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Uniform weighted approximation by positive
linear operators

Adrian Holhosg

Abstract. We characterize the functions defined on a weighted space,
which are uniformly approximated by a sequence of positive linear ope-
rators and we obtain the range of the weights which can be used for
uniform approximation. We, also, obtain an estimation of the remainder
in terms of the usual modulus of continuity. We give particular results
for the Szasz-Mirakjan and Baskakov operators.
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1. Introduction

Let I C R be a noncompact interval and let p: I — [1,00) be an
increasing and differentiable function called weight. Let B,(I) be the space
of all functions f: I — R such that |f(z)| < M - p(x), for every x € I, where
M > 0 is a constant depending on f and p, but independent of z. The space
B,(I) is called weighted space and it is a Banach space endowed with the

p-norm
_ o (@)
71, = ey

Let C,(I) = C(I) N B,(I) be the subspace of B,(I) containing continuous
functions.

Let (A,)n>1 be a sequence of positive linear operators defined on the
weighted space C,([1). It is known (see [13]) that A, maps C,(I) onto B,([)
if and only if A,p € B,(I).

In the paper [7], the authors present some ideas related to the approxi-
mation of functions in weighted spaces and enounced some unsolved problems
in weighted approximation theory. Three such problemms are:

1. Let F be a linear subspace of R and A,,: F — C(I) a sequence of positive
linear operators. For which weights p, does A, map C,(I) N F onto C,(I)
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with uniformly bounded norms?
2. For which functions f € C,(I) do we have [|4, — f||, — 0, as n — oc?
3. Which moduli of smoothness are appropriate for weighted approximation?
Some ideas to solve these problems and some partial solutions were given
in the article already mentioned. In this paper, we give some answers to these
three problems. For a given sequence of positive linear operators, A,, we
characterize those functions f belonging to C,(I) such that ||A, — f[|, — 0
and obtain all the weights p for which this uniform convergence in the p-norm
is true. We, also, obtain an estimation of the remainder A, f — f, in terms of
the modulus of continuity of the function f. As applications, we give some
results related to the Szasz-Mirakjan and Baskakov operators.
We will use the following modulus of continuity

Wy (f,é) = Sup] ‘f(t) —f(il')‘7

t,x
lp(t)—p(@)| <8
for all f € B(I), where ¢: I — J, (J C R), is a differentiable bijective
function, with ¢’(xz) > 0, for all 2 € I. This modulus is a particular case of
the general modulus

wa(f,0) = sup{|f(t) = f(2)| : t,x € X, d(t,x) <0},

where f is a bounded function defined on X and (X, d) is a compact metric
space. For details related to this general modulus of continuity see [8], [15]
and [20]. The particular modulus wy, (f, §) is obtained for the metric d(¢,z) =
|o(t) — ¢(z)| and has the following properties (see [17], for example)

Proposition 1.1. Let f € B(I) and § > 0.
(i) wy (f,0) = w(fop™',48), where w is the usual modulus of continuity.
(i1) Let (8,)n>1 be sequence of positive real numbers converging to 0.
Then f o=t is uniformly continuous on J if and only if w, (f,6,) — 0.

(iii) | f(t) — f(z)| < (1+ W) wy (f,0), for every t,x € I.

2. Main result

Theorem 2.1. Let A,, : C,(I) — B,(I) be positive linear operators reproducing
constant functions and satisfying the conditions

sup A, ([ (8) — ()], 7) = @, = 0, (n = o) (2.1
Anllo®) = p@ha)
sup o = b, — 0. ( ) (2.2)

If A (f, ) is continuously differentiable and there is a constant K(f,p,n)
such that

|(Anf) (2)|

@) < K(f,p,n)-p(x), foreveryxel, (2.3)
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and p and ¢ are such that there exists a constant o > 0
p'(x)
¢'(r)

then, the following statements are equivalent

(@) N Anf—=fll,— 0 asn — occ.

<a-p(z), foreveryxel, (2.4)

(i) f o @™t is uniformly continuous on J.
p

Furthermore, we have

[Anf = fll, <bn-lIfll, +2- wp </J: ) ., for everyn > 1. (2.5)

Proof. Let us prove that (ii) implies (i). Using the inequality (ii) of Proposi-
tion 1.1, we obtain for a function f € C,(I)

e MO 10 @)
0 - ) < Lot — oo+ o) - |18 - 20

<71l - 1p(t) — plx)] + pla) - (1 n Wﬁ(@') v, (£5> .

