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Properties of certain analytic functions
defined by a linear operator
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Abstract. In this paper, we study and investigate starlikeness and con-
vexity of a class of multivalent functions defined by a linear operator
Ly k(a,c)f(z). As a consequence, a number of sufficient conditions for
starlikeness and convexity of analytic functions are also obtained.
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1. Introduction

Let A(p,k)(p,k € N = {1,2,3,....}) be the class of functions of the
form

) =2"+ ) apyma" (1.1)
m=Fk
which are analytic in the unit disk U = {z : |2| < 1}. We denote A(p,1) = A,
and A(1,1) = A.
A function f(z) € A(p,k) is said to be p-valent starlike of order «

(0<a<p)inUif
Re (ZJJ:(S)> >a, zeU.

We denote by S;(a), the class of all such functions.
A function f(z) € A(p,k) is said to be p-valent convex of order «
(0<a<p)inUif

Re <1+ Z]J:,((Zj)> >a, zeU.
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Let K,(«) denote the class of all those functions f € A(p,k), which are
multivalently convex of order « in U. Note that S;(a) and Kj(a) are, re-
spectively, the usual classes of univalent starlike functions of order o and
univalent convex functions of order «,0 < a < 1, and will be denoted here
by S*(a) and K(«), respectively. We shall use S* and K to denote S*(0)
and K (0), respectively, which are the classes of univalent starlike (w.r.t the
origin) and univalent convex functions. These classes considered also by S.
Singh et. al. [6].

The class A(p, k) is closed under the Hadamard product (or convolution)

f2)xg(z) = (F*9)=) =2+ Y aprmbprmz”™"

m=k
= (9% f)(z) (z€U),
where
=P+ Z ap+mzp+ g(z) = 2P + Z bp+mzp+m
m=k

Let the function ¢, x(a,c) be defined by

Opk (acz)—zp—l—z ) M (e U), (1.2)
—k m

where ¢ # 0,—-1,-2,...,(A)o =1 and (N\)y, = A\A+1)...(A+m —1) for
m € N.
Carlson and Shaffer [2] defined a convolution operator on A by

L(a,c)f(z) = p11(a,c) = f(z)  (f(z) € A). (1.3)
Similarly Xu and Aouf [1] define a linear operator L, x(a,c) on A(p, k) by

Ly k(a,0)f(2) = gpr(a, )« f(2)  (f(2) € Alp, k)

=2+ Z (a)map+mzp+m. (1.4)

It is easily seen from (1.4) that

2(Lp k(a, c)f(z))’ =aLl,r(a+1,¢)f(z) — (a —p)Lpi(a,c)f(z). (1.5)

Clearly L, 1(a,c) maps A(p, k) into itself and L, x(c, ¢) is identity.
If a #0,-1,-2,..., then L, x(a, c) has an inverse L, 1 (c, a).

We note that

2f (2)

Lp,k(p+17p)f(z) = P




Properties of certain analytic functions 55

For a real number A > —p, we get
z

LpxA+p, A+ p+1)f(2) = Jyaf(z) = AT (t)dt (1.6)

)\—i-p
22
0

where J, » the generalized Libera integral operator (see [4] ), and

Lpx(A+p,1)f(2) = DMP1f(2)

where D*P~1 the generalized Ruscheweyh derivative (see [5]).

A function f(z) € A(p, k) is said to be in the class S, x(a, a,c) for all
z in U if it satisfies

Re LPJC(U‘ + 13 C)f(Z) > g ,
Lp,k(av C)f(Z) p

for some (0 < a < p,p € N). We note that Sy, (o, p, p) is the usual class
Sy (a) of p-valent starlike functions of order a.

In the present paper, our aim is to determine sufficient conditions for
a function f € A(p, k) to be a member of the class S, x(a, a,c). As a conse-
quence of our main result we get a number of sufficient conditions for star-
likeness and convexity of analytic functions.

(1.7)

2. Main result

To prove our result, we shall make use of the famous Jack’s Lemma
which we state below.
Lemma 2.1. (Jack [3]). Suppose w(z) be a nonconstant analytic function in
U with w(0) = 0. If |w(z)| attains its maximum value at a point zo € U on
the circle |z| = r < 1, then zow (20) = mw(zo), where m is a real and m > 1.
We now state and prove our main result.
Theorem 2.2. If f(z) € A(p, k) satisfies

Lyr(a+1,0)f(2) gl
pr’k(a,c)f(z) N Lor(a+1,0)f(2) —1| < My(k,a, C7a7ﬂ’z]; ;

(z € U), for some a(0 < a < p),B(8 >0) v >0 and 5+~ > 0, then
f(z) € Sp(k,a,c, ), and

Lp,k(a+27c)f(z) ?

