Stud. Univ. Babes-Bolyai Math. 56(2011), No. 4, 7-17

On the Hausdorff dimension of the graph
of a Weierstrass type function

Loredana Biacino

Abstract. In this note a theorem to compare the box dimension of Weier-
strass type functions and their Hausdorff dimension is established. More-
over a method to determine the Hausdorff dimension of the graphs of
functions such as the Weierstrass or the Mandelbrot functions is given.
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1. Introduction

In this paper the Hausdorff and the box dimension of the graphs of
some Weierstrass type functions are compared. Recall that the Hausdorff
dimension of a set E C R™ is defined in terms of the k-dimensional Hausdorff
measure of E, denoted by H¥(E) and given by

H*(E) = %ii%inf{z \Ei|*, E C | Ei, |E| <6}, (1.1)

where |E;| denotes the diameter of E; and the infimum is over all (countable)
d-covers E; of E (see Falconer [2] and [3]). It is given by:

H—dimE = inf{k > 0: H*(E) = 0}. (1.2)

There are other classes of covers leading to the Hausdorff dimension; in

particular it is possible to consider in definition (1.1) instead of all covers of

E, the covers obtained by the family of half-open d-adic cubes in R", that is
cubes of the form:

{xeR" hid™™ <ax; < (hy +1)d™™, for i=1,2,... ,n}
where h; and m are arbitrary integers. Then if the minimum in (1.1) is

restricted to the class of these particular covers, one obtains the net measure
of E, denoted by N¥(E). It is evident that H*(E) < N*(E), but it is also
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possible to prove that there exists a constant A > 0, only depending on the
dimension of the space, n, and on d, such that N*(E) < AH*(E) for every
E C R™ (see Mattila [4], 5.2 and Falconer [2], 5.1 for binary cubes). One
of the most immediate modification of the Hausdorff dimension is given in
terms of the upper and lower box dimension of a set, defined in the following
way. Let N5(E) be the smallest number of sets of diameter at most § which
cover E. Then the following numbers:

) ) logNs(E)
dimp F =1 g s) 1.3
im g ims ., “logs (1.3)
_ Ns(E
T E = Ty 2Ne(E) (1.4)
—logé

are called respectively the lower and upper box dimensions or lower and upper
Minkowski dimensions of E, and, if they agree, their common value is the
box dimension of E, denoted by dimpg E or A(E). It is possible to prove that
in (1.3) or in (1.4), Ns(E) can be substituted by the number of § — mesh
cubes meeting F, that is the cubes of the form:

{reR":hid<wz;<h +1)i=1,2,...,n}
where 6 > 0 and hyq, ..., h, are integers. In general it is:
H —dim(E) < dimzE < dimgFE.
If f:[a,b] — R is a continuous function and if
G={(a,b) e R*:a<x<by=f(v)}

is its graph, then H — dimG > 1 (see Falconer [2] , lemma 1.8); moreover,
if f is a-Holder continuous then: dimpG < 2 — « (see Falconer [2], Theorem
8.1).

Some general discussion about the Hausdorff dimension of the graph
of a Holder continuous function can be found in [5]. In this paper we will

consider Weierstrass type functions:

f(r) = Z SD(Z;L@,

neN

where ¢ : R — R is periodic (with period 1), Lipschitz continuous and b, is
a sequence for which there exists B > 1 such that b > B,b,11 > Bb,, for
every n € N. Obviously it is not restrictive to suppose ¢(z) > 0 for every
x € R, since if this is not the case, it is possible to consider ¥ (z) = () +m,
where m = min,epp,11(v) and observe that ¢(z) > 0 for every x € R and

bz m

neN n neN "

that is the corresponding function to v differs from f by a constant.

In the main theorems of this paper (Theorem 3.2, Remark 3.3, Theorem
3.4) rather general hypotheses for a class of Weierstrass type functions will
be established in order the Hausdorff dimension of the graph of f to be equal
to the box dimension when this achieves its maximum. To obtain this result
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some technical ideas (in Lemma 2.2) have been borrowed from an old paper
by Besicovitch and Ursell (see [1]). Interesting suggestions have been found
also in [6].