Applying the positive linear operators A,, to the last inequality, we obtain

|An(f,$ll‘)—f<.’17)‘ . An(|p(t)_p($>|’m)
o = o)

o (14 bl el 21, (1),

1

f(t

s

—~
8

~

~—

which proves the relation (2.5). Because a,, — 0 and % o ¢! is uniformly

continuous on J we deduce that w, (%, an) — 0 as n — o0o. Because b,, — 0

we obtain that [|[A,f — f|, — 0.
Now, let us prove that (i) implies (ii). Because of the relation

() () (M)

<If - Aufl, +ww( ;f, )

it remains to prove that w,, (A;f , 5n> — 0.

Applying the Cauchy mean value theorem, there is ¢ between = € I and
t € I, such that

oo [ - 5] = (1) @ b0 - et
We have
wo(Bha)= o |RES-2LA< | (B)] 0

[p(t)—p(z)|<dn
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which implies w, (A"f , 5n) — 0, for a suitable choice of the sequence §,, — 0,
if

1 Anf)’ 1 (Anf>'

= =sup|—— - (2)| < 0.

¢’ ( p eel |@'(x) \ p

But, for every f € C,(I) and for every n > 1
o4 P ¢ P p?
(Anf) r
o IR Y P

because of the relations (2.3) and (2.4). So, the theorem is proved. O

Remark 2.2. For p(z) = 1, the result of Theorem 2.1 was obtained by Totik
[23], by de la Cal and Cdrcamo [10] and by myself [18].

Remark 2.3. The function ¢ is close connected with the given sequence of
positive linear operators. It can be obtained in the following manner: we
choose the function € such that

gl(x) An((t - x)zax) < Ky,
where K, is a constant not depending on zx, and such that 6 verifies the
conditions (2.3) and (2.4). Then, by the argument of the implication (i) = (i)
from the Theorem 2.1, we obtain that £09*1 is uniformly continuous. But, in

most of the cases, §~! has a complicate form and the relation (2.1) is difficult
to prove. To overcome this, we consider ¢ such that § o ! is uniformly
continuous. So, we get that % o ¢! is a uniformly continuous function.

Remark 2.4. The relation (2.4) gives us the connection between the function
¢ and the weight p. We must have

plx) < Me*?@)  for every x € I, (2.6)

where M, > 0 are constants independent of z. So, we have obtained the
range of the weights p, for which Theorem 2.1 is valid.

Remark 2.5. The maximal class of weights is p(z) = e®?(*). In order to
prove the result of the Theorem for this weight, we prove first the inequality
An(p,x) < Cyp(z), for every x € I and for every o > 0, where C,, > 0 is a
constant independent of z. Then, we prove the relation

lim sup A, (|p(t) — gp(m)\Q,x) =0. (2.7)

Using the Cauchy-Schwarz inequality for positive linear operators we get that
the sequence

an = Sup An(Jp(t) — ¢(@)], 2) < sup VAu(o(t) — (@), 2)
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is convergent to 0. Using the Geometric-Logarithmic-Arithmetic Mean Ine-
quality (see [19, p. 40])

Vu-v < v-v <U+U, 0<wv<u, (2.8)
Inu—1Inv 2
we obtain
ap(t) ap(z)
et —eov@| < L ajo(t) - pla)|, tael,
and
b, — sup n(lp(t) — p(z)], 7)
zel p(CE)
a /A ((p(t) + p(x))?, x) 2 V3
< sup — A, t) — (@)%, x))?
< sup 7 ) (An(p(t) = p(2)*,2))
o (Su(p*(t).7) _, Sulp,) )5 2 0y
<sup — +2 +1 An(le(t) — o(x)]%,2))?
up 5 (40 e (Aullio®) = pla) P, 2)
< %\/m-sur; (An(lp(t) — p(a)*,2))* .
xe

If (2.7) is true, then (b,)nen converges to 0. To obtain the result of the
Theorem 2.1 it remains to prove (2.3).

3. Applications

Lemma 3.1. For every a > 0 and p(x) = e™VT the Szisz-Mirakjan operators
defined by

o k
Spf(z) = 67’”2 (nlin') f (i), x € [0, 00),
k=0 )
map C,[0,00) onto C,[0,00).

Proof. Let us notice that Sy, (p, z) exists for every x > 0. This is true because

—no X (nx)* aYk —ne = (nx
Su(p.2) = e 30 WL oy < ooy (04)
k=0 k=0

k

e

e T
ea% _ enxe\/ﬁ—nw.

Because S, f converges uniformly to f on [0,1] (see [1], for example), we
have S, (p,z) < C1,o - p(x), for every x € [0,1]. Let us prove that S, (p,z) <
Cs,q - p(x), for every z > 1.

