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Abstract. In this paper, sharp upper bounds for !aerg - naf,ﬂ‘ and
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defined by an extended linear multiplier differential operator (LMDO)
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1. Introduction

Let A, be the class of all functions of the form

fE) =2+ Y anz" (1.1)

n=p+1
which are analytic in the open unit disk & := {z: |z| < 1} and let A: = A;.
o0

For f(z) given by (1.1) and g(z) given by g(z) = 2P + Y. b,2", their
n=p+1
convolution (or Hadamard product), denoted by f * g, is defined by

(fxg)(z): =2+ Z anb,2".

n=p+1

The function f(z) is subordinate to the function g(z), written f(z) <
g(z), provided there exists analytic function w(z) defined on U with w(0) = 0
and |w(z)| < 1 such that f(z) = g(w(z)). Let ¢ be an analytic function with
positive real part in the unit disk & with ¢(0) = 1 and ¢’(0) > 0 that maps U
onto a region which is starlike with respect to 1 and symmetric with respect
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to the real axis. R. M. Ali et al. [1] defined and studied the class Sy ()
consisting of functions in f € A, for which

1 /1zf'(2)
. (p ) —1) <p(z) (€U, beC\{0}), (1.2)

and the class Cp () of all functions in f € A, for which

! (1 + Zf"<z)> <p(z)  (z€U, beC\{0}). (1.3)

1
SR G 2Te

R. M. Ali et al. [1] also defined and studied the class R () to be the
class of all functions in f € A, for which

1+

141 (f/(z) —1> <p(z)  (zelU, beC\{o}). (1.4)

Note that S7;(p) = S*(¢) and Ci:1(p) = C(yp), the classes intro-
duced and studied by Ma and Minda [8]. The familiar class S*(«) of star-
like functions of order « and the class C(«) of convex functions of order «,
0 < a < 1 are the special case of Sf;(¢) and Cy,1(y), respectively, when
o(2) = (14 (1 - 20)2) /(1 - 2).

Owa [9] introduced and studied the class H,(A, B, a, 3) of all functions
in f € A, satisfying

1=#) (fz(j))awj;'((j; (fij))a s (15)

where zeld, - 1< B<A<1,0<p38<1,a>0.
We note that Hy (A, B, a, 8) is a subclass of Bazilevic functions [4].
A function f € A, is said to be in the class R 5 q,5)(¢) if

1 FRN | 2() (fN°
ifeen(5) 555 () —if<ee oo
(0 < B < 1,a > 0). The class R p.a,5)(¢) was defined and studied by
Ramachandran et al. [12].

A class of functions which unifies the classes Sy (¢) and Cp () was
introduced by T. N. Shanmugam, S. Owa, C. Ramachandran, S. Sivasubra-
manian and Y. Nakamura in [14]. They defined this class in the following
way.

Let ¢(z) be a univalent starlike function with respect to 1 which maps
the open unit disk & onto a region in the right half plane and is symmetric
with respect to real axis, ¢(0) = 1 and ¢'(0) > 0. A function f € A, is in
the class M 5 a,0) (@) if

T (0 D o (14 2)) ]

F(2): = (1= NF(2) + A (2).
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T. N. Shangumugam et al. [14] obtained certain coefficient inequalities for
function f € A, which are in the class M, o,2) ().

For a function f in Ap, the linear multiplier differential operator
(LMDO) jlf(/\,,u,l)f : A, — A, was defined by the authors in [5] in the
following way.

Definition 1.1. Let f € A,. For the parameters §, A\, u,l € R; A > >0 and
0,1 >0 the LMDO sz()\7u,l) on A, is defined by

Ty 1) f(2) = f(2) (1.8)
P+ DTy A1) f(2)

= M2 f1(2) + (A= p+ (L =p)Ap) 2f'(2) + (p(1L = A+ p) +1) f(2)
P+ DT\ 1) f(2)

= €Mz [Ty A i, D F ()] + (A= o+ (1= p)A) 2T, (A 1, D) f(2)]

+ (A=A +p) +1) Ty A\ D) f(2)
T s, DT O 1D f(2) = T2 s i DT (M 1, 1) f(2)), 61,82 2 0
forzeU and p e N:={1,2,...}.

