract. In this paper, we construct a Kantorovich type generalization of g-
Bernstein-Stancu operators by means of the Riemann type g-integral. We inves-
tigate some approximation properties and also establish a local approximation
theorem for these operators.
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1. Introduction

Let ¢ > 0 be a fixed real number. For any nonnegative integer n, the g-integer
[n], and the g-factorial [n],! are respectively defined by (see [2])

n

ifg#1
[nlg =4 1—4 )
n ifg=1

and

,{[11q[21q---[n]q o> 1
' 1 ifn=0"

For the integers n > k > 0, the ¢-binomial coefficients are defined by

W,

Now suppose that 0 < a < b, 0 < ¢ < 1 and f is a real-valued function. The
g-Jackson integral of f over the interval [0,b] and a general interval [a, b] are defined
by (see [11])

b [e%s)
| @ =a-apy s )0
=0
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/: fz)dyx = /Ob f(z)dyx — /Oa f(x)dgx

respectively, provided the series converge.

It is clear that g-Jackson integral of f over an interval [a, b] contains two infinite
sums, so some problems are encountered in deriving the g-analogues of some well-
known integral inequalities which are used to compute order of approximation of linear
positive operators containing g-Jackson integral. To solve this problem Marinkovié
et.al. (see [12]) defined the Riemann type g-integral as

and

Ry(f;a,b) = /f Vi = (1— g)b—a) S f (a+ (b—a)?)

7=0

which contains only points within the interval of integral.
Dalmanoglu and Dogru [4] proved that Riemann type g-integral is a linear positive
operator and satisfies the Holder inequality

Ry(|fglia,b) < (Ry(|f™5a,b)™1 (Ry(|g|™;a,b)) 7

where — r— + =

In 2009 Nowak [13], for f € C[0,1], ¢ > 0, @ > 0 and each n € N defined the
g-Bernstein-Stancu operators

Zpﬁ’k ( k}q) . xel0,1] (1.1)

with

POC () — [n} 1) (4 afi }q)_l—l[::é“ 1= ¢z + als]y) (1.2)
’ & q Hi:o (14 afily)

and investigated Korovkin type approximation properties of these operators. Note
that in (1.2) an empty product is taken to be equal to 1. In [10], the authors studied
the rate of convergence and proved a Voronovskaya type theorem for the operator
defined by (1.1). After that Agratini [1] introduced some estimates for the rate of
convergence to the sequence B%“(f;x) by means of the modulus of continuity and
Lipschitz type maximal function and also explored a probabilistic approach.

It is clear that for o = 0, B2*(f;x) reduces to ¢g-Bernstein polynomials defined
by Phillips [15]

Bn,q(f;w)zzn:Hq f[ (1—q°z)f (m‘;) ze[0,1].

k=0

For ¢ = 1, BL®(f;x) turns out to be the Bernstein- Stancu polynomials proposed by
Stancu in [16]

o= () B v (1)
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For « = 0 and ¢ = 1, BL?(f; ) represents the classical Bernstein polynomials given

by
Bou(f;z) = kiof <fl> <Z>zk(1 —2)" k2 e(0,1].

The following identities hold [13]

BI%(1;2) =1 (1.3)
B (tiz) =z (1.4)
B (t?z) = H% (m(x +a) + x(%n]—qx)) (L.5)

for all x € [0,1] and n € N.

Generalization of Bernstein polynomials based on g¢-integers was studied by a
number of authors. We now mention some papers related to integral modification of
the ¢-Bernstein polynomials. Gupta [7] constructed Durrmeyer type modification of
the g-Bernstein polynomials by means of the g-Jackson integral and studied their some
approximation properties. Thereafter, Finta and Gupta [6] obtained some local and
global direct results and also established a simultaneous approximation theorem for
these operators. In [8], Gupta and Heping defined another Durrmeyer type g-Bernstein
polynomials and obtained some approximation properties of such operators. Later
in [9], Gupta and Finta proved some direct local and global approximation theorems
for the operators given in [8]. Dalmanoglu [3] presented Kantorovich type ¢-Bernstein
polynomials via g-Jackson integral and investigated their approximation properties
and the rate of convergence. Very recently, by introducing the following Kantorovich
type generalization of ¢g-Bernstein polynomials by means of the g-Riemann type inte-
gral

n—k—1 [kt1]g

* & — n 5 [n+1lq
Bifaa) =+ 1, ot 7] o TL a-eo) [0 sodfn o)
k=0 q s=0 Tn+ilq

where z € [0,1] and 0 < ¢ < 1, Dalmanoglu and Dogru [4] studied statistical Korovkin
type approximation properties of these operators. The authors derived the formulas

