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On best simultaneous approximation
in operator and function spaces

Sharifa Al-Sharif

Abstract. Let X be a Banach space, (I, ., ) a finite measure space
and L'(u, X) the Banach space of all X-valued p-integrable functions
on the unit interval I equipped with the usual 1-norm. In this paper
we prove that for a closed subspace G of X, L' (u, G) is simultaneously
Chebyshev in L'(u, X) if and only if G is simultaneously Chebyshev in
X. Further results are obtained in the space of bounded linear operators
L(I', X) and in the space of continuous functions C*(I,1?) with respect
to the L' norm.

Mathematics Subject Classification (2010): 41A65, 41A50.

Keywords: Best approximation, simultaneous approximation, spaces of
vector functions.

1. Introduction

Let X be a Banach space and (I,>, ) be a finite measure space. Let us
denote by L' (i, X), the Banach space of all X-valued u-integrable functions
on the unit interval I equipped with the usual 1-norm.

For a closed subspace G of X, let us recall that G is simultaneously
proximinal in X if for all m-tuples (z1, za, ..., ) € X™, there exists g € G
such that

m m
Z lz; — gl| = dist(z1, x2, ..., Tm, G) = inf {Z lx; — 2| : z € G} .
i=1 i=1
In this case, g is called a best simultaneous approximation of (z1, s, ..., T )
in G. If this best approximation is unique for all (z1,xa, ..., Z,n) € X™, then
G is called simultaneously Chebyshev.

Of course for m = 1 the preceding concepts are just best approximation
and proximinality.

The problem of best simultaneous approximation can be viewed as a
special case of vector valued approximation. Recent results in this area are
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due to Pinkus [10], where he considered the problem when a finite dimensional
subspace is a uniqueness space. Results on best simultaneous approximation
in general Banach spaces may be found in [9] and [11]. Related results on
LP(u, X), 1 < p < oo, are given in [12]. In [12], it is shown that if G is
a reflexive subspace of a Banach space X, then LP(u,G) is simultaneously
proximinal in L?(u, X). If p = 1, Abu Sarhan and Khalil [1], proved that if G
is a reflexive subspace of the Banach space X or G is a 1-summand subspace
of X, then L' (i, G) is simultaneously proximinal in L!(u, X).

It is the aim of this paper to give some sufficient conditions for L' (u, G)
to be a Chebyshev subspace of L!(u, X). Further results are obtained in the
space of bounded linear operators L(I*, X) and in the space of continuous
functions C*(I,1?) with respect to the L' norm.

Throughout this paper, X is a Banach space and G is a closed subspace
of X.

2. Main results

In [1] it is shown that if m = 1 and G is a finite dimensional subspace of a Ba-
nach space X, then G is Chebyshev in X if and only if L'(u, G) is Chebyshev
in L'(p, X). The main result in this section is: If G is a reflexive subspace
of X, then G is simultaneously Chebyshev in X if and only if L'(u,G) is
simultaneously Chebyshev in L!(u, X).

Theorem 2.1. Let G be a reflerive subspace of X. Then G is simultane-
ously Chebyshev in X if and only if L*(u, G) is simultaneously Chebyshev in
L (p, X).

Proof. Let f1, fa,.... fm € L'(u,X). Since G is reflexive, it follows that
[Th.4,12], there exists g € L'(u, G) such that

S oNf = glly = dist(fr, fo, o frns L (1, G))-

i=1
Thus by [Th.2.2, 2], we have:

Z 1fi(t) — g(t)]| = dist(f1(t), fo(t), ..., fn(t), G),

for almost all ¢t € I. But G is simultaneously Chebyshev. So g (¢) is unique.
Thus g is determined uniquely, and L (1, G) is simultaneously Chebyshev in
L' (u, X).

