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1. Introduction
Firstly we will present the definition of a cone.

Definition 1.1. Let X be a normed linear space. A nonempty closed, convex
set P C X is called a cone if it satisfies the following two conditions:

(i) x € P,X\ > 0 implies \x € P;

(ii) x € P,—x € P implies x = 0.

After the well known paper of Legget and Williams(see [6]), many au-
thors have given generalizations of the following Krasnoselskii’s fixed point
theorem:

Theorem 1.2. (Krasnoselskii) Let (X, | . |) be a normed linear space, K C X a
cone and” <7 the order relation induced by K. Let ber,R € Ry, 0 <r < R,
K.p={ue K:r<|ul|< R} and let N : K, rp — K be a completely
continuous map. Assume that one of the following conditions is satisfied:

(i) | Nul>|ulif|u|=7 and | Nu|<|u]| if|u|=R

(i) | Nu|<|u| if |u|=7r and | Nu|>|u]| if | u|= R.

Then N has a fized point u* in K with r <| u* |< R.

For example, in [8], the author gives the following result. Before to

state it, we introduce a few notations. We shall consider two wedges K7, Ko
of X and the corresponding wedge K = K; x Ky of X? := X x X. For
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rR € Ri, r=(ry,r2), R=(R1,Re), we write 0 < r < Rif 0 <1 < R4
and 0 < ro < Ry, and we use the notations:

(Ki)riRi = {’LL e K;:r; S‘ U |§ Rl} (’L = 1,2)

Kp:={ue K :r; <|u; |<R; fori=1,2}.
Clearly, K.r= (Kl)an X (K2)7'2R2 .

Theorem 1.3. ([8]) Let (X,|.|) be a normed linear space; K1, Ko C X two
wedges; K := K1 x Ko; oy, ; > 0 with o; # §; for i = 1,2, and let r; =
min{«;, B;}, R; = max{a;, 5;} for i = 1,2. Assume that N : K,p — K,
N = (N1, Na), is a compact map and there exist h; € K; \ {0}, i = 1,2 such
that for each i € {1,2} the following condition is satisfied in KR :

Niu # M for | u; |= a; and X > 1

Niyu + ph; # g for | u; |= B; and p > 0.
Then N has a fized point u = (u1,us) in K with r; <| u; |[< R; fori=1,2.

Also, in [9], the author gives the following result (Here (E,| . |) is a
normed linear space and || . || is another norm on F, C' C E is a nonempty
convex, not necessarily closed set with 0 ¢ C and A\C C C for all A > 0),
assuming that there exist constants ¢y, ca > 0 such that the norms | . | and
I . || are topologically equivalent, which is

alz|<|z||<ex]a] forall z eC.

Also assume that || . || is increasing with respect to C', that is || z+y ||>|| = ||
for all x,y € C.

Theorem 1.4. (/9]) Assume 0 < cap < R, || . || is increasing with respect to
C, and the map N : D = {x € C || z ||[< R} — C is compact. In addition
assume that the following conditions are satisfied:

(H1) | N(z) |=|| = || for all z € C with | z |= p,

(H2) | N(z) |<| x| for all x € C with || z ||= R.

Then N has at least one fized point x € C with p <| z | and || = ||< R.

For other generalizations and applications of Krasnoselskii’s fixed point
theorem in cone the reader may see the papers [7] and [1]-[4].

In this paper we are interested to give some new abstract results and
we use conditions of type

o(u) > o(Nu) if |u|=r

instead of condition
|u|>| Nu| if |u|="7

which is assumed in Krasnoselskii’s fixed point theorem in cone.
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2. The main results

Throughout this paper we consider (X,| . |) be a normed linear space,
K C X a positive cone, ”=” the order relation induced by K and ”<” the
strict order relation induced by K