B (1;¢;7) = 1,
B (tiq;x) = 12+qq[n[i]q1}q$ liq[nil]q7
B (% q;2) = (1q+2q T +q)(?quq+q2)) [H%Z[Zi;qﬁ
+ (H 12+qq * 1fq_+1q2> [n[i}ql]%x+ 1+ql+q2 [niﬂ?

In this paper, for f € C[0,1], 0 < ¢ < 1 and each n € N, we consider the
Kantorovich type generalization of the ¢g-Bernstein Stancu operators defined by (1.1)
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with the help of the Riemann type g-integral as follows:

" [+ 1], [T
n nt+llgq
By(figo) =) Py ———" |
k=0 q CE=ipt

fydit, xeo,1] (1.7)

where P/ () is given by (1.2).

In the case a = 0 the operator B2(f;q¢;x) turns into the operator B (f;q;x)
defined by (1.6).

2. Estimation of moments

Lemma 2.1. Let m be a nonnegative integer. Then we have

e
n+1
I, ,(t") = e mdft
[n+1]q
k m m m—l
q [k]
= Cm ) )
[”"‘”q(”"’l ) zz< )(nq> Ham)
where
m—I1
(1-g)°
Cmalg,n —1)s
Han qls_o( ) [+ s+1]

Proof. By definition of Riemann type ¢-integral and Binomial formula, we get

Imk(tm)

—1-ag . i(nJrl [nfuqu)mqj

]

=(1—q)(n mHZ +(1-Q1-9lkl)e)" ¢

TS B W ’“( ) (- (- k) )

1=0 j=0

Using the following fact

o0

S (g = L1 1
= 1t (g it
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and Binomial formula again, we can write

L™
~Tr iy ; (7)1 - oo (-
“Grr i (1) 5, 3 () - am
- ﬁl)mﬂ E (Mt _ () ey — g
“Grr i o (1) () e G
Gt ii e CTEE e =
:([n—&—(il)m‘*l éiﬁ (m _Wz”_ s)'l'ls'([ Jo)™ ! )S[z(is_i):]q
T i)mﬂ ém_ol l!(mm! il sl(T(nm_l l)!s)! ([l
x (=17 [z(+1 s_f)iq
T +i>’”“ lf:m_l (Do gy
o (Fer) mlim: (M) Gﬁ)w om
X (=1)° [z(is_i);]q
o (rer) mé (7) (%)ml ol m_l (")
x (= )s[z(is_f)f}q

Thus, if we take

1 m—I1 mfl 1 s
([n]q)lZ()( S >(1)S ( q) *CmJ(q,n),

then the proof is completed. O
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In the light of Lemma 2.1, we can state the following lemma.

Lemma 2.2. Let m be a nonnegative integer. Then for the operator BE(f;q;x) defined
by (1.7), we have

spemsan) = () S () omitwmse et

where B is given by (1.1) and C., 1(¢,n) is defined as in Lemma 2.1.

Proof. Indeed, by using Lemma 2.1 we can write

"™ Zpgg ";Lkl] L (6™
<[n[i]q1]q)m ;PZ,?@) é (”;) (ﬁz)nﬂ Cont(a,7)
) ([n[fql])mé (7)07”1(%”);%% (“ﬂz)ml
- <[n[i]ql]q)m§; (”;)cm’l(q,n)B;{’“(tm L)
0
Corollary 2.3. The operator By(f;q;x) defined by (1.7) satisfies

By(lig;z) =1 (2.1)
BO(t: gs ) = 2 []g 1 1 02)

X
1+g¢gn+1], 14+¢g[n+1],

B (1 q; @)
_ 1 4 +* +¢*  [nlgln — l]qu
l+a(l+q9(1+qg+¢) [n+1]2
a 4¢3 +¢* +¢q [n]? < 1 42+ ¢* +¢q (2.3)
I+a(l+q)(1+q+q?) [n+1)2 I+a(l+q)(1+q+4q?)