2. Three lemmas

In order to establish the main theorem some lemmas are needed:

Lemma 2.1. Let f : [a,b] — R be an a-Hélder continuous function, (0 < a <
1), d a natural number, d > 1, let {Q;} be a finite cover of G constituted by
meshes, and let Q be a --mesh (r € N) from the cover {Q;}. Let {Q7}jca
be a cover of G(Q constituted by dik—meshes with fized k > r. Then there
exists a constant C > 0 depending only on f such that

S QU < Cm(F), (2.1)
jea
where F' is the projection of G\ Q on the x-axis and m is the unidimensional
Lebesgue measure

Proof. F is a Lebesgue measurable set, since it is the projection of a Borel set.
It is m(F) = lims_,0o m(As), where m is the Lebesgue measure and {As}sen
is a sequence of open sets, decreasing with respect to the inclusion relation.
Let us cover A by intervals I,, that are linear %—meshes. The oscillation of f
in every one of these intervals is less than or equal to L(dik)a, where L is the
Holder coefficient of f. Therefore the part of G whose projection is encll;)slid
1 L|I,
2

. . . A,
in A is covered by Zr-square meshes whose number is at most %
n

let us call these meshes by ) ,; then, if s is fixed, it is:

Z |Qs,n|2_a < m(As)L(\/2)2_a

i

Since this inequality holds for every s € N, we have, keeping in mind
that (e y{Qsn} is a cover {Q7} ca of G Q constituted by Jz-meshes:

ST IQIEE < Ly lim m(A,),
JeA §— 00
whence (2.1) and the lemma is proved. O

In the next lemma, very near to the ideas of a well known paper by
Besicovitch and Ursell (see [1], where however a particular case is considered),
and in the sequel we will consider a periodic function ¢ : R — [0, P] with
period 1, nonnegative, continuous and piecewise differentiable; assume that

/

¢’ (x) and ¢/, (x) are finite and different from 0 for every « € R. Then there
exist two constants ¢ > 0 and ¢; > 0 such that:

<l @) < e (2.2)
for every x € R such that ¢ is differentiable in x.

If ¢ satisfies all the previous conditions we will refer to it as a smooth
function.
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Lemma 2.2. Consider, for 0 < a < 1, the following function:

fay = 32 D), (2.9

neN n

where @ is a smooth function and where (by)nen 18 such that there exists
B >1,B € N for which b, 1 > Bb,, for everyn € N and
logby,

lim “299n+1

n—oo logby,
Let {Qi} be a cover of G constituted by ﬁ—m@shes (u € N), and let Q be
a é -mesh from {Q;}. Let {Q7}jca be a cover of G\ Q constituted by ﬁ—
meshes with fized k > r. Then, if B}~ > 1 + L, where c and ¢y are as in
(2.2), there exists a constant A > 0 such that, for enough large r:

I < NQIF . (2.5)

JEA

=1. (2.4)

Proof. By (2.1), in order to prove (2.5) we have to determine an upper bound

for the measure of the set F' = {z € R : (z, f(z)) € @Q}. To this end observe
2ln?) and if
n<s  bY

() <1 for every x € R as is not restrictive to suppose, then:
o(br) < B®

that, if we consider for every s € N the function fs(z) =

|f(l’) - fk+l/71‘ é EnZkJru

by T bR (B =)
where, given r € N and k > r, v has been chosen in such a way that:
1 < L < 1
by, — BT bg+u—1.
Therefore:
Ba

Ifo)——fk+V71|§4Br( (2.6)

Be—1)

Consider the strip S obtained prolonging ) downwards a distance ﬁ(i_l).
By (2.6) if (z, f(z)) € Q then (#, frry—1(x)) € § and, since fri,—1(x) <

frav(x) < f(2), also (z, frr,(z)) € S. Therefore:

F C Frppor [ ) Frsws

where F; = {z € R : (x, fs(x)) € S} for every s € N. By hypotheses ¢ is
strictly increasing or decreasing in a finite number of intervals of [0,1]: let
M € N be their number.
Now in every interval I in which f/(z) is either positive or negative, it
is, for every x € I :
bn,

f;(x) = Znﬁsbrll_a@/(bnm) = bi_aEHSS(F)l_a¢/(bnx)7

whence, by (2.2), there exists ¢co = ¢ — > 0 by hypothesis, such that:

C1
Bl-a—1

|fo(@)] = eabg™® (2.7)
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and therefore, for every s € N, the sign of f/(z) in I is the same of ¢'(bsx).