Theorem 2.1. Let be K, p = {z € K : r <| « |< R}, where r,R € Ry,
r < R. We assume that N : K, p — K 1is a completely continuous operator
and ¢ : K — Ry ¢ : K — R. Also, assume that the following conditions are
satisfied:
(0) = 0 and there exists h € K — {0} such that
(i.1) ¢ @(Ah) >0, for all X € (0,1],
w(x+y) > (@) +¢(y) foralz,ye K,

(1.2) ¥ (ax) > o (x) for all « > 1 and for all x € K with |z |= R
o { HO e i

' ¢ (u) 2 ¢ (Nu) if |u|=R

Then N has a fized point in K, g
Proof. Let N*: K — K be given by

BS)

h, if uw=0,
oo ) a=Ehn e N (L), i 0<|ul<r,
N*(w) = Nu, it r<|u|<R,
N(j5u), if |u|>R.

N is completely continuous, so N* is completely continuous too. From our
hypothesis we have that N*(K) C K is a convex and relatively compact set,
so from Schauder’ s fixed point theorem it follows that there exists u* € K
with N* (u*) = u*. We have to consider three cases.

Case 1. Suppose that u* = 0. We have 0 = N* (0) = h, a contradiction
with h € K \ {0}.

Case 2. Suppose that 0 <| u* |< r. We obtain

(1—“ |)h+“ |N< : u>:u
r r | u* |

r T r
1) A N(——u) = ——a.
<IU*| ) | u* | | u* |

Let )\ = ﬁ —1land wug:= |T*|u* Since | u* |< r we have that |T*| > 1, so
A > 0. Also, | ug |=

u* |— W | u* |=r, so | up |=r. We obtain
)\h+N(U0) = Ugo (21)
For A > 0, from (il) we obtain that
@(N(ug) + Ah) > (N (ug)) + p(Ah) > (N (ug)).
Then, from (2.1) we obtain ¢ (ug) > ¢ (N(ug)), a contradlctlon with (i3).
1
|

| sy

Case 3. Suppose that | u* |> R. We have N(£u*) = u*. Let u

‘ﬁlu and § = % > 1. We have | u; |= R and N(u) = u*

[T ¥
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so N(u1) = Pug. From (i.2) we obtain ¢(N (u1)) = ¥ (Bur) > ¢ (u1), a
contradiction with (i.3). So r <| u* |< R and the conclusion follows. O
Remark 2.2. (1) If X := C[0,1],7n > 0,1 C [0,1], I # [0,1], || z ||:= m[(z)ni]m(t)
telo,
and K :={zx € C[0,1]: 2 >0o0n [0,1),2(t) >n || = || for all ¢ € I'} is a cone,
a functional that satisfies (il) is
o(x) == rtnel}m:(t)

Indeed, ¢(0) = O,there exists h € K — {0} such that ¢(Ah) > 0, for all
A€ (0,1] and

olr+y) = rtnei}l[x(t) +y(t)] > rglei;lx(t) + Igleipy(t) = p(z) + p(y)-

(2) The norm is an example of functional that satisfies (i2).

Theorem 2.3. Let K, p = {z € K :r <|z |< R}, wherer,R € R, r < R.
We assume that N : K, p — K is a completely continuous operator and
p, Y K — R. Also, we assume that the following conditions are satisfied:

(7i.1) ¢ is strictly decreasing,

(73.2) ¥ (ax) <Y (x) for all a > 1 and for all x € K with |z |= R,

(i.3) { @) >¢(Nu) if |ul=r,

DL vw <o (Nu) i |ul=R,
Then N has a fized point in K, g.

Proof. Let h = 0and N*: K — K,

h, if u=0
e ) a=Ehap N (L), i 0<|ul<r
N (u) = Nu, if r<jul<R
N(%u), if |u|>R.