If f is given by (1.1) then from the definition of the LMDO T2 (A, 1, 1),
we can easily see that

TeAmD)f(z) =20+ Y ®F(0,\ p,Dagz”
k=p+1
where

k—p) Ak +A—p)+p+17°
o _ ¢
P(67 )\7/%1) |: p+l

When p=1,1=0and § = m € Ny = NU {0} we get Deniz-Orhan [6]
(Also for earlier 0 < p < A < 1 Raducanu-Orhan [11]) differential operator,
when p=1,1=0=p and § =m € Ny = NU {0} we obtain the differential
operator defined by Al-Oboudi [2] and when p = 1,1 = 0 = p, A = 1
and § = m € Ny = NU{0} we obtain the differential operator defined by
Salagean [13]. We note that by specializing the parameters 6, A, u, ! and p, the
LMDO jzf()\, i, 1) reduces to other several well-known operators of analytic
functions. Detailed information can be found in [5].

Now, by making use of the operator \71?()\, i, 1), we define a new subclass
of functions belonging to the class A,.

Definition 1.2. Let ¢(z) be a univalent starlike function with respect to 1
which maps the open unit disk U onto a region in the right half plane and
is symmetric with respect to real azis, p(0) = 1 and ¢'(0) > 0. A function
f e A, is in the class./\/l(bpaAMlV (p) if

(o B ) ] < 0

)
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where 0 < a<1; 4, \, Il €R; 6,1 >0, 0< u< X\;p€eN, and
Fps(2) = (L=v) )\ Df(2) + vy A D f(2) - (0<w < 1),
Note that the class M‘(sb)p)a’/\,ulw)(go) reduces to the classes
M:(l1,1,1,0,0,0,0)(90) =C(p),

M{1.1,0,0000) (%) =S (9)
which were introduced and studied by Ma and Minda [8]. Also,

M%Lp,o,o,o,o,o)(@) = 5;(@)7
M%l,p,l,o,o,o,o)(@ = Cp(@)y

M%b,p,o,o,o,o,o)(@) = 5p,(%)
and M%b7p717070,0’0)(¢) = Cpp () were introduced and studied by R. M. Ali et
al. [1]. Also recently for 6 € Ny Altuntag and Kamali [3] were introduced and
studied the class M((Sb,p,a,l,O,O,V)((p) = Mpp,a5 (@)

In this paper, we obtain Fekete-Szego like inequalities and bounds for
the coefficient apy3 for the class M?Lp,a sty (®). These results can be
extended to other classes defined earlier.

Let © be the class of analytic functions of the form

w(z) = w1z + wez® + w32 + ...

in the unit disk ¢ satisfying the condition |w(z)| < 1.
We need the following lemmas to prove our main results.

Lemma 1.3. [1] If w € Q, then

—t if  t< -1,
lwo —twi| << 1 if —1<t<1, (1.10)
toif t>1.

When t < —1 or t > 1, the equality holds if and only if w(z) = z or one of
1ts rotations.

If =1 <t < 1, then equality holds if and only if w(z) = 22 or one of its
rotations.

FEquality holds for t = —1 if and only if w(z) = 21(j-+>\2) (0<A<1) or
one of its rotations, while for t = 1 the equality holds if and only if w(z) =

—Zl(f;é) (0 < A< 1) or one of its rotations.

Although the above upper bound is sharp, it can be improved as follows
when -1 <t <1:

lwe — twi| + 1+t jwn]? <1 (-1<t<0) (1.11)

and
lwa — tw}| + (1 =) Jwi [ <1 (0<t<1). (1.12)
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Lemma 1.4. [7] If w € Q, then for any complex number t
|wa — twi| < max {1;]t]}. (1.13)
The result is sharp for the functions w(z) = z or w(z) = 22.

