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Perov’s fixed point theorem for multivalued
mappings in generalized Kasahara spaces

Alexandru-Darius Filip

Abstract. In this paper we give some corresponding results to Perov’s
fixed point theorem which was given in a complete generalized metric
space. Our results will be given in a more general space, the so called
generalized Kasahara space. We will also use the case of multivalued
operators and give some fixed point results for multivalued Kannan,
Reich and Caristi operators.
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1. Introduction and preliminaries

The classical Banach contraction principle was extended for contractive
maps on spaces endowed with vector-valued metrics by Perov in 1964 (see
[5]).We recall some notions regarding Perov’s result.

Let X be a nonempty set and m € N, m > 1. A mapping d: X x X — R™
is called a vector-valued metric on X if the following statements are satisfied
for all z,y,z € X:

dy) d(z,y) > O, where 0,, := (0,0,...,0) € R™;

d2) d(x,y) =0n =>2z=y;

d3) d(z,y) = d(y, z);

We mention that if o, € R™, a = (a1, 2,...,am), 8 = (B1,82,---,0m)
and ¢ € R | then by a < (3 (respectively @ < ), we mean that a; < ;
(respectively a; < f3;), for all i = 1,m and by o < ¢ we mean that «; < ¢,
for all i =1, m.

A set X equipped with a vector-valued metric d is called a generalized
metric space. We will denote such a space with (X, d). For generalized metric
spaces, the notions of convergent sequence, Cauchy sequence, completeness,
open subset and closed subset are similar to those for usual metric spaces.
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Throughout this paper we denote by M., ,,(Ry) the set of all m x m
matrices with positive elements, by © the zero m X m matrix and by I,,, the
identity m x m matrix. If A € M., (R4 ), then the symbol A stands for
the transpose matrix of A. Notice also that, for the sake of simplicity, we will
make an identification between row and column vectors in R™.

A matrix A € My, ,»,(Ry) is said to be convergent to zero if and only if
A™ — © as n — oo (see [11]). Regarding this class of matrices we have the
following classical result in matrix analysis (see [1](Lemma 3.3.1, page 55),
[6], [7](page 37), [11](page 12). More considerations can be found in [10].

Theorem 1.1. Let A € My, . (R4). The following statements are equivalent:

i) A" - 0, asn — oo;
ii) the eigenvalues of A lies in the open unit disc, i.e., |\| < 1, for all\ € C
with det(A — \I,,,) = 0;
iii) the matriz I, — A is non-singular and

(Im—A) ' =L, + A+ A+ .+ A" +..;

iv) the matriz (I, — A) is non-singular and (I, — A)~! has nonnegative
elements;
v) the matrices Aq and q" A converges to zero for each g € R™.

The main result for self contractions on generalized metric spaces is
Perov’s fixed point theorem (see [5]):

Theorem 1.2 (A.L Perov). Let (X,d) be a complete generalized metric space
and the mapping f : X — X with the property that there exists a matriz
A€ My m(Ry) such that d(f(x), f(y)) < Ad(x,y), for all x,y € X. If A is
a matriz convergent to zero, then

p1) there exists a unique x* € X such that ©* = f(x*), i.e., the mapping f
has a unique fized point;

p2) the sequence of successive approzimations (zp)nen C X, x, = f™(20)
is convergent and it has the limit x*, for all xg € X;

p3) d(zp,z*) < A"(I,, — A)~d(z0, 1), for all n € N;

p4) if g+ X — X satisfies the condition d(f(z), g(z)) <n, for allz € X and
n € R™, then by considering the sequence (yYp)nen C X, yn = g™ (x0)
one has d(yn,x*) < (L, —A) " In+ A" (I, — A)~td(xg, x1), for alln € N.

In this paper we give some corresponding results to Perov fixed point
theorem. We will use the multivalued operators and we will adapt Perov’s
result to the context of generalized Kasahara spaces. In order to do this, we
recall the following notions and results:

Definition 1.3 (see [8]). Let X be a nonempty set, — be an L-space structure

on X, (G,+,<, g) be an L-space ordered semigroup with unity, 0 be the least
element in (G, <) and dg : X x X — G be an operator. The triple (X, —,dg)
18 called a generalized Kasahara space if and only if the following compatibility
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condition between — and dg holds:

for all (zp)neny C X with Z A(Tp, Tpy1) < +00
neN
= (Tn)nen is convergent in (X, —).

