Stud. Univ. Babes-Bolyai Math. 57(2012), No. 1, 43-52

On analytic functions with generalized bounded
variation

Ningegowda Ravikumar and Satyanarayana Latha

Abstract. In this paper we study a class introduced by Bhargava and Nanjunda
Rao which unifies a number of classes studied previously by Mocanu and others.
This class includes several known classes of analytic functions such as convex and
starlike functions of order 3, a-convex functions, functions with bounded bound-
ary rotation, bounded radius rotation and bounded Mocanu variation. Several
interesting properties like inclusion results, arclength problem, coefficient bounds
and distortion results of this class are discussed.
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1. First section (Introduction)

Let A denote the class of analytic functions of the form
(oo}
f(z) :Z+Zanzna (1.1)
n=2

in the unit disc £ = {z;|z| < 1}. Let P designate the class of functions p which are
analytic, have positive real part in £ and satisfy p(0) = 1. Let M}, denote the class of
real-valued functions p(t) of bounded variation on [0, 27r] which satisfy the conditions,

27 27
/ du(t) = 2, and / [du(t)] < k. (1.2)
0 0

M, is clearly the class of nondecreasing functions on [0, 27] satisfying

2T

du(t) = 2.
0
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If pu(t) € My, with k& > 2 we can write p(t) = a(t) — 8(t) where a(t) and B(t) are
both nondecreasing functions on [0, 27] and satisfy

2m k 2m k
/0 da(t) < 5 +1,and /0 dp(t) < 5~ 1. (1.3)

Let P, denote the class of functions p analytic in £ such that p(0) =1, z = re®.
and having the representation

1 (%™ 1+ ze it
= - —_— 14
ORE Y = 0] (14)

where p(t) € M, . This class has been studied by Pinchuk [5] .
Clearly P, = P. We can write for p(z) € Py as

p(z) = % <’; + 1) Py(z) — % (]; - 1) Py(2)

Definition 1.1. Let f € A with f(%f,(z) 75 0 in &, and let

Jr = Jg(a,be) = (1 - ){ zj;(( ))] e { +b§/’/((j”

where Py, P, € P.

where o, b # 0andc # 0 are complex numbers.

Let By(a,b,c) be the class of all fuctions f in &, such that if J; € Py for
ze E,k>2.

This class is a particular case of the class studied earlier by Bhargava and Nan-
junda Rao [1] which unifies and generalizes various classes studied earlier by Robert-
son [6], Moulis [3], Pinchuk [5], Padmanabhan and Parvatham [4], and Khalida Inayat
Noor and Ali Muhammad [2 ]

For f,g € Agivenby f(z) = Z+Z anz", and g(z) = Z+Z b, 2" the Hardmard
n=2

product is given by (f x g)(z) =z + Z Gpbp 2"

Let T' denote the Gamma functlon of Euler and G(I,m,n;z) be the analytic
function for z in £ defined by

. — F(n) ! -1 n—I{—1 —n
G(l,m,n;z) = TOTm=1) /0 w1 —w) (1 = zu)™"du, (1.5)
where R{l} > 0, and, R{l —n} > 0. Also we define
2b M
N(ogb,c,r):r{G <OZC7M7M—|—1,T>} . (1.6)
and ;
fo(a,b,c, 2) = [M/ tM1(] — gy " dt} (1.7)
0

where M =1+ 1=2% 1 20,0 < 6 < 27
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2. Second section

We use the following lemmas to prove the main results.

Lemma 2.1. Let p be analytic in € and p(0) =1, then a« > 0,z € &, (p + %p/) e P
implies p € Pg.