4¢* +2¢q >[n]q P 1
(1+q)1+q+¢>) /) [n+1]2 I+q+¢ [n+1)2

With the help of Lemma 2.2 and identities (1.3)- (1.5) it can be easily proved.
So we omit it.
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Lemma 2.4. For the operator BS(f;q;x) defined by (1.7), we have

o 2. . 1 4q° [n]3 _4q  [n]g 2
Balt—a)lsqw) < <1+a(1+q)2 n+1]2  1+qn+1] +1> v
o [nlg L1 2.4
+<1+am+ﬂg+1+aMAlh>x 24
1 1

+ .
I+q+q° [n+1]3
Proof. From the linearity of B and the equalities (2.1)- (2.3), we may write

By ((t — )% ¢; )

_{ 1 4 + ¢ + ¢ [n]q[n_l]q_ 4q [nlq —|—1}x2
Cll+a(l+90+g+¢?) [n+12  14+qn+1],

a 4P+ +q 0]
l+a(l+q)(l+qg+¢?) [n+1]7 (2.5)
( 1 4 +¢* +4q 4q* +2q ) [nlq
l+a(l+q)(1+q+¢®)  (1+q)(1+q+q2)) n+1]2
2 L O 1
1+qn+1] L+g+q¢[n+1)2
In [4], for 0 < ¢ < 1 and n € N it was showed that
'S 3¢* 4 + ¢ + ¢ 4q°

1+q+ I+q)1+g+¢*) (1+q(1+q+q) = (1+q)?

Since [n — 1], < [n], this leads to

( 4 + ¢* + ¢° ) [n]q[n —1]q < 4q* [n]i (2.6)
(I+q)(1+qg+g¢*)/) [p+1] (I+¢q)?[n+1]3
On the other hand, for 0 < ¢ < 1 we have
4¢° +¢* +¢ (3¢* +2g +1)(¢ — 1)
o~ — 1= 5 <0
(1+9)1+q+4¢) I+9)(1+q+q¢)
which gives
4 3 2
" +q +4q (2.7)

I+ +qg+4q?)
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[n]q

Hence using (2.6), (2.7) and the inequality —% < —L— into (2.5), one gets

12 < T,
BY((t— )% q;2)

s( 1 4 [ 4q Wb]+1>ﬁ

l+a(l+¢?n+12 1+q[n+1

2 2
o n 1 4% +2 2 1
N []q2+< N it B ) .
1+ a[n+1]2 Il+a (A+q)(l+qg+q?) 1+q/) n+1]
1 1
+ 2 2°
1+q+¢*[n+1]
Finally, for 0 < ¢ < 1 by means of the fact
4¢% 4+ 2q 2 2(¢%> — 1) -
1+¢(1+qg+¢*) 1+q (I+9(1+q+q?)

we get
1 4¢®  [nlf 4 [n]
BY((t —z)% q;z) < _ _ 4 11 2?
n((t =) )<1+a(1+q)2[n+1]g L4+q[n+1],
a  [n]2 1 1
+ s+ x
I+an+12 1+an+1],
. 1 1
1+q+q?[n+1]2
which is the required result. O

3. Main results

In this part, we study some approximation properties of the operator B%(f; ¢; )
defined by (1.7).

Theorem 3.1. Let ¢ = ¢, € (0,1) and a« = «,, > 0 such that lim g, = 1 and

n—oo

lim a, = 0. Then for each f € C[0,1], Be"(f;qn;x) converges uniformly to f on

n—oo

[0,1].
Proof. By the Bohman-Korovkin Theorem it is sufficient to show that
i [[BS (75 g0i ) — 2" ooy =0, m = 0,1,2
By (2.1), it is clear that
Jim 1B (15 gns ) — 1 |cjo,) = 0

Since B (t; qn; x) = B (t; qn; x), where B is defined by (1.6), from the formula (22)
in [4] we have
Jloa 3 1

l+q¢n  1+4gnn+1]g,

[[Bom (t; gn; ) — || cpo,1)
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which implies that

lim (B3 (t; gns @) — 2llcpo,y = 0.