Example 1.4. Let p: X x X — R’ be a generalized complete metric on a set
X. Let o € X and A € R with A # 0. Let dy : X x X — R’ be defined by

d ( ) p(‘r7y) ) lfCE#CCO andy#an
x? = .
A Y A , if x =g or y = 9.

Then (X, %, dy) is a generalized Kasahara space.

In [3], S. Kasahara gives a useful tool which is used in proving the
uniqueness of a fixed point.

Lemma 1.5. Let (X, —,dg) be a generalized Kasahara space. Then
for all z,y € X with dg(x,y) =dg(y,2) =0= 2z =1y.

For more considerations on generalized Kasahara spaces, see [8] and the
references therein.

Through this paper, we consider G = R". The functional dg will be
denoted by d, which is not necessary a metric on X. In other words, we will
consider the generalized Kasahara space (X, —,d) where d : X x X — RT is
a functional.

Finally, in the above setting, for a multivalued operator F : X — X,
we shall use the following notations:
m1) P(X):={Y CX|Y #0},s0 F: X — P(X);
mg) Fix(F):={z* € X | 2* € F(2*)}, the set of all fixed points for F. For

simplicity, we will use the notation Fx instead of F(z), where z € X;
m3) Graph(F) = {(z,y) € X x X | y € Fz}, the graph of F.

We say that F' has closed graph, if and ounly if Graph(F) is closed in

X x X with respect to —, i.e., if (z,)neny C X and y,, € Fz,, for all

n € N with z,, — 2* € X, as n — oo and if y,, — y*, as n — oo then

y* e Fo*.

2. Main results

Theorem 2.1. Let (X, —,d) be a generalized Kasahara space and F : X —
P(X) be a multivalued operator. We assume that:

i) there exists A € My, m(Ry) and for all x,y € X and v € Fzx, there
exists v € Fy such that

d(u,v) < Ad(z,y);
ii) Graph(F) is closed in X x X with respect to —.
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If A converges to zero, then Fix(F) # 0. If, in addition, (I, — A) is non-
singular, (I, — A)™1 € Myxm(Ry) and

max{d(u,v) | u € Fx, v € Fy} < Ad(x,y), for all z,y € X
then F has a unique fixed point in X.

Proof. Let xg € X and x; € Fag. If 1 = x¢ then xg € Fiz(F). We assume
that x1 # xo. Then by i) there exists x5 € Fx; such that

d(.’th 1'2) é Ad({Eo, (El).

Since x9 € Fxy, if o = x1 then z1 € Fiz(F). If we consider o # x1 then
there exists x3 € Fxs such that

d($27x3) S Ad(l‘l, 1‘2) S AQd(l‘o, 1‘1).

By induction, we construct the sequence of successive approximations for F
starting from (zo,21) € Graph(F). This sequence has the following proper-
ties:

1°) 2p41 € Fay, for all n € N;
2°) d(xpn, Tn+1) < A%d(x0, 1), for all n € N.

Next, we have the following estimation:

Z d(zy, Tpy1) < Z A™d(z0, 1) = (I, — A) " td(z0,21) < +00.
neN neN

Since (X, —,d) is a generalized Kasahara space, the sequence (z,,)nen
is convergent in X with respect to —. Hence there exists * € X such that
xn, — x* as n — o00. On the other hand, F' has closed graph, so #* € Fiz(F).

We prove now the uniqueness of the fixed point z*.

Let z*,y* € Fix(F) such that z* # y*. Since 2* € Fz* and y* € Fy*,
we get that

d(z*,y*) < max d(u,v) < Ad(z",y") & (I;n — A)d(z",y") < O

very”
Since I, — A is a non-singular matrix and (I,, — A)~! has non-negative
elements, it follows that d(x*,y*) = 0,,. By the same way of proof, we get
that d(y*,2*) = 0,,. By Lemma 1.5, we obtain z* = y*. O

Remark 2.2. Let X be a nonempty set and p: X x X — R be a complete
generalized metric on X. Let (z,),en be a sequence in X and let z € X.