Lemma 2.2. [7] Let f € A with f(z)f ;é 0 in &, then f is univalent in & if and
only if for 0 < 01 < 0y <27 and0<r<1 we have

[ {58 s 605} -aadB] e

6>0 and « real

with z = re“’

Theorem 2.3. f € Bi(a,b,c), a#0,b# 0,c # 0, if and only if there is a function
g € Bi(0,b,1) = Ry, such that

f(z) = [M /0 Ty (%f’) ; dt] " (2.1)

where M = 1+ %.
Proof. Using ( 2.1) we get,

@) e ) _loa ()
- 570 ~ o e

z (= )] [ 2 (= )] 9'(2)
1- +o|l+— =2z
o[- Le iR eI e
If J; belongs to Py, so does the left hand side and conversely. O

Putting ¢ =1 and b = 1 — § in above Theorem we get the following corollary.

Corollary 2.4. [2] f € Bp(a,B) , a # 0, if and only if there is a function g €
By(0,8) = Ry, such that

f(z) = lM/O tM=1 (git))wdt] :

wherele—i—(l_o‘)aM.

Theorem 2.5. Let f € By(a,b,c) then the function

s == (1) et (2.2

z

belongs to Ry, for all z € E£.
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Proof. Logarithmic differentiation of ( 2.2) yields
’ - / o 7
4E) -0 [ (-0 a ['G)

9(2) c f(2) ¢ T
N A S iC 2 1'(2)
—t-a |- e S a1
Since f € Bg(a,b,c) the result follows. d

For the parametric values c=1 and b = 1 — § we get the following result.

Corollary 2.6. [2] Let f € By(a, ) then the function
e’
o =+(12) v

z
belongs to Ry, for all z € £.

Remark 2.7. The above Theorem can also be obtained as a particular case of Theorem
3.1 by Bhargava and Nanjunda Rao [1].

Theorem 2.8. By (a,b,c) C Ry, for a > 0,b # 0.

Proof. Let 2Ll = p(z), p analytic in &, with p(0) = 1. Now
fa-an- Zj}éziha[b“}”fﬁ?}}
:Ob‘{(l;co‘)b[(c—l +p(z { f" H

:% (M =D)f(c—1)+p()] + [b+ LE L py 1
p(z)

S =

o zp'(2) }
=— |Mp(z) + +(M-1)(c—-1)+ (-1
)+ - e- 1+ -
— e+ LFEO o ye—ny+p-v]ep
b M p(z) ¢ b
Therefore {p(z) + & Zgég)} € Py, and by using Lemma 2.1. it follows that p € P,
z € &. This proves that f € Ry. d

Corollary 2.9. [2] Bi(o,3) C Ry, fora>0,0< 5 < 1.

Theorem 2.10.  i. By(a,b,¢) C By, (a1,b,¢), 0 < a < ay, and ky =k (%‘%O‘)
il. Bi(a,b,¢) C Bi(aq,b,c), 0 < ag < a.

Proof. (i) Let f € By(a,b,c) then
- -2 25 o S5 )
_ c;l{(l a)b {1_+zf’<z)] e {H zf”(z)}}_(al—a)b[l_1+zf’(z)}

¢ f(z) f'(z) o ¢ cf2)
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(a

=b [O;jhl(z) - 1a_a)h2(z)} ., hi,hy € Py (2.3)

by using Definition 1.1 and Theorem 2.8. From ( 2.3) it follows that

27 o o
/ RJ;|d6 < {0‘1 G )] O‘)] ke = (20‘1 O‘) k.
0 (6% (0%

(67

(#i) Let f € Bg(a,b,c). Then

A
-t o] )
= (1—9) Hy(2)+%Hy(2), Hi,Hy € Py, z € £, since Py is a convex set. Therefore
f € Bir(ag,b,c), for z € €. O

Corollary 2.11. [2]

i. Bi(a,8) C By, (a1,8), 0 < < ay, and ky = k (2241=2)
il. Bi(a,B) C Br(a1,8), 0 <oy < a.

Theorem 2.12. Let f € By(a,b,c). Then f is univalent in € for k < w.