Conversely. Let 1, x3, ...,z € X. Fori = 1,2, ..., m, consider the func-
tions: f; : I — X, fi(t) = zy, for all t € I. Since L'(u, @) is simultaneously
Chebyshev in L!(u, X), there exists g € L*(u, G) such that

diSt(flvaa"'afﬂw 7 ZHf’L g”l SZ”fl_hHl
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for all h € L'(u, G). Thus by [Th.2.2, 2], we have:

Do) =gl < D Nfilt) = h(D)] (2.1)
=1 i=1

for almost all ¢ € I. But since G is reflexive, there exists w € G such that

m m
Dollzi—wll <Y s — 2l
i=1 =1

for all z € G, [Lemma 1.12]. Hence the function b(¢t) = w for all t € I is a
best simultaneous approximation of f1, fa, ..., fm in L'(u, G). Equation (2.1)
and since L!(u, G) is simultaneously Chebyshev in L'(u, X) it follows that

g(t) = b(t) = w and w is unique. Hence G is simultaneously Chebyshev in
U

For 0 < p < o0, let us denote by P(X), the space of all sequences (z,,)
in X such that > ||z,||” < cc. For z = (x,,) € IP(X), let

n=1

1
(Stolr)” 1sp<x
lall, ={ M=
S lznll” 0<p<l1
k=1
In the space I*(X), we have the following result:

Theorem 2.2. G is simultancously Chebyshev in X if and only if I1(G) is
simultaneously Chebyshev in 11 (X).

Proof. For 1 <i < m, let z; = (2;,) € I}(X). If g, € G is such that

m m
Dl = gall <D llzin — 2| (2:2)
i=1 i=1

for all z € G. Using triangle inequality and taking z = 0 in (2.2) we get

m m m
D lgnll = lzinll <D llzin — gull <D llzin]
i=1 i=1 i=1
and this implies
m m
mlgall = llgnll <2 il (2.3)
i=1 i=1

Thus

et 9 m oo
> lgnll £ =303 il < oo.
n=1

i=1n=1
Hence the element g = (g,) € [*(G) and g is a best simultaneous approxi-
mation of the m-tuple ((z;,,))/~, in I*(G). The uniqueness of g, implies that
g = (g») is unique and [*(G) is simultaneously Chebyshev in [!(X).
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Conversely. Let z1,xs,....,x, € X. For each ¢« = 1,2,...,m, consider
the sequence (x;,0,....) € I1(X). Since I}(G) is simultaneously Chebyshev in
I1(X), it follows that there exists a sequence of the form (g,0,....) in I}(G)
such that

m m

Z (2,0,...) = (9,0, < D [l(@:,0,....) = (21, 22, .|

i=1

for all (2,,) € I*(G)\{(g,0,...)} . This implies that

m

Dol =gl <D llzi — 2|
i=1 i=1
for all z € G\ {g}. O

For the space of bounded linear operators, L(I!, X), from I! into X,
where [! is the space of all summable real sequences it has been proved in [1]
that G is proximinal in X if and only if L(I', Q) is proximinal in L(I}, X).
For the case of simultaneous approximation we have the following result:

Theorem 2.3. G is simultancously proziminal in X if and only if L(I*, Q) is
simultaneously prozviminal in L(I', X).

Proof. Let T1,Ts,...,T,, € L(I*, X). If (6,,) is the natural basis of I!, then
Tib, € X, i=1,2,...,m.

Since G is simultaneously proximinal, so for each n there exists z,, € G
such that

Z |75 (0n) — @ || = dist (T1(5n), T2(0n), --.s T (0), G).

Define S : I — G, S (0,) = @,,. Then S is a bounded linear operator from I!
into G. It is clear that S is linear. To prove that S is bounded, let y = (a,) €
Moyl = >00%, lan| < 1. Then

IS@)I = [|>_ anS (6a)|| <D lanl IS (G = D lanl zall -
n=1 n=1 n=1

Using (2.3) in Theorem 2.2 we get

[eS) 9 m [*S) 9 m 9 m [
IS Y lanl = ST S Janl = ST ITI== ST lewl
n=1 i=1 n=1 i=1 i=1 n=1
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Hence S is a bounded linear operator with ||S|| < 2 3™ ||T;]| . Now for any
z = (B3,) € I' we have

Z ITi(z) = S (=) = T (Z Bn5n> -8 (Z ﬂn5n>
D BT (80) =D BuS (8
n=1 n=1

Z (%))H

Z Bl I3 (8n) — S (8a)