Then

p
Tp = & p(Tp,x) — O, as n — oo.

We have the following Maia type result:

Corollary 2.3. Let X be a nonempty set and p : X x X — R be a complete
generalized metric on X. Let d : X x X — R be a functional and F : X —
P(X) be a multivalued operator. We assume that



Perov’s fixed point theorem in generalized Kasahara spaces 23

i) there exists A € My m(Ry) and for all x,y € X and uw € Fx, there
exists v € F'y such that

d(u,v) < Ad(z,y);
i) Graph(F) is closed in X x X with respect to ;
ili) there exists ¢ > 0 such that p(x,y) < c-d(z,y).
Then the following statements hold:
1) if A converges to zero, then Fix(F) # 0. If, in addition, (I, — A) is
non-singular, (I, — A)™' € Myxm(Ry) and
max{d(u,v) | u € Fx, v € Fy} < Ad(x,y), for all z,y € X
then F has a unique fized point in X.
2) p(xp,z*) < c-A"(I,, — A)~td(xo,21), for alln € N, where z* € Fixz(F)
and () nen 18 the sequence of successive approximations for F starting

from (zo, 1) € Graph(F).

Proof. By i) and by following the proof of Theorem 2.1, we can construct a
sequence (T, )nen of successive approximations for F starting from (zg,z1) €
Graph(F) such that z,11 € Fzx, and d(z,,zn+1) < A"d(zg, 1), for all
n € N. By i) there exists ¢ > 0 such that

P(Tns Tnt1) < ¢ d(Tp, Tny1) < ¢ A"d(z0,21), for all n € N.
Now let p € N, p > 0. Since p is a metric, we have that

P(@n, Tntp) < P(Tn, Tnt1) + p(Tnt1, Tng2) + oo+ P(@ngp—1, Tngp)
<c-AMd(zg, 1) + ¢ A" Vd(zg, 1) + .. 4 - AVTPT (g, 2).
Thus, for all n,p € N with p > 0, the following estimation holds
P(Tp, Trap) <€ ALy + A+ ...+ AP d(xg, 71). (2.1)
By letting n — oo, we get that p(xn,Znip) — Om, 50 (Zn)nen is a
Cauchy sequence in the complete generalized metric space (X, p). Therefore

(Zn)nen is convergent in (X, p), so there exists * € X such that a,, L.
By i) it follows that z* € Fiz(F'). The uniqueness of the fixed point
x* follows from Theorem 2.1.
By letting p — oo in (2.1), we get the estimation mentioned in the
conclusion 2) of the corollary. O

Corollary 2.4. Let (X, —,d) be a generalized Kasahara space where d satisfies
d(xz,x) = O, for allz € X. Let F : X — P(X) be a multivalued operator.
We assume that:

i) there exists A € Mpy.m(Ry), B € My, m(R) and for all z,y € X and
u € Fx, there exists v € F'v such that

d(u,v) < Ad(x,y) + Bd(y, u);
ii) Graph(F) is closed in X x X with respect to —.

If A converges to zero, then F has at least one fixed point in X.
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Proof. Let g € X and x1 € Fxg. If 1 = x¢ then zy € Fiz(F). We assume
that 1 # xo. Then by i) there exists x5 € Fzy such that

d(lL’l, £E2) S Ad(xo, 1'1) + Bd(xl, .’51) = Ad(iﬂ(h 1’1).
By following the proof of Theorem 2.1, the conclusion follows. t

As an application of the previous results we present an existence theorem
for a semi-linear inclusion systems.

Theorem 2.5. Let ¢, : [0,1]% —]0, ] be two functions and Fy, F» : [0,1]> —
P([0,1]) be two multivalued operators defined as follows:

1

Fi(z1,12) = [<P($1’$2), 5t @(3317372)] and

Fy(z1,22) = [¢($1,$2)» % +¢($1,$2)]~

We assume that for each (x1,22),(y1,9y2) € [0,1]> and each u; €
Fi(x1,x2), ug € Fy(xy,x9), there exist v1 € Fi(y1,y2) and vo € Fa(y1,y2)
such that

lur —v1| < alzr — y1| + blza — Y2l
|ug —va| < clzy — y1| + d|wa — yol,

for all a,b,c,d € Ry with |a+d =+ +/(a—d)? + 4bc| < 2.