Lemma 1.5. [10] If w € Q, then for any real numbers q1 and qo the following
sharp estimate holds:

|ws + qruiws + gew?| < H(gi,q2) (1.14)
where
H(‘]laQQ) =
1 for (q1,92) € D1 U Ds,
|g2| for (q1,92) U Dy,
T el DGt for (41.45) € Ds U Dy,
—4 24 \1
qu( 0 4,12)(@)2 1 for  (q1,¢2) € D1oU D11 \ {£2,1},
%(‘Qﬂ - 1)<m>5 for (q1,92) € D12,

The extremal functions, up to rotations, are of the form
(2[(1 = A) g2 + Aeq] — €1622)

= 3 = fr fr—
w(z) =27, w(z) =z, w(z) =wy(z) TSNS
_ _ 2t —2) B  2(ta + 2)
w(z) = wie) = 1—tyz’ w(z) =wa(2) = 14tyz '
le1] = [e2] =1, ey =tg—e 2 7 ( b), 52:*671290(ia:|:b),
0o 5 0o bta
=t —, b=1/1-1t3 = 2=°
a 0COS Osm 5 A= T

3(g2 — 1)(q7 + 42 3(Jg1| + 1+ g2)

by = <|q1|—1) sl _ {qz(q% +8) — 2(af +2)}
(gl —1-q2)) 2 2 2g2(q7 +2) — 347
The sets Dy, k =1,2,...,12, are defined as follows:

D1={(Q1,(I2) | < 5, |Q2|<1},

1 4
D2={(Q1,Q2)22§|Q1|§2, o7 < < (|| +1)* = (|Q1|+1)SQ2§1}7

1
t_{qu(qlJr?)—i’)q%} t_( lgr| +1 )2
0 — ) y U1 — (— )
3

w\'—'

1
D3={(Q17Q2) l1| < ok (J2§—1},

1 2
Dy = {(qh(Jz) g1 > = @< -3 (lq1 +1)}7

Ds ={(q1,42) : |Q1| <2, ¢ >1},
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Do = {(qlv%) 2< |l <4, @@= 12(q% +8)},

2
Dy ={law) lal 24 @2 Sal-v},

1 2 4
Du={lan ) 3 < Il <2 -3l + 1) < < ol + 1° = (Gl + 1),
2 (ol 1))
Dy = ) : =2, - + > <
o= {22 - 3(al+1) < e < ZEIED

2]q1| (|lq1] + 1) 1, }
Dy = , :2< <4, ———7—F << — +8) ¢,
10 {(QI q2) lq1] 4 2|q 4 ) 12(q1 )

2l (ar |+ 1) _ 2|q1|<|q1|1>}
Dy = ) : Z4a o ol A q <— )
n {(‘h @) lol 24 G T e SES E g v a

2|Q1|(|Q1| ) }
Dis = L q2) : >4, —_ < -1
12 {(q1 q) || > 2+ 4 g < 3(Iqll )

2. Coefficient Bounds

By making use of Lemmas 1.3-1.5, we obtain the following results.

Theorem 2.1. Let p(z) = 1 + Bz + Boz? + B3z + ..., where B,, are real
with By >0 and Bo > 0. Let 0 < a < 1; §, \, u,l €R; 6,1 >0; 0 < pu < )\
peN;0<v<I.

If f(2) given by (1.1) belongs to M((S1,p,a,,\,ﬂ,z,y)(‘»0)v then

|a10+2 - Tia§+1| <

2 5+1 .
(;;za) s {Be +pBio(cp, o A S Lv)y if < i,

’B ot )
2p12a) (I;\/IQ)NJ if 1 <n <,

2 5+1 .
_2(1)3’201) (p;\};lgvg {BQ +pB%¢(aap>M777>>\u67l7y)} Zf n > 1/}2-

(2.1)
Further, if 11 < n < 13, then
M2N26 (p+ a)2
2 14V1
|ap+2 77ap+1| + M2N§ 202 B2(p + 20)(p + 1)o+1
X (Bl - B2 7pB%¢(a7p7Man7>\757l7v)) |ap+1|2
é
p’B1 (p+1) + (2.2)

2(p+2a) MyN{
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If Y3 < n < gy, then

MPNP° (p+a)

