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The univalence and the convexity properties
for a new integral operator

Virgil Pescar

Abstract. For analytic functions f in the open unit disk ¢/, an integral
operator I, g is introduced. The object of the paper is to obtain the
conditions of the univalence and the convexity of the integral operator
Ing.
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1. Introduction

Let A be the class of functions f of the form
f(2) =2+ at,
k=2

which are analytic in the open unit disk & = {z € C : |z| < 1}. Let S denote
the subclass of A consisting of the functions f € A, which are univalent in
U. We denote by §* the subclass of A consisting of all starlike functions in
U. Also, we denote by K the subclass of A consisting of all convex functions
inU.

We consider K(a) the subclass of A consisting of all the convex functions
f of the order a, satisfying:

2f"(z
Re ( J{,(i)) + 1) >a, (zel), (1.1)
for some o (0 < a < 1). We have K£(0) = K.

Note that f € K, if and only if zf’ € S*.

In this work, we introduce a new integral operator, which is defined by

o) = [ (22) (7). 12)

for a, B be complex numbers, f € A.
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For 8 = 0, a be a complex number, f € A, from (1.2) we have the
integral operator Kim-Merkes [2],

Ho(z) = /0 (Jc(uu)>adu (1.3)

From (1.2), for & = 0, 8 be a complex number, f € A, we obtain the
integral operator Pfaltzgraff [5],

Gol(z) = / ()’ du. (1.4)

2. Preliminary results
We need the following lemmas.
Lemma 2.1. [1]. If the function f is analytic in U and

"
1— |22 zf"(z)
(1—121%) 7(z)
for all z € U, then the function f is univalent in U.

Lemma 2.2. (Schwarz [3]). Let f be the function regular in the disk
Ur ={z € C: |z| < R} with |f(2)| < M, M fized. If f has in z =0 one zero
with multiply > m, then
M m
[f() < molel™, (2 €UR), (2.2)

the equality (in the inequality (2.2) for z #0) can hold if

<1, (2.1)

o M
f(Z) = ezeRimZma

where 0 is constant.

3. Main results

Theorem 3.1. Let o, 8 be complex numbers, M, L positive real numbers and
feA f(z):2+a222+.... If

2f'(2) B
e 1‘§M, (zeU), (3.1)
2f"(2)
) <L, (z€U), (3.2)
and
st + 181 < 262 53)

then the function

o) = [ (22) (7" du 5.9
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s in the class S.

Proof. The function I, (2) is regular in U and I, (0) = I, 5(0) — 1 = 0.

We have:
g 5(2) 2f'(2) ) zf"(2)
a3
—a 1) 43 , 3.5
2 = e (39
for all z € U.
From (3.5) we obtain:
215, 5(2) 2f'(2) 2f"(2)
1—|2]?) | =220 < (1 — |22 [04 —1‘+6 } 3.6
for all z € Y. By Lemma 2.2, from (3.1) and (3.2) we get
2f'(2) ‘
-1 < Mlz|, (z€el), 3.7
e 4l (e ) (37)
z I/(Z)
<Llz|, (zelU 3.8
L <Ll (sew (3.9
and by (3.6) we obtain
I 5(2)
(1= 12P) | 72| < (1= =) 12l (ol + |12) (3.9)
Iaﬁ(z)
for all z € U. Since
2
1— 122 |2]] = —=
max [(1—[2) [#l] = 2=
by (3.3) and (3.9) we have
) zfgﬁ(z)
— : < . .
(=) |32y | <1 ew (3.10)
By Lemma 2.1, we obtain that the integral operator I, g is in the class S.

d

Theorem 3.2. Let o, B be real numbers, with the properties a > 0, > 0
and

O<a+p<1 (3.11)

We suppose that the functions f € 8* and g € §*, where g(z) = zf'(z).
Then, the integral operator I, g defined by

o = [ (22} (77w du .12

s convex by the order 1 — a — f3.
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Proof. From (3.5) we obtain that:
21} 5(2) 2f'(2) —oz-l—ﬁ(zf”(z)

f'(z)

B o

1, 5(2) f(2)

and hence, we have

21" 5(2) 2f'(2) zf"(2)
Re [ =20 L 1) = aRe —a+5Re( +1>—/8+17 3.14

( Il 5(2) ) f(2) f(2) (314
for all z € U.

But f € §* and g € §*, where g(z) = zf'(2).

We apply this affirmation in (3.14), we obtain that:

+1> —B+1 (3.13)

e (2ol 1) oy 38 (3.15)

e ’ >1—a—p. .
I(;,g(z)

Using the hypothesis a + 5 < 1, in (3.15), we obtain that I, g is convex

function by the order 1 — a — (. O

4. Corollaries

Corollary 4.1. Let « be a complex number, a #0 and f € A,
f(2) =24 as2® +az® + ...

If
2f'(2) ‘ 3v3
-1 < —, (z€lU). 4.1
o | E e Y )
then the integral operator H,, defined by (1.3), belongs to the class S.
Proof. For =0, from Theorem 3.1 we obtain Corollary 4.1. (]

Corollary 4.2. Let 3 be a complex number, 3 #0 and f € A,
f(2) =24 a92® +az® + ...

If
z2f"(2) 3v3
< —, (z€U), 4.2
7 | =2 G 2
then the integral operator Gg, defined by (1.4), is in the class S.
Proof. We take a = 0 in Theorem 3.1. (]

Corollary 4.3. If « is a real number, 0 < a < 1 and the function f € S*,
then the integral operator H, defined in (1.3) is convex by the order 1 — a.

Proof. For § =0 in Theorem 3.2, we obtain Corollary 4.3. (]

Corollary 4.4. If 3 is a real number, 0 < 8 < 1 and the function f € K, then
the integral operator Gg, defined by (1.4), is convex by the order 1 — (.

Proof. We take a = 0 in Theorem 3.2. 0
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