Then the system

{x1 € Fy(z1,22) (2.2)

T2 c FQ($1,£B2),
has at least one solution in [0,1]2.

Proof. Let F := (Fy, F) : [0,1]> — P([0,1]?). Then the system (2.2) can be
represented as a fixed point problem of the form

x € Fx, where x = (x1,13) € [0,1]2.

We consider the generalized Kasahara space ([0,1]2, 2%, d) where:

i) pe:[0,1]* x [0,1]* — R is defined by
pe(,y) = (lz1 — 1, [22 — 421),

for all x = (21, 22),y = (y1,¥2) € [0,1]%;
ii) d:[0,1]% x [0,1]* — R3 is defined by

d ’y):{pe(rﬂ,y) ; x#ﬁandwéﬂ’

(1,1) ,x=0ory=490

for all z = (x1,22),y = (y1,y2) € [0, 1], where § = (0,0).
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For each z = (z1,22),y = (y1,¥2) € [0,1]? and u = (u1,us) € Fx, there
exists v = (v1,v2) € Fy such that

d(u,v) < Ad(z,y),

a b\ . . S .
where A = c d) is a matrix convergent to zero, having its eigenvalues in

the open unit disc.
Since Graph(F) is closed in [0,1]? w.r.t. 2%, Theorem 2.1 holds. [

Remark 2.6. Some examples of matrix convergent to zero are:

a) any matrix A = (a a), where a,b € Ry and a +b < 1;

b b

b) any matrix A = (Z b), where a,b € Ry and a + b < 1;

b
a

¢) any matrix A = (O

ﬁ), where a,b,c € Ry and max{a,c} < 1;

In what follows, we present some results regarding the fixed points for
multivalued Kannan and Reich operators. For our proofs, we will need the
following result:

Lemma 2.7. Let A = (a;;) € My m(Ry) be a triangular matriz with

i,j=1,m
ax{a; | i=1,m <}.
o 2

Then the matriz A = (I, — A)~*A is convergent to zero.

air Qaiz2 - Aim
0 ax - am

Proof. Suppose that A = . . . € Mpy.m(Ry). Then the
0 0 - amm

eigenvalues of A are \; = %2~ for all # = 1, m. Since all of the eigenvalues

of A are in the open unit disc,l ‘the conclusion follows from Theorem 1.1. [

A result for multivalued Kannan operators is presented bellow:

Theorem 2.8. Let (X, —,d) be a generalized Kasahara space and F : X —
P(X) be a multivalued operator. We assume that:

i) there exists A = (a;;)

that max a;; < % and for all z,y € X and u € Fx, there exists v € Fy
i=1,m

such that

ij=Tm € Mmm(Ry) a triangular matriz such

d(u,v) < Ald(z,u) + d(y, v)};
ii) Graph(F) is closed in X x X with respect to —.
Then F has at least one fixed point in X .
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Proof. Let g € X and x1 € Fxo. If x1 = x¢, then we already have a fixed
point for F (zg € Fiz(F)). Assuming that z1 # ¢, then by ), there exists
To € Fxy such that
d(xl,l‘g) S A[d(.ﬁbo,lj) + d(l‘1, 332)] = d(xl,arg) S (Im — A)ilAd(l“o,ah).
We denote A = (I,,, — A)~tA and we have
d(xl, {EQ) S Ad(zo, xl).