(=270 -2+%), 0<a<s
My (k,a,c, e, 8,7) = SSURUPIL ’
(1-2ypHa+ 1), Z<a<p.
Proof. Case (i). Let 0 < a < £. Writing % = u, we see that 0 < p < %
Define a function w(z) as:
L 1 1 1-2

Lpr(a,0)f(z) —  1-w(z) ’
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Then w(z) is analytic in U, w(0) = 0 and w(z) # 1 in U. By a simple
computation, we obtain from (2.2),

2(Lpila+1,0)f(2)  2(Lpx(a,c)f(2)

’

_ 2(1 — p)zw' (2)
Lpk(a+1,0)f(2) Lpk(a,0)f(z) (1 -w(z)(1+ 1~ 2#)?!)((;):))))

and from (1.5) we get
Lyr(a+2,0)f(z) 1+ (1—2u)w(z) 2(1
L+ LofGz) ~ 1-w() " al—w()
Thus, we have
‘ Lp,k(a + 1; C)f(Z)
Ly k(a,0)f(z)

Y+B

— W' (2)
)1+ (1 —2m)w(2)’

| Lprla+2,0)f(2)

_1‘L%Ma+Ldﬂd_l

'ﬁ

2w (2) ’
w1+ (1 - 2m)w(?)

Suppose that there exists a point zg € U such that

_Fﬂ—mww
1—w(z)

max [w(z)| = [w(zo)| = 1,
|21 <20l

then by Lemma 2.1, we have w(zp) = €. 0 <60 <21 and
zow (20) = mw(z), m > 1.
Therefore, we have

‘ Lpila+1,c)f(20) 1‘7 ‘ Ly i(a+2,¢)f(z20)
Ly k(a, ) f(20) Lpk(a+1,¢)f(20)

Y+8 ’ﬁ

B Fu—um@w

1+ =
1 —w(z)

a(1+ (1 = 2p)w(20))
8

2’7+ﬂ(1 — M)'H—ﬁ
= 1
11— i)t ’ Ta

(L+ (1 - 2u)e”)

> (1—p)P <1+2a(1mM))ﬂ2(1_M)ﬂ+v (1+2a(11,u)>6

1 B
=1-pw(1-
(1—p) ( pt 2@)
which contradicts (2.1) for 0 < o < §. Therefore, we must have |w(z)| < 1
for all z € U, and hence f(z) € Sy(k, a,c, a).
Case (ii). When £ < o < p. In this case, we must have % < pu < 1, where
0= %. Let w be defined by
Lpk(a+1,¢)f(20) Iz

Lol w-(-mu 0
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where w(z) # £ in U. Then w(z) is analytic in U and w(0) = 0. Proceeding
as in Case (i) and using identity (1.5), we obtain

«%km+1mﬁ@) ”LRMw+1@ﬂ@1f
L, k(a,c)f(2) L,i(a+1,0)f(2)
L OM | MLETLACH- D ’
p— 1 =pw)| (p—0=pwz)  alp—(1-pw(z))
_ v+6 ' (2
= ‘W w(2)|" [w(z) + a( )
Suppose that there exists a point zg € U such that | IIIEILXI lw(z)| = |w(zo)| =

1, then by Lemma 2.1, we obtain w(zg) = € and zow' (20) = mw(z), m > 1.
Therefore

-1

‘L w+10)()_1rV¢Aa+ldﬂm)
@)/ (z0) Lyi(a+1,0)f(z0)

8 (14 m)7 o\ 1Y
I o2 o)
m—<—>ew p a

which contradicts (2.1) for £ < a < p. Therefore, we must have |w(z)| < 1
for all z € U, and hence f(z) € Sp(k, a,c, ). This completes the proof of our
theorem.