Now using (2.3), (2.7) and the inequality [n[i]f]g <m +11] we get

| B (% qus ) — |

<' 1 495 + 45 + qp []q, [n — 1]q, 1|22
1t an (1+g)(1+ g +q3) [n+1]2
N { an 4¢3 + ¢2 + qn [n]3,
L4 an (1+¢n)(1+gn +¢2) [n+1]2
1 443 + q7 + Gn 49 + 24 [lg.
<1—|—o¢n (1+ )1+ g0+ ¢2) (1+qn)<1+qn+q%>> [n+1]3n}x
) ) (3.1)
"Trera [n+1]3,
<' 1 4qp + 43 + g2 [n]g, [n — 1]q, — 1] 22
Tt an T+ g)1+ g, +4q2) [n+1]2

2 2
o, n 1 4n—|—2n 1
N []qn2 +< N q q 2) .
I+a,[n+12 1+a, (Q+g)14+g,+¢2)/) [n+1],,
1 1
+ 2 2 "
L4 qn+q2 n+1]2,

Since (see [4]),

[n]g. [0 — 1]q, _1<1_ 24+ qn 1+gn >
[n+1]2 q n+1]g, [n+1]2,

the inequality (3.1) takes the form
| B (8% gn; ) — 2°|
<{‘ 1 4y + gn +1 - '

1+a, Qn(l + Qn)(l +qn+ qu)

1 42 +qn + 1

1+ gy 2+ qn
+ 2
1+a, Qn(l + Qn)(l + gn + qn)

n+1]2  [n+1]g,

}xZ (3.2)

2 2
Qg n 1 4n+2n 1
N []qn2+ N q q i .
L+an[n+1]2 ITtan (I+¢)0+g+4¢2)) n+1],,
N 1 1
1+ gn+q2n+12°

dn
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Taking maximum of both sides of (3.2) on [0, 1], we find

B (% g @) — x2||0[0,1]
S|t 42 +qn + 1 B
1+ ay, Qn(l + Qn)(l + gn + q727,)
1 42 + qn + 1 l+g. 2+
1+a, qn(l'i‘qn)(l"‘qn"‘qgl) [n"_l]?;n [n+1]qn
a, (]2 1 442 + 2q,, 1
+ 2 + 2
T+ a, [n+1}qn 1+ ap (1+Qn>(1+Qn+Qn) [n+1]qn
1 1
+ 2 2
l+gn+q;[n+1]5,
which yields
nhjgo |[By" (tz;(In;x) - $2HC[0,1] = 0.
Thus the proof is completed. O
Remark 3.2. If we choose ¢, = HL_H, it is easily seen that lim ¢, =1 and lim ¢, =
e, Hence we guarantee that lim [n], = oo. Since [n + 1],, = gn[n],, + 1 and
[n]qn _ 1 : 1 _ . [n]Qn _
e, = 7.7 wlq" we have nlirgo 7[71 1, =0 and nh_)n;o 7[71 1], =1

1
For ¢ € (0,1) it is obvious that lim [n], = T In order to reach to conver-

n—oo —

gence results of the operator B3 we take a sequence g, € (0,1) such that lim ¢, = 1.
n—oo
So we get that lim [n],, = oco.
n—oo
By the above explanation, Remark 3.2 provides an example that such a sequence can
always be found.

Next, we compute the approximation order of the operator B(f;¢;x) in terms
of the elements of the usual Lipschitz class.

Let f € C[0,1], M > 0 and 0 < 8 < 1. We recall that f belongs to the class
Lipp(8) if the inequality

F(t) — f@)| < Mt —al” 52t €[0,1]
holds.
Theorem 3.3. Let ¢ = ¢, € (0,1) and a« = «,, > 0 such that lim g, = 1 and

lim a, =0. Then for each f € Lipp(5) we have

n— oo

1B (f3 an32) = f(@)llepy < M6,
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where

5 {( L A )[[n]ﬁn 4y [l

1+a,1+g,)? 1+a, n+1]§n 14 ¢ [n+1]g,

1

+ ! ! + ! ! +1 '
Ttan[n+lly,  14+a.+a; n+1 '
Proof. By the monotonicity of Bo» , we can write

|By™ (fians ) — f(x)] < By (|f(t) = f(2)]5 qn; )

n [ i 1] [["'Jrllltm
n n+llgy,
<MY Pinon () t—z|®dl ¢,
n,k qk: *lgp dn
k=0 " n+lq,,