By taking into account Lemma 2.7 and by following the proof of Theorem
2.1, replacing A with A, the conclusion follows. O

Next we present a result regarding the fixed points for the multivalued
operators of Reich type:

Theorem 2.9. Let (X, —,d) be a generalized Kasahara space and F : X —
P(X) be a multivalued operator. We assume that:
i) there exist A = (aij); ;-1 B = (bij);jmtims C = (Cij)ijmtim €
M m(Ry), where

1) C is a triangular matriz with max c; < %
i=1m

2) A+ B<C, i.e., ai; +bi; <cij, foralli,j=1,m
and for all x,y € X and u € Fx, there exists v € Fy such that
d(u,v) < Ad(z,y) + Bd(z,u) + Cd(y, v);
ii) Graph(F) is closed in X x X with respect to —.
Then F has at least one fixed point in X.
Proof. Let xg € X and x1 € Fxg. If x1 = x¢, then we already have a fixed
point for F' (zg € Fixz(F)). Assuming that x1 # xo, then by i), there exists
r9 € Fxq such that
d(ZEl, 1’2) § Ad(fﬂg, l‘l) + Bd(lL’o, Cﬂl) + Cd(l‘l, iL’Q)
& d(l‘l,l‘g) < (Im — C)_l(A + B)d(xo,l‘l) < (Im — C)_lCd(xo,xl).
We denote A = (I, — C)~!C. By taking into account Lemma 2.7 and

by following the proof of Theorem 2.1, replacing A with A, the conclusion
follows. O

Some other fixed point results can be established for the multivalued
Caristi operators:

Definition 2.10. Let (X, —,d) be a generalized Kasahara space and F : X —
P(X) be a multivalued operator. Let ¢ : X — R be a functional. We say
that F' is a multivalued Caristi operator if for all x € X, there exists y € Fx
such that

d(z,y) < p(x) = @(y).

For more considerations on multivalued Caristi operators see [4] and [2].
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Theorem 2.11. Let (X, —,d) be a generalized Kasahara space and F : X —
P(X) be a multivalued Caristi operator, having closed graph with respect to
—. Then F has at least one fixed point in X.

Proof. Let g € X. Then there exists x1 € Fxo. If 21 = ¢ then zg € Fiz(F)
and the proof is complete. If x; # xg then
d(zo, 1) < @(z0) — (21).
Since 21 € Fxy, there exists zo € Fxq. If 29 = 1 then x; € Fiz(F)
and the proof is complete. If x5 # x1 then
d(z1,22) < @(21) — p(22).
By induction, there exists x,,4+1 € Fx,, such that

d(Tn, Tnt1) < o(2n) — @(Tp41), for alln € N.

We have the following estimations

S dln, 2 11) < o) — Plansn) < plao) < +oo.
neN
Since (X, —,d) is a Kasahara space, the sequence (z,)nen is convergent in
(X, —). So there exists * € X such that z,, — z*, as n — 0.
Since Graph(F) is closed, z* € Fix(F). O

By taking into account the Remark 2.2, we have the following result:

Corollary 2.12. Let X be a nonempty set and p : X x X — R be a complete
generalized metric on X. Let d : X x X — R be a functional. Let o : X —
R be a functional.

Let F : X — P(X) be a multivalued operator such that

i) Graph(F) is closed in X x X with respect to 2 ;
ii) for all x € X, there exists y € Fx such that d(z,y) < o(x) — o(y);
ili) there exists ¢ > 0 such that p(x,y) < c-d(z,y).

Then F' has at least one fixed point in X.
Proof. By ii) and the proof of the Theorem 2.11, there exists a sequence
(zn)nen in X such that

1) py1 € Fx,, for all n € N;
2) d(zpn, Tnt+1) < @(xn) — @(Tpt1), for all n € N.

By i) there exists ¢ > 0 such that
Py Tpt1) < ¢ d(Xp, Tpt1) < ¢ (o(zn) — p(zny1)), for all n € N.

We will prove that the series Z p(Tn, Tpt1) is convergent. For this

neN
purpose, we need to show that the sequence of its partial sums is convergent

1 m
in R
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n

Denote by s, = Zp(ack,xk+1). Then sp11 — $p = p(Tnt1, Tny2) > 0,
k=0

n
for each n € N. Moreover s, < Z [cgo(xk) — cap(xkﬂﬂ < ep(zp). Hence
k=0
(Sn)nen is upper bounded and increasing in R’". So the sequence (sy,)nen is
convergent in RY". It follows that the sequence (x,)necn is a Cauchy sequence
and, from the completeness of the metric space (X, p), convergent to a certain
element z* € X. The conclusion follows from 7). d

For more considerations on multivalued Kannan, Reich and Caristi op-
erators, see [9] and the references therein.
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