‘ B

3. Deductions

For p =1, Theorem 2.2 reduces to the following results:
Corollary 3.1. If, for all z € U, a function f(z) € A satisfies
‘L(GHC)JC() T Lat2,0/¢) |
L(a, ) f(2) L(a+1,¢)f(2)
(l1-a)l-—a++)’ 0<a<i
(1—a) P (1410 i<a<l,
for some real (0 < a < 1),8 >0 and vy > 0 with § +~v > 0, then
f(z) € Si(k,a,c, ).
For vy =0 and § =1 in Theorem 2.2, we obtain
Corollary 3.2. If, for all z € U, a function f(z) € A(p,k) satisfies

V@+Zdﬂd_‘ 1-$+3 O0sa<i
L(a+1,0f(2) (1-2)1+1) Z<a<p,

then

(Lp,k(a +1,0)f(2)

o
>—, (zeU).
iy ) L)
Setting p =a = c=1 in Theorem 2.2, we obtain the following result:
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Corollary 3.3. If f(z) € A satisfies

’ " /6
zf (2) zf (2) 2601 _ o)1 +8 o z
) | <P UmeTesesiEel)

for some B >0 and v > 0 with B+~ > 0, then

f(z) € 5%(a).
Setting a = 0 in Corollary 3.1, we obtain the following criterion for starlike-
ness:

Corollary 3.4. For some non-negative real numbers 3 and v with 8+ v > 0,
if f(z) € A satisfies

) |
) 4

’ Y

<2¥  (zeU),

then f(z) € S*.

In particular, for =1 and v = 1, we obtain the following interesting
criterion for starlikeness:
Corollary 3.5. If f(z) € A satisfies

2f (2) 2f ()

ORIEEC I R

then f(z) € S*.

Setting @ = ¢ = p in Theorem 2.2, we obtain the following sufficient
condition for a function f(z) € A(p,k) to be a p-valent starlike function of
order a.

Corollary 3.6. Forallz € U, if f(z) € A(p, k) satisfies the following condition

’ vy " B8
) (p Yl L @Y
pf(2) p+1) |p f(z)

[e] v [} 1 A
(1-5) (1-3+%) . o=<a
Y+8 B
a 1
(175) (1+5) . P<a<o,
for some real numbers a, 3 and v with 0 < a < p, >0,y >0,6+~v >0
then f(z) € Sy(a).

The substition p = 1 in Corollary 3.6, yields the following result:
Corollary 3.7. If f(2) € A satisfies

INA
SIS

<

’ 1" B
zf(z)_l’yzf (2) 1-a)(3-20)", 0<a<}
f(z) f() (1—a)"™ (1), l<a<1
where z € U and o, 8,7 are real numbers with 0 < a < 1, >0, v > 0,

B+~ >0, then f(z) € S*(a).
In particular, writing 5 = 1,7 =1 and a = 0 in Corollary 3.7, we obtain the
following result:
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Corollary 3.8. If f(z) € A satisfies
S (6
() \ fz)
then f € S*.

Taking a = p+ 1,¢ = p in Theorem 2.2, we get the following interesting
criterion for convexity of multivalent functions:

Corollary 3.9. If, for all z € U, a function f(z) € A(p, k) satisfies

‘Lp,k<p+2,p>f<z> " Lys(p +3.0)f(2) ‘ﬁ
Lyk(p+1,p)f(2) Lyi(p+2,p)f(2)
2f(e) + 628 465 ‘ﬂ

(e Y| @)
- (1) p<1+ f’<z>> 1‘ 0 +2) G () + 2 (2)

B
a a 1
(1_;)7(1—;4‘5) ;
(-eyp P+l f<a
for some real numbers a, 8 and v with 0 < a < p, 3 >
then f(z) € K,(a).

Taking p = 1 in Corollary 3.9, we obtain the following sufficient condition
for convexity of univalent functions.

Corollary 3.10. For some non-negative real numbers «, 8 and v with S+~ > 0
and o < 1, if f(2) satisfies

<3, ze€eU

o
I/\
[Mps}

a <
<p,
0,v>0,8+~v>0,

SO 2@ 628 ) ver'e) |

f'(z) zf"(2) + 21 (2)

<{()( a) (2-3a)", 0<a<]
@21 -6, L<a<i,

for all z € U, then f € K (o).

In particular, writing 5 = 1,7 =1, and o = 0 in Corollary 3.10, we obtain
the following sufficient condition for convexity of analytic functions:
Corollary 3.11. If f € A satisfies

2f () [ 22F7(2) +522f(2) + 4 (2)
f'(z) 2f"(2) +2f (2)
then f(z) € K

<9, (z€U)
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