'MS

s
Il
—

I
Ms

.
Il
—

|
.ME

@
Il
-

IA
8 HMs

= Z |8 dist (T1(8,), Ta(81), ey Ty (8,), G).

n=1

< Z \ZIIT — 4|

n=1

for every g € G. In particular for every A € L(I*,G)

ZIITi(ar)—S(x)II < IZIIT In) |
6n|Z||T All
IT AIIZ\ﬂnI—ZHT Al

Taking supremum over all x € ll, |z =1 we get

ST =S|I <> |17 — Al
=1 i=1

Hence L(I', G) is simultaneously proximinal in L(I*, X).
Conversely. Let x1, 29, ...,2, € X. For each i = 1,2,...,m, define T; :
- X,

i MS I M8 HM%

< _J®m n=1
TZ‘S"_{O n#1

Then T; € L(I*, X) and ||T;|| = ||z;|| - By assumption there exists A € L(I', G)
such that

DT —Al <> ITi - B
i=1 i=1
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for all B € L(I',G). Hence

Do llzi— A6 =Y INT — Ao < Y ITi— A < YT - Bl
=1 i=1 =1 i=1

If B runs over all functions of the form

w n=1
B(S":{O n#1

for all w € G, we obtain Y ", ||z; — Ad1]| < Yiv, |l — w]| for all w € G.
Hence G is simultaneously proximinal in X. (I

Theorem 2.4. If L(I',G) is simultaneously Chebyshev in L(I*, X), then G is
simultaneously Chebyshev in X.

Proof. Suppose G is not Chebyshev in X. Then there exist ¢g1,92 € G and
T1,T2,..., Ty, € X such that

m

m
Z ||(,C1 - gl” = Z HLL’Z — 92” = diSt(LL'hl‘Q, ...,.’L‘m,G).
i=1

i=1

Fori=1,2,....,m, let

0 n#1
and
_J g1 n=1 _J g n=1
Al(s”‘{ 0 n#1" A2‘5"_{ 0 n#l
Then
ST = Al =D ITi = As|| = dist(Ty, Ty, ..., Ton, LI, G)).
i=1 i=1
This contradict the fact that L(I', G) is simultaneously Chebyshev. O

We remark that the converse of Theorem 2.4 is not true. To see this,
let G be a Chebyshev subspace of X and z1,xs,...,x,, € X. For each 7 =
1,2,...,m, define T, : I' - X

€T; n=1

thenif z € Gissuch that ., ||lz; — z|| =dist(z1, 22, ..., T, G), the operator
Al - X,

z n=1
A5":{0 n#1l"

is a best simultaneous approximation of Ty, Ty, ..., T,, in L(I', G) that is

DT - Al <> |ITi— B
i=1 i=1
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for all B € L(I*,G). Let r = 1]f<r11<n |z; — z|| . Consider the map

n=1
n#1

where |z,| < r. Then >0, [|T; — S| = >, |T: — A| . Hence L(I', G) is not
a Chebyshev subspace of L(I!, X).
As a corollary from Theorem 2.2 for the Banach space ¢y we have:

S:1' -G, Sén:{ =
Zn

Corollary 2.5. G is simultaneously Chebyshev in X if and only if L(co, G) is
simultaneously Chebyshev in L(co, X).

Proof. By the result of Grothendieck [6], page 86, we have L(co, G) = I*(G).
the result follows from Theorem 2.2. d

3. Further results

An n-dimensional subspace V;, of C(I), the space of continuous functions on
a compact set I, is called a Haar subspace if any f € V,,\ {0}, f has at most
n — 1 zero’s on I. Haar subspaces on intervals of real numbers are called
T-Systems. For each natural number n, let M, be an n-dimensional Haar
subspace. Set

U={geL'(n1"):9="(gi), gi € M;}.

We remark that U is a closed subspace of L'(pu,I?),[1].
On the space of continuous functions C'(I,I?), we have the following
result

Theorem 3.1. For 1 < p < oo, U is proziminal in C1(I,IP) with respect to
the L* norm.