Consequently in every interval of unitary length, the function fiy,—1 is

strictly increasing or decreasing in at most M ([bx+,—1] + 1) intervals, where

[bk+v—1] denotes the integer part of bxy,—1 ; by Lagrange theorem and by

(2.7) the length of an interval I where the oscillation of fx1,_1 is not greater
1

than (1 + Bf—il) = % is given by:

Ca
= prame s
20k

Consider now the intervals J enclosed in the previous ones in which the
function f;+, has an oscillation less or equal to %. As before we have:
C
‘J| < e
Bre

l—a”
2bk+u

For every previous interval I there are

MC,2bj,
M ([bry) + DT < 2o

— r l1—«
B C2bk+u71

)

such intervals and therefore :
m(l ) < CaQbk—i-u Ca < o ktv

— r l—« r l—a — 2porpl-—a
B chk«H/le CgkarV CQB bk:Jrufl

whence, by the choice of v :

2MC2b3
m(F) < a’k+v

. 2.8
= @Bre-apirie 29

By (2.4), for every € > 0 it is possible to determine k, such that for every
k>k,itisbgy, < b}cii_l. Now it is possible to determine £ > 0 in such a way
that (14+¢)a < a? —a+1 and therefore, for enough large k: by, < bg‘j_;f#.
By (2.8) we can conclude that there is a positive constant v > 0 such that

m(F) < gr@=ay for enough large r and, by (2.1), the lemma is proven. [0

Remark 2.3. It is worth noticing that it is possible to apply Lemma 2.2 even
in situations in which the conditions stated there do not hold, for example
if  is such that it is possible to perform on it a geometrical transformation
obtaining a smooth function v in such a way that the corresponding func-
tions to ¢ and v have the same geometrical measure properties. For example
consider the function
1+ sin(27rx) . 1 3

pla) = LT e L ca P @t 1) = plw) for cvery x € By
the hypotheses of Lemma 2.2 are not satisfied, since there exist points x such
that ¢’(z) = 0. Consider now the function:

3

Y(@) = 5+2a—9(w) if ~7 <o <3 B(w) = 5 ~20-pla) if

Y(x+1) =1¢(z) for every x € R.

<z<

=] =
= w
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It is a smooth function since it is nonnegative and continuous in R, piecewise
differentiable and 2—7 < [¢)'(z)| < 24-F for every  where ) is differentiable.

Consider the function (2.3), where b, = d™ with a fixed d € N, consider

also the function:
bnx
filw) = B 20,
n
Let I be an interval where ¢(biz) is either strictly increasing or strictly
decreasing and therefore p(bsz) for every s < k is either strictly increasing or
strictly decreasing. But then also ¥ (bsx) for s < k is either strictly increasing
or decreasing. Therefore it is easy to check that if z’ and z” belong to I,
then, substituting ¢ by ¥ in fi, we get:
£2  p(d ') —y(dra”)

fk(.%'/) o fk(x”) = (xl - x”)zngkdnia N dko

P(dz') —(d"z”)
dna

7Zn<k

whence:

) . dF—o)
AN MV > [ — 7 k(l—a) _z - R Y
) = e 2 1o =" {2 - ) 2+ D

Let d be large enough that 2p = 2 — 5 — dfjiﬁ_l > 0; then fix k, in such
a way that for every k > k, it is d*1-)(2 - Z — dffiﬁ_l > =1+ Then for

every k > k, it is:
[Fela) = fula”)] > [a! — 27| pad 0=,

Then a valuation of the length of an interval I where f; has an oscillation
not greater than % (see the proof of Lemma 2.2, where B = d € N) is given
by

CO(
From this point onwards the proof proceeds as the proof of Lemma 2.2.
Another example is given by the function

1] <

olx) = 1- CO;(27T$)

in this case we can consider the related smooth function:

xz €[0,1]; p(zx+1)=p(x) for every x € R;

Y(x) =4z — p(z)if OSJUS%; Y(x) =41 —z) — o(x) if %§x<1;

Y(x+1) =¢(z) for every x € R.

Repeating the procedure developed above it is easily seen that Lemma 2.2
holds.
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Lemma 2.4. Let f : [a,b] — R be an a-Hélder continuous function, (0 <
a < 1), and let {Q;} be a cover of G constituted by d%—meshes, with d € N,
d > 1 and wvariable k € N. Then there exists a sequence of finite covers
{Q7}i=1,.. k, of G such that, for every s > 2 — a it is:

Z\Qzlsfhm >R

i=1,....kn

As a consequence, for such values of s it is:

N*(G) = }i_{%mf{z |Qil°: G C UQqu finite and |Q;| = - < 4.}
' (2.9)

Proof. Tf {Q;} is finite then put {Q7} = {Q;} for every n € N. Otherwise
there exist meshes in {Q);} whose diameter is arbitrarily small and it is pos-
sible to execute the following construction.