M — e T Z (mﬂ)kea(ﬁ—ﬁ) e Z (TL:E)}C eo‘\/g

an/z | | an/x
€ Ve k>nx k! k<nx k!t € Ve
—nT (n‘x)k L(E—m) —nx (n‘r)k
Se Y e e )
k>nx k<nx
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Using the inequality e’ — 1 < tef, we obtain for every > 1 and every n > 1
that

avt o 7 _aa . .
Mge"rnﬁe'f_ﬁ_i_lgefnfp f_’_lgeaze +1.
eavE
We have proved that
Sn(p; )
S, = sup —22 < O, 3.1
where C, > 0 is a constant dependent of «, but independent of n. O

Corollary 3.2. For a number o > 0 and p(z) = eV the Szdsz-Mirakjan
operators Sy, : C,[0,00) — C,[0,00) have the property that

1Snf = fll, =0, asn — oo
if and only if, the function
f(2®)e™ " is uniformly continuous on [0, c0).

Moreover, for f € C,|0, oo) we have

152f — 1L, < 171, - f+2 w(ﬂ#)em,jﬁ), for everyn > 1,

where C' = sup,,cy 5\/||Snp2||p2 +2[[Snpll, + 1 is a constant depending only
on a.

Proof. We set p(z) = y/z. The function p(z) = e*V® verifies the relation
(2.4) with equality.

We have the relations S, (1,z) =1 and S,((t — z)2,z2) = z/n (see [1],
for example). We prove now the relation (2.7).

— ()%, z) = su ﬂ
ilélgsn(kp(t) o(@)%, )m>%sn<(\[+\f) )

2
oSt =ePis) 1
x>0 xr n

For a function f € C,(I) the derivative (S, f)’(x) fulfills:
n

L)

S;llfH,,Sn( p()[t — x|, z) </ Coa || fIl, p(a

[(Snf) ()] =

e

because

Sulp(®)lt — al. ) < /EulPDa) - /Sl =) < czap@c)\/f

We obtain

[(Snf)'(2)]

< Cypa-plx), forevery x>0,
¢'(2) d



Uniform weighted approximation 141

so, the relation (2.3) is proved. O

Remark 3.3. The result from Corollary 3.2 for the limit case, =0, was ob-
tained in [21], [23], [10] and [18].

Remark 3.4. In [16], it was proved that S, (f,z) exists for every function
f with the property f(z) = O(e®*!"%) o > 0 and moreover, S, f converges
uniformly to f on compact subsets of the interval [0, c0). In [5], Becker studied
the global approximation of functions using Szdsz-Mirakjan operators for the
polynomial weight p(x) = 1 + 2, N € N. Becker, Kucharsky and Nessel [6]
studied the global approximation for the exponential weight p(x) = e’*. But
because

sup Sn(€§t7x) = sup enm(egfl)fﬂx
>0 err >0

= +o0,

they obtain results only for the space C(n) = Ngs,Cgs, where Cj is C, for
p = €. Tt is also mentioned, that for any f € Cs we have S, f € C,, for
~v > [ and for n > §/1In(v/B). Ditzian [11], also, gives some inverse theorems
for exponential spaces. In [2], Amanov obtained that the condition

p(z + /)

sup —————= < 0

x>0 P(l’)
upon the weight p, is necessary and sufficient for the uniform boundedness of
the norms of the operators S, : C,[0,00) — C,[0,00). He mentions that this
condition implies the inequality

plx) <eVITT >0,

He, also, gives a characterization of the functions f which are uniformly
approximated by S, f in the p-norm, using a weighted second order modulus
of smoothness.

The fact that p(z) = O(e®V®) is the maximal class of weights for which
S, maps C,[0, 00) into C,[0, 00) can be proved by the following argument: we

take p(z) = e*®@) « > 0, where ®(z) is a strictly increasing differentiable
function with the properties that
lim ®(z) =00 and lim ®'(x)yz = o, (3.2)

and we prove that [|S,p| , is not finite for all a > 0. From condition (3.2), by
I'Hospital’s rule, lim,_,o, ®(x)//x = o0, so, there are M > 1/a and z¢ > 1
such that ®(x) > M\/x, for x > xy. We obtain for z > x

(ewp(z))” = 2@ [ad"(2) + [0 (2)]?] > **@ (_OzM n (on)Q) -

43:% 4x

s0, e*® is convex on [r¢, 00). We can redefine ® (if it is necessary), such that

e®? is a convex function on [0, 00). By a result of Cheney and Sharma [9], we
deduce that S, (p,z) > p(z). Suppose that

Sn(p,
lim Sn(p,7) =L, <oo, forevery a>0. (3.3)

v=oo  p(x)
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Because S,,p > p, we obtain L, > 1. But, using I’'Hospital’s rule, we have
ad(t) ady/
Su(e ™0, 0) | (Sue) (@)

L, = ,}ggo cad(x) T a—o0 ad ()e2? (@)
<1 %\/Sn((t_x)va) \/S e20®(t) 1‘
T z—o0 ad’(z) ea®(z)
1 200 (t)
< lim Sn(e @)

T z—o00 af(I)’( )f e2a®(z)
=0- V Lz =0,

which is a contradiction with L, > 1.