Proof. Since f € By(a,b,c), also we have z =re?, 0 <r <1,0<6; <0y <27
[ {2 i) e s e (G- 5 (5
Ll ] o

> — Kgl) 2+2(b1)+2(1_a)(c_1)b]w

ac

by using Lemma 2.2, that f is univalent in £ if k < w. O

Corollary 2.13. Let f € By(a,3). Then f is univalent in € for k < %
Theorem 2.14. Let f € By(w,b,c), a > 0 and L.(f) denote the length of the curve

C = f(re?),0<60<2r and N(r )*Og’ax |f(re?)| , then for 0 <r <1,

Ln(f) < Ng)b {k MGty [(c—1)24 K + %(1 - b)2} m,  a>0.

c

Proof. We have, z = re*

2m 2m
Lif)= [ s = [ e e as

On integration we get,
2

L(h= | f(z)e_iarg(zf'(Z))%{(Z;{l/((zZ)))/}de
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= S /027T ¢ f(z) b

Ao (-2 2] e
37

< N(T)b{m(a;l)[( — 124 K]+ (1 b)2 }

RJp + (o —1) [1— Zf%z)] a—l—a’dﬁ

- @
O

Corollary 2.15. [2] Let f € Bg(a,3), @ > 2 and L,.(f) denote the length of the curve
C = f(re??),0<60<2r and N(r) = max |f(re’9)| , then for 0 <r <1,

0<0<
20
1-p

Theorem 2.16. Let f given by ( 1.1) belongs to Bx(a,b,c) for a > 0. Then for n > 2,
na, = O(1)N (2=1), where O(1) is a constant depending on o, b,c, k only.

Proof. We have,

L <a-0N0) i+ 2|7 aso

1 27 ) )

nap = 5 /0 2f' (2)e”"0dl, z=re

< oo [ s = )

nan < 5o ; 2f (2)]d0 = oL (f)-
By using Theorem 2.14 and r = "T_l, we get the required result. O
Corollary 2.17. [2] Let f given by ( 1.1) belongs to By(«,3) for a > 0. Then for

n—1

n > 2, na, = O(1)N (T), where O(1) is a constant depending on a, B,k only.

Theorem 2.18. Let f € Ba(a,b,¢), a#0,0#0,c#0and |zl =7 (0 <7r <1).
Then

(1) N(a,b,¢c,—r) <|f(2)] < N(a,b,¢,7), fora>0.

(#) N(a,b,c,7) <|f(2)] < N(o,b,¢,—r), fora<O.
This result is sharp and equality occurs, for the function fo(a,b, ¢, z) defined by (1.7),
with suitably chosen 6.
Proof. We consider a > 0. From Theorem 2.3, certifies the existence of f € Ba(a, b, c)
if and only if there exists a g € Rs = S™* such that

1
b

£() = lM /O M1 (g(t)) : dt] Y herear =14 L9 (2.4)

t ac

Taking z = r, t = pe’® and integrating , we get from( 2.4),

Since g is starlike , we have

T Sl gt (2.6)
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Using (2.6) in (2.5), we get

T 1
|F)M < M/o pM 1= p) = dp = MTM/O w1 = ru) = du. (2.7)

Therefore |f(r)| < N(«a,b,c,7), «a>0.

It remains only to prove that the left-hand inequality. We consider the straight
line I'* joining 0 to f(z) = Re'. I'* is the image of a Jordan arc v in £ connecting 0
and z = 7. If 2 is a point on the circumference |z| = 7 such that

|f(z0)l = min [f(re).

0<0<27
Using (2.5) and (2.6), we get

r 1
|f(zo)|M2M/ pM*1(1+p)szdp:MrM/ qul(lJrru)T%du.
0 0

|f(2)| ZN(OZ,b,C,-T), a> 0.

Proof of (ii) is analogous to proof of (7). O
Corollary 2.19. [2] Let f € Ba(a,8), a#0,0<f<land|z]=7r (0<r <]1).
Then

(1) N(e, 3, =) < [f(2)| < N(a, B,7), fora > 0.
(#) N(a, B,7) <|f(2)] < N(a, 8, =), fora < 0.