Let % be the greatest edge of the meshes appearing in @Q; and let
{Qi}i=1,...k, the (finite) cover of G constituted by r-meshes only.

Among all the ——mebheb considered above, take only those appearing
in {Q;}.

Divide the remaining %—meshes in ﬁ—meshes and consider only those
having a common point with G. Let {Q?}i=1, k, be the cover of G consti-
tuted by the %-meshes appearing in {Q;} and by the dl—L—meshes disjoint
from the preceding ones and with at least one common point with G.

Iterate the procedure: at step n let {Q ti=1,....k, be the finite cover of
G constituted by all the ——meshes the - L meshes ..., the W%—meshes
appearing in {@;} and by the T A -meshes disjoint from the preceding ones
and having at least one common point with G.

Divide the sum >,_,
put the contributes of all the elements appearing in the starting cover {Q;};
in the second part put the contributes of the remaining elements, let they be,
for every n € N, {T}*} and let h,, be their number. By construction, for every

?1° (s > 0) in two parts: in the first one

n € N the diameter |T"| is constant with respect to i = 1,..., h,. Moreover:
|T’7,n| a Zm(Pn) 2—a|gn|ia—2
hy < L( 2 ) TR = L(V2)" T [* " m(Py),

where m(P,,) is the linear Lebesgue measure of the projection on the z-axis
of the set U, Ti"- Therefore:

ST < L(v2)2 0T T m(P,).
i=1,....hn

Since {Q;} is a cover of G, the sequence (P,) is decreasing with re-
spect to the inclusion relation and lim, ... m(P,) = 0. It follows that
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limy—o0 D2y, IT7']° =0, since s — (2 — @) > 0. On the other hand:

+oo
. n|s __ s : n|s
Jim Zk Q7 —_Z;IQZI + im0 T
n 1=

and Lemma 2.4 is proven. Il

3. The main theorems

By the definition of H2=%(G), if f : [a,b] — R is a-Hélder continuous,
then
H?*(G) < lim,_oN5(G)o*~"
Lemmas 2.2 and 2.4 allow us to prove that, under the hypotheses of Lemma
2.2, the last inequality can be inverted. Indeed the following theorem holds:

Theorem 3.1. Let

f)=Y 9”(2’2”5), (0<a<1)
neN n

where @ is a smooth function and where (by)nen 18 such that there exists
B> 1, Be€ N for which b,y1 > Bb, for everyn € N and (2.4) holds. Then,
if B > 1+ <L, where c and ¢y are as in (2.2), there exists a constant v > 0
such that:

lim; o N (G)62~ < H?2(G). (3.1)
Proof. Let {Q;} be a finite cover of G constituted by di,c—meshes7 with k

variable in N, such that dik < 0. By Lemma 2.2 passing to the g.l.b. we get,
for enough small §:

inf N, (G)67™™ <y Inf{Z|Qi**,Q; finite,G C | Qs 1Qil < 5},
1<

where 47 is the minimum length of the edges of the elements of {Q;} and v,
is a suitable constant. Passing to the limit, by Lemma 2.4, one gets:

lim; o N5(G)5>* < 1 N?~(G);

since there exists a constant A > 0 such that N2~%(G) < AH?*%(G) (see
[4], 5.2), the thesis follows. O

Theorem 3.2. Let

fay =y £02)
neN n
where 0 < a < 1, ¢ is a smooth function and where (by)nen s such that
there exist two numbers B > 1,B € N and p > 0 for which: b,4+1 > Bb, for
every n € N and by, > pubp41 for everyn € N (whence (7.7)) holds). Then,
if B is enough large, the Hausdorff dimension of G is mazximum, equal to
2 — . Moreover there exists a constant C' > 0 such that, for every interval
[a,b] C R it is H>=*(G) > C(b— a) if the portion of G whose projection on
the x- axis is [a,b] is considered.
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Proof. 1t is easy to see that f is a-Holder continuous and therefore the Haus-
dorff dimension of G is less than or equal to 2 — «.