M>N§ 2p?B3(p+ 2a)(p +1)0+!
X (Bl + BZ JFPB%(ZS(OGI% s 1, )\7 57 l7 ’U)) |ap+1|2

P*Bi (p+1)°*
2(p+2a) MyN{

For any complex number n,

|ap 2 —nag,q |+

(2.3)

p’Bi (p+1)°"

p+2a) MyNg

!ap+2 - 77a;2;+1| < 2

B
72 +pBl¢(a7p: M, 1, )‘7 57 lv l/)

X 1;
max{ B

}

oy = M2EN2 {(By — B1)(p+ a)? + pB3(p* +2ap+a)}
' MM 2p° B2 (p + 2)(p + )71

where

o = M2NZ {(Bz+ B1)(p+ )? + pBI(p* + 2ap + o) }
27 MyNS 2p?Bi(p + 2a)(p + )0+

s = MENZ {Bs(p + @)® + pBi(p* + 2ap + o)}
PTMRN] T 2PBi(p+ 20)(p + 0T
2 5 5+1
P> +2ap+a MyN$ (p+2a)(p+1)
A 0,1 = _9
¢(a7p7,u’7777 s Uy 7V) (p+a)2 ﬁle2Nl26 (p+a)2
and M. = [p+cvu(p+c¢) + X = p)], Ne = [eQulp+¢) + A —p) +p+1],
Mcd = (Mc)da N(fl = (Nc)d7 ceN= {1,2,3, }
Further,

p’Bi (p+1)°H

<
lnal < 30,350 M;N?
where H(q1,q2) is defined as in Lemma 1.5, with

2By 3 (p* + 3ap + 2a)

H(ql, QQ) (24)

T B T2 hrap 20t
B 3 (p? + 3ap + 2« B p? + 2ap + «
qo = i+7gp 1 72_|_ Bl( 5 )
By 2 (p+a)(p+2a) B p+a)
3 2
p° 4+ 3ap® + 3ap + «

(p+a)

These results are sharp.

Proof. If f(2) € ./\/l‘(S (), then there is a Schwarz function

1,p,0 A 1,l,v)

w(2) = w1z +we2? + ... €Q
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such that
1 2(Fy5(2)) 2(Fs(2)"\\ _

where 0 < a < L; 6, \u,l e R; 0,0 >0, 0< p< \;peN;0< v <1,
Fus(2) = (L=v) g\, 1) f(2) + vt (A s 1) f(2) and

- [(kp)(/\uk+/\u)+p+lr K
arz .

k=p+1 p + l
By definition of Jg()\, w, 1) f(z) and F, 5(z), we can write
M, N} 1 My Ny 2
F,5(2) =22+ ————a, 12" + ———2—a, 027"
( +l)6+1 p (p+l)5+l P
M3N3 p+3
———a,32P T+ 2.6
(p N l)§+1 p+3 ( )

where
Me=[p+eavQup+c)+A—p)],
Ne=[c(Aulp+c) +A—p)+p+1],
ceN=1{1,2,3,..}.
Let s
M.N?
Tpe = —¢ g . ceN={1,2,3,.}.
p+ ( +l)5+1 p+ { }
Then, we have

F5(2) = 2P + Tpy1 22T + Ty 02P™2 4+ Tppy32P ™3 + . (2.7)
and differentiating both sides of the (2.7), we obtain the following equality
(Fus(2) = p2P '+ (p+ 1)Tp12” + (04 2)Tpi22? T 4 (p+ 3) Tpy32P T2 + ...

(2.8)
From (2.7) and (2.8), we deduce
2 (Fus(2 !
(};5((2;) - p+Tp+1Z+(2Tp+27T;02+1)2'2+(3Tp+373Tp+2Tp+1+Tp+1)
7 (2.9)
Similarly, if we take Upie = (p + c)T +¢, we have
z(Fus(2 " 1
((1?5((2))))’ = p—1+-= Usz += (2Up+2 pU§+1)z2 (2.10)
(3Up+3 - *Up+2Up+1 + U ) + ...
Since
1 z(F,5(2)) 2(F,.5(2))" 1
Sl —a) 82 LAV I QU S T
Gl e nRE (e i) | B ACR LA
(2.11)