On the other hand, by using the Holder inequality for the Riemann type g-integral

with mq = % and mo = we have

2
2-3°
By (f5qns ) — f(2)]
- Gn0n [n+1]g, [[f‘iﬂzz 2 iR
<MY P () | i (t—=)%df t

B
2

k
k=0 In [ii]fﬂn
Now applying the Holder inequality for the sum with p; = % and py = ﬁ and
taking into consideration (1.3) and (2.4), one may write
|By" (fiqn; ) — [ ()]
B 2-8
n (kt+1lgn 2 n =
o oy [0 F g, [T Tan 2 IR
car (Ym0 ey (S
k=0 n tile, k=0

g 2—
2 =

=M (BE((t — 2)% qn; 7)) * (BEo(1;2)) 7

2
M 1 4@% [n]qn _ 4Qn [n] qn + 1 $2
T+a, (I+q.)*[n+ ”Zn 1+4qn [”Jrl]qn

IA

+ Qp [n]gn 1 1 n 1 1 2
x :
Ltann+12  14+a,[n+1],, L+gn+qin+12

This implies that

1 4q? « ]
Bon (f:qn: 1) — <M - = o
” n (qu ,l') f(x)”C[O,l] = { (1+an (1+qn)2 1+04n) [n+1]gn
Agn  [nlq, 1 1

- 1+qn [n"'uqn 1+ ay, [n+1]qn
B8

+ L L ’
T+gn+q2[n+1]2 '
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Hence if we choose § := ¢,,, then we arrive at the desired result. O

Finally, we establish a local approximation theorem for the operator B%(f;¢; x)
defined by (1.7).
Let W2 = {g € C[0,1] : ¢’,¢" € C[0,1]}. For any § > 0, Peetre’s K-functional
is defined by
Ka(f:8) = inf {If — gll+5lg" I}
geW?

where ||.|| is the uniform norm on C]0, 1] (see [14]). From ( [5], p.177, Theorem 2.4)
there exists an absolute constant C' > 0 such that

K> (f36) < Cun(f5V9), (33)
where the second order modulus of smoothness of f € C[0, 1] is denoted by

wa(fiVo) = sup  sup [+ 2h) = 2f(x+h) + (o).
0<h<+/$ z,24+2h€[0,1]

The usual modulus of continuity of f € C]0, 1] is defined by
w(f;Vo)= sup  sup ]lf($+h)—f($)|-

0<h<v/5 z,x+h€e(0,1

Now consider the following operator

N pare 2q [n]q 1 1
L"(f’q’x)_Bn(f’q’m)_f<1+q[n+1]q +1+q[n+1
for f € C[0,1].

Lemma 3.4. Let g € W?2. Then we have

o 24+« 4q2 [nﬁ 3¢ [n]q 2
« [nE 1 1
+<1+O¢[n+1]3+1+(1[ﬂ+1]q>$ (3.5)

} llg”Il-

Proof. From (3.4), (2.1) and (2.2) it is immediately seen that

2 [n]g 1 1
Ln(t —a;q;2) =B, (t — 2;q;7) — -
(t—a;q32) (t— =z q;2) (1+q[n+1]qx+1+q[n+1]q x

=By (t;¢;x) — 2By (1;¢; )

}q) + f(x) (3.4)

2% +3q +2 1
(1+qg+¢)(1+q)?n+1]2

_< 2¢  [n], . 1 1 —m)
1+g¢n+1], 1+gn+1]
=0.

For z € [0,1] and g € W2, using the Taylor formula
t

ot) — g(z) = (t - 2)g' () + / (t — u)g” (u)du

x
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and (3.6) we have

Ln(g;¢; %) — g(x)

Lt~ zi0i0) + L [ (0= 0 (s o)

=Ly (/:(t —u)g” (u)du; g; x)

=By ( ;(f - U)g”(U)dU;q;x)

2q _[nlq

Ha L T T Ay [ 2 [n] 1 1
—/ T_x+ —u ) g"(u)du.
x 1+gq[n+1] 1+q[n+1]

By means of the monotonicity of BY this gives

|Ln(g; 45 %) — g()|

t
<Byp ( / (t —u)g" (u)du ;q;x>
- (3.7)
2¢ Inlg 1 1
Rt T (2 [n), 1 1 ) "
+ T+ —u u)du
/w <1+q[n+1]q 1+qn+1], g'(w)
On the other hand, it is clear that
t
[ =g @i < £~ 02" (3.8)
Now let
2q Inlq 1 1
Trq nrilg * Y Thqg nrilg [/ 2 1 1
I:= ( a__[nlg x —u) g" (u)du.
. l+qn+1]y  1+qn+1]