To prove the converse inequality we will use Theorem 3.1 of this Section.
Indeed consider, for every > 0, the cover of [0, 1] constituted by the intervals

[0,6],[0,20],...,[pd, (p+ 1)d[, with p = [%] Let k € N be such that:
2 2
<i< — 3.2
bey1 — br (3:2)
and let h = # Since § > 2+1, in every interval of the cover there is an
interval Whose length is b— let

Jj j+1
[bk+1 bk+1[ 6, (T + 1)l

for suitable j € N. Therefore, for every | = 1,2,...,p, the oscillation in
[16, (I + 1)4[ is not less than

1) = @bz

|—|Z 5 =),
by

Assume that ¢ is the Lipschitz coefficient of ¢ and, as is not restrictive, that
©(0) = 0, ¢ is positive and increasing in ]0, 1] and therefore ¢(1) > 0; we
have:

£ (

+h)—

bk+1 bk+1

1

. n=k
j ()] ey 1
h) = )2 S e Y T = kg (33
'f(bkﬂ I = ; b sz (39
Then it is:
J J 1 ch® 1 1
+h)— > p(Z)4%h® — +..
|f(bk+1 ) f(bk+1)| @(4) 41- "“[bab}cﬁ bab}fr{f]
1 1 c 9
— ] > AR (=) — _ .
b?+2[ + B« +odz [(‘0(4) 4BG+)(1-a)(Ba — 1) B — 1]

Therefore, if B is enough large, there exists a constant C; > 0 such that
for every § > 0 and for every interval [I0, (I + 1)d[ with I = 1,...,p, we have
that the oscillation of f in such an interval is greater than or equal to C1A®
(for the method used here to obtain this inequality see the proof of Zhou
and He in Lemma 2.5 of [6], where the particular case of p(z) = sin(z) is
considered).

Therefore it is Ns(G) > C%QQ, whence, by the hypothesis, for every
0>0:

Cyhe by
>
5 Cg(bk+1

It follows that liim(;_,oN(;éz*O‘ > Cop® > 0 and the thesis follows, since
this inequality implies, by previous Theorem 3.1, that it is also H>~%(G) > 0.

N(;(G)52_a > )¢ > Cou®™ > 0.



16 Loredana Biacino

Finally if in the preceding proof we consider that part of G whose projection
on the z-axis is the interval [a,b] instead of the interval [0, 1], we obtain:

H?* %(G) > Cyp®(b—a)
whence the thesis. O

As we have seen in Remark 2.3, Lemma 2.2 and therefore also Theorem
3.2, whose proof is essentially based upon Lemma 2.2, can be proved also
under other less restrictive hypotheses. For example we claim that:

Theorem 3.3. Ifd € N is enough large, the graph of the Weierstrass function
stn(2rd™x
f(@) =Znen %
has Hausdorff dimension equal to 2 — «. The same conclusion holds , if d is
enough large, for the following function introduced by Mandelbrot (1977):
1 — cos(2wd™x)
dna
Proof. Indeed consider the function:
1 in(2 1 3
o(z) = H#(ﬂ-m), ~1 <z < T oz +1)=p(x) for every = € R;
as we have seen in Remark 2.3, we can apply Lemma 2.2 and therefore also
Theorem 3.2 to this function, obtaining that the Hausdorff dimension of the
graph of the function:
e(d*z) 1 1 sin(2wd"x)
2 (Shen— + Spey ——
dna 4( eNdna + eN dna
coincides with 2 — a and obviously the same happens for the graph of the
function f. With the same procedure we prove the thesis about Mandelbrot
function: in this case we condider the function

, (0<a<l)

9(x) = Enen , (0<a<1).

ZnEN

1 —cos(2mx)

p(r) = 5
and the related smooth function v given in Remark 2.3. Then Theorem 3.2
is applicable and the thesis is proven. O

Theorem 3.4. Let

bn
fla)= 3 (-2 0 <a<y
where ¢ and (by)nen are as in Theorem 3.2. Then, if B is enough large, both
the box dimension and the Hausdorff dimension of G are equal to 2 — a.

Proof. As in the proof of Theorem 3.2 above, it is easy to see that f is a-
Holder continuous and therefore the Hausdorff dimension of G is less than
or equal to 2 — a. To prove the converse inequality let § > 0 and consider
the cover of [0,1] : [0,6[,[6,28],...,[pd, (p + 1)[, where p = [3]. Let k € N
be such that (3.2) holds and put h = ﬁ. Then proceed as in the proof of
Theorem 3.2, obtaining (3.3). Therefore there exists a constant C' > 0 such
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that the oscillation of f in every interval [1d, (I + 1)d], (0 <[ < p), is not less
than Ch® and we can conclude as in the proof of Theorem 3.2. [l
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