Proof. Let p = 1 and let S1,5%,...5, 6 C(I,1'). Then for each i =
1,2,....m, S; = (fir)pey and ||Si]| = f Z | fix(t)| dt. Hence >0 [1Si]|

Yoty f Z |fi.re(t)| dt. Using the Monotone Convergence Theorem, we get:

Zus |= ZZ/mk Oldt =33 1ol

k=11i=17 k=11i=1

Since for each k, M is finite dimensional, there exists g € M}, such that

m m
S Wik = arlly <D0 N ik — hally
=1 =1

for all hy € Mj. Note that

Z [ fik = Pally = Z 1 fie = grlly = Z [ fielly = gl -

=1
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for all hy € Mj. Since 0 € My, we get:

m
mlgelly <2 [lfiell,

i=1

legklll < *ZZIIﬁkIIl lefz'll
i:l

=1 k=1

and so

Hence g = (gx) € U and

Zns gn—ZZ/mk >|dtsii/m = (o) dt

k=1 1i=1 k=11i=1

for all hy, € M. In particular we get > .-, [|S; — g|| < 302, ||S; — A for all
h € U. Hence U is proximinal in C*(I,') with respect to the L' norm.
For 1 < p < o0, let Sy, Ss, ...S,, € CH(I,I?). Consider the operator
P. o L'p,IP) — L'(p, 1)
Pef = (f1,f2 fr)
where f = (fi);=;. Then Py is continuous. For 1 < k < oo, set U, =
k
g=1(g9:) €l Ml} . Since Uy, is finite dimensional, there exists some g € Uy,

i=1
such that
m m
SRS~ 3l < 3 1BS: - ), (3.1)
i=1 i=1
for all h € Uy, . Let us write gF for g. We shall prove that the sequence (gk)
must have a subsequence that converges to some g € U.

Since PyS; — S;, then the sets E; = {P1S;, P2S;, P3S;, ..., Si}, i =
1,2,...,m are weakly compact in L' (y,?). Set E = {gl, 9%, g3, ..., g7, } .
We want to prove that Eis weakly relatively compact. Since [P is reflexive,
then by the Dunford Theorem [4,p.101], it is enough to prove that E is
bounded and uniformly integrable. Note that

D PS: = hlly > D 1PeSi = g1, = 3 [I1PeSill = 1o,
i=1 i=1 i=1

for all h € Ug. Since 0 € Uy, we get

m

mlg"|l, <2 IPSilly

i=1

Hence E is bounded.
To see that F is uniformly integrable, first note that for each k

1PkSilly < (1Sl
i = 1,2,..m. Thus lim [ ||A(¢)||dp(t) = O uniformly for h in E;, i =
B(2)—0q
1,2,...,m.
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Now let € > 0 be given. By the uniform integrability of F; there exists
d; > 0 such that f |A(t)|| dp(t) < § whenever () < d; for all h € E;. Hence

for u(Q) <6 = m1<n (0;)

[l < 53 [irsiane <c

Since § depends only on E1, Fs, ..., E,, and € it follows that Eis uniformly in-
tegrable and hence weakly relatively compact. Thus there exists g € L (u, [?)
such that g* — g weakly.

Since the sequence (gk) in U converges weakly to some g € L!(u,IP)
and U is a closed subspace of L'(u,I?), hence weakly closed, it follows that
geU.

For h € U, we have ||[Pyh — h||; — 0. Hence for each i = 1,2,...,m
| PxS; — Pihl||; - S; — hll, . Now let ¢ € L>®(u,IP") = (Ll(u,l”))*, the

dual of L*(p,IP). Then

m

> USi—g.0) = kh_)H;OZKPkSi—ga‘PH
=1 =1
tim Y [P, -
=1

< lim> [|P:S; — Peh
1=1

IN

for all h € Uy, since Uy, is proximinal. Hence

D USi—go)l <D IS —hll.
i=1 i=1

Consequently 7" [|S; — gl < >0, [|S; — h| for all h € U.
Thus U is proximinal in C(I,?), with the L'-norm, 1 <p < oco. [
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