Since N* is completely continuous, we have, like in Theorem 2.1, that there
exists u* € K so that N*(u*) = u*. We consider three cases.
Case 1. If u* = 0 we obtain 0 = N*(0) = h , a contradiction with h > 0.
Case 2. If 0 <] u* |< . We obtain (2.1) with A > 0 and | ug |= r, like
in Theorem 2.1. From Ah > 0, we have that

N (ug) + Ah = N (uo),
so, from (ii.1), we have that
@ (N (uo) + Ah) < ¢ (N (uo))
and from (2.1) we obtain
¢ (uo) < ¢ (N (ug)) for |ug |=r,

a contradiction with (ii.3).
Case 3. If | u* |> R, we have that
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R > <R *>IU*I
N|{—u" ) =(——u .
<|u*| | u* | R

Let be u; = Iu—’i‘u*, so | u; |= R and let be § := lg‘ > 1. We obtain
N(ul) = /Bul, SO

SO

Y (N(u1)) = ¢ (Bur) (2.2)

From (ii.2) we obtain
Y (Bur) <o (ur)
and from (2.2) we have
¢ (N(u1)) <o (ur) for Juy[=R
a contradiction with (ii.3). So r <| u* |< R and the conclusion follows. [

Remark 2.4. ¢(z) := Iw\T is an example of functional that satisfies (ii.2).
Indeed, for a > 1 and | z |= R, we have that

1 1
vlow) = o < g = V)

Also, if | . | is strictly increasing, i.e., x < y implies | z |<| y |, then p(z) :=
is strictly decreasing, so it satisfies (ii.1).

1
z]+1
Theorem 2.5. Let K, p:={r € K :r <|z|<R}, wherer,R € Ry,r < R.
We assume that N : K, p — K is a completely continuous operator and
p, Y K — Ry. Also, we assume that the following conditions are satisfied:
plaz) = ap(x), for all a > 0 and for all v € K,
(s4i.1) { olax) > o(x), for all a > 1 and for all x € K with |z |= R

¥(0) = 0 and there exists h € K \ {0} such that
i 9 Y(Ah) > 0 for all X € (0,1],
(7i1.2) Y(ax) = arp(x) for all « > 0 and for all x € K,
V(@ +y) = P(@) +Y(y) for all z,y € K,
(i4i.3)

7

{ e(u) 2 o(Nu) if |ul
Y(u) <Y(Nu) if [u]
Then N has a fized point in K, g.
Proof. Define N*: K,rp— K by
N R T 1 R
N*(u) = (—+——1) N((——l—f 1u).

lul  fu] lul " u]

Since N is completely continuous, it follows that N* is completely continuous
too. Let

R
o= —+— 1
lul  fu]
and
Uy 1= Qu.

We have now,
alN*(u) = N(au).
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If | u|=r, then
R R
a=—and | ug |=| au|= —r=R.
r r
So, from (iii.2),

(N (uo)) = P(N(au)) = p(aN"(u)) = ap(N*(u)) (2.3)
)

and from (iii.3),

(N (uo)) = ¢ (uo) = Plau) = ap(u). (2.4)
From (2.3) and (2.4) we obtain that
PN (u) =2 P(u) if | u|=r (2.5)
If | w |= R, then
a=4 and |u |=| au |= ERZT.
Using (iii.3) we obtain that
plau) = p(uo) = ¢(N(up)) = p(N(au)) = p(aN*(u)) (2.6)
and from (iii.1),
plau) = ap(u) and p(aN*(w) = ap(N*(v)). (2.7)
From (2.6) and (2.7) we deduce that
p(u) = @(N*(w)) if |ul=R. (2.8)

So, (2.5) and (2.8) imply that ¢, ¥» and N* satisfy all the conditions of
Theorem 2.1 (with ¢ and % changing their places and N* instead of N). So
N* has a fixed point v* in K, g. It follows that

N*(u*) = u*, with r <| u* |< R,
0
lN(au*) =u"
5 =u".

Making the notation u; := au*, where o = Pil + == — 1, we obtain

lu lux]

N(up) =uy (2.9)
and
|ui |=a|u* |=R+r—|u"]|.
Since
R+r— | v |>r forr<|u" |<R,
R+r— | w|<R, forr <|u"|<R,
we have that
r<|u |<R, thatis u; € K, g. (2.10)
From (2.9) and (2.10) the conclusion follows. O
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