Lemma 3.5. For every a > 0 and p(x) = (1 + x)®, the Baskakov operators
defined by

k=0
map C,[0,00) onto C,[0,00).

Proof. In [5], Becker proves that V,,(1+tV,z) < C1(1+2z"), for every z > 0
and every N € N. We deduce that

V(46" 2) <Cy- V(14 t™,2) < C3(14+2™) < C5(1 +a)™
for every x > 0 and every m € N. We prove, now, that for 8 € [0,1) we have
V(14 1)?,2) < C4(1 + 2)P. Using the inequality In(1 +¢) < ¢, for t > —1,
we obtain
Va((L+1)7, )

n+k—1 Leﬁ[ln(lJr%)fln(ler)]
(1+z)? ( ) (

k 1+ z)ntk

M

k

Il
=)

<n+k—1> 2k ﬂln(lﬁfﬁ)

k 1+ z)nk”

n+k—1 2k e
766 1+
p k (14 z)ntk

B — Bz
= (1 — z(emF — 1)) . eT4s .

o

k

Il
=)

M

0

The last expression is well-defined for every = > 0 and every n > 1, because

|- (e —1) > 1— lim a(er™7 —1) =15 >0,
n

Because of the inequality
_ B —n 1
sup |(1— I(ein(ﬁm —1)"- 61%} < <1 _ ﬁ) 1< —
>0 n 1- B

we deduce that V,,((1+t)%,2) < C4(1 + x)?, for every x > 0, where Cj is a
constant not depending on x and n.
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For o > 0, we choose m = [2a] € N and 8 = 2a —m € [0,1). Using
Cauchy-Schwarz inequality, we obtain

Vo((1+0)%2) = V(1 41)% (1+t)2 x)

< Val (L 4+ 0™, 2) - Va(1+ )8, )

<O+ 2)m - Cal1 + )7 = C5(1 + )%,
which proves that V,p € C,[0, 00). O

Corollary 3.6. For a real number oo > 0 and for p(x) = (1+x)® the Baskakov
operators V,,: C,[0,00) — C,[0,00) have the property that
[Vaf = fll, = 0, asn — oo
if and only if
f(e® = 1)e™ " is uniformly continuous on [0,00).
Moreover, for f € C,[0,00) and for n > 2, we have
Vaf = fl, < 151, S+ 2+ (e = e, ).

Proof. Setting ¢(x) = In(1 + z), the function p(z) = (1 + z)* verifies the
relation (2.4) with equality.

We have the relations V,,(1,z) =1, V,,(t,2) = z and V,,((t — z)?,2) =
x(14x)/n (see [1], for example). We prove now the relation (2.7). Using the
inequality (2.8) we have

[p(t) = p(@)* = [In(1 + ¢) = In(1 + @)

2
|t —x|? _\/1+t_\/1+33
T (1+t)(1+x) |[Vit+a 1+t

and using the fact that

1 . /n+k—1 xk n
Vo T = :
(1+tx> kz;o( k )(1+x)”+k n+k
i n+k—2 xk
x) (1+ )1tk

k=0

G
+

we obtain

Vallp(@) = o(t)f?,2) < =——= —

N
—_
[
I\
+
|
&
=
S
\%
[N}
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The derivative (V,, f)'(x) verifies the relation

o e~k kY (ntk-1y
((Vaf)' ()] = M;)f<n) (f” n)( k )(1—|—1:)"+k
n vn
> m ”pr 'Vn(p(t)‘t - x‘vm) <G HfHPp(x)\/ﬁ’
because
Valp)lt — ). 2) < V(20 ) -Vt~ 27, 0) < Crplayy| “EEY,
We obtain VoY
W < Cap(z), for every x > 0,
where 6(z) = In (x + 5+l + x)) The inequality
';:Ei; =a(l+2)* 'o(l+z)<a-p(x), x>0,

proves the relation (2.4) for the function 6 instead of ¢. Using the fact that

(0o M) (z)=In <ex - % + \/W)

is a uniformly continuous function on [0,00) (this is true, because it is a
continuous function with the property that (6 o ¢=1)(z) — x has finite limit
at infinity) and using Theorem 2.1, the Remarks 2.3 and 2.5, the proof of the
corollary is complete. ([

Remark 3.7. The result of the Corollary 3.6 for the limit case, « = 0, was
obtained in [22], [23], [10] and [18].

Remark 3.8. Becker [5] studied the global approximation of functions from
the polynomial weighted space and remarked that ”polynomial growth is the
frame best suited for global results for the Baskakov operators”. The reason
is that for the exponential weight p(x) = €%, the series V,,(p, r) exists only
for z < (eg — 1)71. Nevertheless, Ditzian [11] gave some inverse results for
functions with exponential growth.
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