+(2Tp+2 - T;3+1)Z2 + (3Tp+3 = 3Tp2Tp1 + Tp+1) ]
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1 1 1
+a |:1 +p -1 + 5Up+1z + 5(2Up+2 — ZZU§+1)Z2

1 3 1o
+];(3Up+3 - EUp+2Up+1 + PUerl)Z + ] }

1 p+a 1/2(p+ 2« 24+ 2ap + «
=1 + 5(17 )Tp+12’ + 5 <(pp)Tp+2 - pp2pT5+1) 2’2

3 3
+ (p(p + 30&)Tp+3 — E(pZ + 3ap + 2a)TP+2Tp+1

"= =

1
—|—E(p3 + 3ap? + 3ap + a)T5’+1> 22+
and

o(w(z)) = 14 Biwz + (Bywy + Bow?)z? (2.12)
—|—(Blw3 + 2Bowiwg + ng:{’)zg + ..

by using equality (2.5), we have the equalities that follow.
Firstly, from

1(p+a) MlN{S

Biw, = — a
T e Tt
we can write
p*Biwy (p+1)°"
dpir = . (2.13)
(p+ Ol) M1N1
Secondly, from
Biws + ng% =
1 (2(p+2a) MyNg M P +2ap+a MENE 2
= 1
p P+t P2 (p + 1)20+1) 7PF

we can write

2B 1)°*t
p°Br (p+1) T

e L2 | B2 pB (p* + 20p + )
P27 9(p+2a) MyNg !

B (p+a)

(2.14)
Thus, by using (2.13) and (2.14), we can write

p’Bi (p+]) we — w?

By, pB; (p2 + 2ap + a)
apyo —Nap,q = w1
i PR 2(p +2a)  MyNS

By (p+a)

By B (p* +2ap + ) +2np? M>N§ Bi(p+2a) (p+1)°™"
By (p+ ) MZNP (p+ ) '

, MoNS Bi(p+2a) (p+1)°
MENP (p+a)’

+ 2np
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Therefore, we have

2 5+1
2 p’Bi (p+10) 2
— = —1 . 2.15
ap+2 nap+1 2(p + 2OZ) M2N25 {w2 wl} ( )
By using Lemma 1.3, we can write for 7 < i
2 1)°*t 2+ 2ap + «
apra —nag | < P b+ 1) s— 4 By + pB;} —(p P 3 )
b 2(p+2a) MaN3 (p+a)

o M>NS (p+2a)(p+1)°+
MENP? (p+a)?

2 §+1
p (p+1) )
= B B A, 0,1
2(p+2a) MQNg { 2+p 1(,25(0[,]?,/1,,77, » Uy 7’/)}

for n > 1y

)"t (p* +2ap + @)

(p+ )’

P (pHl
2(p+2a) MNg

o MyNS (p+2a) (p+1)°*
MNP (p+a)’

apa =] < {Bz+pB%

2 o+1
P (p+1) )
= - By +pB N
2(p—|—20z) MZNS { 2+p 1¢(a7p7/1’v777 » 0y 71/)}

and for 11 <n <1y

> ()"

p+20[) ]\42]\]5i

|ap+2 - 77@;2)+1| < 2

where

MENZ {(By — B1)(p + @)® + pB (p> + 2ap + a) }
M>N3 2p*Bi (p + 2a)(p +1)°+!

MZN {(By + B1)(p+ a)* + pB (p> + 2ap + @) }
M>N3 2p? B (p + 20) (p +1)°+1

MZN {Ba(p+ @)? + pBi(p* + 2ap + o) }

M>Nj 2p?Bi (p + 2a)(p + 1)°+!

Vo

Y3

and

P t2pta_, M>N3 (p+2a)(p+1)°*!
(p+ «)? M}ENZ (p+ «)?