Then we may write

I< [(qu [n[fﬁql]q - 1> ot @[njl]} lg”

_ 2q [n]q ? 2 4q [n]q 2 1
‘{ <1+q[n+1]q‘1> ! +(<1+q>2 [n+1]3‘1+q[n+11q)z

IR S
(1+q)2[n+1]g g
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2 _ 2(g—1)

Use of the facts 4[71[1]10]3— < 7[71_:1](1 and for 0 < g < 1, 7(11‘2)2 ~Th T A+ < 0 yields
2
re(2 b Y (e 2yt
1+gn+1] 1+¢)? 1+gq) [n+1],
1 1
+ - "
(3.9)

2q [n]q ? 2 1 1 "
S{ (1—|-q[n+1]q _1> t +(1+q)2[n+1]3}llg |
_ a2 [n)? g  [n], 1 1 )
_{ ((1+q)2 m+12 1+qn+1], +1> 2+ e [n+1]3} lg"1l-

Substituting (3.8) and (3.9) into (3.7), we have

|Ln(g;q;2) — g()]

(i)« [ T e Y
S{Bn((t )5 @ )+<(1+q)2[n+1]§ 1+q[n+1}q+1> (3.10)

P S
(1+q)2[n+1]g g

Using (2.4), from (3.10) it follows that

|Ln<g;q;x>—g<x>|<{<““ i [l 8 [”]q] +2>x2

l+a(l+g2n+12 1l+gn+1

a  [n)2 1 1
- s+ x
l+am+12  1+an+1],

} g1l

This completes the proof. O

2¢% +3q+2 1
(I+g+¢*)(1+q)? [n+1]3

Theorem 3.5. Let f € C[0,1]. Then for each x € [0,1] we have
1By (f3¢52) = f(2)] <Cwa(f; v/ dn(2))

. 2q [n] 1 1
*“’(f"<1+q[n+ql1q ‘1)“1+q[n+11q

).
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where

- 24+« 4(]2 [n]g 8q [n]q
= <1+a(1+Q)2 417 T+ +2> g

a  [n2 1 1
+ s+ x
l+ap+12  1+an+1]
2 + 3q + 24> 1
(1+g¢+¢*)(1+q)?n+1]

and C' is a positive constant.
Proof. From (3.4), we have
Lo (f;:2)| < [BR(fsa o)+ 2(IfI < [fI BR (Lgsz) + 2 (1| =3[ fl  (3.11)
and
Bu(fiq;@) — f(@) =Ln(f — g:¢:2) — (f — 9)(2) + Ln(g;¢57) — g(x)

2q [”]q
+f<1+q[n+1]qx+1+q[n+l]q) - f(@).

In the light of (3.5) and (3.11), this equality implies that

1By (f;q;@) — f(2)]
S|Ln(f = g5 ;)| + |(f = 9) (@) + | Ln(g; ¢;2) — g(z)|

2¢ [n]g 1 1
f(1+qm+whx+1+qm+¢h)‘””

<] — gl + |Lnlgig:2) — o)
vo (1| (PG mem ) )

2+a 44  [n]; 8¢ [ng
<4||f—9|+{<1+a(1+q)2[n+1]g_1+q[n+1]q+2 "

_|_

a [n]2 1 1
\THapr T Tram+1, )"
}Ilg”ll

J( 20 Wl ), 1 1
+w(f7’<1+q[n+1]q 1) T+,

=MU—9M+%@HWW+w<ﬁ

2% +3q + 2 1
(I+q+¢)(1+¢q)?[n+1]2

)

2q [n]y 1 1
<1+qm+4b‘ )x+1+qm+uq

).
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Hence taking infimum on the right-hand side over all g € W2 and considering (3.3),
we get

1B (f;q;2) — f(x)]

. (20 [l L1
s4Kn(f,6n<w)>+w(f”(1+q[n+q1]q 1)“ T+qn+1], )
. T 11
SC“’Q(f’m)W(f”(1+q[n+1]q 1)x+1+q[n+1]q)
which is the desired result. 0
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