This result is sharp and equality occurs, for the function fg(c, b, ¢, z) defined by ( 1.7),
with suitably chosen 6.

Remark 2.20. The above Theorem can be obtained as a particular case of Corollary
3.2 by Bhargava and Nanjunda Rao [1].

Theorem 2.21. Let f € Ba(a,1,¢), @ > 0. Then, for |z| =r (0 <r < 1), we have
r+|a—1)(1+7r)2N(a,1,¢ —1) r+|a—1|(1 -7r)2N(a,1,¢ —1)
ar(l+r7)?2 2 '
This result is sharp.

Theorem 2.22. Let f € Ba(a,b,c), a #0, b#0. and be given by ( 1.1). Then

<G < ar(l—r)

las| < 2b
a2l = (1 — )b+ 2ac|
Proof. By using Theorem 2.18, we have
2b
N(a,b = — 24003
(a,bye,r) =1+ (1foz)b+2o¢cr + O(r°),

and
If(r)] =7+ aor® + O(r®).
Therefore, we have

2b
as <

,m (a > 0). O
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Corollary 2.23. [2] Let f € Ba(a,3) ,a#0, 0 < 8 < 1. and be given by ( 1.1). Then
|CL2| 2(1 - ﬂ) )
(1 —a)(1 =5+ 20|

Remark 2.24. The above Theorem can be obtained as a particular case of Corollary
3.1 by Bhargava and Nanjunda Rao [1].

Theorem 2.25. Let f € By(1,b,c). Then, with |z| =r, r1 = = we have

1+7r
2m—1 .
I [G(l,m,n,—l)—?‘ lG(lvmvna —7’1)] < |f(Z)‘
2m—1 . 1
S [G(laman7_1) - G(lam7n7 -1y )]

l
where l= (£ —1)b+1, m=21-1b), n= (7—1)b+2

Proof. Since f € Bg(1,b,¢). we have from ( 2.
b
f(z) = (9”) . ge R

z
Since g € Ry,
+ 22 — |23
Therefore, we have
iz LoD
CEREDICARY

Let d, denote the radius of the largest Schlicht disc centered at the origin contained
in the image |z| < r under f(z).

(1— |25 12 (1 - 5)(5-1)0
f(z0) \_/|f |dz>/( T |dz|>/0 o
_/z {1—8](5+1)b ds
=) i+ T

1—|z|

S ;2 /1+\z\ t(%_l)b(l +t)2b—2dt
1

Replacing }_T_i =t we get

Z
17: 0
— _21—2b/1+ t(g_l)b(l+t)2(b—1)dt+21—2b/ t(%—l)b(l_i_t)Z(b—l)dt:Il_"_12.
0 1
Taking {7= = r1, ¢ = r1u, we have

1
L = —21_2brll/ u(g_l)b(l + )2 Yy
0
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using ( 1.5) we obtain,

2m71

where [ = (5 —1)b+1, m=2(1-b), n=(f-1)b+2.

Therefore
2m—1 2m—1
|f(z)] > ( > G(l,m,n,—1) —r} ( i ) G(l,m,n,—r1).

On the other hand we have
, 1+ |z (5-1)p
(1= )

Therefore

—1)b 1-|=]

(g gy(5-1)
|f<z>\s/0 A-s 7

(11 ) (E ds < —21721)/1?2‘ c(5=1b(q 4 ¢y20-1g¢
S

—
(TR ST

= 27’;_1 [G(l,m,n,—1) —r{'G(l,m,n, —r] 1)),
where = (5§ —1)b+1, m=2(1-0b), n=(5-1)b+2. O
Corollary 2.26. Let f € Bg(1,8). Then, with |z| =r, 1 = % we have

2"71 (G(l,m,n, —1) = LGl m,n, —m)] < | £(2)]
< 2! [G(1,m,n, —1) —r{'G(l,m,n, —rTY)]

l
where 1= (§ —1) (1=p)+1, m=26, n=(5-1)(1-p)+2
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