Further, if 11 < n <43, then

d(a,p,p,m, A 0,1, v) =

MNP (p + @)
MyNy 2p*B3 (p + 2a)(p +1)°+1

|ap+2 = nap4a| +

X (Bl - B2 - pB%‘?(a»pJ%% )‘757 l?”)) |(lp+1|2
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p’B1 (p+ l)6+1

<
~ 2(p+2a) MyNg

If 15 < n <)o, then

MNP (p+a)

MyNy 2p* B (p + 2a)(p +1)°+1

x (B1 + By + pBig(a. p, 11,1, A, 6,1,0)) |aps1|?
B (p+1)°"

2(p+2a) MyN§

By using Lemma 1.4, we can write

2 5+1
2 p Bl (p+l) { BQ
Qpio—"Na < max<{1;| == 4+pBi1o(a,p, ,n, A\, 6,1, v
(@211 1] 2(p+2a) MyNJ (e s )

B
for any complex number 7.
By using equalities (2.11) and (2.12)

|ap+2 = napya| +

|

1]3 M3N2 3, .,
—¢—(p+3a) ————=«a - — + 3ap + 2«
) {p (p ) (p + l)5+1 p+3 p2 (p p )
MyN§  M;N}
X 2 Lo,
(p+ 077 (p+ o Pt

L3 o o MENY
5 (p*+3ap®+3ap+a) o 1)3(6“)%“
= Bfw:; + 2BQ’U)1’U]2 + ng:f

Thus, we obtain

2B 1)°+? 2B
p D1 (p+ ) ws + 252

o (p* + 3ap + 2a)
P37 3(p+3a) MsNg B

(p+a)(p+2a)

+
N | o

B 3 (p? + 3ap + 2« B 2+ 2ap+ a
(B 300 xBopt20) p By g (4200 +a)
Bi 2 (p+a)(p+2a) B (p+a)
3 2
(p + 3ap +3ap+a) 91 3
— B . 2.16
(p+a)3 D 1 wl ( )
Let
2By 3 (p* + 3ap + 2a)
@ = 4 t+t5 5 pbB,
By 2 (p+a)(p+2a)
Bs 3 (p?+3ap+2a B p? + 2ap + «
q2 = i+*g 1 72+pBl( 3 )
By 2 (p+a)(p+2a) B (p+a)
3 2
p° 4+ 3ap® + 3ap + «

(p+a)?
Then, from equality (2.16), we obtain

B (p+1)°"

_ 3
= 5, 3) AN {ws + qrwiws + gt} .




60 Murat Caglar, Halit Orhan and Erhan Deniz

Thus, we can write

p’Bi (p+1)°H

p+30a) M;N3
where H(q1, q2) is defined as in Lemma 1.5.

To show that the bounds in (2.1)-(2.3) are sharp, we define the functions
K,n (n=2,3,...) by

1 2(Kypn)'(2) 2(Kpn)" (N _ 1

oo Ry e (1 ) e e
[Kgo,n](o) =0= [Kgo,n], (0) -1,

and the function F) ,,, and Gy, (0 < A <1, m € Ng) by

[Fam](0) = 0= [Exm] (0) — 1,

A0 e (TG ) = )

(2.20)
(Gam)(0) =0 = [Grm] (0) — L.

Clearly the functions K, n, F\ m, Gxm € M?Lp’a’)\’#‘l’y)(cp). Also we write
K, = K, 5. If n <11 or n > 19, then the equality holds if and only if f is
K, or one of its rotations. When 1 < 1 < 12, then the equality holds if and
only if f is K, 3 or one of its rotations. If n = 41, then the equality holds
if and only if f is F ,, or one of its rotations. If = 19, then the equality
holds if and only if f is G ., or one of its rotations. O

lapts| < 30 H(q1,q2) (2.17)

Remark 2.2.

1. For ] = p=0and A =1 in Theorem 2.1,we get the result obtained
by Altuntas and Kamali [3].

2.Forl=0=p=a=v=0and A =1 in Theorem 2.11, we obtain
the result obtained by R. M. Ali et al. [1].

3. Forl=6=p=a=v=0and p=A=1in Theorem 2.1, we obtain
the result obtained by Ma and Minda et al. [8].

4. Forl = a =0and p =b =1 in Theorem 2.1, we obtain the result
obtained by Deniz and Orhan et al. [6].

3. Applications to functions defined by convolution

We define M‘(pr anling)(#) to be the class of all functions f € A,
for which f*g € M‘(Sb Dl V)(go), where ¢ is a fixed function with positive
coeflicients and the class M‘(sb pro Al V)(go) is as in Definition 1.2. In Theorem
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2.1 we obtained the coefficient estimate for the class Mt(sl,p,oz,A,u.,l,u)(@)' Now

we obtain the coefficient estimates for the class Mt(sl,p,a,)\,,u,l,y,g)(w)'

Theorem 3.1. Let ¢(z) = 1+ Byz + Boz? + Bsz® + ..., where B,, are real
with By > 0 and Bo > 0. Let 0 < a < 1; , \, i, l € R; 6,1 >0; 0 < pp < A
peN;0<v <1

If f(z) given by (1.1) belongs to M((Sl,p,a,&u,l,v,g)(@)’ then

|ap+2 = napy| <
2

o+t .
2(p+2pa)gp+2 (ﬁ2iv5 {BQ +p312¢(aap7 1, >\7 67 l? V)} Zf n < L/)la

2B, (pr1)5+? )
S ioalon s 1;\421\/;5“ if 1 <m <,
2 +1 .
— ST (’}423@ {Ba2 +pBig(e, p, .0, N, 6, L,v) ) if 0> o
Further, if 11 < n < )3, then
Gps1 MENP (p+ a)?
gp+2 MaN3 2p*Bi(p + 2a)(p +1)°*+!
X (Bl - B2 - pB%d)(Oé,p, 1, >\a 67 lv U, g)) |a’;l)+1|2
p°Bi (p+1)°
29p+2(p+20) MoN§

If 3 < <o, then

|ap+2 = nap,a| +

MENP? (p+a)?
MyNy 2p*B(p + 2a)(p +1)°+
X (Bl + BQ +pB12¢(Oé,p, My 1], )‘7 67 l7 Uag)) |Clp+1|2

p>By (p+1)°*"
29p12(p +2a)  MaN2

For any complex number n,

|ap+2 = napya | +

g% p*B (p+ 1)

Gpt+2 20p+2(p + 2a) Mo N3

|

|apta = nag.| <

B
X max {17 ’2 +pBl¢(a7p7Man7A767laya g)

By
where

b = Gor1 MEN? {(Bz — Bi)(p+ @) + pBi (p* + 2ap + @)}

! Gpt2 MoN{ 2p?Bi(p + 2a)(p 4 1)0+1
by = 91 MENP {(By + B1)(p+ ) 4+ pBi(p* + 20p + ) }

T Gpr2 MyNE 2p2 B3 (p + 20) (p + 1)7+1
T 9pi1 MNP {Ba(p+a)® + pBi(p* + 20p + ) }

° Gptr2 MaNg 2p?Bi(p+ 2a)(p + )2+

_PPH2ap+a | gyo MoNG (p+20)(p+1)°T!

3 ) 7 7>\, 5717 ) -
d)(Oé D, k1,1 v g) (p+a)2 npgl27+1 M12N125 (p+0()2
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and Mc = [p+cv(Au(p+c) + A —p)], Ne = [c(Aulp+c) +A—p)+p+1],
Mg = (M)*, N¢ = (No)?, ceN={1,2,3,...}.
Further,

p’By (p+1)"""

= 3gp4a(p+3a) MzNg
where H(q1,q2) is defined as in Lemma 1.5,
2Bs 43 3 (p* + 3ap+ 204)
B  2(p+a)p+2a)’
G = 73 3 (p? +3ap+2a)p ,
2 (p+a)(p+2a)
(3( + 3ap +20)(p* + 2ap+ ) (p* + 3ap® +3ap+a)) 2 2
2 (p+20)(p + @)? (p+a) per
These results are sharp.

lapy3] < H(q1,q2)

q1 = —(/— 1

Proof. The proof is similar to the proof of Theorem 2.1 O
Remark 3.2.

l.Forl=0=p=a=v=0and A =1 in Theorem 3.1, we obtain the
result obtained by Ali et al. [1].

2.Forl=6=p=a=v=0and p= A =1in Theorem 3.1, we obtain
the result obtained by Ma and Minda et al. [8].

3. Forl =a=0and p =0 =1 in Theorem 2.1, we obtain the result
obtained by Deniz and Orhan et al. [6].
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